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ABSTRACT

Countable systems of ordinary differential equations appear frequently
in chemistry, physics, biology and medicine. They can be considered as
ordinary differential equations in sequence spaces. In this work, a fully
adaptive algorithm for the computational treatment of such systems is
developed. The method combines time discretization with extrapolation
in Hilbert spaces with a discrete Galerkin approach as discretization of
the stationary subproblems. The Galerkin method is based on orthogo-
nal functions of a discrete variable, which are generated by certain weight
functions. A theory of countable systems in the associated weighted se-
quence spaces is developed as well as a theory of the Galerkin method.
The Galerkin equations can be assembled either by use of analytical prop-
erties of the orthogonal functions or numerically by a multilevel summa-
tion algorithm. The resulting algorithm CODEX is applied to many
examples of technological interest, in particular from polymer chemistry.
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INTRODUCTION

An initial value problem for a countable system of ordinary differential equations
(CODE) consists of a (in general infinite) sequence of single ordinary differen-
tial equations. Hence a CODE can be considered as an ordinary differential
equation in a sequence space. The numerical treatment of such systems has be-
come more and more interesting, since CODE’s appear frequently in chemistry,
physics, biology and medicine. For example, the modeling of a polymerization
process in chemistry, where single molecules (monomers) are linked together to
long polymer chains (consisting of up to 10 monomers), leads to as many single
equations as polymer chains can arise during the reaction. Since in general this
number is not known a priori (sometimes not even the scale), it often must be
assumed to be infinite. Similar models can be found for soot formation mecha-
nisms arising in smog reactions [21] or combustion (31} and for dust formation
in stellar winds [22] in astrophysics. Other examples are master-equations in
biology and chemistry [28], branching processes [12] and Kolmogorov equations
[29] in statistics. Common to all these problems is, that the solutions (as far
as they are available) have a special structure, e.g. they can be interpreted as
probability densities which are in some sense similar to well-known probability
distributions. This has been exploited to get quantitative results for special
applications. However, the methods in use are frequently only valid for a small
class of problems, because a lot of additional assumptions are necessary. For
example the method of moments [21] applied for problems of polyreaction ki-
netics needs the type of the distribution expected to be a solution, the so—called
lumping [4] requires deep insight into the process and introduces unknown mod-
eling errors in the case of nonlinear problems. The popular quasi-steady-state
approzimation (QSSA), which can be regarded as a change of the modeling has
disadvantages discussed elsewhere [19], [9]. The use of a direct large scale in-
tegration usually is impossible for storage and time reasons. Other techniques
are the so—called continuous modeling (transforming the CODE into a partial
differential equation), which leads to theoretical difficulties [23] and the use of
discrete Fourier transforms, which are very time—consuming [39].
Mathematical theory concerning CODE’s has been developed for many years,
a survey is given in the monograph of DEIMLING [12]. Nevertheless, the com-
putational treatment of CODE’s has not become as important as the treatment
of partial differential equations (PDE’s) so far — a fact that can be recognized
by looking into textbooks about abstract differential equations, which actually
should cover both PDE’s and CODE’s. Moreover, there are no numerical meth-
ods which try to be a general approach to this class of problems and ‘nearly
nothing has been done concerning qualitative behavior of solutions’ [12].



As a really new approach a discrete Galerkin method has been suggested by
DEUFLHARD and WULKOW [18]. This Galerkin method is based on orthogonal
polynomials of a discrete variable constructed by means of a weighted discrete
inner product. The discrete variable represents the sequence index of the CODE
and plays the role of a ‘space’ variable in a partial differential equation. The
weight function determining the inner product is chosen to reflect certain struc-
tures of the problem. Besides it depends on a time-depending parameter, which
can be adapted by a so-called moving weight function condition. As examples
for such weight functions the geometric distribution and the Poisson distribu-
tion have been used in [18]. In this way, the countable system is discretized by
the Galerkin method in a weighted sequence space, such that differential equa-
tions for the Galerkin coefficients are obtained by use of analytical properties
of the orthogonal polynomials. The discrete Galerkin method is comparable to
a method of lines with moving basis functions in the field of partial differen-
tial equations. In [9] and [52] the method has been developed to such a level,
that problems of technological interest — polymerization of Methyl Methacrylate
(modeled by a system of CODE’s), heterogeneous polymer degradation — can
be solved very efficiently now. Additionally, a computational cheap a posteriori
estimation of the approximation error can be obtained.

In the approach sketched above there are some open points, concerning the
theory of CODE’s in certain weighted sequence spaces, the convergence theory
of the Galerkin method in these spaces, the adaptive control of the Galerkin
approximations and the treatment of problems containing different types of
weight functions. The present work clarifies these questions and extends the
Galerkin method to more general problems. This is done by combining con-
cepts from the numerical treatment of ODE’s with adaptive approaches from
PDE’s. An important aspect is the fact, that a CODE resembles more to a
PDE with a discrete space variable than to an extension of a finite dimensional
ODE system. Discretization first in time, in theory of PDE’s better known
as ROTHE’S method [49], leads to adaptive time-steps really belonging to the
sequence space problem - following ideas of BORNEMANN [8]. This technique
permits an adaptive matching between the requirements of the time-step con-
trol and the ‘space’ discretization. As time discretizations explicit and (semi-)
implicit Euler schemes are used, the occurring subproblems (projection into
the sequence spaces, countable systems of algebraic equations) are attacked by
a new (i.e. extended) discrete Galerkin method. For that, a two-parameter
family of weight functions is introduced, connecting properties of some basic
probability distributions. These weight functions lead to a two-parameter scale
of weighted sequence spaces, for which the theory of CODE’s is developed.



Finally an algorithm is derived, which allows even the treatment of problems
without knowledge of analytical properties.

It turns out, that the algorithm works well for a wide class of problems with
solutions having structural similarities to the family of weight functions.

In Chapter 1 some general results from the theory concerning CODE’s are
collected. Some opening considerations introduce operators arising in typical ex-
amples and motivate the choice of certain sequence spaces H, ,. These sequence
spaces will be the key to the connection between the theory about existence and
uniqueness of solutions of CODE’s and the numerical approximation of solu-
tions. Asymptotic expansions of Euler discretizations in H,, are given next.
Chapter 2 contains the construction of the basis functions of H,,, which are
determined by the so-called modified discrete Laguerre polynomials. Important
properties of these polynomials are included. Discrete Galerkin methods for
projections in H,, and approximate solutions of countable systems of algebraic
equations (CAE’s), both arising from Euler discretizations of CODE’s, are de-
scribed in Chapter 3. The numerical realization of the algorithm is documented
in Chapter 4 and Chapter 5 illustrates on numerical results the efficiency of
the algorithm developed herein. As an appendix the concept of the multi-level
summation algorithm SUMMATOR, which is the heart of the numerical pre-
processing suggested in Chapter 3, is explained in Chapter 6.
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1 COUNTABLE SYSTEMS OF ORDINARY DIFFERENTIAL EQUA-
TIONS

Following the notation of DEIMLING [12] essentially, this work will be concerned
with scalar initial value problems of the type (CODE)

(1.1) uy(t) = f5(t, ua(t), ualt), ...), us(0) =5, seN (s >1) ,

where the functions
£ 0,7 xD =R, Dc RN sen,

and the initial value

o =(ps) € RV,
are given. The actual sequence space will be specified later on. The prime
denotes the derivative with respect to the time ¢t. The ‘space’ variable, i.e. the
index of the sequence, will usually be called s in this work, in imitation of the
notations used in applications. For ease of writing we will alternate between the
notations u,(t) and u(s,t) for the s—component of the sequence (grid function)
u at time ¢. As far as the context is clear, the time-dependence will be omitted,
such that u(s) or u; means u(s,t).
A function

w:[0,T]—»D, Te(,Ty,

is called a solution of (1.1), if u,(0) = ¢, u, € C*((0,7]) and v, = f,(t,u) in
[0,T] for each s € N. In connection with time discretization and extrapolation
in Hilbert spaces, we will mainly feature the linear case

(1.2) W(t) = A u(t) + h(), u(0) =, t€ (0, Ty,

with A a linear operator on certain sequence spaces and % a sequence-valued
L' - function. Problem (1.2) is a (linear) evolution problem. The existence and
uniqueness theory will be given for the general nonlinear case.

Before we will be engaged in the theory of such problems, we will discuss some
examples first, which will draw our attention to typical difficulties occurring
with CODE?’s, showing that CODE’s are not just ODE’s.

1.1 INTRODUCTORY CONSIDERATIONS

This section serves as a motivation of the theory developed in the following
parts of Chapter 1. Thus some details of the presentation will be specified in
later sections. We study first typical examples of countable systems of ordinary
differential equations.



Example 1.1: Backward difference equation. Consider the equation
(13) V(1) =~V ult), u(0) =,
given in some sequence space, where V defined by
(1.4) (Vu)s =us —use1, (Vu) =uy

denotes the backward difference operator. Equation (1.3) appears as a basic
module in many problems. For an initial sequence ¢ the solution of (1.3) can
be written as

(1.5) us(t) = (T(t) 9)(s)
in terms of a semigroup (compare Section 1.4) T'(t) given by

s adats

1.6 T(t =ty — .

(16) TO ) = e L o)
Specializing ¢, = 651, 65, the Kronecker symbol, for fixed ¢ the solution u(t)
reduces to a Poisson distribution with parameter ¢:

ts—l
(s—=1)!"

Thus in general u(t) can be considered as a convolution of Poisson distributions.
In [18] the problem (1.3) has been treated as a chain addition polymerization
in a space essentially spanned by Charlier polynomials. These polynomials are
orthogonal with respect to a scalar product induced by the Poisson distribution.

u,(t) = e

Example 1.2: Summatory systems. Equations of this type have been studied
by HILLE [30] and can be regarded as special settings of mathematical models
of polymer degradation processes [4], which have been solved numerically by use
of the discrete Galerkin method in [18] and [52]. Let us consider the following
special summatory system

oo

(1.7) uy(t) = —(s — Dus(t) + D ur(t), us(0) =5, s€N.

r=s+1

Suppose that for a given initial value p € {* the equation (1.7) has at least one
solution u(t) € C*((0,T}],{*), defined for positive values of ¢ such that u,(t) — ¢,
for t — 0. We define

[e<]

vs(t) i= D ur(t)

r=s



The series on the right-hand side converges uniformly, since u(t) € C*((0, T}, I*)
by assumption and we can insert u,(t) = vs(t) — vs41(¢) into the s-th equation
of the system (1.7). This yields the relation

(1.8) Vi(8) + (s = 1) vs(8) = vy (8) + svara(t)

which must be independent of s. If we denote the common value of both sides
of (1.8) by f(t), we can compute v,(t) by solving the linear ordinary differential
equation

vi(t) + (s — 1) us(t) = F(2)

which easily leads to

() = v,(0) e~V 4 /Ot V=) f(r)dr , seN .
Finishing up with the re-substitution of the u, we get
(1.9) u,(t) = v,(0) e=C1t — oy, (0) e~ — /Ot e 1 — 7] f(r)dT .

This shows, that the initial value problem (1.7) has solutions depending on an
arbitrary function f, which only has to be integrable. From [30] we know, that
(1.9) is in fact a solution in {*. The task now is to find a sequence space, in
which the solution is unique. For this, we define a family of Hilbert spaces

(1.10) H; .= {u e RN Hiullf .= > ule™ < oo} ,

s=1

and show, that the condition u(t) € H, enforces uniqueness of the solution. A
short calculation yields, that

st 2
(vs((]) e~(s=1)t _ v5+1(0) e“’t) et

s=1

is bounded for ¢ € I* | t € [0,T]. Thus we can show that u(t) € Hy, if

(1.11) 3 ( /0 C 0 [1— o7 f(r) dr)2 e

s=1

“1s bounded. This implies that

1 k4
/ e %2 [l —e™"] f(1)dT = 0 for s — o0,
0



leading in turn to the condition
t

(1.12) l/: eTg(r)dr|<M,s=1,2,...,
z

for a constant M and g(7) := (1 —e'~") f(7). Extension of the proof of Lemma
4.1.1 in [44] to integrable functions allows to conclude from (1.12), that g(7) =0
on [0,¢] almost everywhere. This means, that by restriction from ! to the space
H,; we obtain a unique solution

uy(t) = v,(0) e~V — 4,1 (0) e .

If we compare this result with the numerical solution of degradation processes
achieved by the discrete Galerkin method in [18], we observe that there a so-
called moving weight function condition in principle has led to the space H;. As
we will see below, (Corollary 1.5), the condition v € H, in particular implies, that
all statistical moments of u are bounded. This is a natural assumption for many
problems. In addition, we have seen in [18], that in H; an efficient approximation
of solutions of (1.7) is possible. So for theoretical and for numerical reasons the
choice of the spaces H; seems to be promising.

In the above example we got uniqueness by restricting the solution to ‘smaller’
spaces. We will exemplify now, that in order to obtain existence of solutions it
can be necessary to extend to ‘larger’ spaces (see also examples in [12]):

Example 1.3: Discrete convolution. Consider the problem

s—1

(1.13) (1) = Y (t)uer(t) 5 uil0) = .,

r=1

defined by means of the convolution operator Ac

s—1
(1.14) (Acu), = uruy_r .
. r=1

This operator is nonlinear and plays a role in many applications, where objects
(e.g. chemical molecules) of size r and size s — r are combined to an object of
size s (combination or coagulation processes).

Let us assume that the initial value

(1.15) p(s)=(1=p)p"", 0<p<1,

is prescribed. Such an initial setting is typical for the problems treated in
Chapter 5 and convenient for our considerations anyway. We can check, that

¢ € H,:= {u e RN ||uff = S u? (1 p)72p7¢M) < 00} :

s=1



The family of sequence spaces H,, is an extension of the family H, in Example
1.2. It is easily seen, that the solution of (1.13) is given by

(1.16) us(t) = (t(L = p) + )" (1 - p) .

We can also show, that u(t) € H; only for (¢(1 —p) +p)! <p<landt < 1.
So for the initial value (1.15) we only have a solution of (1.13) in H; if

t < _@ .
1-p
A numerical consequence of this effect has been observed in [18], p. 296, where
a CODE with an extended convolution operator is treated. There it is pointed
out, that on the one hand an efficient Galerkin method for such problems can
be realized in the spaces H,, on the other hand the numerical approximations
are breaking down for fixed 5 and increasing t. We will explain in Section 1.3,
that the operator A¢ is not Lipschitz continuous as an operator on H, for fixed
p, but as an operator on the scale H,,0 < p< 1.

Computational approach: Discrete Galerkin method. The preceding exam-
ples give a first impression of the characteristics of CODE’s. Now we turn to the
numerical treatment of such problems and give a brief summary of the discrete
Galerkin method introduced in [18]. The details will become evident in Chapter
2 and Chapter 3.

We assume for the solution u(t) of a CODE, that (compare Example 1.3)

(1.17) u(t) € H, := {u e RN Hiull2 := i w? ¥ (s)7! < oo}

where U ,(s) is a positive weight function with a (possibly time-dependent) real
parameter p. On certain conditions on the weight function ¥,, H, is a separable
Hilbert space equipped with the scalar product

[oe]

(1.18) (u, v), = u(s)(s)L,(s) .

s=1

The orthogonal basis {;(p)}; of H, can be written as
Y;i(s50) = U,(s)i(s;p),7=0,1,...,s €N,

with the {;(s; p)};j=0,1,.. a set of polynomials of a discrete variable s.
These polynomials are associated with ¥,(s) by the orthogonality relation

(1.19)  (bi(p), ¥x(p)), = ilj(s;p) l(s;0) Up(s) = 75 8ji» 75 > 0,



just the countable system (1.3). In the following we will denote the concentra-
tion of a polymer of degree s at time t by P;(t) respectively D;(t).

The modeling of free radical polymerization processes leads to a system of
CODE’s, with one component P,(t) denoting the so-called radical polymer and
the second component D,(t) describing the dead polymer. The complete reac-
tion consists of some single steps, e.g chain addition, combination (convolution),
chain transfer and an additional source term. A model of technological relevance
(MMA polymerization) has to be described by a system of at least 2 - 10* or-
dinary differential equations. By means of the discrete Galerkin method this
number can be reduced to 10 — 15 differential equations for a solution with
technical accuracy (107%) and controlled approximation error. This makes the
simulation of the complete model possible even on a small workstation. In
this case, the Galerkin approximations are based on the geometric distribution,
which is the distribution of choice for free radical polymerization processes. As
shown in [9] the error estimation works well for the dead polymer and most of
the process time for the radical polymer too. But there remains one gap, which
is one of the starting points of this work. Table 1.1 shows the error estimation
€ of the Galerkin approximation of the radical polymer in the first 5 seconds of
the process for truncation indices n = 5 and n = 10. The dispersion coefficient
d is a measure for the width of the distribution P,(t) (see Chapter 2).

time ¢ 65(t) Elo(t) d
1072 3.10~*% 7-107% |1.35
107! 3.10"2 9.10"? | 1.34

5.10°1 | 2.10-2 3.1072 | 1.43
1 8.1072 5.10"2 | 1.61
5 0.06 -10~2 | 0.01-1072 | 2.00

TABLE 1.1 Error estimations at the beginning of a polymerization

We observe that the error estimation does not look reasonable between ¢ = 0.01
and t = 1.0. As an explanation, we note that depending on the values of the
respective rate coefficient and the source term, the chain addition, the so-called
transfer and termination terms or a mixture of all these effects may dominate
the process during the initial phase. This can lead to solutions similar to the
Poisson distribution (compare Example 1.1), the geometric distribution (see
Example 1.3) or even to a piecewise nearly constant solution. Thus it can
happen, that a Galerkin method based on the geometric distribution yields bad
results. Only for ¢ > 1 the termination steps of a free radical system definitely
play the dominating role, increasing the concentration of short polymers. The
chain length distribution P,(t) becomes similar to a geometric distribution after

11



a while. Even though in some cases P;(t) cannot be represented well by a
series (1.22) for a (short) time with ¥ the geometric distribution, it turns out
that the information contained in the expansion coefficients is sufficient (or not
necessary) to ensure good approximations for ¢ > 1.

As a consequence we make the demand:

e Iind weight functions ¥ which allow the treatment of processes containing
different types of basic probability distributions.

Further we note, that there are models in polymer chemistry as well as in smog
simulation or in statistics with reaction coefficients (transfer probabilities) de-
pending on the present sequence index s itself. It seems very difficult (or im-
possible) to find a weight function and associated polynomials with appropriate
properties for a sufficient general case. For special heterogeneous reactions an
attempt has been made in [52}, but there analytical properties of the orthogonal
polynomials have been used again. Therefore our second requirement is:

‘e Give an algorithm which allows a numerical preprocessing of a CODE.

However, there are at least two things which seem to prevent such a numeri-
cal preprocessing: First, the numerical evaluation of scalar products as needed
in (1.24) requires the time consuming summation over a very large or infinite
domain. Secondly, even if we can compute a numerical approximation of the
right-hand side of the ODE for the expansion coefficients, a sophisticated ODE
solver will become inefficient or will fail, since it will detect a defect of smooth-
ness. Besides that, a method of lines has the disadvantage of not looking at
the problem in the ‘right’ space, but only in an IR" -setting (even if an Hilbert
space error-norm and special scalings are used).

The above considerations have entered the following rough outline of the algo-
rithm to be developed herein.

Outline of the algorithm. Consider a (linear) CODE as an ordinary differ-
ential equation in a special Hilbert space:

u'(t) = Au(t) , u(0) given.

Discretizing this equation at time ¢ with e.g. the implicit Euler scheme with
step size T leads to a countable system of algebraic equations (CAE)

(1.25) (I-7A)u(t+71)=u(t),

with u,(t 4+ 7) the Euler approximation at time ¢ + 7 and u(t) given. In order
to apply eztrapolation in time, we need an asymptotic expansion of the implicit

12



Euler (or other discretization schemes) in the chosen Hilbert space. This idea
has been introduced by BORNEMANN in (7] and [8] for parabolic partial dif-
ferential equations. He proves asymptotic expansions for a class of schemes of
interest and his results will be applied later in this chapter. If we were able to
solve (1.25) exactly, the extrapolation could use order and step-size control as it
is well known for ODE’s [16]. Fortunately it is shown in [7] , that the equation
(1.25) has to be solved only up to a tolerance ec4g for guaranteeing the nice
performance of an extrapolation code. Whereas in [7] the equation (1.25) is an
elliptic PDE (solved by use of finite elements), in the present context the solu-
tion is approximated by use of orthogonal polynomials of a discrete variable. A
two parameter family of weight functions ¥,, will be introduced allowing the
approximation of a wide class of standard distributions (see Chapter 2). The
weight functions ¥, lead in a natural way to a scale of Hilbert spaces H,
and an orthogonal basis of these spaces. In order to solve the CAE (1.25), we
employ (as far as possible) analytical properties of the orthogonal polynomials
associated to the basis of H,, called modified discrete Laguerre polynomials.
The numerical evaluation of the scalar products (1.24) can be done by a sum-
mation algorithm called SUMMATOR. The error control of the SUMMATOR
will be obtained adaptively from the requirements of the CAE - solver, in par-
ticular the error introduced by the projection into an n-dimensional subspace
of H,, has to dominate the error introduced by the perturbation of this projec-
tion. The extrapolation, in turn, prescribes the tolerance g4 of the Galerkin
method. Thus we get a chain of adaptive requirements:

e/nt (time-step control) — ecap (Galerkin method) — esyy (SUMMATOR)

1.2 A TwoO-PARAMETER SCALE OF HILBERT SPACES

Motivated by the considerations in Section 1.1 we look for solutions of a CODE
in a scale of weighted sequence spaces related to H, from (1.17). These spaces
should be spanned by orthogonal functions, which are explicitly known. Fur-
thermore we require good approximation properties for a wide range of problems
to be treated. This will be done by adding a parameter «.

DEFINITION 1.1. Define the weighted sequence spaces H,, by

(1.26) H,,:= {u ¢ RN Hul2 g =D ul ¥, 4(s)™" < oo} ,

s=1

13



where the weight function ¥, ,(s) > 0 is given for s € N by

s—14+a«a
s—1

(1.27) U, a(s) =CP* ( ) Pl 0<p<l,a> -1,

with the constant C** = (1 — p)'** chosen such that ||V, .||,.« = 1.

Remark. Due to the normalization of the ¥, ,, these weight functions will
be regarded as probability distributions. It will be pointed out in the introduc-
tion of Chapter 2 and in Section 3.2, that the family of distributions ¥, , can
approximate distributions with sharp peaks as well as broad distributions. In
particular for a = 0 the weight function ¥, , reduces to the geometric distribu-
tion

Tp(s)=(1=p)p" ", 0<p<1,

used in [18], [9] in the context of the discrete Galerkin method. In this case we
will omit the parameter a. Note that

(1.28) U, € Hyy for p>p

THEOREM 1.2.

(i) For0 < p <1 and o > —1 the space H,, equipped with the scalar product
(1.29) (u,v) Z v(s)¥U,0(s)™t, u, v € Hya

is a separable Hilbert space.

(it) The embeddings

(1.30) H,o — Hzy for 0<p<p<l,
and
(1.31) Hyo— H,p for —1<a<f,

are dense and continuous with
(1.32) lllps < (1= )22 ||ull,

forue Hyo, B> a and

(1+e)/2
1-—
(1.33) el < (IT;) llullp.a

forue Hyo, p<p.

14



Proof.
(1) This is clear from the theory of weighted sequence spaces (e.g. [11]).

(ii) The inclusions follow from the definitions of the weight function ¥, , and
the norms || - ||,o. The estimates (1.32) and (1.33) can be calculated
essentially using the definition of the normalizing constants C”*. The
embeddings are dense, since the set

M = {u € RN | us = 0 for all but finitely many s }
is dense in all spaces H,,. u

In order to clarify the role of the parameters p and «, properties of the H,, -
spaces will be summarized now.

LEMMA 1.3. ForO<e<p<llet u€ H,_.o. Then for all polynomials p
of degree 7 we have p-u € H,, fora> —1.

Proof. Fromu € H,_.o we have by definition
S u(s)? et < oo,
s=1

if wewrite p=e*, p—e=¢€¢*% intermsof A > 0, £ > 0. Then there is
an 3§ > 1 with
eP+as 5 p(s5)% el

for all s > 3. Thus ||pul|,0 is bounded, if

Zu(s)2 p(3)2 6/\3 S Zu(8)2 p(s)2 eAs + Z u(s)2 8(A+£‘)s
s=1 s=1 s=5+1

is bounded. This is the case for u € H,_.o. As

-1
(S‘H") <1 for a>0

s—1
and )
s—1+a)
. < for —1<a<0
(1.34) (3_1 ) ST7g b a
we can derive u € H,, and pu € H,, for all a > —1. n

With Lemma 1.3 we can prove the important
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COROLLARY 14. Ifu € H, ., for one a« > —1, then u € H,p for all
8> -—1.

The condition u € H,_. o plays an important role in this work. Under numerical
aspects it ensures, that we do not approximate an element at the ‘edge’ of the
space H,,. Corollary 1.4 implies, that on this condition the p— scale is the
crucial scale, whereas the a - scale can be used for approximation purposes.

Proof of Corollary 1.4. For f > « see Theorem 1.2.(ii). For 8 < « the

estimation 1
s—14a) (s—14+p8\" 2
<

holds by use of a polynomial p with degree ;7 > (a — 3)/2. Application of
Lemma 1.3 leads to the assertion. ]

Example 1.5. Let p be given. Define u(s) := (\/ﬁ)s—l /s, s>1.Then

1 &1

-
Hull,,,o = —1—‘:_/’5};:13—2 < 00,
but 32, u(s)? ¥;0(s)! is not bounded for any p < p. For v(s) := su(s)
we see that v ¢ H,o. This confirms, that the assumption of Lemma 1.3 and

Corollary 1.4 concerning p is necessary.

COROLLARY 1.5. Fork = 0,1, ..., the statistical moments uglu] of u are
defined by

(1.35) prly] = isk u(s) .

Foru € H,, all statistical moments of u are bounded.

Proof.

23" u(s) = isk U,a(s)u(s)¥,q(s)™t = (sk U)o, u) <

P

A

= Hsk ‘Pp,allp,a “U“p.a = F‘%[‘I’p,a] ”u”p,a <0,

using the Cauchy—Schwarz inequality and the fact that all statistical moments
of ¥,, are bounded. Corollary 1.5 supplies a nice property of the spaces H,
and goes with the considerations in Example 1.2.
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The following Lemma 1.6 and Corollary 1.7 concerning the weight function
V, o will be important for the treatment of the convolution operator (1.14) in
Example 1.7 later on. We only consider the case a = 0 here. For o # 0 the
constants become a little bit more complicated.

LEMMA 1.6. ForO<e<pitis \Il%_fso €H, .o and
py

1 (VP—rp+e)
1.36 Voo ollpmco=—4 M, , M, := e’
( ) “ %‘,—,O“P 0 \/E p p (1 = p+€)

Proof. Omitting the o — scale in the notation we have

iwﬁ_fi_ ()2, o(s)} = @ii(p_j)l

s=1 CP_E s=1 P

(\/ﬁ_p+€)2 — 11\42

e(l—p+e) & o
using the normalizing constant C* = C*° from (1.27). [

With Lemma 1.6 we can derive

COROLLARY 1.7. Foru € H,_.o, 0 <e < p, the following estimate holds:

o0

(1.37) You(s) ¥ spols)” S%M,,,sllullp_e,o,

s=1

with a constant

o =pte)

Pe T 1 _ ‘\//:—)
This implies, that the weighted /2 norm with parameter p — € can be replaced
by a weighted ' norm with \/p for u € H,_..

Proof. Neglecting the o — dependency again,

o Cr-e o
Yu(s) U p(s)t = WZU(S) \If%(s) U, _.(s)?
= P s=1
1 43
S C’\/EC’E‘;__‘ I\II%;-”/J—S ”u“l)—-e .

Lemma 1.6 and careful insertion of the respective constants C*° yield the result

(1.37). n
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1.3 THEORY oF COUNTABLE SYSTEMS

Results about existence and uniqueness of solutions of countable systems of or-
dinary differential equations have been derived by several authors, an extensive
survey can be found in the monograph [12] by DEIMLING. He uses a classifica-
tion of the problem (1.1) into (s =1,2,...):

(i) lower diagonal systems: f,(t, ui(t), ...) = fs(t, wa(2), ..., us(t)),
(ii) row-finitesystems: f,(¢, u1(t), ...) = fo(t, ur(2), ..., ux)(2)) , &(s) < o0,
(ili) general systems,

and proves results by means of extensions of ODE techniques (Lipschitz condi-
tions, fixed point iterations). In Section 3.1 we will introduce another classifi-
cation in the context of the spaces H,,. Most results in [12] are valid for the
classical sequence spaces I?, 1 < p < co. Linear problems are often considered
in terms of infinite matrices and conditions on the matrix entries are derived.
This ‘matrix point of view’ (which is also an ‘ODE view’) has also been used
by other authors, e.g SHAW [50] for I* and BELLMANN [6] for /? spaces. Mc-
CLURE/WONG [40] could weaken the conditions for solutions in {* by means
of semigroup theory. In [43] solutions of general degradation processes (see Ex-
amples 1.2 and 5.3) are obtained by putting strong conditions on the matrix
entries. Many further references can be found in [12]. This work will take a
different view. The approach suggested herein is motivated by the (expected)
qualitative behavior of the solutions. The attention is directed to the (efficient)
approximation of solutions of given problems and the spaces H,, seem to be
promising for this task. In view of the considerations in Section 1.1, we study
CODE’s only in these spaces as operator equations.

It will turn out, that the operators studied in this work are Lipschitz continuous
as operators on a fixed H,, - space or on the scale of these spaces. For the
bounded case we can state the well known result:

THEOREM 1.8. For 0 <t < Ty let A(t) be a bounded linear operator on
H,,. Let the function t — A(t) be continuous in the uniform operator topology
and h(t) an continuous H, ,-valued L'-function. Then for every ¢ € H,, the
initial value problem

(1.38) w(t) = At)u(t) + h(t) , u(0) =,

has a unique solution u in H,, for t € [0,T}].
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Proof. Theorem 5.1 and p. 129 in [44].

Examples 1.6. (i) Consider the backward difference operator (1.4). An easy
computation shows that

IVllpa < 14—, a>0,

(1.39) 1

IViho € 1+———, -l<a<0.
p(1+a)

Sil-

(ii) The norm of the forward difference operator A can be estimated by

(1.40) Allpa <1+ M,

using the norm M, of the forward shift operator
(Syu)(s) = uls +1)
given by

141 S a<M = p(1+a/2) ? (120,
(1.41) Sl < My {\/ﬁ | lca<o,

(iii) A degradation process in polymer chemistry
u'(t) = Apu(t), u(0) =,

— similar to the summatory system (1.7) in Example 1.2 - can be formulated in
terms of the operator Ap:

(Apu)s = —(s—1)u, +2iur
(1.42) =i,
= o-Dutz (L)

S

Using (1.41) the infinite sum of operators on the right-hand side of (1.42) con-
verges uniformly for

(1.43) p(l+a/2)<1

(a condition which will play an important role in Example 5.3):

SNS) Moe < SISk < SO M < o0
r=1

r=1 r=1
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However, the first term of Ap leads to difficulties. In order to analyze the
situation (let & = 0) we define an operator A; by

(1.44) (Aju)s == —(s—1)u,, s €N.
A, is not bounded in H,, but we can derive that

.

(1.45) vl < 2

lullp—e, €>0,

i.e. A; is Lipschitz continuous as a map from the ‘smaller’ space H,_. to the
‘larger’ space H,. The solution of

(1.46) d(t) = Aru(t) , u(0) € H,_. ,

is seen to be
uy(t) = u,(0) e~V s e,

and u(t) € H, for all t > 0. An explanation of this behavior can be gained by
use of semigroup theory (compare the remark to Corollary 1.12), but a more
appropriate description in the present context seems to be Theorem 1.9, which
is based on Lipschitz conditions of the form (1.45). Assertion and proof of this
result follow Theorem 15.7 in the textbook of DEIMLING [13] and have been
converted from certain weighted I* — spaces to the H, , — spaces considered here.
Additionally, a parameter 4 has been introduced, which allows the treatment
of more general problems than in [13] (y = 1). For example, the convolution
operator A, (1.14) requires y = 1/2 (Example 1.7), whereas v = 1 in in (1.45).
Theorem 1.9 supplies existence and uniqueness of solutions of nonlinear ODE's
in H, (for simplicity the o - scale is omitted again and we write || - ||, instead

of ” : Hp.a)'

THEOREM 1.9. Consider a sub-scale of H, - spaces for p € [po,1) , 0 <
po<1l.LetJ=1[0,Tf] CR and assume:

(a) The operator
(1.47) F:JxH,— H

is continuous for p > p and F(t,0) € H,, on J.

(b) There ezists a constant M such that

(1.48)  |IF(t,u) = F(t,0)ll5 <

lu—vll,, 0<y <1,

M
(p—p)

forteJ, p>pandu,ve H,.
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Then for every p € (po, 1) the initial value problem
(1.49) u'(t) = F(t,u(t)), u(0)=p € H,, ,
has a unique solution

u: [0,6(p—p)") — H, ,

with § = min{Ty, (Md,)™*} . The constant d, > 1 can be computed in concrete
cases, e.g. dy =e, dyjy = 2v/3/3.

Proof. The proof is based on a fixed point iteration in a scale of Hilbert
spaces. We consider the successive approximation

t
(1.50) wi(t) = uo +/0 F(s,up1(s))ds, k> 1, uo=1¢.

Due to the condition (a) and ¢ € H,;, the iterate ux : J — H, is continuous
for p > po. We will show by induction, that

Mtd,

(51) ) = weeslp < Ca(0) (o) for 5>,

]_ —_
where Cpn(t) = gl + L2

In a first step we get

max 155 0)]o -

t
fs(®) = wlls < [ 1F(s,uo)lpds

tM
G—py Cr()

using ||ull; < |lull,, for po < p. Now the induction step yields

e ) = ws@ls < [ 18, us(s)) = Plo, uaa(s)llpds

M rt
< S [ uels) = ea ()l ds

M gt (sMd,)*
- —
= Jo Cpo( ) (ﬁ_s_po)k—y
C,o(t) MFEFItE+IgE

e (p—e—po)*k+1’

ds

IN
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where € > 0 is chosen such that 5 — e > po. In order to get rid of the factor
1/(k+1) we set
P — Po

€ = —-—————(k T 1)1/7

and end up with

k+1 k
llur+1(2) — uk(®)lls < Cpo(2) ((—,,j%%) Zz% (((k +§)T“1 - 1)“') '

The last factor on the right-hand side is bounded in k for v < 1. This leads
to the definition of d,. In particular for v = 1/2 the maximum is achieved at
k =1 with dy/;. For v = 1 the term reduces to ((k + 1)/k)* < e. Thus (1.51)
holds for all k£ and as Mtd,(p — p)™ < 1 fort € [0,6(p — po)”) the sequence
uk(t) is a Cauchy sequence and converges uniformly on every closed subinterval
of [0,8(p — po)”) to a continuous u(t) satisfying

t
1) = F ds .
u(t) = ¢+ [ F(s,u(s))ds
Moreover u(t) is a solution of the initial value problem, since
F(u(-)) : [0,6(p = po)") — Hp

is continuous. In order to prove local uniqueness, we consider two solutions
u(t), v(t) € H;, p> po. For fixed t and p; > p,

Mtid,
———Cy(t), Ci(t) = max ||ju(s) —v(s)ll5 -
o =5 0 Go0) = mgglute) — (0l
Now, similar to the considerations above, we ‘fill in’ estimates in k spaces be-
tween H,, and H; - setting € = (p1 — p)/(k+1)/" in the k-th step — and end
up with

llu(®) = o)l <

k
wm—MMMSQM({ﬁ%ﬁ.

pL—p
Thus for ¢t < (p; — p)"(Md,)™* we have u(t) = v(t). The rest follows by
continuation. =

Remarks. (i) Theorem 1.9 serves only as an example for the structure of the
problems we are dealing with. An extension to larger time intervals could be
tried as well as the obtainment of results explaining solutions for unbounded
operators in a ‘smaller’ space (see A; in Example 1.6). But this might be a
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subject of further work.

(if) The proof of Theorem 1.9 can be changed to get the result for bounded
(linear) operators respectively Lipschitz continuous nonlinear operators. Then
we can use a standard fixed point iteration in H, ,.

(i) The technique which has been used to prove uniqueness could not be ex-
tended by the author to get a stability result of the form

[u(t) = v(@)ll, < C ¢(M2) ||u(0) — v(0)l],-c , ¢ bounded,

because the constants in the estimates become unbounded. Such a result might
be used for a proof of the convergence of explicit, consistent discretization
schemes for operators considered in Theorem 1.9, but we will explain in Section
1.4, why this is not expected.

Example 1.7. To show that Theorem 1.9 is indeed a reasonable tool in our
context, we consider the convolution operator A¢ (1.14) again. We have to
estimate

l4o() — Ac(o)ll, for u,v € H,. .

Denoting by DAc(u) the Frechét — derivative of Ac(u) with respect to u, we
can write

(DAc(u)v) () = S uls = )olr) v € Hye, w € Hy,
and start with
IDAc(u)v|? = 2 o(s)7! sz_:u(s —7)o(r) Z (s — k)v(k)
= iv(r)iv(k) i U,(s) tu(s —r)u(s — k)
1';:01 k=1 s;_omax(r k)+1
< Dw T')Z'U(k DU (s+r)tu(s)u(s+7 —k)
o=o k 1 ool
+)v(k) Do v(r) Y (s + k) u(s)u(s + k)
k=1 r=1 s=1

after reordering of the summations. As both terms are of the same structure,
we can change the indices k and r in the second term. The inner sum can be
expressed by means of the Shift operator S, after adding

(k)L (s + 1)y >0
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to the inner sum of the second term we can rewrite

IDAc(u) vl < 23" v(r) o 3o k) (u, S5
r=1 k=1

< 2 [53 o(r) VB 3 (k)] ﬁ}

r=1 k=1

2 fu]? (i (1) ﬁ) <!

3

IN

2(1 = p+ ) [lull? vl ,

with the norm of the shift operator from (1.41) and Corollary 1.7 (using ||v||,« =
lv]|lp,a)- Application of the mean-value theorem gives (1.48) with v = 1/2.

14 _DISCRETIZATION AND EXTRAPOLATION

We apply the idea of a discretization in time of an abstract Cauchy problem in

an appropriate Hilbert space. Consider a linear, homogeneous abstract Cauchy
problem

(1.52) du(t)

dt

This differential equation can be discretized for given ¢ by the implicit Euler
scheme leading to

n (%) - “t (U ;m) A (jt

= Au(t) , U(O) =¥

. — 2(0) =¢,
(1.53) T ) un0) = ¢
n
for y =1,...,n, which can be written as
$ —-n
(1.54) un(t) = (1 - A) 0.

For bounded operators we can also apply the ezplicit Fuler scheme and obtain

t k3
(1.55) un(t) = (1 +2 A) 0.
By u.(t) we denote the implicit (explicit) Euler approximation (1.54), (1.55)

with time step 7 = t/n. For A a bounded (Lipschitz continuous) operator in a
Hilbert space H (H = H,, here, of course) we then know
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THEOREM 1.10. (HAIRER/LUBICH) Given a (possibly) nonlinear CODE
(1.56) u'(t) = A@t)u(t) , u(0) = ¢,

with A Lipschitz continuous on H and unique solution in H. The implicit

(explicit) Euler approzimation converges for all p € H to this solution and the
global error of the discretization has an asymptotic expansion

(1.57) ur(t) —u(t) = er(t)7 + ... +en(t)r™ + Eng(t; )7V

The e;(t) are solutions of certain linear, inhomogeneous differential equations,
the remainder En,,(t;7) is bounded on compact sets.

Proof. Because of the boundedness (Lipschitz continuity) of A, we repeat the
arguments from ODE theory. By Taylor expansion we conclude that the Euler
schemes are consistent with order one. The consistency of the Euler schemes
implies the convergence of the schemes analogue e.g to the proof of Theorem
7.3 in [27]. Then the asymptotic expansions follow from [26], Theorem 1. n

Things are more difficult for unbounded operators. Assume the explicit Euler
scheme applied to a linear equation with operator A, which is bounded in the
p - scale. For ODE’s the order of consistency p is given by

(1.58) u(t+7) —ut) — 7 Au(t) = O(r71).

The question is, in what sense we can speak of consistency now. Let p be
given and u(0) € H,, , po < p. Assuming the validity of a Lipschitz condition
(1.48), we know from Theorem 1.9 that (1.58) is defined in H, for ¢ small
enough, leading to p = 1 for the explicit Euler scheme. Even the expression
U, (t) from (1.55) is defined in H, by stepping in n spaces between H,, and H,.
But an estimation which allows the limit n — oo is not possible here, because
the insertion of infinite many spaces between H,, and H, leads to unbounded
Lipschitz constants. As mentioned in Remark (iii) to Theorem 1.9, the same
reason prevents the proof of a stability result, which possibly could be applied
to prove convergence of consistent discretization schemes as in standard ODE
theory. As a consequence we can use the explicit Euler scheme only for the
bounded case.

The examination of the implicit Euler discretization requires assumptions which
can be naturally formulated in terms of semigroup theory. We only study linear
(homogeneous) problems in detail. Nonlinear equations will be attacked by a
semi-implicit discretization (see Chapter 4.1, (6.1)), which ¢s the implicit Euler
scheme in the linear case, of course.
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Strongly continuous semigroups. A one parameter family T'(t), 0 < ¢t < co
of bounded linear operators from a Banach space X into X is called a semigroup,
if
(1.59) (2) T(0)=1, (I Identity on X ),

' () T(t+t)=T@)T(t') foreveryt,t' > 0.

The linear operator A defined by

(t) D(A):= {z€X|lim Ttz — o exists
(1.60) ot
) .. L Thz—z  d'T()=
(17) Az:= 1&1)1 : = el , ¢ € D(A),

is called the infinitesimal generator of the semigroup 7T'(t) with domain D(A).
In the following we will consider strongly continuous or Cy - semigroups which
additionally have the property

(1.61) (212) lglr(r)lT(t)a: =z foreveryz € X .

For such semigroups the abstract Cauchy problem (1.52) has a unique solution
for ¢ € D(A) and the solution is given by

u(t) = T(t)y .

It has been shown in [7] that for homogeneous abstract Cauchy problems (1.52)
with A generator of a Cy - semigroup the global error of the implicit Euler
scheme has an asymptotic expansion. As we want to apply extrapolation, we
have to ensure that the semigroup approach is reasonable for CODE’s formu-
lated in X = H, 4.

For a Cj semigroup there are constants w > 0 and M < 1 such that
1T < Me** for t > 0. f w =0 and M = 1, T(t) is called a Cy semi-
group of contractions. A characterization of the infinitesimal generator of such
a semigroup is given by the HILLE - YOSIDA theorem.

THEOREM 1.11. A linear (possibly) unbounded operator A in a Banach

space X is the infinitesimal generator of a Cy semigroup of contractions T(t), t >
0, if and only if

(i) A is closed and D(A) is dense in X.

(ii) The resolvent set p(A) of A contains IRT and for every A >0

(162 1A 4)) < 5,

where R(\; A) := (Al — A)~! is the resolvent of A.
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Proof. See e.g. the textbook of PAzY [44], Theorem 3.1.

Remark. Characterizations of other Cp-semigroups can be found in [44],
Corollary 3.8 ( [|T(t)|| < e** ) and Theorem 5.2 ( ||T(¢)|| € M ). For a general
Co-semigroup (1.62) is replaced by ([44], Theorem 5.3):

(1.63) IR(A; A7 < for A>w,n=1,2,....

_M_
A —w)n’

COROLLARY 1.12. The operator A, from (1.44) is the infinitesimal gener-
ator of a Cy semigroup of contractions in H, ,.

Proof. 1t is easily seen that

H,_.o C D(A) = {u € Hyol3 (s — 1 u(s) U3L < oo}

P&
s=1

for € > 0 and therefore D(A) is dense in H,,. For u € D(A)
(A — Aullpe = AMullpa, A >0,
holds, so A; is dissipative. Finally we have for u € H,,

u(s)

I— -
( A]-) 1+ S u(S) ?
where (s)
u(s
1+s € Hpr -
By the LUMER - PHILLIPS Theorem ([44], Theorem 4.3) the assertion follows.

Remark. With A, generator of a Cp-semigroup, we have another proof, that
the initial value problem (1.46) has a solution in H,. Instead of Theorem 1.9
in Section 1.3, we apply Theorem 1.2.4 in [44].

An asymptotic expansion of the implicit Euler scheme is given now by

THEOREM 1.13. (BORNEMANN) Let A be the infinitesimal generator of a
Co semigroup of contractions on a Banach space X and let

© € D(A2N+2) )
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Then for the global error of the implicit Euler scheme the asymptotic ezpansion
(1.64) ur(t) —u(t) = es(t)7 + ... + en(t)r + Enya(t; )7V
is valid in X. Furthermore the estimates

a) eI <Ct, 1<k<N,

(1.63) b |Ens(m)] < Ct

hold for every t € [0,Tf] , T € [0,70] . The constant C depends only on
T¢, 7m0, N and . For general Cy semigroups there is an additional time-step
bound 7 < 1/w.

Proof. See [7], Theorem 2.13.
In the present context, the important condition ¢ € D(A?V+?) characterizing

the consistency of initial data can be gained from

COROLLARY 1.14. Let A be an operator satisfying the conditions of Theo-
rem 1.9 in H,, and let ¢ € H,_.o. Then ¢ € D(AN) for all fized N € N.

Proof. Define ¢y :=¢/k, 1 <k < N. Then A is bounded from H,_, o to
HP_5k+1v°" n
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2 MODIFIED DISCRETE LAGUERRE POLYNOMIALS

The experiences made with the discrete Galerkin method in [18], [9], [52] and
the considerations in Chapter 1 admit the expectation, that the weight function
¥, will be a good basis for the Galerkin approximation of realistic problems.
For an illustration we discuss the behavior of ¥, , for different values of p and
Q.

For o = 0 the weight function is reduced to the geometric distribution, which
plays an important role in polymer chemistry under the name Schulz-Flory dis-
tribution [45], [9]. For further discussions we need the first statistical moments
of ¥, .. The constant C** from (1.27) is chosen such that

(2.1) vo(p, o) = o 1= po[¥pa] =1,0<p <1, a> 1.
Using the definition of the binomial coefficient, we can derive that

nipa)i=m¥a] = 1+ i (s—1)T,, =

§=2
=)

= 1+p) (s+a) 0 =1+ pa+pr(p,a)

s=1
‘and therefore
(2‘2) n(p,e) =

By a similar procedure we get

a?p*+3ap+p+1
(1—p)?

The so—called dispersion coefficient d is defined by

(2.3) va(p, @) = pa[¥pe] =

Lo p2
2.4 d:=
24) I

and can give some hints about the weight function for special settings of p
and a. For @« > 1 d tends to 1, which means that ¥,, becomes a very
peaked distribution. In fact, if we set @ = A/p, A the parameter of a Poisson
distribution, ¥, ,/, converges pointwise to the Poisson distribution for p — 0.
A motivation of such a parameter setting will be given at the end of Section
3.2. Therewith the two discrete Galerkin methods suggested in [18], based
on the geometric distribution (discrete Laguerre polynomials) and the Poisson
distribution (Charlier polynomials) are combined by the two-parameter family
¥, .. We note, that a Galerkin method based on the Poisson distribution itself
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would fail in our context, because the application of Euler steps destroys the
strong decaying behavior for s — 0o of elements of the associated sequence
space, implying that Euler steps cannot be performed.

Now we turn to broad distributions (d >> 1) which can be approximated well
by choosing o < 0 and p close to one. Then ¥, approaches to a hyperbola of
the form 1/s*. This has been used in [52] to model fractional powers appearing
in certain chemical processes. The connection between both extreme properties
(d = 1 and d > 1) with only one family of weight functions is the key to the
efficiency of the method to be developed herein.

In this chapter, an orthogonal basis of the spaces H,, introduced in Section
1.2 will be constructed. This basis is given by means of the modified discrete
Laguerre polynomials which will be derived in Section 2.1. Important properties
and transformation formulas of these polynomials are added in Section 2.2. The
approximation of an element u € H,, by the orthogonal basis is backed by a
theorem proven in Section 2.3. As not stated otherwise, we always assume
0<p<landa>-1.

2.1 CONSTRUCTION OF THE POLYNOMIALS

In this section we will construct first a set of orthogonal polynomials {I/;} with
respect to the scalar product

o)

(2.5) (u, 0)"% =3 u(s) v(s) Ypals) ,

s=1
where 4, v :N — IR can be interpreted as sequences or as grid functions on IN.
The isometric isomorphism

(2.6) Too : H?® := {u € IRIN! (u, w)* < oo} — H,,
defined by :
(2.7) (Tpa u)(s) = w(s) ¥pa(s)

will transform the polynomial basis {lx(p, @)} of H** to the basis {%i(p, @)} :=
{9, l(p,@)} of H,,. This has to be kept in mind in the following, because
it will be switched between both bases very often.

We know from [10], Theorem 3.1, that there exists an orthogonal set of polyno-
mials with respect to the scalar product (2.5), if all statistical moments ux[¥, o]
are bounded and the determinant condition

Ho K1 - fn
n 1 K2 - By
Bn fngr oo Hon
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holds for n = 0, 1, ... . Moreover, in this case the associated orthogonal poly-
nomials can be generated by a three-term-recurrence formula. We will not
check these conditions for the special weight function ¥, , here, since the con-
struction of the corresponding orthogonal polynomials of a discrete variable is
well known in the literature. For example, the discrete Laguerre polynomials
associated to the geometric distribution have been studied by GOTTLIEB [25]
in 1938. CHARLIER has described the polynomials named after him in 1906.
For the modified discrete Laguerre polynomials we will follow the considerations
of LESKY [36], [37] and the textbook of NIKIFOROV and UVAROV [42], which
gives a modern survey about orthogonal polynomials. For a group theoretical
classification we refer to the work of KOORNWINDER (e.g. [35]). Properties of
discrete orthogonal polynomials are given by ASKEY and GASPER [1], [2], [24]
and others. This is only a sketchy account of the abundant literature in the
field. Thus some of the results proven in this chapter (in particular in Section
2.2) may already be known to the experts.

A standard technique for the construction of the dlassical (continuous) or-
thogonal polynomials is the use of so—called Rodrigues formulas. It has been
shown e.g in [36] and [42], that for some types of discrete weight functions there
are discrete Rodrigues formulas. A classification of these weight functions can
be found in [10], where generating functions are the starting point. In [42]
discrete hypergeometric equations are considered, whereas in [36] a variational
approach is chosen. In this section, we begin with the proof of a given Rodrigues
formula. For ease of writing sometimes the forward product

(@), :=a(a+1)...(a+n—-1), a€R,

will be used.

THEOREM 2.1. The Rodrigues formula

a 1[(s—1+a
(29) l(s;p,a) = (_1_—;!_)"\11‘,'&(5)—1 A" { P p°= ( -+ )}

s—1—n

generates polynomials l,(s) = l,(s;p,a) which are orthogonal with respect to
the scalar product (2.1) for 0 < p < 1 and o > —1. The orthogonality relation
reads

+ a
(2.10) (s 1) = bam 2 5 W =p" <n ) .

n

The polynomials 1,(s; p, @) will be called modified discrete Laguerre polynomials.
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Proof. First we evaluate the difference on the right-hand side of (2.9).

_ ~-1l4a *.(n ‘ s—14+k+a
A" Cp,oz s—=1 (S ch‘a -1 n—k _s—1+k
{ P (s—l—-n)} g__:o(k)( e s—1+k—n

using the binomial theorem after representing A™ = (S; — I)® in terms of the
forward shift operator S, and the identity operator /. As

(s—l-}-k—}-a): (s-1+a) (s—=1+4+k+a)...(s+a)s—1)...(s=n+k)

s—1+k—n s—1 (1+a)...(n+a)

we obtain .

(2.11) L(s) = 3 (=1)"* p* (8—1+k+a) (3-— 1) |
k=0 k n_k

which obviously is a polynomial of degree n.
In order to show that

(lmy 1) =0 for m#n,

assume n > m (for m > n the argumentation remains the same).

010) e mor LER S g fs (171

n. =1

where the Rodrigues formula has been inserted. From [42], p. 107, an iterated
summation by parts formula

s=B s=B
> f(s)Ang(s) = (=1)" g(s +n)A"f(s)
(213) =4 n—1 =4 s=B
+ 3 (m1)kARf(s)AMkg(s + k)
k=0 s=A

can be derived for finite or infinite summation bounds A and B. Application of
this formula to (2.12) yields

(lm , lﬂ)ﬁ,a — (_1)ncp,a (1 +|a)n Z ps—1+n (s—l+a+n) A (s)+

n! puet s—1 _
1+ n n—-1 1 W . .
o oLl B i, s i (121
' =0 s=1

(2.14)
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The first sum is equal to zero since A™l,(s) = 0 for n > m, in the second sum
we look at the difference expression

Ar-1-k {ps-—l—k (::iiitz)} —

n—1—-k (n—l-k)(__l)n—l—k-—u s—14k+v (s—1+k+v+a
v=0 v p s—1+k+v—n

The terms in this sum tend to zero for s — oo, because 0 < p < 1. For s = 1

we have to consider (Zi‘;fz), which is zero for v <n —~1—k% and o > —1.

Now we compute the orthogonality factors

’Yf;,’a = (ln y ln)p'a .

For n = m the second sum in (2.14) again can be seen to be zero, whereas for
the evaluation of the first sum we need the difference A"[,(s). We use the fact
that

A"s* =0, k<n and A"s" =n!,

implying that in the series representation (2.11) only the coefficient of s™ has
to be considered, so that

(2.15) A"(s) = (p—1)" .

From the normalization (2.1) of the weight function ¥, , we know that

(2.16) ips_l (s—l+a+n) _ 1

Summarizing (2.14), (2.15), (2.16) we get the result

o (14 a), n+a
pa __ n — " .
(2.17) (1, Lo = g et = (M

The modified discrete Laguerre polynomials can be regarded as special Meizner
polynomials. This can be seen by writing

s—1l4+a)  T(s+aq)
s—1 ) T(s)T(l+a)
in terms of the Gamma-function I'. In [42] the Meixner polynomials are shown
to be orthogonal with respect to the weight function

¥(s) = Fp’ Ty +5)

,7>0,0<p<1l,s=0,1,....
(1+s)T(7)
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It is easily seen that this are in principle the modified discrete Laguerre poly-
nomials with another normalization and a different lower summation bound
in the scalar product. In fact, the I,(s;p, ) are connected with the Meixner
polynomials m,(s; p,¥) as given in [24] by

n

(2.18) La(s;p,0) 1= % ma(s — 10,1+ a),

which in turn can be expressed by means of the hypergeometric function

& (@) (B)r 4
2.19 Fila,b,c z):=
( ) 2 l(a’a 7612) l;) (C)kk‘! z .,
such that )
(2.20) mn($;0,7) = (1 + @)n2F1(—n,—s,7;1 — -p—) .

For vy =14 o and with s — (s — 1) thus we have

n k
Lsipa) = o LE2 S et Dy L)
(2.21) nl 1+a)kk p

£ ko) (7).

This series representation is more convenient than (2.11) and will be used in
Section 2.2.

There are many properties of the several polynomials mentioned above, but
we restrict ourselves to properties to be applied in the present context. Addi-
tional informations about Meixner and related polynomials can be found in the
literature referred to above. The modified discrete Laguerre polynomials with
a = 0 have been used for the solution of CODE’s in [18] and [9]. In [52], the
parameter « already has been introduced in order to realize a discrete Galerkin
‘method for certain so~called heterogeneous processes. Contrary to that, in this
work the parameter « is used for extending the approximation properties of the
suggested approach. An application in statistics (not associated to the discrete
Galerkin method) is presented in [41].

An important tool for the generation of orthogonal polynomials is the three—
term-recurrence relation. For the modified discrete Laguerre polynomials the
recurrence is started with I_; = 0 and [y = 1. Using a relation for Meixner
polynomials in [42], we obtain with (2.18):

n+1l(sip,a) = [(n+a+l)p+n—(1-p)(s—1lkis;p )
(2'22)( —(n+a)plaa(s;p,a).
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Finally a fundamental difference formula is taken from [42], serving as a basic
relation in Section 2.2:

(2.23) (s +1;p,0) = ln(s;p,0) = (p = 1) (550, + 1)

Note that by (2.23) the forward difference operator induces a shift in the a —
scale.

2.2 BASIC PROPERTIES OF THE POLYNOMIALS

The approximation of solutions of infinite dimensional linear systems in a most
suited space H, , requires transformations between the polynomial sets {l;(s; p, @)}
and {l;(s;p,a)} for a # @&, p # p. Moreover, the weight function fitting con-
dition derived in Section 3.2 has to be fulfilled. As it is more convenient, the
transformation will be done for both parameters separately. We begin with the
parameter p.

LEMMA 2.2. The transformation between l;(s;p,a) and lj(s; p,a) can be
ezpressed by

J

Li(s; = > d(p,p) li(s;p,0) , 0<p<1,
(2.24) k=0 .

k(o) = LT (IF) isksg

da (p’p) * (1 )J (1 p) ]—k )] - — b)

Proof. After inserting the series representation (2.21) of the li(s;p, ) and
the definition of the d2*(p, p) a reordering of the summations leads to

s = (222) 5 (222) ()020)

L—p k=0 \ P
x S () (p-p)1-p)p)
v=k

With the relation ([46],p. 3)

a2 ()G -(E)

and the Binomial theorem we end up (after a few manipulations) with

Zdﬂ"%p, )ie(s; .0 Jg(”")( o107 = s

35



As a consequence of this lemma we notice that

1 |
(2.26) a (i(2,@), lelp, @)™ = & (p, )
k

for £ < j. For k > j the scalar product is zero, of course.

COROLLARY 2.3. An element u(s) € H,, with basis expansion

u(s) = 3 a5(p ) (s pa) = Uy S a3y @) (sipra) |
=0 =0

which is also in the space H;,, can be expressed in the H,,— basis with the
coefficients

@2 ama)=2 3 alna) (;) U

(1—p)

Note that this transformation is independent of a.

Proof. The projection of u to a basis element ¥;(5,a) = ¥, [;(p, ) can be
written as

5z (1, 950,00 = =5 2 () (), (7,

3

Insertion of Lemma 2.2 in the form (2.26) and remembering in the definition of
the 7§ leads to (2.27).

COROLLARY 2.4. The derivative of the ;(s; p,a) with respect to p can be
expressed by

(2.28) i(s;p,@) _ (G +)lima(sip,@) —jli(sip, @)
dp 1—p

Proof. Evaluation of the expression

li(s;p+ Bp,a) —1i(s;p,0)
Ap

1 J
=% Z “(pyp+ Ap) L(s; p, ) — Li(s; p, )]

for Ap — 0. |

Now the transformation formulas for varying a will be derived.
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LEMMA 2.5. The transformation between l;(s;p,c) and I;(s;p, &) is given
by

j

l' M O = 7,k =~ . — _
(229) J(S’ P a) kz:%dp (ay a) Ik('S)pa a) , a>—1 ,
di*(a, @) = p* (&—a;-j;k—l) k>0,

Proof. Following the lines of the proof of Lemma 2.2 we insert the series

expansion of [;(s; p, @) into the series on the right-hand side of (2.29) and reorder
the summations:

freamann-r£ ()LL)

k=0 v=0 p v k=v -V

If we can show that the inner.sum is equal to (iff) we will be finished. By
setting m=j —-v,n=a—-a+j—v,p=v+a, wecan use a relation from
[46], p. 10, which is given there only for natural numbers but can be extended
easily to real n and p. Then

SCH05)-02)-010)

The transformation of coeflicients a;(p, @) of an H,,-basis expansion to co-
efficients a;(p, @) of an H, 5-expansion works analogue to Corollary 2.3 and is
independent of p in this case. This nice feature shows how the two scales are
separated. A differentiation formula can be derived similar to Corollary 2.4:

COROLLARY 2.6. The derivative of the l;(s; p, ) with respect to « can be
expressed by

dli(s;pya) I~ P
2.30 oD - , I(s;p,a) .
(2:30) Oa z:% G=v M50
Proof. Application of the definition of the binomial coefficients. [ |

Now we prove two important shift properties of the discrete Laguerre poly-
nomials.



COROLLARY 2.7.  The application of the forward difference operator to Li(s;p, )
can be expanded into

Ali(sip,a) = li(s+15p,a) = li(s;p,q)

(2.31) = (p- 1)12—: pi“l“klk(s;p,a) .
k=0

Proof. Insertion of Lemma 2.2 into the fundamental difference relation (2.23):
(s + 1 p,0) = li(s;p,0) = (p = 1) i1 (850, + 1)

leads to transformation coefficients di;’c (aya+ 1) = pi~ 1=k, n

COROLLARY 2.8. The application of the backward difference operator to
li(s; p, @) can be expressed by

7-1

(2-32) Vii(s;p,0) = li(s = 1;p,0) = li(s;p,0) = (1 = p) ) lk(s; p,0) -
k=0

Proof. Backward shift of the difference relation (2.31) in the argument s
yields
j-1

lLi(s=1;p0) +(p = 1)) P71 li(s — 1;p,0) = li(s; p,0)
k=0

which can be regarded as an infinite triangular system of linear equations in the
variables [;(s—1; p, @) for given I;(s; p, @). This system can be solved recursively
by induction for each index j. [ ]

Finally we derive relations, which will be used in Chapter 5 for the treatment
of the degradation operator respectively the convolution operator.

LEMMA 2.9. Fors > 2 the following relation holds

| ; l (]t
(2.33) 2 li(sipy0) = 1 (lj(S;P,a) —lipa(sip @) +PJ“( )) :
r=1

J+1
Proof. Induction over s using

(L p,0) = o <j j; a)

and the well-known property

(1)) remsen
J J J=1
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LEMMA 2.10. Fors > 1 we have

(238) S L(r) (s — 1) = = 1ot (5) = bt (9], () = (535,0)

r=1

Proof. Induction over s again.

2.3 APPROXIMATION PROPERTIES

Let u € H,, be expanded in the orthogonal basis {¢x(p, @)} = {¥,.lk(p, )}
of H,, by

(2.35) u(s) = \I/p,a(s)kiak l(s;p, )

where the {li(p, @)} are the modified discrete Laguerre polynomials. The ex-
pansion coefficients aj can be expressed by

1 o
(236) dp = ??; E U(S) lk(s;p, a) s
k s=1

and it is well known by the Parseval equality that
(2.37) lullpo = D ai 6™
k=0

The orthogonal projection to the n — dimensional subspace

(2.38) H}, =span {to(p,a),..., ¥a(p, @)} C Hypa
is defined by

1

= (u, Yi(s;p,a)), , Yi(p, @)
0 Yk

= \Dp,a(s) Z Ak lk(s;p,a) .
k=0

NE

Prery(s) =

-~
I

(2.39)

The projection error is easily seen to be

(2.40) Q2% u(s) = u(s) — P2 u(s) = U, q(s) i ar le(s; p, )

k=n+1

Obviously we have |u — P?*ul|,, — 0 as n — oo for all u € H,, and
|P2*||,« < 1. We want to estimate the norm of the projection error || Q0% ul|,q
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in terms of higher differences of u (analogue to higher derivatives in the contin-
uous case), which should be a measure of the smoothness of u in H,,. In H*?,

which is spanned by polynomials, we could use the standard forward difference
operator, since for p a polynomial of degree m

A™1p(s)=0.

However, in H,, the basis consists of polynomials multiplied by the weight
function ¥, (s), and it is easily seen that even

pst+a)

AW, ,(s) =T, 4(3) [ - l}m #0 for m>1.

This consideration together with (2.23) inspires the following definition of a
modified difference operator.

DEFINITION 2.11. Let for u € H,, the weighted difference operator A, be
defined by -
u(s)

(2.41) Agu(s) ==V, q41(8) A (\I} ) , Dau € Hyoi1,

by means of the forward difference operator A. Higher weighted differences are
inductively given by

(2.42) AT u(s) = Agymo1Dagm—2--- Do u(s) .

Py

The re-multiplication with ¥, 4, instead of ¥, has been done for analytical
convenience as we will see below. From Lemma 1.2 we know, that if u € H,_. 4,
the weighted difference is an element of H, .

COROLLARY 2.12. For u € H,, with a representation (2.35) the m-th
weighted higher difference can be written as

(2.43) AT u(s) = Yparm(s) Y artm (p — 1) le(s; py +1m) .
k=0

Proof. Again we use the difference relation (2.23)

Ale(s;p,0) = (p = 1) leea(s; 0, + 1)
Inserting (2.35) we get

Au(s) = TUpopr Y arAlk(s;p,a)

k=0
=)

= Uoam ) e (p— 1 k(s5p,0+1),
k=0
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which is an expansion of A, u in H,441. Now induction leads to (2.43). |

As a consequence of Corollary 2.12 we can easily compute || A7 u|, 44m. Using
the orthogonality of the polynomials {lx(p, @)} we obtain

(2.44) A7 ullpapm = 3 ai (1= p)" R < 0.

k=m

The following definition prepares the proof of an approximation result.

DEFINITION 2.13. Foru € H,, , m > 1, define the m-th weighted differ-
ence norm ||ull,am 0y

(245) ”u“p,cxm = “u”2‘o{ + ”A: u||2,01+m *

Form = 0 set

lulloao = llulloa -
Remark. This norms can be regarded as discrete weighted Sobolev norms.

THEOREM 2.14. Foru € H,, andn+1>m > 1 the approrimation error
Q2 y can be estimated by

' by pm (1+a)2+a).. (m+a)
(246) 110z ulf, < o AT ) e

Proof. Inserting (2.44) we start with

ulll e = Z a7 +Zak Py AR
(2.47) § i 2 g 1+(1-—p) k(k—1)...(k—m+1)
- % Ji (14+a)...(m+a) ’
using

potm  kem kE+ « Py k(k—1)...(k—m+1)
kom =P k—m k (1+a)...(m+a)
The norm of the projection error can be written as

lQnulfe = > akn®

k=n+1
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and it can be seen that

pm 1+a)2+a)...(m+a)

1<
(2.48) T (1-p™ (n+ln...n+1—-(m-1)
' (1—p)*™ k(k—1)...(k—m+1)
x |14+
™ (1+a)...(m+a)
for n +1 < k. Combining (2.47) and (2.48) gives the assertion (2.46). n

We observe that the approximation behavior depends strongly on the con-
stants which are independent of n. For numerical error estimations, we may
assume the projection error &, := ||Q% u||, o to behave like

= C —-m /2
€n = (p’aam)n Hu“p,a,m
for a constant C'(p,a,m) and a power r.

It has been turned out in the previous papers [18], [9] and [52], that an error
estimation using the leading term of Q%% u works well in the present context.
This estimate €, of &, can be obtained by

(2.49) €2 =al 72 (see Lemma 3.3) .

If the computation of the coefficients ax depends on the truncation index n, this
error estimation will be modified as suggested in [18]. We will come back to
this point in Section 3.1.
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3 DISCRETE GALERKIN METHOD

Assume ¢ € H,,. It can be seen from (1.54), (1.55) that the realization of
implicit or explicit Euler steps consists of three tasks:

(i) projections of the form P2%¢ , P2* from (2.39).

(ii) projections of the form P2*Ap , A bounded linear operator (explicit
Euler step).

(ili) approximate solutions of the countable system of algebraic equations
(I ~7A)u =y in H}, (implicit or semi-implicit Euler step).

As we are interested in Galerkin approximations in H, ., we assume that o, Ap
and the solution u of the CAE in (iii) (all called u from now on) have a basis ex-
pansion (2.35). The discrete Galerkin method yields perturbed approximations
" € H} , of u of the form

(3.1) =Y G Yr(p, @),
k=0
with a truncation index n and coefficients @, k = 0, 1, ..., n, which may be the

exact expansion coefficients ay or approximations of them. The error ||@" —ul|, o
of approximation (3.1) can be written in terms of the projection error ||u™ —ul|, o
(compare (2.40)) and a so-called truncation error ||[a™ — u®||,a:

la" —ull, = llw*—ull, + [l@"—u"|3,
(3.2) e e
= > an® + (@ —a)’w".
k=n+1 k=0

An estimation of error (3.2) and a matching of projection error and truncation
error are suggested at the end of the following section.

3.1 PROJECTIONS AND APPROXIMATE SOLUTIONS

The projection of an element u € H,, to the subspace H}  can formally be
written as

B3 v =3 whna) = Fale) X ari(sipa)

In general the expansion coefficients ax can formally be expressed by relation
(2.36). Sometimes properties of the modified discrete Laguerre polynomials
lk(p, @) make an analytic calculation of the a; possible.
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Example 3.1. Let
s
uy==p', pi=e", 521, 7 given.

This is a realistic setting of initial values in some applications. It is easily seen
that P

34 u=-———Y;, € H,

( ) (1 — ﬁ)27‘ p,1 € Pl
but it will turn out in Example 5.3, that an approximation in H; is not feasible
in that context. Instead of this, u can be expanded for p = 2p/(1+p) and a = 0
in the respective space with coefficients

—k
= —— 1—k% >0.
ag (17—_[))27‘2 ( ), :IC_O
This can be seen from
1
S= 5T (h(s;p,0) = lo(s; p, @))

and the transformation formula (2.24) in Lemma 2.2.
Whenever there are no analytical properties to obtain the exact coefficients ay,
we have to evaluate the scalar products in (2.36) numerically. This will be done
by the summation algorithm described in Chapter 6 and leads to approximations
dy of a; and hence to an expansion (3.1).

Next we consider projections of Au, A a linear operator. We will try to apply
properties of the H, , - basis as far as possible again and propose a classification
of linear CODE’s formulated in terms of the projections P2:

DEFINITION 3.1.
(i) A is called invariant, if

(3.5) Poe A = PPEAPY for all n e NN.

(1) A is called m-invariant, if there is an m > 0, such that

(3.6) PrA =PLCAPLY, forall n €N,

(iii) otherwise A is called general.
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In literature problems with invariant operators are sometimes called self-closing,
problems with m-invariant or general operators are called open. In order to
explain Definition 3.1, we consider

uer,aa u=z+y, J;:P::’au, y:(I—’Pfl""‘)u
From (3.5) it follows for an invariant operator A that
Predy =0,

that means the complement of HY | is invariant under A. Similar considerations
turn out that with (3.6) an m-invariant operator A maps the complement of
H, onto the complement of H ,. By this notions the backward shift operator
S_ is invariant, since

n

PrS_u = Z

§=0

"ol
= (S-u, ¥;), Z v (w, Sev5), 0 %5 -

With relation (2.31) the last scalar product can be expressed in terms of the
coefficients ay, k£ < j, if we assume an H,, - expansion of u. For the forward
shift operator S, things are different:

PrSiu =Y o [(w, S—s),,0 = wi¥5(0)] ¥,
=075

where the component u; depends on all expansion coefficients a; of u. Thus

Sy is a general operator and this makes the classification from the beginning of

Section 1.3 consistent with the above definition in H,,: if (Au), depends on

the component u,,,, r €N, it can be expressed in terms of 5.

As a last example we mention that the degradation operator is 1-invariant (see

Example 5.3).

For the treatment of m-invariant or general operators we have to replace

(3.7) PoA— PIAAP:
for some 7 > 0. That means we use the coefficients ag, ..., a,43 of u to obtain

approximations of the first n + 1 expansion coefficients of Au. Obviously we
expect, that these approximations will become better for increasing 7.
As in the situation of projections of elements above, the scalar products

(Au, ¢;),, respectively (Ayx,¥;),, 1, k=0,1,...,n

can only be evaluated by numerical approximation in general, leading to a
perturbed expansion (3.1).
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The application of the implicit Euler scheme to an abstract ODE (1.52) with
step size T requires the solution of systems

(3.8) (I-7A)u=¢, Alinear,

with respect to u. For nonlinear operators the semi-implicit Euler method [16]

(see Section 5, (4.1)) can be used, leading to problems of the same structure.
We assume that for ¢ € H, (3.8) has a unique solution u in H,,. With the

orthogonal projection (2.39) the Galerkin equations

(3.9) ut — TPIYAUT =P  w" e HY , n=0,1,...

o )

are equivalent to

(3.10) (v —7AU", i), = (¢, U)o » W EH), , k=0,...,n.

Inserting the basis expansion of u in H, 4, for fixed n this is seen to be a linear
system:

(3.11) (I— TB)CZ =b s B:= (bjk) , bjk = (Alﬁk 5 ¢j)p,a 5

a = (ag, ..., a,) the coefficients of w and b = (b, ..., b,) the coefficients of  in
the H,, - basis. The assembling of these equations requires projections of the
form Au, respectively Av;(p,a), 7 =0, ..., n, implying the application either
of analytical properties or of numerical summation. For m-invariant or general
operators, the Galerkin equations depend on the truncation index # from (3.7)
or the summation tolerance. Thus the Galerkin approximation will be of the
form (3.1) again. In this work we will only treat two cases theoretically and
omit an examination of perturbed Galerkin equations:

(1) A is the generator of a Cy - semigroup of contractions
(ii) TA is contractive, i.e. 7||A, o <1

We ask for existence of solutions u™ of the Galerkin equations (3.9) and for esti-
mates ||u—u"||, . The following theorem, essentially taken from [53], Theorem
21.G, is a standard result for Galerkin methods in Hilbert spaces adapted to
our case.

THEOREM 3.2. Let A : D(A) C H,o — H,o be a linear operator. For the

following cases the problem (3.8) has a unique solution in H, and the Galerkin
method converges, i.e. ||[u* — u|| = 0 for n — oco.
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(i) TA is contractive. Then the estimation
(3.12) lu =™l < (1~ 7llAle) ™ lu - Prull
holds.

(i) A is generator of a Cy - semigroup of contractions and additionally invari-
ant. Then we have convergence for 7 > 0 and for the Galerkin solution
u™ holds

n __ Dp,a
u" = Pru.

Proof. (i) As ||P2*All,« < ||All,.« the equations (3.8) and (3.9) have unique
solutions by the Banach fixed-point theorem. Further

(3.13) (I - T/Pr‘:'aA)_lnp.a < (- T“A”p,a)—l

by use of the Neumann series. Summarizing (3.8) and (3.9) we obtain
(I =7P2A)(u —u™) =u — P

and therefore (3.12) and the convergence for n — oo.

(if) We know that (I — 7A) is invertible for all 7 > 0. The question is, what
can be said about (I —7P2*A)~! ? From perturbation theory it is known, that
the uniform boundedness of

|A—Pr*Allya for n— oo

is crucial (see e.g. [34], IV.3, IV.4). This condition is met for compact operators
A and the convergence of the Galerkin method can be proven ([53], Theorem
21.G,(b)). For A invariant a result by means of semigroup theory can be derived.
The infinitesimal generator A of a Cy - semigroup of contractions is characterized
by the Lumer-Phillips theorem:
A is dissipative, i.e. (Au, u) < 0 and for a A\g > 0 the range of Ao/ — A'is H, 4.
For ™ € H}, it follows from

(Po A, w7, = (Au”, )

o prx

that P2*A is also dissipative and the range condition is fulfilled in 7, since
PrxA = PA* AP, Hence P.*A generates a contractive Cp - semigroup too.
Note that if the original and the Galerkin equation are uniquely solvable and A

is invariant, we always have u* = P2*u. .

The derivation of the Galerkin equations uses (if possible) properties of the
discrete Laguerre polynomials. As an illustration we consider again the
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Example 3.2: Backward difference operator. We evaluate

( vu UJJ ZusAl
Then
o0 i=-1
(=Vu,9;),, = zakz (p—1)p 1= (1, ;)"
(3.14) v=0

I_ cx' o
GRS

by use of (2.31), the orthogonality of the /; and the definition of 4. With

@ = Y _ bxty the Galerkin equations for (I + 7V)u = ¢ are
k=0

1-p 32 [k
(315) aj-‘f—T;)—.-—p—Zak( :a):bj,jzo,l,...,n,
0

and can be solved recursively in this case. Generally, Gauss elimination has to
be applied.

Error estimation. The numerical implementation of the discrete Galerkin
method requires error estimations of the projection and the truncation error. A
computable (and cheap) estimation of the projection erroris available.

LEMMA 3.3. Define an error estimation €, by
(3.16) ep 1= [lu"tt — u'P = aﬁ“ Tkt s

and assume that there exist C < 1 and ng > 1 such that for n > ng the relation

(317) E'n,-tl»—l S CEn
holds. Then
1 1/2
(3.18) sngs‘nﬁ(l_cq) €n, N > Mg
Proof. Obviously
d<d= 3 dage
k=n+1
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since 4’ > 0. On the other hand it follows from (3.17) for n > ng that

oo o
2 2 2 2k __
En = Z 6lc—ls&—nzzc =
k=0

k=n+1

1
1-C?°

The underestimation of the true error depending on C can be numerically con-
trolled by setting a safety factor. In applications the projection error has to be
measured in a scaled norm, of course.

Example 3.3. It is easily seen that in Example 3.1, u approximated in H,,

hence the underestimation of the error is smaller than 5/4. A comparison
between true and estimated error for this example can be found in [18], Table 1.

Now assume, that there is an algorithm producing successive approximations
al' of ax — e.g by setting m = A =n,n+1,...,in (3.7) or by a refinement
strategy during the numerical summation with m the refinement level or the
index of a tolerance. Then the following error estimation will be applied

n

2
2 . 2 2L m _ mt1\2. 00 m+1\? _pa
(319) €k, i=€fpmtE€hnm = (af —ag™) 0" + (anH) Yo
k=0

We are only interested in a truncation error (respectively its estimation) e,
being just a little smaller than the projection error €p,n. To be more precise,
we require that

(3.20) e R S T

with some safety factor 0 < k& < 1 (see also [17], (1.26)). In actual computations,
the terms on both sides are replaced by the estimates suggested in (3.19), & is

set to 1/4.
3.2 WEIGHT FUNCTION FITTING

In order to minimize the computational effort of the discrete Galerkin method, a
good choice of the parameters p and « is crucial. Strictly speaking, for u € H,,
and € > 0 it would be optimal to find p, & such that u € H; 5 and

(3.21) ||u — 'U,n“pya < € , 'U:n = Pﬁ,au y

for n as small as possible. However, even if the error |u — u"|| is computable,
the estimation of 5, & turns out to be a nonlinear minimization problem, since
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transformations between H,, - spaces have to be performed. The interesting
question: ‘What criterions ensure that u is nearer (in the sense of orthogonal
projection in Hilbert spaces) to H}, than to H}; in general 7’ is left to further
examinations.

In this work, we choose an heuristic approach which is an extension of the
moving weight function concept suggested in [18].

The main idea is the fitting of the first statistical moments of v € H, , and the
weight function U, 5, a procedure which is possible by Corollary 1.5. Due to
the normalization of the family ¥,, this leads to an implicit definition of the
parameters p,& by

Z;[Z] = m¥ssl = n(p,a),
(3.22) o
Ho['u,} - :u2[ /3,61] - VZ(P,Q)a

using the notations (2.2), (2.3). From (3.22), (2.2), (2.3) we can deduce by some
technical manipulations (ux = pg(u]):

2 2

— Popa — 4] — fafho + 4

pluy=p = L,
) Hola — K

201 — Pafio — fhafho

fopa — pi — papo + 43

(3.23)

The requirements 0 < p < 1 and & > —1 are fulfilled, if the denominators of
the expressions in (3.23) are positive. Whenever only the parameter p has to
be adapted (i.e. a = 0), (3.22) reduces to (consistent with [18], (3.15))

N po[u]
(3.24) plu)=1 il

In order to compute the moments po[ul, p1[u], pofu] for v € H,, given in
the basis expansion, we use the fact, that the monomials s* can be represented
in terms of the polynomials lx(p, a) by

k
(3.25) 5= bgmlm(s) , k=0,1,...,
m=0

with coefficients by = bim(p, @) , bix # 0. Then ux[¥,.] = bro and insertion
of u into the definition of statistical moments yields

k
(326) ﬂk[u] = Z bkmam’yﬁ;" .
m=0
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The coefficients by, can be computed here to be

1
b o b = ——
10 V1(P, a) » 011 1=,

and
2p+p+3 b — 2
(T-p2 > 27 (1-p2"

In general, the condition (3.22) has a nice characterization for weight func-
tions ¥ with p parameters and associated orthogonal polynomials. Assume
that the statistical moments v, of ¥ are known and vy = 45 = 1. By (3.26) the
condition (3.22) is equivalent to

by = Vz(P,a) y boy = —

/10['“'] = dag,

k
> bkmam¥m = broao, 1 <k <p.

m=0

(3.27)

From (3.27) we obtain by induction
(3.28) ag=ay= ... =a,=0.

This property has been used in [18] for p = 1 to derive a differential equation
for the parameter of the Galerkin method.

Remark. In order to ensure a reliable computation of p, & for (possibly)
perturbed coefficients @, @; , @, , additionally to condition (3.20) the following
relations should be fulfilled

[~g}

( (u)|
( (u)]
with @ from (3.1) and appropriate (relative) accuracies €;, €5. Obviously the
left-hand sides in (3.29) are replaced by estimates in the actual implementation.

19
€

!

T

(3.29) :

Q1

R ™

ININ

n)_
n)__

Qi

b

Connection with Charlier polynomials. The weight function fitting condition
leads us in a natural way to the Charlier polynomials associated to the Poisson
distribution.

Let
/\s-—l

(s—1)"’

a Poisson distribution. The moments po, g1, g2 of u are

u(s; A) = e seN,

po=1, m=2+1,p=X+31+1.
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Insertion of these moments into (3.23) unfortunately leads to p = 0 and &
infinite. But it turns out that formally pa = A. This suggests the examination
of ¥, , for p — 0. A short calculation yields

})i_r{(l) U,a/0(s) =u(s;A) .

Moreover, if we insert the parameters p, @ = A/p into the series representation
(2.21) of the modified discrete Laguerre polynomials we obtain

AT (n s—1 AT
: . ~ 2 1 _1\k\—F - .
},Er(x)ln(s,p,/\/p) ~ ;; (k) kl(—1)"A ( k ) = ea(s;A)
with ¢,(s;A) the Charlier polynomials due to the representation [18], (3.24).
This is a very nice aspect and shows that we have closed the gap between the
different discrete Galerkin methods used up to now.

Remark. The possibility of a transition from modified discrete Laguerre
(Meixner) polynomials to Charlier polynomials is not a new finding, of course,
but part of the important Askey scheme [3], [35]. The Askey scheme summa-
rizes those polynomials, which are called classical orthogonal polynomials today.
As one characteristic of that scheme, the number of parameters of a polynomial
set is reduced by one parameter, if a transition to another polynomial set is
performed. The idea of this section - setting the parameters by considering the
respective statistical moments — may be new aspect.
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4 NUMERICAL REALIZATION OF THE ALGORITHM

In this chapter we describe the essential details of the algorithm:
¢ time-step and order control, extrapolation

e realization of the discrete Galerkin method

4.1 REALIZATION OF THE TIME-STEP CONTROL

In this section, which follows the presentation of Chapter 3 in [8], it will be
explained, that the usual results for extrapolation-methods with some modifi-
cations still hold in H, 4, instead of IR". In the fully-discrete case (i.e. time
discretization and approximation in H,, by means of orthogonal polynomials)
the requirements of the original problem have to be taken into account.

We use the implicit (explicit, semi-implicit) Euler discretization in time and a
time-step and order control of the method by extrapolation following the ideas
of DEUFLHARD [15] for ODE’s and of BORNEMANN (8] for parabolic PDE’s. As
pointed out in Section 1.4, the explicit Euler discretization is applied only to
bounded operators, the implicit Euler scheme only to linear problems. For the
nonlinear case (see Example 5.4) the semi-implicit Euler scheme [16] is applied:

(I-7A) Aut) = 7 f(u(t)),

(4.1) ur(t +7) = u(t) + Au(t),

with A = f,(u(t)) the Frechét derivative of the right-hand side f(u) in problem
(1.1) at time ¢ . Obviously the implicit Euler discretization is identical with the
semi-implicit Euler scheme in the linear case. The extrapolation on the basis
of one of these schemes works as follows:

The algorithm suggests an outer time step 7' > 0 for which

(42) L{,-l = u,‘.(T) N

the Euler discretizations with time-step 7; = -ZL as introduced in Section 1.4,

are computed for a given sequence of increasing n; :
(43) F = {Tll,ng, .. } .

Since lim, o u,(T) = u(T'), the values (U1, ...,Us1) are extrapolated to 7 = 0,
getting an hopefully better approximation than the ;. This will be explained
now. We compute the interpolation polynomial with values in H,,

(4.4) pik(T) = e +eT+...+ er_17
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€o,.--,ek—1 € H, 4, such that
(45) pjk(T,')Zu;lfOIi:j,j-l,...,j—k+l.

This can be done in H, ,, since the e; can be determined as linear combinations
of the U;;, as we will see later on. Now extrapolation to 7 | 0 leads to

(46) ujk = P;k(o) =€ € Hp,a .

The values Ui can easily be computed in the extrapolation table

Ui
LN
Un — Ux
(4.7) ! ! \
Ua — .. Ukp-r — Uk

using the Aitken—-Neville algorithm: 5 > 2

Ujp—1 — U1 k- i
(4.8) Use = Ujp1 + L J_ik Lok=2,...,7,
Nj—k+1

which can also be performed in H,,.

The error ||u(T) — Ujr||,o Will be examined in the following

THEOREM 4.1. Forug € H,, we have
(4.9) e = [u(T) = Ujkllpa < vis T,

where asymptotically
(4.10) Yik = [nj_k+1 ce nj]‘lC’ ,

C depending on the problem, on the initial value and on F.

Proof. Follows as usual from Theorem 1.13. For instance take the proof of
Theorem II. 9.1 in [27]. u

By these remarks and the fact that in general v;; decreases for increasing &
we see, that the assumption

(411) €5 k+1 < CEjg , €< 1,
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is reasonable. As in DEUFLHARD [15] Section 1.2 we are thus led to the subdi-
agonal error criterion

(4.12) etk = [[Uer1h — Unpr k|l =2 [err1klgq

as a reasonable (semi-discrete) estimator. ’

Notation: A single quantity in square brackets denotes a computable estima-
tor for this quantity.

Summarizing, the basic time-step for achieving a prescribed tolerance TOL
in line j 4+ 1 of the extrapolation table is given as

TOL ) 1/(k+1)

(4.13) Tj+1,j = ([ T ’

€541,5)sd
T the present basic time-step.

In the fully discrete case we have to approximate the solution of the countable
systems of algebraic equations (CAE’s) arising in each (semi-) implicit Euler
step, respectively the application of the operator to an element from H,, in the
explicit case. This will be done by means of the discrete Galerkin method as

suggested in Chapter 3. In both cases we obtain the perturbed extrapolation
table

U+ b1
il
(4.14) :
N
Ua +0 — ... Uk + Ok

instead of (4.7), where the §;; are produced by successive (numerical) solution of
the CAE’s (or by numerical projection) and the §;x, k¥ > 1, are the propagated
. errors in the table. Let L_{jk = Ujx + 6x . The task now is to give a criterion
for the accuracy of the discrete sub-problems (CAE, projection), such that the
propagation of the introduced errors in the extrapolation table leads only to
negligible errors in the semi-discrete problem. Therefore we need

(1) a fully discrete estimator [€x41.} with

[€k+1,k]sd S [6k+1,k]

and
(ii) a control of 6k41,k+1, sSuch that

Ury1 k41 1 a tolerable approximation.
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The estimator [ex41,x] will replace [€x41,k)gq in the time-step prediction formula
(4.13). First we can state

lekriklsd < Whsrh = Unprpsallpe
4+ ks1.k = Skt1 b1 llpo -

Under the assumption that we are able to estimate the perturbations

Ok+1.k s Okt1,b41 5 Okt1,k — Okb1 k1

we define

leer1.6) = WUisrk — Unprkilloe + (k16 — Sktrirr] 5
which is a completely computable quantity. It is reasonable to ask for
a) [Sks1kls [Ser1641] < TOL/2
b) (ek+16] < TOL,

for given local tolerance TOL. By examination of the propagation of the errors
6;1 in the table we get

J :
Se= Y, Bibu,
i=j—k+1
where the coefficients ﬂjk only depend on the chosen subdividing sequence F.
Substituting the 6;; by estimates

J

(4.15) [6;x] == Z Iﬂ;kl [6i1]
i=j—k+1

we need

(4.16) [61] < ofTOL,

where the coefficients af can be computed once at the beginning, only depend-
ing on F. The coefficients can be optimized if the amount of work for the
computation of Uj; is known. The building of the extrapolation table up to row
k requires — according to (4.16) - the computation of the Z{;; with error not
exceeding afTOL. This is done by solving j CAE’s (performing j projections),
the implicit (explicit) Euler steps. The :-th of them produces its own error A;
and the exact problem propagates the previous error A;_; by a propagation
operator 7, thus leading to

(4.17) A=A +70i1 .

The role of 7 can be controlled in some cases. As the following result is not a
specific property of H,,, we assume a Banach space X with norm || - ||.
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LEMMA 4.2. (i) Assume that the ezplicit Euler scheme (time step 7) is
applied to a (nonlinear) problem with operator f having a Lipschitz constant
M. For tM <1 we obtain the estimate

(4.18) I=All < NIAl

for the propagation of a previous error A, i.e. A is not propagated.
(it) For the implicit Euler discretization applied to a linear problem with A
generator of a Cy - semi-group of contractions

(4.19) =l <1.
holds.
Proof. (i) Let u® = u(t) , u! = u,(t + 7). If u° is perturbed by an error A,
the explicit discretization yields
u+rA=u +7f(u’+A).
As u® — ! = —7 f(u?) this leads to
IrAll =7 [1f(u® + A) = F)II < TMA[ < lA].

(i) By a similar procedure as in (i) we obtain for the implicit case
1 1
r=I-1A) = ——R(—-;A)
T \T

and the Hille-Yosida theorem (Theorem 1.11) gives the assertion. n

Now assume that there is a reliable error estimation for approximation of the
sub-problems of an Euler step. According to (4.17) and (4.18), (4.19) we get

(420) HAjHP,a S jé 9

¢ the tolerance per step. Using (4.16) this results in the condition
1

(4.21) €:= —:afTOL
J

as accuracy of the approximation of Euler steps leading to I{;;, for an extrapola-
tion table up to row k. This is BORNEMANN’S fundamental connection between
the time-control mechanism (extrapolation table) and the space discretization.
The coefficients o are shown in Table 4.1 for F = {1,2,3,...}, the harmonic
sequence, optimized in [8] with respect to an amount of work assumed to be
n = /e, n the truncation index in the discrete Galerkin method. This as-
sumption, though not verified theoretically, turned out to be the best empirical
setting over all examples.
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ai = 1.6710—1 | af = 1.6710—1

of =1.1810—1 | 03 = 467352 | a3 = 5.65,0—2

a‘f =1 2210—1 a% = 2.3210—2 Otg = 1.3510—2 (12 =1 9210—2

a? = 1.6210—1 ag = 1.6110—2 ag = 5.4510—3 ai = 4.0210—3 ag = 6.5010—3

TABLE 4.1: Coefficients af up to row k£ = 5 due to [8].

The order control mechanism. As described by DEUFLHARD [15] we control
the ‘order’, represented here by the row in the extrapolation table, simultaneous
with the time-step. Relation (4.13) (replacing the semi discrete by the fully dis-
crete error estimation) supplies us with step-size guesses T}, ; for convergence
of Uj41,5, that means the algorithm expects ;. ; to be near to the solution
within the given tolerance. As in [15] we define

T
A

4.22 W=
( ) ‘ J+1,7 Tj+l,j

the normalized work per unit step, where A;;; measures the amount of work for
achieving U; 1 ;+1, which is in turn depending on the work required by the CAE
solver aiming at accuracy € given in (4.21). But this € does not only depend on
J, the row of the table, but also on k, the final row, to which the table will be
build up. Thus we should replace (4.22) by
(4.23) Wiy ;= T—T—Af 1

i+l
introducing Af +1 as the amount of work for obtaining U4 ;+1 in a table up to
Uk These A? +1 will depend on the CAE solver or the projection mechanism.
On this basis we can actually determine an optimal column index g by

g+l _ : J+1
(4.24) Wq+1,q = j=%1'.]fl}é_1 Wj+1,j .

Knowing this g, we use the step-size guess T}, 41 4 for the next basic time-step and
expect convergence in the vicinity of ¢. In order to get a reliable code, avoiding
pseudo—convergence and related undesirable things which occur in practice three
devices have to be implemented.

e convergence monitor
e order window

e a device for possible increase of order greater than ¢,

— see for instance DEUFLHARD (16).
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Realization of the Extrapolation. The extrapolation can be performed in
two ways, depending on the approximation of the Euler steps.

(1) Assume that the initial value u(t) for a global time step T is given in H, ,
and that Galerkin approximations of the Uj;, j =1, ..., k, are also computed

in H, 4t
,nll
Uy =) al'dip,a),
1=0 ‘

nkl
Uiy = Z a:'d ¢i(P, a) s
1=0
with n#+11 > n?! 1 < j < k — 1. Then the extrapolation table can be built
up in H,, by applying the Aitken-Neville scheme to the expansion coefficients
a¥! leading to ‘

(4.25) up(t +T) i=Un = af* di(p,@) , =0
1=0

Finally u}(¢ + T) is transformed to a space H; 5 due to the weight function
fitting condition (3.23) derived in Section 3.2. The procedure above has the
advantage that there are no transformations necessary between H,, - spaces
necessary during the global time step. Furthermore we know from the theory
that extrapolation in the basic space H,, is possible, whereas changing the
space for each Euler step can lead to non feasible transformations. This reli-
ability is paid by requiring possibly more expansion coefficients for the single
Euler steps, since the the space might be not ‘optimal’, i.e. not chosen due to
the fitting condition (3.22).

(ii) In a second approach the U}, are computed in spaces chosen by a weight
function fitting in each step:

nll
thy = Y alt i(p, o),

=0

nkl
U = 3 af! i(p*,0™) .

=0

In order to extrapolate the coefficients, now we have to transform the expansion
of Ujy in Hyi 41 to the space Hjj+11 4541 first. As the table is built up row by
row, the final space is not known a priori, hence up to k —1 transformations are
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necessary. This implies several disadvantages: The extrapolation control may
be disturbed, since the transformations roughen the entries of the table. The
norms used in the error estimation are changed within the extrapolation table.
Moreover, for problems with m-invariant or general operators the parameters
p, c possibly depend on the truncation index, such that additional devices have
to be implemented. The most important point is, that the concept of the
controlled perturbation of the extrapolation table described in Section 4.1 is
destroyed. Finally, in case (i) the scalar products used for the assembling of
the Galerkin equations have only to be computed once in one global time step,
whereas in the second approach it may happen, that even an increase of the
truncation index makes a new computation of all scalar products necessary.

Owing to the above considerations the first way seems to be more promising,
extended by an additional feature which is called coefficient reduction. After
transformation of u%(t + T') to a space H; 4, we choose a (minimal) truncation
index 7 such that e; will be smaller than the prescribed local tolerance. This
avoids instabilities for higher coefficients introduced by the transformation and
has been successfully applied in all considered examples.

4.2 REALIZATION OF THE GALERKIN METHOD

Analytical Preprocessing. Whenever an analytical evaluation of the scalar
products (A linear)

(426) ( Au7 ¢k(p7a))p,a

is possible, it is done using the properties of the modified discrete Laguerre
polynomials from Section 2.2. Examples for such a preprocessing can also be
found in [18], [9], [52] and some results are used herein. The Galerkin equations
(3.9) are assembled up to a truncation index n. By means of a Gauss elimination
the approximation u™ can be computed together with an error estimation €,_;
due to Lemma 3.3. If the error is still too large, the Galerkin equations are
extended by n — n + 1.

For general problems, the coefficients aj also depend on n. Then the Galerkin
equations are assembled up to an index 7 > n and the truncation error is
controlled by (3.20).

Numerical Preprocessing. The numerical evaluation of the scalar products
(4.26) by the surnmation algorithm SUMMATOR (Chapter 6) requires some
additional considerations. Following the red threat of this work, the tolerances
for the summations have to be given adaptively, and the initial grids have to be
chosen automatically.
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Adaptive choice of the summation tolerance. The numerical evaluation of

the scalar products (4.26) or (3.11) by the summation algorithm SUMMATOR
(Chapter 6) requires a careful matching between the error control of the Galerkin
process and the tolerance of the summation. Without information about the
condition number of the linear system arising from the Galerkin equation, a
sufficient summation tolerance cannot be given a priori. Even if for fixed trun-
cation index n such a tolerance is known, an increase of n may increase the
condition number, such that a summation performed for the old n is no longer
sufficiently accurate. Then all summations have to be repeated. Thus the fol-
lowing algorithm is suggested:
Each new entry of the Galerkin equations is computed with a basic tolerance
tol2, on its own summation grid, which is stored. For fixed n the approxima-
tion %™ is computed for tol and tol} := c- tol%, where 0 < ¢ < 1 is a reduction
factor. In actual computations ¢ = 0.5 has been set. Comparison between the
two results yields an estimation of the error ||u™ — @"||, which can be regarded
as a truncation error. The summation tolerance is increased until

~n 1 ~T ~T—
e — ) < 5 & —

or cktold < tolF**, tol®** chosen before. If for & > n a refinement of a certain
grid is required, this can be done by using the stored information.

Initial grids The choice of the initial grids for the SUMMATOR uses the only
general insight known at the beginning of the summation: all terms in the sum
of an H,, - scalar product must be dominated asymptotically by the factor

ps—l — e—)\(s—l), 2> 0,

from the weight function ¥,,. Thus the initial nodes are taken equidistant -
in the logarithmic scale, where the actual value of p can give hints about the
scale of the required upper bound of the sum. *As pointed out in Chapter 6,
the initial number of points has to be odd, the actual implementation uses 3-11
points with a controlling device.

Evaluation of a Galerkin Approximation. The pointwise evaluation of a
Galerkin approximation

uMs) = 3 ax (s ,0)

k=0

has been realized by a fast and stable summation algorithm (adjoint summa-
tion) suggested by DEUFLHARD [14] for special functions satisfying a linear
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homogeneous difference equation. As the basis functions ¥ can be generated
by the three-term recurrence formula (2.22) started with

Po1=0, tho(s) =Tpa(s),

for given s and ¥, ,(s) the algorithm can easily be implemented. The computa-
tion of ¥, ,(s), however, requires s multiplications. For & < s computing time
can be saved by recalling that (see e.g. [20], p. 190)

I'(s + )

A T =1,a>-1.

This means that for &« € s we can substitute

s—14+a s
- ——
s—1 I'(l+a)
An error estimation can be found in [52] (replacing @ — —a there). This
strategy has been used in Example 5.3 above, where s can range up to 10°.

4.3 THE ProGraM CODEX

The implementation of the algorithm developed in this work is called CODEX
(Countable systems of Ordinary Differential Equations by eXtrapolation). As
the ideas of adaptivity used in the algorithm have a lot of structural similarities
to packages developed at the Konrad-Zuse-Zentrum for the solution of partial
differential equations, slightly modified parts of these programs could be imple-
mented within CODEX. In particular the data structures play an important role
for the development of adaptive algorithms. CODEX is written in the language
C and consists of about 4000 lines of source code (80 Kbyte). The program is
divided into four main parts:

(1) The time stepping module which is based on BORNEMANN’S KASTIX (8],
extended by routines controlling the transformation in H,, - spaces (files:
euler.c, extrapolation.c, transform.c).

(i1) The solution module, which performs Euler steps by means of the discrete
Galerkin method, including assembling of the Galerkin equations, error es-
timation and control, handling of a family of basis expansions of solutions,
numerical preprocessing and summation control, dynamic administration
of the associated data structures. The solution of the arising (small) linear
systems for the expansion coefficients is done by Gauss elimination (files:
assemble.c, distbasic.c, distinter.c, estimate.c, gauss.c, solve.c).
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(iii) The SUMMATOR, using data structures from the elliptic solver KASKADE
by RoiTzscH [47], [48] and from KASTIX, adapted to the requirements
of summation (files: summator.c, sumgrid.c).

(iv) Service routines for input, output, graphics including the pointwise eval-
uation of a solution u(s).

The following rough flowchart documents the structure of the program CODEX.
The numbers denote sections of this work, in which the modules of the program
essentially have been developed or explained.

time-step control
(14,5.1)

euler steps in H, o

discrete Galerkin method

(1.4) (3.2,5.2)
‘ analytical numerical
preprocessing preprocessing
. (2.2) (Ch. 6)
extrapolation in H, o

(14, 5.1)

transformation to H; 4
(1.4, 5.1)

FiGuRrE 4.1:

|

l

Galerkin equations

(3.2)

|

error estimation

(3.1)

Flowchart of CODEX
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5 NUMERICAL EXAMPLES

In this chapter some numerical results are presented featuring the following
items:

e Adaptivity of the parameters p, o

Adaptivity of the the truncation index n

Treatment of general problems and control of the truncation error

Numerical preprocessing using the adaptive multilevel algorithm
SUMMATOR

Treatment of non-linear problems by means of the semi-implicit Euler
discretization

All examples are excerpts from real life problems, in particular from polymer
chemistry. All computations have been performed on a SPARC-station 1+
using double precision. The computing times (CPU) are given in seconds.

Example 5.1: Backward difference equation. The equation

u'(t) = ~Vut), u0) =9

appears as a basic step in many applications in chemistry and is called chain
addition process or propagation process there. It can also be considered as a
stochastic process (e.g. random walk). As the operator V is bounded in H,,
(compare Example 1.6 (1)), the problem is solved by use of the explicit Euler
scheme.

The projections P?* can be performed in every time step (with variable trun-
cation index n) using (3.14).

The process is started with the geometric distribution ¢ = ¥, o , po given.
The choice po = 0.3 is made here to illustrate the parameter control of the
algorithm. From (1.5) the solution u(t) is expected to be similar to a Poisson
distribution with parameter A = t. As the weight function ¥,, tends to such
a Poisson distribution for p — 0 and a = t/p (Section 3.2), we can expect
to obtain Galerkin approximations in spaces H,, with p < po and «a large.
The algorithm has to transfer the initial geometric distribution to the (moving)
Poisson distribution.

The system has been integrated up to T' = 50 sec. It turns out, that the param-
eter p decreases to p(T) = 3.6 - 1073, whereas the parameter « increases from
zero to aT) = 13844.4 — this is presented in Figure 1.1 (logarithmic scale).
Note that p(T)a(T) =~ T as predicted in Section 3.2.
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1074 \\
d RHO

0.b1 0.24 0.48 0.71
STEP ( + E+02)

FIGURE 5.1: Time evolution of p and a (Example 5.1).

Table 5.1 reflects the nice behavior of the time-step control - the number of
time steps remains nearly constant for increasing tolerance, whereas the order
is increased.

TOL | time~ | max. | nga | norm of true | CPU
steps | order error in H, o

10-* 30 3 4 3.10-1 0.6

10-? 82| 2 4 4.1072| 1.0

* 1073 1| 4 7 2.107%| 18

10-4 69 5 11 8.10-% 4.7

* run represented in Fig. 5.1-54
TaBLE 5.1: CODEX: performance for variable order (Example 5.1)

The true error measured in H,, = H,rT)(r) has been obtained here from
(1.6). Throughout this chapter ny., may denote the maximum of the number
of expansion coefficients in H ) «() Tequired to represent the solution after a
global time step. The truncation index in single Euler steps sometimes is larger.
Figure 5.2 shows the time layers chosen by the algorithm. The initial time-step
size has been 10™® and increases in time to a scale of 1. Recalling (1.39) we
note that

|Vlpoe = o0, afixed, p = 0.

This would result in time steps tending to zero in general cases. But insertion
of pa =t (the parameter of the Poisson distribution) shows, that in this case
the step sizes may tend to one — an effect which actually has been turn out in
the computations. In Figure 5.3 it can be observed, that with exception of the
initial phase the time steps increase nearly linear.
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FIGURE 5.2: Moving Poisson distribution emerging from
an initial geometric distribution (Example 5.1).

1.34+

0.68

0.024

0.7

0.35
step ( » E+02)

FiGurE 5.3: Time-steps for chain addition (Example 5.1).

The behavior of the error estimation is presented in Figure 5.4. At the beginning
the transfer from geometric to a rough Poisson distribution leads to a little
trouble, then a slight global error increase can be seen (the problem is non-
stiff), but after a while the solution approaches to a Poisson distribution - the
global error decreases.
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107%

1074+ _.., L — _-

0.b1 0.24 0.8 0.71
step ( » E+02)

FIGURE 5.4: Behavior of the error-estimator (Example 5.1).

Example 5.2: Free Radical Polymerization. We return to Example 1.4 now,
where we discussed the behavior of the radical polymers during the initial phase
of a free radical polymerization process. A (slightly simplified) modeling of the
kinetics of the radical polymers leads to

G(t) = —ky(t) () + £(2),
(5-1) W(t) = k() (ua(t) — e (1)) — keua()

with u,(t) denoting the concentration of the radical polymer s. The reaction
coefficients are

(5.2) kp(t) = e %% | b =5.10"%.

An initiation process is modeled by

(5.3) ft)=Iokse® I, =1.0-10"%, ky=10"".

The reaction constants are chosen such that (5.1) reflects the most important
structures of the complete polymerization system at the beginning of the re-
action. As the solution tends to a nearly stationary state, the implicit Euler
discretization has been used here. The analytical preprocessing is not changed
by the time dependent reaction coefficients.

Figure 5.5 presents a simulation up to t = 100 sec. This time is compara-
ble to t = 5 sec in the discussion of the original process (Example 1.4). The
solution starts as a geometric distribution (p = 0.1), approaches a Poisson dis-
tribution with parameter A ~ ¢, and finally returns to a geometric distribution
with p — 1. This is one possible (but not the only) behavior of a free radical

67



polymerization discussed in Example 1.4. In between, around ¢ = 12 sec., the
solution has two local extrema and at most 14 expansion coefficients are required

for performing a global time step (Figure 5.6). For an accuracy of TOL= 0.05
34 time steps are necessary, with increasing size at the end.

N
a2\
b

i
/4
122
=7,

<

FiGURE 5.5: Time evolution of radical polymer (Example 5.2).

0.51-1

u(s) ( <;E—01)

0.01

0.39
S ( « E402)

FIGURE 5.6: Time layer at t = 12 sec (Example 5.2).
True solution (— - —), Galerkin approximation (—).
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Figure 5.7 presents the product pa, nicely reflecting the above interpretation of
the process. Between t=0.5 sec and t=4 sec the product pa increases nearly
linear, because the solution is approximately a Poisson distribution in this phase
and therefore p(t)a(t) = t.

2.95, —
~ ~
/ ~
7 N
7 AN
Y N
1.894 / N N
4 \
’
; N\
\
7/ ~
7 ~
0.83 , N
s N
s \
. N
N
-0.244 ~ -
0.b1 0.2 0.23 0.34
step { + E+02)

FIGURE 5.7: Time-step evolution of pa (Example 5.2).

The evolution of the truncation index n is shown in Figure 5.8.

n ( » E+01)

0.14

0.01 0.12 0.23 0.54
step ( *+ E+02)

FIGURE 5.8: Truncation index n (Example 5.2).
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Table 5.2 presents the performance of CODEX for variable tolerances in
Example 5.2.

TOL | time- | max. | nmax | CPU
steps | order

10T 71 2 7 0.7
*5.102 34 2 14 1.7
10-2 55 2 29 | 145

* run represented in Fig. 5.5-5.8
TaBLE 5.2: CODEX: performance for variable order (Example 5.2)

The increase of the computing time for accuracy 1072 gives an hint, that the
algorithm runs in difficulties, if the solution of a process is too far from the

family ¥, ,, e.g. distributions with two or more extrema or piecewise nearly
constant solutions.

Example 5.3: Polymer Degradation. In a degradation reaction of the type
(5.4) P, rnp 4P, s>r>1,

a polymer P, of chain length s breaks at position r into two polymers of length
r and length s — r. In general (see e.g. [4]) the reaction rate coefficients ki,
depend on the degree of the polymer s and the location r of the breaking bond
in the polymer chain. Mathematical modeling of a degradation leads to the
following CODE, with u,(t) the number of polymers of chain length s at time
i:
s~1 o]

(5.5) ul(t) = (Apu)(s) :== — (Z k”) us(t) +2 Z kesu(t),

. r=1 r=s+1
re-defining the degradation operator (142) A realistic initial distribution u,(0)
is given in [52] by
(55) u(0)=>7, p=c",

such that the maximum of the distribution u,(0) roughly occurs at chain length
s = r. We consider the case k,, = k, , k, constant first. For an analytical

preprocessing we need the relation (2.33) and employ the recurrence formula
(2.22). Then the scalar products

Qjk 1= (AD Yk ¢j)p,a
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can be evaluated:

k
l—i’pj s for k‘:j—l,k:,é(],
k ) . .

(5.7) aj = 1_”p(—1—p(1—1)—ap) , for k=3, k#0,
1_’”pp(j—1)(l+a/(j+1)) , for k=j+1.

For |7 — k| > 1, k # 0 the scalar products are zero (— Ap is l-invariant), the
remaining terms are

k, k. 2k, pa
ag = ——p(l+a), ag=——(14+pa), ajp= ———  §>2
00 1__pP( ) s G0 l—p( pa) , ajo 1-p0+ 1D J
We know from Example 1.6 and Corollary 1.12, that the algorithm can be
applied to the degradation operator for p(1 + «/2) < 1. Therefore we cannot
use the exact representation (3.4) of the initial value ¢ by

o(s) = L Wpa(s) , s 2 1,

(1 —p)r

when p > 2/3 (p > 1/2 with a safety factor). This means, that distributions of
the type (5.6) can only be represented in Hz; for r = 1. But with this we are
back to a geometric distribution. Hence we use the representation of ¢ in H,
with p = 2p/(1+p) and the expansion coeflicients a; from Example 3.1 and have
to control the moving weight function fitting additionally by g(1+a/2) < ¢, ¢ <
1 a safety factor. Taking e.g. 30 coefficients introduces an error of about 1072
for ¢ - sufficient for all computations. By the way we note, that a simulation
started in Hj; failed indeed.

Figure 5.9 shows a typical simulation of a degradation up to ¢ = 1000 seconds,
started with (5.6) having a maximum at r = 60000 and a reaction constant
ky, = 2.11-1077 due to [4]. The lines show the weight distribution

Py(t) :=s-uys(t), 1 <s<400000.

As the qualitative behavior of the process is the same for small r, Figure 5.10
and Table 5.3 are computed using r = 50, k, = 1 and ¢ = 1. This numbers
are chosen just to compare the results with a true solution obtained by direct
integration of a system of 1000 ODE‘s here.
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FIGURE 5.9: Time evolution in a degradation process (Example 5.3)

The error estimation works well again, what can be seen from Figure 5.10.

0.01 0.1 0.22 0.32
step ( * E+02)

FIGURE 5.10: Behavior of the error estimator (Example 5.3).

The performance of the algorithm for several tolerances is illustrated in Table
5.3.
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TOL | time—- | max. | nnmqe | norm of true—error | CPU
steps | order in Hy o

10-1 14 2 6 3.10-2 0.7

5.10-2 171 2 7 2-10-2 1.0

* 102 32| 2 10 7-1073| 5.0

5.10-3 21 3 11 3.1073 5.5

* run represented in Fig. 5.9, 5.10
TABLE 5.3: CODEX: performance for variable order (Example 5.3)

As the degradation operator is not invariant in the sense of Definition 3.1, we
also have to control the truncation error by increasing the actual truncation
index n to an 72 > n. Tests show, that in all steps n +1 or n + 2 coefficients are
sufficient to ensure the condition (3.20). In all runs the number of expansion
coefficients decreases during the time evolution. As expected from the theory,
the degradation operatér is smoothing (A; is dissipative).

Numerical Preprocessing. Now the degradation problem will be attacked for
(5.8) ko =ky =k, k,=211-1077, 8=—1/3.

This modeling of a heterogeneous polymerization is given in [4] and has been
treated in [52] by replacing the fractional power by a so-called factorial power.
Introducing a (small and controlled) modeling error, the problem could be solved
there using product linerization formulas of discrete Laguerre polynomials. In
order to solve the original problem, we use the SUMMATOR in order to evaluate
the scalar products

(5.9) (Abulpre)  5(p. @) = ko> Wpals) ls) # 9(s)

8=2

with A% the degradation operator with coefficients (5.8) and the grid function
g(s) defined by

(5.10) g(s) = —(s — 1)l;(s) + T%_p (Plj(s) — lipa(s) + o' (i :?))

for s > 2 and
(5.11) 9(2) = =1;(2) + 20(2);(1) T, 4(2) .

Here relation (2.33) enters again, but the analytic preparations cannot be con-
tinued, because there is no closed representation of the scalar products including
the fractional power of s. Thus a numerical summation is necessary.
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The simulation is started with (5.6), » = 60000, the upper bound smay of the
sum in the scalar product is chosen to be 10%. This number is not crucial.
Obviously the computational effort is now significantly higher than the effort
in the case of constant reaction coefficients above, in particular for high accura-
cies and high time discretization order. Thus we restrict ourselves to technical
accuracies and order 2 in the extrapolation table. Figure 5.11 compares the
solution u(t) at ¢ = 3600 sec obtained by the method suggested in [52] (---) and
by CODEX (—). It can be seen that the results are in good agreement.

The number of nodes in the finest summation grid per time step is presented
in Figure 5.12. The adaptive generation of these grids, described in Chapter
6, is controlled by the required truncation error of the Galerkin approxima-
tion, which in turn gets its tolerance from the time-step control. This means
that the outline of the algorithm, suggested at the end of Section 1.1, has been
completely realized.

0.56+

0.374

u(s) ( » E+01)

R b
0.bt 067 s (» £405) 1.33 159

FIGURE 5.11: Heterogeneous degradation, t = 3600 sec. (Example 5.4)
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0.754

§ 0.5
+
w
>

'80.25-
c

O

o step ( * E+01) i
FiGurEe 5.12: Evolution of the maximum number of grid points per step.

The following Table 5.4 demonstrates, that only about 45000 evaluations of

the grid function g¢(s) are necessary during the whole computation (TOL=5 -
10-2).

TOL | time— | Nmar | max. no. of | total no. of | CPU
steps grid points | grid points

10T 7 8 63 24258 | 22.3

*5.1072 10| 10 67 45125 | 41.1

* run represented in Fig. 5.11, 5.12
TABLE 5.4: CODEX: performance for numerical preprocessing (Example 5.3).

Example 5.4: Coagulation Processes. Finally an important and challenging
nonlinear class of problems is addressed. Coagulation (combination) processes
can be described in chemical notation by

kT!
—

P, + P,

T+3 9

where P, may denote a polymer molecule or a soot (smog) particle of size s.
Coagulation (combination) processes appear frequently in applications - distin-
guished by different modelings of the reaction rate coefficients k,,. In polymer
chemistry often moment dependent rate coefficients are in use, whereas the mod-
eling of surface effects for the combination of smog particles leads to coefficients
dependent on the size of the reacting molecules. The CODE of a coagulation
process reads in general (u,(t) defined as in Example 5.3) '

(6.12) wy(t) = F(u(t)) := %si—:l kroer up(t) us—r(t) — us(t) il ko ur(t).
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The Frechét derivative DF(¢)(u) of F' with respect to u at ¢ (required for a
semi-implicit Euler discretization) can be computed pointwise (the time depen-
dency is omitted) by

s—-1 oo o)
(5.13) DF(p)(u)(s) = Z Krser Paer Ur — @4 Z ko up — usz ke 0r .
r=1 r=1 r=1

The treatment of a coagulation process with general rate coefficients &, is a very
difficult task, which has actually not been solved up to now. In [39] a discrete
Fourier transform is applied, however, apart from the fact, that it turned out to
be very time-consuming, a product separation of the k., with respect to r and
s has been assumed. This is not met in many examples — see e.g. the realistic
coefficients

1 1\'? 2
- (5.14) ks = kyp -(—- + —) (r1/3 + 51/3) , kp constant,

A

given by FRENKLACH [21].

First, the behavior of a semi-implicit Euler discretization will be demonstrated
for the case ks = k, , k, constant. We assume u, ¢ € H,_. o with expansions

Us = Zakd}(s;f%o) y Ps = Zbk¢k(s;p70) )
k=0 k=0

in H,o. For a = 0 we can use the convolution formula (2.34). Then by manip-
. ulations essentially described in [18] the preprocessing results in

1 —kp ao bO y .7 = 0 ’

— (DF Y = -1 k, =2 .

,7;.’ ( ((’0)(“) ’ 1/’3),, kpzak bj.-k - fzak bisik, 7 #0.
k=1 k=0

We end up with the following Galerkin equations for the semi-implicit Euler
discretization (a = (aq, a1,...), b= (bo, b1,...) )

(I-—T’CPC)CLA = T’Cpf

(5.15) o = btas,

where the Matrix C = (c;x) is defined by

COO':'“bO: Cjkzo,jSk,
cio=-bj1/p, 721, cix="bj_x— bj_k-1/p otherwise .
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The right-hand side vector f is given by ([18], (4.14))

1
fo=—§bg,

1 j—1 1j—1
k=1 Pi=o

An analytical preprocessing for a s 0 is not possible here, because a relation
like (2.34) is missing for that case. Fortunately this is no disadvantage here,
as a check after each time step during the integration has revealed. During
the whole process @(u) evaluated due to the fitting condition turned out to be
near zero. Thus the integration has been performed with fixed & = 0. Figure
5.13 shows a time layer of the weight chain length distribution for ¢ = 1000
sec. process time, smax = 4000, k, = 1. The integration has been started with
p=Y,0, p=0.001,1e @rb,;. '

0.73

seu(s) ( * E-03)

03 04

02
s ( » E+04)

FIGURE 5.13: Time layer of Py(t) = s - us(t) of a coagulation process at t=1000.

Table 5.5 illustrates, how well the order and step-size control behaves even in
the nonlinear case, when the semi-implicit Euler discretization is used.

7



TOL | time- | max. | nmax | true error | CPU
steps | order in H, o
101 32 2 3{11-1071| 08
10-? 71 4 3]15-1072| 19
* 1073 63| 4 3111.1073} 23
10-¢ 64 5 31 86-107%| 4.0

* run represented in Fig. 5.13
TABLE 5.5: CODEX: performance for several tolerances (Example 5.4).

Now we turn to a coagulation process from soot formation with the reaction

rate coefficients (5.14). In [21], where the problem is approached by a method
of moments, approximations of fractional-order moments based on the special
form of these coefficients have been exploited to obtain information about the
mean values of the solution at least. Nevertheless, the solution itself has to
be computed by a direct time integration of a truncated system as an ODE
(00 = Smax 0 (5.12), Smax large -enough). This has been done in [32] for a
comparable system with sp.x = 50, ..., 500, leading to computing times up to
16000 sec (CPU) on a Cyber 205, increasing quadratically with Smax-
We present first results for such systems obtained by the discrete Galerkin
method. In Table 5.6 and Figure 5.14 results of the nonstiff ODE - solver
DIFEX1 [16] and CODEX (global tolerance € = 0.1, a = 0 fixed, nmax = 3) are
compared for various process times. Obviously, the direct integration is very
fast for small dimensions of the ODE system, but the computing time is going
up quadratically after a while (spayx enters quadratically in the evaluation of the
right-hand side of (5.12)). For stiff integration, which is absolutely necessary
for long time simulations, things become even worser. In contrast to that, the
time spent by CODEX increases only linearly with smax. As an explanation,
Figure 5.15 shows the average number of nodes computed by the SUMMATOR
in selected time steps and the number sy, which is necessary to ensure reason-
able solutions of the truncated system (5.12) at time ¢. The number of nodes in
CODEX remains nearly constant during the whole integration, whereas a direct
integration leads to increasing size of the systems. In the light of these facts,
discrete Galerkin methods as suggested in this work seem to be the methods of
choice for these problems. They do not depend on smax really, but only on the
complexity of the solution to be represented by orthogonal polynomials, and as
far as numerical preprocessing is applied, on the grids generated by the summa-
tion algorithm. Even if a careful and extensive examination of heterogeneous
coagulation processes is left to future work, the first results are very promising
in contrast to other methods used up to now.
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t | smax | CPU-DIFEX1 | CPU-CODEX
(sec) (sec)
0.1 20 3 51
0.5 50 68 170
1.0 85 329 280
20| 180 1158 525
TABLE 5.6: Comparison between direct (non-stiff) integration (DIFEX1)
and CODEX.
1.564
1.044
]
s
\50.52~
0.01 0.41 08
s (» E402)
FIGURE 5.14:

Comparison between direct solution (- -) and Galerkin
approximation (—) of a heterogeneous coagulation process at t=2.
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FIGURE 5.15: Time evolution of spax and average number of nodes

of summation grids.
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6 APPENDIX: A MULTILEVEL SUMMATION ALGORITHM

As pointed out in the Chapters 3 and 5, the evaluation of scalar products in
H,, sometimes has to be done numerically. The task is the computation of
sums of the form

Smax

(6.1) 2—:1 us li(s; p, )

arising from the Galerkin method based on modified discrete Laguerre polyno-
mials, or of sums

Smax

(6.2) o f(s)

8=3Smin
in general for a given grid function f(s), $ € [Smin, Smax], $ € N. In order to

obtain an approximation of (6.2) a so-called SUMMATOR has been developed.
The idea is the construction of a sequence of grids

AOC Al Cc...C AJ C {Smina Smx] )
which should reflect the behavior of the grid function f. Therefore we need local

summation formulas, a local error estimation and a refinement strategy. The
algorithm might have applications apart from the context of this work.

Discrete Interpolation. Interpolation of a sequence (grid function) f(s) only
makes sense, if we assume an underlying smoothness of f. The error of polyno-
mial interpolation for functions f € C*[a,b] can be described by means of the
k-th derivative of f. In the discrete case we have to replace the derivative by
a finite difference. Thus the interpolation error will contain all values of a grid
function f(s). For a given subset

I := {Smin, Smin + 1, -- ., Smax} CIN
let
AZ:{Smin=30<Sl<"'<S"=3ma"} cl

a sub-grid, where the discrete interpolation polynomial D, (s) = D3°*(s) of
degree n is defined by the conditions

(63) D:O""'s"(s,') = f(s,-) , Si €A
As in the continuous case D™(s) can be constructed by means of divided differ-
ences f[s;, ..., Siyk] [51]. The polynomial D,(s) then reads
D3orein = (s) flsoy---5 S5],
(6.4) n (s) J};,)‘UJ( ) flso il
wi(s) == (s—5s0) ... (s—5j-1),
for s € A.
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LEMMA 6.1. Forr € I the interpolation error €}(r) is given by

(65) 61;(1“) = f(T) - Dn(T) = wn+1(r) f[30> LR Snar] .
Proof. The representation of D>*"(s) in terms of divided differences leads
to
§(r) = Dn(r) = DI () — D (r)
= wWn41(7) S0y s Sn, 7]
using (6.4). =

Lemma 6.1 shows, that the ‘smoothness’ of grid functions is measured in
the present context by the value of the maximum of the divided differences
flsoy.--y8n,r] on I. The theorem ensures that for a moderate bound of this
difference the behavior of the interpolation will be comparable to the continuous
case.

Summation formulas. The construction of summation rules can be done ana-
logue to the derivation of quadrature formulas . For given nodes so, ..., s, the
interpolation polynomial Dgo»*»(s) is summed from s = sg to s = s,,. For the
multilevel algorithm we restrict ourselves to low—order summation rules - com-
parable to the Trapezoidal rule and the Simpson rule in numerical quadrature.

Discrete Trapezoidal rule. Consider the discrete interval {sq,so+1, ..., $1}
with s; :=s0+6, § € N. Let fy := f(so) and fi := f(s1). Then the trapezoidal
sum T'(8) of 33L,  f(s) turns out to be

s=s¢

(6.6) 7(5) = 21

_ ——Q——(fo+f1)-

The difference to the continuous Trapezoidal rule arises from the fact, that edge
points have to be considered separately. Insertion of the interpolation error from
Lemma 6.1 lets expect the summation error €5 to behave like

(6.7) es =C6, C constant .

Note that for a repeated application of a summation rule the role of the bounds
of the sub-intervals has to be kept in mind.
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Discrete Simpson rule. Now take three nodes, sg, s;, s5, where s; := 5o+ 6;
and s := s1 + 02. As the local error estimation will compare Trapezoidal sums
on an interval with Simpson sums we are interested in approximations S (6;, 6,)
and SB(6,,6,) of 351, f(s) and Yz, f(s). Some tedious calculations (which
fortunately could have been performed with the algebraic package REDUCE)
lead to the following expressions:

(26, + 36, + 1)(6, + 1)
SL 61)5'2 = 0
= fa

§:1(62 - 1)
for the left interval {so,..., so + &1} and

(61436, —1)(6: +1)
66>

+ f

662(61 + 62)

2 e —
Sonb) = —f 6?521(((352; + 2) + 5 6611)(62 -
(6.9) f FCET N
T 6+ 8

for the right interval {si,..., s; + &;}.
The above formulas are the basis of the SUMMATOR.

Error estimation. Let IJ‘: and IJ‘: +1 Dbe sub-intervals of I which have been
generated on refinement level ¢ by subdividing an interval I;~'. We denote
by Ty the Trapezoidal sum on I} and by Sy the Simpson sum using the three

J J

different f - values the end points of I} and I?,, and the formula (6.8) (analogue
for the right sub-interval).

- Ai—l
I
1 Ai
I
- ; Ai+1
EEERES

Then the error

ITI;Z - E f(s)l
I;

will be estimated by
& =T — Sil,

assuming that the Simpson formula will be significantly more accurate on Ij
than the Trapezoidal rule.
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Refinement strategy [5]. It is reasonable to equilibrate the local errors on
each grid A'. Let A*~! and A’ be constructed with n;_; respectively n; subin-
tervals and errors €. and E; If we refine an interval I} again, we can expect
from (6.7) that the errors €i*! and €if}, on the new generated intervals /i
and I,'i&l will be approximately

~1 t— 2 :
= (1) /el
under the assumption, that the associated intervals have been bisected. Then

we compute a cut value by

cut;;; =  max E}“ ,
J1=1,...,n¢

and intervals IJ‘: with sj- > cut;y; will be refined only.

Algorithm. In short form the algorithm reads as follows:

(1) Choice of a start grid with an odd number of points (at least three), i.e
an even number of subintervals.

(2) Approximation of the sums on all intervals with discrete Trapezoidal and
Simpson rule. Computation of the global sum, refinement of all intervals.

(3) Local and global error estimation, where the global error is estimated
by comparison of the approximations of the global sums on the last two
refinement levels.

(4) if global error (scaled) < TOL : stop.

if not: refinement of all intervals with error larger than the cut value.
(5) Evaluation of the new sums; back to (3).

If the value of the sum turns out to be small (< 1), an absolute scaling is used.
The algorithm has been implemented in the language C, using concepts and data
structures from the finite element codes KASKADE [47], [48] and KASTIX [7].

Example 6.1. As a first example we consider the computation of the trun-
cated harmonic series

This sum is a challenging test for the algorithm, because the harmonic series
diverges logarithmically in s... So we have to expect, that the nodes chosen by
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the SUMMATOR are nearly equidistant in a logarithmic scale. This is backed
indeed by Figure 6.1, where the nodes for a summation up to spmax = 107 are
shown for required tolerances tol= 102 and tol= 10~*. When s,,,, is increased
to higher values, the distribution of the nodes remains qualitatively the same.
The reached true error and the number of chosen nodes are presented in Table
6.1 for different tolerances. The exact value of the sum with spay = 107 has been
computed on a SPARC station 1+ (90 sec CPU time). The computing time of
the SUMMATOR has been maximal 1 sec (CPU) for the most time-consuming
test (2140 nodes).

tol error | nodes
10-2 ] 1.10"3 47
1074 | 5.10"% | 129
1076 | 6.10"7 | 356
1078 | 2.1071° | 2140

TABLE 6.1: Performance of the SUMMATOR for the harmonic series.

FIGURE 6.1: Grids for the summation of the harmonic series
in a logarithmic scale. Coarse grid Tol = 1072 (47 nodes),
fine grid TOL = 10~* (129 nodes).

Example 6.2. The solution of CODE’s by means of the discrete Galerkin
method requires the evaluation of scalar products like (Au, ¥,), ,, with A an
operator from a CODE and %, a basis function of H,,. Whenever an analytic
calculation is not possible, the scalar products have to be computed numerically.
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The present example will demonstrate, that this task can be efficiently accom-
plished by the SUMMATOR. For demonstration purposes we restrict ourselves
here to a case which also can be treated analytically. For this we consider

(¥10(55£,0), %10(s;0,0)),0 = p'° and  (¥10(s;p,0), Po(s;0,0))° =0.

In both cases the terms of the sum are dominated by a polynomial of high
degree. The second case is of interest as a test of the absolute scaling for results
near zero. For the computations the sums in the scalar products have been
truncated at spax = 10° for p = 0.999.

1.614

( « E-04)

~0.1{ BB e et

[ 0.16 0.31 0.47
s ( * E+05)

FIGURE 6.2: Typical grid (tol= 10~3, 63 nodes) arising from the summation
of scalar products in H"*.

The number of nodes for these examples range from 50 for tolerance 1072 up to
about 500 for tolerance 10~¢. For further applications see Example 5.3.

Example 6.3. Finally we present some results for double series. We consider
the sum

Smax

s~-1
Z 11(8; P, 0) Z kr,s—r Pr Pa—-r ]
s=1

r=1

with the coefficients (5.14)

kpg:= (l + 1)1/2 (,.1/3 + 31/3)2

r S
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and
P, :=sp"!.

This is the problem setting from the simulation of smog reactions in Example
5.4. The parameters p = 0.995 and sg.x = 1000 have been chosen here, such
that a direct summation could be performed in moderate computing times.
Table 6.2 shows the number n; of evaluations of the term in the inner sum
for technical accuracies. Note that this number is about 500000 if the sum is
computed directly. Other successful attempts have been made for double sums
arising in degradation processes.

tol €rror ng
1071} 1.1072 93
10721 6-1073 | 203
1073 2-107* | 1072
10741 4-107° | 1729

TABLE 6.2: Performance of the SUMMATOR for a double series.

The choice of the required tolerance TOL; for the inner sum is a difficulty,
which also arises for quadrature of functions (see [38]). We use the following
argumentation:

Given a sub-interval on level ¢ of the outer sum, we need the f-value of the
midpoint (used for computation of the Trapezoidal rule) with an error small
enough to ensure the required global accuracy TOL, if level ¢ + 1 is the final
one, but not smaller than the predicted error éj*l of the associated interval on
the next level. Finally it is reasonable to require at least the global tolerance.
Thus we obtain a local inner tolerance by two steps:

(i) TOL} = max {TT?L ) ?—“} )

) J

(i) TOL;=min{TOL, TOL}} .

We also want to mention, that the effect of loss of smoothness described in (38]
for the approximation of double integrals by an adaptive algorithm is not so
dramatic here, since the divided differences remain moderately bounded if the
grid function f is perturbed.
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