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Abstract

In this paper, we develop distributed and parallel general-purpose solvers for combinatorial opti-
mization through the framework of domain-independent dynamic programming (DIDP), a model-based
paradigm based on dynamic programming. In particular, we parallelize heuristic state space search
algorithms to develop such solvers. Benefiting from the general-purpose nature of DIDP, we apply our
solvers to four problem classes: the traveling salesperson problem with time windows (TSPTW), the
typel simple assembly line balancing problem (SALBP-1), the one-to-one multi-commodity pickup and
delivery traveling salesperson problem (m-PDTSP), and the type2 assembly line balancing problem with
sequence-dependent setup times (SUALBP-2). We demonstrate the scalability of our solvers using up
to 192 TB of RAM and 49,152 CPU cores. Using the developed solvers, we close 14 open instances of
TSPTW, 49 of m-PDTSP, and 152 of SUALBP-2.
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1 Introduction

Dynamic Programming (DP) (Bellman 1957) is a problem-solving methodology used in multiple fields of
computer science, including combinatorial optimization. In our recent work, we have developed domain-
independent dynamic programming (DIDP), a model-based DP paradigm designed for combinatorial opti-

mization (Kuroiwa and Beck 2026). In DIDP, a problem is formulated as a declarative DP model using a



modeling language and then solved by a general-purpose solver. The existing DIDP solvers are based on
heuristic state-space search algorithms (Edelkamp et al. 2010), such as A* (Hart et al. 1968), which solve a
problem by finding a path in an implicitly defined graph. Empirically, the DIDP solvers have achieved better
performance than existing general-purpsoe solvers, including mixed-integer programming (MIP), across
multiple problem classes in single- and multi-thread environments (Kuroiwa and Beck 2026, 2024).

In this paper, we develop massively parallel DIDP solvers for a distributed environment in which multiple
machines are connected via a network. We apply the solvers to four problem classes, for which DIDP achieves
state-of-the-art performance in single- and multi-thread environments in previous work (Kuroiwa and Beck
2026, 2024, Zhang and Beck 2025): the traveling salesperson problem with time windows (TSPTW)
(Savelsbergh 1985), the typel simple assembly line balancing problem (SALBP-1) (Salveson 1955), the
multi-commodity pickup-and-delivery traveling salesperson problem (m-PDTSP) (Hernandez-Pérez and
Salazar-Gonzilez 2009), and the type 2 assembly line balancing problem with sequence-dependent setup
times (SUALBP-2) (Andrés et al. 2008). While distributed parallelization of existing DIDP solvers does
not scale with thousands of CPU cores, our new solver, hybrid A* cyclic (HAC), achieves speedup using
up to 49,152 CPU cores across 512 machines. Since HAC quickly runs out of memory even in a large-
scale distributed environment, we also develop more memory-efficient parallel solvers that focus on proving
optimality rather than finding better solutions, thereby solving seven instances that parallel HAC cannot
solve. In total, we solve 14 open instances of TSPTW, 49 of m-PDTSP, and 152 of SUALBP-2. Taking
advantage of the anytime nature of parallel HAC, we also improve the best-known solution costs in 116 and
the best-known solution cost bound in 65 open instances of SUALBP-2.

In what follows, we first review related work and introduce DIDP. Then, we present an algorithmic
framework for the distributed parallelization of DIDP solvers. We empirically show that distributed paral-
lelization of existing DIDP solvers is not scalable, using TSPTW and SALBP-1. Motivated by this result,
we propose HAC and evaluate its parallelization using all of the four problem classes. We also develop
the memory-efficient parallel DIDP solvers and solve more problem instances. Finally, we summarize open

instances solved in each problem class and conclude the paper.

2 Related Work

One prominent approach to developing general-purpose parallel and distributed optimization solvers is to use
parallel branch-and-bound for MIP (Eckstein 1994, Eckstein et al. 2001, Shinano et al. 2016). In particular,
Shinano et al. (2016) used up to 80,000 CPU cores, demonstrating scalability and closing multiple open
instances. While parallel branch-and-bound achieved such success in distributed parallelization, we focus
on a different approach, heuristic state space search, which has a complementary strength: DIDP solvers that
use heuristic state space search outperform a commercial MIP solver that uses branch-and-bound in multiple
problem classes in single- and multi-thread environments (Kuroiwa and Beck 2026, 2024).

Distributed parallelization of heuristic state space search has been studied, mainly focusing on A*. Early
work on distributed parallel A* investigated two approaches: dynamic work distribution (Kumar et al. 1988,
Mahapatra and Dutt 1993, Dutt and Mahapatra 1994) and hash-based, static work distribution (Evett et al.



1995). Romein et al. (2002) combined asynchronous message passing and the hash-based work distribution
method to parallelize iterative deepening A* (IDA*), a linear-space variant of A*. Hash-distributed A*
(HDA*), a state-of-the-art distributed parallelization of A*, also uses this combination (Kishimoto et al.
2013). In this paper, we generalize HDA* to parallelize anytime variants of A*. In previous work, greedy
best-first search, a variant of A* that aims to quickly find any path, not necessarily a shortest path, was
parallelized based on HDA* (Kuroiwa and Fukunaga 2019). However, distributed parallelization of anytime
variants of A* has not been studied to our knowledge. In addition, we use up to 49,152 CPU cores and 192
TB RAM, while existing work used at most 2,400 cores and 10.5 TB with HDA* (Kishimoto et al. 2013).
Early work on distributed parallel A* with dynamic work distribution (Kumar et al. 1988, Dutt and
Mahapatra 1994, Mahapatra and Dutt 1993) used the traveling salesperson problem (Dantzig et al. 1954) and
the vertex cover problem Karp (1972) as benchmarks. In contrast, Evett et al. (1995) evaluated their method
using the sliding-tile puzzle. Previous work on HDA* and its variants (Kishimoto et al. 2013, Kobayashi et al.
2011, Jinnai and Fukunaga 2017, Kuroiwa and Fukunaga 2019) used automated planning problems studied
in the Al community (Ghallab et al. 2004) and multiple sequence alignment (Carrillo and Lipman 1988)
in addition to the sliding-tile puzzle. Compared with such existing work, we consider four combinatorial

optimization problems that have not been solved by distributed parallel heuristic state space search methods.

3 Background

We introduce the modeling formalism of DIDP and heuristic state space search framework for it.

3.1 Domain-Independent Dynamic Programming

In DIDP, a problem is described as a declarative DP model using Dynamic Programming Description
Language (DyPDL) (Kuroiwa and Beck 2026). A model is defined by state variables, where a state is a
complete value assignment to all state variables and transitions update the values of the state variables. A
solution is a sequence of transitions that transforms a special state called the target state S into a base state,
which satisfies particular conditions.

Each state variable v has a domain D, depending on its fype, either element, set, or numeric. The
domain of an element variable is the set of nonnegative integers (D, = Zg ), the domain of a set variable is
the power set of nonnegative integers (D, = 2%5), and the domain of a numeric variable is the set of rational
numbers (D, = Q). We can consider conditions on states based on state variables, e.g., v > 0 where v is a
numeric variable. A base case is a set of such conditions, and a state satisfying a base case is called a base
state.

A transition 7 € 7 transforms a state S into another state S[[7]] by updating the state variables. A
transition 7 is applicable in a state S if its preconditions, conditions on state variables, are satisfied by S,
and the set of applicable transitions in S is denoted by 77 (S). A user may define a set of state constraints,
conditions that must be satisfied by each state. An S-solution is a sequence of applicable transitions

o = {01, ...,0,) that transforms a state S into a base state, i.e., S™*! = S/[[oj41]] fori = 0,...,n — 1 and



oi+1 € T(S%) where S0 = S, 8™ is a base state, and each S’ satisfies state constraints. When S is the target
state S7, S-solution o is called a solution for the model.

We focus on a subset of the DyPDL formalism, where the cost of a solution is defined by the weight
w of each transition 7, a function returning a rational number given a state, and the weight function wp
returning a rational number given a base state. Given an S—solution o= = (07, ..., 03,), its cost is defined
as Z:’:_Ol Wor,, (S) + wp(S™). An S-solution is optimal if its cost is better than or equal to the cost of any
other S-solution. While we assume minimization in this paper, we may also consider a more general model
in which the cost is defined by a different binary operator than +, or in which the objective is maximization.
We focus on minimization with + models, but our implementation in practice supports such generalized cost
structures (Kuroiwa and Beck 2026).

Given a state S, we can represent the optimal S-solution cost by V(S) defined by the following recursive

equation, called a Bellman equation (Bellman 1957):

0 if S violates a state constraint
V(S) = wg(S) if S is a base state (1)

min;cq(s) w-(S) + V(S) otherwise

where we assume that the third line is oo if 7(S) = 0.

In DyPDL, a user may define additional information, which is implied by the other parts of the model
but can be exploited by a solver. For an element or a numeric variable, if its preference, either less or greater,
is specified, then the variable is called a resource variable. Given two states S and §’, S is preferred to
S’, denoted by §” %, S, if S[v] = §’[v] for each non-resource variable v, S[v] < S[v’] for each resource
variable v where less is preferred, and S[v] > S[v’] for each resource variable v where greater is preferred.
In such a case, S dominates S, i.e., for each §’-solution, there exists an S-solution with an equal or better
cost. If S is not preferred to S’, we denote it by S £, S’. In addition to resource variables, a user may define
a dual bound function n that returns a dual bound (lower bound for minimization and an upper bound for
maximization) on the cost of an S-solution given a state S. The state dominance and dual bound functions

can be represented by the following inequalities on V:

V(S) < V(S if$" 2, S )
V(S) = n(S). (€)

3.2 Heuristic State Space Search for DyPDL

A DyPDL model can be solved by finding a path in a state transition graph, an implicit graph where nodes
are states, edges are labeled with transitions, and an S-solution corresponds to a path from S to a base
state (Kuroiwa and Beck 2026). This problem setting is known as state space search problems in the Al
community (Russell and Norvig 2020), and heuristic state space search algorithms, such as A*, can be used
(Hart et al. 1968, Edelkamp et al. 2010). Heuristic state space search uses a heuristic function 4 to estimate

the distance from a state S to a base state. Following the previous work in DIDP (Kuroiwa and Beck 2026,



Algorithm 1 Heuristic State Space Search for DyPDL.

1: G,0 « {81}, o(8") « an empty sequence, g(S7) « 0,7 < NULL,y « oo
2: while O # 0 do
3: O «— O\ {S} where S € O is selected depending on a concrete algorithm

4: if S is a base state and g(S) + wg(S) <7y then

5: T —0(S),y —g(S)+wp(S5),0 —{S<c0|g(§)+n(S) <y}

6: else

7: for 7 € 7(S) such that S[[7]] satisfies the state constraints do

8: if no 8" € G satisfies S[[7]] 24 S" A g(S’) < g(S) + w(S) and g(S) + w-(S) + n(S[[7]]) <y then
9: o (S[[t]]) « o (S) extended with 7, g(S[[7]]) < g(S) + w(S)

10: G—{SeG|S AaSlrllVe(s) <g(SrID}U{SI7l}

11: O — {8 €08 £aSlrllvg(Ss) <g(SIrID} U {SI~I}

12: return o

2024), we use the dual bound function 7 defined in a model as the heuristic function 4.

We show a generic pseudo-code for heuristic state space search in Algorithm 1. In each step, we expand
a state, i.e., select a state and generate its successor states by applying transitions. We maintain G, the set of
generated states, O, the open list containing states to expand, and o (S), the best path from the target state to
a state S found so far, and its cost g(S) called the g-value. We initialize G and O with the target state S’,
o (ST) is an empty sequence, and g(S?) = 0 (line 1). We also maintain the best known solution &, initialized
with NULL, and its cost 7, initialized with co. Since 7 is an upper bound on the optimal solution cost in
minimization, we call it a primal bound.

In each step, we select a state S and remove it from O. The selection of the state depends on concrete
algorithms. For example, A* selects a state minimizing f(S) = g(S) + h(S) = g(S) + n(S). When the
transition weight function w, satisfies w.(S) > 0 for all § and 7 and wg(S) = 0, then the first found solution
by A* is optimal (Hart et al. 1968), and no feasible solution is found before proving the optimality. By using
a different criterion from minimizing f (), we can realize an anytime heuristic state space search algorithm,
which tends to quickly find a first solution and continue to improve it until proving the optimality (Kuroiwa
and Beck 2026).

If the selected state S is a base state, o-(S) is a solution, so we compare its cost g(S) + wg(S) with the
primal bound y (line 4). If the new solution is better, we update the current best solution o and y and remove
a state S” with g(8’) + n(S”) =y from O’; g(S§’) + n(S”) is a dual bound on the cost of a solution extending
o (8’) (line 5).

If S is not a base state, for each applicable transition 7, we generate a successor state S[[7]] and check
if it satisfies state constraints (line 7), it is not dominated by another state S’ € G with an equal or better
g-value, and that g(S) + w-(S) + n(S[[7]]), the dual bound on the solution cost extending the current path
to S[[7]], does not exceed the primal bound ¥ (line 8). If S[[7]] passes these checks, then we initialize or
update o (S) and g(S), remove states dominated by S[[7]] with an equal or better g-value from G and O, and
insert S[[7]] into G and O (lines 9-10). When O becomes empty, the optimality of the current best solution
is proved, or the problem is infeasible if no solution is found (o is NULL), and the algorithm terminates.

Before O becomes empty, at the beginning of the while loop (line 2), mingcp g(S) + n(S) is the dual

bound of the optimal solution cost. Therefore, during search, we can estimate how close the current solution



Algorithm 2 Hash-Distributed State Space Search for DyPDL.

1: fori =1, ...,k in parallel do
2: G,0 « 0,0 <« NULL,y « o
3: if (Hasu(S’) mod k) + 1 =ithen G,0 « {S'},5(S') < an empty sequence, g(S’) « 0
4: while termination criteria are not met do
5: while an upper bound ¥’ is received do y « min{y,7’},0 « {8’ € O | g(§") +n(S’) < ¥}
6: while S is received with o™ g one, and 7(S) do
7: if geurrent + 77(S) <y and no S’ € G satisfies S[[T]] 2u " A g(S”) < geurrent then
8: O—(S) — 0_current, g(S) < &current
9: G—{SeG|S £aSVg(Ss) <g(SIlzID}u{s}
10: O—{S€0|S £.SVvg(S) <g(S[IrIH} v {S}
11: O < O\ {S} where S is selected depending on a concrete algorithm
12: for € 7(S) such that S[[7]] satisfies the state constraints do
13: if S[[7]] is a base state and g(S) + w(S) + wg(S[[7]]) <y then
14: o «— 0 (8) extended with 7
15: Send the new upper bound g(S) + w-(S) + we(S[[tll)toj =1,...,k
16: else if g(S) + w.(S) + n(S[[7]]) <7 then
17: geurent 5 (S) extended with 7, geyrrent <— £(S) + w(S)
18: Send S[[7]], ™™, g urrent, and (S[[7]]) to j = (Hasu(S[[r]]) mod k) + 1
19: Send o’ =&, ', and Y, = gréigg(S) + 1(S) to the root process
20: Receive o, %', and y' fromi = 1,....k
21: return o’/ with j € arg min’y', min;_y, xy"
i=1,....k -

o is to optimal by comparing y and mingep g(S) + 1(S).

4 HDS3: A Parallelization Framework for Heuristic State Space Search

We propose hash-distributed state space search (HDS3), a distributed parallelization framework for state
space search, generalizing an existing method, HDA* (Kishimoto et al. 2013). In HDA*, each process
maintains the set of generated states G and the open list O. A generated state is sent to its owner process,
determined by the hash value of the state, by message passing. Since the same state is always sent to the same
process, if the hash function uniformly distributes states, HDA* simultaneously achieves load balancing and
duplicate detection. Message passing is done asynchronously, so each process continues to search without
waiting for sent states to be received. While the basic architecture of HDS3 is the same as HDA*, it has
three main differences to realize anytime heuristic state space search: the state expanded by HDS3 depends
on a concrete realization of an algorithm, unlike HDA*, which always expands a state S minimizing f(.S);
a newly found solution is reconstructed and saved during search before the termination criteria are met; and
the dual bound on the optimal solution cost is returned when optimality is not proved.

We present a pseudo-code for HDS3 in Algorithm 2. While each process i performs search similarly
to Algorithm 1, there are several differences. Each generated successor state S[[7]] is sent to a process
Jj = (Hasu(S[[r]]) mod k) + 1 by asynchronous message passing, where Hasa(S[[7]]) is the hash value
of the state (line 18). The hash value is computed from the values of non-resource state variables so that

dominating and dominated states are assigned to the same process. When a new solution is found, its cost is



sent to other processes, and each process updates the primal bound (lines 15 and 5). These communications
are also performed by asynchronous message passing. To reduce the number of communications, when a
state S[[7]] is generated, we first check if it is a base state (line 13) and then check if it can be pruned using the
bounds n(S[[7]]) and y (line 16). If S[[7]] is not pruned, we send it with n(S[[7]]) to avoid recomputation
in the receiver process. While a process sends a message to itself in the pseudo-code for simplicity, it can
be immediately handled without message passing. In practice, when a generated successor state S[[7]] is
assigned to the local process i in line 18, we immediately perform dominance detection, reuse n(S[[7]]) if
S[[7]] is already included in G or compute it if not, and then check the bound.

Similarly to Algorithm 1, the state that is selected for expansion in line 11 depends on a concrete
realization of Algorithm 2. We also do not specify the termination criteria in line 4. Algorithm 1 terminates
when the open list becomes empty, and the optimality is proved in such a case. In HDS3, even if the open
list in one process i is empty, the open lists in other processes may not be empty, and new states may be sent
to i in the future. Moreover, even when the open lists in all processes are empty, states might be being sent.
Thus, we need to verify that all sent messages have been received, and no new messages will be sent. For this
purpose, following HDA*, we uses Mattern’s time algorithm (Mattern 1987). In practice, we also terminate
HDS3 when the time limit is reached, and we use Mattern’s time algorithm in that case too to ensure that all
sent messages are received.

Once all processes terminate, the best solution is selected and returned (lines 20 and 21). To reconstruct
a solution, as in Algorithm 1, we maintain o (S), the best path to each state S. In practice, we maintain a
distributed tree data structure, where each node has the ID of the last transition applied, the ID of the parent
node, and the ID of the process that owns the parent node. Thus, while we send o°""™" in line 18, in actual
implementation, we send the ID of the last transition 7, the ID of the parent node corresponding to o (S),
and the ID of the current process so that the receiver process can create a tree node. When a process i finds
a new best solution, i reconstructs it by traversing the tree and sends it to a single root process, €.g., process
1, through asynchronous message passing. The root process then updates the best solution stored if the new
solution is better and writes the solution to a file. In this way, the solution is continuously updated during
search.

HDS3 also provides the dual bound. In Algorithm 1, when O is not empty, minseo g(S) + n(S) is a
lower bound on the solution cost. In HDS3, since the open lists are distributed in different processes, we
cannot keep track of the dual bound during search. We compute the dual bound at the beginning and end of
search: given the target state S, g(S7) +1(S’) is a dual bound; when the termination criteria are met before
the open list becomes empty, the algorithm ensures that no state is being sent using Mattern’s time algorithm,
and the root process receives minsecp g(S) + n(S) from all processes and takes the minimum to compute a
dual bound (lines 19-21). Unlike Algorithm 1, HDS3 cannot obtain the dual bound during search.

5 Scalability of Existing Anytime Heuristic State Space Search Algorithms

We measure the scalability of existing anytime DIDP solvers in a distributed environment. Our implemen-
tation (https://github.com/Kurorororo/didp-mpi) is based on didp-rs 0.8.0, a software framework



for DIDP, with Rust 1.70.0. We use the message passing interface (MPI) for parallelization, concretely,
OpenMPI 4.1.6 with rsmpi 0.8.0, an MPI binding for Rust. We realize asynchronous message passing by
using MPI_Bsend for sending and MPI_Iprobe and MPI_Recv for receiving with a buffer size of 1GB.
Other implementation details of each algorithm, e.g., data structures used for the open list and dominance
detection, follow didp-rs 0.8.0. For the hash function to distribute states, we use FxHash from rustc-hash
1.1.0 following Kuroiwa and Beck (2026). All experiments are performed on the Lise supercomputer cluster
at Zuse Institute Berlin, where each machine has 384GB RAM and 2 Intel Xeon Platinum 9242 processors,
resulting in 96 physical CPU cores in total, with Omni-Path OPA100 for communication. We use the same
number of processes as the number of physical CPU cores.

In this section, we focus on two problem classes from eleven problem classes evaluated in previous work
(Kuroiwa and Beck 2026): the traveling salesperson problem with time windows (TSPTW) (Savelsbergh
1985) and the typel simple assembly line balancing problem to minimize the number of stations (SALBP-1)
(Salveson 1955). From the 340 TSPTW instances (L6pez-Ibafiez and Blum 2023) used by Kuroiwa and
Beck (2026), we remove all 135 instances of the Dumas set (Dumas et al. 1995) as all of them are easy,
i.e., optimally solved by sequential DIDP solvers in the previous work. Similarly, from the 2,100 SALBP-1
instances (Morrison et al. 2014) used by Kuroiwa and Beck (2026), we remove the smallest 525 instances
that are easy. We take the DyPDL models of TSPTW and SALBP-1 from a public repository (https:
//github.com/Kurorororo/didp-models), implemented in YAML-DyPDL (Kuroiwa and Beck 2026).

We evaluate the following metrics: speedup from a baseline, the number of optimally solved instances,
and the optimality gap. To compute speedup, we divide the time to optimally solve an instance using a
baseline by that of a parallel algorithm. When an instance is not optimally solved by a time limit, the
optimality gap is evaluated as (y — y)/y where  is the primal bound and 7 is the dual bound. When ¥y or y
is not provided, we use 1.0. - - -

5.1 Complete Anytime Beam Search (CABS)

Kuroiwa and Beck (2024) proposed hash distributed beam search (HDBS), a parallelization of beam search
for DIDP. Beam search performs search layer by layer. The target state belongs to layer 0. When a state
S in layer [ is expanded, its successor state S[[7]] belongs to layer / + 1. Beam search has a parameter b,
called beam width, and expands at most b states in the current layer and then proceeds to the next layer.
When there are more than b states in the open list, the best b states minimizing the sum of g- and /-values,
f(S) = g(S) + h(S), are selected, where the dual bound function 7 is used as the heuristic function A.
When there is no successor state, beam search terminates and returns the best solution found, which is
not guaranteed to be optimal. While Algorithm 1 keeps all generated states in G, for memory efficiency,
beam search keeps only states in the next layer for dominance detection, and we call this approach layered
dominance detection.

In HDBS, each process expands the best b states assigned to it according to the hash function. While
HDBS is similar to Algorithm 2, it uses a layer synchronization mechanism, which ensures that each process
proceeds to the next layer after receiving all states in the next layer. Thanks to layer synchronization, HDBS

can use layered dominance detection and compute a dual bound on the optimal solution cost after finishing
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Figure 2: Ratio of instances solved optimally over time and the optimality gap with CAHDBS2 in TSPTW.

each layer. In addition, HDBS can check if search is terminated after synchronizing a layer, so it does not
require a dedicated termination detection mechanism such as Mattern’s time algorithm. Kuroiwa and Beck
(2024) proposed two variants, HDBS1 and HDBS2. In HDBSI, each process i proceeds to layer [ + 1
after all processes have finished expanding states in / and receiving states in / + 1. In HDBS2, process i
proceeds to layer / + 1 once it finishes layer [ without waiting for others to finish receiving states in / + 1.
However, process i may not immediately send a generated state S in layer [ + 2; it keeps S in a buffer until the
owner process, (HasH(S) mod k) + 1, finishes layer /. Empirically, HDBS2 is slightly better than HDBS1
(Kuroiwa and Beck 2024)e

Complete anytime beam search (CABS) (Zhang 1998) repeats beam search multiple times from scratch
while doubling b, starting from a constant. It terminates when no states are discarded due to the beam
width, and the optimality is proved in such a case. Kuroiwa and Beck (2024) evaluated a multi-thread
implementation of CAHDBS?2, parallel CABS using HDBS2, using up to 32 threads.

5.1.1 Results

We implement CAHDBS2 with MPI and evaluate it in TSPTW and SALBP-1. Each process starts with
b = 1 and doubles it after each iteration. We compare CAHDBS2 with 96, 768, and 1,536 cores using
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300 second time limit for search. The overall time limit is 400 seconds, including time for initialization
and finalization of MPI. Figure 1 presents the geometric mean speedup of CAHDBS?2 with 768 and 1,536
cores from 96 cores using instances where CAHDBS2 with 96 cores takes at least 10 seconds. Figures 2
and 3 show the ratio of optimally solved instances over time and the cumulative ratio of instances against
the optimality gap. In the right-hand side of these plots, a point (x, y) represents that an optimality gap of
at most x is achieved in 100y% of the instances. While using 768 cores is better than using 96 cores, using
1,536 cores results in performance degradation in both TSPTW and SALBP-1.

5.1.2 Parallel Overheads

We observe that using more processes results in a slowdown of CAHDBS?2. Previous work (Kishimoto et al.

2013, Jinnai and Fukunaga 2017) classified overheads of parallel A* as follows:

» Search overhead: increase in the number of expansions caused by parallelization.
* Synchronization overhead: idle time waiting to synchronize with other processes.

* Communication overhead: cost of sending and receiving information such as generated states.

To evaluate search overhead, we show speedup per expansion in Figure 1, computed from the time to
solve an instance divided by the number of expansions. In TSPTW, the speedup per expansion is almost
the same as the actual speedup. In SALBP-1, the actual speedup is larger than the speedup per expansion,
indicating that the number of expansions decreases as we use more cores, and this phenomenon was also
observed by previous work in multi-threading (Kuroiwa and Beck 2024). Overall, the slowdown is not due
to search overhead.

CAHDBS?2 possibly suffers from the other two overheads. The layer synchronization mechanism intro-
duces synchronization overhead. Moreover, for layer synchronization, each process sends control messages
to other processes in addition to states, e.g., a process notifies all other processes that it has finished expanding
all states in the current layer. The number of such messages does not depend on the number of states in a
layer and is proportional to the number of processes. Due to the restarting mechanism, CAHDBS2 performs
beam search multiple times starting from » = 1. When b is small, the communication cost for control

messages can be dominating, and performing beam search with a larger number of processes can be slower.
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5.2 Anytime Column Progressive Search and Anytime Pack Progressive Search

With HDS3, we parallelize two anytime heuristic search algorithms that do not use layer synchronization and
restarting: anytime column progressive search (ACPS) (Vadlamudi et al. 2012) and anytime pack progressive
search (APPS) (Vadlamudi et al. 2016). These algorithms are next to CABS in terms of performance in
previous work (Kuroiwa and Beck 2026), and they have not been parallelized in a distributed environment.

ACPS partitions the open list into layers, maintaining O; for each layer /. Starting from [ = 0,
Oo = {S'}, and b = 1, ACPS expands at most b states from O, inserts the successor states into Oy, 1,
and proceeds to the next layer by incrementing / by 1. Our implementation expands the b states minimizing
F(S) = g(S) + h(S) = g(S) + n(S) when |O;| > b and all states otherwise. Unlike in beam search, states
that are not expanded in O; are kept and may be expanded in future iterations. When / reaches the maximum
depth, i.e., O; = 0 for all i > I, ACPS increments b by 1 and repeats the procedure from / = 0. In our
parallelization with HDS3, each process independently maintains / and b without synchronization. A state
S is sent with the index / of the layer to which it belongs, and the receiver process inserts S into the open list
0.

APPS partitions the open list into three sets, Oy, O, and Oy, initialized with Op = {STyand O, = O, = 0.
APPS expands each state in O, and inserts its successor states into O.. After all states in O, are expanded,
the best b states in O, are moved to Op, and the remaining states are moved to O;. When Op remains
empty after this step, b is increased by 1, and the best b states in O, are moved to Op. Again, the best b
states minimizing f(S) are selected in the above procedures. In our parallelization, each process separately
maintains b and repeats iterations without synchronization. In addition to the successor states assigned to

the local process, states received from other processes are also put in O..

5.2.1 Results

We observe that parallel ACPS in TSPTW and parallel APPS in SALBP-1 outperform CAHDBS?2, not
showing a slowdown with 1,536 or more cores, as shown in the appendix. However, ACPS in SALBP-1 and
APPS in TSPTW show problematic behavior. Figures 4 and 5 compare CAHDBS2, ACPS, and APPS using
768 cores.

In some TSPTW instances, parallel APPS does not find solutions within a time limit, so the optimality
gap is 1.0. We also observe that APPS fails in some SALBP-1 instances when we use 1,536 cores or more.
We hypothesize that this behavior is because, when parallelized, APPS becomes closer to A*, which does
not find a solution until proving the optimality. In each iteration, APPS expands b states in O}, and inserts
generated successor states into O, from which the best b states are moved to Op. In this way, APPS can
expand a state S in a deeper layer even if f(S) is large, and it possibly finds a feasible solution before proving
optimality, particularly when solutions have a fixed length as in the DyPDL model of TSPTW. In contrast,
in our parallel implementation, states received from other processes are also inserted into the list O.. If a
process receives many states with () in shallow layers from other processes, it may not keep deeper states
in Op and may fail to find feasible solutions in the early stages. Indeed, it is possible that states in deeper

layers have larger f(S) = g(S) +n(S) since the g-value is monotonically increasing in the DyPDL model for
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Figure 5: Ratio of instances solved optimally over time and the optimality gap with 768 cores in SALBP-1.

TSPTW and nondecreasing in SALBP-1. Furthermore, in TSPTW, the dual bound function 7 is not strong;
previous work reported that replacing the dual bound function of the DyPDL model for TSPTW with a zero
dual bound function, which always returns 0, does not change the number of optimally solved instances by
sequential CABS (Kuroiwa and Beck 2026). Overall, communications with other processes may prevent
each process from searching deeper layers to find feasible solutions.

In SALBP-1, parallel ACPS performs poorly and is significantly outperformed by CAHDBS?2 and parallel
APPS. We hypothesize that the poor performance of ACPS is due to ignorance of guidance by f(S). Previous
work reported that replacing the dual bound function of the DyPDL model for SALBP-1 with the zero dual
bound function significantly degrades the performance of CABS (Kuroiwa and Beck 2026). This result
suggests that the dual bound function for SALBP-1 is strong, and following its guidance leads to better
performance. Indeed, the previous work also reported that sequential A*, which always follows the guidance
by f(S), solves more instances optimally than sequential APPS and ACPS (Kuroiwa and Beck 2026).

However, parallel ACPS spends almost the same search effort in all layers.

6 HAC: A New Anytime Heuristic State Space Search Algorithm

While a deeper investigation of why CAHDBS2, ACPS, and APPS fail in a distributed environment is an

interesting topic, in this paper, we focus on developing a working distributed and parallel DIDP solver
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Figure 6: Comparison of HAC with 1 and 96 cores in time to solve each instance of TSPTW and SALBP-1.

to leverage the power of distributed computing. We propose a new anytime heuristic search algorithm,
hybrid A* cyclic (HAC). Unlike CAHDBS?2 and similarly to ACPS and APPS, HAC does not use layer
synchronization and restarting. While ACPS sometimes ignores a state S with the best f(S), APPS focuses
too much on such states and does not search deeper layers, particularly in TSPTW. HAC addresses these
issues by alternating two expansion turns. Similarly to ACPS, HAC partitions O into layers and inserts a
state in layer / into O;. First, HAC expands a state S € arg min f(S’) among all layers, similarly to A*. In
the next turn, it expands a state S € arg min f(S’) wheresl 1650 the index of the current layer, initialized with
[ =0. When O; = 0, HAC updates / tf) fl?é minimum [’ > [ such that Oy # 0 and then expands a state from

Oyp. If no such !” exists, HAC uses the minimum [’ < [ such that O} # (. After expanding a state from Oy,
HAC increases / by 1. In our parallelization using HDS3, each process independently maintains /, and each
state is sent with the depth of the layer.

As shown in Figures 4 and 5, with 768 cores, HAC performs similarly to ACPS in TSPTW and to APPS
in SALBP-1, outperforming CAHDBS2 in the number of optimally solved instances, and always succeeds
in finding a feasible solution.

We evaluate parallel HAC with different numbers of cores using two problem classes in addition to
TSPTW and SALBP-1: one-to-one multi-commodity pickup and delivery traveling salesperson problem
(m-PDTSP) (Herndndez-Pérez and Salazar-Gonzélez 2009) and the type2 assembly line balancing problem
with sequence-dependent setup times (SUALBP-2) (Andrés et al. 2008). Previous work demonstrated state-
of-the-art performance of sequential DIDP solvers in these problem classes (Kuroiwa and Beck 2026, Zhang
and Beck 2025). For m-PDTSP, we use 248 class1 instances (Hernandez-Pérez and Salazar-Gonzalez 2009)
and 240 larger class1 instances generated by Kuroiwa and Beck (2023). We take the YAML-DyPDL model
of m-PDTSP from the same repository as TSPTW and SALPB-1. For SUALBP-2, from the 788 instances
by (Scholl et al. 2013), we remove all 272 instances of class A and B that are optimally solved by a sequential
DIDP solver (Zhang and Beck 2025). We take the DyPDL model of SUALBP-2 from the supplementary
material of Zhang and Beck (2025) (https://github.com/INFORMS]J0oC/2024.0603), converting the
model implemented in the Python library, DIDPPy, into YAML-DyPDL..

First, we compare sequential HAC and parallel HAC with 96 cores in terms of the time to solve each
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Figure 7: Comparison of HAC with 1 and 96 cores in time to solve each instance of m-PDTSP and SUALBP-2.
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Figure 8: Geometric mean speedup of parallel HAC in TSPTW instances, where a baseline takes 10 to 300 seconds to solve. The
speedup per expansion is shown by a dashed line.

instance optimally, shown in Figures 6 and 7. Parallel HAC typically achieves a speedup of 48 to 64 times
on TSPTW, m-PDTSP, and SUALPB-2. In SALPB-1, speedup varies widely across instances, consistent
with the previously observed result in multithread CAHDBS?2, possibly due to the tight dual bound function
(Kuroiwa and Beck 2024), but is typically from 16 to 64 times.

For TSPTW, m-PDTSP, and SUALBP-2, we evaluate HAC using 96, 768, 1,536, 6,144, 12,288, 24,576,
and 49,152 cores. For SALPB-1, we are not able to use 49,152 cores due to resource limitations of our
cluster. We sometimes encounter an error due to parameters of OpenMPI, PSM2_MQ_RECVREQS_MAX
or PSM2_MQ SENDREQS_MAX. In such cases, we use 2,097,152 (twice the default value) or double it if
it is still insufficient. As shown in Figures 8—11, while the relative speedup becomes smaller as we increase
the number of cores, HAC continues to speed up with up to 49,152 cores in TSPTW and m-PDTSP and up
to 24,576 cores in SALBP-1 and SUALBP-2. Figures 12—15 show that using more cores helps solve more
instances optimally and helps achieve a smaller optimality gap, even in SUALBP-2, where we observe a

slowdown with 49,152 cores.
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7 Memory-Efficient Parallel State Space Search

While we have used the 300-second time limit so far, once we run parallel HAC without a time limit, it
runs out of memory within a few thousand seconds when an instance is not solved. To solve more problem

instances, we propose a more memory-efficient approach.

7.1 Layer-Synchronized Breadth-First Search

Compared to HAC, CAHDBS?2 is memory-efficient, thanks to layered dominance detection, which discards
states in previous layers. However, CAHDBS?2 is not scalable, as shown in our evaluation, possibly due to
layer synchronization and restarting. A straightforward approach is to avoid restarting. Instead of doubling
the beam width b after each iteration starting from small b, we use b = 0, i.e., do not discard any states based
on the priority. This algorithm is equivalent to breadth-first search (BrFS), and its layer synchronization
mechanism is the same as HDBS2, so we name it BrFS2. The drawback of eliminating restarting is that

BrFS2 cannot find solutions quickly using small beam widths. Therefore, we run parallel HAC until it
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Figure 12: Ratio of instances solved optimally over time and the optimality gap with HAC in 68 TSPTW instances, where HAC
with 96 cores takes at least 60 seconds.

runs out of memory, and then run BrFS2 using the best solution cost found by HAC as a primal bound.
Since BrFS2 may prune states using the primal bound and the dual bound function, it can be considered a

distributed parallelization of breadth-first heuristic search (Zhou and Hansen 2006).

7.2 New Parallel Breadth-First Search Method

We also propose BrFS3, a parallel BrFS method that uses layered dominance detection without layer
synchronization, based on HDS3. In BrFS3, the open list O is partitioned into layers, O; for layer /. In each
step, each process expands a state from O; where [ is the minimum value such that O; # 0 and is possibly
different for different processes. Similar to BrFS2, BrFS3 uses a primal bound given as input and may prune
states with the dual bound function.

For layered dominance detection, each process partitions the set of generated states G into layers, G;
for layer [. In the first layer, only one process has the target state in its open list O, and the open lists in
other processes are empty. After process i expands all states assigned to it in layer / (we will explain how to

confirm this situation below), i notifies each process j of the number of successor states in layer / + 1 sent

I+1

toj,c;i using asynchronous message passing. Each process j keeps track of rfj, the number of states in
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s 1.0

] —— 49152 cores

(@]

= 0.81 —— 24576 cores

© 064 — 1536 cores

% 0.4 768 cores

o —_— 96 cores

5021 p—

OO T 1 T T T T T T T T T

0 50 100 150 200 250 300 0.2 04 06 0.8 1.0

Time to solve optimally (s) | Optimality gap

Figure 14: Ratio of instances solved optimally over time and the optimality gap with HAC in 237 m-PDTSP instances, where HAC
with 96 cores takes at least 60 seconds.

layer / received from process i, and increments it when a state in layer / is received from i. After receiving

chtl f;l = rf;.’l holds, process j recognizes that no more states in layer / + 1 will be sent

ij °
from process i. At the point when cf.;fl = rf.]‘fl for all 7 and Oy4; = 0, process j has finished expanding all

states in layer [ + 1, so it sends each process i the number of successor states in layer [ + 2, c?lfz, and discards

at the point when ¢

all states in G4 from memory.

In the above procedure, process i sends cf;fl if and only if i expands at least one state in layer /, receives
at least one state in layer / + 1, or receives c?lfl from another process j, i.e., at least one state in layer / must
be expanded in some process. Otherwise, no process i sends cf.;fl, and termination is detected by Mattern’s
time algorithm. Without this condition, processes would repeat sending cgj = 0 to each other infinitely many

times while incrementing / and be unable to terminate.

7.3 Results

To obtain primal bounds for BrFS2 and BrFS3, in addition to the result from the previous experiments,
we run parallel HAC using 24,576 cores until it runs out of memory. Due to resource limitations on our
cluster, we are unable to use 49,152 cores in this experiment. We are also unable to use 24,576 cores for
SALBP-1 and SUALBP-2. As a result, we run BrFS2 and BrFS3 with 12,288 and 24,576 cores for TSPTW
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Table 1: Time (s) to solve instances using BrFS with 12,288 and 24,576 cores. ‘OOM’ indicates memory out, and ‘-’ indicates that
the configuration is not run. The shortest time is in bold.

BrFS2 BrFS3
Class Set Instance 12288 24576 12288 24576

TSPTW Ohlmann and Thomas (2007)  n150w140.004 OOM OOM OOM 2070
n150w160.001 2805 OOM OOM 1664

SALBP-1  Large (Scholl et al. 2013) n=100_60 719 - 495
n=100_205 519 - 322
n=100_209 601 - 430
n=100_221 890 - 674
n=100_354 619 - 431

and m-PDTSP, and only 12,288 cores for SALBP-1 and SUALBP-2.

BrFS2 and BrFS3 solve multiple additional instances in TSPTW and SALBP-1, while none in m-PDTSP
and SUALBP-2. Table 1 shows the time in seconds to solve each instance. With 24,576 cores, BrFS3
succeeds in solving one TSPTW instance not solved by BrFS2. In contrast, while BrFS2 solves another
TSPTW instance with 12,288 cores, BrFS3 requires 24,576 cores to solve it. Interestingly, BrFS2 fails to
solve the same instance with 24,576 cores, despite the fact that twice as much memory is available in total. In
BrFS2, each process may store states assigned to other processes in its local buffer before sending for the layer
synchronization mechanism, following CAHDBS2 (Kuroiwa and Beck 2024). When using more processes,
due to a higher expansion rate, more states can be stored in the buffer at a time, which may temporarily lead
to higher memory consumption per machine. In SALBP-1, BrFS2 and BrFS3 solve the same five instances,

and BrFS3 is faster than BrFS2, demonstrating that removing layer synchronization improves running time.

8 Closed Instances

In our evaluation, some of the open problem instances of TSPTW, m-PDTSP, and SUALBP-2 are solved by
the proposed algorithms. We report such instances in our repository (https://github.com/Kurorororo/
didp-best-known-solutions). In Table 2, we summarized the number of instances solved by HAC with
the minimum required number of cores. For TSPTW, from the open instances reported by Lépez-Ibafiez and
Blum (2023), 13 are closed by HAC, and one (n150w160.001) is solved by BrFS2 with 12,288 cores and
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Table 2: Number of closed instances by HAC with the minimum number of cores.

Problem Instances from 1 96 768 1536 6144 12288 24576 49152  Total
TSPTW Lopez-Ibanez and Blum (2023) 0 4 5 0 1 2 1 0 14
m-PDTSP Hernandez-Pérez and Salazar-Gonzalez (2009) 0 0 2 0 3 2 0 0 7

Kuroiwa and Beck (2023) 0 6 14 2 8 10 0 2 42
SUALBP-2  Scholl et al. (2013) 1 74 46 19 6 1 1 4 152

Table 3: Number of SUALBP-2 instances whose best known solution cost and bound are improved by HAC with the minimum
number of cores.

I 9 768 1536 6144 12288 24576 49152  Total

Solution cost 1 3 9 4 21 20 26 32 116
Lower bound of the optimal solution cost 44 7 0 0 0 0 0 14 65

BrFS3 with 24,576 cores. In m-PDTSP, from the instances unsolved in previous work (Herndndez-Pérez
and Salazar-Gonzalez 2009, Gouveia and Ruthmair 2015, Castro et al. 2020, Kuroiwa and Beck 2026), 7 are
closed in total. From the larger m-PDTSP instances proposed by Kuroiwa and Beck (2023), 42 are closed.
In SUALBP-2, from the instances unsolved in previous work (Zohali et al. 2022, Zhang and Beck 2025),
152 are closed in total. Moreover, in the remaining open instances, the best-known solution cost is improved
in 116, and the dual bound of the optimal solution cost (the lower bound as SUALBP-2 is a minimization

problem) is improved in 65, as reported in Table 3.

9 Conclusion

We developed massively parallel, distributed, and anytime domain-independent dynamic programming
(DIDP) solvers. We generalized an existing method to an algorithmic framework, hash-distributed state
space search (HDS3), to parallelize anytime heuristic search algorithms. Since the parallelization of existing
algorithms is not scalable, we proposed a new anytime algorithm, hybrid A* cyclic (HAC), and parallelized
it using HDS3. We also develop BrFS2 and BrFS3, memory-efficient distributed parallelization methods
of breadth-first heuristic search. Using up to 192 TB of RAM and 49,152 processes, we demonstrate the
scalability of the developed solvers and solved multiple open problem instances in the traveling salesperson
problem with time windows (TSPTW), the one-to-one multi-commodity pickup and delivery traveling
salesperson problem (m-PDTSP), and the type2 assembly line balancing problem with sequence-dependent
setup times (SUALBP-2).

A limitation of our current approaches is the high consumption of memory. While parallel breadth-first
search methods can solve some instances where parallel HAC runs out of memory, they still fail due to
memory out in other instances. One approach is to reduce memory usage by discarding some states with
the expense of expanding the same state multiple times, e.g., iterative deepening A* with a transposition
table (Korf 1985, Reinefeld and Marsland 1994, Romein et al. 2002). Another approach is to use external
memory search, which saves states in an external memory such as a solid-state drive, as studied in sequential
and multi-thread heuristic state space search (Zhou and Hansen 2004, Korf 2008, Lin and Fukunaga 2018,
Hatem et al. 2018).
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Appendix

Figure 16 presents the speedup of parallel ACPS using 768 and 1,536 cores compared with their 96 cores in
TSPTW and SALPB-1. Figures 17 and 18 compare the ratio of instances over time to optimally solve and
the optimality gap. Figures 19-21 evaluate APPS in the same way.
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Figure 16: Geometric mean speedup of ACPS in instances where using 96 cores takes 10 to 300 seconds to solve optimally. The
speedup per expansion is shown by a dashed line.
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Figure 18: Ratio of instances solved optimally over time and the optimality gap with ACPS in SALBP-1.
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Figure 19: Geometric mean speedup of APPS in instances where using 96 cores takes 10 to 300 seconds to solve optimally. The
speedup per expansion is shown by a dashed line.
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Figure 20: Ratio of instances solved optimally over time and the optimality gap with APPS in TSPTW.
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