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Abstract

An edge e of a perfect graph G is critical if G — e is imperfect. We
would like to decide whether G — e is still “almost perfect” or already
“very imperfect”. Via relaxations of the stable set polytope of a graph,
we define two superclasses of perfect graphs: rank-perfect and weakly
rank-perfect graphs. Membership in those two classes indicates how
far an imperfect graph is away from being perfect. We study the cases,
when a critical edge is removed from the line graph of a bipartite graph
or from the complement of such a graph.

1 Introduction

The present paper aims at finding some kind of a stage of imperfectness.
BERGE proposed to call a graph G = (V, E) perfect if, for each of its (node-
induced) subgraphs G’ C @G, the chromatic number x(G’) equals the clique
number w(G’). That is, for all G' C G, we need as many stable sets to cover
all nodes of G’ as the maximum clique of G’ has nodes (a set V' C V is
a clique (stable set) of G if the nodes in V' are mutually (non-)adjacent; a
maximum clique (stable set) contains a maximal number of nodes).

BERGE [1] conjectured two characterizations of perfect graphs. His first con-
jecture was that a graph G is perfect iff the clique covering number X (G')
equals the stability number a(G") VG’ C G (i.e., that we need as many cliques
to cover all nodes of G’ as a maximum stable set of G’ has nodes). Since
complementation transforms stable sets into cliques and colorings into clique
coverings, we have a(G) = w(G) and x(G) = X(G) where G denotes the
complement of G. Hence, BERGE conjectured and LOVASZ [8] proved that
a graph G is perfect if and only if its complement G is. The second BERGE



conjecture concerns a characterization of perfect graphs via forbidden sub-
graphs. It is a simple observation that chordless odd cycles Coryq with k& > 2,
termed odd holes, and their complements Cyy41, called odd antiholes, are
imperfect. Clearly, each graph containing an odd hole or an odd antihole
as subgraph is imperfect as well. BERGE conjectured in [1] (Strong Perfect
Graph Conjecture): a graph is perfect iff it contains neither odd holes nor
odd antiholes as subgraphs. PADBERG [11] introduced the notion of mini-
mally imperfect graphs which are imperfect graphs such that all of their
proper induced subgraphs are perfect. Using this term, the Strong Perfect
Graph Conjecture reads: odd holes and odd antiholes are the only minimally
imperfect graphs. In order to give a characterization of minimally imperfect
graphs (and thereby to verify or falsify the Strong Perfect Graph Conjecture),
many fascinating structures of such graphs have been discovered, see [8, 11].

The motivation to ask for measuring imperfectness was the following: we
studied in [14, 15, 16| critical edges in perfect graphs G, i.e., edges e the
deletion of which yields an imperfect graph G'—e. In order to decide whether
the resulting graph G — e is still “almost perfect” or already “very imper-
fect”, some kind of stage of imperfectness is required. For that, we introduce
two superclasses of perfect graphs by relaxing perfectness with respect to
the polyhedral characterization via the stable set polytope, see [16] for more
details.

The stable set polytope STAB(G) of a graph G is defined as the convex
hull of the incidence vectors of all stable sets of G. STAB(G) has, as every
polytope, a representation as the intersection of finitely many half-spaces,
but the complete system of facet-defining inequalities is unknown for most
graphs. An example is the class of nonnegativity constraints

for all nodes 7 of G. Clique constraints

in <1 (1)

1€Q

with @ C G clique are valid with respect to STAB(G) for every graph G
(since a clique and a stable set have at most one node in common). The
stable set polytope of every graph is contained in the polytope given by
the nonnegativity constraints and clique constraints. Perfect graphs are pre-
cisely those graphs for which nonnegativity and clique constraints suffice to
describe their stable set polytope [2]. Following a suggestion of GROTSCHEL,
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LovAsz, and SCHRIJVER [5] one may relax the notion of perfectness by gen-
eralizing clique constraints to other classes of inequalities valid for the stable
set polytope and then by investigating all graphs such that their stable set
polytope is entirely described by nonnegativity constraints and the inequali-
ties in question. A natural way to generalize clique constraints is to consider
all 0/1-inequalities, i.e., to investigate the rank constraints

Sa < al@) 2)

associated with arbitrary induced subgraphs G’ C G. Every rank constraint
is obviously valid for the stable set polytope and defines in some cases also a
facet (see next section for examples of graphs G where the full rank constraint
associated with the whole graph G is facet-defining). If a rank constraint is
associated with a proper subgraph G' C G, then it does not yield a facet of
STAB(G) in general, even if ) .., x; < a(G") is facet-defining for STAB(G").
In the latter case, we can determine a facet

dowi+ ) an < oG (3)

ieq’ 1€G-G'

of the stable set polytope of the whole graph G by computing appropriate
coefficients a; for all nodes 7 in G—G’ via sequential lifting [10] (see Section 2).
We call the obtained facets (3) weak rank constraints if the base rank
constraint associated with G is facet-defining for STAB(G’). Clearly, every
facet-defining rank constraint is a weak rank constraint with a; = 0 for
i € G — G'. All remaining nontrivial facets have the form

Y aiz; < oG, a) (4)

€@
where we interpret the vector a = (ay,...,a,) to be a node weighting of G
associating the weight a; to i € G and denote the weighted graph by (G, a).
Furthermore, o(G,a) = max{} ,.qa; : S C G stable set} stands for the
weighted stability number. The stable set polytope of every graph is entirely
described by all trivial facets (0) and all nontrivial facets (4). With the above
inequality classes, we analogously define three further polytopes associated
with G: WSTAB(G) as the polytope described by facets of type (0) and (3),
RSTAB(G) defined by the inequality classes (0) and (2), and QSTAB(G)
to be the polytope with (0) and (1) as facet-defining system. Then, by the
relations of the inequality classes above, we immediately see the following
inclusion relations of these polytopes:

STAB(G) C WSTAB(G) C RSTAB(G) € QSTAB(G).
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Each of the polytopes QSTAB(G), RSTAB(G), WSTAB(G) is a relaxation of
STAB(G). Very often, these inclusions are proper. In a few important cases,
however, equality holds. Most notably, perfect graphs are characterized in [2]
to be precisely the graphs G' with

QSTAB(G) = STAB(G).
Let us call all graphs G' with
RSTAB(G) = STAB(G)

rank-perfect. Every perfect graph is obviously an example of a rank-perfect
graph. PADBERG [11] showed that the stable set polytope of minimally
imperfect graphs G admits, besides facets of type (0) and (1), only the full
rank facet associated with G itself. Thus, minimally imperfect graphs are
rank-perfect. Line graphs are further graphs which are known to be rank-
perfect due to EDMONDS and PULLEYBLANK [4] (the line graph L(F) of a
graph F is obtained by taking the edges of F' as nodes of L(F') and connecting
two nodes in L(F) iff the corresponding edges of F' are incident), see Section 2
and Section 3 for more details. As a natural generalization of rank-perfect
graphs, we analogously define graphs G' with

WSTAB(G) = STAB(G)

to be weakly rank-perfect. Two graph classes are known to consist of
weakly rank-perfect graphs due to SHEPHERD [12]: near-bipartite graphs
and complements of line graphs. A graph G is near-bipartite if G — N(v)
can be partitioned into two stable sets for all nodes v of G, (i.e, if remov-
ing all neighbors of an arbitrary node leaves the graph bipartite). The class
of near-bipartite graphs contains all complements of line graphs (the non-
neighbors of a node v in L(F) correspond to the edges incident to the edge
v in F, hence to two cliques in L(F') and to two stable sets in L(F)), see
Section 2 and Section 4.

The classes of rank-perfect and weakly rank-perfect graphs constitute two
superclasses of perfect graphs and can be used to decide how close or far a
graph is from being perfect. Asking how imperfect a graph is that arises by
deleting a critical edge e from a perfect graph G means, therefore, to figure
out whether GG — e is rank-perfect or weakly rank-perfect. In Section 3 and
Section 4, we investigate the cases when G is the line graph of a bipartite
graph and the complement of such a graph, respectively.



2 Rank Constraints and Sequential Lifting

Determining the system of facet-defining inequalities of the stable set poly-
tope is very difficult in general. Thus one often tries to find classes of valid
inequalities for STAB(G) and to investigate when those valid inequalities
yield facets of STAB(G). One natural class of valid nontrivial inequalities
are rank constraints (2) associated with induced subgraphs G' C G. For
convenience, we often write (2) as z(G', 1) < (G, 1), z(G', 1) < a(G’), or
just 2(G') < a(G’) where 1 = (1,...,1). The goal is to find out, for which
subgraphs G’ C G, the associated rank constraint z(G') < «(G’) yields a
facet of STAB(G). A first step towards this goal is to identify those graphs
G for which their stable set polytope has the full rank constraint

z(G,1) < oG, 1). (2a)

as a facet. PADBERG showed this if G is a clique [10] or minimally imper-
fect [11]. Further examples of graphs with the full rank facet are prime
antiwebs W, | [13]: an antiweb W, | has nodes 1,...,n and edges ij for
li —j| > @ —1 (mod n) and is prime if n and « are relatively prime. Note

that W, is an odd antihole and W . an odd hole. Moreover, EDMONDS
and PULLEYBLANK [4] established via matching theory that line graphs of
2-connected hypomatchable graphs have the full rank facet: H is called hy-
pomatchable if, for all nodes v of H, the subgraph H —v admits a matching
meeting all nodes. (Note: matchings of H correspond to stable sets of its
line graph L(H) since the line operator transforms non-incident edges of H
to non-adjacent nodes of L(H)).

For some cases, a sufficient condition is known when a rank constraint z(G") <
a(G") associated with a proper subgraph G' C G yields a facet of the sta-
ble set polytope of the whole graph G. PADBERG [10] showed that clique
constraints z(Q, 1) < 1 are facet-inducing for STAB(G) iff @ is an (inclusion-
wise) mazimal clique of G. The result of EDMONDS and PULLEYBLANK [4]
implies that a rank constraint

[H| -1
2

associated with the line graph of a 2-connected hypomatchable graph H C F
is a facet of STAB(L(F)) iff H is an induced subgraph of F. In general, a
rank constraint associated with a proper subgraph G’ C G does not need to
provide a facet of STAB(G), even if STAB(G') admits the full rank facet.
This is the case for, e.g., odd hole constraints

.’E(Cgk_H, ]1) S k (2C)

z(L(H),1) < (2b)
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with Cy.1 C G and for odd antihole constraints
2(Coppr, 1) <2 (2d)

with Cgr11 C G. Figure 1(a) shows a graph with an induced Cs (note a Cj
is both an odd hole and an odd antihole) but the rank constraint associated
with this C5 does not induce a facet of the stable set polytope of the whole
graph.

(a (o) (c)

Figure 1

However, rank constraints z(G') < a(G') with G’ C G may be strengthened
to a facet of STAB(G) using sequential lifting [10], i.e., by determining
appropriate lifting coefficients a; for all nodes i in G — G’ such that the
right hand side «(G") of the inequality is still satisfied and that there are |G|
many stable sets of weight «(G’) the incidence vectors of which are linearly
independent. Every inequality of the form

(G, M)+ 2(G -G, a) <a(G 1) (3)

is a weak rank constraint if it is obtained by lifting a base rank constraint
z(G', 1) < a(G’, 1) which is facet-defining for STAB(G"), i.e., if G' has the
full rank facet. The graph G depicted in Figure 1(a) yields a weak rank
constraint basing on an odd hole constraint by using a lifting coefficient
# 0,1 (thus G is not rank-perfect in particular). G consists of an odd hole
(nodes 1, ..., 5) and a central node adjacent to all nodes of the odd hole
(such graphs are termed odd wheels). The Cj yields 5 stable sets of weight 2
the incidence vectors of which are linearly independent. In order to construct
the remaining stable set of weight 2 containing the central node 6, we have
to choose lifting coefficient ag = 2. The resulting facet z(C5, 1) + 2z¢ < 2 of
STAB(G) is a special weak rank constraint, called odd wheel constraint

.I(Cgk_H, ]]) + k.TC S k (3&)

where c is the central node adjacent to all nodes of the odd hole Cy;, 1 and
k > 2. SHEPHERD [12] studied a more general weak rank constraint

> - (1W)x(Wi) +a(Q ) <1 (3b)




associated with the complete join of prime antiwebs W1, ..., W and a clique
(2 and showed that the stable set polytope of near-bipartite graphs have facets
of type (3b) as only nontrivial facets. (The complete join of two disjoint
graphs G; and G, is obtained by joining every node of G; and every node of
G by an edge, e.g., every odd wheel is the complete join of an odd hole and
a single node.) SHEPHERD [12] showed further that odd antiholes are the
only prime antiwebs that occur in complements of line graphs. Thus the
only nontrivial facets of their stable set polytope are weak rank constraints

associated with the complete join of odd antiholes A;, ..., A and a clique Q.
D (A +22(Q) < 2 (3¢)
i<k

Note that the weak rank facet obtained by lifting may depend on the order in
which the nodes are lifted. Hence, lifting a base rank constraint may result
in several weak rank constraints. The graph G in Figure 1(b), e.g., contains
the 5-wheel from Figure 1(a) as induced subgraph and the associated odd
wheel constraint z(Cs, 1) +2x¢ < 2 is also a facet of STAB(G). Furthermore,
there is another way to lift the rank constraint associated with the Cs to a
facet of STAB(G), namely, by choosing ag = 1 and a7 = 1 (i.e., STAB(G)
also admits the full rank facet).

Finally, STAB(G) may admit nontrivial facets which are not weak rank con-
straints. The stable set polytope of the graph G in Figure 1(c), e.g., has
the facet ) . s x; + 227 < 3 which is not a weak rank constraint: among the
nodes of G with coefficient 1, there is no subgraph G’ such that z(G') < 3
is a facet of STAB(G’). (That means, there is no facet-inducing structure of
a proper subgraph G’ C G which we could lift to a facet of STAB(G).) In
particular, the graph G in Figure 1(c) is an example of a graph which is not
weakly rank-perfect. (Checking the stable set polytopes of small imperfect
graphs yields that G and G are the only two not weakly rank-perfect graphs
up to seven nodes.)

3 Critical Edges in Line Graphs of Bipartite
Graphs

Let xy stand for a critical edge in the line graph G of a bipartite graph F'.
Then G is perfect by KONIG [6] but G — zy not anymore. We like to know
whether removing only one critical edge leaves the graph still “almost perfect”
or makes it already “very imperfect”. In order to decide how imperfect G—xy
is we formulate the following problem.
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Figure 2

Problem 3.1 Let G be the line graph of a bipartite graph and xy be a critical
edge of G. Is G — xy rank-perfect or weakly rank-perfect?

For treating Problem 3.1, we have to study the facets of STAB(G — zy). The
graphs G — zy are no line graphs anymore in general (if we delete the edge
xy = vyvg from the line graph G shown in Figure 2, then there is a claw
v1VU5Vs, V19 in G — zy), so we cannot just apply the result of EDMONDS and
PULLEYBLANK [4]. All nontrivial facets of the stable set polytope different
from clique constraints have imperfect support graphs. Hence the knowledge
of the minimally imperfect subgraphs of G—zy may help solving Problem 3.1.
We describe a structure in the bipartite graph F' that leads to critical edges
zy in the line graph G of F' and to odd holes in G — zy. We say that two
incident edges x and y form an H-pair in F'if there is an edge e, , incident to
the common node of x and y and if there is a (not necessarily induced) even
cycle C,,, containing z and y but only one endnode of e, , (see Figure 3(a)).
Then L(C,,) is an even hole and the node in L(F') corresponding to e, has
precisely two neighbors on L(C,,), namely, z and y (see Figure 3(b)). Thus
removing the edge zy from L(F’) yields an odd hole and zy is a critical edge
of L(F) in particular. (Note that H-pair comes from hole.) From results
in [14] follows that, conversely, the edges x and y must form an H-pair in F’
if xy is a critical edge of the line graph.

Theorem 3.2 (WAGLER [14]) Let G be the line graph of a bipartite graph
F. An edge xy of G is critical iff x and y form an H-pair in F'. The only
manimally imperfect subgraphs of G — xy are odd holes.

In [15] is shown how to lift a rank constraint associated with a single odd
hole in G — zy to a facet of STAB(G — zy). But there also appear line graphs

8



(@ (b)

Figure 3

of hypomatchable graphs in the union of the odd holes in G — zy. That
means, we have to consider more general facets of STAB(G — zy) than lifted
odd hole constraints. For that, we try to “translate” the result of EDMONDS
and PULLEYBLANK [4] to the case of the studied graphs G — zy. We ask
how to find the graphs L(H) C G — xzy with H hypomatchable and how to
lift the rank constraint associated with L(H) to a facet of STAB(G — zy).

Recall that a graph H is called hypomatchable if it does not admit a perfect
matching but H — v does for all v € V(H) (a matching is perfect if it meets
all nodes of the graph). LovAsz [9] proved the following characterization of
hypomatchable graphs which we will frequently use in the sequel: A graph
H is hypomatchable if and only if there is a sequence Hy, Hy,...,Hy = H
of graphs such that Hy is an odd cycle and for 1 < ¢ < k, H; is obtained
from H; ; by adding an odd path F; that joins two (not necessarily distinct)
nodes of H; 1 and has all internal nodes outside H; ;. The odd path E; is
called an ear and the sequence Hy, Hi,...,H;, = H an ear decomposi-
tion of H. Every ear decomposition Hy, Hy, ..., H, = H defines a sequence
Ey, ..., E; of corresponding ears with H; = H;_; U E; for 1 <1 < k. Hence,
we may also characterize H by this ear sequence Hy, F1, ..., E; and use both
sequences to describe the same ear decomposition. Hypomatchable graphs
have an odd number of nodes, are non-bipartite and connected, but not nec-
essarily 2-connected. By definition, an ear may be an odd cycle attached to
a single node of the previous graph. However, these degenerated ears can be
avoided if H is 2-connected: CORNUEJOLS and PULLEYBLANK proved in [3]
that every 2-connected hypomatchable graph H admits an ear decomposition
Hy, Hy, ..., H, = H with H; 2-connected for 0 < i < k.

Turning to hypomatchable graphs H with L(H) C G — xy, we first ob-
serve that we are only interested in 2-connected graphs (otherwise the rank
constraint associated with L(H) is never facet-defining by [4]) and have at



Figure 4

least five nodes (otherwise H is a triangle and the rank constraint associated
with L(H) is a clique constraint). Then H admits an ear decomposition
Hy,Hy,...,H, = H such that H; is 2-connected for 0 < ¢ < k by [3], i.e.,
the corresponding ears FE,..., E; have distinct endnodes. Since Hj is an
odd cycle, H ¢ F follows (recall: F' is bipartite and does not contain any
odd cycle). Thus we have to characterize those subgraphs Fy C F with
L(Fy) — 2y = L(H). Clearly, we have z,y € V(L(Fg)) = V(L(H)) and
z,y € E(Fyg) = E(H). Moreover, the edges  and y are not incident in H
but incident in Fp, while every pair of edges e, e’ distinct from z,y is inci-
dent in H iff e, e’ are incident in Fg. Furthermore, every odd cycle C of H
contains x and y and has length > 5 (z ¢ E(C) or y ¢ F(C) would imply
C C Fpy in contradiction to Fy bipartite, hence C' contains the non-incident
edges x and y and cannot be a triangle). In particular, Hy contains z and y
and has length > 5. Denote by Fy, the graph with L(Fy,) — zy = L(H;) for
0 < i < k. Then we have the following.

Lemma 3.3 H, contains the path x = w121, eyy = 2122, Y = 22ug. Those
edges correspond in Fg, to a claw x = u121, €yy = usz, Y = Ugz1. All
remaining edges of Hy form with x and y an even cycle in Fp,.

Remark. The edges x = u12; and y = zous are non-incident in H but inci-
dent in Fy. We assume 2y € V(Fy), 20 € V(Fpg), and introduce a new node
ug € V(Fy) which is not contained in V(H), see Figure 4. Note further that
the graph Fp, consists of an edge e, and an even cycle Cy , through z and
y as in Figure 3(a), i.e., z and y form an H-pair in Fy.

Proof. Since x and y are non-incident in H and belong to Hy, we may
represent H, as shown in Figure 5(a) with 4,5 > 0. The edges z = u;2z;
and y = 22’ of Hy are incident in Fp,, say z; is their common endnode. For
21 = z,us = 2 in Fy, (see Figure 5(b)), e; and f; would become incident
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in Fy, a contradiction. So we deduce z; = 2’ and us = z (see Figure 5(c)).
Then e; is incident to z in Fp,, thus 7 = 1 follows and we insert a new node
ug in Fly, in order to keep Fiy loop-less, and get e; = e, (see Figure 4). The
edges vy, f1,..., fj,x form a cycle in Fp, and, therefore, j is even. O

(a (b) (0

Figure 5

Lemma 3.4 For every ear E; of H which is not an edge parallel to ey, =
z1z9 holds: E; has neither z1 nor zo as an endnode. There is no even path
in H — {z1, 22} connecting the endnodes of E;.

Proof. Assume FE; with 7 € {1,...,k} minimal is an ear of H with z; or
75 as an endnode. W.l.o.g., let z; and v be the endnodes of E; in H and e;
be the edge of E; incident to z; in H. If v # 29, u5 holds, e; is incident to
ezy and x but not to y in H. Keeping these incidences, the corresponding
edge in Fy would be e; = ugu; forming a triangle with z and e, in Fjy,
a contradiction. For v = uo, the ear E; forms with y and e;, an odd cy-
cle in H not containing x, a contradiction. In the remaining case v = 2,
the incidences are preserved only if E; = ey, i.e., if E; is an edge parallel
to €5, in H. Finally, if there is an ear E; with endnodes v, v’ distinct from
z1,22 in H and an even path P connecting v and v’ in H — {21, 22}, then
E;UP would be an odd cycle in H not containing x and y, a contradiction. O

Edges parallel to e;, in H have the same incidences as e, , in Fg and play
the same role as e, , in Fy. For technical reasons, we treat the case of those
edges by lifting the corresponding nodes of G — zy and consider only graphs
H that do not admit any edge parallel to e;,. Then, by Lemma 3.4, none
of the ears Ei,..., B of H is incident to e;, and H — e, is bipartite. We
deduce Fy, = Fg, U U1<j<iEj for 0 < i < k and call Fy,, Fy,...,F} a
pseudo-ear decomposition of Fiz. We are now prepared to lift the rank
constraint associated with L(Fy) — zy = L(H) to a facet of STAB(G — zy).

11



Theorem 3.5 Let G be the line graph of a bipartite graph F' and xy a critical
edge of G. Every subgraph Fg C F containing x and y induces in STAB(G —
xy) the facet

Yoom+ Y 3 < oL(Fy) —ay) (3d)

v, EL(Fy)—zy V;ENg,y

if Fy has a pseudo-ear decomposition and Fy—{z1,us} is an induced subgraph
of F where Ny, = {v; € (G — L(Fy)) —2y :v; € N(x) " N(y)} and 2, us
are the endnodes of the only edge incident to x,y in Fy.

Remark. Every Fy with a pseudo-ear decomposition corresponds to a 2-
connected hypomatchable graph H. The condition that only induced hypo-
matchable subgraphs are facet-defining is covered by considering only those
graphs Fiy where Fy — {21, us} is an induced subgraph of F' and by lifting the
nodes in N, ,. (The nodes in N, , correspond to edges parallel to e, , in H
or to edges z;w of F' with w € V(Fg) —{z1,us}.) Further, (3d) is the unique
lifting of the base rank constraint associated with L(H) = L(Fy) — zy and
is itself a rank constraint since only lifting coefficients equal to 1 and 0 are
needed. Moreover, in the special case that L(H) is an odd hole (i.e., that H
consists in the odd cycle Hy only), then (3d) is a lifted odd hole constraint
as described in [15].

Proof. Let F' be bipartite, G be the line graph of F', and zy be a criti-
cal edge of G. Consider a subgraph Fy C F fulfilling the conditions above
with £ = uy21,y = ugzy € E(Fg). Then there is a 2-connected hypomatch-
able graph H with L(H) = L(Fg) — zy. H admits an ear decomposition
Hy,Hy,...,H, = H such that H; is 2-connected for 0 < 7 < k by [3], Hy is
an odd cycle of length > 5 containing z, e;,, ¥y by Lemma 3.3, and the ears
E,,...,E; of H have distinct endnodes not incident to e;, by Lemma 3.4.
In order to prove the assertion of the theorem, we essentially make use of
the correspondence between stable sets in L(Fy) — zy and matchings in H.
First, we show that the inequality (3d) is valid for STAB(G — zy) by the
following claim.

Claim 1.  There is no mazimum stable set S of L(Fy) — xy such that
S U{v;} is a stable set in G — zy for any v; € Ny .

Assume in contrary there is a maximum stable set S of L(Fy)—zy and some

v; € Nz, adjacent to none of the nodes in S. Let e; be the edge of F' corre-
sponding to the node v; of G —zy and S correspond to a maximum matching

12



M of H. Since F is bipartite, e; is incident to the common endnode of ,
€sy, and y in F. Hence M must neither contain z, e, ,, nor y. So M does
not meet the two nodes z; and z, of H by Lemma 3.4, a contradiction to M
maximum. <

According to the definition of N,, C V(G — zy), the corresponding edges
in E(F) are all incident to z;. Hence N, induces a clique in G — zy and
Claim 1 yields that (3d) is valid for STAB(G — zy). In order to find |V (G)|
many stable sets in G — zy that satisfy (3d) with equality and have affinely
independent incidence vectors, we use the result of EbDMONDS and PULLEY-
BLANK [4] as starting point. (We explicitly give here a construction similarly
to that done in [4], since we will need it for the proof of Claim 3.)

Claim 2. There is a set M of |E(H)| mazimum matchings of H the inci-
dence vectors of which are affinely independent.

We know that H admits an ear decomposition Hy, Hy, ..., H; such that H;
is 2-connected for 0 < ¢ < k. By induction each H; has |E(H;)| maximum
matchings whose incidence vectors are affinely independent: The assertion is
obviously satisfied by the odd cycle Hy. Suppose the result is true for H;_;
and consider H;. Let v and v' be the endnodes of the ear F; (recall: v # v’ by
H; 2-connected). By induction there are |E(H;_1)| independent maximum
matchings of H; ;. Each can be extended to a maximum matching of H; by
adding the 2nd, 4th, ...edges of E;. Then |E(E;)| — 1 additional matchings
can be obtained by considering each internal node w of F;, if one constructs
a matching of E; which does not meet w and w' € {v,v'} such that the path
in F; connecting w and w' has odd length. We extend this matching of E;
to a maximum matching of H; by adding a matching of H;_; which does not
meet only the endnode of E; distinct from w'. This is the only matching
constructed so far not meeting w, so it is independent of all others. We get
the last matching by starting with the 1st, 3rd, ...edges of E; and combining
it with a perfect matching of H;_; — v from which the edge incident to v’ has
been removed (if the ear E; has length one, this is the only new matching
to construct). The last matching contains one edge of H;_; less than the
others, so it is independent of all others. By this construction, we obtain the
studied set M of |E(H)| maximum matchings of H whose incidence vectors
are affinely independent. <

For later convenience, let M, denote the set of matchings belonging to M
which do not meet v € V(H), i.e., which are perfect matchings of H — v.
Since matchings of H correspond to stable sets of L(H) = L(Fy) — zy, M
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represents a set of |E(H)| = |E(Fy)| = nyg many stable sets, say Si, ..., S,
of G—zy. In order to show that (3d) is a facet of STAB(G —zy), we construct
the remaining stable sets Sy, 41, ---, S, of G —zy with n = |E(F)| = |[V(G)|
such that Sy, ..., S, satisfy (3d) with equality and have affinely independent
incidence vectors. For that, we partition the edge set E(F) — E(Fy) with

respect to Fig as follows.

Ny ={e; € E(F)— E(Fy) :e; =vv' withv,v' & V(Fy)}
N, ={e; € E(F)—E(Fy):¢,=vw withv &V (Fy),w €V (Fy)— 2z}
Ny ={e; € E(F)— E(Fy) :¢; =usw withw eV (Fy)— 2z}
Nyy:={e; € E(F)— E(Fy) 1 e; = zyw}
(Note that edges in E(F')— E(Fy) with both endnodes in V (Fy) are incident

to either us or z; by Lemma 3.4, hence those edges are contained in either
Ny or Ng,.) We find, for each e; € Ny U Ny U Ny, a matching M € M
such that M U {e;} corresponds to a stable set of G — zy. Clearly, there
is no such matching for any e; € N, by Claim 1. But for all e; € N,,,
we are able to construct a matching M € M such that (M — {e;,}) U {e;:}
corresponds to a stable set of G—zy. For that, we provide the following claim.

Claim 3. Let w € V(Fg) — {z1,us}. If w has the same color as z; in
Fy, then there is a matching M € M., with z,y € M. Otherwise, there is
M e M, with ez, € M.

For the studied ear decomposition Hy, Hy, ..., H, = H of H we inductively
construct a maximum matching M; of that H; for j € {0,..., %k} minimal
with w € V(H;). The assertion is satisfied for j = 0 in both cases by
Lemma 3.3. Assume the assertion is true for 7 =7 — 1 and consider the case
j = 4. Then w is an internal node of the ear F;. Let v’ be the endnode
of F; with the same color as w and let v be the other one (recall: FE; con-
nects nodes of different colors in Fy). Then by induction there is a perfect
matching M; | of H; ; — v’ that fulfills the assertion. We extend M; ; to
M; by a maximum matching of F; that contains the edge of F; incident to
v' and does not meet w and v. We yield the studied matching M of H by
extending M; if we choose the 2nd, 4th, ...edges of every ear E; q,..., Ey:
M contains either z,y or e, ,, it does not meet w but all other nodes of H,
and by comparing the constructions used here and in Claim 2, M belongs to

M. O

Now, we are prepared to construct the remaining stable sets Sy, 11,...,S5n
of G — zy which we need, one for each e¢; € E(F) — E(Fg).
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'{ei} UM if e; € Ny with M e M

{e;}UM if e; € Ni with M € M,, for w # u3
S =4 with M € M, for w = ug
T {etuM ife; € Ny with M e M, z,y e M

{e;} U(M—eyy) if e, € Nyywith M e M e, € M for w & V(Fg)
with M € My, ez, € M for w € V(Fg)

\

(For each e; = usw € N,, the node w has the same color as z; in Fp,
hence Claim 3 yields the existence of the above matching in M,,. For each
e; = 21w € Ny, with w € V(Fg), the node w is distinct from u3 and not
contained in the same color class of Fiy as z;. Again, Claim 3 yields the
existence of the studied matching in M,,.)

The incidence vectors y“»z+1 ... x5 are affinely independent, since Xf" is
the only non-zero entry of x;',...,x" V e; € E(F) — E(Fy) and \; = 0
follows for ny +1 <1¢ <n by

The vectors X1, ..., x°»# are affinely independent by Claim 2. Finally, the
stable sets Sy, ..., S, are chosen such that |S; N (L(Fg)UNyy)| = a(L(Fy) —
zy) holds for 1 <i < n,ie., x5, ..., x°* satisfy (3d) with equality and so the
constraint induces a facet of STAB(G — zy). O

To illustrate Theorem 3.5 by an example, consider the bipartite graph F' and
its line graph G shown in Figure 2. The edges z = e; and y = eg form
an H-pair in F', hence the edge zy = wvyvg is critical in G. In order to find
all facets of type (3d) of STAB(G — zy), we look for all graphs Fy C F
that satisfy the conditions of Theorem 3.5. Those graphs Fy C F' admit
a pseudo-ear decomposition Fp,, E1, ..., Ex where Fp, consists of an even
cycle Cy,, through z,y and an edge e, incident to z,y (see Figure 4). In F,
there are four cycles running through x and y.

C;g:z = {61, €9, €3, €4, €5, €g, €7, 68}
C;% = {e1, €2, €3,€4,€11,€12,€13, €8}
nggz = {e1,€2,€14,€11,65, €, 67,63}
ng = {61, €2, €14, €12, €13, 68}
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(Note that e;q is a chord of C’a(cl; and Cf’; while C’a(f; and Cf& yield a graph
Fpy, with both edges eg and ej.) F' contains the following seven graphs Fy
with a pseudo-ear decomposition Fy,, E1, ..., Ej.

Fp,

0

El E2 Nm,y

1
a) Czsr,; U eg €11,€12,€13 €14 €19
b) Ca(c%z)/ Ueg €10
c) 052.13 U eg €14 €10
c') Cg; Ueyp €14 €9

d) Cé?ﬁz Ueg €10
e C&; U eg €10
(e') C&; U e €9

(
(
(
(
(
(

The graphs Fy UN, , yield the same support in the cases (c),(c’) and (e),(e’)
hence we get the following five facets of type (3d) in STAB(G — zy) (note:
(a) is the full rank facet of G — zy).

(a) Ti+Tota3+xs+a5+26+T7+Ts+T9g+T10+ 211+ T1o+T13+T14 < D
(b) $1+$2+$3+$4+$5+$6+$7+$8+$9+$10 S 4
(¢) z1+x2+23+ 74 + 23+ X9+ T10+T11 +T12+T13+ 214 < 4
(d) =1+ +T5+T6+T7+Ts+T9+T10+ 211 +114 < 4
(e) 1+ 2o + g+ Tg+T10 +x9+xi3trs < 3

STAB(G — zy) has, besides those five facets of type (3d), only nonnegativity
facets (0) and clique facets (1), i.e., G — zy is rank-perfect. All graphs
G — zy arising from line graphs of bipartite graphs by removing a critical
edge that occurred during the investigations of the author so far are rank-
perfect in particular. However, it is unknown whether this is true in general
and, therefore, Problem 3.1 is unsolved.

4 Critical Edges in Complements of
Line Graphs of Bipartite Graphs

Let xy stand for a critical edge in the complement G of the line graph of a
bipartite graph F'. Then G is perfect by KONIG [7] but G — zy not anymore.
Again, we like to know “how imperfect” G — zy is.

Problem 4.1 Let G be the complement of the line graph of a bipartite graph
and xy be a critical edge of G. Is G — xy rank-perfect or weakly rank-perfect?
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To solve Problem 4.1, we again study the facets of STAB(G —zy). The graphs
G — xy are not near-bipartite in general (if we delete the edge xy = v,v; from
the complement G of the line graph of F' shown in Figure 6, then there is
the triangle v,vsv3 among the non-neighbors of y = v7 in G — zy). Thus we
cannot apply the result of SHEPHERD [12].

NN

S~
W
S

)
A
%8

—7

Figure 6

Since all nontrivial facets of the stable set polytope different from clique
constraints have imperfect support graphs, the knowledge of the minimally
imperfect subgraphs of G — zy may help again. We describe a structure in
the bipartite graph F' that leads to critical edges xy in G = L(F') and to odd
antiholes in G — zy. Two non-incident edges x and y are called an A-pair if
they are the endedges of a (not necessarily induced) odd path P, , of length
at least five (see Figure 7(a)). Then L(FP,,) is an even, chordless path of
length at least four with endnodes z and y or, in other words, L(P,,) is an
odd hole where the edge between x and y is missing (see Figure 7(b)). Thus
L(P,,) is an odd antihole with one additional edge, namely, the critical edge
xy (see Figure 7(c)), and removing zy yields an odd antihole. (Note that
A-pair comes from antihole.) From results in [14] follows that, conversely,
the edges x and y must form an A-pair in F' if zy is a critical edge of the
complement of its line graph.

Theorem 4.2 (WAGLER [14]) Let G be the complement of the line graph
of a bipartite graph F. An edge e = xy of G is critical iff x and y form
an A-pair in F. The only minimally imperfect subgraphs of G — xy are odd
antiholes.
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(@ (b) (©

Figure 7

Note that the odd antiholes in G — xy are clearly not node-disjoint since they
all contain the endnodes x and y of the critical edge. Due to the result of
SHEPHERD [12], we expect that we have to lift constraints associated with
the complete join of one odd antihole and a clique in G — xy to facets of
STAB(G — zy). Recall that odd antiholes in G — zy correspond to odd paths
P, , in F with endedges x and y. Moreover, cliques of G come from matchings
in F.

Theorem 4.3 (WAGLER [15]) Let G be the complement of the line graph of
a bipartite graph F' and P,, C F be a path of odd length > 5 with x and y

as endedges. Then
Yoo 42 Y 3 <2 (3¢)

v;EL(F") v;€EL(M)

is a facet in STAB(G — xy) for every pair of (partial) subgraphs F', M C F
such that

(i) F' is a chordless path or a cycle,

(ii) F' contains Py, but no edge incident to both x and y,

(iii) M is a matching with nodes in F' — V (F"),

(iv) every edge in F — E(F'UM) is incident to both x and y, to two incident
edges of F', or to one edge of M.

Remark. The facets of type (3e) can be interpreted as two kinds of liftings:
On the one hand, they base on a constraint of type (3c) associated with the
complete join of an odd antihole L(P, ,)—zy and a clique L(M). All nodes of
G —zy corresponding to the edges of F' not belonging to P, , have to be lifted
with coefficient 1. On the other hand, we may also consider facets of type
(3e) to base on odd antihole constraints (2d) associated with L(P,,) — zy.
Then we lift the edges of F' not belonging to P, , with coefficient 1 and the
edges of the matching M with coefficient 2.
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In order to illustrate the assertion of Theorem 4.3, we show how the partial
subgraphs F', M C F look like and, thereby, how to lift the corresponding
odd antihole constraints to facets of type (3e). Consider the bipartite graph
F' and the complement G of its line graph shown in Figure 6. The edges
x = e; and y = e; form an A-pair in F, hence zy = wvyv; is a critical
edge of G by Theorem 4.2. There are five paths P, of odd length > 5
with endedges r and y in F" Px(lg = e169€3€13€9€11€7, Pm(i} = €169€3€4€6564€7,
ng?y) = €1€109€9€g€7, Pz(-jly) = €1€12€5€4€7, and Pm(:? — €1€12€4€13€9€11€7. The
following subgraphs F', M C F satisfy the conditions of Theorem 4.3.

F' M
(a) Pii {es}
(b) P {eo}
(c) P uPy)
(d) P {es,e5)
(e) {e3, e2}U Pégg {es)
(f) {e2}U P;é; Ufes} {e}
(g) {es, €4, €12 }U Pagy) U{es} {es}
(h) Péig uP)
(i) Py {es,e0}
§)) {ew}U Pfy) {e1s}
(k) {e1o}U Pagfly) U{es, €13, €3}
(1) {es,e13, €9, e10}U ngfly)
(m) P

(Pély) and chsy) admit a unique lifting each (see cases (a) and (m)) while we
obtain different liftings for the other three paths. In cases (c¢) and (h), the
facet is a common lifting of two odd antiholes, the respective two paths P, ,
complement one another to a cycle. F' is sometimes identical with P,,,
extends P,, on one end or on both ends. M is a maximal matching of
F — F'" in each case. Further M = {ej3} is also a maximal matching of
F — Pﬁﬁ but condition (iv) is violated by the edge e;3, thus M = {e;3} and
F' = Pgﬁi) does not yield a facet. In particular, condition (iv) is stronger than
the requirement that M is a maximal matching of F' — V' (F").) The resulting
facets of type (3e) in STAB(G — zy) are:
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(a) z1+ zo+ 3 +2z5 +z7 + T +z11 + z13 < 2
(b) z1+ 2o+ z3+ T4+ T3+ T6+T7 +2z9 <2
(€) z1+ zo+ z3+ zat+ x5+ ze+27+ T3+ T9+ Z1o <2
(d) T +2x3 +2x5 +x7+ T8+ T9+ 19 <2
(e) r1+1z9+1x3 +2z5 +x7+ 8+ T9+ g <2
(f) z1+1zo +2x4 +1lzg+xz7+ 8+ T9+ T10 <2
(g) =1 +1lzs+1zy +lxzg+zr+ g+ z9+ 1o +1z19 <2
(h) = +2x3 + x5+ Tet+a7+ T3+ W9+ T10 + z12 <2
(i) T +2x3 + x5+ Te+x7 +2x9 + Z12 <2
() = + z5+ zTetT7 +1z19 + T12+2713 < 2
(k) x1 +1z; + x5+ zt+T7+1lxs +1z19 + z1o+1lx13 < 2
(1) T +1z; + s+ Tgt+I7 +1zg+1x19 + z1o+1lx13 < 2
(m) + x4 +x7 + x9 +z11+ zio+ z13 < 2

STAB(G — zy) has, besides the weak rank facets of type (3e) above, only
nonnegativity facets (0) and clique facets (1). That this is true for all graphs
G — xy arising from the complement G of the line graph of a bipartite graph
by removing a critical edge zy shows the next theorem (this result can also
be found in [16]).

Theorem 4.4 Let G be the complement of the line graph of a bipartite
graph F and e an edge of Gp. A description of STAB(Gr — e) is given by
the nonnegativity constraints (0), the clique constraints (1), and the lifted odd
antihole constraints (3e).

Proof. Consider a bipartite graph F. Denote by Gr the complement of
the line graph of F throughout the proof. Gy is perfect by [7]. If e is
not a critical edge of G, then G — e is perfect by definition, i.e., the
constraints (0) and (1) suffice to describe STAB(Gr — e). Thus let e be
a critical edge and z(GFr,a) < a(Gp,a) = b be a facet of STAB(GF — e)
different from (0) and (1). We have to show that it is a lifted odd antihole
facet of STAB(GF — €) of type (3e). There are |Gr| maximum weighted
stable sets of (G, a) whose incidence vectors are linearly independent. Let
B denote the non-singular matrix with those vectors as rows. Consider the
subgraph Gg« of G induced by {v; € GF : a; > 0} and let B* be the matrix
with all columns of B that correspond to nodes in Gp« (i.e., to all nodes
with non-zero weight). The columns of B* are linearly independent since B
has full column rank and, therefore, B* has |G «| linearly independent rows.
Furthermore, a(Gr,a) = a(Gp+,a*) holds where a* is a restriction of a to
Gr~. In other words, it suffices to exhibit that

’UiGGF*
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is a facet of type (3e) of STAB(Gp- — €). Let F* be the partial sub-
graph of F' with V(F*) = {w € V(F) : w incident to an e; € E(F) with
a; > 0} and E(F*) = {e; € E(F) : a; > 0} (i.e., Gp» = L(F*)) and let
n* = |Gp«| = |E(F*)|. Since (x) is particularly a facet of STAB(Gp+ — e),
there have to be maximum weighted stable sets Sy, ..., Sy« in (G« —e, a) with
a(S;,a) = b, whose incidence vectors x°!, ..., x*»* are linearly independent.
If we count, in the sequel, the numbers of maximal stable sets, maximum
weighted stable sets, or maximum weighted stable sets with linearly inde-
pendent incidence vectors in any subgraph G’ of G, let us use the following
abbreviations for convenience:

MSS(G%) : number of maximal stable sets in G'x
MWSS(G%,a) : number of maximum weighted stable sets in (G, a)
MWSSiina(G%,a) : number of maximum weighted stable sets in (G', a)
whose incidence vectors are linearly independent

(we still use a as node weighting restricted to G’ C Gr). Then MSS(G%) >
MWSS(G%, a) > MWSSina(GY, a) holds and MWSS;;,4(Gp« — €,a) > n*,
since () is a facet of STAB(Gp+ — €) by assumption. Note that stable sets
S C Gp~ correspond to edge sets Fs C E(F*) with the property that there
is a node in V(F™) all edges in Eg are incident to. Consequently, if F; and
F; are different components of F* and S is a stable set in Grur,, we ei-
ther have S C G, or S C G,;. Hence, in order to determine MSS(Gr,ur,),
MWSS(Gr,ur;, a), or MWSS;in4(GFur;, a), we often count the corresponding
numbers with respect to G, and G F separately. Furthermore, we write v;
for the node of G corresponding to e; € E(F') and use

Sw = {v; € V(Gp+) : e; € E(F*) is incident to w € V(F*)}
Vo(F) = {w e V(F) : dr(w) > 2}

to denote a stable set in G« corresponding to the set of all edges in F™*
incident to w € V(F*) and to denote the set of all nodes in F' with degree
at least 2, respectively. Finally, let e = zy, then we have x,y € V(Gg+) and
x,y € E(F*), since (x) is neither of type (0) nor of type (1). Furthermore,
by Theorem 4.2 follows that x and y form an A-pair in F* and, therefore,
are non-incident edges of F*. The proof that (%) is a facet of type (3e) of
STAB(GF — e) is organized in the following claims.

Claim 1. |V,(F;)| = MSS(GFr,) > MWSS(GF,,a) is satisfied by every com-
ponent F; of F* with |E(F;)| > 1.

Claim 2. FEvery component F; of F* with MWSS(Gp,,a) = |Gp,| is either
1somorphic to a single edge or to an even hole.
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Claim 3. The edges x and y are contained in the same component F' of
F*. Furthermore, MWSS;na(Grr — zy,a) > |Gpr| and MWSSina(Gps_pr —
xy,a) < |Gpx_p| hold.

Claim 4. F" is either isomorphic to a chordless path or to an even hole of
length > 6; we obtain MWSS;q(Gr — zy,a) = |Gp|.

Claim 5. In F', every path between x and y has an odd number of edges
> 3; all edges of F' have weight b/2.

Claim 6. The subgraph M' C F* induced by V (F*) — V(F") is a matching;
all edges of M' have weight b.

Proof of Claim 1. Let F; be a component of F* with |E(F;)| > 1. Suppose
the edge ep = ww' of F; is the only edge incident to w € V(F;). Then the
node vy € V(Gp,) is contained in the stable sets Sy, S, of Gg,. Since F;
is connected and we have |E(F;)| > 1 by precondition, dp,(w') > 2 and,
therefore, S, = {vg} C Sy must hold. Thus S,, cannot be a maximal stable
set of G, for all w € V(F;) — Vo(F;) and, as a consequence,

Va(F3)| = MSS(G,).

MSS(Gr,) > MWSS(GF,, a) obviously holds since a is a nonnegative node
weighting. <&

Proof of Claim 2. Suppose F; to be a component of F* with MWSS(GF,, a) =
|GF,|. In the case |[E(F;)| = 1, F; is isomorphic to a single edge. Now, as-
sume |E(F;)| > 1. By MWSS(GF,,a) = |G| and Claim 1, we get |Vo(F;)| >
MWSS(GF,,a) = |Gg,| = |E(F;)|. On the other hand, |E(F;)| > |Va(F;)| ob-
viously holds by |E(F;)| > 1. Thus |E(F;)| = |V2(F;)| follows and F; has to
be a chordless cycle. Since F™* is bipartite, F; is isomorphic to an even hole. <

Proof of Claim 3. Let Fi,...,Fy be the components of F*. In the case
|E(F;)| =1, MWSS(GF,,a) < |G| = 1 obviously holds. If |E(F;)| > 1, then
|Gr,| = |E(F;)| > |Va(Fi)| > MWSS(GE,, a) follows on account of |E(F;)| >
\Vo(F;)| and Claim 1, i.e., |Gg| > MWSS(GF,, a) holds. Assume z € E(Fj)
and y € E(F)) for j # 1. Then {z,y} is the only stable set of Gg« — zy con-
taining x and y, thus we have MWSS(GF+, a) > MWSS;,4(Gp+,a) > n* — 1.

> MWSS(Gr,a)> Y MWSSina(Gr,a)> Y |E(F)| —1=) |Gr| -1

1<i<k 1<i<k 1<i<k 1<i<k
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holds particularly and, by |Gg| > MWSS(GFE,a) for 1 < i < k, we have
equality for at least £ — 1 components. Without loss of generality, let
|Gr,| = MWSS(Gp,,a) for Fy,...,Fx_;. Then Fy, ..., F}_, are either isomor-
phic to single edges or to even holes by Claim 2. MWSSlmd(égt, a) <2t—1
implies Fi, ..., F_1 have to be single edges. Without loss of generality, let
jeA{l,...,k—1} (i.e., let F; = {z}). Then we certainly have

D MWSS(Gp,a) =k -1

1<i<k—1

but one of these maximum weighted stable sets of Gp« is {x} which can-
not be a maximum weighted stable set of Gp+ — zy. Therefore it must
also hold |Gp,| = MWSS(GF,,a). If |[E(F;)| = 1, the maximum weighted
stable sets of Gp- corresponding to F; and F; are {z} and {y}, respec-
tively. Thus {z} and {y} are contained in precisely one maximal stable
set of Gp« — zy, namely {z,y}. Then MWSS(Gp — zy,a) < |Gp+| — 1
would contradict the precondition that (x) is a facet of STAB(Gp+ — zy).
Hence we have |E(Fy)| > 1. But now, Fj has to be isomorphic to an
even hole by Claim 2 and MWSS;;,4(Ca,a) < 2t leads to a contradiction.
Thus =z and y appear in the same component, say F’, of F*. We have
MWSS(GF*,FI — XY, G,) S ‘GF*fF’| and MWSSlmd(GFI — 2y, a) 2 |GFI‘
since (%) is a facet of STAB(Gp- — zy). <©

Proof of Claim 4. Consider the component F' C F* containing x and y.
Decompose F' into a set C = {C4, ..., Cy} of node disjoint holes and a set
T ={T\,...,Ti} of node disjoint trees such that the subgraph of F” induced
by V(F') — V(C) admits precisely T1, ..., Ty as its components. Denote by

I : the number of edges in E(F') — E(C) with both endnodes in V(C),
I¢ : the number of edges linking the tree 7} with C.

Let T, stand for the union of the tree T; and the [¢ edges connecting T; with
C and

l; : the number of nodes of degree 1 in 7; adjacent to some node in C,

l; : the number of nodes of degree 1 in 7; not linked to any node in C.

In particular, lic > 1I; > 0 holds for 1 < ¢ < k' by definition. Moreover, we

observe
=" [EC)I+I+ Y (B(T)|+1f) (i)

1<j<k 1<i<k’

We know from Claim 3 that MWSS,;,4(G g — 2y, a) > |Gp| = |E(F")| holds.
In order to estimate MWSS,;,qa(Gpr, a) with respect to |E(F')|, first recall
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that every maximal stable set of Gy is a stable set S, with w € Vo(F").
Because the sets C and 7 define a node partition of F’, let us count the
number of maximal stable sets of G corresponding to nodes in C and 7T
separately. Consider C; € C and let C} stand for C; together with all edges
incident to C; (i.e., together with all edges ww' € E(F') with w € Cj,
w' € (C—C;)UT). Then V5(C}) = Vo(C;) implies MSS(GCJ{) = |Cj| by
Claim 1. Let M be the matrix with the incidence vectors of the |C;| maximal
stable sets of GC]'. as rows. Choose the columns of M such that the first
|E(C;)| columns correspond to the edges of C;. Then the remaining columns
of M, corresponding to the edges incident to C;, do not play any role for
determining the rank of M. The maximal stable set matrix of the even
antihole G¢, (and so M) has rank |E(Cj)| — 1, therefore

MWSSiina(Ge,a) < Y (E(C)|=1) 1€ = [E(FC]) -k=1° (i)

1<j<k

follows. (Note: E(F|C]) contains the edges of all holes in C and the I¢ addi-
tional edges with both endnodes in V' (C).) Particularly, the edges connecting
some hole in C and some tree in 7 do not belong to E(F[C]). Turn now to
the remaining part of F' consisting of 7)€, ..., T)S. First note that T,¢ is
not necessarily a tree for 1 < 4 < k' since two edges may link 7; with the
same node w € C. But the maximal stable set S,, of G is already included
in MWSS;,4(Ge, a) (see (ii)), so only maximal stable sets S,y of G with
w' € T are left to count. Hence, in order to estimate MWSSlZ’nd(GTiC, a) with

respect to |E(T.°)|, consider T.¢ as a tree for 1 <4 < k’. We have
Va(TF)| = V(T) |- < [V(Ty)| < [V(T)|+1+1 = |B(T) |+ (i)
by the assumption for T¢, by I > 0, by IS > 0, and since T} is a tree. The
estimation (iii) implies that T;¢ cannot yield |E(T;)|+ [f maximum weighted
stable sets in Gp-.
MWSSiina(Gre,a) < MWSS(Gre,a) < |E(T)|+1f -1 (iv)
follows for 1 < i < k'. So we combine (ii) and (iv) to
MWSSlmd(GF:,a) S |GFI| - (k+lc+k,). (V)

Since F" is bipartite, there are at most two edges z, z’ of F’ which are incident
to both x and y. Thus only if there is a Cy; with edges {z,z,y, 2’} in F',
there can be two stable sets in Gy — xy containing x and y. Therefore
MWSSjina(Grr — zy,a) — MWSSi4(Grr,a) < 2 must hold and we get k +
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1€ + k" < 2 by Claim 3 and (v). Provided k + € + k' = 2, F’ would be
disconnected for ¥ = 2 or k' = 2. Hence assume k,k’ = 1 and refrain
from using indices for the only hole C' € C and the only tree T € 7. By
MWSSina(Grr — xy, a) — MWSSinq(Grr, a) = 2, F' contains a Cy with edges
x,2,y,2. Without loss of generality, let E(C) = {z, z,y,2'}. Since {z, 2},
{z,y}, {y, 7'}, and {7/, 2} are not maximal stable sets in G — xy, at least
three nodes of C' are linked to 7" (then the edges incident to these three nodes
may yield maximum weighted stable sets) and I > 3 follows, a contradiction
tok+1¢+ k" =2. So k+1¢+ k' =1 follows, thus either K =1 and ¢, k' =0
or ¥ =1 and (¢, k = 0. In the case of £ = 1, F' is isomorphic to an even
hole. If F' were a C, with edges {x, z,y,2'}, Gp — xy would have at most
the maximum weighted stable sets {z, z, y} and {z, 2’, y} in contradiction to
Claim 3. Hence F” is an even hole of length > 6 and MWSS;;,,4(Gr — 2y, a) <
MWSSjina(Grrya)+1 = |G| —k+1 = |Gp| holds by (v). In the case k' = 1,
F' is isomorphic to a tree. So F' cannot contain a Cy with edges {z, z,y, '}
in particular and MWSS;;,,4(Gp — zy,a) < MWSS,;,4(Gpr,a) + 1 follows.
Let I’ stand for the number of nodes with degree 1 in F’, then

|[E(F)|+1—1'=|F'| =1 =|Vo(F")| > MWSS(Gpr,a) > |E(F')| — 1

holds since F’ is a tree, by the definition of /', Claim 1, and Claim 3.
From I' < 2 follows I' = 2. l.e., F' is a chordless path and we obtain
MWSSina(Grr — xy,a) < |Gpr| by (iv). Therefore, MWSS;;na(Gr — 2y, a) <
|G| is true in both cases, if F’ is an even hole of length > 6 or a chordless
path, and the assertion of the claim follows by Claim 3. <&

Proof of Claim 5. Consider the component F' C F* containing x and y.
By Claim 4, F”’ is either an even hole of length > 6 or a chordless path and
there are, in particular, no two edges incident to both z and y in F’. Let
E(F') = {e1,...,em}, where e; and e;,; are incident edges for 1 <i<m —1
(and e,, and e; if F” is an even hole). Let Sy, ..., S;,_1 with S; = {v;,vip1}
be these maximal stable sets that yield |G| — 1 maximum weighted stable
sets with linearly independent incidence vectors in G — xy. Furthermore,
let Sy, denote a stable set of G — zy containing = and y (recall that there is
only one such stable set since F’ does not contain two edges incident to both
z and y). Then, the incidence vectors of Si, ..., Sp,—1 and S, have to be lin-
early independent. Without loss of generality, let z =e; with 1 <j <m—1
and y = ¢ with j +1 < [ < m (actually, y # e, if z = e; and F’ even
hole). Assume [ = j + 2k + 1 with & > 0, then Sj, ..., S;_1, Szy would be
the maximal stable sets of an even antihole in G — xy, i.e., their incidence
vectors X%, ..., x>=1, x°=¥ could not be linearly independent. Thus we have
= ] + 2k with £ > 0. For k = 1, Sj = {.T,Uj_H} and Sj+1 = {Uj_H,y} are
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certainly maximal stable sets in G, but not in Gpr — 2y (since {z,v;41,y}
is a stable set in Gp — zy). Thus, for £ = 1 we have less maximal sta-
ble sets in G'» — xy than nodes, a contradiction to Claim 4. Hence k£ > 1
yields that every path between x and y has an odd number of edges > 3
and, therefore, Sy, = {z, y} must hold. Now turn to the edge weights in F".
Since S, ..., Sm—1, Szy have to be maximum weighted stable sets in G — xy,
we obtain a; + a;41 = b for 1 <7 < m — 1 and a; + @; = b. Furthermore,
a; = ay holds whenever 7 and ¢’ have the same parity. In particular, we have
aj =a; =b/2 by a(Syy) = b and | = j + 2k, so we finally obtain a; = b/2 for
1<i<m. <

Proof of Claim 6. Consider the subgraph M’ C F* induced by V (F*)—V (F").
Claim 3 and Claim 4 imply MWSS;4(Gar — zy,a) = |Gpr|. Since M is
defined to be the union of all components F; of F* neither containing x
nor y, MWSS;in4(Gar — zy,a) = MWSSina(G s, a) follows. Thus we infer
MWSSina(Gr;,a) = |Gp,| for all F; C M'. By Claim 2, every F; has to be
isomorphic to a single edge, i.e., M’ is a matching in F**. Therefore, every G,
consists of a single node v;. Since G, have to yield a maximum weighted sta-
ble set of G~ for all F; C M' by MWSS;;4(Grr — 2y, a) = |G|, {v;} must
be this maximum weighted stable set. We obtain that every node v; € Gy
and every edge e; € M’', respectively, has the weight b. &

Le., (*) has the form

ngi+bei§b

V;€G p v, €G

and with scaling % = 1, we have shown a; = 1 Yv; € G and a; = 2 Vv, €
G For all remaining nodes v; we have a; = 0, since the above inequality is
a facet of STAB(Gr — zy) by assumption. Thus every facet of STAB(Gr —e)
different, from (0) and (1) is indeed a facet of type (3e). O

Since the facets of type (3e) are weak rank constraints, the following corollary
is an immediate consequence of Theorem 4.4 and solves Problem 4.1.

Corollary 4.5 All graphs, arising from complements of line graphs of bipar-
tite graphs by deletion of an arbitrary edge, are weakly rank-perfect.

That means: deleting an edge from the complement of the line graph of a

bipartite graph creates a graph in the same stage of imperfectness as general
complements of line graphs.
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