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Abstract—Gas distribution networks are complex structures
that consist of passive pipes, and active, controllable elements
such as valves and compressors. Controlling such network means
to find a suitable setting for all active components such that
a nominated amount of gas can be transmitted from entries
to exits through the network, without violating physical or
operational constraints. The control of a large-scale gas network
is a challenging task from a practical point of view. In most
companies the actual controlling process is supported by means
of computer software that is able to simulate the flow of the gas.
However, the active settings have to be set manually within such
simulation software. The solution quality thus depends on the
experience of a human planner.
When the gas network is insufficient for the transport then
topology extensions come into play. Here a set of new pipes or
active elements is determined such that the extended network
admits a feasible control again. The question again is how to
select these extensions and where to place them such that the
total extension costs are minimal. Industrial practice is again
to use the same simulation software, determine extensions by
experience, add them to the virtual network, and then try to
find a feasible control of the active elements. The validity of this
approach now depends even more on the human planner.
Another weakness of this manual simulation-based approach
is that it cannot establish infeasibility of a certain gas nomination,
unless all settings of the active elements are tried. Moreover, it
is impossible to find a cost-optimal network extension in this
way. In order to overcome these shortcomings of the manual
planning approach we present a new approach, rigorously based
on mathematical optimization. Hereto we describe a model
for finding feasible controls and then extend this model such
that topology extensions can additionally and simultaneously be
covered. Numerical results for real-world instances are presented
and discussed.

I. I NTRODUCTION
In the past, the German gas supply companies were gas
vendors and gas network operators at the same time: They
purchased gas from other suppliers and set up and operated the
necessary infrastructure to transport the gas from those suppliers to customers. In course of the liberalization of the German
gas market, these roles and business units were separated
by regulatory authorities. Now there are companies whose
sole task is the transportation of gas and who operate gas
transportation networks for this purpose. Several previously
independent networks were aggregated into bigger units. A
discrimination free access to these networks has to be granted

to everyone. This increase in flexibility for gas vendors and
customers requires a higher degree of operational flexibility
from the gas network operators. Although the total amount
of transported gas is approximately the same, today’s gas
networks cannot cope with this. Various congestions show up
obstructing the desired flexibility. To overcome these shortcomings a massive investment in the networks is necessary
in the future. Extension management becomes a crucial issue,
since each single investment into a new compressor or a new
pipe costs up to several hundreds of million Euros.
A gas network operator concludes transportation contracts
with customers (usually gas suppliers and vendors), conceding
the right to feed in gas at entry points and/or to feed out gas
at exit points of his network. These contracts define limits on
the amount of gas fed in or out, respectively. To initiate an
actual gas transfer, the customer has to nominate the amount
that is to be transferred some time before the actual feed-in
or feed-out occurs. The customer has to ensure that the fed-in
(fed-out) amount of gas is fed-out (fed-in) elsewhere in the
network; one says that the nomination has to be balanced.
To this end, customers conclude supply contracts among each
others. The gas network operator has no knowledge of these
contracts. He only provides the infrastructure needed to fulfill
these contracts, and is obliged to fulfill each nomination. Note
that it is totally up to the gas network operator how the gas
is routed inside the network. All he has to ensure is that the
amount of gas fed in or out matches the nominated amounts
at those points.
There are several types of contracts a gas network operator
can offer his customers. There are so-called RAC-type contracts (restrictively allocable capacity), which offer the right
to feed in up to a certain amount of gas at a specified entry and
to feed out the same amount at a specified exit. Obviously, any
nomination on a RAC-type contract is itself balanced. More
important are so-called FAC-type contracts, which constitute
either the right to feed in at a certain entry or to feed out at
a certain exit. The same amount of gas may be fed out or
fed in at an arbitrary set of exits or entries; this is why this
type of contract is referred to as “freely allocable capacity”.
FAC-type contracts are very flexible and ultimately allow gas
consumers to purchase gas from various gas vendors. This
possibility is a consequence of the liberalization of the German

gas market; it is therefore desirable to offer a large share of
the transportation capacity by FAC-type contracts. To achieve
this, the gas transportation network must be flexible enough
to meet the possible nominations resulting from the FAC-type
contracts sold. A gas network operator may only sell FACtype contracts such that he can guarantee fulfillment of the
customers’ nominations.
The existing German gas network has grown over time. It
was built by gas supply companies such that it can ensure
the transportation of exactly the required/planned amounts
of gas to their customers. In addition, there are large pipe
systems, which are used on the one hand for the transfer of gas
through Germany and on the other hand to supply smaller gas
distribution networks. This structure is indeed appropriate for
the original requirements, but it does not necessarily facilitate
fulfillment of the very different nominations that may arise
from many FAC-type contracts. It is thus a limiting factor for
increasing the availability of FAC-type contracts. Extending
the network by suitable means allows to use the network in a
more flexible way and thus to fulfill more potential nomination
situations. Note that these extension measures are not meant
to increase the overall amount of gas that may be transported
but the flexibility of the gas supply. In fact, Germany’s future
gas consumption is estimated to decrease.
A gas network may be extended in several ways to increase
the local transportation capacity. It is possible to build new
pipes and to extend the capabilities of compressor stations
and control valves or to build new ones. A special case
of building a new pipe is looping: A loop is a pipe that
follows an existing one; loops are somewhat cheaper to build
than a new pipe somewhere in the country. Other extension
measures include adjusting existing contracts or concluding
new contracts. For instance, higher feed-in pressures or lower
feed-out pressures may be established. In addition, the gas
network operator may require a minimum feed-in at some
entries or to conclude load flow commitments. A load flow
commitment with a supplier allows the gas network operator
to require a certain minimum feed-in at an entry if this helps
to operate the network. Since load flow commitments usually
lead to a tighter coupling between gas vendors and gas network
operators they are undesirable from a regulatory perspective.
Several approaches to improve the topology of a gas network are reported in the literature. Mainly various heuristic
and local optimization methods are in use. Boyd et al. [1]
apply a genetic algorithm to solve a pipe-sizing problem for
a network with 25 nodes and 25 pipes, each of which could
have one of six possible diameters. Castillo and Gonzaleza
[2] also apply a genetic algorithm for finding a tree topology
solution for a network problem with up to 21 nodes and 20
arcs. In addition to pipes, also compressors can be placed into
the network. Mariani et al. [3] describe the design problem
of a natural gas pipeline. They present a set of parameters
to evaluate the quality of the transportation system. Based
on these they evaluate a number of potential configurations
to identify the best among them. Osiadacz and Gorecki [4]
formulate a network design problem for a given topology as

a nonlinear optimization problem, for which they iteratively
compute a local optimum. For a given topology the diameter
of the pipes is a free design variable. Their method is applied
to a network with up to 108 pipes and 83 nodes. De Wolf and
Smeers [5] also use a nonlinear formulation and apply a local
solver. They distinguish the operational problem (running the
network) from the strategical investment problem (extending
the network). For a given topology with up to 30 arcs and
nodes they can determine optimized pipe diameters.
Our contribution in this field is to apply exact optimization
methods that can converge to and prove global optimality.
Moreover we allow for larger networks with up to 600 nodes
and arcs. Our methods were developed in close cooperation
with Open Grid Europe GmbH (OGE), a large gas transportation company. Section II presents a mathematical programming model that is used in our network extension procedure
to model feasible nominations. However, it may also be used
on its own to quickly check a nomination for feasibility. In
Section III, we present our main contribution, a procedure for
computing suitable cost-optimal network extensions based on
rigorous mathematical programming methods. We show some
initial results obtained using this procedure in Section IV.
II. G AS N ETWORK N OMINATIONS
A gas network consists of passive and active components.
While the behavior of passive components, i.e., pipes, is
completely determined by physics, active components allow to
control the network to some extent. For instance, a compressor
may increase the pressure, while a control valve may reduce
and regulate the pressure. Controlling a gas network means to
find a suitable setting for all active components such that the
nominated gas can be transmitted through the network, without
violating physical or operational constraints. The control of a
large-scale gas network is a challenging task from a practical
point of view. In most companies the actual controlling process
is supported by means of computer software that is able to
simulate the flow of the gas. However, the active settings
have to be set manually within such simulation software.
We present a mathematical model to identify settings for all
active elements simultaneously. It is solved using numerical
optimization techniques outlined at the end of this section.
Given is a gas pipe network as a directed graph D = (V, A),
where the set of nodes V is the disjoint union of entry nodes
V entry , exit nodes V exit , and intermediate nodes V inter . The set of
arcs A is the disjoint union of passive arcs, or pipes, Apipe , and
active arcs, which are compressor stations Acs , control valves
Acv , or valves Ava .
For each node i ∈ V the amount of gas entering or leaving
the network is given by di ∈ R. We have di > 0 for
all i ∈ V entry , di < 0 for all i ∈ V exit , and di = 0 for
all i ∈ V inter . The vector d ∈ RV specifies a nomination,
which the gas transportation company needs to deliver through
their network. If this is possible, the nomination is said to
be feasible, otherwise it is infeasible. Later, we will treat
infeasible nominations as input data for determining suitable
topology extensions, so that they also become feasible.

In order to answer the question of feasibility for a nomination we need to model the behavior of natural gas in pipes,
i.e., the physics of gas. To this end, we introduce two families
of variables. One are flow-per-arc variables qi,j ∈ R for all
(i, j) ∈ A. If qi,j > 0 then gas flows from i to j, and for
qi,j < 0 the gas flows in the opposite direction. The other are
pressure-per-node variables pi ∈ R+ , which are bounded by
minimum and maximum node pressures:
∀i ∈ V : pi ≤ pi ≤ pi .

(1)

The upper bound relates to physical limitations (if violated
the network might be damaged), the lower bound is due to
contracts with the customers, or 0 for intermediate nodes.
Since we study a network flow problem, we have the usual
flow conservation or continuity constraint in our model:
X
X
∀j ∈ V :
qj,k −
qi,j = dj ,
(2)
k:(j,k)∈A

i:(i,j)∈A

which means that all gas that enters a node has to leave the
node, only plus or minus the gas that is nominated at this node.
This constraint occurs in any network flow model. In addition
to that we have special constraints that model the physical
properties of the flow of gas. Here we use the Weymouth
equation [6], a quadratic pressure loss equation of the form
∀(i, j) ∈ Apipe : qi,j |qi,j | = αi,j (p2i − βi,j p2j ).

(3)

Here αi,j is a pipe-dependent constant that models all physical
properties of the gas, such as its compressibility and its
(estimated average) Reynolds number, and the pipe, such as
its length Li,j , diameter, and roughness. A potential height
difference of nodes i and j is expressed by parameter βi,j .
Despite being almost 100 years old now, it is still considered
to be a good approximation among all empirical formulas for
computing the flow in medium to high pressure pipes [7].
Compressor stations can increase the pressure up to a certain
level. The possible pressure increase depends in a nonlinear
way on both the incoming pressure and the flow through
the compressor. For simulation purposes, this relationship is
described using the characteristic diagram of a compressor. We
use a linear inequality system F (pi , qi,j , pj ) ≥ 0 that couples
the incoming and outgoing pressure and the flow throughput.
This linear inequality system is derived from the characteristic
diagram to be a tight approximation to it.
Control valves are working in the opposite direction. They
decrease the pressure level. When going through such a control
valve the pressure is reduced by at least ∆i,j and by at most
∆i,j , where these two are given values depending on the actual
type of control valve:
∀(i, j) ∈ Acv : ∆i,j ≤ pi − pj ≤ ∆i,j .

(4)

Valves are to open or shut a pipe completely. We introduce a
binary decision variable xi,j for each valve (i, j) ∈ Ava , where
xi,j = 0 means the valve is shut and xi,j = 1 represents an
open valve. The pressures pi and pj before and after the valve

coincide if and only if the valve is open:
(
(pi − pj )(1 − xi,j ) ≤ pi − pj ,
va
∀(i, j) ∈ A :
pi − pj ≤ (pi − pj )(1 − xi,j ).

(5)

Flow is going through the pipe if and only if the valve is open:
∀(i, j) ∈ Ava : xi,j · q i,j ≤ qi,j ≤ xi,j · q i,j .

(6)

The nomination problem now asks for a feasible solution in the variables p, q, x that simultaneously fulfills the
constraints (1)–(6). Mathematically, this problem is a mixedinteger nonlinear feasibility problem. It cannot be solved by
today’s commercial or freely available solvers off-the-shelf.
We implemented our own special tailored solver that combines
techniques of mixed-integer linear programming, nonlinear
optimization and constraint programming in a unique way.
More details of this solver are described in [8]. Our method
is currently able to control networks of industrial relevant size
with several hundreds of pipes, about hundred entries and exits
and about hundred active elements in short time.
III. G AS N ETWORK E XTENSIONS
If the above model does not have a feasible solution,
and assuming that our model is a meaningful representation
of the real gas network and the contractual situation, the
network needs to be extended. If not, the gas transportation
company would not be allowed to make such contracts with its
customers. From an algorithmic point of view, finding suitable
extensions is even more difficult than solving the nomination
problem alone, since it contains the latter as a subproblem. In
the subsequel we describe our approach in this respect.
The extension planning starts with an infeasible nomination
that needs to be made feasible. This means that there is no
way to switch the active elements of the gas network system,
so that a gas flow exists, which satisfies the technical and
physical constraints. The extension is done by adding further
pipes, loops, compressors or control valves to the network.
In principle it is possible to install these extensions at any
location into the network. In addition to identifying a suitable
location, the technical layout is to be determined, i.e., the exact
thickness of a new pipe or the power of a new compressor.
So there is an infinitely large continuum of possibilities for
extending the network. Each single measure is associated with
certain construction costs. For example, the construction costs
of a new pipe can be estimated from the length of the pipe, its
diameter, and its exact course in the landscape. The course of
the pipe is related to the cost of different soil conditions that
influence the construction process, and costs for the purchase
of land use rights. The determination of the optimal course
of a single pipe to given linkages to the existing network is
already an optimization problem in itself.
If we discretize this infinite set of possible extensions by
permitting only certain discrete pipe thickness and compressor
strengths, and allow the connection to the existing network
only at selected locations, the resulting set will become finite.
But even then it is way too large to be used in an optimization

process within the limitations of the current state of computer
technology and algorithmic development.
Yet to solve the problem, we developed a multi-stage
approach. Starting from an infeasible nomination this process
consists of these four main steps:
A) An analysis of possible congestion points in the network,
B) preselection of extensions that are appropriate to remedy
the shortage,
C) a final selection among the candidates in the preselection, which is cost-optimal,
D) a subsequent refinement of the measures in the final
round, to reduce costs further.
A. Gas flow congestion analysis
The first of the four steps is to identify possible congestions
of the network. There is a well-developed mathematical network flow theory for networks where the capacity of an arc
does not depend on the flow. In such networks, it is relatively
easy to identify a capacity-limiting congestion, which is a
cut (literally, a bottleneck) in the network graph. However,
in gas networks the amount of flow across an arc depends
on the pressure difference between its end nodes, which in
turn depends on the flow on neighboring arcs. Thus this
elegant network flow theory is not applicable; we know of
no suitable generalization that allows identifying bottlenecks
in gas networks. For the time being we have to compute
congestions numerically, and interpret the values accordingly.
The key constraint that links the different network elements
(pipes, compressors, valves, control valves) is the flow conservation equation (2), reading
X
X
∀j ∈ V :
qj,k −
qi,j = dj .
(2)
k:(j,k)∈A

i:(i,j)∈A

In case of an infeasible nomination we want to identify the
constraints of the model that hinder the flow from being feasible. To do this, we relax the flow conservation constraints (2)
of the gas network control model by introducing so-called
slack variables. This means we allow more flow as the physical
conditions would actually permit. We developed two variants
which we call node slack and arc slack, to be presented below.
In any of these two cases, we aim to keep the additional
(unphysical) slack flow as low as possible. For this reason,
we introduce an objective function to minimize the deviation
from the physical reality.
In the case of the arc-based slack, we allow an additional
amount of flow to be transported on each arc, without being
subject to any physical laws. Denoting this additional gas flow
through arc (i, j) by si,j , the modified constraint (2) then is:
X
X
∀j ∈ V :
(qj,k +sj,k )−
(qi,j +si,j ) = dj . (7)
k:(j,k)∈A

i:(i,j)∈A

A natural interpretation of this modified constraint is that we
have a loop next to each existing pipe, i.e., we have a whole
“unphysical” network parallel to the existing network. It is
for the numerical solver of the model more “attractive” (in
a certain sense), to transport the gas without pressure loss

across the parallel network. For this reason, we introduce an
objective function in which the amount of gas transported on
these loops is minimized. The goal is thus to minimize the
“unphysical moment of transportation”:
X
Li,j · |si,j | → min .
(8)
(i,j)∈A

For the node-based slack, we allow that some gas may leave
or enter the network at each node; in a sense, this gas may be
“beamed” from one node to another. If we denote by s+
j ≥0
the amount of flow that leaves the network and by s−
j ≥ 0
the amount of flow that re-enters the network via node j ∈ V ,
then the relaxed node-slack version of (2) is:
X
X
−
∀j ∈ V :
qj,k −
qi,j = dj − s+
j + sj . (9)
k:(j,k)∈A

i:(i,j)∈A

An alternative way of viewing this is that there is a single
additional node connected by an “unphysical” pipe (i.e., one
allowing an arbitrary flow, disregarding any pressure) to each
original node. If the flow then encounters a congestion in the
network, it can therefore escape into another dimension (to
the new node), to overcome the congestion in an unphysical
way, and return into the network behind the congestion. Again,
the use of these new pipes, and thus the deviation from the
true physics, needs to be minimized, so that the solutions
remain interpretable. This raises the question of what may be
appropriate cost factors for each unit of flow on such a virtual
pipe. Due to the fact that the additional node has no current
geographical equivalent, we cannot use the same “unphysical
moment of transportation” as above. At least in the case of
an additional RAC-type contract there is a way to set the cost
factors being proportional to the distance from the respective
entry and exit nodes of the contract. A generic objective is:
X
+
−
−
(c+
(10)
j · sj + cj · sj ) → min .
j∈V

As a result, the gas flow congestion analysis gives the
slack values for nodes and for arcs (by solving two separate
problems). These values indicate the points at which the gas
bypasses the physical network since it is too limited. In the
next step, these values must now be translated into meaningful
extension measures.
B. Determining a list of extension measures

The second step of four in the topology planning is the
determination of extension measures. Its goal is to reduce
the infinite number of possible extensions to a small finite
selection of useful measures. To this end, results of the
previous gas flow congestion analysis are used.
Assume that the arc-based gas flow congestion analysis has
identified an arc (i, j) with a non-zero slack si,j . In case
the flow qi,j on the original network arc and that on the
hypothetical loop go in the same direction, i.e., qi,j si,j > 0,
this indicates that more flow needs to traverse this arc than
it is physically possible. This suggests a loop as an extension
measure, or a compressor, if the pressure difference along (i, j)

is too small. If the loop flow is directed opposite to that of the
original arc, there are two cases. If the net flow qi,j +si,j along
arc (i, j) is non-negative, the pressure difference enforces too
much flow. Therefore, a control valve reducing the pressure
along (i, j) is a reasonable extension. In the remaining case
that the net flow qi,j + si,j is indeed negative, it might help
to install a compressor increasing the pressure in the opposite
direction of the physical flow.
The node slacks from the node-based gas flow congestion
analysis may be turned into extension measures similarly.
Consider a node i with s+
i > 0 and another node j with
+
s−
>
0.
This
means
that
s
j
i units of gas leave the network
−
at node i, whereas sj units of flow re-enter the network at
node j. It is thus natural to consider extension measures that
can physically realize a flow between these nodes. If pi > pj
and this pressure difference is sufficiently high, it suffices to
build a pipe between the nodes. In case the pressure difference
is small or even pi < pj , we may still build a pipe, but we
need an additional compressor on that pipe as well. If a new
pipe creates a connection between two parts of the network
with different pressure levels, it must also have a control valve
such that the necessary pressure reduction can be handled.
Of course, we also need to define costs for all proposed
extension measures. Valves and control valves incur only fixed
construction costs and are relatively cheap. A compressor
incurs both construction and operating costs depending on its
power. Both cost types need to be combined into a single value.
Finally, to determine the construction cost for a new pipe one
needs to know its geographical route. This is known for pipes
that are loops of existing pipes. For completely new pipes,
we use Dijkstra’s algorithm for computing shortest paths in
graphs with positive arc weights to compute the geographical
route. Here the underlying graph consists of a fine discretized
map of the country where the properties of soils and land
uses are registered, which influence the cost of construction
in each particular area. Our project partner OGE provided us
with numerical data to obtain realistic costs for each proposed
extension measure.
The result of this third step is a candidate list of pipes,
loops, control valves and compressors, denoted by Anew , from
which suitable extensions can be selected. At this point, all
elements have default dimensions (diameter for pipes, power
of compressors); the exact dimensions for the elements to be
build are computed in the fourth step of the topology planning.
C. Extension selection
The measures on the list of candidate extensions are still
many. It is too expensive and even not necessary to build all of
them. In this third step of topology planning, called extension
selection, a subset is selected from the list of measures, which
makes the nomination feasible, and at the same time is the
most cost-effective among all other such subsets.
To determine this extension subset, we solve the model (1)–
(6) from Section II on an extended network that additionally
contains the extension elements from Anew . Each of these
extension measures features an additional valve; opening this

valve means building the corresponding extension. If the valve
remains closed, the network behaves just as it would without
the extension arc. A family of binary decision variables
yi,j ∈ {0, 1} for all (i, j) ∈ Anew is introduced for these valves.
The constraints for this new valve are the same as for the
original valves presented in (5) and (6) (simply replace v by
x). The opening of the valve is provided with cost equivalent to
the construction costs ci,j for building this extension measure:
X
ci,j yi,j → min .
(11)
(i,j)∈Anew

The solution of this model contains a subset of the extension
arcs, which represent the most cost-effective selection from
the candidate extensions ensuring feasibility of the initial
nomination.
D. Refined Planning
Although the selected network extension measures are costoptimal among all other possible subsets of the measures
in Anew , there may still be room for improvement. Since
the computations were restricted to relatively few potential
measures – especially compared to the continuum of all
possible measures – it is expected that slightly better solutions
can be found in the neighborhood of the selected extension
measures by small local alterations. This is the goal of the
fourth and last step of the topology planning: the detailed or
refined planning.
Based on the output of the third step, the extension selection,
the measures selected are altered by local variations. In the
case of a pipe there will be some thicker and some thinner
pipes and there are variations in the locations where the pipe
is connected to the network. In the case of compressors, there
will be several copies with more and with less power. In this
way we obtain a new set of measures that is of the same kind
of list that was generated in step two. Hence we may now use
this list as input data for the extension selection again. The
result of this fourth step is then a fine-planned, cost-effective
network extension.
IV. R ESULTS
The topology planning was applied to a real-world scenario.
Data for the network was provided by our project partner Open
Grid Europe, Germany’s largest gas network operator and a
100% subsidiary of the energy company e.on. The network is
located in the north-western part of Germany on an area of
about 100 km width and 300 km height. Our model of the
network consists of 575 nodes, among them 26 entries and
87 exits, and 605 arcs, 542 of which are passive (mainly pipes).
The remaining 63 arcs are active: There are 6 compressor
stations, 92 valves and 23 control valves.
We solved the models described above using SCIP 2.0.1 [9],
[10] as branch-and-cut/constraint programming framework,
CPLEX 12.1 as LP-solver for the resulting linear programming
relaxations, and ipopt 3.8.1 [11] as NLP-solver. The data is
processed using the Lamatto++ framework [12]. GoogleEarth

is used for visualization purposes. The software runs on a
common single CPU core desktop personal computer.
Figure 1 shows a feasible nomination in this network. The
color indicates the pressure level. Orange and red indicates
high pressures (60-100 bar), whereas blue and green indicate
low pressures (1-40 bar). The diameter of the pipes in Figure 1
corresponds to the amount of gas transported through the pipes
(and not to the physical diameter).

Fig. 2.

Fig. 1.

Network extension pipes.

A feasible nomination.

We now add a large RAC-type contract between one entry
node in the north and one exit node in the south of this
network. Then with the current network it is no longer possible
to transfer this additional amount of gas, on top of the already
nominated gas. The extension pipes that were determined are
shown in Figure 2 in green; the original network is shown
in blue. There are 144 extension pipes, 4 potential sites for
new compressors, and no further control valves as candidate
extensions.
If the additional RAC has a capacity of 40 GW then three
additional loops should be built as shown in red in Figure 3
(left). If the capacity is 60 GW, then some more loops and also
one pipe should be build, and additionally one compressor in
the north-western part of the network, see Figure 3 (right).
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