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Abstract

In practice, non-specialized interior-point algorithms often cannot uti-
lize the massively parallel compute resources offered by modern many-
and multi-core compute platforms. However, efficient distributed solu-
tion techniques are required, especially for large-scale linear programs.
This article describes a new decomposition technique for systems of linear
equations, implemented in the parallel interior-point solver PIPS-IPM++-.
The algorithm exploits a matrix structure commonly found in optimiza-
tion problems: a doubly bordered block-diagonal or arrowhead structure
with linking constraints and variables often only linking few, consecutive
blocks. This structure is preserved in the linear KKT systems solved dur-
ing each iteration of the interior-point method. We present a hierarchical
Schur complement decomposition that distributes and solves the linear op-
timization problem. It is designed for high-performance architectures and
scales well with the availability of additional computing resources. The
decomposition approach uses the border constraints’ locality to decou-
ple the factorization process. Our approach is motivated by large-scale
economic dispatch problems but can also be applied to other problem
classes. We demonstrate the performance of our method on a set of mid-
to large-scale instances, some of which have more than 10° nonzeros in
their constraint matrices.

1 Introduction

A recurring structural pattern in linear programs (LPs)—and more generally,
in mixed-integer linear programs (MIPs)—is the arrowhead or doubly bordered
block-diagonal form, as illustrated in fig. Arrowhead LPs (AHLPs) contain
two types of linking elements: linking variables, which vertically connect multi-
ple diagonal blocks, and linking constraints, which connect blocks horizontally.
This structure generalizes both primal and dual block-angular problems. In
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Figure 1: Constraint matrix with the arrowhead structure of a real-world ESM.

many AHLPs, linking variables and constraints exhibit local structure, connect-
ing only a few—often two—consecutive blocks. This locality arises in a wide
range of practical applications. Energy system models (ESMs), such as electric-
ity market models with dispatch decisions [61], renewable expansion planning
and dispatch [29] [40], and large-scale (stochastic) economic (re-)dispatch models,
can often be decomposed spatially or temporally. Such decompositions natu-
rally give rise to local linking constraints, for example through storage coupling
or ramping limits. Local linking structure also arises in multi-stage LPs, where
decisions at each stage depend on preceding stages. This includes multi-stage
stochastic LPs, covering applications like asset—liability management, supply
network design and supply chain planning, revenue management, and portfo-
lio optimization [II], 16, 66]. Similarly, staircase LPs as used in production
scheduling, inventory management, transportation, control, and design of multi-
stage structures, exhibit local linking structure connecting consecutive diagonal
blocks [23] [71]. Band-diagonal matrices arising in distribution planning can also
be reformulated to expose arrowhead forms with local linkage [33]. While many
optimization problems include integer variables (e.g., for unit commitment or
network expansion planning), practitioners often prefer LP formulations because
these scale well computationally and solving MIPs to optimality remains chal-
lenging for large instances, especially in the context of ESMs [39, 68, [70]. Even
when a MIP is ultimately required, its LP relaxation remains critical, as many
heuristic or decomposition-based algorithms rely on (near-)optimal LP solu-
tions [5]. This structure is not limited to LPs and MIPs. Examples include non-
linear portfolio optimization [34], nonlinear dynamic optimization [72], model
predictive control [59], nonlinear parameter estimation [78], and multi-stage
nonlinear programs, such as the stochastic optimal power flow model in [56], all
of which share the feature of localized linking structure.

Despite decades of progress in general-purpose LP solvers [0, 31], they often
fail to solve large-scale AHLPs within reasonable time. With parallel hard-
ware becoming increasingly available and affordable, one promising direction is
the development of highly parallel, structure-exploiting algorithms. General
LP solution techniques often scale poorly on such hardware, where special-
ized solutions promise to overcome scaling issues and push back the current
computational limits by exploiting the power of high-performance computing
(HPC). There has been much research activity in decomposing AHLPs—and
nonlinear programs—and their subproblems. Solution techniques include spe-
cialized Simplex methods [23] [24], Danzig-Wolfe decomposition [71], Benders-



Decomposition [53] [79], Lagrangian decomposition [47], and frequently interior-
point methods (IPMs) [9, [36, 49]. IPM solvers that specifically exploit this
structure include: BlockIp [I0], OOPS [35], PIPS-IPM [57], and MadNLP [56].

In IPMs, the focus of this work, often most of the algorithmic time is spent
in solving (large-scale) sparse linear saddle-point systems for computing the
Newton search direction of the method. This enables IPMs to employ specialized
linear algebra routines directly working with the structure of a given problem
class.

There are two main approaches for solving these systems: sparse direct
factorizations ([18]) and iterative schemes with suitable preconditioners ([63]),
leading to so-called inexact Newton methods. We refer the reader to [32] for
an overview of the current state of the art of sparse direct and iterative solvers
within IPMs. While factorization routines of sparse direct solvers can be slow
and memory intensive for large-scale matrices, they often prove robust and exact
enough to compute precise search directions. Additionally, direct factorizations
readily support corrector step schemes ([54} [15]), solving the same linear system
multiple times per iteration at little additional cost. High precision is especially
required towards the end of IPMs, when the arising linear systems become in-
creasingly ill-conditioned. During the earlier stages of an IPM, low accuracy
solutions of the underlying linear systems can suffice [77]. Iterative schemes, of-
ten based on Krylov-subspace methods, are generally more lightweight in their
computational effort and memory requirements but struggle to compute high
accuracy solutions when the underlying matrix is ill-conditioned. They heav-
ily rely on strong preconditioners which often need to be recomputed at every
(other) iteration of the IPM. As saddle-point systems frequently appear in real-
world applications their preconditioners have been studied extensively, also in
the context of IPMs (4] 60], 2] 45]). There also exist notable examples of pre-
conditioners and iterative IPMs especially exploiting the AHLP structure. In
PIPS-IPM and PIPS-IPM-++ ([57, 61]) approximate decomposition methods are
combined with Krylov subspace methods to solve large-scale AHLPs to high ac-
curacy. In [50] the authors suggest several distributed preconditioners based on
a distributed Schur complement method underlying an IPM algorithm. Also in
the context of pure linear solvers much work has been dedicated to precondition-
ers exploiting AHLP matrix structures. In [62] the authors propose the ARMS
linear solver applying a multilevel preconditioner based on incomplete LU fac-
torization to a recursive nested-dissection ordering of their matrices (leading to
nested arrowhead structures). In [75] the authors describe a multi-level Schur
preconditioner (MLSR) using a top-down approach approximating the inverse
of the original matrix which in [27] is further refined for indefinite systems,
yielding GMLSR. A distributed implementation of GMLSR is discussed in [76].
Nevertheless, most commercial optimization software, including CPLEX [42],
Gurobi [38], and the Cardinal Optimizer (COPT) [26], continues to rely on di-
rect (exact) factorizations, valued for their stability and reliability across a wide
range of problems.

In this work, we propose a hierarchical direct factorization scheme underlying
an IPM. In previous work [61], we extended the solver PIPS-IPM, based on
00QP [28], from primal block-angular problems to AHLPs. The resulting solver
PIPS-IPM++ could handle large-scale instances, however, its main bottleneck
was the assembly and solution of the so-called (approximate) Schur complement.
The size of the Schur complement is directly tied to the amount of linking



structure present in the AHLP. Since factorizing and solving with the Schur
complement were performed sequentially or in shared-memory parallelism, this
posed a bottleneck and limited the scalability of the algorithm.

While iterative or inexact hierarchical schemes based on approximate factor-
izations can appear attractive for reducing computational effort, our experience
indicates that they often suffer from error propagation across recursive elimina-
tion levels. In IPMs, where the KKT systems become increasingly ill-conditioned
as the iterates approach optimality, such accumulated inexactness can severely
impair both numerical stability and the accuracy of the Newton search direc-
tion. Within the original PIPS-IPM++ framework, we observed that precon-
ditioned BiCGStab could become unstable—even when the preconditioner was
recomputed at each IPM iteration. For these reasons, we adopt a fully exact
hierarchical direct factorization to ensure robustness and reproducibility, while
maintaining parallel scalability through distributed elimination. Nonetheless,
we see considerable potential for inexact hierarchical schemes as a complemen-
tary direction for future research.

The hierarchical ordering underlying our approach is conceptually related
to orderings obtained through independent-set and nested-dissection strategies.
In [64] and subsequently [62] the authors use block independent sets to split a
matrix into arrowhead form and compute an incomplete LU factorization for
this system. They then recursively apply their method to the obtained Schur
complement block. In [75] the authors introduce HID, the Hierarchical Interface
Decomposition, based on nested dissection (ND) which generates matrices that
can be reordered into hierarchical arrowhead form (though their focus also lies
on the Schur complement structure). Popular graph partitioning packages such
as hMETIS [46], PaToH [12], and KaHyPar [22] based on multi-level hyper-graph
partitioning can also be used to obtain similar matrix reorderings. The generic
decomposition solver GCG [25] includes an arrowhead detection method based
on hMETIS.

While these methods might be used to obtain an ordering generally suitable
for HSCA, the main challenge lies in generating a well balanced block struc-
ture at each level of the algorithm. In HSCA, the arrowhead structure detection
happens already on the LP system matrix rather than the KKT matrix. This al-
lows us to employ a complex suite of structure preserving presolving techniques
[B0] (an extremely important part of solving an LP) to the LP formulation of
our problem, without destroying the arrowhead structure or its well balanced-
ness. Currently, HSCA relies on modeler-supplied decompositions that reflect
the underlying physical or temporal structure, ensuring extremely well-balanced
diagonal blocks and explicit control over the hierarchy of local links. However,
we view automatic structure detection as an important part of a structure ex-
ploiting solver and are experimenting with detection mechanisms for large-scale
matrices based on the KarHyPar packageﬂ

The main contribution of this article is the description and implementation
of a novel approach within PIPS-IPM++, called the hierarchical Schur comple-
ment approach (HSCA). Exploiting the local structure of linking constraints,
we recursively decompose the Schur complement into smaller, distributed com-
ponents that can be solved in parallel. While our implementation specifically
targets linking constraints connecting two consecutive blocks, most prevalent in

Lhttps://gitlab.com /pips-ipmpp/detection-annotation



our models, constraints connecting multiple adjacent blocks can be treated anal-
ogously and the locality of linking variables can be similarly exploited. As IPMs
also form the foundation for many quadratic and nonlinear solvers, the proposed
method extends naturally to a wide class of structured nonlinear programs.

Our implementation is motivated by large-scale economic dispatch models
with storage expansion. For the computational evaluation of HSCA, we rely
on two different types of ESMs. First, we tested on the SIMPLE instances
developed during the research projects BEAM—MEE| and UNSEENEL see [61], 65].
These simplified models capture the essential features of ESMs, including all
necessary DC power flow and storage balance constraints. The number and size
of the diagonal blocks can be precisely controlled without incurring additional
modeling overhead. Second, we consider a family of economic redispatch models
generated with REMix-MISO, a variant of the REMix framework [29] developed
at the German Aerospace Centelﬂ These models are described in detail in [8]
69]. Using HSCA, we successfully solve instances with up to 1.7 million linking
constraints, demonstrating substantial improvements in both scalability and
performance.

2 Interior-point methods for linear programming

The two main methods for solving general LPs are the simplex algorithm [13] and
IPMs [73]. Often, IPMs are more successful on large problems and offer more
potential for parallelization. This success can be explained by the fact that
the IPM’s main computational effort is matrix factorization, and the amount
of factorizations required grows relatively slowly with the problem size [58].
Many algorithms fall into the notion of IPMs, see [67, [73]. In this work, we
use an infeasible primal-dual IPM similar to the ones described in [51], [54] using
Mehrotra’s predictor corrector scheme extended by Gondzio corrector steps [15].
In the following, we omit many details on the IPM method, and instead focus
on the main feature of HSCA: the hierarchical decomposition of AHLPs. Details
of the actual IPM can be found in [28, 48] [57] and the references mentioned
therein.

2.1 Notation

We often write 0 for a zero-vector or matrix. As is often the case, we omit
zero entries for large matrices with more complicated block structures. We
sometimes selectively write 0 and omit entries, whenever it helps depict a given
matrix block structure. I,, denotes the identity matrix of order n. When it is
clear from the context, we omit the index and write I. The vector consisting
of all ones, e.g., (1,...,1)T € R™, will be denoted by e. For a vector x € R",
X = diag(xz) € R™*™ denotes the diagonal matrix with = on its diagonal. For
a given matrix A € R™*™ and two subsets I C {1,...,m}, J C {1,...,n}, we
refer to the submatrix built from A by taking only the rows/columns indicated
by I/J as Ar,. /A, j respectively.

2BEAM-ME project: http://www.beam-me-projekt.de/beam-me/EN/Home/home_node.
html

SUNSEEN project: https://unseen-project.gitlab.io/home/

4German Aerospace Center: https://www.dlr.de/de
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2.2 Linear programming, duality and optimality condi-
tions

Consider the following LP in standard form

min ¢’z
xT

subject to Ax =105
x>0,
where ¢ € R™", b € R™, A € R™*" as well as its associated dual formulation
max bly
Y,z
subject to ATy+z=c
z >0,

where y € R™, 2z € R™. We assume that all matrices considered here have full
rank. It is well-known that if both problems are feasible, the optimal primal
and dual objectives coincide [73]. The necessary KKT conditions to either the
primal or the dual problem (which motivates the term primal-dual) are given
by:

ATy+z2—-c=0 (1)
Az —-b=0 (2)
ZXe=0 (3)

z,z >0, (4)

where X = diag(z) and Z = diag(z). All but the complementarity equation
eq. (3)) are linear.

2.3 Introduction to primal-dual interior-point methods

In primal-dual infeasible IPMs, perturbed KKT conditions are solved by New-
ton’s method, namely eq. is perturbed by 7 > 0:

ZXe = re. (5)

The so-called centrality factor 7 is successively decreased, which guides the IPM
along the central path defined by the values of 7 close to the optimal solution
until sufficient convergence has been reached. In doing so, the IPM maintains
its iterates x, z strictly within the positive orthant.

We introduce the vector notation for egs. , , and as well as an
iteration index k. At each step k of the IPM, we approximately solve

ATyk 4 2k c
Axk = b
Xk Zke The

(6)

The linear system that arises in each iteration [ of Newton’s method is

0 AT I Axk’l _ka,z
A 0 0 Ayk’l = TykTZ 5
ASINVED Gl I AL I P




where rk.1,7yk1, 7,10 are residual right-hand sides. Recalling that Pt >0, we
eliminate the last row block

Azk’l — (Xk,l)flrzk’l . (Xk,l)flzk,lek,l’
which produces the symmetric so-called augmented system [52] [74]

—(Xkby=1 gk AT:| {Amkq _ [rw] '

A 0 Ayk’l Tyk.l

(7)

In IPMs for LP, the number of inner iterations for approximately solving eq. @
is generally kept to a single inner iteration [, after which the centrality factor 7
is updated.

2.4 The Schur complement algorithm

Here, we recall the Schur complement algorithm, slightly modified for our pur-
poses. We will then use it to derive HSCA. It can be thought of as a block
Gaussian elimination. Consider the linear system

K L Tq b1

BRI ®
with matrices K € R™*™ L € R™*" K, € R"*" n, m € N and vectors z1, xg,
b1, bg of appropriate dimensions. Given a factorization of K, we can compute
and factorize the Schur complement S := Ky — LTK 'L of eq. column-
wise, as described in algorithm [I] and solve the linear system accordingly. The
factorization of K is not required to be given as actual factors of a matrix
factorization. Instead, any algorithm that allows solving linear equations with

K suffices for the computation of S. We refer to such an algorithm as an implicit
factorization of K.

Algorithm 1 Schur Complement Factorization

Input: System eq.
: Set S = KO
: forie{l,...,n} do
Solve Kz =L _;
Set S.,i = S‘,i — LTZ
end for
: Factorize S
return

NPT W

3 A specialized parallel interior-point method

In the remainder of this section, we will show how PIPS-IPM++ employs a
parallel Schur complement decomposition [61] to solve eq. in a distributed
fashion and in parallel. This forms the basis for the methods presented in
section [4



3.1 DMessage passing interface

We will be relying on the availability of communication between independent
processes on a distributed computing system. Our implementation heavily uses
the de facto standard in messaging protocols for distributed-memory comput-
ing, the message passing interface MPI [I4]. MPI provides a set of collective
and point-to-point communication routines for a given set of parallel processes.
We commonly refer to these processes connected via MPI as MPI processes or
just processes. Each of the MPI processes is assigned a unique global rank in
0,...,N — 1, referred to as global rank, where N is the total number of pro-
cesses. The choice of N as both the number of blocks and the number of
MPI processes is intended, as they are essentially the same (as explained in
the following chapters). The global ranks are associated with a global MPI
communicator. Generally, communicators are used by processes for collective
communication operations such as Reduce and Allreduce, where a specific reduc-
tion operation, e.g., summation, is used to combine the data of all MPI processes
on respectively one or all processes. MPI offers the option of creating custom
sub-communicators, each of which can contain an arbitrary subset of the N pro-
cesses and assigns an additional (communicator-unique) rank to its processes.
When discussing a process’s rank, we mean its associated global rank (excep-
tions will be stated explicitly). Throughout this work, we use the Allreduce and
Reduce operations to operate on vectors and matrices. Additionally, we use
the concept of sub-communicators for the distribution of the linear algebra in
HSCA.

3.2 A parallel Schur complement decomposition

The AHLPs whose system matrix is depicted in fig. [I| can mathematically be
described as

min coTscO + clTxl + -+ c%xN
subject to  Agxg = by
do < Cozo < fo
Azg + Bixy =by
dy <Cyzg + Dizy <h
: (9)

Anzo + + Byzn =by
dy < Cnzo + + Dyazn < fn

Foxo + Fizn + -+ + Fyzy=byp1

dyy1 < Gorg + Gz + - + Gyay < fys

Here z; € R™ denote the decision variables, ¢; € R™ the objective vector
and ¢;, u; € R™ the variable bounds. The vectors b; € R™4, d;, and f; €
R™ic denote the right-hand sides for equalities and lower and upper bounds
for inequalities respectively. The system matrix is split into the sub-matrices
A; € RMiaxno B e RMiaXmi Oy € RMic*™0 D; € R™Mic X0 F; € RM™N+1a XM



G; € RMN+1c*™ for N € N. We denote by n; € N, the size of the i-th primal
vector, by m;, € N the row dimension of the i-th equality constraint sub-matrix
A; and by m;, € Ny the row dimension of the i-th inequality constraint sub-
matrix C;. Using this notation, linking constraints are constraints associated
with the blocks F; and G, while linking variables are the variables in xy. In
the following, we will further distinguish linking constraints into local linking
constraints and global linking constraints. Local linking constraints (also called
two-links) only contain nonzeros in Fy (or Gp) and two consecutive blocks F;
and F;11 (or G; and G;41) for exactly one i € {1,...,N — 1}. Global linking
constraints constitute the rest of the linking constraints, in particular the rows
that have entries in Fy, F;, F; (or Go,G;,G;) where |i — j| > 1 and ¢,j €
{1,...,N}.

For clarity, we will omit the outer and inner iteration indices k&, introduced
for IPMs in the rest of this section. Similarly, we will omit the C', D, and G
matrices associated with inequality constraints of system eq. @D Consequently,
we refer to the sizes of the remaining A; as R™i*™0 B, as R™*™ and F; as
R™N+1X" - dropping the matrix index in m, , .

The augmented system eq. @ corresponding to eq. @D is

[ AgAlT...A%FO_ [ Az ] [ ey ]
)3} B Fr Az Tuy
EN B% FJF{; A{EN Ten
AO AyO = Tyo ’
Ay By Ay Ty,
AN BN AyN Tyn
_FQ Fl FN i _AyN+1_ _TyN+1_
where ¥; := —Xlei for i =0,...,N. After a symmetric permutation, we get
K Li| [ Az b1
S I R (10)
KN LN AZN bN
L,{ . L% K() AZ() b(]
where AT PT
% F,
. BT 00 o T
Ki = |:ng6:|, Koiz AQ 0 0 , Li = |;28F(‘3:|,
¢ Frb 0 0 ¢
Axg T
AZO = Ay() s AZZ = |:2§1:| R bo = Tyo , b1 p— |::Tz:| ,
Ayn 41 ! Tyni1 i

for i = {1,...,N}. As described in [61], this system can be solved efficiently in
parallel using a Schur complement decomposition.

As usual in direct methods, we distinguish between two phases, factor and
solve. The factorization phase for solving system eq. is described by algo-
rithm[2] The solve phase for a given right-hand side is described by algorithm 3]



Algorithm 2 Parallel factorization
Input: System matrix eq.
. Factorize (potentially implicit) K; for all i € {1,..., N}
- Compute —LiTKi_lLi forallie {1,...,N}
: Sum Schur complement S := Ky — vazl LYK 'L,
: Factorize S
: return

U W N =

Algorithm 3 Parallel solve

Input: Factorized system from algorithm [2| and right hand side in eq.
Output: Solution Az;, i € {0,...,N}

1: Compute —LiTKi_lbi forallie {1,...,N}

2: Sum Schur complement right hand side bo = by — Zfil LiTKflbi
3: Solve SAzy = 130

4: Compute modified right-hand sides b = b; — Li Az

5. Solve K;Az; = b; for all i € {1,...,N}

6: return

Algorithm 2] extends algorithm [I] in PIPS-IPM++. In its first implemen-
tation, PIPS-IPM++ used a combination of algorithm [1] and algorithm [2] to
compute the Schur complement. Instead of forming K, U explicitly, the Schur
complement contributions LT K 1L; were computed by factoring K; and solv-
ing K;z = [ for each column [ of L;. Currently, the faster way of computing
the blockwise Schur complement contributions L; K 1LZT is the application of
an incomplete (partial) LU factorization routine [57] to the extended system

K; LT
L 0|

By restricting pivoting to the (1,1) block and aborting after m; +n; pivots, the
transformed (2, 2) block contains —LiTKi_lLZ-. This approach is implemented in
the solver PARDISO [I]. Similar to Algorithm [I|is it not necessary to compute
actual factors for the factorization of K; but it suffices to have an implicit
factorization available.

lines [I] and [2] of algorithm [2] and lines [I} [4] and [f] of algorithm [3] can be
executed in parallel and are highlighted in italic. When each MPI process has
access to the data needed for the parallel steps, everything but the Schur com-
plement factorization and the Schur complement solve can be run in distributed
parallel. No process needs a representation of the whole problem: a process
requires knowledge of only the system blocks ¢ assigned to it and the 0 block as
depicted in eq. @ This also induces a limit on the number of processes and
motivates the slightly ambiguous notation of IV for the number of blocks and
processes. A problem with N blocks can be distributed among at most N pro-
cesses. We point out that line [3]in algorithm 2] and line 2] in algorithm [3] require
communication between the processes to form the Schur complement and its
right-hand side. To save memory and compute power, the Schur complement
in PIPS-IPM++ is stored on a single process, rendering the communication in
both steps a reduce operation. Processing the Schur complement on a single

10



MPI process requires additional communication (broadcast) of the solution zy in
line [3] of algorithm

3.3 Detecting structure in the linking constraints

One of the main contributions of [61] was detecting and exploiting additional
structure in the linking part of the system matrix. This will also be essential in
section [ In the following, we summarize the most important findings.

We initially noticed that many linking constraints in ESMs were indeed local
linking constraints (they link exactly two consecutive blocks in addition to the
Oth block). This introduces additional structure to the problem: we can split
F; into local F; and global F; linking constraints, by defining

Fi [FT 0 0 0
0 Fy Ty
0 F3
. 0 :
F1 = : ,F22= . ,FgZ: . 7...,1’7‘]\{,1 = 0 7F‘]\]ZZ
N2 0
0 0 0 Fn-1 N1
| F1 | | F2 | F3 ] [ Fy_1] | Fn |

with F; € Rlixni | Fl ¢ Rlixmit [, € Ny fori € {1,...,N—1} and F; € R "
with mp € Ny. We set

0 r F T B _
: ]_-2’; Fo
: ’ Fo,2
0
N ! ~
Fz: ‘7:;1 5 FOZ_ 5 FO:_ 3
0 F
) 0,.N=2 Fo,N—2
: Fov-1 Fo,N—1
0 Fo | O

with Fo € RmFoxno Fo . € REX™ forj € {1,..., N —1}. Analogously expand-
ing right hand side and variable vectors, the linear system eq. becomes

s BT 0 0 FfFI| [ Aey 1 [ ra ]
B, 0 A 0 0 O Ay, Ty
Sy BL 0 0 FEFL || Azy T
By 0|Ay 0 0 0 Ayny | = | rpe |- (D
0 AT 0 AL S0 AT Ff Fy A Tzo
0 0...0 O0[4 0 0 O Ayo Tyo
Fi 0 Fx 0|F, 0 0 0 Ayn1 Tyn 41
[ F1 0 Fy 0|Fo 0 0 0 | [AyN+a]  [Tynyal

We note that the locality of many of the linking constraints also induces a
arrowhead block structure on the Schur complement of eq. . PIPS-IPM++
exploits this structure to use a sparse direct solver for the Schur complement.
We refer the reader to appendix [A] for more details.
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4 A hierarchical solution approach

As already mentioned in section |I| one of the main bottlenecks in PIPS-IPM++
for solving large problems or problems with many linking constraints is the size
of the Schur complement. In the following, we outline an algorithm that circum-
vents this bottleneck by further exploiting the local linking constraints. It splits
the Schur complement into multiple smaller Schur complements hierarchically
connected in the factorization and solve processes.

4.1 The dense layer

After another symmetric permutation in the borders, which moves the local
linking constraints F /F; i = 0,...,N to the front/top of their respective
blocks, eq. becomes

¥, BT FIlo 0 F1 |7 Ay 7 [ ray |
By 0 04, 0 0 Ay Ty
Sn BLIFE 0 0 FL | | Azy Tan

BN O O AN O O AyN = TyN

F1 0 FN 0 0 Fo 0 0 AyN+l 7ﬂyN_'_l
0 AT 0 ALIFT|S0 AF FY Az T
0 0...0 0[0[4 0 O Ayo Tyo

[ F1 0 Fy 0|0 |Fo 0 0 | [AyN+1]  [Tynia]

We can apply the Schur complement decomposition in algorithm [I] by setting

$1 BT BT [0 0F]
B, 0 - A1 00
Yo Ay Fp .
Kdense = . A; , K(c)iense = AO 0 0], Ldense — :
YN B;C, FE Fo 0 0 00 FTI\}
X By 0 0 An0 0
FF 0 ...Fv 0 0 | Fy 0 0

in eq. (8). We call the Schur complement system obtained this way the dense
layer of the multi-layered HSCA as we do not detect any additional structure in
the Schur complement of this layer and thus factorize it with a dense direct linear
solver. Given an implicit factorization of the resulting inner system K dense,
we can obtain an implicit factorization of the whole system. Using a Schur
complement to mitigate the fill-in generated by dense columns in IPMs is usually
applied when solving the normal equations [3,[55]. When solving the augmented
system, dense columns are usually treated by adapting the choice of pivoting.
The method presented here can be seen as a similar approach [52], removing
both, dense rows and columns from the system.
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4.2 The inner linear systems

To actually apply algorithm [1f to the dense layer, we must be able to solve the
inner linear system

[ B FIVT Az 7 [ ra ]
B1 O O Ayl Tyl
chnsc — . ) . = (12)
EN BE FK; ACL’N Ten
BN 0 0 AyN Tyn
LFy 0 Fy 0|0 ] _AyN-i-l_ L"yn 1]

Since eq. has the same structure as eq. 7 we can solve it using the parallel
factorization and solve for arrowhead systems introduced in algorithms [2|and
Computing an explicit factorization of the diagonal block matrices would result
in a two layered HSCA system.

To distribute and parallelize the solution process further, we instead split the
linear system eq. and apply a recursive Schur complement decomposition
by permuting subsets of the two-link constraints “into” eq. . We recall the
structure of eq. with the expanded linking constraints:

[, BY FL o ]
B 0 T QT OT Axy [ Txq )
22 B2 fl ..FQ A r
By 0 0 0 y1 v
Sy By FN-1 ﬁxN = L
By 0 0 Ay L
Fi 0 F 0 YNHLL p+L
F 0
0 _AyN-Fl.,N—l_ "yn+1,v—1]
i N1 0 |

(13)

Next, we group consecutive diagonal blocks of eq. into k € N subsets by
setting i1 =1 < ig < -+ <igy1 = N + 1, k£ € N and assigning to each subset

j €{1,...,k} the consecutive range of block indices i;,...,%;41 — 1. We define
ry. RT -
X, Bij
B;; 0
T
Yiz+1 Bi
K] = Bij-‘rl O s
Ziwrl*l ij+1—1
L Bi;,,-1 0 ]
Az, Tay;
Ay, YN+1,; Ty, Tyn 1,45
AZ’] = : ’ ij = ) Ti] = : ) 7";7_7- = :
Azi;, -1 YN+1,i541-2 Twi; -1 Tynt1,ii41—2
AYijpi-1 Tyijpr—1
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T
Fi; rFL 0 7 0
0 0 0 0
0 FrFEL 0
T 0 AT ~T 0
Fio= » By = 0 T )
: 1T '
0 ijp1—2 5“71
- O - B 0 - L 0 -
forj=1,...,k (}A"J’»T, ]:"jT are only defined up to k —1). We can regroup eq.
into
(K, B 7 17 A 1 [ ra ]
Koy FI' BY 7¥ Al T,
i BB || Aw
B, Agy _ g,
B A AyN+},i2—1 Tyn1yiz—1
B, Ao Tga
Fo 0 : :
’ ]:];,1 AyN+A1>ik*1 Tyng1,ik—1
I By, I IV N T
(14)
A symmetric permutation of eq. gives
[ K, BT Fr 1
B 0 [ A [ e ]
K, BY F T Af "5
By, 0 0 O : :
. Ay, _ T,
IA(]C B;’g ‘7:—111 Ayk TG
Bk 0 0 AyN+1,i2*1 Tynt1,i2—1
Fi 0 Fl 0O :
F 0 ) 0 | AYN 1,651 L7y 1,0k —1
! k1 0 .
(15)
By setting
| kBT 4 L0FT FT0..
inner = AZ mner - L'L_nner = 1—1 7
K {BZ- 0]’ Ky 0. Ls ...0 0 00...]

the system in eq. is of the same form as eq. , and we can use algo-
rithm [2| and algorithm 3] to factorize and solve it in parallel. However, instead
of computing a direct factorization of each diagonal 2 x 2-block, we notice their
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(a) Inner system eq. (b) Split inner system eq. (c) First inner layer.

Figure 2: Permuting the inner linear system

arrowhead structure:

s, BY FT oo 7
B, 0 0 0
T T’ T
i1 Bi Fi, Fijm
Bi;y1 0 0 0
inner T T’
Ki = Eij+1—1 BZ—J‘+171 fij+172 s
. Biji—1 0
Fij 0 ij 0
0 Fi,v1 O
0
L Fijpr—2 0 i

(16)
i =1,...,k. Each diagonal block itself is of the form eq. and can again
be handled by algorithms algorithm [2| and algorithm [3| to obtain an implicit
factorization of K!""¢". Alternatively, we can split each K{""°" further by
applying the same technique as outlined above, recursively.

We have decomposed the linear system eq. into k£ smaller linear systems
defined by the system matrices K!""¢". We illustrate this process schemati-
cally in fig. In fig. we are given a system K "¢ with nine diagonal
blocks and expanded two-link structure. We sub-divide this system into three
smaller ones. For this purpose, we color-coded the components belonging to
each subsystem with the same color. By permuting all local linking constraints
but the ones linking the subsystems (depicted in green) further into the system,
we obtain the system in fig. with arrowhead systems K!""¢" i = 1,2,3,
on the diagonal. Interpreting the system in fig. as displayed in fig. we
can use algorithm [2| for its factorization, assuming an implicit factorization for
Kimmer is available. When going from eq. to eq. it is not necessary
that all linking constraints permuted into the system are two-links. For f"j and
.7}]’-7 j=1,....,k —1, we can allow linking constraints connecting at most the
diagonal blocks contained in the range 4;,...,4;41 — 1.

Recursively applying the splitting procedure to each K{""°" would create
another layer in the Schur complement decomposition and further shrink the
lowest-level systems. Given enough blocks, this enables an arbitrary number of

15



layers. In practice, the recursive Schur complement decomposition affects the
computational cost of a linear system solve and must be weighed against the
benefit of smaller Schur complements and their distributed computation. We
have not encountered systems or problems where more than four layers, one
dense layer and three inner layers, were beneficial.

Note that the distribution of the linear systems and their subsystems nat-
urally groups the MPI processes into subsets defined via the blocks assigned
to the systems K/""°". We schematically display the assignment of different

Kdense Kdense
K{nner K%nner Kinner Kénner
VA RN N VN VN
By By By By Bs Bs B, By Bs; By Bs; Bs

r P P P P P kP R P P P B

(a) One process per block (valid). (b) P1 spans two subsystems (invalid).
Kdense
Kdense ~ ~
- ~_ Ki’nner Ké'nner
K{nne'r K%'nner N PN
e AN e AN B1 B2 B‘5 B4 B5 Bh

\ \
Bl BQ Bg B4 B5 BG
Py Py Py P Py P

PR R P P P

(d) Processes share single subsystem
(c) One process per subsystem (valid). (valid).

Figure 3: System factorization/solve tree: valid and invalid process assignments.

numbers of processes to different subsystems in fig. We display the factor-
ization/solve tree of a two level HSCA system, splitting the inner system into
two subsystems and omitting the dense layer. We denote the problem blocks
representatively by B;, i = 1,...,6. Assignment of a process i = 0,...,5 (MPI
assigns processes ranks starting from 0) to a block is visualized by placing P;
below the respective block in the tree. In fig. processes Py, P;, and P» are
assigned to Ki""*" and P3, Py, and P5 to K&""". When splitting linear systems
into smaller subsystems, the processes associated with the subsystem’s blocks
are grouped together and communally compute the implicit factorization of the
subsystem. Within PIPS-IPM++, this grouping is realized using MPI groups
and communicators, which simplifies the setup and the data transfer required
for subsystem factorization and solve. This assignment becomes non-trivial
when fewer than N processes are available. The parallelization of HSCA relies
on the subsystems being factorized and used for solving linear equations in par-
allel. If a single process is responsible for factorizing two linear systems in the
same level, it will have to communicate with the other processes responsible for
each of the systems. This situation is depicted in fig. where P; is assigned
to Kinmer and Ki"¢". As MPI communication operations are blocking until
all processes are available, this assignment blocks the parallel factorization of
Kinmer and Kimmer and, at least partially, renders the computations sequential.
Thus, an assignment of processes to blocks must consider the splitting within
HSCA. As a result, in the current development, we have implemented a simple
heuristic that enforces two rules: either one process is fully responsible for any
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linear system of a given level it is assigned to, as in fig. or it participates in
the processing of exactly one subsystem as in fig.

5 Computational experiments

In this section, we describe numerical results obtained with HSCA. All ex-
periments with PIPS-IPM++ were conducted on the JUWELS supercomputer
[44] at Forschungszentrum Jilich. JUWELS has 2,271 standard compute nodes
(Dual Intel Xeon Platinum 8168), each with 96GB memory and 2x24 cores. The
nodes are connected via a Mellanox EDR InfiniBand high-speed network. The
experiments with other commercial solvers were conducted on a compute cluster
(Intel Xeon Gold 6338) at the Zuse Institute Berlin, each with 1024GB memory
and 2x32 cores. As this paper is not a commercial solver comparison, we have
anonymized all results obtained with commercial optimization software. Our
software is freely available on (GitHub.

PIPS-IPM++ is able to not only leverage parallelism via MPI but also shared
memory parallelism via OpenMP [1I7]. OpenMP is mainly used for the factoriza-
tion and the solution of the linear Schur complement systems within the parallel
solver PARDISO (see [61]). In preliminary experiments with HSCA, we compared
the performance of the linear solvers MA86 [41], MA57 [19], MA27 [20], MUMPS
[2], PARDISO [1], MKL PARDISO [43], and WSMP [37]. Our initial studies
focused on two key aspects: the speed of factorization for medium-size linear
systems and strong scalability when solving a given linear system with multiple
right-hand sides, which is the most computationally demanding part of HSCA.
We finally settled on MA57. This deviates from the latest incomplete LU factor-
ization approach applied in [57, 61] and PIPS-IPM++’ original implementation.
While the factorization routine of MA57 is slower than that of PARDISO, partic-
ularly for larger systems, it allows for more efficient parallel solves. Specifically,
the sequential MA57 is thread-safe, enabling the use of OpenMP to solve multiple
right-hand sides simultaneously by calling the solver from different threads us-
ing the same factorization. In our experience, this “outside” multi-threading of
the solve routine scales much better than the solve routines of all other solvers
we tested. Additionally, by not relying onPARDISO’s parallelized incomplete
LU factorization for computing the bottommost Schur complement contribu-
tions, we gain numerical precision on the lowest HSCA level, albeit at the cost
of losing some of PARDISO’s speed-up. PARDISO on the other hand showed
greater robustness when solving rank-deficient linear systems. In summary, for
medium-size matrices where repeated linear solves dominate the computation,
the slower factorization of MA57 is outweighed by its superior scalability and
precision in solving multiple right-hand sides. These advantages made MA57
the preferred solver for our setting.

The scaling behavior of the hierarchical approach

We first assess the scaling behavior of our implementation. In fig. ] we show the
behavior of our solver on the MISO_DISP_}88 instance as well as the scaling
behavior of the three commercial but academically available solvers CPLEX
22.1.1.0 [42], Gurobi 11 [3§], and the Cardinal Optimizer COPT 7.2.3 [26]. We
solved the instance with PIPS-IPM++ multiple times using a different number of
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Figure 4: Scaling behavior of all solvers on MISO_DISP_488.

MPI processes and OpenMP threads and (implicitly) cluster nodes. The problem
displayed has 120 million nonzeros, 25 million columns, and 12 million rows and
is split into 2,190 blocks, which limits the number of usable MPI processes to
2,190. Notably, the instance contains roughly 55,000 linking constraints, and the
initial symbolic analysis of the Schur complement in PIPS-IPM++ determined
an upper bound of 100,424,258 nonzeros. This made the instance intractable for
the original PIPS-IPM++ algorithm (see table . We adapted the number of
threads for each solution with the commercial solvers while turning off crossover
and using barrier as the optimization algorithm. Both PIPS-IPM++ and the
commercial solvers were set to solve the LP up to a convergence tolerance of
1076.

Additionally, we plot the optimal speed-up for each scenario as a dotted
line. Our approach is not expected to achieve linear speed-up, as the mid-
level Schur complements are solved by only a subset of threads in parallel,
and the root-level Schur complement is solved sequentially. However, HSCA
achieves a strong near-linear speed-up on the given instance. Additionally, for
this instance PIPS-IPM++ benefits from adding a second OpenMP thread while
solving. More OpenMP threads did not produce much speed-up over the 2-
thread variant and the usefulness of OpenMP is generally problem dependent.
It can also be observed, that the commercial solvers do not scale well with the
availability of more compute resources. Each solver runs fastest with 32 threads,
which we attribute to the memory-boundedness of the Cholesky factorization
underlying the ITPM.
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Impact of block sizes and splitting on the performance of
hierarchical approach vs. original approach

While we have previously demonstrated near-ideal scaling on instances suited
for parallelization, in this section we deliberately examine instances where the
growth of the Schur complement dominates. This highlights the strong-scaling
trade-offs and limitations inherent in both the original and hierarchical ap-
proaches. We display the different negative impact to be expected from growing
Schur complements for PIPS-IPM++ and HSCA.

The performance of both the original PIPS-IPM++ and HSCA is heavily
problem-dependent. Given the superior performance of PARDISO on large linear
systems, PIPS-IPM++ is largely favored on systems with a manageable number
of linking constraints and large blocks of constraints. On the other hand, the hi-
erarchical extension struggles with large Schur complements and large diagonal
blocks since MA57’s factorization routine is slower on large systems.

Additionally, on a given problem the performance of either approach is de-
composition dependent. A “good” decomposition balances two competing ef-
fects: coarser blocks reduce the size of the Schur complement but increase di-
agonal block factorization time, whereas finer blocks decrease diagonal block
factorization time but increase both the size of the global Schur complement
and communication overhead among MPI processes. For the original approach,
the time spent in the Schur complement is highly sensitive to a growing number
of linking constraints, whereas for HSCA, this impact is mitigated by the ad-
ditional Schur complement parallelization. We note that for neither approach
does using the finest possible splitting yield the best runtime. While finer split-
ting reduces the size of diagonal blocks, it enlarges the global Schur complement
and increases communication overhead among the growing number of MPI pro-
cesses. As a result, runtime can increase with more processors—an expected
strong-scaling limitation in Schur complement methods.

In our view, the two approaches complement one another, each being efficient
for distinct problem classes. The performance will depend on how a modeler or
automatic structure detection algorithm decomposes a given model into blocks:
the original approach will favor few large diagonal blocks and a manageable
Schur complement; HSCA will favor more and smaller diagonal blocks even if
this results in larger Schur complements.

To demonstrate this, we conducted a simple experiment on four small to
medium SIMPLE instances with different sizes (fig. [5). These four instances
illustrate the behavior under Schur complement stress. From the top left to the
bottom right, the instances become increasingly more difficult to solve, simply
due to a growing size of their diagonal blocks. The number of linking constraints
in the problem, when split into a certain number of blocks, remains constant
over all instances. Each instance can theoretically be split into 8,760 blocks.
Combining multiple blocks into one decreases the number of linking constraints
in the Schur complement approach. We solved each instance with the original
PIPS-IPM++ and our new approach, split into five different amounts of blocks:
365, 730, 1,460, 2,920, and 8,760. Here, we always use as many MPI processes
as blocks available. In this setting, a lower number of blocks and processes
mean bigger diagonal blocks and, as pointed out before, smaller global Schur
complements.

First, we see that the overall performance of the original approach for the
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Figure 5: Comparison of the original PIPS-IPM++ and the hierarchical approach
for different block sizes and constant amount of linking constraints.
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given instances suffers with finer decomposition and only for the largest one can
obtain some speedup when more blocks and processes are used. The solution
time here is dominated by the time spent in the Schur complement. Only on
the largest instance does the speed-up gained by using smaller diagonal blocks
outweigh the growing Schur complement cost.

The behavior of HSCA is similar only for the first instance. On the other
three instances there is some potential in using more and smaller diagonal blocks,
a behavior directly coupled to HSCA'’s sensitivity to the Schur complement size.
In HSCA (in an ideal setting), the number of local linking constraints in each of
the Schur complements grows only in O(y/n) (with n denoting the number of
local linking constraints), as compared to O(n) for the original approach. HSCA
is thus able to scale “further”. Still, beyond a certain splitting, all instances
experience some slow-down in HSCA.

Comparing the runtime of both algorithms against each other, the origi-
nal approach benefits from large diagonal blocks but experiences a significant
slowdown with a growing number of linking constraints and shrinking diagonal
blocks. At the same time, HSCA is worse at handling larger diagonal blocks and
large Schur complements. While it can outperform the original PIPS-IPM++
for the smaller two instances, HSCA falls behind as the diagonal block sizes in-
crease. For the hardest (in terms of diagonal block size) two instances, the origi-
nal PIPS-IPM++ cannot be outperformed by HSCA. In the other two instances,
where the ratio of diagonal block size to the number of linking constraints fa-
vors HSCA, the original algorithm consistently underperforms. The optimal
approach strongly depends on the individual layout of the given instance and
the decomposition used.

There are two scenarios where we expect HSCA, given sufficient compute
resources, to consistently outperform the original PIPS-IPM++. First, should
a user not have access to a high-performance (commercial) sparse direct lin-
ear solver like PARDISO but to (say) MA57, HSCA should be picked over the
original PIPS-IPM++. A more lightweight solver will benefit from smaller ma-
trices and scale well within HSCA. Second, in distributed but memory-bound
environments, such as the JUWELS supercomputer, large Schur complements
can usually not be factorized practically or efficiently, and the only solution
method available is the hierarchical extension. In all other circumstances, the
out-performance of either approach will be model-dependent.

Solution times of hierarchical approach on intractable mod-
els

Lastly, we present experiments on models that the original implementation
of PIPS-IPM++ could not solve efficiently. In table [I we compare solution
times obtained with HSCA, the original PIPS-IPM++, and the three commercial
solvers, CPLEX 22.1.1.0, Gurobi 11, and COPT 7.2.3 each run with 32 threads.
Apart from the run time, we list model properties for each instance: the number
of variables (vars.), constraints (cons.), nonzeros (nnz.), and linking constraints
(link. cons.). Variables, constraints, and nonzeros are given in millions (M). We
write MEM whenever PIPS-IPM++ crashes due to memory limitations on the
compute nodes. For MISO_DISP_120 and MISO_DISP_488, we could not ob-
tain results with the original PIPS-IPM++ due to errors in underlying software
packages. For these same instances, Solver 2 could not obtain optimal solu-
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tions but instead returned suboptimal ones. The respective times are marked
with *’. The number of nodes used to obtain these results varies between 16
and 92; the column “procs./nodes” denotes for every instance the number of
MPI processes and compute nodes used. For SIMPLE_4, MISO_DISP_120, and
MISO_DISP_488, we use more nodes than indicated by the number of MPI pro-
cesses ([#Tg =1, 48 cores per node), as we additionally run with two OpenMP
threads per process. For SIMPLE 4, HSCA splits the Schur complement into 4

layers and 3 for the other instances.

Size Run time (seconds)
Instance vars.  cons. nnz. link. cons. procs./nodes HSCA PIPS Solver 1 Solver 2 Solver 3
SIMPLE_1 5.79M 5.26M 20.94M 525600 730/16 561 849 461 704 717
SIMPLE_2 5.78M 5.26M 20.94M 175200 730/16 121 278 479 710 744
SIMPLE_3 59.80M 51.60M 205.57M 71680 1024/43 922 400 4571 8076 5368
SIMPLE_4 76.18M 59.80M 254.72M 1679371 2190/48 2343 MEM 6555 7902 6555

MISO_EXP_30 4.80M 5.06M 19.42M 96 388 2190/48 76 MEM 795 855 647
MISO_EXP_120 14.56M 15.35M 57.90M 311040 2190/48 741 MEM 4690 12391 3235
MISO_EXP_240 22.37M 26.40M 98.39M 1156398 1472/62 1392 MEM 12252 25391 10624
MISO_DISP_120 11.32M 12.11M 45.99M 48240 2190/92 48 - 627 1037* 397
MISO_DISP_488 25.44M 11.79M 120.09M 54 844 2190/92 206 - 1373 3363* 1060

Table 1: Computational results for large-scale instances (M=million).

In line with the results presented in [61], PIPS-IPM++ and HSCA often
outperform commercial software. This is especially visible in real-world MISO
instances and larger SIMPLE instances. Overall, HSCA can achieve speed-ups
of up to a factor of 10 on the presented instances. Similar to fig. [5] we see that
for the instances SIMPLE_2 and SIMPLE_3, either approach can outperform
the other. This depends on the amount of linking constraints vs. the size of
the diagonal blocks. PIPS-IPM++ cannot efficiently solve many instances as it
often runs out of memory when factorizing the Schur complement. None of the
instances could be solved using the original PIPS-IPM++ and MA57 instead of
PARDISO.

We finally note that the performance of the commercial solvers often also
strongly depends on their ability to presolve the instances. They usually can
reduce the problem size significantly more than PIPS-IPM++. This has mainly
two reasons. First, PIPS-IPM++ presolve is designed not to destroy the underly-
ing problem structure of an instance [30]. This mostly leads to limitations when
aggregating variables in between blocks. Second, PIPS-IPM++ current presolve
only implements a handful of methods—far from what is available in modern
commercial LP solvers. As a result, the presolved problems in PIPS-IPM++ are
often more challenging and exhibit higher redundancy than their commercial
counterparts.

6 Conclusions

This paper presents HSCA, a novel distributed approach for efficiently solving
large arrowhead structured LPs. It builds on an efficient distributed factor-
ization of the KKT systems arising in IPMs. The approach exploits the pri-
mal—dual block-angular structure of our models to distribute and parallelize
the underlying linear algebra. Extending the original PIPS-IPM++ implemen-
tation, we applied a multi-level Schur complement decomposition to deal with
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problems with up to 1.7 million linking constraints. We showed the limits of
our approach and discussed scenarios in which either implementation outper-
forms the other. While HSCA often outperforms commercial solvers and the
original PIPS-IPM++, its performance is heavily problem-dependent. In this re-
spect, HSCA complements the original PIPS-IPM++ and should be considered
an alternative when solving large-scale arrowhead LPs. Good scalability is the
key feature that gives PIPS-IPM++ and its hierarchical extension an edge over
other commercial optimization software. As demonstrated, most commercial
software packages do not scale well with additional threads and cores. As par-
allel hardware becomes increasingly affordable and efficient, scalable numerical
algorithms are likely to outperform and eventually replace traditional solution
methods, even when their total computational cost is higher.

While the first implementation of the hierarchical approach has already
achieved promising results, several other research paths remain. First, pre-
solve is still limited, and a full presolve suite would improve both run time
and stability of our solver and would make it more comparable to commercial
software. Second, we are exploring alternative linear solvers that may further
improve PIPS-IPM++ performance. Third, as HSCA is not limited to two-link
constraints, a more elaborate structure detection could be further implemented.
In particular, one could account for linking variables and constraints linking
n consecutive blocks, leading to a more complicated Schur complement struc-
ture with additional “global” linking constraints in the subsystems. The IPM
algorithm itself, discussed only briefly in this paper, also offers room for fur-
ther improvement. To this end, we plan on implementing a sequential version
of PIPS-IPM++ to robustify the IPM and compare its performance against the
performance of other codes. Another promising direction is extending HSCA
to support approximate preconditioners instead of exact factorizations at each
IPM step. Many of the preconditioners mentioned in [4, 2T, [45] can directly
profit from exploitation of the arrowhead structure and even be extended to a
recursive arrowhead structure.

Last, many open questions remain to be addressed on the application side.
In the ongoing research project Peregrineﬂ we are integrating automatic struc-
ture detection, similar to the work done in [7], into our software, as the mod-
eler currently has to annotate a model’s block structure manually. Lastly, we
are preparing an open model library containing large-scale ESMs from differ-
ent contexts as well as distribution planning problems, which will also include
the problems used in this paper. We invite others to try out our software and
contribute; the version used in this paper is available on |GitHub.
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A Structure detection within the Schur comple-
ment

After realizing that many linking constraints only link two consecutive blocks
as described in section [3:3] we can utilize this fact to detect structure in the
Schur complement line [3|in algorithm itself. Given the system matrix eq.
and defining

. [K K]

' K5y Ko
the Schur complement contributions of each block ¢ have the following structure:
[0 AT
LTKL. = 0 0 Iﬁl {(b 0 0F" FlT
v F, 0| K5, K55] [4:0 0 0

|F; 0
[ATK} 0 A: 0 ATKS BT ATRS \F

_ 0 0 0 0

T | BiKG LA 0 BKG P FKG Y
| F,K{,A; 0 F;K} \FT F,Ki,F]

The two-links imply additional structure on F; K {1F,T

ﬂs’jo e

FK; F = = f(i,l [--0FL, FrOo--] =

<M

0 FL K FE FLK L FT 0
0 FK{,FL, FE{FL 0

Summing up all individual Schur complement contributions (and after appro-
priate symmetric permutation), the final Schur complement is expressed as the
following block matrix:

My HT ET 0]
Hy M, HY ET 0
H o S

17
wi ., EL o0 17

Hy_o My_1 EL_,0
E, Ey --- En_y En_1 My 0
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The submatrices in eq. are defined as

M,L' = ‘/—_;Ril‘/—_;T + F{f(f’ilj—';T,

E; = [Fi@fvlf?*FHlfﬁEﬁT] (18)
ATKS |\ Fl + A?+1K§,1 Fir
forie{1,...,N —1} and
H; = Fip K AT,
N orp, K FT OFK A,
MO = |: ! ~1Z.’1 i ! ~1i’2 1:|, (19)
Z ATKS \F] ATKG ,A;

=1

for i € {1,...,N — 2}. This structure is detected in PIPS-IPM++ and used to
precompute the sparsity pattern of the final Schur complement. As long as no
additional structure can be detected in the constraints, all blocks in eq.
are dense; in particular, eq. and eq. can be significantly large, de-
pending on the number of linking constraints and global linking variables in the
problem. We reiterate an upper bound on the number of nonzeros in the Schur
complement, as introduced in Observation 1 in [61]:

N-1 N-2 N-1
STE+2Y Ll +2 ) Lilmr +no) + (me +no)*.
i=1 i=1 i=1

Even though a two-link structure for linking variables could also be computed,
linking variables are seldom local in the models considered. Therefore, this has
not been implemented.

The Schur complements of systems without global linking constraints, as is
the case for the inner linear systems defined by K¢ in eq. and Knner
in eq. have the band diagonal form

(a1, AT
Hq, M, H2T
Hy ; (20)
7T
5 IEIN—Q
HN72 MJ\L1

with N € N and M; € RIxl and H; € Rie+1%li defined equivalently. These
Schur complements are mostly sparse. The number of nonzeros of eq. is

thus bounded by SN 112 + 25N 2Ty .
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