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Zusammenfassung

Die vorliegende Dissertation beschaftigt sich mit der Optimierung der Fahrzeugeinsatzplanung
im offentlichen Personennahverkehr. Dieses Problem ist fiir die meisten praxisrelevanten Fille
schwierig (NP-schwer). In dieser Arbeit prasentieren wir Methoden der ganzzahligen linearen
Programmierung zur Losung dieses Planungsproblems. “Verniinftige” mathematische Formu-
lierungen des Fahrzeugeinsatzplanungsproblems basieren auf Netzwerkflufi-Modellen und ent-
sprechenden ganzzahligen linearen Programmen (LP). Dies sind sogenannte bogenorientierte
Mehrgiterfluf-Modelle bzw. pfadorientierte Set- Partitioning-Modelle. Wir beschaftigen uns mit
beiden Ansitzen, der Schwerpunkt liegt aber auf dem bogenorientierte Mehrgiiterflufi-Modell.

Mathematisch bearbeiten wir diese Modelle mit Branch-und-Cut- bzw. Branch-und-Cut-und-
Price-Methoden. Reale Anwendungen fithren zu riesigen LPs mit einigen Millionen ganzzahligen
Variablen. Die Behandlung solcher LPs erfordert Spalten-FErzeugungs- Verfahren (auch Column-
Generation- Verfahren genannt). Basierend auf Lagrange-Relaxationen entwickeln wir hierzu
neue Verfahren zur Auswahl der zu erzeugenden Spalten, die wir Lagrange-Pricing nennen.
Lagrange-Pricing-Techniken haben es erstmalig erméglicht, LPs dieser Art mit rund 70 Millionen
Variablen zu losen.

Fiir den bogenorientierten (Mehrgiiter-)FluB-Zugang beschreiben wir ausfiihrlich, wie Lagrange-
Relaxationen sowie die LP-Relaxation effizient gelost werden. Zusitzlich schlagen wir eine
Heuristik vor, die schnell gute Lésungen erzeugt. Diese Heuristik beruht auf einem sog. Schedule-
First-Cluster-Second-Ansatz. Eine zentrale Aufgabe bei der Losung dieser primalen und dualen
Probleme ist dabei die effiziente Behandlung von Problemen mit einem Depot. Wir zeigen, dafl
das bogenorientierte Mehrgiiterflu-Modell durch eine geeignete Anwendung der Dantzig-Wolfe-
Dekomposition in ein pfadorientiertes Set-Partitioning-Modell iiberfiihrt werden kann.

Der zweite Teil dieser Arbeit priasentiert die Rechenergebnisse zu den von uns entwickelten und
implementierten Verfahren. Diese Untersuchungen basieren auf realen Testdaten von drei grofien
deutschen Nahverkehrsunternehmen.

Die implementierten Codes arbeiten zuverlissig und stabil. Die mit diesen Verfahren durchge-
fithrten Testlaufe lieferten hervorragende Ergebnisse: Bis auf ein Problem kénnen alle Beispiele
optimal gelost werden. Die Losungen des Branch-and-Cut-Verfahrens wurden auch mit den Pla-
nungsergebnissen der in der Praxis gegenwirtig eingesetzten Verfahren verglichen: Wir konnten
zusétzlich mehrere Fahrzeuge einsparen sowie eine Kostenreduktion von bis zu 10 % aufzeigen.

Der mogliche Nutzen dieser Methoden ist enorm. Beispielsweise rechnet die BVG damit, den
Planungsprozefl mit den von uns entwickelten Softwaretools deutlich straffen und jihrlich Ein-
sparungen in Hohe von rund 100 Millionen Mark erzielen zu konnen, siehe den Artikel Auf
Sparkurs zum Ziel im Rheinischer Merkur, Nummer 39, von Schmidt [1997].

Teile der vorgestellten Methoden wurden bereits in die Planungssysteme BERTA (der Berliner
Verkehrsbetriebe (BVG)) und MICROBUS 1T (der TVU Gesellschaft fiir Informatik, Verkehrs-
und Umweltplanung mbH, Berlin) integriert. Dariiber hinaus hat auch die Forschungsabteilung
der SIEMENS AG in Miinchen dieses System erworben.

Mathematics Subject Classification (1991): 90B06, 90B10, 90C05. 90C06.






Abstract

This thesis deals with integer linear programming approaches for the NP-hard
Multiple-Depot Vehicle Scheduling Problem (MDVSP) in public mass transit.
“Reasonable” formulations of the MDVSP are based on network flow models and
their integer linear programming analogues. In particular, arc-orienled multi-
commodity flow models and path-oriented sel partitioning models (derived by
Dantzig-Wolfe decomposition) are two customary models for this kind of prob-
lem. In this thesis, we investigate both approaches. The main emphasis is on the
solution of the multicommodity flow formulation.

The solution methods applied for the two models are branch-and-cut and branch-
and-cut-and-price, respectively. Additionally, column generation techniques seem
indispensable for both approaches. We have developed new column generation
rules that make it possible to solve the huge linear programs with up to 70 million
integer variables that come up here. These rules for selecting new columns are
based on Lagrangean relaxations and, therefore, called Lagrangean pricing.

For the arc-oriented multicommodity flow approach, we describe the efficient so-
lution of single-depot instances, Lagrangean relaxations, and the LP relaxation.
In addition, we propose a heuristic that quickly generates good solutions. This
heuristic is based on a schedule first — cluster second approach. For the path-
oriented set partitioning approach, we describe its relation to the arc-oriented
model.

The second part of this thesis presents the computational investigations of the
solution methods that we have developed and implemented. These investigations
are based on test data of three large German public transportation companies.

The computational results are excellent: Except for one problem, all encountered
test instances can be solved to proven optimality. Compared with the results
obtained with the best planning system currently available in practice, our test
runs indicate savings of several vehicles and a cost reduction, on the average, of
about 10 %.

The possible profit from using this optimization software is immense. For instance,
BVG reckons on savings of about DM 100 million per year, see the newspaper
article Auf Sparkurs zum Ziel in Schmidt [1997].

Parts of the presented methods are already integrated in the BERTA system
of the Berliner Verkehrsbetriecbe (BVG) and in the MICROBUS II system of
the TVU Gesellschaft fur Informatik, Verkehrs- und Umweltplanung mbH, Berlin.
Moreover, this system has also been purchased by the research department of the
SIEMENS AG, Munich.

Mathematics Subject Classification (1991): 90B06, 90B10, 90C05. 90C06.
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Introduction

Solving transportation problems was and still is one of the driving forces behind the de-
velopment of mathematical disciplines such as optimization and operations research, see
Borndérfer, Grétschel, and Lébel [1995]. Truly large transportation problems have to be
solved, for instance, in airline traffic (airline and crew scheduling) and public mass transit
(vehicle and duty scheduling). In the past, the corresponding transportation markets have
often been protected by monopolistic structures. However, deregulation of such monopo-
listic markets has led to world-wide competition. It is therefore obvious that competitive
participants in these markets must use computer-aided tools for their operational plan-
ning process to employ their resources as efficiently as possible. Modern and sophisticated
mathematical optimization techniques can help to solve such planning problems.

For instance, public transportation in the European Community is subject to such market
deregulation. Monopolistic markets have become more liberal or will soon be broken up.
In order to prevent their complete extinction from the market, monopolistic transportation
companies will therefore have to change from deficit-oriented monopolies to competitive
market players. One important factor in facing the challenges of a competitive market is,
of course, cost reduction, which can be obtained by making intelligent use of the latest
mathematical knowhow, see Bohmig and Wolter [1997] and Kretschmann and Lawerentz
[1997].

Over the last few decades, planning large systems in public transit has been subdivided
into a hierarchical process: line planning, timetable planning, vehicle scheduling, and
duty scheduling and rostering. Solving each of these single steps is still a hard task. This
thesis deals with one of these steps: vehicle scheduling.

The Multiple-Depot Vehicle Scheduling Problem (MDVSP) is to assign a fleet of vehi-
cles, possibly stationed at several garages, to a given set of (timetabled or passenger)
trips such that operational, company-specific, technical, and further side constraints are
satisfied and the available resources are employed as efficiently as possible. In the last
three decades, considerable research has gone into the development of academic as well as
practice-oriented solution techniques for the A/P-hard MDVSP and special, often poly-
nomially solvable, cases of it. Review articles on this topic are, for instance, Desrosiers,
Dumas, Solomon, and Soumis [1995], Daduna and Paixao [1995], and Bussieck, Winter,
and Zimmermann [1997].



2 INTRODUCTION

The most successful solution approaches for the MDVSP are based on network flow models
and their integer programming analogues. In the literature, there are two basic mathemat-
ical models of this type: First, a direct arc-oriented model leading to a multicommodity
flow problem and, second, a path-oriented model leading to a set partitioning problem. The
latter can also be derived from Dantzig-Wolfe (DW) decomposition applied to the first.
Both approaches lead to large-scale integer programs, and column generation techniques
are required to solve their LP relaxations. We shall explicitly discuss these two models
in our literature overview. This thesis investigates both approaches. However, the main
emphasis is on the solution of the multicommodity flow formulation.

To the best of our knowledge, only relatively small (artificially generated and real-world)
MDVSPs have by now been solved to proven optimality: Forbes, Holt, and Watts [1994]
report on numerical investigations with up to 3 depots. Mesquita and Paixao [1997], a
recent publication on this topic, still solve problems just with up to 4 depots and 352
timetabled trips.

Practice-oriented heuristics are often based on a single-commodity network flow relaxation.
We will show that solutions generated by methods based on network flow do not necessarily
attain the optimum since, in general, they do not use all degrees of freedom. Moreover,
these methods do not provide tight lower bounds or do not provide lower bounds at all.

The contribution of this thesis is the efficient and optimal solution of the integer linear
program (ILP) derived from the multicommodity flow formulation. Column generation
seems indispensable to solve large problems of this kind. In particular, we present a new
technique, called Lagrangean pricing, that is based on two Lagrangean relaxations of the
multicommodity flow model.

Our computational investigations are performed on large-scale data from three German
public transportation companies: the Berliner Verkehrsbetriebe (BVG), the Hamburger
Hochbahn AG (HHA), and the Verkehrsbetriebe Hamburg-Holstein AG (VHH). These
instances involve problems with up to 49 depots, about 25 thousand timetabled trips, and
about 70 million integer decision variables. These test instances have been provided by
our partners HanseCom GmbH, Hamburg, and IVU Gesellschaft fiir Informatik, Verkehrs-
und Umweltplanung mbH (IVU), Berlin. Test runs on this test set show that our method
is able to solve problems of this size optimally. These problems are orders of magnitude
larger than the instances successfully solved with other approaches, as far as we know.

The interested reader can find further information about the involved companies BVG,
HanseCom, HHA, IVU, and VHH (in alphabetical order) via WWW at www.bvg.de,
www.hansecom.com, www.hochbahn.com, www.ivu-berlin.de, and www.oepnv.de/vhh,
respectively.

Our research has been supported by the German Federal Ministry of Education, Science,
Research, and Technology in the program Anwendungsorientierte Verbundprojekte auf
dem Gebiet der Mathematik (Application-Oriented Joint Projects in Mathematics). This
program aimed at giving financial support to joint projects of academic institutions and
partners from industry. It was the goal to improve available or to develop new mathe-
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matical techniques and to transfer the resulting software tools into practice. And indeed,
parts of our software have already been integrated in the planning systems BERTA of
the Berliner Verkehrsbetriebe and MICROBUS II of the IVU GmbH. Additionally, the
research department of the SIEMENS AG, Munich, has also purchased our system. With
our software, the Berliner Verkehrsbetriebe expects to save about DM 100 million per
year, see the article Auf Sparkurs zum Ziel by V. A. Schmidt [1997].

This thesis contains 12 chapters and is divided into five parts: basics (Chapter 1), the
problem (Chapters 2-4), lower and upper bounds (Chapters 5-9), exact methods (Chapters
10-11), and computations (Chapter 12).

Basics: In Chapter 1, we give an introduction to some basics concerning notation, linear
algebra, polyhedral theory, (integer) linear programming, graph theory, and network flows.

The Problem: This part is divided into three chapters: a problem description, complex-
ity investigations, and a literature overview.

The MDVSP is introduced in Chapter 2, and we present a multicommodity flow formu-
lation with its integer programming analogue. We also distinguish our multicommodity
flow formulation from some other (arc-oriented) models that have been presented in the
literature.

The complexity of the MDVSP is investigated in Chapter 3, which is divided into one
section for the polynomially solvable single-depot case and another for the A/P-hard
multiple-depot case.

Chapter 4 contains a detailed literature overview. In addition, we discuss the arc-oriented
multicommodity flow and the path-oriented set partitioning formulations.

Lower and Upper Bounds: In this part, we present the algorithmic tools that we have
used to solve large problem instances with our branch-and-cut method.

It starts with the solution technique for single-depot instances in Chapter 5. Such prob-
lems are solved with a network simplex algorithm combined with column generation.

Chapter 6 deals with two Lagrangean relaxations of the ILP and presents the subgradient
methods which we apply for their solution. The occurring inner minimization problems
of the Lagrangean duals are solved by the network simplex code presented in the chapter
before. In particular, Lagrangean relaxations are used to compute fast and tight lower
bounds.

In Chapter 7, we will describe in detail the basic ingredients of our LP method that are
indispensable to solve the LP relaxation of large problems. In particular, we introduce
Lagrangean pricing. We have also investigated certain recent approximation approaches
for the solution of the LP relaxation. We do not believe that such algorithms can sub-
stantially help solving the LP relaxation that we investigate here.

Chapter 8 deals with some heuristics. It starts with two opening heuristics: the well-
known cluster first — schedule second approach (CF-SS) and a schedule — cluster — resched-
ule algorithm, which is a composition of (the other well-known) schedule first — cluster
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second approach and CF-SS. The chapter continues with LP-plunging, which is an LP-
based iteratively rounding heuristic and used within our branch-and-cut algorithm. Last
but not least, we give a short introduction to the vehicle scheduling of HOT.

Chapter 9 presents some results of our polyhedral investigations of the MDVSP.

Exact Methods: This part presents exact branch-and-bound and branch-and-cut-and-
price approaches for the multicommodity flow and the DW set, partitioning formulations,
respectively.

Chapter 10 give a composition of the concepts presented in the previous part resulting in
an efficient method to solve MDVSP instances.

In Chapter 11, we show how the DW decomposition formulation is derived from the mul-
ticommodity ILP formulation, discuss the relation between the arc-oriented multicom-
modity flow and the path-oriented set partitioning formulations, and provide a branch-
and-cut-and-price algorithm for the solution of the DW decomposition.

Computations: The methods of the Parts II and IV have been tested on real-world
data of BVG, HHA, and VHH. In Chapter 12, we summarize the results of our computa-
tional tests for single-depot instances (solved with our network simplex implementation)
and multiple-depot instances (solved with branch-and-cut and decomposition approaches,
respectively).



Chapter 1

Notation and Preliminaries

This chapter introduces some basics concerning notation, linear algebra, polyhedral the-
ory, (integer) linear programming, graph theory, and network flows. Readers who are
familiar with the basics of these fields may wish to continue with Chap. 2. In what fol-
lows, the accent is rather on collecting prerequisites than on completeness. Parts of the
exposition follow Grétschel, Lovész, and Schrijver [1988]. For more detailed information,
we recommend

e Bazaraa, Jarvis, and Sherali [1990], Chvatal [1980], Grétschel, Lovasz, and Schrijver
[1988], Luenberger [1989], Nemhauser and Wolsey [1988], and Schrijver [1989] for
polyhedral theory and (integer) linear programming,

e Berge [1973] and Grétschel, Lovasz, and Schrijver [1988] for graph theory,

e Ahuja, Magnanti, and Orlin [1993,1995] and Bazaraa, Jarvis, and Sherali [1990] for
network flows, and

e Garey and Johnson [1979] and Papadimitriou and Steiglitz [1982] for complexity
theory.

1.1 Sets, Vector Spaces, and Matrices

By N, Z, Q, and R we denote the sets of natural, integer, rational, and real numbers,
respectively. Z,, Q,, and R, are the subsets of nonnegative elements. We assume that
0 ¢ N and denote Ny := NU {0}. The symbols N*, Z" Q", and R" are used for the sets
of vectors with n components and entries in N, Z, , and R. R" is understood as the
usual n-dimensional Euclidean vector space with an inner product z"y := Y "  x;y;
for z,y € R™. The superscript “T” denotes transposition, and, unless stated otherwise,
r € R” is always a column vector. 1 € R” denotes the n-vector with all entries equal to
one, and e/ € R™ is the j-th canonical unit vector.

k . . . .
A vector z = )/ | Az, is called linear combination of the vectors 1, z,..., 2, € R”
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if \; € Rfori=1,...k If, in addition,

A =20 Ve conic
ATl=1 we call z a(n) affine combination
AN=20Vi, ATl=1 convex
of the vectors z1, xs,...,2;. These combinations are called proper if neither A = 0 nor

A= ¢’ for some j € {1,2,...,k}. For a nonempty subset S C R" we denote by

lin(.5) linear
;(EEIEGS()S ) the ;?ﬁnriz hull of the elements of S,
conv(S) convex

that is the set of all vectors that are linear (conic, affine, convex) combinations of finitely
many vectors of S. For the empty set, we define lin(f}) := cone(#) := {0} and aff(§)) :=
conv(@)) := 0.

A subset S C R” is called a(n)

linear subspace lin(S)
cone o9 cone(S)
affine subspace aff(S)
convex set conv(S)

A subset S C R" is called linearly (affinely) independent if none of its members
is a proper linear (affine) combination of elements of S; otherwise S is called linearly
(affinely) dependent. It is well known that a linearly (affinely) independent subset of
R™ contains at most n elements (n + 1 elements). For any set S C R”, the rank of
S (affine rank of S), denoted by rank(S) (arank(S)), is the cardinality of the largest
linearly (affinely) independent subset of S. For any subset S C R”, the dimension of
S, denoted by dim(S), is the cardinality of the largest affinely independent subset of
S minus one, i.e., dim(S) = arank(S) — 1. A set S C R" with dim(S) = n is called
full-dimensional.

If £ and R are sets, then RY is the set of mappings from E to R. If E is finite, it is
very convenient to consider the elements of R” as |F|-dimensional vectors where each
component of a vector x € R¥ is indexed by an element of E, i.e., = (Z.)ecr. For
F C F, the vector x € R” defined by I =1ife€ F and xI' =0ife € E\ F is called
the incidence vector of F. For a set G (not necessarily G C F) z(G) € R is defined as

z(G) = Z Ze-

e€EGNE

For a real number «, |a] denotes the largest integer not larger than « (the floor or lower
integer part of «), [a]| denotes the smallest integer not smaller than « (the ceiling or
upper integer part of «), and [« := [a — 3] denotes the integer nearest to .
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For any set R, R™" denotes the set of mxn-matrices with entries in R. For a matrix
A € R™ we usually assume that the row index set of A is {1,...,m} and that the
column index set is {1,...,n}. Unless specified otherwise, the elements or entries of
A € R™ are denoted by a;;, 1 <i<m, 1< j < n; we write A = (a;;). Vectors with n
components are also considered as nx1-matrices.

If I is a subset of the row index set M of a matrix A and J is a subset of the column index
set N of A, then A;; denotes the submatrix of A induced by those rows and columns of A
whose indices belong to I and J, respectively. Instead of Ay (Agn, resp.) we frequently
write A.; (Ar., resp.). A, is the i-th row of A (so it is a row vector), and A.; is the j-th
column of A.

Whenever we operate with vectors and matrices, but do not explicitly specify their di-
mensions, we always assume that their dimensions are compatible.

The identity matrix is denoted by I or, if we want to stress its dimension, by I,,. The
symbol 0 stands for any appropriately sized matrix, which has all entries equal to zero,
and similarly for any zero vector. If A € R™ and B € R™? then (A, B) (or just (AB) if
this does not lead to confusion) denotes the matrix in R™®*% whose first p columns are
the columns of A and whose other ¢ columns are those of B. Analogously, if C' € R™ and

C ..
D € R* then D denotes the matrix in R whose first r rows are the rows of C

and whose other s rows are those of D. The inverse matrix of a nonsingular nxn-matrix
A is denoted by A1

The rank of a matrix A (notation: rank(A)) is the rank of the set of its column vectors.
This is known to be equal to the rank of the set of its row vectors. An mxn-matrix A is
said to have full row rank (full column rank) if rank(A) = m (rank(A) = n).

1.2 Polyhedra

If A is a real mxn-matrix and b € R™, then Az < b is called a system of (lin-
ear) inequalities and Az = b a system of (linear) equations. The solution set
P :={x € R"| Ax < b} of a system of inequalities is called a polyhedron. A polyhedron
P that is bounded is called a polytope. A polyhedral cone is a cone that is also a
polyhedron.

If « € R*\ {0} and ay € R, then {z € R"| a"z < qp} is called a halfspace, and
{z € R”| 0"z = ap} a hyperplane. To shorten notation, we shall sometimes speak of the
hyperplane "z = ay and the halfspace a"z < ay. Every polyhedron is the intersection of
finitely many halfspaces.

We call an inequality «"z < aq valid with respect to P if P C {x € R"| a"z < ap}. A set
F C P is called a face of P if there exists a valid inequality a"x < ag for P such that
F ={z € P|a"z = ap}. We say that F is the face defined (or induced) by o™z < ay.
The subset eq(F) := {i € M| A,z =b; ¥V € F} of the row index set of A is called the
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equality set of F.

If z is a point in a polyhedron P such that {z} is a face of P, then z is called a vertex of
P. A facet of P is a maximal face F of P := {x € R"| Az < b} with § # F # P. Facet
defining conditions are given by the following theorem:

(1.1) Theorem. Let P:={x € R"| Az < b} be a polyhedron and F, induced by the
inequality a"z < ag, be a nontrivial face of P. Then the following are equivalent:

i. Fis a facet of P.
ii. dim(F) =dim(P) — 1.
iii. For each valid inequality d"z < dy satisfying FF C {& € P| d'z = dy}, there
exists some vector u© € RUP) and 0 € v € R such that dy = vag + 1" beq(py and
d* = va® + u' Aeq(py.-

1.3 Linear and Integer Linear Programs

1.3.1 Linear Programming and Duality

Given an mxn-matrix A, a vector b, and a vector c. A linear programming problem
(LP), we also just say linear program, is the task to find a vector 2* € P = {z| Az =
b, x > 0} minimizing the linear function ¢z over P. We will usually write an LP in one
of the following forms:

min c'z,

Az =b
xz 20

min{c’z| Az =b, x > 0},
minc'z, Az =5, x >0,

or minc'z, x € P.

A vector x € P is called a feasible solution of the LP, and a feasible solution z* is called
an optimal solution if ¢"z* < ¢"x for all feasible x € P. The linear function ¢"z is
called the objective function of the LP. The same terminology applies if minimization
is replaced by maximization.

With every LP min{c"z| Ax = b, > 0}, we associate the dual LP max{y"b| y"A < ¢"}
referring to the original LP as the primal one. Both problems are interrelated by the
following duality theorem of linear programming:

(1.2) Theorem. If both the linear program (P) min{c"z| Az = b, z > 0} and its
dual linear program (D) max{u"b| u"A < ¢"} have feasible solutions then both LPs have
optimal solutions yielding the same (optimal) objective value. If one of (P) or (D) has no
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feasible solution then the other is either unbounded or has also no feasible solution, and
if one of (P) or (D) is unbounded then the other has no feasible solution.

If the polyhedron P is given by an arbitrary collection of linear inequality and equality
constraints, the following corollary displays the general scheme for forming the dual to a
primal LP.

(1.3) Corollary. The primal LP

(1.4a) mind z + e’y
subject to

(1.4Db) Az + By = aq,
(1.4¢) Czx + Dy = b
(1.4d) EFrx + Fy < ¢
(1.4e) z = 0,

and its dual LP

(1.5a) maxu'a+v'b+w'c
subject to

(1.5b) uTA + v°C + w'E < d7,
(1.5¢) u'B + v'D + w'F = e,
(1.5d) v o2 0, w < 0,

yield the same optimal value provided that both linear programs are nonempty.
The following results provide some useful optimality conditions for linear programs.

(1.6) Theorem. Weak complementary slackness theorem. Consider the primal
LP (1.4) and its dual LP (1.5). Let (z*,y*")" and (u*", v*", w*")" denote some optimal
solutions for (1.4) and (1.5), respectively. Then

v; >0 = Ciz" + Dyy* =b;,

wi <0 = E2" + Fy = a;,
>0 = u"A; + 0vC; + wTF; =d;.

N

xT

(1.7) Theorem. Strong complementary slackness theorem. If the primal LP (P)

min{c"z| Az = b, x > 0} and its dual LP (D) max{u"b| 4" A < "} have feasible solutions

then there exists optimal solutions z* and u* such that for each column j of A holds
;>0 = uTAj=g¢,

*T *
Ay < = ZEj—U.
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1.3.2 Integer Linear Programming

Given an mxn-matrix A, a vector b, and a vector c¢. An integer linear programming
problem (ILP), we also just say integer linear program, is the task of finding a vector
€ X ={z| Az =b, z > 0, x integral} minimizing the linear function ¢"z over X.

Let X := {x| Az = b, x > 0} denote the continuous relaxation of X. Given an ILP

min{cz| z € X}, then min{c"z|x € X} is called its LP relaxation. It is easy to see
that the following inequalities hold provided that all LPs and ILPs are feasible:

. . Theorem 1.2
min ¢z > min ¢z = max c¢'z > max c'z
Az =0» Az =0 wTa T wTageT

x 20 20 = %

= integral ¥ integral

1.3.3 Lagrangean Relaxation

Another possible relaxation of an ILP is Lagrangean relaxation. Its general approach is
outlined in Schrijver [1989] and, especially for network flow problems, in Ahuja, Magnanti,
and Orlin [1993]. The basic idea is the following. Let X denote some nonempty polytope;
for simplicity and for the sake of illustration assume X := {3:\ Ax=b220, 2 integral}.

Let X := {m\ Ax=0b 2> 0} denote the continuous relaxation of X. Suppose we consider
the ILP

(1.8) min{c"z| Dz =d, v € X}

and its LP relaxation

(1.9) min{c"z| Dz =d, z € X}.
A Lagrangean relaxation of (1.8) with respect to Dz = d is the optimization problem

(1.10) max [min{c% — w(Dz— d)}].

U zeX

The inner minimization problem leads to a concave and piecewise linear function

(1.11) L(u,X) = u"d + Lréi)l(l{(cT —u"D)x}

whose maximization problem max, L(u, X) is called the Lagrangean dual. The com-
ponents of v are called the Lagrange multipliers.

If we apply Lagrangean relaxation to the LP relaxation (1.9), we end up with some
counterpart L(u, X). All together, we have the following theorem.
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(1.12) Theorem.

min ¢’z > maxL{u,X) > maxL(u,X) = min ¢’z
Dx=d u u Dgz=d
z € X zeX

Proof: Let z* and u* denote some optimal solutions of (1.8) and (1.10), respectively.
Then

. T* opt. Dx=d
min ¢z T = ¢zt = Taf+ (u*Td — u*Td) =" "+ u"d—vw"Dr =
Dz =d
x € X
. u* opt.
wd+(c"—u" D)z > u*Td—l-ml)r(l (c"—u"D)z = L{,X) = maxL(y,X)
xe U

proves the first inequality. The second inequality holds since for each u

XCX
L{u, X)) —u'd= mi)r(l(cT —u'D)x 2 min(c" —u'D)x = L(u, X) —u'd.

The third inequality is proved by

max L(u, X) = max [qu + mlp{ (CT _ UTD) SC}:| Theorém 1.2

u reX
Theorem 1.2 .
max |u'd + max v'h| = max u'd+v"h = min ¢’z
w vTALT—uTD uT D+oT ALT Dz=d
ze X
|

(1.13) Remark. Lagrangean relaxation aims at problems L(u, X ) that are easier to solve
than the original problem (1.8). In particular, subproblems may benefit from separability
or the convex hull of the set X may coincide with its continuous relaxation X. The latter
is often the case in network optimization. Then the Lagrangean relaxation (1.10) and
the LP relaxation (1.9) yield the same optimal objective value, and direct LP techniques
can be applied to solve the Lagrangean relaxation. Moreover, it follows directly from
the proof of Theorem 1.12 that the Lagrange multipliers simply correspond to the dual
multipliers of Dz = d.

(1.14) Remark. Typically, X is chosen such that L(u, X) (1.11) can be evaluated in
(pseudo-)polynomial time for any given u. For those cases, the Lagrangean dual can be
theoretically solved in (pseudo-)polynomial time, see Schrijver [1989].

(1.15) Remark. If there is no danger of confusion with the considered polytopes X and
X, we shall also write L(u) instead of L(u, X) and L(u, X), respectively.



12 CHAPTER 1. NOTATION AND PRELIMINARIES

Since the Lagrangean dual is a concave maximization problem, subgradient methods from
non-smooth optimization are employed for its solution. An overview about such methods
is given in Hiriart-Urruty and Lemaréchal [1993].

1.4 Graphs

Our terminology for graph theory is an extended version of the terminology introduced by
Grotschel, Lovdsz, and Schrijver [1988]. They themselves use a mixture of Berge [1973],
Bollobés [1978], Bondy and Murty [1976], and Lawler [1976].

A directed graph (or digraph) D = (V, A) consists of a finite nonempty node set V'
and a finite arc set A. For each arc a € A, we associate an ordered pair (,j) of nodes,
called endnodes, at which ¢ is the initial endnode (or tail) and j is the terminal
endnode (or head) of a. We say that an arc ¢ = (4,j) goes from i to j, that a is
incident from : and incident to j, and that ¢ leaves ¢ and enters j. If there is an arc
going from ¢ to j, we say that ¢ is a predecessor of j and that j is a successor of i.

An isolated node has no incident arc, and a loop is an arc (i,4). We consider only graphs
without isolated nodes and without loops. Parallel arcs are possible, i.e., two different
arcs ¢ and a' can have the same tail i and the same head j. If there is no danger of
confusion, (i,7) denotes the arc having tail 7 and head j. Whenever parallel arcs occur,
we will handle them carefully.

For subsets W C V and B C A, V(B) denotes the set of nodes incident to some arc in
B, and A(WW) is the set of arcs with head and tail in W.

If ; € V then the set of arcs having 7 as initial (terminal) node is denoted by &% (i)
(6=(4)); we set 6(i) := 67(i) U0~ (i). The numbers |67(i)|, |67 (4)|, and |5(¢)| are called
the outdegree, indegree, and degree of 7, respectively. For any set W C V, we set
SYW):={(@G,j)€eAlieWand j g W}, 6~ (W) :=6"(V\W), and (W) := 6T (W)U
§~(W). The symbols 67(-), 6~ (-), and 6(-) always belong to the digraph represented by
D = (V, A). If there is a danger of confusion, we write §5(-), 6,(+), and dp(-). For two
subsets U, W C V, we set (U — W) =6t (U)Nd(W).

A path in D is a finite sequence P = iy, a1, 11, Go, to, - .., 0, i, k > 0, that begins and
ends with a node and contains mutually distinct nodes (with a possible exception for i,
and i;). The nodes 4; and the arcs a; of P appear alternately such that i,_; and ¢, are
the endnodes of a;, for [l = 1,2,..., k. The nodes ¢y and 7, are called the origin and the
terminus, respectively, or the endnodes of P. If a node s is the origin and a node ¢ is
the terminus of P, P is called an [s, t]-path. The nodes i1, ...,i,_1 are called the internal
nodes of P. The number £ is the length of the path. A directed path or dipath in
D is a path in which all arcs a; = (i;—1,%,), for l = 1,2,..., k. The directed version of an
[s,t]-path is denoted by (s, t)-dipath.

Two nodes s,t of a digraph D are said to be connected if D contains an [s, t]-path. D
is called connected if every two nodes of D are connected. A path is called closed if
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it has nonzero length and its origin and terminus are identical. A closed path (dipath)
in which the origin and all internal nodes are different is called a circuit (dicycle or
directed cycle). An arc set T C A is called a tree if T' does not, contain a circuit and if
the digraph (T'(V),T) is connected. A tree is called a spanning tree if 7(V) = V.

We shall also use the words “path”, “circuit”, or “tree” to denote the arc set of a path,
circuit, or tree, e.g., the incidence vector of a path is the incidence vector of the path’s
arc set.

1.5 Network Flows

Network flow problems and algorithms have been profoundly investigated during the last
decades. Veldhorst [1993] has compiled a bibliography containing 370 references to single-,
multicommodity, and other classes of flow papers published by 1993.

1.5.1 The Minimum-Cost Flow Problem

One of the most extensively studied and best understood problems in operations research
is the minimum-cost flow problem. To formulate this problem, we start from some con-
nected digraph D = (V, A) together with some linear cost function ¢ € Q4, upper bounds
u € @ﬁ, and node imbalances b € Q" fulfilling 1'6 = 0. The minimum-cost flow
problem is to find a vector z* € Q“ such that 2* is an optimal solution to the linear
program

(1.16a) min Z Cala
acA
subject to
(1.16b) z(6T@) - z(67(@) = b, VieV,
(116C) 0 < Tij < Ui, Y (Z,j) € A.

The equations (1.16b) are called flow conservation constraints and the inequalities
(1.16¢) are the flow capacities on z. A flow z is called feasible if it satisfies the flow
conservation constraints and the flow capacities. A node i is called supply, demand, or
transshipment node depending upon whether b; is larger than, smaller than, or equal
to zero. With A/ denoting the node-arc incidence matrix of D, (1.16) reads

(1.17) min{c’z| No =b, 0 < z < u}.

It is well known that A and, thus, the constraint matrix of (1.17) are totally unimodular.
For integer vectors u and b, there always exists an integer optimal flow, see Grotschel,
Lovész, and Schrijver [1988].
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Let 7 € QY (the node potentials) and n € Q* be the dual multipliers for the flow
conservation constraints (1.16b) and the upper bounds in (1.16¢). The dual problem of
(1.17) is

(1.18) max{7"h — nTu| TN —n" < %, n = 0},
which is
(119&) max szbz — Z i U5
i€V (i,5)eA
subject to
(1.19b) o= W= My < ¢y, V(i) €A,

Note that our model (1.17) imposes a zero lower bound for the flow on each arc « € A. This
is no loss of generality since lower bounds [ € Q* (with / < u) can easily be transformed
to 0 by substituting the flow vector = by 2’ + [, ' € Q*. Then, the system [ < 2 < u
transforms to 0 < ' < u—1[, and Nz = b transforms to Nz’ = b— N, which is equivalent
to decrease b; and to increase b; by /;; for all (7, j) € A. The objective min ¢"z transforms
to ¢"l + min ¢"2'. Figure 1.1, which is taken from Ahuja, Magnanti, and Orlin [1993],
displays such a lower bound transformation.

b.i (i, 1ag) ol (0 “w lij) PR
O—% Q — X @

Figure 1.1: Transformation to zero lower bounds.

1.5.2 Flow Decomposition

Up to now, we have only considered flows that are defined on arcs. Whenever we talk
about a flow, we mean such an arc flow. It is also possible, however, to define flows on
dipaths and dicycles. For those cases, we explicitly refer to them by dipath or dicycle
flow, and we sometimes write only path or cycle flow.

Let P denote all possible dipaths between any pair of nodes in D, and let W denote all
dicycles in D. We set P := {x®| R € P} and W := {x°| S € W}. For each p € P and
each w € W, let f, > 0 and f,, > 0 denote the flow values on p and w, respectively, and
let z(p) := f,p € ]RA and z(w) := f,w € R denote the flow vectors corresponding to
arc flows. Then every path and cycle flow uniquely determines an arc flow z € R* by

x = Zx(p) + Z z(w).

pcP wcW
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The following theorem shows how arc flows can be decomposed into path and cycle flows.

(1.20) Theorem. Every path and cycle flow has a unique representation as a nonnegative
arc flow. Conversely, every nonnegative arc flow x can be represented as a path and cycle
flow — though not necessarily uniquely — with the following two properties:

(a) Every dipath with positive flow connects a source node to a demand node.

(b) At most |V|+ |A| dipaths and dicycles have nonzero flow; out of these, at most | A|
dicycles have nonzero flow.

Proof: Flow Decomposition Theorem of Ahuja, Magnanti, and Orlin [1993], page 80, or
Ahuja, Magnanti, and Orlin [1989], page 237. -

(1.21) Lemma. If b; = 0, for all i € V, each nonnegative flow x can be represented as a
cycle flow along at most |A| directed cycles.

1.5.3 The Multicommodity Minimum-Cost Flow Problem

Minimum-cost flows are always considered for a single commodity. Therefore, those prob-
lems are also called single-commodity flow problems. It is also possible to consider
flow problems with different commodities, called multicommodity flow problems. For
example, several vehicles, each defining a commodity, share the same or parts of the same
network and each is governed by its own flow conservation constraints. If there is no inter-
action between the different commodities, the multicommodity flow problem decomposes
into independent single-commodity flow problems. In general, however, the commodities
share common resources and facilities (e.g., common flow capacities as in our case) and
do interact such that a decomposition is impossible.

We shall give a formulation of the multicommodity flow problem that is tailor-made
for our purposes. We are given a digraph D = (V, A) and K commodities denoted by
1,2,..., K. For each commodity d there is an arc set A; C A such that A is equal to the
disjoint union | J,44. Moreover, there are a linear cost function c¢ € Q4, upper bounds
u? € Q1, and node imbalances 5% € Q¥ (such that 1°5¢ = 0). A flow vector z% € Q%
is associated with each commodity d € {1,..., K} such that each z? is a feasible flow,
i.e., z¢ satisfies (1.16b) and (1.16¢) with respect to b and u?. The flow vector for A is
denoted by z := (29)4=1... k. Individual lower bounds /¢ € Q“¢ can also be considered by
a transformation for each commodity as described in Fig. 1.1.

There are common flow capacities defined as follows: For each two nodes ¢,j € V, let I;;
and u;; denote the common lower and upper bound for the total flow of all commodities
from node ¢ to node j, i.e.,

(1.22) by < z({iy = {}) < wy
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l;; and u;; are set to zero if there exist no arc (2, j) € A.

Let Dy := (V, Ag) denote the digraph of commodity d. The multicommodity minimum-
cost flow problem reads

K
(1.23a) min Z Z cdzd

d=1 a€Ay
subject to
(1.23b) ly < z({iy=1{}) < wy VieVVjeV,
(1.23¢) 24(67()) - 2%0°()) = b, ViegV,
(1.23d) 0 < 2¢ < W, Vaeed;Vdell,... K}

The integrality theorem for optimal minimum-cost flows does no longer hold for multi-
commodity flows: Consider three different commodities a, b, and ¢, each defined on a copy
of the digraph from Fig. 1.2 consisting of 3 nodes and 6 arcs. For each commodity, the
arc costs are set to 0 for the arcs {(1,3);(3,2); (2,1)} and are set to M > 0 for the arcs
{(1, 2);(2,3); (3, 1)} The individual and common arc upper bounds are set to 1, i.e., u,
u®, u®, and u¢ are all set to 1. The task is to send for each commodity one unit of flow
as follows: for commodity ¢ from node 1 to 2, for commodity b from node 2 to 3, and for
commodity ¢ from node 3 to 1. It is easy to check that the optimal solution value is %,
and each commodity sends half a unit of low on one of the arcs having cost A/ and half
a unit of flow on the path that includes its transshipment node and has zero costs.

M

Figure 1.2: Multicommodity minimum-cost flow digraph that yields a fractional optimal
solution.



Chapter 2

Multiple-Depot Vehicle Scheduling

2.1 Problem Description

We will now give a formal description of the Multiple-Depot Vehicle Scheduling Problem
(MDVSP) in public mass transportation. Our terminology follows Hartley [1981] to a
large extent.

A garage (or maintenance and storage facility) is a location where vehicles are parked
and serviced. The term fleet denotes the set of vehicles of a transportation company. The
fleet is divided among the garages, and it is known which vehicle types and how many
vehicles of each type are stationed at each garage. A depot is a nonempty set of vehicles
that need not be distinguished for the scheduling process. The set of all depots is denoted
by D. With each depot d € D. we associate a start point d* and an end point d~ where
its vehicles begin and terminate their daily scheduled run or duty. Let

D™ :={d"|deD} and D':={d"|deD}

denote the set of all such start and end points, respectively. It is the task of the operator
to subdivide the fleet into an appropriate set of depots. It is possible to define a depot for
each individual vehicle or to define only one depot for all vehicles. In general, however,
depots do not contain vehicles of different garages. Typically, all vehicles of the same type
stationed at the same garage are combined in a depot.

We assume that the lines have been defined and their service frequencies have been cho-
sen, i.e., a timetable has been determined. This timetable defines a set of so-called
timetabled trips (or passenger trips), denoted by 7. We associate with each trip
t € T a first stop ¢~ together with a departure time s; and a last stop ¢+ together with
an arrival time e,. Let

T-:={t7|teT} and TH:={tT|teT}

denote the set of all first and last stops, respectively. For each individual trip t € T,
there is given a nonempty set of valid depots, which we call depot group of ¢ and denote

17
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by G(t) C D. Only the vehicles of the trip’s depot group are allowed to service a trip
t. Such restrictions are necessary if, e.g., a double-decker bus would be too high for
an underpass, an articulated bus would be too long for some narrow bend, the vehicle’s
capacity would not meet the trip’s demand, etc. Normally, all timetabled trips of a line
have the same basic depot group, but within the peak hours, depot groups are enlarged
by further depots. Let

Ta:={teT|de G}
denote all those timetabled trips that can be serviced by the vehicles of depot d and
T, ={t"|teTq} and T :={tT|te Ty}

the set of all first and last stops thereof.

Figure 2.1 shows three different lines in the plane. Each line is serviced in both directions.
Figure 2.2 illustrates a small timetable with five chronologically ordered trips on these
three lines. Each trip is uniquely assigned to some line as given in Fig. 2.3. In this figure,
the lines and their service frequencies are combined to a set of timetabled trips. The
depot group of each timetabled trip is shown by the different colours of the first and last
stops.

There are further types of trips, which do not carry passengers. These trips are used to
link timetabled trips: A pull-out trip connects a start point d™ with a first stop ¢,
a pull-in trip connects a last stop t* with an end point d~, and a dead-head trip
(or dead running trip) connects a last stop ¢* with a succeeding first stop ¢~. For
notational simplicity, we call them all unloaded trips.

Many publications on vehicle scheduling abbreviate “timetabled trip” by “trip”. We
will not follow this use to avoid possible misunderstanding between timetabled trips and
unloaded trips. Thus, whenever there is a danger of confusion, we explicitly use timetabled
trips and unloaded trips, respectively.

For two timetabled trips ¢t and ¢ € T, let A,y > 0 be given. In the literature, Ay
denotes the duration (travel plus layover time) from the location of the last stop of ¢ to the
location of the first stop of ¢, e. g., see Daduna and Paixao [1995], Dell’Amico, Fischetti,
and Toth [1993], and Ribeiro and Soumis [1994]. However, our operating partners use
such a definition of A,y only for those dead-head trips for which the idle time or the
difference sy — e; does not exceed a predefined maximum ranging from 40 to 120 minutes.
Otherwise, A, is set to infinity. Dead-head trips exceeding this maximum are currently
not considered for various reasons, e. g, the driver’s idle time or break would become too
long etc. We will show that such a restriction in the degree of freedom can lead to a
higher vehicle demand and, therefore, to suboptimal solutions. To make it possible to use
such links in spite of this, we set Ay := sy — e, whenever it is possible to park a vehicle
between ¢ and t' at the depot. We call these special dead-head trips also pull-in-pull-
out trips. Our pull-in-pull-out trips are never given by the user and must be implicitly
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. last / first stop

s line

X
Figure 2.1: Lines.

b d
>0 06>0 06>0 >0 >0

departure arrival

Figure 2.2: Timetable.

timetable \_ lines/ V

Figure 2.3: Timetabled trips for two depots.
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defined by our system. We therefore call the short and explicitly defined dead-head trips
also user-defined dead-head trips. When we talk about user-defined unloaded trips, we
mean user-defined dead-head trips and pull-out and pull-in trips.

Whenever e, + A,y < sy is satisfied, the corresponding dead-head trip is called compat-
ible. Pull-in and pull-out trips are always considered to be compatible, i.e., we assume
that for each d € D and each t € 7; the pull-out and pull-in trip exist and can be used.
Figure 2.4 illustrates possible unloaded trips for our small example.

dead-head trips

pull-out {;’ M

| pull-in trip
trips || Y

time

Figure 2.4: Unloaded trips.

The unloaded trips are used to interconnect the timetabled trips to vehicle schedules,
each being a chain of trips such that the first trip is a pull-out trip, the last trip is a
pull-in trip, and the timetabled and unloaded trips occur alternately. A vehicle schedule
is feasible if there exists a depot that can service all its trips. All trips of a vehicle schedule
have to be serviced by the same vehicle. If no dead-head trip is a pull-in-pull-out trip,
the vehicle schedule is also called a block (or a rotation). A block that contains only
one single timetabled trip is also called a tripper. Figure 2.5 shows a solution with two
vehicle schedules for the small example presented in the last four figures.

For each trip we consider depot specific weights (or costs) depending on the trip’s type,
duration, distance, etc. The weight of an unloaded trip may in addition depend on the
idle time of the vehicle and the driver etc. The exact definition of the weights must be
quantified properly depending on operational interests. The weight of a vehicle schedule
is the sum of the weights of all its trips.

The task of the MDVSP is to provide a set of vehicle schedules, which cover each trip
t € T exactly once and minimize a given linear objective function. There are different
objectives possible, strongly depending on operational interests: The main objective —
especially of large companies — is to use as few vehicles as possible and, subordinate, with
minimum operational costs among all minimal fleet solutions. The motivation of this
objective is to reduce the large capital costs for investment and maintenance of vehicles; a
permanent and significant reduction in the number of vehicles does also reduce related fix
costs (e. g., for garages, maintenance plants, or drivers). Another objective — especially of
smaller transportation companies — is to schedule a given fleet with minimum operational
costs. In the following, we concentrate our investigations on the first objective function.
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Figure 2.5: Two vehicle schedules.

2.2 Mathematical Models

We introduce a mathematical model that is based on a multicommodity flow formulation.
For this formulation, we give an integer linear programming formulation.

An Integer Multicommodity Flow Model.

In the following, we define for each d € D the following sets:

AP = {4 t € Ta)
A = (@) t € Ta)

(timetabled trips),
(
AR = f(1F d7) | t € Ty} (pull-in trips),
(
(

pull-out trips),

AT = (07, q7)| P g € Tahep + Ay < 55}

u-trip ,__ 4 pull-out pull-in d-trip
Autrie . gpullout | gpullin ) 4d

dead-head trips),

unloaded trips).

Let (d~,d") denote a backward arc from the depot’s end to start point. Backward arcs
are used for the vehicle return and to control depot capacities. Let

Vi={dt,dJUT; UT;} and A, := AT"P y AV U {(d,d")}
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denote the node and arc set, respectively, of the digraph D} := (V}, A)). We define a
large digraph

(2.1) D' = (V' A")

with node set V/:=DTUD-UT1TUT~ and arc set A’ := UdeDA;.

Figure 2.6 gives an illustration of D’ for our small example from Sect. 2.1. The node set
V' consists of the start and end points of all depots and the first and last stops of all
timetabled trips. The arc set A’ is the disjoint union of the arcs of all timetabled and
unloaded trips. Note that the arc set A includes parallel arcs. Addressing an arc (¢, ¢")
without knowing its depot d € G(t) may lead to confusion. If necessary, we explicitly
distinguish such arcs by their corresponding depots.

Figure 2.6: Digraphs (V', A") and (V}, A)), d € D, with D = {r,g} and 7 = {a,b,c,d,e}.

An Integer Linear Programming Formulation.

We will now present an integer linear programming model for the MDVSP. For each d € D
and each a € A/, we introduce an integer variable z¢ that denotes a decision variable
indicating whether a vehicle of depot d runs trip ¢ or not, unless a denotes the backward
arc. In this case, 2% counts all employed vehicles of the depot d. The variables x? are
combined into vectors z¢ := (£4)ac 4, € R4, d € D, and these into z := (2%)gep € RY.

Our two stage cost function is realized as follows: With each unloaded trip a € Ag'trip, we
associate a weight c¢? € Q representing its operational costs. In addition, we add to the
weight of each pull-out trip a sufficiently large M representing the capital costs and being
larger than the operational costs of any feasible solution. We deliberately do neither define
weights for the timetabled trips nor for the backward arcs explicitly in our mathematical



2.2. MATHEMATICAL MODELS 23

model, i.e., we assume them to be zero. If such weights are considered nevertheless, we
apply the following simple transformation: Whenever a trip ¢ € 7 is serviced by the depot
d € G(t), it is clear that exactly one unloaded trip of A, incident from the last stop node
tT must be used. Thus, we can easily shift the depot dependent costs of a trip t € T; to
each arc of Ay that is incident from t*. A similar transformation — shifting costs via the
depot end point d~ — can be performed for nonzero costs of a backward arc.

For each d € D, let A; denote the depot lower and x4 denote the depot upper capacity.
These capacities define the (individual arc) lower and upper bounds of the backward arc.
The (individual) lower and upper bound of all the other arcs is set to zero and one,
respectively. For each ¢t € T, the common lower and upper bound of the arcs going from
the first stop node ¢t~ to the last stop node ¢t are both set to 1. All the other arcs are not
restricted by a common flow capacity, i.e., all these common lower and upper capacities
are set to sufficiently small and large numbers, respectively, such that conditions (1.23b)
are never tight and can therefore be neglected.

To describe a feasible vehicle schedule (and multicommodity flow vector, respectively),
an integer vector z € R must satisfy the conditions from (1.23):

1. The common lower and upper capacities (1.23b), both together define the equations

(2.2) dwh ey =1, VteT.

deG(t)
2. The flow conservation constraints (1.23¢) defining

(2.3) (65, (v)) — 24 (0 (v)) = 0, VweV,VdeD,

which in detail read

(2.3a) (0 t7) —af- ey = 0, VteT; VdeD,
(2.3b) 2l vy — 24 (05, (t7) 0, VteT,VdeD,
(2.3¢) 2 (85, (dY)) — xfi- 4v 0, VdenD,
(2.3d) 2l gy — (65 (d7)) = 0, VdeD.

3. The individual flow capacities (1.23d) defining
(2.5) M < wlgy < ke, YdeD,

and

(2.6) 0 < ¢ <1, VaeA"™uAl"™ vdeD,
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The equalities (2.2), the so-called flow conditions, ensure that each timetabled trip ¢ is
serviced exactly once. With respect to our multicommodity flow model, the ILP reads

(2.7a) minz Z cd

deD u-trip
€0 acA ’

subject to
(2.7b) dah e = 1, VteT,
deG(t)
(2.7¢) 2465 (v)) — 2% (6, (v)) = O, YoeV, VdeD,
(2.7d) Mo < zlpgy < ke, VdeD,
(2.7¢) 0 < ¢ < 1, Vae AS"™ U AT™ v deD,
(2.71) x integral.

The ILP (2.7) is a special integer multicommodity minimum-cost flow problem. Consid-
ering every depot d on its own, the solution vector 2 describes vehicle duties that depart
from the depot’s start point, flow through the digraph (Vj, A), arrive at the depot’s end
point, and return on the backward arc (d~,d") to the start point. It is easy to see that
z? is a circulation of the “commodity” d through (V}, A,). The difficulty is that the cir-
culations z? are connected by the flow conditions (2.2): Exactly one of the |G(¢)| parallel
arcs (t7, %) must be used by some circulation z¢, d € G(¢).

From a computational point of view, the ILP (2.7) includes many redundant constraints
that can be eliminated by the following preprocessing steps:

1. If we consider a fixed ¢t € 7 and insert all flow conservation constraints from (2.3a)
into the flow condition from (2.2), we get new (equivalent) flow conditions

S5 = 1 VieT,

dEG(1)

which, because z¢ (67, (¢*)) = z4(0) = 0 for all d ¢ G(2), is equivalent to

Y25 () = 1, ViteT,
dcD

or

(2.8) z(6h,¢7)) = 1, VteT.

2. Combining (2.3a) and (2.3b) for each fixed d € D and each fixed ¢ € 7; yields new
equations

(2.9) 2 (65,@)) =265 (t7)) = 0, VteTy VdeD.
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Substituting the flow conditions (2.2) by the new ones (2.8) and the flow conser-
vations (2.3a) by (2.9) implies that the variables x‘(it_ ++) (and thus the equations
(2.3b)) can be eliminated. In graph-theoretical terms, this variable elimination cor-
responds to a contraction of the two trip nodes ¢~ and ¢t to one single node, which
we simply denote by ¢. Each arc of A" for all d € D, will be removed; each arc
incident to ¢~ gets the new head node t and, analogously, each arc incident from ¢
gets the new tail node £.

3. Consider for each fixed depot d € D the flow conservation constraints (2.3¢), (2.3d),
and (2.9): The left-hand side of this system describes a node-arc incidence matrix
of a network flow problem. It is well known (see, e.g., in Ahuja, Magnanti, and
Orlin [1989], page 213) that each equation of such a system is linearly dependent
on all the others. We can therefore eliminate the equation (2.3d) for each d € D.
The variables a:?d_’ 4+) are also unnecessary and can be eliminated by inserting the
equation (2.3¢) into the appropriate bound constraints (2.5) of the backward arc
(d=,d") € Al,. As in the contraction described above for the timetabled trips, we
contract the two depot nodes d~ and d* to one new node d and remove the backward
arc (d~,d") from the arc set AJ.

With these variable eliminations, we get reduced digraphs

(2.10) D= (V, A)

and Dy := (V, Ag'mp), d € D, with a new arc set A := U deDAg'mp and new node sets
Vy:={d}UTy, deD, and V.=DUT.

The contracted digraph (V, A) is displayed in Fig. 2.7. We rewrite (2.8) and (2.9) with
respect to D as

(2.11) z(6T(@) = 1, VteT,
and
(2.12) 24 (5T(@) —2%(6~ () = 0, VteT;VdeD.

The ILP (2.7) reduces with respect to D = (V, A) to

(2.13a) minz Z cd 74

dcD aeA;—trip

subject to

(2.13b) z(6T(@) = 1, VteT,

(2.13¢) 24 (5t () — 2% (6~ (1)) = 0, VteT; VdeD,
(2.13d) AN < 26T (d) < Ka VdeD,

(2.13e) 0 < ¢ < 1, Vaec AY"™ vdeD,
(2.131) r € {01}
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Figure 2.7: Contracted digraph D = (V, A).

A last simplification can be obtained from (2.11):
1 = z(67@) > 4 Vaedt(t) VdeD.

a?

A similar result holds for z(6~(¢)) = 1, which is a linear combination of equations from
(2.11) and (2.12). Thus, the upper bound constraint from (2.6) is, for each arc a € A,
a linear combination of (2.11) and (2.12) plus an affine combination of —z < 0, i.e., the
upper bounds are redundant and can be neglected. The final ILP formulation reads:

(2.14a) minz Z ¢ 4

deD u-trip
€L acA 4

subject to

(2.14b) z(6t(@) = 1, VieT,

(2.14c) (6% (@) — 267 (1)) = O, VteT; VdeD,
(2.14d) A < 2%6T(d) < ka vdenD,

(2.14e) z = 0,

(2.14f) z € {0,1}A

(2.15) Remark. A feasible vector x of (2.14) may be considered as the incidence vector
of some feasible solution.
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(2.16) Lemma. The linear system (2.11) and (2.12) is nonredundant.

Proof: We assume that D := {1,...,|D|}. Since all pull-out and pull-in trips exist per
definition, we can consider the submatrix that is defined by all columns of

U{td) e A" d=minG(1)} U [ J{(d, 1) € AT t € Ta}.

tcT dcD

It is easy to check that, arranging the columns in the right way, this submatrix is lower
triangular and nonsingular, which implies the full rank of the system. a

2.3 Discussion of the Model

Applied to vehicle scheduling problems from practice, the integer linear programming
formulation (2.14) leads to ILPs with up to 70 million integer variables and 125 thousand
constraints. In this sections, we will distinguish our multicommodity flow formulation
from some other models that have been presented in the literature.

Practice-oriented solution methods are in most cases based on a single-commodity mini-
mum-cost flow relaxation within a schedule first — cluster second (SF-CS) approach,
see Chap. 8 or Daduna and Paixédo [1995] for a detailed description of this approach. This
means that the multiple-depot formulation is reduced to a single-depot relaxation. Un-
like multicommodity flow formulations, however, those single-depot relaxation approaches
have two significant drawbacks:

Depot groups and flow conservation: It is only possible to consider a single (depot
independent) dead-head trip — we better call it link — between two timetabled trips. Such
a link (¢,1') is considered to be feasible with respect to the depot groups if G(t)NG(t') # 0.
But if depot groups must only be satisfied locally between two trips, the intersection of
the depot groups of a generated vehicle schedule (or block) may be empty. In other words,
the solution would be infeasible, see, e. g., Fig. 2.8. Splitting such infeasible block into its
feasible parts can lead to suboptimal solutions.

—_»_

Figure 2.8: Invalid block.

To avoid falling in such traps, the MDVSP should be modelled as a (special) multicom-
modity flow problem. Many research groups have considered the MDVSP as a multicom-
modity flow problem long before we started our investigations. The requirement of many
real-world applications to consider different depot groups, however, was just realized in
the last years, e.g., by Lamatsch [1988] or Forbes, Holt, and Watts [1994]. Obviously,
multicommodity flow formulations are natural for this kind of scheduling problems. This



28 CHAPTER 2. MULTIPLE-DEPOT VEHICLE SCHEDULING

is also reflected by the fact that we independently came up with the same ILP model as
Forbes, Holt, and Watts [1994].

Limited duration for dead-head trips: It is often the case that single-depot relax-
ations consider dead-head trips with a limited duration, see, e.g., Daduna and Mojsilovic
[1988] and Daduna, Mojsilovic, and Schiitze [1993]. It is therefore only possible to gen-
erate blocks that must be linked to vehicle schedules in a succeeding step. Based on
heuristic ideas, the main objective is to use as many dead-head trips as possible and, sub-
ordinate, to minimize operational costs. Obviously, this objective function does indeed
minimize the number of blocks if depot groups are handled correctly. At the same time, it
is assumed that a block minimal solution provides also a minimal fleet solution. It can be
shown, however, that this is not true in general, see Figs. 2.9 and 2.10. The blocks, which
have been determined by this strategy are subdivided to the depots and depot-wise linked
to vehicle schedules. These links correspond to pull-in-pull-out trips. It is clear that such
a problem decomposition into two successive steps can lead to suboptimal solutions.

I a 7:05-7:20 I e 9:01 -9:20

d 7:50 - 8:00

b 7:05-7:20 c 7:36 - 7:46 f 9:01 - 9:20

Figure 2.9: A single-depot instance (using limited durations for dead-head trips) for which
a block minimal solution does not provide a minimal fleet solution.

Figure 2.9 displays such a single-depot instance: The maximum allowed duration of a
dead-head trip is set to 60 minutes such that only the displayed dead-head trips (arrows)
can be used. If we assume that the operational weight of (a,d) is significantly smaller
than the weight of (¢, d), it is easy to check that the blocks including the trips {a, d},
{b,c}, {e}, and {f} define the unique block minimal solution with minimum operational
weight. If we further assume that it is not possible to use a pull-in-pull-out trip to link “c”
or “d” with “e” or “f”, the block minimal solution requires four vehicle schedules. A fleet
minimal solution, however, needs three vehicle schedules (e.g., including the timetabled
trips {a,e}, {b, f}, and {c,d}), but has five blocks (including the timetabled trips {a},

{0}, {c,d}, {e}, and {f}).

d 10:40 - 11:10
b 8:15-9:05 ¢ 9:55-10:45
a 7:50 - 8:20

Figure 2.10: A multiple-depot instance (using limited durations for dead-head trips) for
which a block minimal solution does not provide a minimal fleet solution.

Figure 2.10 displays a multiple-depot instance with two depots for which the minimal
fleet solution cannot be obtained with a block minimal solution: The first depot can
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service trips “b, “c”, and “d”, and the second depot can service “a”’, “b”, and “c”. Two
timetabled trips may be linked by a pull-in-pull-out trip if the depot groups are satisfied
and if the two timetabled trips do not overlap. The maximum allowed duration of a dead-
head trip is set to 60 minutes such that for both depots just the dead-head trip between
“b” and “c” is possible. The block minimal number is three (“d” is assigned to the first
depot, “a” is assigned to the second depot, and “b—c” is assigned either to the first or
to the second depot) and requires three vehicles, but two vehicles are optimal ({a,c} and
{b,d}) if each timetabled trip defines its own block.

We have shown in Figs. 2.9 and 2.10 that it is insufficient to generate a minimal fleet
solution in such a two step approach. Linking blocks optimally and selecting user-defined
unloaded trips must be done simultaneously. Pull-in-pull-out trips translate the decision
of linking blocks into the terminology of dead-head trips. Therefore, using pull-in-pull-
out trips makes it possible to generate a minimal fleet solution with minimum operational
costs in one step.

Each pull-in-pull-out trip stands for a pull-in trip followed by a pull-out trip. The set of all
pull-in-pull-out trips represents all feasible possibilities to link blocks to vehicle schedules.
If we enlarge the user-defined unloaded trips by the pull-in-pull-out trips, the number
of necessary vehicles is nothing but the number of used pull-out trips (or, equivalently,
pull-in trips). Vice versa, if we replace each pull-in-pull-out trip of a vehicle schedule by
the corresponding pull-in and pull-out trip, it is always possible to assign all resulting
blocks of this vehicle schedule to a single vehicle.

The concept of pull-in-pull-out trips was first described by Bokinge and Hasselstrom
[1980] and Desrochers, Desrosiers, and Soumis [1985]. Since the number of pull-in-pull-
out trips grows in the order of #D x (#7)?, they claimed that numerical investigations
with pull-in-pull-out trips are unacceptable for the computers they used. Such a prob-
lem formulation needed too much main memory at this time. Therefore, Bokinge and
Hasselstrom [1980] and Desrochers, Desrosiers, and Soumis [1985] give an alternative for-
mulation for the single-depot case without pull-in-pull-out trips. Lamatsch [1988,1992]
extends this formulation to the multiple-depot case. Compared to our formulation without
pull-in-pull-out trips, his formulation results in a mathematical model with O(#D x #7T)
additional flow conservation constraints and O(#D x #7) additional variables. At first
glance, such a problem formulation with a linear instead of a quadratic number of vari-
ables seems to be advantageous. Nevertheless, we have decided in favour of the problem
formulation with pull-in-pull-out trips resulting in a mathematical model with a quadratic
number of variables. The reasons for our decision are:

1. For the alternative formulation, it is not obvious to tell the beginning of a simple
block from the beginning of a new vehicle schedule, i.e., it is impossible to count
the number of necessary vehicles easily. In our formulation, each used pull-out trip
defines a new vehicle schedule, i.e., a further vehicle must be provided.

2. The model with pull-in-pull-out trips is more flexible since, from an operational
point of view, the weight of a pull-in-pull-out trip can differ from the sum of the
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weights of its pull-in and pull-out trip.

. Real-world problems with one depot can be solved efficiently with the computer

generation of our days, even if we use million pull-in-pull-out trips. Truly large-
scale instances, which are solved as subproblems within our solution process for
MDVSPs, with up to 25 thousand timetabled trips and 70 million unloaded trips
can be optimally solved within some minutes (see Chap. 5).

. Although the use of pull-in-pull-out trips increases the problem size enormously,

especially the number of variables of an integer linear programming formulation,
the number of constraints remains constant. This does not hold for the formulation
of Lamatsch, whose ILP includes O(#D x #7 ) more flow conservation constraints.
For our largest problem instance, however, this may induce about 200 thousand
flow conservation constraints that must be added to the 125 thousand original flow
conditions and flow conservations. Currently, there is no LP solver available that
could solve systems of this scale — even with a reduced variable set.

We have seen that arc-oriented multicommodity flow formulations and their integer pro-
gramming analogues are proper models for the MDVSP. With such formulations, it is
possible to consider most practical requirements. Only restrictions on the length or the
durations of blocks or vehicle schedules, however, cannot be handled efficiently with such
arc-oriented formulations. Even the SDVSP is ANP-hard if such restrictions must be
considered, see, e.g., Freling and Paixao [1995]. For those problems, we suggest to use
path-oriented set partitioning models. We will differentiate arc-oriented models from
path-oriented models in the next chapter and describe a set partitioning approach for the
MDVSP in Chap. 11.



Chapter 3

The Complexity of the MDVSP

The complexity of an MDVSP instance depends on |D|. The single-depot case (/D] =1)
with up to several thousand trips can be solved efficiently with polynomial time minimum-
cost flow algorithms. For the other cases (|D| > 2), even the uncapacitated MDVSP is
NP-hard. Bertossi, Carraresi, and Gallo [1987] proved that the multicommodity matching
relaxation of the MDVSP is already NP-hard for problems with two depots, no depot
capacities, and no depot groups. Their proof is based on a special satisfiability problem,
the ONE-IN-THREE 3SAT with unnegated literals.

We will give a new proof for their result. This new proof is based on our multicommodity
flow formulation. In addition, we show that the MDVSP is AN"P-hard in the strong sense.
We will also prove the new result that the feasibility version of the MDVSP with depot
capacities is already N P-complete.

From now on, “MDVSP” always refers to the multiple-depot case |D| > 2, whereas the
Single-Depot Vehicle Scheduling Problem (SDVSP) refers to the single-depot case |D| = 1.
In the following of this thesis, we will consider the MDVSP and explicitly mention it when
we consider the SDVSP.

For our complexity investigations in this chapter, we will use the terminology introduced
in Garey and Johnson [1979].

3.1 The Single-Depot Case

Consider a SDVSP assuming D := {d} and G(t) = D, for all t € T. Figure 3.1 illustrates
a single-depot case digraph D' = (V' A').

For the SDVSP we can neglect the index d. The ILP (2.7) of the “singlecommodity” flow
model with a detailed list of its flow conservations (2.3) reads:

(3.1a) min Z Ca Ta

aeAu—trip

31
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subject to

(Slb) x(t_,t"‘) 1, v t e 7"

(31C) x(5+(t+)) — x(t—,t+) O, v t [= T’

(3.1d) T(t—1+) — 13(5_(75_) = 0, VieT,

(316) $(5+(d_)) — x(d_,d"‘) = 0,

(3.1f) T(d—a+) — x(é_(d_) 0,

(3.1g) A< Tg-gany <K

(31h) 0 < T < 1’ Vace At-trip U Au-trip,
(3.11) x integral.

As before, we apply to (3.1) some preprocessing steps to get a more concise ILP formu-
lation:

e One of the flow conservations (3.1¢)—(3.1f) is redundant; we eliminate (3.1e).

e Inserting (3.1b) into (3.1c) and (3.1d) yields new equations

z(6T(t7) = +1, VieT,
—z(6~(t7)) = -1, VteT,

and we can eliminate the equations and variables of (3.1b). Figure 3.2 shows the
transformed digraph for all these variable eliminations.

e Each inequality z, < 1 is a linear combination of some equation (3.2) or (3.3),
respectively, plus an affine combination of —x < 0. We can neglect them.

e It is easy to check that the left-hand side of the remaining equation system (3.1f),
(3.3), and (3.2) describes a nonredundant node-arc incidence matrix of a network
flow problem. Since all bounds and the right-hand side are integral, the integrality
condition (3.11) is automatically satisfied for each basic solution.

The reduced ILP (3.1) reads

(3.4a) min Z Ca Tq

ac Au-trip

subject to

3.4b z(6t(tT)) = 1, VieT,

3.4¢ —z(6~(t7)) = -1, VieT,
)) = )

A< Z(d-ah

WA

Lq
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Figure 3.1: SDVSP digraph (V’, A’) with 7 = {a,b,c}.

End point is a
transshipment
node

Start po
transshipment

node

First stops are Last stops are
demand nodes supply nodes

Figure 3.2: SDVSP digraph after variable elimination.
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which is the LP formulation of a minimum-cost flow problem. The difference to the
MDVSP is that the flow conditions (3.1b) in combination with the flow conservations
(3.1¢) and (3.1d) can be transformed to real node demands and supplies such that (3.1)
reduces to a polynomially solvable minimum-cost flow problem.

(3.5) Theorem. The SDVSP can be solved in polynomial time.

Various polynomial and pseudo-polynomial time solution approaches for minimum-cost
flow problems can be found, e.g., in Ahuja, Magnanti, and Orlin [1993]. We use a net-
work simplex algorithm to solve the SDVSP. The implementation of this network simplex
algorithm is described in Chap. 5.

3.2 The Multiple-Depot Case

To show the NP-hardness of the MDVSP, we have to show the N'P-completeness of its
decision problem, which is defined as follows: Given an instance (2.14) of the MDVSP
and a number L € Q; is there a feasible solution z that satisfies all conditions of (2.14)
and has an objective value not larger than L?

(3.6) Theorem. The MDVS-decision-P is NP-complete in the strong sense.

Proof: See page 35. 4

(3.7) Corollary. There exists no pseudo-polynomial time algorithm for the MDVSP
unless P = NP.

Proof: Garey and Johnson [1979], Chap. 4, page 95. -

The answer to the question whether there exists a polynomial approximation scheme for
the MDVSP is most probably “no”:

(3.8) Theorem. The e-approximation MDVSP is AN"P-hard.

Proof: See page 309. a

(3.9) Remark. The objective function in the proof of Theorem 3.8 does not sat-
isfy the triangle inequalities. It is still open whether there exists a polynomial time
g-approximation algorithm for the MDVSP when the triangle inequalities are satisfied.
For practical applications, however, we do not believe that this has any relevance since
the arc costs are seldom distances and usually do not satisfy the triangle inequalities.

Our above complexity investigations are focused on uncapacitated problem instances.
For capacitated instances, however, it is not only AP-hard to optimize, but already
NP-complete to find a feasible solution.
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(3.10) Theorem. The feasibility problem of the capacitated MDVSP is A'P-complete.

Proof: See page 40. 4

(3.11) Remark. Complexity theory tells us that it is N/P-hard to find a feasible solution
if depot capacities are considered. However, it turned out that depot capacities are not
always hard constraints and can thus sometimes be violated since vehicles can often be
shifted from one garage (or depot) to another.

In the following, we give the proofs of the last three theorems. To prove the complexity
results for the MDVSP, we use the ONE-IN-THREE 3SAT with unnegated literals,
which we briefly write OIT-3SAT-UL. This special satisfiability problem is as follows:
Given two integer numbers ¢ > 3 and p > 1, a set U = {uy,...,u,} of Boolean variables,
and a collection C = {&,, ..., &,} of clauses over U such that each clause € € C has |€| =3
and that no € contains a negated literal; is there a truth assignment ¢r : 4 — {T,F}, T
stands for “True” and F stands for “False”, such that each clause € € C has exactly one
true literal? The OIT-3SAT-UL is known to be N'P-complete in the strong sense (see
Garey and Johnson [1979]).

Proof of Theorem 3.6: We show that the theorem is already true for uncapacitated
problems with two depots (|D| = 2) and identical depot groups G = D (the lower and
the upper capacities are set to 0 and oo, respectively). Given such a two depot instance
of the MDVSP and a number L € Q. Obviously, the decision problem of the MDVSP
is in AP since given a solution z, a nondeterministic algorithm can check all conditions
of (2.14), compute the objective value ¢"z, and compare it with the given bound L in
polynomial time. We transform the OIT-3SAT-UL to the decision problem of the MDVSP.
Let g >3, p>21 4={w,...,u,}, and C = {&,...,&,} make up an arbitrary instance
of the OIT-3SAT-UL.

The construction of an MDVSP instance for the OIT-3SAT-UL instance will be based on
a two depot problem: The first depot is denoted by true (T) and the second depot by
false (F), i.e., D = {T,F}. Let uy denote an artificial Boolean variable. Every Boolean
variable and each literal of each clause define a timetabled trip, i.e.,

p
To=Tr:=T:={w}uuul Je.
=1

The definition of the dead-head trips is slightly complicated. First, we introduce some
help sets:

L4 gO = ﬂa
e G :=¢;, forallie{l,...,p}, and
o H;:={u;}U{ce [, cisaliteral of u;}, for all j € {1,...,q}.
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Let “<,” denote an order on H; such that for {z,y} C H,;:
r=<jy=dm<n:2 €0y Ay €y,

“<;” is well-defined because each H; contains at most one element from each G;. y € H;
is called the successor “succ(x)” of x € H; if  <; y and if there exists no z € H; such
that x <; 2z <; y. The arc sets of the dead-head trips are set to

A%—trip = ({'Ll()} — gl) U ij(gz’_l — gz)

=2

and

Ag‘-trip — U ( U ((t, SUCC@)))) :

teH;:
t;émaxﬁ H;

The lower bounds At and Ag are set to 0, the upper bounds st and kg are set to oco. The
costs of the following arcs are set to zero:

e all defined dead-head trips AT™™® and AL"™,
o the pull-out trips ({T+} = (Go U {uo})) C A2 and ({F+} — Gy) AR,

o the pull-in trips ((Go UG,) — {T~}) € AR"™ and
(U?Zl{max<j %j} — {F_}) C A%ull-ln.

The costs of all the other arcs are set to 1. Finally, we set L := 0. The arcs, which
can only be used by a feasible solution satisfying ¢z < 0 = L, are those whose cost
coefficients are 0, i.e.,

(3.12) if (¢"z =0 and z, = 1) then ¢, = 0.

It is easy to see that the above transformation can be performed in O(p + ¢) time.

Figure 3.3 shows the digraph D' = (V'  A’) of a transformed OIT-3SAT-UL problem
instance with 4 := {u;,ug,u3,us} and € := {{u;,up,us}, {u11,u2,u4}}. Only the arcs
satisfying ¢, = 0 are displayed. The task is to find a truth assignment ¢r : 4 — D
satisfying (u; VuaVus) A (uVuaViy).

To prove that the given transformation is indeed a transformation from OIT-3SAT-UL to

MDVSP, we have to show that an instance of OIT-3SAT-UL is satisfiable if and only if
the transformed problem is feasible.

Assume that we know a truth assignment satisfying the clauses of €. We will construct a
feasible scheduling, whose incidence vector z is feasible. For each u; assigned to false, we
define an F-vehicle schedule

(3.13)
(F*,u;), (¢,succ(t)) Vi€ H;:t#maxy, H;, and (maxy, H;, F7).
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Figure 3.3: MDVSP digraph D' = (V’, A’) of a OIT-3SAT-UL.

This covers all timetabled trips of |

)—r H;. For each u; assigned to true, we define
a T-vehicle schedule

gz tru;

(3.14) (T*,u;) and (u;,T7).

This covers all (by F-vehicle schedules uncovered) nodes of Gy. The node uy and the
“true” literal node of each clause group G;, i = 1,...,p, are still uncovered. Let ¢, € G,
i = {1,...,p}, denote these uncovered literal nodes. To complete the scheduling, we
define a last T-vehicle schedule

(3.15) (T7,u0), (uo,¢t), (¢1,¢5), ---, (€hy,¢p), and (e, T7).

Obviously, the constructed solution uses only defined dead-head trips and only unloaded
trips with zero cost coefficients. It is easy to check that all conditions of (2.14) are satisfied
and that the objective value does not exceed L = 0. Figure 3.4 shows the transformation
of two feasible truth assignments for the example of Fig. 3.3; only arcs with z, = 1, for
all @ € AP are displayed.

Conversely, consider a feasible solution x satisfying ¢'z = 0:

O Since z must follow (3.12), a feasible solution z can only use the pull-out trips (T —
(Go U {ug})) € AR™°" and (F*+ — Gy, F) € AR™™. Since 6~ (u9) = (T, 1) and
5=(t) = (TT,¢) U (F*,¢), for all ¢ € Gy, each timetabled trip ¢ € Go U {uo} must be
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