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Abstract

Normal graphs are defined in terms of cross-intersecting set families:
a graph is normal if it admits a clique cover Q and a stable set cover
S s.t. every clique in Q intersects every stable set in S.

Normal graphs can be considered as closure of perfect graphs by
means of co-normal products (Koérner [6]) and graph entropy (Cziszér
et al. [5]). Perfect graphs have been recently characterized as those
graphs without odd holes and odd antiholes as induced subgraphs
(Strong Perfect Graph Theorem, Chudnovsky et al. [3]). Kérner and de
Simone [9] observed that Cs, C7, and C7 are minimal not normal and
conjectured, as generalization of the Strong Perfect Graph Theorem,
that every Cs, Cr, Cr-free graph is normal (Normal Graph Conjecture,
Korner and de Simone [9]).

We prove this conjecture for a first class of graphs that generalize
both odd holes and odd antiholes, the circulants, by characterizing all
the normal circulants.

1 Introduction

Normal graphs come up in a natural way in an information theoretic con-
text [7, 5]. A graph G is called normal if it has the property of so-called
“qualitative independence”: G admits a clique cover Q and a stable set cover
S s.t. every clique in Q intersects every stable set in S. (A set is a clique
(resp. stable set) if its nodes are mutually adjacent (resp. non-adjacent).)
The interest in normal graphs is caused by the fact that they form,
in many ways, a closure of the well-known class of perfect graphs. Berge
introduced the latter class in 1960, motivated from Shannon’s information-
theoretic problem of finding the zero-error capacity of a discrete memoryless



channel [11]. Shannon’s problem has a graph-theoretic formulation, regard-
ing the asymptotic growth of the maximum cliques in the co-normal product
G" of G = (V, E), where G? has V x V as node set and

{(al,bl), (ag,bg) : (al,ag) e For (bl,bQ) S E}

as edge set. The Shannon capacity of G is

C(G) = lim llogz.u(G”)

n—oo N

where w(G") denotes the size of a maximum clique in G™. Shannon observed
that w(G™) = (w(G))™ holds for graphs G with w(G) = x(G) which makes
the otherwise difficult problem of determining C(G) tractable (x(G) denotes
the least number of stable sets covering V). Shannon observed further that
the Cj is the smallest graph G with w(G) < x(G) and that computing C(C5)
is a difficult task, as for all chordless odd cycles Coxqq with k£ > 2, called
odd holes, see Figure 1.

Figure 1: Small odd holes and odd antiholes

This led Berge [2] introduce perfect graphs as those graphs G, where
w(G") equals x(G’) for each induced subgraph G’ C G. Berge observed
that, besides odd holes, also their complements, the odd antiholes Cajyq
with k& > 2, admit the property w < x, see Figure 1. (The complement G
has the same node set as G but two nodes are adjacent in G iff they are non-
adjacent in G.) This motivated Berge’s Strong Perfect Graph Conjecture:

G is perfect & G is odd hole- and odd antihole-free.

In particular, Berge claimed that the class of perfect graphs is closed un-
der taking complements; this weaker conjecture has been proved in 1972 by
Lovész [10]. The Strong Perfect Graph Conjecture stimulated the study of
perfect graphs. It turned out that they have many fascinating properties and
interesting relationships to other fields of scientific enquiry, see e.g. [1]. In



a sequence of remarkable results based on the work of many graph-theorists
Chudnovsky et al. [3] finally verified the conjecture; thus the Strong Perfect
Graph Conjecture turned into the Strong Perfect Graph Theorem.

Normal graphs are closed under taking complements by definition, thus
they share this property with perfect graphs. In this context it is natural
to ask whether perfect and normal graphs are also closed under taking co-
normal products. Kérner and Longo [7] showed that all co-normal products
of G are perfect if and only if G is the union of disjoint cliques. However, all
co-normal products of perfect and normal graphs are normal [6]; hence the
class of normal graphs is the closure of perfect graphs w.r.t. taking co-normal
products.

Another information-theoretic link between perfect and normal graphs
has been established by means of graph entropy, see [12] for a survey. The
entropy of a graph G w.r.t. a probability distribution p on its node set is

H(G,p) = limsupmin{%logz x(GF[U)) : U C V(GF), Zpk(x) >1—¢}.

k—oo zeU

The most important property of the graph-entropy is its sub-additivity
w.r.t. graphs on the same node set, in particular for complementary graphs:

H(p) < H(G,p)+ H(G,p) Vp

where H (p) stands for the entropy of the complete graph, i.e., for the entropy
of p itself. Korner raised the question for which graphs G the minimum H (p)
is attained, that means when equality holds rather than just sub-additivity.
Korner and Longo [7] and Korner and Marton [8] proved

H(p) = H(G,p) + H(G,p) for at least one p > 0 < G is normal
and Cziszér et al. [5] obtained
H(p) = H(G,p) + H(G, p) for all p < G is perfect

after a sequence of deep results on entropies of so-called convex corners.
Hence normal graphs form also a superclass of perfect graphs by means of
splitting graph entropies.

Since normal graphs are “weaker” perfect graphs in several ways, Koérner
and de Simone [9] asked finally for a similarity of the two classes in terms of
forbidden subgraphs. Koérner [6] showed that an odd hole Cy;41 is normal
iff &k > 4. In particular, C5 and C; are not normal, and so neither C7 is.



These three graphs are even minimally not normal since all of their proper
induced subgraphs are perfect and, hence, normal. This led Kérner and de
Simone conjecture:

Conjecture 1 (Normal Graph Conjecture [9]) Graphs without any Cs,
C7, or C7 as induced subgraph are normal.

The validity of this conjecture would imply that the only minimally
not normal graphs are precisely Cs, C7, and C7 — as the only minimally
imperfect graphs are precisely all odd holes and odd antiholes due to the
Strong Perfect Graph Theorem.

Remark 2 In contrast to the Strong Perfect Graph Theorem, the validity
of the Normal Graph Conjecture would provide us a sufficient condition for
normality only, but no characterization: The non-existence of C5, C7, and
C7 in a graph is not necessary for its normality. For example, the graphs G4
and G in Figure 2 are both normal (with the bold edges as clique covers
and {{1,3,5},{1,4,6},{2,4,5,7}} resp. {{0,2,4,6},{0,3,5,7},{1,3,6}} as
stable set covers) and so their complements are; but we have C5 C Gj,

C7 C G, and 67 C 62.

Figure 2: Normal graphs containing C'5 and Cr

Kérner and de Simone [9] found a sufficient and necessary condition for
the normality of connected triangle-free graphs: the existence of nice edge
covers. (An edge cover F of a graph G is nice if it is minimal w.r.t. set
inclusion and if every odd cycle C of G has at least three nodes which
are incident to an even number of edges in F(C) N F; the bold edges in
Figure 2 form nice edge covers.) However, this result in [9] does not prove the
Normal Graph Conjecture for triangle-free graphs. In this paper we verify
the conjecture for a first graph class: the circulants which are a common
generalization of odd holes and odd antiholes.



The paper is organized as follows: We introduce circulants in Section
2 and reformulate the Normal Graph Conjecture in an appropriate way in
order to know for which circulants normality has to be shown. The main
result is a characterization of all the normal circulants in Section 3. As
a consequence we obtain that the Normal Graph Conjecture is true for
circulant graphs. We conclude with some remarks and open problems.

2 The Normal Graph Conjecture for Circulants

We consider graphs with circular symmetry of their maximum cliques and
stable sets, introduced by [4] as generalization of odd holes and odd anti-
holes. A circulant C¥ is a graph with nodes 1,...,n where ij is an edge if i
and j differ by at most k (mod n) and i # j.

We assume k > 1 and n > 2(k + 1) in the sequel in order to exclude the
degenerated cases when C¥ is a stable set or a clique. C} is a hole and C’g,; +11
an odd antihole for k > 2. The circulants CZ; on nine nodes are depicted in
Figure 3. The size of a maximum clique of the circulant C¥ is k + 1 and the
size of a maximum stable set, called stability number «, is [ 577]. Unless
stated otherwise, arithmetics are always performed modulo the number of
nodes of the circulant involved in the computation.

S0

ct Ccs

Figure 3: The circulants C§

In order to prove the Normal Graph Conjecture for circulants, a first
step is to figure out which circulants contain C5, C7, and C'7 as induced
subgraphs at all. This can be done with the help of the following result.

Theorem 3 (Trotter [13]) C’ﬁ: is an induced subgraph of C¥ if and only if

k+1 7 k
it Sn < pn holds.

Remark 4 C¥, C C¥ implies in particular k' < k and n/ < n by [13].



Recalling C5 = 051, Cr = C71, and Cy7 = 072, we immediately obtain
from Theorem 3, for each fixed value of k, those numbers n of nodes s.t. C*
contains one of the subgraphs in question:

Lemma 5
(i) C} C CE if and only if 5(k+1 <n < 5k.

(ii) C} C CF if and only if W—H <n<Tk.

(iil) C2% C C* if and only if mﬁ“ <n< 7—2’“

To illustrate the assertion of Lemma 5 look at the chart depicted in
Figure 4. Every circle stands for a non-complete circulant C* with the
respective values of n and k. The dotted (resp. solid, resp. dashed) line
indicates the range of circulants containing a C7 (resp. Cs, resp. C7) as
induced subgraph.

The overlap of the three ranges implies that, for each k > 2, the circulant
C* is (C5,Cq,C7)-free whenever n < 7(k+1) (lower bound for C2 C CK) or
n > Tk (upper bound for C} C C¥), see the grey-shaded range in Figure 4.
Since it is known from Ké’)rner 6] that all holes C} are normal if n # 5,7 we
obtain as reformulation of the Normal Graph Conjecture for circulants:

Conjecture 6 (Normal Graph Conjecture for Circulants)
All circulants C¥ with k > 2 are normal for n < @ orn > Tk.

7(k+1)

Note that the circulants with n < have stability number 2 by

e I DL 1 7k+1)|
" E+1 k+1 3(k+1)
Hence we start in Subsection 3.1 with the case of circulants with a(CK) = 2
and generalize these ideas in Subsection 3.2 further for the general case.
This provides us a characterization of all normal circulants which shows

particularly that the non-normal circulants are not (Cs,C7, C7)-free — and
finally verifies the Normal Graph Conjecture for circulants.

3 The normal circulants

For the sequel of this section, we consider circulants C,'f with £ > 2 only
(since the case of holes C} is trivial). In order to construct clique covers for
normal graphs, we obviously need cliques maximal w.r.t set inclusion only.
The following holds for maximal cliques of circulants:
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Figure 4: Circulants containing C5, C7, or Cy

Lemma 7 A circulant CF with k > 2 has mazimal cliques Q with |Q| < k
only if n < 3k.

Proof. Consider a maximal clique @ C C* with |Q| < k. Then @ can
neither be a single node nor a single edge, hence () must contain a triangle
x,y, z. Furthermore, @ is not contained in any maximum clique of C* (by
the maximality of @), hence @ is not contained in any interval of k + 1 =
w(CF) consecutive nodes of C¥ in particular. The neighborhood N (i) of
every node i of CF splits into two cliques N~(i) = {i — k,...,i — 1} and
N*(i) = {i+1,...,i+k} where all indices are taken modulo n. This implies
y=x+de NT(zx)and 2=z —d € N~ (x) where d+d' + 1 > k + 1 holds,
see Figure 5.

Thus y,2 € Q implies z € N*(y) and we conclude: y < z + k, 2z <
y+k <x+2k, and x < z+k < x + 3k (where all indices are taken modulo



Figure 5: The neighborhood of x

n again). Consequently, n < 3k is a necessary condition for z,y, z to form a
triangle. This implies that maximal but non-maximum cliques can appear
in circulants C¥ with n < 3k only. O

3.1 The case a(CF) = 2

In this subsection, we characterize which circulants with stability number 2
are normal.

Lemma 8 The circulants C¥ with n < 3k are normal.

Proof. We show normality in this case by explicitely constructing a clique
cover Q and a cross-intersecting stable set cover S.

Choose a family of three pairwise intersecting maximum cliques, e.g. Q =
{QT(1),QT(k+1),Q"(2k+1)} where QT (i) = {i,...,i+k} and all indices
are taken modulo n, see Figure 6 (recall n > 2(k 4 1)). By construction, we
have

QT NQT(k+1) = {k+1},
QTk+1)NQT(2k+1) = {2k+ 1},
QTR2k+1)NnQ*T(1) = {1,...,3k+1modn}

(thus the intersection contains in the latter case at least node 1 by n < 3k),
see Figure 6. In particular, Q is a clique cover of CF.

We construct a cross-intersecting stable set cover S by choosing as stable
sets the nodes z belonging to one clique @ € Q only together with the
minimal non-neighbor of x in the intersection of the other two cliques in
Q — . Thus, we construct stable sets

{z,2k+1} if x € {3k+2modn,...,k}
Sy =< {z,y} ifee{k+2,...,2k}
{z,k+1} ifxe{2k+2,...,n}



Figure 6: The clique cover of C’rli with n < 3k

with y € {1,...,3k + 1 mod n} minimal non-neighbor of z in Q@ (2k + 1) N
QY1) (e, y=1ifz <n—kuptoy=3k+ 1modn if z = 2k), see
Figure 6 again. By construction, every set S, is stable and meets all three
cliques in Q. The union S of these sets S, covers all nodes of C* (this is
obvious for the nodes 3k+2 mod n, ..., n and follows for 1,...,3k+1 mod n
by choosing the minimal non-neighbor of z in @ (2k +1) N Q™ (1)). Hence
Q and S are the set families showing normality of C* with n < 3k. O

Example 9 The set families Q and S for Cf; constructed as above are
the following: & = {{3,9},{4,9},{6,1},{7,1},{8,2},{10,5},{11,5}} and
Q={Q"(1),Q7(5),Q7(9)} (sce Figure 7).

Figure 7: The clique cover of Cf

Due to @ < 3k+ 1, Lemma 8 proofs already one part of the Normal

Graph Conjecture for circulants. The above construction, however, cannot
be extended to the remaining cases of circulants with stability number 2:

Lemma 10 For all k > 2, the circulants C§k+1 and C§k+2 are not normal.

Proof. Assume in contrary C’,’j with n € {3k + 1,3k + 2} has a clique
cover Q and a cross-intersecting stable set cover §. Lemma 7 implies that



all maximal cliques of C* have maximum size k + 1 by n > 3k. Hence, Q
consists of cliques Q*(¢) = {i,...,i + k} only.

In particular, there are two disjoint cliques Q and Q' in Q: Otherwise,
every two cliques of Q would intersect. For |Q| = 2, we would obtain
n < 2k + 1, a contradiction to k > 2 and n > 3k. For |Q| > 3, the cliques
intersect pairwise only if n < 3k, a contradiction to n > 3k again.

The two disjoint cliques @ and Q' cannot cover all nodes of C* with k& > 2
by n>3k+1>2k+1) =|QUQ'|. Hence, there is a node z ¢ Q U Q’.
Due to a(CK) = 2, there is no stable set in S which contains x and meets
both cliques @ and @’ (such a stable set had to contain three nodes). Thus,
C’,’j with n = 3k 4+ 1,3k 4+ 2 and k£ > 2 does not admit a clique cover and a
cross-intersecting stable set cover and is, therefore, not normal. O

Remark 11 The complements Ufl of the circulants with stability number
2 are triangle-free. Hence the complements are normal if and only if they
admit a nice edge cover due to Kérner and de Simone [9]. Lemma 8 con-

structs, therefore, stable set covers corresponding to nice edge covers in C' <5,

—k —k . .
whereas Lemma 10 shows that C3;,; and C3;, 5 do not admit any nice edge
cover. The proofs of the two lemmas are, however, easier than verifying
directly whether nice edge covers exist in the complements.

3.2 The general case

We generalize the clique covers from the previous subsection to the case
n > 3k + 3. Note that in this case all maximal cliques of C¥ have maximum
size k + 1 by Lemma 7. For n > 3k + 1, there are no pairwise intersecting
cliques covering all nodes, but cyclic intersecting cliques with that property.

We call a clique cover Q = {Q1,...,Q;} of C¥ cyclic if each clique @Q; has
a non-empty intersection with precisely the cliques @;—1 and @Q;4+1 (where
the indices are taken modulo ).

A circulant C* has in general several cyclic clique covers Q = {Q1,...,Q;}
of the same size consisting of maximum cliques, see Figure 8, namely as
many as C* has different holes Cll as induced subgraphs: Denote by ¢; the
first node in @;, then ¢; is adjacent to ¢;—1 and g;41 but not to g; with
i1+ 1 < j < i—1mod! by definition; thus ¢i,...,q induce an [-hole in
Ck. On the other hand, consider C’l1 C CF with nodes qi,...,q and the
maximum cliques Q*(¢;) = {q,...,q + k} of C¥ starting in ¢;. A result of
Trotter [13] shows that Q" (g;) contains precisely two nodes of C}', namely
¢; and g;11; thus @ = {Q1(q1),...,Q" (¢)} is a cyclic clique cover. Hence

10
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cyclic clique covers of size [ and holes C’l1 - Crli correspond to each other
and by Theorem 3 we have

(k+1)

implying the following:

Lemma 12 C’rli with k > 2 admits, for each t > 2, a cyclic clique cover Q
of size 2t — 1 iff
(k+1)
2

i

(2t—1)<n<=(2t—1).

Let g(z, Q) stand for the number of cliques in Q containing node z. By
the definition of Q, we have ¢(z, Q) € {1,2} for all nodes = (since Q covers
all nodes but no three cliques intersect). We call z a 1-node (resp. 2-node)
w.r.t. Qif g(z, Q) =1 (resp. ¢(x, Q) = 2) holds.

Note that, for a cyclic clique cover Q containing 2t—1 cliques of size k+1
each, the lower bound @(27& — 1) < n in Lemma 12 is attained if there
are 2-nodes only whereas the upper bound n < %(Qt — 1) guarantees that
there is at least one 2-node in the intersection of two consecutive cliques.

The next step is to construct cross-intersecting stable sets and to show
that they cover all nodes. The idea goes as follows: O contains 2t — 1
cliques. If a 1-node x belongs to Q € Q, then Q — @) consists of 2t — 2
cliques or, in other words, of t — 1 pairs of intersecting cliques. We denote
by S(z,Q) a t-set containing = and one node from the intersection of the
t — 1 pairs of cliques, see Figure 9. Thus S(z, Q) intersects all cliques in Q
by construction; we have to show that there exist stable sets S(x, Q) whose
union covers all nodes of C*.

11



Lemma 13 Consider a cyclic clique cover Q of C* of size 2t — 1 where
t(k+1) <n < (2t — 1)k and k,t > 2. For each 1-node x w.r.t. Q of CF
there is a stable set S(x,Q) of size t in CF.

Proof. CF admits by W < t(k + 1) a cyclic clique cover Q =
{Q1,...,Q2—1} due to Lemma 12. Furthermore, ¢(k + 1) < n guarantees
that C contains stable sets of size t by t < a(C}) = |#5].

Consider a 1-node x of C¥ and assume w.l.0.g. that  belongs to Q; € Q.
We construct a stable set S(x, Q) = {x,z1,...,24-1} s.t. &; € Q2 N Q2541

for 1 <i<t—1, see Figure 9.

Figure 9: Constructing the stable set S(x, Q) for x € Q;

Since z € Q1 — @2, there is a non-neighbor of z in Q2 N Q3 (at least
the last node in @2 is not adjacent to = but belongs to Q3). We choose
r1=x+ (k+1)+d; € Q2N Q3 with d; € NU {0} minimal.

In order to construct x; from x;_1 for 2 < i <t — 1, notice that we have
Ti—1 € Q2,2 N Q2i_1, in particular z;_1 € Q2,1 — Q2;. As before, there is a
non-neighbor of z;_1 in Q2; N Q2;+1 and we choose x; = x;—1+ (k+1)+d; €
Q2; N Q241 with d; € NU {0} minimal.

Then S(x,Q) is a stable set if x;_; and z are non-adjacent (all other
nodes are non-adjacent by construction).

Ifd;=0for1<i<t—1,then ;1 =2+ (t —1)(k + 1). Hence, there
are at least k4 1 nodes between x;_1 and x (in increasing order modulo n)
due to n > t(k+ 1) and we are done. Otherwise, let j be the smallest index
s.t. dj > 0. Then x; is the first node in (2541 since we choose d; minimal:
By xj_1 € Q2j, we have z;_1 + (k+ 1) € Q2;. The only reason for choosing
dj > 0 was, therefore, z;_1 + (k+1) + d;» Z Q241 for all 0 < d; < dj by the

12



minimality of d;. Hence, x; is indeed the first node in (J2;41. This implies
that its first non-neighbor is the node x;+ (k+1) belonging to Q2j4+2—Q2j+1
and zj41 =z + (K +1) + djq1 € Q2j42 N Qo543 is, by the minimality of
dj+1, the first node of Q2;43. The same argumentation shows that every
further x; with ¢ > j + 1 is the first node in Q9;41; in particular, x;_; is
the first node of Qo;_1. Hence, x € Q1 — Qot_1 shows that x; 1 and x are
non-adjacent. Thus S(z, Q) = {z,z1,...,24-1} is a stable set of size t and
intersects all cliques of Q by x € Q1 and x; € Q2; N Qo;4q for 1 < ¢ <t —1.
O

Remark 14 Lemma 13 implies that there is, for each 1-node x, at least one
stable set S(z, Q). In general, there may be several such sets: Consider,
e.g., the cyclic clique covers Q of C3, indicated in Figure 8. There are two
stable sets S(z, Q) for the bold 1-nodes x.

It is left to show that the union of all stable sets S(z, Q) covers the circulant.

Lemma 15 Consider a cyclic clique cover Q of C* of size 2t — 1 where
t(k+1) <n < (2t—1)k and k,t > 2. Then the union S of the stable sets
S(z,Q), where z is a 1-node of C’,’j w.r.t Q, covers all nodes of C’,’i.

Proof. Assume in contrary that there is a node y in Cﬁ not covered by S.
Then there is no stable set S(z, Q) with y € S(z, Q). In particular, y is a
2-node w.r.t. @ by Lemma 13. W.lo.g. let y € Q1 N Qa—1. We first show
y=y+lk+1) € Qo for 0 <1 <t—2. Clearly, we have y = yo =y +
0(k+1) € @1 by assumption and prove that y;_1 = y+(i—1)(k+1) € Q21
implies y; =y +i(k+1) € Qoiq1 for 1 <i <t —2.

If there is a 1-node = in Q9;\(Q2;—1 U Q2;+1), then z is adjacent to
yi-1 =y + (i — 1)(k + 1), see Figure 10(a) (otherwise, there is a stable set
S(z, Q) containing x and yo,...,y;—1 in contradiction to our assumption)
and z <y+i(k+1) yields y; =y +i(k +1) € Qai11.

If Q2i\(Q2i—1 U Q2i+1) = 0, then y; = y +i(k + 1) clearly belongs to
Q2i+1 (since we have y;_1 =y+ (i—1)(k+1) € Q21 and |Q2;—1]| = k+1).

In particular, we have y;_o = y+(t —2)(k+1) € Q2t—3. Any 1-node z in
Q2t—2\(Q2t—3UQ2—1) is adjacent to y;_o or to y, see Figure 10(b) (otherwise,
x together with yo,...,y;—2 would be a set S(z, Q) € S in contradiction to
our assumption). We distinguish three cases:

If z is adjacent to y, then x > y — (k 4+ 1) = y_ follows and y_; is
adjacent to y;_o: either y_1 belongs to (Q9;_3 or is as 1-node adjacent to
Yi—o; thus, y_1 =y —(k+1) <y+ (t—2)(k+1)+k = y—2 + k implies
y<y+@t—-1)(k+1)+k.

13



@ (b)

Figure 10: Constructing the nodes y; € Q2;+1

If = is adjacent to y;—o, we obtain & < yy—o2 + (k+ 1) = y—1 and y;—1
either belongs to (Q9;_1 or is a 1-node adjacent to y; here, y;_1 > y — k and,
therefore, y + (t — 1)(k + 1) > y — k holds.

The non-existence of a 1-node in QQ9;_5 implies y;_1 € Qor_2 and, there-
fore, y;—1 > y — k follows again.

All three cases imply n < (t —1)(k+1) + k. By n > t(k + 1), we obtain

te4+1) <@t —1)(k+1)+k

yielding the final contradiction. Hence the union S of the stable sets S(x, Q),
where 7z is a 1-node of C’,’i w.r.t Q, covers all nodes of C,’i. O

Since each S(z, Q) meets all cliques in Q by construction, S is the re-
quired cross-intersecting stable set cover. Thus Lemma 12, Lemma 13, and
Lemma 15 together imply:

Theorem 16 A circulant C* with k > 2 admits for each t > 2
e a cyclic clique cover Q of size 2t — 1 and
e a cross-intersecting stable set cover S of stable t-sets

if t(k+1) <n < (2t — 1)k holds.

Remark 17 Theorem 16 includes the case t = 2 from Lemma 8: every

circulant C* with n < 3k has a cyclic clique cover of size 3 and a cross-
intersecting cover of stable 2-sets.

14



Theorem 16 shows that circulants C¥ are normal for certain numbers n of
nodes — depending on the values of k and ¢. We finally have to check whether,
for fixed k, there are gaps between the ranges t(k+ 1) < n < (2t — 1)k and
(t+1)(k+1) <n < (2t+ 1)k of normal circulants for different values of
t > 2, see Figure 11. The dotted (resp. solid, resp. dashed) line indicates
the range for t = 2 (resp. t = 3, resp. t = 4). There is no gap between the
two ranges if
(t+1)(k+1) 2t—1k+1

<
tk+t+k+1 < 2tk—k+1
<t

This is true for Kk =2 if t > 4 and for £ > 3 if t > 3, hence we obtain:

Lemma 18 The ranges t(k+1) <n < (2t —1)k and (t+1)(k+1) <n <
(2t + 1)k overlap for k=2 if t > 4 and for k > 3 if t > 3.

Thus Theorem 16 and Lemma 18 show the normality for all circulants
CF with k > 2 except the cases n = 3k+1,3k+2 (gap between the ranges for
t =2 and t = 3) and C? (gap between the ranges for ¢t = 3 and t = 4), see
Figure 11. We proved in Lemma 10 that Céfk 41 and Céfk 4o are not normal
for all £ > 2; in order to characterize completely which circulants are normal
and which are not, it is only left to check C%.

Lemma 19 The circulant C% is not normal.

Proof. Assume in contrary C% admits a clique cover Q and a cross-
intersecting stable set cover S. Lemma 7 implies that all maximal cliques
of C? are of the form Q7 (i) = {i,i + 1,7 + 2}.

First, @ must not contain three disjoint cliques @, Q’, Q”: These three
cliques cannot cover all nodes of C% by 11 > 9 = |Q U Q' U Q"|. Hence,
there is a node z € Q U Q" U Q" but due to a(C%) = 3, there is no stable
set in S containing x and meeting all three cliques Q, Q’, Q”.

Thus Q contains at most two disjoint cliques @ and Q’. They must not
be consecutive (see Figure 12(a)): If @ = {1,2,3} and Q" = {4,5,6} we need
a clique Q" among {7,8,9}, {8,9,10}, {9,10,11} in order to cover node 9,
but Q, Q’, Q" would be disjoint in any case.

There is no possibility for avoiding two consecutive disjoint cliques: Sup-
pose Q = {1,2,3}. f Q' = {5,6,7} (Figure 12(b)), then {8,9,10}, {9,10,11}
¢ Q follows. But in order to cover the nodes 9 and 10, we need the two
consecutive cliques {7,8,9} and {10,11,1}. If Q" = {6, 7,8} (Figure 12(c)),
then {4,5,6}, {3,4,5} ¢ Q follows. Thus we need the two consecutive cliques
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Figure 11: The ranges of normal circulants for ¢t = 2,3,4

{2,3,4} and {5,6,7} in order to cover the nodes 4 and 5 which yields the
final contradiction. O

As a consequence, we are able to characterize all the normal circulants:

Theorem 20 A circulant C* is normal if and only if
e k=1andn +#5,7,
e k=2andn #7,8,11,
e k>3 andn # 3k + 1,3k + 2.
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Figure 12: Two disjoint cliques Q and Q' in C%

Since all the non-normal circulants are not (Cy, C7,C7)-free (see the black
circles in Figure 11), Theorem 20 finally verifies the Normal Graph Conjec-
ture for circulants; since normality is closed under taking complements, we
obtain the same assertion for the complementary class:

Corollary 21 The Normal Graph Conjecture is true for circulants and
their complements.

4 Concluding Remarks

In this paper we verified the Normal Graph Conjecture for a first graph
class, the circulants, and for their complements. Next steps could be to
treat the conjecture for partitionable graphs (as a different generalization of
odd holes and odd antiholes) and for circular-arc graphs (as generalization
of circulants).

However, even proving the Normal Graph Conjecture in general would
not yield a characterization of normal graphs, see Remark 2, since induced
subgraphs of normal graphs are not necessarily normal. In order to get a
better analogy with perfect graphs, Kérner and de Simone [9] introduced
a hereditary property by defining strongly normal graphs as those normal
graphs whose induced subgraphs are all normal. In terms of strongly normal
graphs the Normal Graph Conjecture is equivalent to the following:

Conjecture 22 (Strongly Normal Graph Conjecture [9]) A graph G
is strongly normal if and only if neither G nor its complement G contain
any C5 or C7 as induced subgraph.

The interest of this conjecture lies in the fact that it would immediately
lead to a polynomial time recognition algorithm for strongly normal graphs.

17



References

1]

2]

[3]

[4]

[5]

[6]

[7]

J. Ramirez-Alfonsin and B. Reed, Perfect Graphs, Wiley (2001)

C. Berge, Fdarbungen von Graphen, deren samtliche bzw. deren ungerade Kreise
starr sind, Wiss. Zeitschrift der Martin-Luther-Universitat Halle-Wittenberg
10 (1961) 114-115.

M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas, The Strong Per-
fect Graph Theorem, http://www.math.gatech.edu/"thomas/spgc.ps.gz

V. Chvatal, On the Strong Perfect Graph Conjecture, J. Combin. Theory B
20 (1976) 139-141.

I. Cziszar, J. Korner, L. Lovasz, K. Marton, and G. Simonyi. Entropy splitting
for antiblocking corners and perfect graphs, Combinatorica 10 (1990) 27—40.

J. Korner, An Eztension of the Class of Perfect Graphs, Studia Math. Hung. 8
(1973) 405-409.

J. Kérner and G. Longo, Two-step encoding of finite memoryless sources, IEEE
Trans. Inform. Theory 19 (1973) 778-782.

J. Korner and K. Marton, Graphs that split entropies, SIAM J. Discrete
Math. 1 (1988) 71-79.

J. Korner and C. de Simone, On the Odd Cycles of Normal Graphs, Discrete
Appl. Math. 94 (1999) 161-169.

L. Lovéasz, Normal hypergraphs and the weak perfect graph conjecture, Discrete
Math. 2 (1972) 253-267.

C.E. Shannon. The zero-error capacity of a noisy channel, IRE Trans. Inform.
Theory 2 (1956) 8-19.

G. Simonyi. Perfect Graphs and Graph Entropy, In: Perfect Graphs,
J.L. Ramirez-Alfonsin und B.A. Reed (eds.), Wiley, pages 293-328, 2001.

L.E. Trotter, jr., A Class of Facet Producing Graphs for Vertex Packing Poly-
hedra. Discrete Math. 12 (1975) 373-388

18



