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An Overview of Graph Covering
and Partitioning

Stephan Schwartz

Abstract

While graph covering is a fundamental and well-studied problem, this field lacks
a broad and unified literature review. The holistic overview of graph covering given
in this article attempts to close this gap. The focus lies on a characterization and
classification of the different problems discussed in the literature. In addition, notable
results and common approaches are also included. Whenever appropriate, our review
extends to the corresponding partioning problems.

Graph covering problems are among the most classical and central subjects in graph theory. They
also play a huge role in many mathematical models for various real-world applications. There are
two different variants that are concerned with covering the edges and, respectively, the vertices of
a graph. Both draw a lot of scientific attention and are subject to prolific research. In this paper
we attempt to give an overview of the field of graph covering problems.

In a graph covering problem we are given a graph G and a set of possible subgraphs of G.
Following the terminology of Knauer and Ueckerdt [KU16], we call G the host graph while the set
of possible subgraphs forms the template class. Elements of the template class are called template
graphs or, for short, templates. An edge (resp. vertex) covering is a set of templates such that
each edge (resp. vertex) of the host graph belongs to at least one template. In addition, there is
a measure for the quality of a covering, e.g., the number of used templates. The graph covering
problem is to find a covering that optimizes this quality measure among all coverings.

If the template graphs of a covering are pairwise disjoint, the covering is called a partition. In
many cases the analogously defined graph partitioning problem is considered instead of the graph
covering problem.
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This paper intends to give an overview of studied problems, techniques, and results in graph
covering. Whenever appropriate, we also include works on graph partitioning. We are not aware of
a similar attempt to characterize and group covering problems to this extend and in such a general
form. Concerning vertex covering or partitioning problems, this seems to be the first attempt of
compiling and organizing the rich literature that is divided into multiple subproblems. Concerning
edge covering problems, the only review article seems to be 30 years old [Pyb91]. Despite the wide
range of problems and papers that we consider here, this survey does not claim to be exhaustive.

Figure 1 shows that we divide this overview in two practically independent parts: edge covering
and vertex covering. The former is dominated by questions and contributions from the graph
theory community and structured in a linear fashion. Vertex covering problems, on the other
hand, are mostly motivated by applications and advances are mainly driven by the operations
research community.

If not specified otherwise, we consider undirected and simple graphs. We adhere to standard
notation and nomenclature of graph theory (see, e.g., [Diel6]) and denote by n the number of
vertices of the host graph.

1 Edge Covering

The investigation of edge covering problems in its present form was initiated by graph theory
legends Paul Erdss [EGP66] and Lészlo Lovasz [Lov68]. Since then, research is predominantly
concerned with improving bounds on the covering number, i.e., the minimum number of templates
necessary for an edge covering. The covering number is studied for different template classes and
often, special host graphs or special coverings are considered.

As a special covering we single out the local covering number here. It is defined as the smallest
number ¢ such that a covering exists where every vertex is contained in at most ¢ template graphs.

The only survey article on edge covering that we are aware of is the long-ago paper by Pyber
[Pyb91]. Our approach for an overview is summarized in Table 1, organizing the contributions
to various edge covering problems. In the following we will point out the considered problems of
these works. While notable results are also included, for some papers we limit this overview to a
categorization of the content. Our presentation is organized along the lines of different template
classes.

Cliques: The clique covering problem is the oldest variant and has been studied in different types.
A number of survey articles summarize earlier results on this topic as well as a few applications
[Pul83; Rob85; MPR95; Cav05].

The problem was first studied by Erdés, Goodman, and Posa [EGP66] in terms of decomposing
a graph into edges and triangles. They showed that such a decomposition can be done with at
most |7°/4| template graphs and that this bound is met for the complete bipartite graph Koy ngs-
Recently, Kral et al. [Kra+19] extended this result and proved that any graph admits an edge
partitioning into ny copies of Ky and n3 copies of K3 such that 2ns + 3nz < (1/2 + o(1))n?,
settling a conjecture of Gyéri and Tuza [GT87].

Bounds for the clique covering number of general host graphs are given by Lovasz [Lov68§] if
the number of edges is known, and by Alon [Alo86] depending on the maximum degree. Other
authors study the relation between covering and partitioning of the edges. Caccetta et al. [Cac+85]
investigate the difference between clique covering number and clique partitioning number, while
Erdgs, Faudree, and Ordman [EFO88] focus on the ratio of the two numbers.

Concerning the complexity, Kou, Stockmeyer, and Wong [KSW78] and, independently, Orlin
[Orl77] proved that clique covering is NP-hard. The former also proved that there is no 2-
approximation, unless P=NP.

More results on clique covering can be found for specific host classes. For instance, the problem
has been studied on line graphs [Orl77], on claw-free graphs [JMO16; JH19|, on regular graphs
[PC80; PC81], and on graphs with bounded maximum degree [Pul84]. Furthermore, the clique
covering problem has been considered for complements of graphs. While Wallis [Wal82] derives
bounds for complements of general graphs, other articles focus on complementary graphs of certain



Table 1: Overview on edge covering contributions for different template classes.

survey

general bounds

special host graphs

special coverings

other

partition

cliques

[Pul83],

[Rob85],
[MPRO5],
[Cav05]

[EGP66], [Lov6s],
[Alog6]

[O1177], [PCSO.
[PC81], [PD81],
[GP82], [Wals2],
[Puls4], [CGPS3),

[EFO88], [Che-+00],
[CV08], [CFS14].
[IMO16], [JH19]

[PSW82], [IMO16]

[KSW78], [Cac+85],
[EFOS3]

[EGP66], [PSW82],
[Cac+85], [EFO88],
[Uiy03], [Kra+19]

bicliques

[MPR95]

[HHM77], [Ber78],
|Chu80], [Tuzs84],
|TKO09]

[GWS99], [Bez+08]

[FHO96|, [EP97],
[DLO7]

[Or177], [Miil96],
[AVJ9g], [CFO6],
[Wat06] [Giin07].

[GP72], [Tves2],
[CES83], [EP97],
[GWS99], [DLO7],
[Pin14], [ABH17]

cycles

[Zha97]

[EGP66], [Pybs5],
[Bon90], [Fan02]

[Tta-+81], [BIJ83],
[ATS85], [Jae85],
[Fan97], [Tho97],
[Fan98], [BSO01],
[HOO1]. [IMMO5],
[Cha09], |Zhal6]

paths

[Chu80], [Pyb96],
[Fan02]

[Lov68], [Don8&0],
[Yan98], [Fan05],
[ZL06], [BJ17]




graph classes such as paths and cycles [CGP85], cliques [Orl77; PD81; EFO88], matchings [Orl77;
EFO088; GP82], or forests [CV08; CFS14].

Instead of restricting the host class, one can also consider special covers. Pullman, Shank, and
Wallis [PSW82], for instance, consider the edge partitioning into maximal cliques. With regard to
local covering, Javadi, Maleki, and Omoomi [JMO16] examine the local clique covering number.
In particular, they study the relationship between this number and other graph parameters. In
addition, they give asymptotic bounds for the local clique covering number if the host graph is
claw-free.

Bicliques: Another template class to consider are bicliques, i.e., complete bipartite graphs. It
is easy to see that the edges of K, can be covered with n — 1 stars. The same holds for the
partition case, but here fewer bicliques do not suffice [GP72; Tve82]. For the covering, however,
we can reduce the number of required template graphs to [log, n] [HHM77; Ber78]. Bounds for
the general case are provided by Bermond [Ber78], Chung [Chu80], and Tuza [Tuz84]. In relation
to the number of edges and the size of a matching in the host graph, Jukna and Kulikov [JK09]
provide another lower bound.

The difference between biclique covering and biclique partitioning is explored in [Pinl4]. A
lower bound for the biclique partition number is proved in [GWS99]. Alon, Bohman, and Huang
[ABH17] give a probabilistic upper bound for the partition case.

Just as the clique covering problem, the biclique covering problem is NP-hard, even if the host
graph is bipartite [Orl77]. It remains NP-hard if the bipartite graph is chordal [Miil96], but is
polynomial solvable for bipartite domino-free graphs [AVJ9S].

If the host graph is the complement of a path or a cycle, Gregory, Watts, and Shader [GWS99]
give exact values for the biclique partition number. Bezrukov et al. [Bez+08] give a tight bound
on the biclique covering number if the host graph is a K, ,, with a perfect matching removed.

The local biclique covering number is studied by Fishburn and Hammer [FH96] and Dong and
Liu [DLO7]. The latter, together with Erdés and Pyber [EP97] also examine the local biclique
partition number.

Cornaz and Fonlupt [CF06] formulate an integer program to find a minimum biclique cover,
while Watts [Wat06] considers the LP relaxation of this problem, i.e., fractional biclique covers.

An application for the biclique cover number is presented by Giinliikk [Giin07]. It is shown that
this number is an upper bound on the min-cut max-flow ratio of a multicommodity flow problem.

Cycles: Tt is obvious that a cycle covering of the edges exists if and only if the host graph is
2-connected. For arbitrary host graphs, Erdés, Goodman, and Pésa [EGP66] conjectured that any
graph can be covered with n — 1 cycles and edges. While this bound is clearly tight for trees, it
was proven for general graphs by Pyber [Pyb85].

Below we summarize the results for 2-connected host graphs and different variants of the cycle
cover problem. These variants are also discussed in the survey article by Jackson [Jac93] and in a
book on this topic by Zhang [Zha97].

Bondy [Bon90] conjectured that [2%=1| cycles always suffice for the covering and showed that
this bound is best possible. His conjecture was confirmed by Fan [Fan02].

A famous variant of the present problem is the cycle double cover conjecture. As the name
suggests, it asks whether every 2-connected graph has a cycle covering where each edge of the
graph belongs to exactly two cycles. While this conjecture is still open, advances towards it are
given in the surveys by Jaeger [Jae85], Chan [Cha09], and Zhang [Zhal6].

Another well studied and practically relevant version of the cycle covering problem takes into
account the length of the covering cycles. More specifically, the goal of this minimum cost cycle-
cover problem (MCCP) is to find an edge covering with cycles such that the sum of the length of all
cycles is minimal. For the unit weight case, Itai et al. [Ita+81] give a constructive upper bound on
the total length. This bound is further improved by Bermond, Jackson, and Jaeger [BJJ83], Alon
and Tarsi [AT85], Fraisse [Fra85], Fan [Fan97], and Fan [Fan98]. Determining the optimal value,
however, is NP-hard [Tho97]. The case of metric edge weights is studied by Immorlica, Mahdian,



and Mirrokni [IMMO5]. They give an approximation result for a natural greedy covering and show
that imposing length bounds on the template cycles makes the problem APX-hard. The MCCP
with length constraints is also studied by Bléser and Siebert [BSO1], and Hochbaum and Olinick
[HOO1]. Finally, let us briefly describe the difference between MCCP and the well-known Chinese
Postman Problem (CPP). The CPP is concerned with finding a closed walk of minimum length
that contains every edge of a given edge-weighted graph. "Besides its obvious application to mail
delivery in China, this problem finds application in a variety of routing problems such as robot
navigation and city snow plowing planning" [IMMO5]. Unlike the MCCP, the CPP is known to be
polynomial solvable [EJ73]. Every solution of MCCP can easily be transformed into a solution of
CPP. The only difference between the two is that a CPP solution can be the union of cycles and
edges, whereas edges are forbidden templates for the MCCP. This small change, however, leads to
the complexity increase from P to NP-hardness.

Paths: The Gallai conjecture states that any graph can be partitioned into [5] edge-disjoint
paths. Indeed, one can see that this bound is sharp by considering a graph where every vertex has
odd degree. Then, n is even and every vertex must be an endpoint of a covering path, which leads
to a minimum of & covering paths (cf. [Lov68]). Gallai’s conjecture is still open, but progress has
been made for special cases, see [Lov68; Don80; Yan98; Fan05; ZL06; BJ17] and references therein.

How about the respective covering problem? Analogously to the partition case, Chung [Chu80]
conjectured that any graph can be covered with at most [%] paths. Pyber [Pyb96] was able to
prove a weaker bound. In contrast to the partition case, however, the covering conjecture is now

settled and was confirmed by Fan [Fan02].

Other templates: While Gallai conjectured that any graph can be partitioned into [5] paths,
Chung [Chu78] showed that it is indeed possible with the same number of trees. Earlier, Nash-
Williams [N64] had already studied this problem, while Vidyasankar [Vid78| considers the respec-
tive covering problem on directed graphs.

More general, Harary, Hsu, and Miller [HHM?77] derive a bound for the number of bipartite
graphs required to cover all edges. In particular, they show that [log, x(G)] template graphs
always suffice, where x(G) is the chromatic number. A remarkable consequence of their result is
that any planar graph can be covered with two bipartite graphs.

Motivated by an application for testing printed circuit boards, Bussieck [Bus94]| studies the
problem of covering the edges of a graph by cuts. The objective is to minimize the sum of the
cardinalities of all cuts. He proves that finding an optimal cut cover is NP-hard and discusses
approximation possibilities. Fiiredi and Kiindgen [FKO01] provide general bounds as well as sharp
bounds for special host graphs. Kiindgen and Spangler [KS05] give an improved bound on the size
of the cut cover and describe a connection to cycle covers.

Another variant is the covering with odd graphs, i.e., graphs where each non-isolated vertex
has odd degree. Due to Méatrai [Mat06], three odd subgraphs suffice to cover any simple graph.
The same result also holds for loopless graphs [PS19)].

Knauer and Ueckerdt [KU16] give results for various template classes on different host graphs. As
templates they consider star forests, caterpillar forests, and interval graphs. As host graphs
they consider, e.g., planar graphs or graphs with bounded tree-width. They overview existing
results for these cases and provide new bounds, not only for the classical objective of minimizing
the number of necessary templates but also for slightly different objectives.

Thite [ThiO6] considers the covering with a given number of induced subgraphs and the
objective to minimize the number of vertices in the largest template graph. Finding this minimum
is NP-hard, but he proves lower bounds and presents approximation algorithms for certain host
graph classes.

Finally, we have the template class of connected subgraphs. Again, the number of templates
to use is given. Existing work is focused on the partition case and on the objective that the
template graphs should have similar weight. The weight of a template graph is the sum of all edge
weights in this graph. For the unit weight case, Jiinger, Reinelt, and Pulleyblank [JRP85] work



towards an equipartition of the edges into connected subgraphs. Chu et al. [Chu+10] consider
a similar problem for trees as host graphs. The general case with arbitrary graphs and edge
weights is handled in [CWC13]|. The authors present a linear time algorithm to find a partition
into connected components such that the heaviest template has at most twice as much weight as
the lightest template. A 2-approximation for this problem is independently derived by Borndorfer,
Elijazyfer, and Schwartz [BES19] by transforming the problem into a vertex partition problem and
exploiting the claw-freeness of line graphs. Finding a partition into connected subgraphs of similar
weight is also the subject of the connected vertex partition problem that is discussed in the next
section.

2 Vertex Covering

The literature concerning vertex covering has a fundamentally different focus compared to the edge
covering. Motivated by a number of different applications, the works are often oriented towards
constructive algorithms and solution techniques instead of theoretical bounds. Furthermore, re-
search on vertex covering is dominated by the partition case. As a consequence, this survey is
also mostly concerned with vertex partitioning problems. The presented optimization methods,
however, can obviously be used or adapted for the respective and more general covering problems.

Note that the partition problem is closely related to the well-studied graph factors. A factor of
a graph is a spanning subgraph and typically, further restrictions on the spanning subgraph are
imposed. Most prominent are degree factors where every vertex must have a specified degree. For
instance, 1-factors are perfect matchings, while 2-factors are a covering of the vertices with disjoint
cycles. On the other hand, a component factor is described on a more general graphical concept,
e.g., every component has to be a tree. The literature on graph factors is focused on existence
results under certain conditions. We refrain from covering these works here and refer the interested
reader to [Plu07; AK11].

Several applications require the host graphs to be weighted. The goal of a partition is usually
to obtain either balanced parts or a clustering. For the balancing objective the template graphs
shall be as similar as possible. A classical application is to distribute jobs evenly among machines.
With the clustering goal, on the other hand, each template graph is supposed to be as homogeneous
as possible. Applications for this range from image processing to the design of sales territories.
Figure 2 illustrates solutions with respect to each objective. Note that homogeneity and balancing
are not necessarily opposing objectives. In many cases both are pursued, e.g., if we are seeking a
cover that is homogeneous with respect to given vertex weights but balanced with respect to the
cardinality of the templates.

Following this distinction, our overview is divided into balanced covers and homogeneous covers.
The latter also includes combinations of the two. As a third, and independent problem, we consider
vertex covering with cycles as templates.

1 1 [1 o———o© 1}
4 4 [4 o——© 4}
(a) balanced templates (b) homogeneous templates

Figure 2: Example for balanced and homogenous template graphs. The numbers indicate vertex
weights.



2.1 Balanced Covers

There are several important applications for this problem. While the task of political district-
ing clearly requires a partition [BEL03; GW18]|, other applications such as terrain coverage with
multiple robots admit overlapping solutions. The latter includes significant future tasks such as
cleaning, harvesting, and security patrolling jobs performed by a number of coordinated robots
[Zhe+05; YJC13]. In both applications it is desired that the resulting subregions have a similar
weight, i.e., the number of voters or the time necessary for job completion.

There are several popular objectives for balanced covers. Among the most prominent variants
are the max-min and min-max objectives. Given a weighted graph and a number of templates, the
goal is to maximize the total weight of the minimum part or, respectively, to minimize the weight
of the maximum part. The bounded covering problem, on the other hand, aims to minimize the
number of templates given a maximum template weight.

Without constraints on the template graphs, a balanced partition problem becomes a multi-way
number partitioning problem, which is a generalization of the classical NP-hard partition problem,
see e.g. [Kor09]. Therefore, the minimum requirement that is generally set on template graphs is
connectivity. We divide the literature review for balanced covers into three parts. First, we consider
the basic problem with connected templates. Then, additional constraints on the template sizes
are imposed. And finally, we conider several other classes of connected templates, namely trees,
paths, stars, and cycles.

Connected Vertex Partition (CVP): For a vertex weighted graph and an input parameter k € N
the CVP asks for a partition of the vertices into k connected components. If & is fixed, the problem
is denoted by CVPy. The CVP is usually considered with max-min or min-max objective and also
known as the balanced connected partition problem (BCP).

The min-max and max-min version of CVP are closely related. In fact, for CVPy the two
versions obviously coincide. For larger k£ though, optimal solutions of the two problems can differ.
A simple example of this is presented in Figure 3. While for this instance one can find a solution
that simultaneously optimizes the min-max and max-min objective, some instances do not admit
such a solution (cf. [LPS93]).

Concerning the complexity, already CVPs is NP-hard [CGM83], even on unit-weighted bipartite
graphs as shown by Dyer and Frieze [DF85]. Moreover, it is also hard to approximate. Chataigner,
Salgado, and Wakabayashi [CSWO07] prove that CVP5 does not admit a polynomial-time approx-
imation scheme (PTAS) and that there is no a-approximation for CVP with a < %, unless P —
NP. Earlier, Chlebikova [Chl96] had given a %—approximation for CVP,. An approximation for the
general CVP is studied by Borndérfer, Elijazyfer, and Schwartz [BES19].

Focussing on the max-min CVP, more approximation results are known. For CVP3 and CVP,
the best known result is a 2-approximation for 3-connected or, respectively, 4-connected graphs

i
2 2
|

(a) optimal solution (b) optimal solution . .
for min-max CVPj3 for max-min CVPj3 (c) ?ﬁgnrfaix Soch\l/tfl)on afr(l)é
but not optimal for but not optimal for max-min CVP 3
max-min CVP3 min-max CVP3 3

Figure 3: Comparison of solutions for min-max CVPj and max-min CVPy for an exemplary in-
stance. The numbers indicate vertex weights.



[CSWOT].

The max-min CVP for special host graphs allows for even better results. For instance, CVPy is
polynomially solvable for trees. Note that on a tree, any partition into k£ connected parts is uniquely
determined by choosing k& — 1 cut edges. This observation was used to give polynomial algorithms
for the max-min CVP;, [PS81] and for the min-max CVP; [BPS80]. Earlier, Kundu and Misra
[KM77] had considered a closely related problem and provided an algorithm that can be employed
to solve the min-max CVPj in polynomial time. In 1991, Frederickson [Fre91] gave linear-time
algorithms for both problems. These are particularly important, since different heuristics transform
the original instance onto a tree to efficiently solve the problem there [CWC13; Zho+19].

Another host graph class for which CVP was investigated are grid graphs. While it was
shown that CVPj is NP-hard for arbitrary grid graphs [Bec+98], the max-min CVP; can be
solved in polynomial time for ladders, i.e., grid graphs with two rows and an arbitrary number of
columns [Bec+01].

For the class of series-parallel graphs, CVPy, is also NP-hard. Ito, Zhou, and Nishizeki [IZNOG]
give a pseudo-polynomial-time algorithm for both, the min-max and max-min CVP. They also
show that their algorithm can be extended to graphs with bounded tree-width.

Wu [Wul2] gives a fully polynomial-time approximation scheme for sufficiently connected (i.e.,
k-connected for CV Py) interval graphs.

Finally, Miyazawa et al. [Miy+20| formulate the max-min CVP in terms of linear programs.
Their formulations make use of vertex separators or flows, respectively, to model the connectivity.
For the separator version the respective polyhedron is studied for the case of unit-weighted vertices.

The min-max CVP has received less attention. As mentioned above, Becker, Perl, and Schach
[BPS80] give a polynomial algorithm for the min-max CVPy, if the host graph is a tree. For general
host graphs, it was studied by Zhou et al. [Zho+19] who give a mixed integer linear program to
solve the problem using a flow formulation to ensure the connection of the subgraphs. Since this
approach is only feasible for small instances, they also propose a genetic algorithm as a heuristic
approach. The main idea is to find a proper spanning tree whose optimal partition will also be
optimal for the given graph. While the authors of [Zho+19] perform a computational study to
show that their heuristic performs well, there is no theoretical result that guarantees the quality
of this solution.

(I, u)-Partition We can also impose additional constraints on the size of each template. Given
a graph with nonnegative vertex weights and numbers 0 < [ < wu, a partition into connected
components, each of which has a cumulated weight in the range [l, ], is called an (I, u)-partition.
Typical objectives are to maximize or to minimize the number of components of the (I, u)-partition.
There is also a feasibility variant that asks if an (I, u)-partition into a given number k of components
exists. Applications occur in political districting where each district should have a similar number
of residents, but also in paging systems of operation systems and in image processing [Cunl9].

Lucertini, Perl, and Simeone [LPS93| consider this problem when the host graph is a path.
Exploiting the simple graph structure, they give a preprocessing routine and a greedy algorithm
to solve the three mentioned variants of (I, u)-partition in linear time.

The problems are still polynomially solvable on trees [Ito+12]. The authors solve it with dynamic
programming while preventing the corresponding table from expanding unreasonably.

For general host graphs the problem is studied by Ito, Zhou, and Nishizeki [IZN06]. They show
that all variants are NP-hard, even for series-parallel graphs. For the class of series-parallel graphs,
however, a pseudo-polynomial algorithm whose runtime depends on the upper bound u is given.

Cunha [Cunl9] tackles the (I, u)-partition of minimum cardinality with integer programming.
The problem is solved with a branch-and-cut algorithm that makes use of lifted subtour elimination
constraints and other valid inequalities that prevent too small templates.

Special template classes Here, we will discuss several vertex covering problems with different
template classes that are related to the vehicle routing problem (VRP). The VRP generalizes the
travelling salesperson problem (TSP) and belongs to the most important and studied problems in



combinatorial optimization. It asks for an optimal set of routes for a number of vehicles, starting
and ending at one or multiple depots, to visit a given set of customers. There is a number of
popular variants for the VRP, e.g., with inclusion of time windows or with pickup and delivery
constraints. The capacitated VRP imposes an upper bound on the length of each route. For details
on VRP variants and a review of solution techniques see [Lap92; TV02; BRVN16].

In contrast to the CVP and to (I,u)-partitions, we consider edge weighted host graphs. The
weights are usually assumed to be metric and in some cases one or several root vertices for the
templates are specified. A rooted covering problem requires that every template contains the single
root vertex or, in case of multiple given roots, that every template includes a distinct root vertex.

The first covering that we consider uses trees as templates. Even et al. [Eve+04] show that the
min-max tree covering is NP-hard and derive a 4-approximation which is independently achieved
by Arkin, Hassin, and Levin [AHLO06]. Khani and Salavatipour [KS14] improve the approximation
ratio to 3, and Farbstein and Levin [FL15] further improve the approximation ratio but their al-
gorithm is only pseudo-polynomial in k. The problem has also gained notable attention if the host
graph is a tree. As seen above, min-max partitioning a tree into k subtrees is polynomially solvable,
whereas the respective covering problem is NP-hard already for k = 2 [AB96]. Approximations
for this problems are found in [AB97; NO04; KMN11] and, for rooted versions, in [AB96; NOO03].
Rooted cases for general host graphs are discussed in [Eve+04] and [Nag05]. An approximation
for the min-max k tree cover with cardinality constraints on each template is due to Das, Jain,
and Kumar [DJK20]. The bounded tree cover problem is NP-hard [AHLO06] and there are approx-
imation algorithms with factors of 3 [AHL06] and 2.5 [KS14], respectively. A linear programming
formulation for this problem is studied in [YLB20].

A special tree covering is the covering with paths. This problem was the subject of the Whizzkids
’96 competition to determine optimal paths for newspaper delivery from a single depot in a specific
instance (n = 120,k = 4). Applegate et al. [App+02] tackle this particular problem with a
branch-and-bound approach. The general problem is studied in depth by Arkin, Hassin, and Levin
[AHLO6], establishing NP-hardness and providing a 4-approximation, and by Xu and Wen [XW10)]
who prove that no approximation within a factor of 1.5 is possible, unless P=NP. As a byproduct
the problem is discussed in [FL15; YL19; YLB20]. A vertex covering using stars is considered in
[AHLO6] and also by Jorati [Jor13].

Finally, we have the covering with cycles which is closest to the VRP. Most papers explicitly or
implicitly assume the host graph to be complete. In this case any tree covering a-approximation
can easily be transformed into a cycle covering 2a-approximation. Exploiting the metric edge
weights, the transformation mimics the classic TSP approximation with doubling the edges of the
tree and using shortcuts to avoid repeated vertices. Improved approximations for min-max cycle
covering are due to Jorati [Jor13] and Xu, Liang, and Lin [XLL13] for rooted and unrooted cases.
Further improvements by Farbstein and Levin [FL15] are again only pseudo-polynomial in the
number of templates. Yu, Liu, and Bao [YLB19] consider the bounded cycle cover and provide
approximation algorithms. In [YLB20] the same authors derive lower bounds with relaxed LP
formulations for this problem. Traub and Trobst [TT20] consider a version of the problem where
the number of cycles as well as the maximum weight of the cycles is part of the objective function.
Rooted versions of the min-max cycle covering problem date back to Frederickson, Hecht, and Kim
[FHK76] who studied this as a min-max k-TSP problem deriving a first approximation. A number
of other papers also deal with approximation results for the rooted case [Nag05; Jorl3; XLL13;
FL15; YL19; LL20]. Due to the closeness to the TSP, there is more work on cycle coverings. It is,
however, not concerned with a balancing of the templates, and therefore overviewed in Section 2.3

2.2 Homogeneous Covers

Grouping similar entities in a complex network is a common and essential task in many applications.
Such homogeneous covering problems occur in social studies, political districting, and sales territory
design. That is also the reason why the research on this topic is mainly driven by the operations
research community. As many applications require disjoint template graphs, the partition variant
is predominant in this field. Additionally, the unique structure of a partition often makes the



problem theoretically more amenable.

As mentioned above, homogeneity and balancing are not necessarily opposing objectives. If, for
a homogeneous cover, the template size is bounded by upper or sometimes lower bounds, we call
this a capacitated covering. The other case is referred to as uncapacitated covering. Uncapacitated
partitioning is closely related to data clustering, where data points are to be grouped in several
clusters of similar data points. Formulated as a vertex partitioning problem, however, the host
graph is usually complete. This makes methods for general vertex partitioning unattractive for
data clustering problems. On the other hand, methods for data clustering are usually inapplicable
for general vertex partition problems on arbitrary host graphs or with constrained templates.
Therefore, we will not discuss problems or techniques for data clustering in this overview, but refer
to [JMF99; HPK11].

The main question for homogeneous covers is: How should we measure homogeneity? We follow
the presentation of the survey article by Hansen and Jaumard [HJ97]. Assume that the dissimilarity
between any two vertices is given by a symmetric, non-negative matrix (d,,) with zeros on the
diagonal. For given vertex weights (w, ) this could be d,, = |w, — w,|. For given edge weights, on
the other hand, d,, could be the shortest path distance between u and v. Another possibility is
that (dy,) is the adjacency matrix with edge weights as entries.

Two ways to achieve homogeneous groups are to maximize the separation between different
groups or the homogeneity within the single groups. Given the dissimilarities we first focus on
measures for the separation or homogeneity of a single template 7. Concerning separation-based
measures we list the following two.

lit s(T) := in  dyy,
» splits(T) = iy
o cut ¢(T) == >, > dyo-
u€T vgT

For a fixed template both measures consider vertex pairs where exactly one vertex belongs to the
template. While split is concerned with the dissimilarity of the worst case pair, the cut objective
considers the sum over all dissimilarities. Hence, cut is a more robust measure than split. In order
to obtain a homogeneous cover we maximize the value of the worst template or the sum over all
templates, respectively.

In addition to separation-based measures we can also consider homogeneity-based measures. For
these we consider dissimilarities of vertex pairs with both vertices in a fixed template. Here we
discuss the following measures.

e diameter d(7T) := max d,,
u,veT

)

e radius 7(7T") := min max dy,,
ueT veT

e star st(T) :=min Y dyy,

ueT veT
e clique c(T) := Y. duo,
u,veT
e sum-of-squares ss(T) = 3 (w, — wr)? where wr = ﬁ > W
veT veT

Again, we can optimize the value of the worst template or the sum over all templates. But for
the mentioned measures we aim for a minimization. As described in Hansen and Jaumard [HJ97]
these measures may also have normalized variants.

Let us take a closer look at the measures (cf. [HJ97]). Note that maximizing the sum of cut
values is equivalent to minimizing the sum of clique values for any set of templates. This does
only hold if we consider the sum of the template values instead of the value of the worst template.
Another useful observation is that radius, star, and sum-of-squares make use of a center that can
also be used as a representative of a template. While radius considers the maximum distance (or
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dissimilarity) to the center, the star criterium takes into account all distances. In this sense, the
measures are not only comparable to split and cut, but also have a relation to facility location. In a
nutshell, given a number of points, a distance matrix, and a number k, the facility location problem
is to determine locations for k facilities to minimize the distance to the given points. The two most
prominent objectives for this problem are k-center and k-median. The former aims to minimize the
maximum distance from a point to its closest center which is equivalent to the worst-case radius
objective. On the other hand, the k-median aims to minimize the sum over all distances from
a point to its closest center which is equivalent to the sum of stars objective. A special feature
of facility location problems is that the host graph is usually complete and hence, connectivity
of templates is not an issue. Finally, note that the sum-of-squares can easily be extended to
multidimensional vertex weights by considering the (squared) Euclidean distance between a vertex
weight and the mean vertex weight.

We stress that the literature covers even more than the presented measures for homogeneity.
However, our selection is concentrated on the most prominent ones in the operations research
community. Depending on the dissimilarity measure, most of the objective functions tend to favor
connected templates. This is also desired in various applications and thus, many models incorporate
such connectivity constraints. Before we address different optimization methods, we single out a
special homogeneous vertex covering problem and describe two independent fields of application
that drive the research on homogeneous covers: community detection and territorial districting.

Graph Partitioning A famous variant of vertex covering is the partitioning case where the host
graph is edge-weighted and the dissimilarities are given by the weighted adjacency matrix. The
problem is often considered under the name graph partitioning, and when referring to this particular
version, in contrast to a general vertex covering, we will adopt this notion in this overview. The
almost universally accepted measure for the quality of a partition is the cut objective, sometimes
also in normalized form. In many cases a capacitated clustering is sought, i.e., additional balancing
constraints hold the templates to similar sizes. Various books and survey articles (e.g. [Fja98; BS11;
Bul+16]) detail problems, methods and applications for this particular vertex partitioning problem.
In the optimization methods overview below we also discuss results on graph partitioning.

Community Detection The advances in this field are driven by the analysis of social and biological
networks that are typically very large and in most cases unweighted. Problems of community
detection are considered in the partitioning but also in the covering version. The name stems from
the studying of social or citation graphs where one can observe that two neighbors of the same
vertex are more frequently linked by an edge than two arbitrary vertices [GNO02]. Accordingly,
we can find subgroups of people with relatively dense internal connections. By identifying these
communities we can better understand the structure and the interdependencies in these networks.

The problem is, however, ill-posed and various measures for the community analysis are con-
sidered. Let us single out the modularity maximization, defined by Newman and Girvan [NG04].
Informally, the modularity measures the fraction of edges inside of the communities minus this
(expected) fraction in a random graph with identical degree distribution. For the specifics, dif-
ferent variants of modularity, and a plethora of other measures we refer the reader to the survey
on community measures by Chakraborty et al. [Cha+17]. While the modularity maximization is
among the most popular objectives in community detection, it has a notable resolution limit, i.e.,
it tends to ignore relatively small clusters even if they are well defined communities like cliques
[FBO7]. Furthermore, as most objectives, modularity maximization is NP-hard [Bra+07].

Due to the size of the host graphs the solving methods in this field are not exact but rely on
heuristic approaches. Schaeffer [Sch07] gives an excellent survey over prominent solving techniques,
but there are also more recent surveys [FH16; Jav+18].

As pointed out above, the applications of community detection go well beyond the analysis of
social networks. Closely related problems arise in the analysis of different biological networks. Here,
the clustering helps to uncover the mechanisms behind gene expression [X0X02] or protein-protein
interaction [BHO3; KPJ04].
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Territorial Districting While community detection is concerned with abstract graphs, territorial
districting problems are usually tied to graphs representing geographic maps. The predominant
application is political districting but the same problem occurs in the planning of school districts
[FG90], police patrol areas [Ami+02; CHQ10; CCY19], or in sales territory design [HS71; FP&8;
ZS05; SRC11]. Motivated from these applications the goals of the partition are threefold. Resulting
districts should be contiguous, compact, and balanced with respect to given vertex weights (e.g., the
number of voters, children, or customers), While the contiguity is usually ensured by constraints
on the template graphs to be connected, the balance of the templates can be implemented as
constraints or as part of the objective function. The compactness of districts is the most vague goal
among these. Informally, "a round-shaped district is deemed to be acceptable, while an octopus- or
an eel-like one is not" [RSS13]. The compactness can be formalized by using homogeneity measures
such as star or radius with appropriate distance measures for every pair of nodes (e.g., bee-line
distance, shortest path distance).

Two excellent survey articles on this topic are due to Ricca, Scozzari, and Simeone [RSS13]
with an emphasis on optimization methods and by Kalcsics and Rios-Mercado [KR19] with an
emphasis on different variants and applications. A recent book summarizes latest results, models,
and applications [Rio20].

Let us now turn to different approaches for solving homogeneous cover and partition problems.
We are focused on works of the operations research community with the presented homogeneity
measures. These papers mostly relate to districting applications or graph partitioning while sev-
eral (heuristic) methods are also used in community design. Table 2 categorizes contributions to
homogeneous vertex covering problems.

Table 2: Overview of homogeneous vertex covering ckntributions. Entries with dashed underlines
do not impose the connectivity of the template graphs as a constraint.

heuristic exact
split [Han-+03] JI:IJM?QL [MSNO7]
[KL70], [DH72|, [Fie75],

cut [SMO00], [Bicll], [Kim+11], | ~ =“----="------= “----~

diameter [Ami+02], [RS11] [GN70]
radius [RS08], [RF09], [ERD14] [Nye88], [RFO[%]’G[IE?Q? 1], [Lar-+16]
star [FP88], [BLPO3], [Seg +07] [MINOS], [fgﬁgﬂ [Apo-+08]
clique R ey T2 | [anNo3], [Fer-96], [Fer: o8]
sum-of-squares [MS95] |Hes+65]
survey [Mur85], [Gor96], [HJ97], [SKKO00], [HMO03], [RSS13], [Bul+16]
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Heuristic Approaches Especially for large instances many common solving methods rely on hier-
archical clustering that can be either agglomerative (bottom-up) or divisive (top-down). The former
start with singleton templates that are successively merged, for instance in a greedy fashion. On
the other hand, divisive methods start with the host graph as single template and repeatedly di-
vide the current template graphs, for instance by computing minimum cuts or by spectral methods
exploiting eigenspaces of the graph’s Laplacian [DHT72; Fie75; SMO00].

Similar to agglomerative approaches, graph coarsening is a method where multiple vertices are
contracted to a single vertex. This process can either be repeated until a sought number of vertices
remains, or other optimization methods can be applied to the coarsened graph. Bichot [Bicl1]
gives an overview on this topic and discusses different coarsening and uncoarsening techniques.
This approach is also particularly well suited for parallelization [Pelll; LK13].

Another heuristic approach is an adaption of the k-means algorithm. Iteratively, template centers
are chosen (location) and every vertex is then assigned to its closest center (allocation). Again, a
new template center can be determined for every template and the process iterates until a fixed
point, i.e., a local optimum, is found. This process was first used by Hess et al. [Hes+65]. Later,
Segura-Ramiro et al. [Seg+07] present an adaption for the case that the templates should also be
balanced.

Graph partitioning techniques from computational geometry are reviewed by Schloegel, Karypis,
and Kumar [SKKO00]. Geometric approaches are based on coordinates of the vertices instead of the
underlying graph structure. If such coordinates are not given, they can be set based on the con-
nectivity of the graph [Hal70]. Again, many solution methods are based on recursive bisection (see
e.g. [HR95; GMT98]). Another approach, lying inbetween geometric and location-allocation meth-
ods, uses Voronoi diagrams to partition the space. After fixing the Voronoi centers, the resulting
Voronoi cells give a partition of the space and therefore, of a graph embedded therein. Partitioning
using Voronoi regions is applied for community detection [Der+14] and also for political districting
[RSS08].

If the host graph is a tree, many homogeneous covering problems can be solved in polynomial
time. While Maravalle and Simeone [MS95] prove this for the sum-of-squares measure, Hansen
et al. [Han+03] consider the split version. Both exploit this fact for another heuristic approach
where the problem is solved on a spanning tree of the host graph.

Apart from these constructive approaches several local improvement heuristics can be employed.
We start with approaches specialized for graph bipartition. Note that the uncapacitated version
of this problem can efficiently be solved using a max-flow min-cut algorithm [FF56]. Including
balancing constraints, the first and most famous improvement heuristic is due to Kernighan and
Lin [KL70]. The method iteratively swaps two vertex sets of same cardinality in different parts
of the current bipartition. The sets are chosen so as to improve the objective value as much as
possible. Many other heuristics for graph bipartitioning either refine or build on this algorithm (e.g.
[FM82; KK98|). A more modern approach by Sanders and Schulz [SS13] makes local improvements
by detecting negative cycles.

Regarding general vertex partition problems, greedy local search techniques are used in [HFV99],
[RF09], and [DAR12] for example. Hansen and Mladenovi¢ [HMO3] propose a variable neighbor-
hood search that uses multiple neighborhood definitions. If a local optimum in a neighborhood
is found one can simply change the neighborhood and continue the search. Other improvement
approaches include tabu search [ABR92; BEL03; DAR12|, simulated annealing [ABR92; Ami-+02;
DAR12], or genetic algorithms [BLP05; Kim+11]. A comparison of different local search methods
for districting problems is done by Ricca and Simeone [RS08]. In particular, they compare the
greedy local search, tabu search, simulated annealing, and another heurstic called old bachelor
acceptance that is due to Hu, Kahng, and Tsao [HKT95]. Their computational results based on
political districting instances for Italy show that the latter produces the best results in the majority
of the cases.
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Exact Approaches Exact methods in this field rely on integer programming (IP) formulations.
Early formulations enumerate all possible templates [GN70; Nyg88]. Johnson, Mehrotra, and
Nemhauser [JMNO93| are the first to generate new templates only if necessary in a branch-and-
price framework. Mehrotra and Trick [MT98] copy this approach but develop a new method to
tackle the pricing problem. A column generation approach for connected templates is done by
Mehrotra, Johnson, and Nemhauser [MJN98]. They solve the homogeneous partition problem
with star objective in a case study concerning electoral districts in South Carolina. To reduce the
complexity of the problem, the set of possible template graphs is further restricted. Namely, it is
required that with any vertex in a template also all vertices on a shortest path to the template
center have to belong to this template. This constraint dramatically reduces the complexity of
the subproblem [SC98]. Clautiaux, Guillot, and Pesneau [CGP19] consider a similar problem
motivated by an application in waste collection. They also use column generation and solve the
NP-hard pricing problem with Lagrangean relaxation and a dynamic program. However, identical
to [MJN98|, they demand that each template is a subtree of the shortest path tree to its center.

Other approaches for exact solutions build on polyhedral studies. Starting out with a suitable IP

formulation, one can derive strong valid inequalities or even facets of the corresponding polyhedron.
These inequalities can then be used in a branch-and-cut scheme for solving the IP. However,
polyhedral descriptions are only known for graph partitioning problems.
Faigle, Schrader, and Suletzki [FSS87] appear to have been the first to take a polyhedral perspective
in graph partitioning, studying the capacitated clustering problem. Sgrensen considers the same
problem and finds various classes of facets for the related polytope [Ser04; Ser07; Serl7]. Ferreira
et al. [Fer+96] study the capacitated version on a vertex-weighted host graph. They find different
facets and valid inequalities for this polytope and employ these in a branch-and-cut framework
[Fer+98]. Labbé and Ozsoy [LO10] examine the polytope if the cardinality of the templates is
bounded from below and above.

A special case of capacitated clustering is the equipartition or equicut problem. The goal is a
partition of the vertices into two sets that differ by at most 1 in cardinality. The associated polytope
is studied by Conforti, Rao, and Sassano [CRS90] and Souza and Laurent [SL95]; a branch-and-cut
algorithm and a computational study is presented by Brunetta, Conforti, and Rinaldi [BCR97].
In order to limit the size of the branch-and-bound tree, Lisser and Rendl [LRO3] and Anjos et
al. [Anj+13] develop improved bounds for this problem. The capacitated bipartition without
requiring the parts to be of nearly equal cardinality is studied by Armbruster et al. [Arm+08b]
from a polyhedral standpoint with an accompanying computational study in [Arm-08a].

Concerning the uncapacitated partitioning problem, many works are focused on a complete host
graph. Grotschel and Wakabayashi [GW90] carry out a polyhedral study and find various facets
of the corresponding polytope. The resulting cutting plane algorithm [GW89] solves all considered
instances in the root node, i.e., no branching is necessary. QOosten, Rutten, and Spieksma [ORSO01]
continue the polyhedral study and provide more facets. Polytopes for partitioning a clique into
a bounded number of templates are also considered by several authors [DGL92; CR95; AKP16;
AK20]. If the host graph is a tree and the template centers are fixed, Apollonio et al. [Apo+08§]
prove that the polytope of connected centered partitions is integral, and hence, optimal partitions
can be found efficiently. While [Apo+08] is focused on the star objective, Lari et al. [Lar+16]
discuss the radius objective. A polyhedral study for arbitrary host graphs is due to Chopra and
Rao [CR93]. Note that for a fixed number of templates the uncapacitated graph partitioning
problem can be solved in polynomial time [GH94].

Moving away from polyhedral aspects, other exact methods are used to tackle vertex coverings.
Sensen [Sen01] solves the graph partitioning problem with a branch-and-bound algorithm where
the bounds are based on multicommodity flow problems. Hansen, Jaumard, and Musitu [HJM90]
present an exact approach for the split case without connectivity constraints in which a sequence
of bin packing problems is solved.

Incorporating connectivity constraints in the IP formulations is challenging. There are ap-
proaches that use separator inequalities that are similar to subtour elimination constraints. Since
there is an exponential number of such constraints they are particularly well suited for cutting

14



plane approaches. Segura-Ramiro et al. [Seg+07] give a formulation with separator inequalities
but they do not implement a branch-and-cut framework and are not able to solve the model. A
similar problem with the same result is presented in [RF(09]. Salazar-Aguilar, Rios-Mercado, and
Cabrera-Rios [SRC11] reformulate this IP as a quadratic program keeping the separator inequalities
for connectivity. While the chosen solver for the quadratic program does not guarantee optimality,
their computational results show that it usually gives a solution within a reasonable small gap to
the optimum.

2.3 Cycle Coverings

The final case that we consider is a vertex covering with cycles as templates, complementing the
cycle covering part with balancing objective on page 9. As for the edge covering case we assume
the host graph to be 2-edge-connected, i.e., every node is contained in a cycle. The first problem
to be considered in this context aims at minimizing the total number of edges used in the cycle
cover. Bermond, Jackson, and Jaeger [BJJ83] give a first bound on this number and conjecture
that a cycle cover with at most 2n — 2 edges is always possible. While Fraisse [Fra85] improves
their bound, the conjecture is proved by Fan [Fan98].

Again, a majority of previous work is concerned with the respective partition problem while using
the misleading term cycle cover. To distinct the two cases we will use the name cycle partition
here. As mentioned above, a vertex partition with cycles is identical to a 2-factor, see [Plu07] for
an overview. Apart from the theoretical studies by the graph factor community, the interest in
cycle partitions mainly stems from their role in the design of approximation algorithms for the
travelling salesperson problem (TSP). With the method of subtour patching, i.e., by joining the
distinct cycles, a Hamiltonian cycle can be constructed [GLS84; Man08|. In order to improve the
approximation one can further restrict the cycle partitions to prevent short cycles. In addition,
the cycle partition is studied for undirected and directed graphs in order to obtain approximations
for the symmetric and asymmetric TSP, respectively.

Blaser and Siebert [BS01] consider the problem of partitioning a graph (directed or undirected)
into cycles of given minimum length. However, they only consider edge weight values of one and two
and the presented approximation algorithm is tailored for this case. The asymmetric TSP and its
relation to the cycle partition problem on directed graphs is considered in [CR07]. A parametrized
and asymptotic approximation ratio is given if the arc weights satisfy a special triangle inequality.

For the L-cycle partition problem the length of each cycle has to be contained in a given set L
of possible lengths. Hell et al. [Hel+88] show that it is NP-hard to decide if such a partition exists
in undirected graphs for almost all L. Building on this work, Blédser and Siebert [BSO1] prove
that no polynomial-time approximation scheme (PTAS) exists for this problem. In the same paper
they provide approximation results with factors % and %, respectively, on undirected and directed
graphs.

Instead of restricting the length of the cycles, Khachay and Neznakhina [KN16] restrict the
number of cycles in the partition to be exactly k. They show that minimizing the total weight of
such a partition in directed graphs is strongly NP-hard. For the metric and Euclidean weighted
versions they give a 2-approximation and a PTAS, respectively.

The k travelling salesperson problem asks for a cycle covering with k cycles sharing a common
depot vertex. We already mentioned the min-max objective for this problem in the part concerning
balanced covers. Here we are concerned with the more popular min-sum objective, i.e., to minimize
the sum of circle weights. Frieze [Fri83] transfers the famous TSP approximation by Christofides
[Chr76] to the k-TSP case.

Laporte, Desrochers, and Nobert [LDN84| study the k-TSP where each cycle length is bounded.
They formulate the problem as an IP and use branch-and-cut methods to solve it. Similar ap-
proaches are pursued in [LN83; LND85]. Li, Simchi-Levi, and Desrochers [LSD92] discuss the
relation between the min-sum objective and the goal to minimize the number of templates. Na-
garajan and Ravi [NR12] derive a 2-approximation for the min-sum problem if the edge weights
of the complete host graph are induced by shortest path lengths in an underlying weighted tree.
They also show that no approximation within a factor of 1.5 is possible.
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