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Abstract

Thisarticlesurveysmathematicalmodelsandmethodsusedfor thephysicallayoutof printedcircuit
boards,in particularcomponentplacementandwire routing. The main conceptsarebrie�y described
togetherwith relevantreferences.

MathematicsSubject Classi�cation (2000):90C9090-0268R05

1 Intr oduction

Printedcircuit boards(PCBs),seeFigures2 and3 for anexample,areubiquituous.PCBsarethebackbones
of almostevery electronicdevice, andtherefore,PCB designandmanufacturingareextremly important
componentsof many industrialproductionprocesses.Beforea PCBcanserve its taskit evolvesthrough
threemain steps. The �rst one is the logic design,which de�nes the componentsto be usedand their
interconnections.Thesecondstepis thephysicallayoutof the PCB wherethegeometricpositionsof the
componentsandtheir physicalconnectionsaredecided.The �nal stepis the industrialproductionof the
PCB.

In this articlewe give anoverview on themathematicalmodelsandmethodsusedin thesecondstep,
thephysicaldesignof theboard.Thetwo major issuesherearecomponentplacementandwire routingas
depictedin Figure1.

Step 1
Logical Design

Step 2
PhysicalLayout

Step 3
PCB Production

Determine form factor
and number of layers

Pin assignmentComponent placement

Wire routing Layer assignment
Via minimization

Figure1: Tasksin PCBdesign

A digital logic circuit consistsof a collectionof interconnectedparts.Thepartscomein two varities;
activeparts,i. e.,integratedcircuits(IC) andpassiveparts,suchasresistors,andcapacitors(Figure2).

Due to continuouslyshrinking featuresizes,the functionality of ICs per areaunit hassigni�cantly
increasedover theyears.This hasled to a steadyincreaseof theratio betweenpassive andactive partsof
a PCB. Ratiosof 20 or 30 passive to oneactive partarenot uncommon.Eachpartcanberepresentedby
theshapeandareaoccupiedon theboardtogetherwith the locationsof oneor morepins or padswhere
the electricalconnectionsaremade(Figure3). One IC may have up to several hundredpins. To have a
singletermwe will call thepinsandpadsof thecomponentsterminals. A setof terminalsthathave to be
electricallyconnectedis calleda net. In PCB andchip designit is implicitly understoodthattheelectrical
connectionhasto berealizedby a tree(on a routinggraphto bedescribedlater). This standardde�nition
of a net just speci�esthenodesthathave to beconnectedandleavesopenhow theactualwiring is done.
Two differentnets(i. e.,their physicalrealization)mustbeinsulatedfrom eachother.

A circuit boardis built asa stackof layer pairs. Eachpair startsasan insulatingsheetwith copper
depositedononeor bothsides.Thecoppersidesof thesheetare�rst etchedwith differentwiring patterns.
Thenthesheetsarestackedinto a sandwichseparatedby insulatingmaterial.Smallholesaredrilled into

1



theboard. Finally, theholesareplatedwith metal,so thatelectricalcontactis madewith eachlayer that
hascopperleft at hole locations.Hence,a holecanform a conductive pathbetweentwo or morelayers.
Thestandardtermusedin PCB andchip layoutfor a holeis via.

Partscanbe attachedto boardsin two ways. The classicalmethodis to solderthe pins of the com-
ponentsinto a via patternon theboard. The otherpossibility is theutilization of surfacemountdevices,
which aregluedto theboard.Little connectionpadson thedevicesmake contactwith their counterparts
ontheboardwithoutpenetratingit. Notethatthedrill holesfor viasthatareonly usedto makeconnections
betweenlayerscanbemuchsmallerthanthoseholesin whichpinsmustbeinserted.

The�rst taskof thephysicaldesignis to decideon thesizeof theboardandon thenumberof layers.
In practicethe form factorof theboardis oftenpredeterminedor at leastlimited by thekind of device to
bebuilt, suchasa PCI slot card,for example.Hom andGranacki(1996)describea statisticsbasedmodel
to estimatethenumberof routinglayersandtotalwire lengthfor a printedcircuit board.

Theproblemsfacedin thedesignof VLSI circuitsarein many aspectssimilar to thoseencounteredon
PCBs. Againcomponents(cells)areto beplacedandhaveto beconnected.Many algorithmscanbeapplied
in bothcases.In fact,therearea lot morepublicationson theVLSI aspectsof theseproblemsthanon their
PCB counterparts.On theotherhand,many technicalconstraintsin PCB designaredifferentfrom thosein
VLSI design.In this article,we focuson PCB basedpublicationswherepossible.For an introductioninto
thespeci�csof VLSI designanda precisede�nition of whatis meantby this,see,e.g., Gerez(1998),Sait
andYoussef(1999),Vygen(2001).

Most of the articlesdealingexplicitly with PCB designdescribea PCB designissueanda heuristic
for its solution. The utilization of heuristicsis not surprising,as the problemsencounteredin physical
PCB layoutareusuallyN P -hardin theoryandcomputationallyexpensive in practice.At this point, one
particularfeatureof PCBsshouldbenoted:Thevastmajorityof thenetsto beroutedbetweencomponents
hasonly two terminals.This propertyis an importantreasonwhy many of theheuristicsusedfor routing
(anddescribedlater)work quitewell in practicedespitetheir simplicity.

Regardingtheoreticalaspectsthereseemsto beonly limited progressin recentyears.On thepractical
side,severalcommercialplacementandroutingsoftwaresystemsarepurchasable.Assessingtheir quality
is very dif�cult, as thereareno generallyacceptedbenchmarksfor PCB placementandrouting publicly
available. (Thesituationis somewhatbetterin theareaof VLSI design(Whitaker, 1996,Harlow, 2000).)
PCB layout involvesa large amountof technicalandotherconstraints(collectively calleddesignrules),
whicharespeci�edandhandleddifferentlyin eachprogram,makingany comparisiondif�cult.

In the next sectionwe will describeshortly the relation betweenplacementand routing, then an
overview on placementmethodsis presentedin Section3 and several routing modelsare presentedin
Section4.

2 Placementand Routing: GeneralRemarks

Thetaskin placementis to positionall componentson theboardin a way that is feasiblewith respectto
the limitationsof theproductionprocess.After thatall nets,i. e., all connectionsbetweenthepinsof the
componentsaccordingto thelogical design,have to beroutedon theboard.Obviously, theplacementhas
tremendousrepercussionsontherouting.Sincetheconditionsontheplacementitself areusuallyrelatively
simple,e.g., componentsarenot allowed to overlapandhave to adhereto someminimumdistances,the
main objective in placementis to allow a good and feasiblerouting. In principle it would be best to
performplacementandrouting in onestep. But dueto the dif�culties involved,both tasksaretypically
donesequentiallyin practice(Mo etal., 2001,Kumaret al., 2005).

As saidabove,since�nding aphysicallyfeasibleplacementis generallyeasy, themainobjectiveof the
placementis to permitahighqualityrouting.However, it is dif�cult to de�ne “high quality” in asomewhat
precisemathematicalsense.Instead,substituteobjectivesarede�ned. A widely usedobjective in practice
is to minimizethetotalwire lengthof all connections.

Unfortunately, theexactwire lengthof eachnet is not known until thenetsareactuallyrouted.Since
eventhecomputationof theminimumlengthof a singlenet is in generalN P -hard,asit correspondsto
computingthelengthof a minimumSteinertree,thetotal wire lengthhasto beestimated.This is usually
doneby summingup anestimateof thelengthof eachindividualnet. Methodsto estimatethelengthof a
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speci�c net include: heuristicallycomputinga Steinertreebetweentheterminals,computinga minimum
spanningtreebetweenthe terminals,building a chainthroughthe terminals,or taking half the lengthof
theperimeterof theboundingbox enclosingall theterminalsof thenet. Keepin mind, that for netswith
two terminalsandusingManhattandistances(a typicalmetricin PCB andVLSI design)all thesemeasures
give thesameresult.A survey on placementmethodsandsubstituteobjectivescanbefoundin Preasand
Karger(1986).

Anotherpossibleobjective duringplacementis to minimizethenumberof wire crossings.According
to Stallmannet al. (2001)this canbe modeledasa bigraphcrossingproblemin the following way: Let
G = (V;E) be a bipartitegraphwith partitionsV1 andV2 andlet G be embeddedin theplaneso that the
nodesin Vi occupy distinctpositionson the line y = i andtheedgesarestraightlines. For anembedding
f (G) of G in theplane,thecrossingnumberCf (G) is thenumberof line intersectionsinducedby f . This
numberdependsonly on thepermutationof Vi alongy = i andnot on speci�c x-coordinates.Thebigraph
crossingnumberC(G) is de�ned asC(G) = min f Cf (G). Thecomputationof C(G) is N P -hard(Garey
andJohnson,1979).Someheuristicsfor crossingminimizationarepresentedandcomparedin Stallmann
et al. (2001).

3 PlacementMethods

As the physicalrestrictionson componentplacementarefew, every method,including repeatedtrials of
randomplacements(Hananetal.,1976a,b,Magnuson,1977),canbeusedto produceafeasibleplacement.
Consequently, practicallyeveryknown heuristicscheme,includingclusterdevelopment(Areibi andYang,
2004,HananandKurtzberg,1972a,Hananetal., 1976a,Magnuson,1977,CoxandCarroll,1980),knowl-
edgebasedsystems(Panńerec,2003), randomizedlocal searchalgorithmssuchassimulatedannealing
(SechenandSangiovanni-Vincentelli,1986,Sechen,1988,Wonget al., 1988,Wanget al., 2000,Murata
etal.,1998),andgeneticalgorithms(CohoonandParis,1987,ShahookarandMazumder,1990,Valenzuela
andWang,2002,Sait et al., 2005,Areibi andYang,2004),aswell ascombinationsof theseapproaches
(Zhanget al., 2005)have beenusedto computeplacements.Often, computedplacementsareimproved
by iterative heuristicsbasedon componentinterchange(Magnuson,1977,Cot́e andPatel,1980). Place-
mentmethodscanbeclassi�edroughlyinto threecategories:recursiveminimumcutplacement,analytical
placementandlocal searchmethods.

3.1 Recursive Minimum Cut Placement

Theideaof recursiveminimumcutplacementis to partitionthecircuit into subcircuitssubjectto minimiz-
ing thenumberof wiresrunningbetweenthetwo partitions.Simultaneously, theboardsurfaceis divided
vertically or horizontally into subregionsandeachsubcircuitis assignedto oneregion. This procedure
is repeatedlyappliedto eachof thesubcircuitsandsubregionsuntil the remainingcircuit canbe trivially
placed,for instance,if it consistsof a singlecomponentonly.

Theproblemcanbestatedby representingthecircuit asa hypergraph.Thecomponentscorrespondto
thenodesandthenetscorrespondto thehyperedgesconnectingthesecomponents(nodes).Thus,decom-
posingthecircuit into two subcircuitswith anapproximatelyequalshareof componentssubjectto mini-
mizing thenumberof wiresbetweenthetwo subcircuitscorrespondsto �nding abalancedbipartition(or a
bisection)of thehypergraphwith a minimal cut. This resultsin thesocalledbalancedhypergraphbipar-
tition problem, andhypergraphbisectionproblem, respectively. Both problemsareN P -hard(Lengauer,
1990),but many heuristicswereproposedin literature.Two very commonapproachesin practicearethe
heuristicof FiducciaandMattheyses(1982)for solvingthebalancedhypergraphbipartitionproblemand
thealgorithmof KernighanandLin (1970)for solvingthebisectionproblemon graphsaftertransforming
the hypergraphto a graphby replacingeachhyperedgeby a clique. Both approachesarebasedon the
ideaof iterative improvement.Startingwith aninitial balancedbipartition(or bisection)of thehypergraph
(graph),nodesareinterchangedbetweenthetwo subsets,to reducethesizeof thecut.

Therecursive minimumcut placementcanbeextendedto partitionswith morethantwo subsets.The
placementproblemthenbecomesa multiwaypartition problem. Ef�cient implementationsof thehyper-
graphmultiwaypartitionproblemarepresentedin KarypisandKumar(1999).Recently, Zhaoetal. (2005)
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proposedauni�ed framework for developingandanalyzingapproximationalgorithmsfor variousmultiway
partitionproblems.

A moreextensivediscussiononpartition-basedplacementmethodsfor VLSI designisgivenbyLengauer
(1990)anda survey is presentedin Alpert andKahng(1995). In YangandWong (1996)a partition ap-
proachbasedon the max-�ow-min-cut theoremis proposed.The experimentalresultsdemonstratethat
their approachoutperformstheKernighan-Linheuristicsin termsof thenumberof crossings.In Mak and
Wong(2000)a fastnon-�ow-basedalgorithmfor computinga minimumcut in a hypergraphis suggested.
Finally, in PapaandMarkov (2006)a survey of partitioningandclusteringmethodsis presented.

3.2 Analytical Placement

Socalledanalyticalplacementis anapproachwidely usedin VLSI design(Sigl et al., 1991,Jüngeret al.,
1994,KahngandWang,2004,ViswanathanandChu,2004),whichcanalsobeappliedto PCB placement.
An advantageof analyticalplacementoverpartitioning-basedmethodsis theglobalview of theproblem.In
recursiveminimumcutplacement,minimizingthenumberof wirescrossingacut in the�rst stepmaylead
to poorresultsin thesucceedingsteps.We presenttwo classesof globalanalyticalplacementapproaches:
quadraticor linearassignmentandquadraticplacement.

3.2.1 Quadratic assignment

Thequadraticassignmentapproachis basedon the following idea: givena numberof componentsanda
numberof positionson theboardsurface,wewantto assigneachcomponentto apositionon theboard,so
thatcertainphysicalconstraintsaresatis�edandthetotalwire lengthis minimized.Thiscanbeformulated
asa linearintegeroptimizationproblemwith eithera linear(Akers,1981)or aquadraticobjectivefunction
(HananandKurtzberg,1972b,Hananetal., 1976a,Weismantel,1992).

The boardsurfaceis assumedto be modeledasa grid which decomposesthe boardinto rectangular
grid cells with preciselyde�ned dimensions.A componentplacedon the grid coversa rectangulararea
consistingof a setof grid cells.

Theplacementproblemis to assignthecomponentsto disjoint rectangularareasof grid cellssuchthat
the total wire lengthis minimized. A componenti is saidto beassignedto a grid cell k, if i is placedon
the boardin sucha way, that its lower left cornercoincideswith grid cell k, anda grid cell k is called
feasiblefor a componenti, if i �ts on theboardwhenassignedto thegrid cell k. Let n be thenumberof
componentsandm the numberof grid cells, thenwe de�ne Z(i) � f 1; : : : ;mg asthe setof feasiblegrid
cellsfor componenti.

Foreachcomponenti 2 f 1; : : : ;ng andeachfeasiblegrid cell k2 Z(i) abinaryvariablexik is introduced,
suchthatxik is equalto oneif andonly if componenti is assignedto grid cell k. Thequadraticassignment
modelfor componentplacementproposedby Weismantel(1992)is thende�ned asfollows:

min
n� 1

å
i= 1

n

å
j= i+ 1

å
k2Z(i)

å
l2Z( j)

ci j d(i;k; j; l ) xik x j l (1)

+ l 0

n� 1

å
i= 1

n

å
j= i+ 1

å
k2Z(i)

å
l2Z( j)

o(i;k; j; l ) xik x j l (2)

subjectto å
k2Z(i)

xik = 1 for all i = 1; : : :n (3)

xik 2 f 0;1g for all i = 1; : : :n;k 2 Z(i) (4)

The objective function is composedof two terms: (1) is an approximationof the total wire length
computedin the following way: ci j � 0 denotestheaf�nity coef�cients betweenthecomponentsi and j
andcanbecalculatedby ci j = å t2T

1
at � 1 if t is a netconnectingi and j, andzerootherwise.T is theset

of all nets,at thecardinalityof anett 2 T. d(i;k; j; l ) de�nestheshortestManhattandistancebetweenthe
componentsi and j whenassignedto thegrid cellsk andl .

4



The secondterm (2) of the objective function evaluatesthe numberof overlaps. The coef�cients
o(i;k; j; l ) de�ned for i 2 f 1; : : : ;ng, j 2 f 1; : : : ;ng, k 2 Z(i) andl 2 Z( j) countsthenumberof grid cells
thataresharedby componentsi and j whenassignedto grid cellsk andl . Sincea feasibleplacementhas
to be free of overlaps,thesecondterm of the objective function is scaledwith a large penaltyfactorl 0.
Equations(3) ensurethateachcomponentis assignedto exactlyonegrid cell.

This quadraticoptimizationformulationallows the following extension:whensomecomponentsare
allowedto berotated90� , four differentrealizationsexist to placeeachof thesecomponents.In this case,
binaryvariablesxa

ik arede�ned for acomponenti in grid cell k 2 Z(i) andfor realizationa 2 A(i), suchthat
xa

ik is equalto oneif andonly if thecomponenti is assignedto thefeasiblegrid cell k in realizationa. The
extendedquadraticplacementproblemis thefollowing:

min
n� 1

å
i= 1

n

å
j= i+ 1

å
k2Z(i)

å
l2Z( j)

å
a12A(i)

å
a22A( j)

ci jd(i;k;a1; j; l ;a2) xa1
ik xa2

j l

+ l 0

n� 1

å
i= 1

n

å
j= i+ 1

å
k2Z(i)

å
l2Z( j)

å
a12A(i)

å
a22A( j)

o0(i;k;a1; j; l ;a2) xa1
ik xa2

j l

subjectto å
k2Z(i)

å
a2A(i)

xa
ik = 1 for all i = 1; : : :n

xa
ik 2 f 0;1g for all i = 1; : : :n;k 2 Z(i);a 2 A(i):

Whered(i;k;a1; j; l ;a2) denotesthe shortestManhattandistancebetweencomponentsi and j when
placedongrid cellsk andl in realizationa1 anda2, ando0(i;k;a1; j; l ;a2) countsthenumberof overlapping
componentsi and j whenplacedon grid cells k andl in realizationa1 anda2. The quadraticmodelfor
componentplacementdescribedabovebelongsto theclassof N P -hardproblems.In Weismantel(1992),
a decompositionapproachis appliedto theplacementproblem.

3.2.2 Quadratic Placement

Themainideain thequadraticplacementapproachis to modeltheplacementin sucha way, thatit canbe
solvedwith methodsof convex optimization. Somequadraticplacementapproaches(Quinn andBreuer,
1979,Quinn,1975,JohannesandEisenmann,1998,Kleinhanset al., 1991,Khan andSait, 2004)usea
physicalforceschemeto modeltheplacementproblemasa convex optimizationproblem.

Otherapproachesuseanapproximationof thesquaredtotalwire lengthasanobjectivefunction,thatis
minimizedundercertainconstraints(Hall, 1970,Blanks,1985).With this quadraticprogram,a placement
is �rst computedwithout worrying aboutoverlaps,thentheoverlapsareremovedby addingcertaincon-
straintsto thequadraticprogram.ViswanathanandChu(2004)give anoverview of analyticalplacement
methodsandpresentsanalgorithmcalled”FastPlace”for thequadraticplacementapproachin standardcell
VLSI design.Recently, new theoreticalresultsonquadraticplacementwerepresentedby Vygen(2006).

In quadraticplacementtheclique modelandthestarmodelaretraditionally usedasmodelsfor wire
lengthestimation. In the clique model,eachmulti-terminalnet is representedby a clique andthe wire
lengthis approximatedby thesumof rectilineardistancesover all pairsof points. In thestarmodel,a set
of terminalsin a net is replacedby a starwith uniform edgeweightsthroughconnectingall terminalsto a
new additionalpoint, thesocalledthestarnode.

4 Modelling Routing

Althoughwire routingis alongstudiedproblem,fully automaticroutingof denselypackedboardsis agoal
dif�cult to achieve. Evenshowing theexistenceof a feasiblerouting is N P -complete.Sinceall routing
programsusedin practiceemploy heuristics,it is never clearif theproblemis infeasibleper seor if just
thealgorithmis notableto �nd a feasiblerouting.To quoteDion (1988):
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It is alwayseasyto specifya routingproblemthat is toohard for a programto solve. Oneneed
onlyaddwiring to theproblem,or removeroutinglayers. In thissense, designinga completely
automaticrouter is an impossibletask. A betterprogramwill simplyencourage engineers to
designharder problems.Theonly realistic goal for a routing program is to solvepractical
layoutproblemswell enoughthatmanualinterventionis unnecessary.

4.1 Steiner tr ees

Mathematically, routinga singlenetcanbeseenasa Steinertreeproblem:Givenanedge-weightedgraph
G = (V;E;c) anda non-emptysubsetof nodesT � V calledterminals, �nd a minimal weight treein G
thatspansT. Theproblemis N P -hard(Karp, 1972),but it is easyto �nd feasiblesuboptimalsolutions.
As aresulta largevarietyof heuristicsexists,e.g.,TakahashiandMatsuyama(1980),Rayward-Smithand
Clare(1986),WinterandSmith(1992),Duin andVoß(1994),Duin andVoß(1999),Ribeiroet al. (2002).
Solving large-scaleSteinertreeproblemsto optimality is alsopossible,see,e.g., Wong (1984),Chopra
et al. (1992),KochandMartin (1998),PolzinandDaneshmand(2001),Polzin(2003).

Integratedcircuits sometimeshave several pins with the samefunctionality. It suf�ces to connecta
net to any of severalpossibleterminals.This canbemodelledasa GroupSteinertreeproblem:Givena
weightedgraphG= (V;E;c) andN 2 N pairwisedisjointnon-emptysubsetsof nodesZn � V, n2 f 1; : : :Ng
calledterminalgroups, �nd anedgesetS� suchthat (V(S� );S� ) is a treewith minimal weightcontaining
at leastonenodefrom eachgroup,i. e.,V(S� ) \ Zn 6= /0 for all n 2 N. For a graphG = (V;E) we denote,
for asubsetof edgesF � E, byV(F) thesetof all nodesincidentto someedgee2 F.

It is possibleto transforma groupSteinertreeproblemback into a normalSteinertreeproblemby
introducinganarti�cial nodefor eachterminalgroupandconnectingall terminalsof thegroupwith this
node. The edgesneedto have weightsthat arehigh enoughto ensurethat only oneof theseedgesper
terminalgroupis partof thesolution. In thetransformedproblem,only thearti�cial nodesareterminals.
Theapproachusuallytakenin practiceis to choosetheterminalto usefrom eachgroupbeforetherouting.
This is calledthe pin assignmentproblem(Koren,1972,Mory-Rauch,1978,Brady,1984). Usually the
objective is similar to theoneusedin componentplacing. For large ICs, e.g., microprocessors,even the
routingbetweenthechip itself andthepinsof thepackagehasto beconsidered(Yu et al., 1996,Kuboand
Takahashi,2005).ZachariasenandRohe(2003)presentanalgorithmto solvegroupSteinertreeproblems
to optimality in thecontext of VLSI design.

4.2 Steiner tr eepacking

Routingall thenetsat oncecanbemodelledasa Steinertreepacking problem: Givena weightedgraph
G= (V;E;c) andasetof N 2 N pairwisedisjointnon-emptysubsetsof nodesTn � V, n 2 f 1; : : : ;Ng called
nets, �nd for eachnetanedgesetS�

n suchthat(V(S�
n);S�

n) is a treethatspansTn, all edgesetsarepairwise
disjoint,andthetotalweightå e2

S
n2N S�

n
ce is minimal. SincetheSteinertreeproblemis aspecialcaseof the

Steinertreepackingproblem,thepackingproblemis alsoN P -hard.But thereis animportantdifference:
for thepackingproblemeven�nding a feasiblesolution,without regardingtheweights,is N P -complete,
seeKramerandvanLeeuwen(1984). A survey of differentintegerprogrammingmodelsfor Steinertree
packingcanbefound in Chopra(1994). We will examinetwo of themodels,which have beensubjectto
mathematicalandpracticalinvestigation,in moredetail.

4.2.1 Multicommodity �o w formulation

The multicommodity�o w formulationasproposedby Wong (1984)hasthe advantagethat it hasonly a
polynomialnumberof variablesandconstraints:Givenaweightedbidirectionalgrid digraphG = (V;A;c),
andsetsT1; : : : ;TN, N > 0, N = f 1; : : : ;Ng of terminals,we arbitrarily choosea root rn 2 Tn for each
n 2 N . Let R = f rnjn 2 N g be thesetof all rootsandT =

S
n2N Tn be theunionof all terminals.We

introducebinary variablesx̄n
i j for all n 2 N and(i; j) 2 A, wherex̄n

i j = 1 if andonly if arc (i; j) 2 Sn.
Additionally we introducenon-negative variablesyt

i j , for all t 2 T nR. For all i 2 V, we de�ne d+
i :=

f (i; j) 2 Aj j 2 Vg andd �
i := f ( j; i) 2 Aj j 2 Vg. For all t 2 Tn, n 2 N , wede�ne s (t) := n. Thefollowing
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formulationmodelsthe Steinertreepackingproblemfor any graphrequiringedgedisjoint but not node
disjoint routingsof all nets.

min å
n2N

å
(i; j)2A

cn
i j x̄

n
i j

å
(i; j)2d �

j

yt
i j � å

( j ;k)2d+
j

yt
jk =

8
<

:

1 if j = t
� 1 if j = rs (t)

0 otherwise

9
=

;
for all j 2 V;t 2 T nR (5)

0 � yt
i j � x̄s (t)

i j for all (i; j) 2 A;t 2 T nR (6)

å
n2N

(x̄n
i j + x̄n

ji) � 1 for all (i; j) 2 A (7)

x̄n
i j 2 f 0;1g for all n 2 N ;(i; j) 2 A (8)

In themodelabove two differentnetsmay sharea commonnode. To obtaina nodedisjoint solutionwe
have to add:

å
n2N

å
(i; j)2d �

j

x̄n
i j �

�
0 if j 2 R
1 otherwise

for all j 2 V (9)

Resultsusingthis modelto computeoptimalroutingscanbefoundin Koch(2004).Theadvantageof
the formulationis that it modellsall the layerssimultaneously. On the otherhandthe sizeof the graph
growsrapidlywith thenumberof terminals.To circumventthis problemanotherformulationcanbeused.

4.2.2 Undir ectedpartitioning formulation

This formulation is usedby Grötschelet al. (1996a)and by Jorgensenand Meyling (2002). Given a
weightedgrid graphG = (V;E;c), and terminal setsT1; : : : ;TN, N > 0, N = f 1; : : : ;Ng, we introduce
binary variablesxn

i j for all n 2 N and i j 2 E, wherexn
i j = 1 if and only if edgei j 2 Sn. We de�ne

d(W) = f i j 2 Eji 2 W; j 62Wg for W � V. The following formulationmodelsedgedisjoint one-layer
routing:

min å
n2N

å
i j2E

ci jxn
i j

å
i j2d(W)

xn
i j � 1 for all W � V;W \ Tn 6= /0;(V nW) \ Tn 6= /0;n 2 N (10)

å
n2N

xn
i j � 1 for all i j 2 E (11)

xn
i j 2 f 0;1g for all n 2 N ; i j 2 E (12)

The model can be further strengthenedwith several valid inequalitiesas describedin Grötschelet al.
(1996a,b),Grötschelet al. (1997). By usingcapacitieson the edgesthe formulationcanbe extendedto
modelanarbitrarynumberof layers.

Sincethereis only onelayerexplicitly in themodel,theassignmentof thewiresto thelayershasto be
donein a subsequentstep.This is calledthelayer assignmentproblem.Assigninglayersmeansdeciding
thenumberandlocationof theviason the PCB. As every via increasesthepoductioncostsanddecreases
theproductionyield, via minimizationis thegoalof this step.BradyandBrown (1984)have designedan
algorithmthatguaranteesthatany solutionin theabove modelcanberoutedin four layers,but deciding
whetherthreelayersareenoughis shown to beN P -completeby Lipski (1984).

In practice,sincethe componentsarealreadyplaced(andcanonly be placedon the outer layersof
the PCB) thelayersfor theterminalsarealready�x ed. Grötschelet al. (1989)show how to transformthis
probleminto amax-cutproblemanddescribeexactandheuristicsolutionapproaches.Furthergraphbased
approachescanbe found in Chenet al. (1983),Naclerieet al. (1987),Xiong andKuh (1988),Fanget al.
(1991),ChangandCong(1997),ChouandLin (1998).
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4.3 Heuristic routing

In practiceheuristicsareusedto routethenets(DysartandKoifman,1979,Aranoff andAbulaf�o, 1981,
Navedaet al., 1986,Dion, 1988). Thereare two basictechniquesfor �nding pathsbetweenterminals
(Pecht,1993): grid basedmazeroutersas introducedby Lee (1961),Akers(1972)andgridlessrouters,
asdescribedby Lauther(1980),Finchet al. (1985),Schieleet al. (1990). Sincejust trying to routeeach
connectionone after the other is not likely to result in a feasiblerouting usually one of the following
two techniquesis employed: In so-calleddynamicor rip-up andretry routingwhenever a wire cannotbe
routed,theblockingwiresareremovedandreroutedlaterafter thenew wire hasbeensuccessfullyrouted
(DeesandSmith, 1981,Rosenberg, 1987,Raith and Bartholomeus,1991). In iterative routing several
passesaremade. In eachpassall the connectionsareroutedregardlesswhetherillegal crossingsoccur.
In the next iteration somepenaltyon thoseareasof the boardis increasedthat experiencecongestion.
The hopeis that this will lead to different routesof somewires in the next pass(Fisher,1978,Moosa
andEdwards,1995). Evenhybrid approachesof thesetechniquesarepossible(CongandMadden,1998,
HadsellandMadden,2003).A further techniquethatcanbeusedon top of theonesdescribedis to build
routing hierarchiesby partitioningthe boardand�rst routing betweenimportant(congested)areasonly
andthengoinginto smallerdetailedareas(OzdalandWong,2004b).For example,Kawamuraetal. (1986)
describea hierarchicaldynamicrouterthat employs threelevels of hierarchy. The hierarchycanalsobe
usedto includefurther conceptslike electromagneticcompatibilityasreportedby Schmidtet al. (1995).
OzdalandWong(2004a)describeanalgorithmfor high performancesingle-layerbusrouting,wherethe
objective is to matchthelengthsof all netsbelongingto eachbus.

5 Conclusion

Continuingadvancesin productiontechniquesincreasethe requirementson physicallayout algorithms.
Fromatheoreticalpointof view it wouldbeobviouslybestto useaholisticapproachto �nd aphysicalPCB

design.It is clearthatthis is far from reality in practice.While somesubproblemssuchasvia minimization
andlayerassignmenttendto bereintegratedwith routing,new subproblemslike pin assignmentfor the IC

packagesemerge.
For research,oneof the biggestshortcomingsis the absenceof publicly availablebenchmarkcases.

Readerswith more than super�cial interestin the subjectpresentedheremay have wishedto obtain a
soundandfactbasedjudgmentof therelativemeritsanddisadvantagesof thevariousapproachesto place-
mentandrouting surveyed in this paper. We would love to presentsuch�ndings, but for many reasons
it is impossibleto make fair test runsnecessaryfor suchcomparisons.Clearly, every groupof authors
shows in their papersthat their approachhassomeadvantagesin comparisonto other methodson the
examplesconsidered.But it is not possibleto obtainthe codesandthe test instancesto make “neutral”
runs. Moreover, productioncodesareusually�ne tunedto speci�c customerdemands,particularlayout
properties,anddesignrulesto whichcompetititors(usually)donotgetaccess.In thissensenotwo routing
or no two placementprogramsaddressexactly thesameproblem.This de�ciency couldberemediatedif
thePCB/VLSI layout communitywould have accessto a large collectionof real instances,including all
speci�c layout requirements,allowing to testnew codesandideasin an opencompetitive environment.
Unfortunately, theelectronicindustrydoesnot seemto bereadyto makeup-to-daterealistictestinstances
publicly availableandthus,“benchmarkingsuites”consistonly of small academic(made-up)examples
with questionablebearingonreal layoutproblems.

This situationnot only makesit dif�cult to testnew ideas,especiallyfor peoplewithout accessto tool
suites,it alsomakesit dif�cult to measureadvancementin the�eld. While �nding anoptimalsolutionfor
a contemporaryPCB layout problemmight be completelyout of reach,it could be possibleto solve the
problemsfrom 20yearsagoto optimality. Thismightgiveaninterestinginsightin how muchis lostby the
standardapproachof partitioningtheprobleminto severalhierarchicallyexecutedsteps.
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Figure2: Componentsideof aprintedcircuit board
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Connection wires (Bus wiring)ViasTerminals

Figure3: Bottomsideof a printedcircuit board
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