ZIB

ZUSE INSTITUTE BERLIN Takustr. 7

14195 Berlin
Germany

Zuse Institute Berlin

NAZGUL ZAKIYEVA!, MILENA PETKOVIC?

Large-scale functional network time
series model solved with mathematical
programming approach

1 0000-0001-9106-9916
% (1 0000-0003-1632-4846
The content of this report is also available as publication in

Zakiyeva, N., & Petkovic, M. Large-scale functional network time series model solved with mathematical programming approach. Econometrics and Statistics. 2025,
DOI:10.1016/j.ecosta.2025.10.001

ZIB Report 25-17 (October 2025)


https://orcid.org/0000-0001-9106-9916
https://orcid.org/0000-0003-1632-4846
http://dx.doi.org/10.1016/j.ecosta.2025.10.001

Zuse Institute Berlin
Takustr. 7

14195 Berlin
Germany

Telephone: +49 30 84185-0
Telefax: +49 3084185-125

E-mail: bibliothek@zib.de
URL: http://www.zib.de

ZIB-Report (Print) ISSN 1438-0064
ZIB-Report (Internet) ISSN 2192-7782


bibliothek@zib.de
http://www.zib.de

Large-scale functional network time series model
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Nazgul Zakiyeva! and Milena Petkovic!
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Abstract. A functional network autoregressive model is proposed for
studying large-scale network time series observed at high temporal reso-
lution. The model incorporates high-dimensional curves to capture both
serial and cross-sectional dependence in large-scale network functional
time series. Estimation of the model is approached using a Mixed Inte-
ger Optimization method. Simulation studies confirm the consistency of
parameter and adjacency matrix estimation. The method is applied to
data from a real-life natural gas supply network. Compared to alternative
prediction models, the proposed model delivers more accurate day-ahead
hourly out-of-sample forecasts of the gas inflows and outflows at most
gas nodes.

Keywords: Functional time series, high-dimensionality, network modeling, fore-
casting, mixed integer optimization.

1 Introduction

In the era of Big Data, large-scale time series data are observed in complex net-
work structures and at high-resolutions. It has been essential to analyse the net-
work dynamics to discover underlying hidden patterns in such high-dimensional
network time series. Examples of such network time series are abundant in the
fields of energy [26], finance [9], biology [24], and many others. Network time
series is a relatively new field that provides both interpretation and versatile
forecasting and modeling features for analysing the dynamics of large-scale real-
world networks. Consider a network with N nodes, indexed by ¢ = 1,..., V.
For the i-th node, the response at time ¢ is denoted by Y;;. The network
nodes are linked by connections, which are represented by an adjacency matrix
A = (a;;) € RNV Specifically, let a; ; = 1 if there is a link from the i-th node
to the j-th node; otherwise, a; ; = 0. The pioneering studies of network time
series include Network Autoregression (NAR), proposed by Zhu et al. [33]. As a
generalization of NAR, Yin et al. [34] propose a flexible framework, where each
node’s response is described by its past values, the values of the neighbouring
nodes, and relevant covariates. This approach effectively deals with non-Gaussian
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errors by improving the robustness of the estimation of the model. Zhu et al. [36]
extend this by assuming a latent group structure that considers heterogeneous
dynamics among the nodes, allowing the simultaneous estimation of the param-
eters and group memberships. Similarly, Li et al. [20] develop a time-varying
network vector autoregressive model with a latent group structure that captures
node-specific effects and addresses structural breaks in group memberships, of-
fering a detailed understanding of the temporal dynamics. Additionally, Yin et
al. [35] propose the Functional Coeflicients Network Autoregressive model, which
introduces non-linear dependencies and time-varying coefficients responsive to
threshold variables. This model’s effectiveness is demonstrated through appli-
cations to air pollution and COVID-19 data, showcasing its ability to capture
complex relationships in multivariate time series.

In the literature on network time series mentioned above, the adjacency
matrix A is assumed to be known; see also [32]. However, in some network-
structured time series data, the connections between the nodes are not given
and the network dependence structures are to be estimated. In such cases, Vec-
tor Autoregression [21] based large-scale multivariate time series models have
been developed in recent years, where high-dimensional parameter matrices are
reduced with Lasso [28] based dimension reduction techniques under different
sparsity assumptions made about the structure [22]. Sparse-Group Network Au-
toregression model, proposed by Chen et al. [15], is one of the models developed
for financial network time series data where A is estimated based on Sparse-
Group Lasso. In the Network Autoregression model with balance Constraint
[13] developed for modeling energy networks, the unknown weighted network
dependence A is estimated simultaneously, keeping a balance between demand
and supply, as Zivzl Y+ =0 at every t.

Nevertheless, as long-term high temporal resolution (day-ahead hourly or ev-
ery 15 minutes) forecasting has become an essential task in modern industries
[29], these network time series models, which consider unit point Y;; forecast-
ing, can be less accurate as the forecast horizon increases. In our study, we
build a large-scale network time series model for long-term prediction using
data recorded sequentially at a dense grid of time points where the network
dependence structure is unknown. We tackle major statistical and optimiza-
tion challenges such as 1) high-dimensionality 2) unknown network structure, 3)
long-term high-resolution prediction.

Having a large-scale network time series with high temporal resolution makes
it attractive to consider the time series over a day ¢ at node ¢ as a curve Y; 4(7)
defined on a compact set 7 € T, where we observe Y; (1) fori =1,..., N and ¢t =
1,...,T. Functional Autoregression based models have been popular in modeling
high-frequency time series [T0/29/TT]. Usually, the infinite-dimensional functions
Y; +(7) are decomposed to a finite parameter space via a Fourier expansion, spline
expansion, or a functional eigenbasis expansion [I2]. The Fourier expansion is
mostly used in energy modeling, given the periodic seasonal nature of the energy
curves [I4J30]. For monotonic curves, a spline expansion method is widely used
[TOJLT].



Large-scale FNAR model solved with MP 3

In recent years, there has been substantial interest in high-dimensional func-
tional time series models, where the functional curves are observed in paral-
lel in N dimensions. Zhou and Dette [31] study statistical inference for high-
dimensional panel functional time series. Gao et al. [I6] and Guo and Qiao [I§]
investigate high-dimensional functional time series where the dimension grows
with the length of the observed functional time series. In most of the litera-
ture, each infinite-dimensional function Y; ;(7) is vectorized using the functional
principle component analysis (FPCA) method. However, FPCA misses the in-
formation about the serial dependence, which is crucial in time series model-
ing. Dimension reduction techniques based on traditional principal component
analysis (PCA) lack variable selection [I9], which is particularly essential in in-
terpreting the dynamics of a large-scale network. Feature extraction techniques
such as PCA generate new features by projecting the given features onto a space
of a different dimension, while feature selection methods help to choose the im-
portant features by keeping their practical significance. Although it comes with
computational challenges, it is essential in fields such as genetics and physics
to rely on feature selection techniques to choose the significant features out of
thousands of variables in order to avoid the noise affecting the accuracy of the
modeling. Especially when a high-dimensional model has additional constraints,
it becomes more challenging to estimate the exact parameters analytically or
with traditional continuous optimization techniques.

In the last decade, mathematical programming approaches have been ex-
tensively applied to problems in statistics and machine learning due to their en-
hanced speed, tractability, and quality of the solution, e.g., the ability to provide
a proof of the optimality of the solutions. Due to both theoretical and hardware
advances, in 2016, algorithmic methods in Mixed Integer Optimization (MIO)
increased their speed by 2 trillion times compared to 1990 [2I6]. With the ad-
vancement of mathematical programming methods, it has been possible to solve
large-scale time series models with different constraints to optimality in a few
seconds [25]. There are many examples from classification [dlf7], regression [5],
support vector machines [23], and subset selection [6], where discrete optimiza-
tion techniques demonstrate their superior applicability compared to continuous
optimization techniques. Bertsimas et al. [6] studied the MIO for solving the
best subset selection problem in linear regression. They demonstrated the supe-
riority of its performance to that of Lasso and other sparse learning methods in
forecasting with optimal sparse solutions. It is a pioneering study of the prac-
tical application of the MIO approaches to problems in statistics, which is the
inspiration for our proposed method.

We propose a Functional Network Autoregression (FNAR) model that inte-
grates high-resolution time points with an unknown network structure A. The
model predicts Y; 4(7) as a linear combination of autoregressive terms Y; ;_1(7)
and the overall network effect represented by Z;\le a; ;Y;1—1(7). The challenge
lies in estimating the unknown N x N binary adjacency matrix A simultane-
ously with the model parameters. We employ an MIO approach, which ensures
that the constraints in the unknown parameter matrix are satisfied and the
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solution is optimal. Our approach distinguishes itself from traditional network
autoregressive models, which typically rely on the knowledge of the adjacency
matrices or spatial distances in order to incorporate network effects. Instead, we
innovatively estimate unknown network connections using a best subset selec-
tion method based on the Ly-norm and solve the resulting optimization problem
through mathematical programming. This allows an enhanced flexibility and
adaptability in modeling complex dependencies within the network. We conduct
a simulation study showing the consistency of the parameter and network esti-
mation. We present an application of the model to predicting day-ahead hourly
gas flows at over 1,000 nodes in the German gas transmission network. The re-
sults indicate that our model consistently outperforms benchmark time series
models across most hours and nodes while achieving an optimal solution.

The two main contributions of our paper are 1) the development of a fine-scale
autoregressive model that incorporates latent network dependencies for time
series analysis and 2) the application of MIO to estimate the model coefficients,
which addresses the significant model selection challenges posed by the latent
network structure.

The rest of this article is organized as follows. We first describe the newly
proposed model in Section [2] We explain the parameter estimation procedure in
Section [B] In Section [4] we demonstrate the consistency and the robustness of
the model estimation through a simulation experiment. An example with real
data is presented in Section [}} We conclude the paper in Section [6]

2 Method

2.1 Functional Network Autoregression

Let N denote the number of nodes in a large-scale network. Let T+ 1 be
the length of the total time period. We write {Y;+(7)}1_, for a series of ran-
dom curves at node 7, with 1 < ¢ < N, taking values in the Hilbert space
H on the continuous domain 7 € [0,1]. The p-lagged curves are denoted by
{Yii=1(7),...,Yi1—p(7)}. The nodes in the network are connected, but the con-
nections are unknown.

To evaluate the network effect of the N different nodes in the prediction
of individual nodes in large-scale networks, we propose the functional network
autoregression (FNAR) model. In particular, FNAR(1) is defined as

1 N 1
Yio(r) = palr)+ / Bra(r—s)¥r1(5)ds+ " as / Bo.i(7—8)Y; o1 ()ds-+es o (7).
j=1
(1)

where £;(-) is an unknown intercept function. The innovation function €; +(7) is
strong H white noise with zero mean and finite second moment E||e; ;(7)||? < oo
for ¢ = 1,...,N. The norm || - || is induced by the inner product < - > of
H. We further assume that the serial dependence is controlled by S ;(-). The
autoregressive (AR) term controls the serial by the bounded linear AR operators
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H to H, with the AR operators specified as the regression functions 31 ;(-), which
are square-integral regression parameter functions in H. f2;(-) represents the
network effect on the i-th node and A € RV*¥ is an unknown sparse adjacency
matrix with binary individual elements, where a; ; == 1 if node j affects the
future predictions of node i, otherwise it is 0. Since autoregression dependence
is estimated with 51 ;(7), we set a;; = 0, for any 1 <7 < N.

We represent the functional terms, i.e., the functional variables and the func-
tional parameters, using the basis of L?([0,1]) given by the trigonometric func-
tions:

Do = Ijo,1), Dok () = \/5(:05(27%7),43%,1(7) = \/§sin(27rkT)7

for k € Z\{0}, which have the usual orthogonal properties [12].
Using these properties, we obtain the Fourier coefficients as follows:

Yii(1) =dio+ Z[bi,t,k¢2k—1(7) + di 1 kxPok (7)),
k=1

wi(T) = pio + Z[pi,k(ﬁqu(ﬂ + ¢i 1k Pk (7)),
=1

Br,i(T) = w10 + Z[vl,i,k@Qkfl(T) + w15,k Pok (7)),
k=1

Bo2,i(T) =ug 0+ Z[U2,i,k¢2k—l(7) + w2,k Pok(T)]
=1

and

oo
€i,t(T) = Nit0 + Z[wi,t,k%k—l(ﬂ + itk P2k (7))
k=1

where d; 1,0, i1k, dit 1 are the Fourier coefficients for Y; ((7); pi0, Dik, ¢ik are
the Fourier coefficients for p;(7); u1,:,0, V1.4, U1,i, are the coefficients for 8; ;(7)
and ug; 0,24k, U2k are the coefficients for B2 ,;(7); 1it,0,wWitk, Mtk are for
€(7), k=1,...,00.

Denote the approximation in the sieve space of the functional terms by
Yitm, (T)s ti,mi (T), B1,i,m (T)s 52,i,m, (T), €it.m, (T), where my is a hyperparame-
ter for sieves, which controls the degree of smoothing and balance between the
the bias and the variance of the approximation on the sieves [12]. We now use
an approximate form for the functional terms in the FNAR(1) model over the
finite sieve space ©,,,. The orthogonality of complete Fourier bases yields the
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following relations between the Fourier coefficients:

N
di,t,O = pio + Ul,i,Odi,tfl,O + E ai,jUQ,i,Odj,tfl,O + 1i,t,0,
j=1
N

1
bitk = Pik + E(Ul,i,kbi,t—l,k + V1 6di -1k + Z a; (U2 kbji—1.6 + 02, kdj1—1k)) + Witk

Jj=1
and

(2)

N
1
dit k= qi g+ ﬁ(ul,z‘,kdi,tq,k — V15,00 01,1 + E a; (U2, kdje—1k — V2,0 k05 1—1,%)) + Nt k-

j=1

The estimation of p;(7), B1,:(7) and Ba;(7), for i = 1,..., N, can be obtained
over O, .

Let y, = (yi,,- - 73’;,t be the Fourier coefficients of Y} ,, (1),
where y; ; = (dit,0,bitk dit ks - bistmys digom,) T € RE* and Ky = 2my +
1 denotes the total number of basis functions. We define P = NK,; as the

)T c RNKtxl

dimension of y,. Similarly, let e; = (e]—’w...,e]—\r,yt)—r € RP*! be the Fourier

. _ T
coefficients of €, (1), where €;1 = (1i,t,0, Wit ks Wit ks - - s Wistmy> Mistom,) €
RKtxl

The FNAR model, after projection on ©,,,, can be represented as
ye=Lo+ Ly,  + LGy, ; +e (3)

where I'y = diag(In,...,In n) € RP*P is a diagonal block matrix with I;c
RE* K¢ pepresenting the unknown Fourier coefficients 3y ;m, (7). The form of
I ,; e RE:XE: ig shown below:

ul,i70 0 0 e O O
0 %Ul,i,l %19171‘71 e O O
0 —%?91’2"1 %ul,i,l .o 0 0
I, = : : : ’
0 0 0 \/L%ul,i,mt %ﬁl,i,mt
0 0 0 e —%19171‘)77” ﬁulﬂ')mt Ko K,y
fori =1,..., N. The form of Iy is similar. L'y = (v ,...,vx) " € RF*lisan un-
known vector of intercept coefficients, where v; = (pi,0, Pi1, @15 - - - s Disme» qi,mt)—r

REXL G € RP*P is a block adjacency matrix with identity block matrices
G; j € RE XK

3 Estimation

To incorporate sparsity and identify influential nodes within the dynamic net-
work, we apply a subset selection-type regularization during the estimation. We
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formulate the network sparsity in such a way that, at any given time point, only a
small number of nodes exhibit significant network effects for each node, which is
constrained by an Lg sparsity technique. Solving the regularized model presents
challenges due to the non-smooth nature of the objective function combined
with the constraints, classifying it as an NP-hard problem. Traditional continu-
ous optimization solvers often struggle to fully satisfy the constraints, resulting
in approximate solutions. To address this, Bertsimas et al. [6] proposed a MIO
approach for solving the best subset selection problem in linear regression, which
guarantees a provable optimal solution.

Recent studies have established a theoretical foundation for MIO that pro-
vides guarantees for both lower-dimensional and high-dimensional coefficient es-
timation in regression and time series contexts. For instance, Prokhorov et al.[27]
developed a framework for change-point detection in time series using MIO, de-
termining the asymptotic properties for the estimated regression coefficients,
which enhance the reliability of detecting structural breaks. Gémez et al. [I7]
employed MIO for outlier detection, showing that their approach allows robust
estimation of underlying processes in time series data, thereby providing statis-
tical guarantees regarding the accuracy of the estimation. Studies focusing on
least quantile regression through MIO emphasize its efficacy in obtaining optimal
solutions in the presence of outliers, which directly relates to high-dimensional
settings [3].

In the FNAR framework, we impose sparsity on the binary adjacency matrix
A € RVXN | This matrix consists of N rows, denoted by a; for i = 1,..., N, and
we estimate the elements a; ; by applying a subset selection penalty for each row
of the adjacency matrix. We impose the constraint

N
> ai; <L, LEN,L<N,

j=1

which enforces that each node ¢ may depend on at most L other nodes. Here L is
treated as a fixed parameter independent of IV; in particular, L is not assumed
to grow with N. In our study, each element a; ; denotes the network effect of
node j on the future value of node i, resulting in a total of N? unknown binary
variables. When L > N — 1, no elements are penalized, indicating that each
node can potentially influence all other nodes. Conversely, if L = 0, all a; ; are
set to zero, implying there are no network effects. Thus, when all variables are
non-zero, every node exerts a network effect on every other node.

The proposed model introduces a novel method for estimating both the model
parameters and the unknown adjacency matrix. To obtain an optimal solution,
we employ the MIO technique, which is a subset of Mathematical Programming
[1,?]. Since the current MIO solvers are more efficient in solving mixed integer
linear problems than their quadratic counterparts [6], we adopt the subset se-
lection method with an absolute deviation loss function to select the nodes with
significant network effects. Hence, the regularized FNAR model is estimated by
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minimizing the absolute sum of the errors:

N
min Z Z l}t leit],

N,N
{vi T T20,a0,5 100 21 5= =1

where e, ; = Yit—"Yi —Fl)iym_l —I5;G;y,_. To linearize the objective function,
we rewrite the absolute sum of the error as the sum of two non-negative vectors
e:'t and e;;, see Petkovic et al. [25]. Then, we estimate the unknown model

parameters by minimizing the sum of the two non-negative vectors as follows:

N T
min N,N Zzlgf (eja_f +ei_7t)
{virl1,60 02,6500 53,27 =1 4=1 t=1
st yit—vi — I11,:yit—1 — [2,:Giyt—1 = ej:t +e; s fori=1,...,N, t
b<TI,;<ub, forn=1,2, i =1,
N
Zai,ng, where L € N, L < N, fori=1,...,N,
j=1
a;j € {0,1}, ai; =0, fori,j=1,...,N,
aij - Ix, = Gij, fori,j=1,...,N,
Iy =Tnij+1,j+1, where j =24, ... Ky — 1, forn=1,2, i=1,.
Fn,i,j+l,j = _Fn,i,j,j+17 where j = 2,47 .. .,Kt — 1, fOI‘ n = 1,2, 1= s
Iijvij+i =0, where j =2,4,... Ky —1, 2<i< K;, forn=1,2,i=1,
I‘n,i,j,z‘ =0, Wherej <1t j= 1,3,...7Kt, for n = 1,2, i=1,.
and
ef, e, e REY, fori=1,...,N, t

where [b and ub are the lower and upper bounds for the Fourier coefficients.

4 Simulation study

In this section, we investigate the finite sample performance of the estimation of
the FNAR model using a mathematical programming approach under sparsity
constraints. Our wish is to see whether the FNAR is able to provide reasonably
accurate estimates of the parameters and network dependences under different
sizes of the training period and the network.

4.1 Data Generation

To demonstrate the finite sample performance of the proposed method, the func-
tional data are generated, satisfying the relations between the Fourier coefficients
in Eq. . The innovations 7; +,0, w; ¢,r and 7; ¢ are simulated from a standard
normal distribution N(0,0% = 1). The intercept parameters p; o, p; x and ¢;  are
generated from U(—1,1). The parameters corresponding to the autoregressive



Large-scale FNAR model solved with MP 9

dependence of the Fourier coefficients are defined as follows. w1 ; 0, u1,5,1 and Y1 4,1
are randomly selected from U(—0.5,0.5), U(—0.5,0.5) and U(—0.3,0.3), respec-

. A (=D *ui i1 (= 1)*91,1

tively, and we assume that u; ; = At Mk = T fori=1,...,N,

where k = 2,...,m;. For the network effect, us; o, u2,;1 and 2 ; 1 are randomly

selected from U(—0.5,0.5),U(—0.3,0.3) and U(—0.2,0.2), for i = 1,..., N, and
koo

we assume that ug;p = CDlunia g, = CD i gy o 1,...,N and

V2(kt1) 0 2bk V2(kt1)
k= 2, ceey My

The binary adjacency matrix A € RV*¥ for different network sizes N, with
a; ; € {0, 1}, are generated in such a way that each node is linked to L = 3 nodes,
ie., Z;V=1 a;; = L, where a;; = 0 for ¢ = 1,..., N. Once the parameters of the
model have been obtained, we have the vector y, of initial Fourier coefficients
of the observed Y; ,,, (7) by generating them from N (ug, Xo), where MO =(Iy—
(I + I,G)) "' and vecXy = (In2 — (I + 1G)T Q(I + IG) ) Lveco?.
Once we have the y, the y,’s are generated according to the equation of Fourier
coefficients. We generate 7' = 50, 100 and 200 functional data processes. We set
m; = 4 and perform the estimation on the sieve approximation.

4.2 Measures of the performance and simulation results

Our aim is to assess the algorithm’s ability to correctly pick the signficant node
variables (and drop the unimportant predictors) and to estimate the parame-
ters of the true model. For this purpose, different network sizes N = 10,20 and
30 are considered, and the experiment is randomly replicated R = 100 times.
Let '™ = vec(ﬂér),EY) + E(QT)) be the r-th replication. We then consider
the following measures to gauge their performances. First, for a given vector
of parameters I'"), the mean squared error (MSE) is evaluated by MSE =
R7! Zle(f”(’") — I'™)2 where I'™ is the estimator obtained in the r-th repli-
cation. In addition, we estimate the precision FP +TP of the model to evaluate
its performance in estimating the unknown adjacency matrix, where FP and TP
denote the estimated false positive= [{4, j pairs: a; ; # 0 and a; ; = 0}| and true
positive = |{i, j pairs: G; ; = 0 and a] ; = 0}| nodes, respectively.

The experiments were executed using the MIO solver from the latest version
of Gurobi 11.0.0 and the solver successfully provided optimal solutions. Table
presents the average values of the MSE and precision. It shows that the es-
timation is accurate, with the average values of the MSE for I' smaller than
0.0123. The results highlight that our model demonstrates consistent properties
for both parameter estimation and network dependence recovery as the sample
size T increases. Specifically, the MSE for parameter estimation decreases with
larger T across different network sizes N. Similarly, if T is fixed, the average
MSE values decrease towards 0 as N increases. Consider for example the MSE
with T = 200: it drops from 0.0097 to 0.0037 as N increases from 10 to 30. This
indicates the consistency in the parameter estimation with respect to both T" and
N. Additionally, the accuracy of the network estimation improves significantly
with larger T for each N. However, as the network size increases, the complexity
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of the estimation increases, which may affect the precision of the estimation of
the network structure.

MSE for I Precision for A
N=10 N=20 N=30 N=10 N=20 N=30
T= 50 0.0123 0.0077 0.0062 0.618 0.556 0.484
T=100 0.0108 0.0058 0.0044 0.813 0.650 0.689
T=200 0.0097 0.0052 0.0037 0.879 0.784 0.796

Table 1: Simulation results with 100 replications. The average values of the
MSE and Precision are presented.

5 Real data analysis

5.1 Data and Forecast setup

For efficient energy transmission, it has been essential for gas transmission oper-
ators to accurately forecast gas flows in the network for the next 24 hours [25J30].
We apply the FNAR to predict day-ahead hourly natural gas flows in real-life
natural gas network data. The data are collected from a large-scale German gas
transmission network operator Open Grid Europe (OGE). Our dataset contains
hourly gas inflow and outflow for 1,026 nodes, including demand, supply, and
storage nodes. The hourly gas flow time series is observed hourly for the 629
consecutive days from April 19 Y1 to January 7 Y3. Y1 denotes the first year
in the time series. The response, Y;+(7), considered in this study is the daily
gas flow curve at gas day ¢, starting from 6am to 5am the next day, and node i.
Fig. [1] illustrates the smoothed normalized daily curves for the largest gas node
for 30 gas days using the Fourier basis expansion method with K; = 15.

In the training-validation sample, corresponding to the period from gas day
1 to gas day 365 (from April 19 at 6am, Y1 to April 19, Y2 at 5am, labeled T'1),
we choose the optimal hyperparameters K; and L corresponding to the number
of Fourier basis functions and the upper bound for the number of selected nodes
with a forward-looking selection principle. After Ky = 15 and L = 5 have been
selected as optimum hyperparameters, we move forward one gas day at a time to
update the parameters and the adjacency matrix and forecast day-ahead hourly
gas flows in the out-of-sample forecast period, from April 19, Y2 at 6am to
January 7, Y3 at bam, (labeled as T2, a total of 263 days).

5.2 Evaluation

We measure the accuracy of the forecast in terms of out-of-sample prediction
errors. We convert the predicted curves to the original gas flow data to facilitate
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Fig. 1: Fourier series expansion of period one and K;=15 to represent a daily
gas flow {V;(7)}32, at the largest gas node i for t = 1,...,30. The time series
values are normalized.

comparison when computing this accuracy. Specifically, we calculate the mean
absolute error (MAE) for hourly day-ahead forecast at each node 4,4 =1,..., N,
as

Yini — Yinils

1
MAE,,; = —

where T5 denotes the total number of gas days in the test period. ?”” is the
h-hour ahead forecast of gas flow at gas day t at node .

5.3 Alternative models

The considered alternative prediction models include the Autoregressive model
with lag 1, Network Autoregressive model incorporating the spatial distances of
the network nodes, and the Long Short-Term Memory (LSTM) model, repre-
senting the class of deep learning models. The LSTM model is built with one
layer, 128 neurons; dropout is 0.1, and for every node, it was trained with 100
epochs. LSTM used the last 5 days of hourly time series to predict the next
24 hours and the hyperparameters were selected using a grid search approach,
focusing on the model’s performance across the training and validation sets (see
Section . This method ensures optimal generalization and accuracy. In con-
trast, the proposed FNAR model offers enhanced interpretability compared to
LSTM. FNAR directly incorporates the network structure, allowing it to capture
cross-sectional dependencies between nodes, which aids in identifying significant
inter-node influences. Furthermore, the use of mathematical programming in
the FNAR facilitates feature selection within high-dimensional networks. This
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makes it easier to discern important relationships and dependencies in the time
series data, an aspect where LSTM models often fall short due to their emphasis
on sequential rather than incorporating networked dynamic interactions. To pro-
vide an alternative perspective, we also implemented the Network Autoregressive
(NAR), originally proposed by Zhu et al. [33]. The NAR model operates under
the assumption that the adjacency matrix is known, while the FNAR model
does not rely on this assumption. In the NAR model, we defined the connec-
tions between the nodes based on spatial distances, where each node’s response
is influenced by its own past values and those of its neighbours. To construct
the adjacency matrix for the NAR model, we first computed pairwise spatial
distances using the Euclidean metric. These distances were then transformed
into weights by taking their inverses, reflecting stronger connections with higher
weights. Finally, the weights were normalized so that each row of the matrix
sums to one.

5.4 Forecast accuracy

We present the day-ahead hourly out-of-sample forecasting results for the gas
network. Table [2| shows the median MAE over the forecast horizon and 1,026 gas
nodes by the proposed method and the benchmark alternative prediction meth-
ods. The highlighted value is that of the best-performing model. It shows that
the FNAR model outperforms the AR, NAR and LSTM models in prediction for
the majority (at least 50%) of nodes in the network. As demonstrated in Figure
FNAR provides more accurate predictions for most hours, as evidenced by the
lower hourly median forecast error. In particular, for 11 hours out of the 24-hour
ahead predictions, FNAR outperforms the NAR, LSTM and AR. This indicates
the advantage of combining functional time series and network modeling over
classical time series models in forecasting for large-scale networks.

LSTM AR NAR FNAR
Median MAE  2.00 2.47 2.34 1.94
Table 2: Median MAE of day-ahead hourly gas flow predictions at 1,026 individual

gas nodes from April 19, Y2, to January 7, Y3. The best performance is underlined
and highlighted with bold.

6 Conclusion

This paper has proposed a novel FNAR model solved with a mathematical pro-
gramming approach for modeling and predicting day-ahead hourly time series.
We address three key challenges simultaneously: high-dimensionality, unknown
network structure, and high-frequency prediction. The high-dimensional adja-
cency matrix and parameters are estimated using a mixed integer optimization
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Fig. 2: Day-ahead hourly forecast: median MAE of gas flow prediction for each

hour h,h = 1,...,24, over 1,026 individual gas nodes from April 19, Y2, to
January 7, Y3.

approach under a sparsity assumption. The simulation study demonstrated the
consistency in the parameter and unknown network dependence estimation. Fur-
thermore, the experimental results show that the model consistently outperforms
the alternative models by giving more accurate day-ahead hourly forecasts for
most prediction hours in most nodes in a large-scale gas network.

Beyond the current formulation, the framework naturally admits several ex-
tensions. For instance, alternative forms of regularization could be incorporated
to enhance predictive performance and control model complexity. The approach
may also be generalized to capture nonlinear dependencies in the data. Another
promising direction is to allow for dynamics that evolve over time or across
regimes, which would enable the framework to adapt to structural changes and
heterogeneous operating conditions. Such extensions would broaden the appli-
cability of the framework and further enhance its ability to capture complex
patterns in forecasting problems.
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