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ABSTRACT

The Kelvin-Helmholtz instability arises at the interface between two fluid layers with a tangential velocity discontinuity, significantly
impacting the safety of systems in industrial applications. Despite extensive studies, many theoretical analyses neglect viscosity and frictional
drag due to the complexity of solving the dispersion equation. However, including these effects is crucial, as viscosity alters the growth rate of
the instability, while frictional drag influences energy dissipation and momentum transfer. In this study, these effects are incorporated into
both finite and infinite flows. The assumption of a potential flow combined with a dissipation method is employed to derive the dispersion
equation, providing a more tractable approach than direct calculation methods. The results indicate that, in the case of infinite flows, the
frictional drag suppresses the growth of the instability for long waves (small wavenumber k) but enhances it for short waves (large k). In
contrast, the surface tension dominates, while the frictional drag only slightly affects the growth rate in the case of finite flows bounded by
solid walls.
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I. INTRODUCTION

The dynamics of a two-phase flow interface is a multiscale phe-
nomenon. An increase in surface area during chemical reactions
enhances mixing at the hydrodynamic scale and promotes diffusion or
reactions at larger scales. A precise description of this process requires
accounting for density and velocity differences, surface tension, viscos-
ity, and diffusion. Instabilities driven by velocity variations, particularly
shear-induced effects, give rise to the Kelvin-Helmholtz instability
(KHI), which plays a crucial role in mixing and turbulence develop-

widely investigated across different flow regimes by numerous
researchers.

For incompressible fluids, extensive research has significantly
advanced the understanding of interface stability. For instance, Lamb’
considered the gravity effect on the KHI of incompressible fluids in a
channel. His results showed that for any wavenumber k, there exists a
critical value of the velocity difference at which the tangential velocity
discontinuity interface of finite flows is stabilized. In other words, the
tangential-velocity discontinuity interface with different conditions of

ment at the interface. Accurate modeling of KHI is essential in fields
such as aerospace, marine hydrodynamics, and energy systems.
Consequently, KHI has been extensively studied in incompressible and
compressible flows, as well as in magnetohydrodynamics (MHD), with
attention to both linear stability analysis and nonlinear dynamics,
where it strongly influences plasma behavior and astrophysical phe-
nomena. Pioneering analytical work by von Helmholtz' and Kelvin®
established the fundamental stability criteria for shear layers with tan-
gential velocity discontinuities. Since then, the problem has been

geometries and fluid properties can be stabilized under a certain condi-
tion. Shiryaeva and Grigorev' analyzed incompressible and inviscid
fluids where the bottom layer is infinitely deep, while the middle and
upper layers have finite depths. They considered the case in which the
middle layer possesses a velocity and showed that six types of distur-
bance modes can arise. In this configuration, Kelvin-Helmholtz insta-
bility occurs even at low middle-layer velocities, particularly when the
middle and upper layers are thin relative to the wave amplitude.
Prathama and Pantano’ performed a linear stability analysis of the
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interface between two-layer inviscid incompressible fluids flowing ver-
tically in a gravitational field. They demonstrated that the tangential
velocity difference induces KHI and that the flow remains unstable
across the entire wavenumber range, even in the presence of surface
tension. Morgan® investigated mixing processes of incompressible,
non-reactive fluids driven by KHI using large eddy simulation (LES)
with the code Miranda, obtaining good agreement with experimental
data. More recently, Sementilli et al.” studied perturbations in three-
dimensional (3D) periodic flows along two orthogonal directions.
Their results showed that perturbations and turbulence intensity
strongly affect the interface evolution over time, effects that may not
be captured by two-dimensional (2D) theoretical models of KHI
development.

Given the wide prevalence and importance of compressible fluids,
researchers have extensively investigated how density variations and
compressibility effects modify the classical KHI growth mechanism.
Landau® was among the first to examine the influence of compressibil-
ity on instability behavior, showing that a tangential velocity disconti-
nuity is stabilized when the velocity difference equals or exceeds the
critical threshold 8¢, where c is the local sound speed. A more detailed
account of his work appears in Landau and Lifshitz.” The study of KHI
in three-dimensional compressible fluids was initiated by Syrovatskii,"’
who introduced the angle 0 between the base flow and the wave num-
ber vector to reduce a 3D compressible flow problem to 2D. He con-
cluded that the interface becomes unstable over the entire range of
Mach numbers, regardless of disturbance strength. However, Le and
Koch'" reexamined this problem and showed that the interface is sta-
bilized when the Mach number M satisfies | M cos 0|2/ > (P ),
where 7 is the ratio of sound speeds between the heavier and lighter
fluids. They further extended the analysis to channel flows bounded by
solid walls and found that the critical Mach number required for stabi-
lization is lower, implying that channel flows stabilize more readily
than unbounded ones. On the numerical side, Pipp et al.'” simulated
KHI in Venturi microchannels and compared their results with experi-
ments, demonstrating that, alongside the reentrant jet and condensa-
tion shock wave, KHI constitutes a third mechanism responsible for
cavitation cloud shedding in such flows. Similarly, Shah et al. 13 investi-
gated KHI in an artificial compressible fluid using a high-order finite
difference method, integrating the Allen-Cahn equation into the
incompressible Navier-Stokes framework. Their results showed that
surface tension delays the temporal development of KHI. In geophysi-
cal contexts, Fritts et al.''” and Dong et al.'® proposed that KHI plays
a pivotal role in the dynamics of atmospheric gravity waves, under-
scoring the need for further investigation.

Regarding the analogy between two-dimensional compressible
fluids and shallow water flows, Bazdenkov and Pogutse'” investigated
the stability of a tangential velocity discontinuity in shallow water flow
and showed that the Kelvin-Helmholtz instability can be suppressed
when the velocity difference U exceeds v/8¢, where ¢ = /gH denotes
the phase speed of gravity waves in a fluid layer of depth H. Notably,
this critical Froude number M = U/c coincides with the threshold
found for compressible fluids.”” Recently, Jin et al."® considered the
effect of bottom drag force based on the Chezy formula described in
Whitham'® and showed that the interface is destabilized for the entire
range of the Froude number Fr = U/c due to the small value of the
friction coefficient. Le’” investigated the effect of solid walls along the
flow direction on the linear stability of an interface with tangential-
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velocity discontinuity in shallow water flow. The results indicated that
the interface is always unstable when the velocity difference U is less
than 2c¢. Additionally, in narrow channels, the presence of side walls
reduces the extent of the unstable region compared to the infinite-
width model, whereas in wider channels no Froude number range
leads to stabilization. Le”' advanced the analysis of the Kelvin-
Helmboltz instability in shallow water flows by employing the Green-
Naghdi equations, incorporating higher-order dispersive effects. The
results revealed that accounting for dispersive ter e stabi-
lization criterion, leading to a critical value of /8 (1 + %H 2 qz), which
is lower than /8. Le and Fukumoto™” investigated the effect of depth
variation, where the bottom of two fluid layers is stepped with different
depths H; and H,. The results demonstrated the significant influence
of the depth discontinuity on the development of KHI. In particular,
the critical Froude number for stabilization depends on the depth ratio
between the two fluid regimes, and the growth rate of instability
increases significantly in proportion to |r — 1|, where r is the depth
ratio Hy /H,. Le et al.” recently investigated the effect of finite shear
layer thickness on interface stability in shallow water flows. They
assumed a linear velocity profile, in which the shear velocity varies lin-
early with the vertical coordinate y. The resulting dispersion relation
involved Whittaker functions and their first derivatives, and the stabil-
ity condition was derived by taking appropriate limits of these func-
tions. The flow was found to be linearly unstable over the entire range
of Froude numbers, in contrast to the case of a zero-thickness shear
layer or vortex-sheet model.

In the context of magnetohydrodynamics (MHD), Chandrasekhar’s
early studies formulated the linear stability conditions for KHI in
magnetized fluids. Since then, extensive numerical and observational
research has explored the role of magnetic fields in stabilizing or desta-
bilizing shear interfaces in astrophysical and laboratory plasma envi-
ronments. Studies on the Earth’s magnetopause and solar wind
interactions have demonstrated that magnetic tension can suppress
KHI growth, leading to anisotropic vortex structures. For example,
Baek and Sohn™ considered the KHI for a 2D flow of inviscid and
incompressible magnetohydrodynamic fluids. The same magnetic field
is initially applied in both regions, and the perturbation is assumed to
propagate through the magnetic field, resulting in a discontinuity of the
tangential magnetic field component between the two regions. They
showed that instability modes are introduced when the Alfvén speed is
smaller than half of the tangential velocity difference in each region.
Chow et al.”” showed that the stability of the interface between a jet
and a wind is influenced by the velocity difference, Alfvén speed, and
the relationship between the angle formed by the wavevector and the
magnetic field. In particular, they revealed that when this angle is 7/2,
the magnetic field does not affect the stability of the interface. Chow
et al.”® also demonstrated that the angle between the wave vector and
the magnetic field plays an important role in stabilizing a tangential-
velocity discontinuity interface. Considering a situation where the two
fluids have identical properties, and in the most general case, arbitrary
sound speed ¢;, Alfvén speed 14, and magnetic field direction are taken
into account. They showed that Uy/1 — (13 + ¢2(1 — 43)) - cos0/
Vi + (1 — u)V4 — U2 > /2, the interface is constantly stabi-
lized regardless of the sound speed c;, the Alfvén speed uy4 or the orien-
tation 0 of the wavevector. Building on these findings regarding
interface stability in magnetized flows, Peng et al.”” further investigated
the impact of instabilities in astrophysical environments. Through
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simulations and analysis focused on the Orion Nebula, they demon-
strated that Kelvin-Helmholtz instability may cause turbulence and
enhance chemical mixing.

In contrast to the inviscid assumptions made in the above-
mentioned studies, Funada and Joseph™ investigated the stability of
viscous fluids in a channel using the viscous potential flow (VPF)
method. In this approach, the viscosity term is applied only to the
boundary conditions, not to the wave perturbation. Their results dem-
onstrated that the critical relative velocity U for each wavenumber k is
proportional to y; coth(kh;) + u, coth(kh,), i.e.,

[(p1 = pa)g + 7K*] [py coth(khy) + u, coth (khy)]*
k[py12 coth(khy) coth®(kh,) + p, 2 coth® (khy)coth(khy,)]’

U*(k) =

where h; (h,) is the height of the unperturbed liquid (air) region, 1
(1) s the viscosity coefficient, p; (p,) is the density, g is the gravita-
tional acceleration, and 7 is the surface tension. Awasthi”’ employed
the VPF method to investigate interfacial stability between viscoelastic
liquids, modeled by the Oldroyd-B framework, and viscous gases. By
incorporating heat transfer effects into the boundary conditions, it was
shown that the perturbation growth rate at the interface between a vis-
coelastic liquid and a viscous gas is higher than that between two vis-
cous fluids. This finding is consistent with Ref. 28, suggesting that
elastic effects can reduce interfacial stability. Shimada et al.”’ numeri-
cally validated the modified simple coupled level set and volume of
fluid method in simulating the KHI of viscous fluids under surface ten-
sion. Due to the nonlinear effects, the numerical simulation slightly
differed from the theoretical results of Funada and ]oseph,28 where the
nonlinear effects are neglected. Building on Funada and Joseph’s work,
Kim et al.”' extended the model to the stability problem of an interface
between inviscid and viscous layers. They introduced the dissipation
method (DM) by analyzing the evolution of perturbations and their
impact on the system’s energy distribution. The core idea was to derive
an energy identity from the linearized governing equations to assess
the temporal growth of perturbations. To validate their approach, they
employed several methods, including an analytical solution, an exact
solution, the VPF method, and an extended analytical solution with
modified boundary conditions called the hybrid method. Their com-
parison focused on the interface between water and air layers. The
results showed that the VPF model provided the closest agreement
with experimental measurements, while the other methods exhibited
discrepancies due to inappropriate boundary condition assumptions.
However, the VPF method cannot model slip boundary conditions at
the wall, which the DM approach can handle. Therefore, the DM
method is still recommended for analyzing Kelvin-Helmholtz instabil-
ity in channel flows. Furthermore, three-dimensional simulations of
viscous fluids by Onwuegbu et al.” further highlighted the significance
of the Kelvin-Helmbholtz instability. Their results demonstrated that,
when a supersonic wave strikes a water droplet, the Kelvin-Helmholtz
instability plays a more dominant role than Rayleigh-Taylor instability
in causing the breakup of the droplet.

In this study, we extend the analysis of interface stability in vis-
cous fluids by including frictional effects. This consideration makes the
analysis more realistic and better aligned with real-world conditions.
We assume that the upper layer, with lower density, moves at a uni-
form velocity U, while the denser lower layer remains at rest. This den-
sity configuration ensures that only the tangential velocity
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discontinuity is considered, isolating the Kelvin—-Helmholtz instability
and preventing the influence of the Rayleigh-Taylor instability, which
typically arises from unstable density stratification. Several methods
exist for investigating the Kelvin-Helmbholtz instability in viscous flu-
ids, including VPF, hybrid approaches, and DM. In this work, we focus
on DM, which is widely recognized for its theoretical basis in wave
attenuation and for treating viscous stresses in irrotational flows as
self-equilibrated. The resulting equation is a quadratic complex poly-
nomial describing the wave frequency and related characteristics. The
properties of polynomials given by Frank’ and Marden™ are used to
obtain the interface stability conditions from the coefficients of the
complex polynomial. Our results indicate that friction significantly
suppresses the growth rates of long waves while having a destabilizing
effect on short waves. In finite flows, friction plays a notable role com-
pared to the influence of the wall, though its overall impact remains
relatively weak. The paper is structured as follows: Sec. II presents the
mathematical formulation of the problem, including the governing
equations and assumptions. Section I1I defines the boundary condi-
tions at the interface and the solid wall along the flow direction for the
infinite flow case. In Sec. IV, we derive the complete dispersion equa-
tions using the dissipation method and analyze flow behavior under
various physical conditions in both infinite and finite flow scenarios.
Finally, Sec. V summarizes the conclusions.

Il. MATHEMATICAL FORMULATIONS

Let us consider a two-layer fluid in relative motion in the xz-
plane, in which the upper layer moves with a uniform velocity U along
the horizontal direction x and the lower layer is at rest. We assume the
upper fluid is inviscid and the lower one is viscous, e.g., air-liquid
flows. The effect of frictional drag is included by supposing solid walls
along the flow. The drag force term is based on the Chezy formula and
the source term S(x,z) contributes to the equilibrium of the base
flow."” The motion equation is as follows:

Ju Oow

a+&—0» (1)

d
p(aitl—l—u-Vu) = —Vp+ uAu — pyulu| + S(x,z),  (2)

where p is the density, u = (u, w) is the velocity, p is the pressure, u is
a coefficient of viscosity, and 7 is a coefficient of drag; the source term
S(x,z) = (pH(z)yU?,0) is assumed to be constant for entire flow and
lu| = Vi + w2

We assume, as an unperturbed state, the interface of two fluids is
z = 0, and we write perturbed quantities by tildes,

u=(u,w)=(U-~+u,w), 3)
p=P+p.

Since the uniform velocity U is much larger than the perturbed velocity
i1 in the x— direction, the momentum conservation equation (2) is
written as

on om\ _ 0p (aZa ala) _
p(ngUa)——aJr# w*F@ —2pyUu, (4)

ow ow\  Op (a%v am) N
p(E—Q—Ua)——&-Q—M W‘FW —pyUw.  (5)
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In the analysis of the friction term, we approximate |u| by a first-
order Taylor expansion. We seek a solution in the form
=0 [Ae=% | Ae’]. Here,  is the complex wave frequency; k
is the wave number in the x— direction; A is the wave number in
z— direction, in which 4 is 4; (or —4,) for the upper layer (or the
lower layer); and A and A represent the wave amplitudes.

By taking the derivative of Eq. (5) on x, we obtain

ow
0z
We take the derivative of Egs. (4) and (5) on x and z respectively, using

the mass conservation Eq. (1) we obtain the following dispersion
equation.

2*p = [—p(—io + ikU) + u(—k* + 2%) — pyU] (6)

(8—2+8—2)~— v 7)
o T o2)P T TP o
Substituting Eq. (4) in the above equation, we obtain the first disper-

sion equation between the wave number A in z— direction and other
characteristics of waves as follows:

(22— K = EoU L ®
ip(w—kU) + u(2* — k?) — 2pyU
Solving this equation for 2%, we obtain the following solutions:
io(w— — 2 2
2o liplo—kU)—200U) |, [} . 4k ppyU .
2u lip(w—kU) —2pyU]
©)

11l. BOUNDARY CONDITIONS

Let y = {(x,t) = Aexp[i(kx — wt)], of an infinitesimal ampli-
tude A, be a small shifting of a discontinuity surface resulting from a
perturbation. Here, k is the x— component of the wave number, and ®
is the complex wave frequency as introduced above. The boundary
conditions on the shifted surface, namely, the velocity components of
the fluid normal to the discontinuity surface, are continuous, and the
equality of pressure must be satisfied. To distinguish each physical
quantity in each region, we introduce the subscripts a and L For a
physical quantity £, the value in the upper region is denoted as f, and
the value in the lower region as f;. The applicable boundary conditions
at the interface at z = { &~ 0 must be satisfied.

1. The kinematic boundary condition at the interface is given as

oA
Wa*&"' Ua, (10)
Wl:%- (11)

2. The normal forces acting on two sides of the interface must be
equal, i.e.,

6wl _ 825
(*Pl + 2#5) +pa = T ox (o1 = pa)gL. (12)

The tangential forces acting on two sides of the interface must be
equal, i.e,

pubs.aip.org/aip/pof

Ow O _

0z Ox

3. In addition, the normal direction velocity at the channel walls

(ie, z = h, and z = —hy, for h,, h; > 0) and the tangential veloc-
ity at the bottom layer should vanish. Namely,

0. (13)

w, =0, (14)
w =0, (15)
w = 0. (16)

IV. DISPERSION AND RESULTS

In this section, we focus on deriving and solving the dispersion
relation, whose solutions for the complex wave frequency with a posi-
tive imaginary part indicate unstable modes; the instability growth rate
then increases exponentially over time. There are several methods to
derive the dispersion equation, including the dissipation method
(DM)*! and viscous potential flow (VPE).”® The similarity between
DM and VPF arises from the underlying assumption of potential
flows. However, VPF does not satisfy the no-slip condition at the wall
or the continuity condition of the tangential velocity and shear stress
at the interface. In VPF, viscous effects are introduced only through
the boundary conditions of forces acting on the interface. Therefore, in
this study we adopt the dissipation method (DM), which allows us to
incorporate both the no-slip condition and the continuity of tangential
velocity and shear stress at the interface. In addition, the wave numbers
in each region are determined based on the potential flow assumption,
in contrast to direct calculation methods.

Let us consider the two-phase flow in the channel to be periodic
with a wavelength A. The flow domain is bounded at z = —h; and
z = h,, where hy, h, are positive parameters, and it is divided into two
layers. The subscripts / and a denote the liquid and air, as described in
Sec. II. The air layer occupies the region 0 <z <h, and
Xo < x < Xo + A, with x being arbitrary, while the liquid layer spans
the region —h; < z < 0and xp < x < xg + A.

By taking the dot product of the linearized momentum equation
with the complex conjugate of the velocity perturbation and integrat-
ing over the volume V = {—h <z < h,, xo <x<x9+ 1}, we
obtain the following energy equation:

_ Ou _ ou, Ou,
9 gy (%Ma P gy
JV,”’”Z ot +JVHP“”“ (at+ 8x)

=‘j~Tz~ﬁsz—Jj-Ta-:IadA—J ubDy : D; dV
JA A

Vi

— J PaVUa - 1y |ug| AV, (17)
Va

where j is the unit normal vector at each boundary of V,, and V;, D is
the symmetric part of Vu, and the overbar denotes the complex conju-
gate. For Newtonian fluids, the stress tensor is T = —pI + 2uD. The
surface A is the interface between the two fluids. From the friction
term,

J Palg - Ua|uy| AV = —payj 2Uu,ii, + Uw,w,)dV,  (18)
Va

a

we seek the symmetric matrix such that
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H:<; g) (19)
o 0 o B\ _ [2Uu,
(5 &) 2)- (%) 0

Since u, and w, are proportional to ¢*~“)[Ae=* 4 Ae*], each
component of the matrix I'T must satisfy the following equation:

iko + ? = 2Uu,,
‘ (1)
ikp + 9 _ Uw,
! 0z 7
The second equation of Eq. (21) yields a relation for f,
1 oo
=—(Uw,—=]. 22
b ik (UW 82) 22)

By substituting Eq. (22) to the first equation of (21), we obtain « as the
function of u,,

ikotJrﬁ{i (Uw 7%)} =2Uu (23)
0z ik ©0z)) v
3ikUu,
o= 24
(ik)* — 22 ey

This allows f3 to be expressed as follows:
1 3U
= (Uws +——= 2w, ). 25
=g (o G ) )

Since the dispersion relation assumes potential flow in the upper layer
but not in the lower one, we now consider both fluid layers as irrota-
tional. In this case, Eq. (18) reduces to

J PaVla -ty |4, AV
Va

J Ly 3U22 _— 3ikU
=P, — ———— | Valdgt———5UyV,
Pad) i\ " = 2 (k)2 22

Substituting p, = — £ (—iew + ikU + 2yU)u, and Eq. (26) into
Eq. (17), we obtain the following dispersion equation for the complex

wave frequency:

dA. (26)

— iw(—ipjw 4 2uk*)coth(khy) + ok* + (p, — p,)gk
+ pa(—io + ikU)*coth(kh,)

+ 2p,(—iw + ikU)coth(kh,)yU = 0. (27)

When y is set to zero, Eq. (27) reduces to the result given by Kim
et al”' [Eq. (2.27)]. Solving Eq. (27) for the complex wave frequency
allows us to identify unstable modes. Specifically, positive imaginary parts
of w correspond to instability growth rates, with the maximum value
representing the most unstable mode. In Subsections IV A 1-IV A 4 and
[V B 1-IV B 4, we analyze the instability arising from a tangential velocity
discontinuity under various physical conditions by solving the dispersion
equation (27).

pubs.aip.org/aip/pof

U = (U + g, wy) Inviscid fluid

EE— z=((z,?)
N e =
U = (uz,wz)

=== Viscous fluid

FIG. 1. Infinite flow configuration.

A. Case of infinite flows
In this subsection, we consider scenarios of infinite flows (e.g.,
ocean flows) with #; and h, going to infinity as shown in Fig. 1. The
effect of solid walls is thus ignored, ie., cothlkh,]~ 1 and
coth[kh;] ~ 1). The dispersion equation (27) becomes
— i (—ipjo + 2pk?) + ok* + (p, — p,)gk
+ p,(—iw + ikU)? + 2p,(—iw + ikU)yU = 0. (28)

Now, let us consider various configurations of infinite flows from
Secs. IVA1-IV A4,

1. Case of neither friction drag nor viscosity

When both friction drag and viscosity effect are neglected, i.e.,
y = u = 0, the dispersion equation (27) is simplified as

pi(—iw)? + ok + (p, — p,)gk + p(—iw +ikU)* = 0.  (29)

Solving this equation, we obtain solutions of the wave frequency w as
follows,

. KPUE N —gkpi + gkp] +Kp,0 + K p10 —Kpup U (30)
B pa+pl ’

We remember that when the wave frequency o possesses a positive
imaginary component, the given disturbance will grow exponentially
over time, i.e., the interface is destabilized. Therefore, the stability con-
dition of the interface is obtained if and only if the roots w+ having
non-positive imaginary parts. This condition reduces to the require-
ment that the term under the square root in Eq. (30) must be non-
negative. Namely,

—gkp’ + gkpi + K p0 + K pjo — K p,pU* > 0. (31)

This equation gives us the condition of the tangential-velocity discon-
tinuity U to stabilize the interface as follows:

1 1
U2§§(7&+ﬂ)+ka<—+—). (32)
P Pa a 1

Easily, we confirm that the solutions of the wave frequency (30) coin-
cide with the one given by Lord Kelvin (William Thomson)” in 1871.
Notably, although Kelvin’s work was likely an extension of Hermann
von Helmholtz’s work' in 1868 by considering the effect of surface ten-
sion on incompressible flows in a gravitational field, it was conducted
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Imaginary part
30

20
Im[w,] at k=100
Im[w_] at k=100

0.02:0.04 006 008 010 012 044 mic.] at k=200
ot sunns Imlw_] at k=200

10

FIG. 2. The imaginary parts Im[w- ] of the complex wave frequencies given in Eq.
(30) with varying .

independently. Therefore, the instability at an interface with a tangen-
tial velocity discontinuity is attributed to both scientists and is widely
known as the Kelvin-Helmholtz instability.

To get deeper into the effects of surface tension and wave num-
bers on the variation of the instability growth rate, we assume that the
density ratio of two fluids ’)—‘[‘ is 1/2, the velocity difference U is
0.4 m/s, and the gravity acceleration is 9.8 m/s*>. We will plot the vari-
ation of imaginary parts - for various values of the surface tension o
and the wave number k to analyze the instability of the interface. The
positive imaginary part presents the instability growth rate, ie., the
wave perturbation grows over time. The negative imaginary part con-
tributes only to the amplitude of the wave propagation.

Figure 2 illustrates the variation of the imaginary part Im[w- |
given in Eq. (30) with the various values of the surface tension ¢. Here,
we plot for two different values of the wave numbers k of 100 and 200.
We see that when the case number k = 100, the imaginary parts of
=+ turn to zero when the surface tension ¢ is 0.0478 N/m, and they
will vanish for larger values of ¢. In other words, the interface is stabi-
lized if and only if the surface tension is equal to or greater than
0.0478 N/m; otherwise, it is constantly destabilized. Similarly, in the
example of the wave number k = 200, if the surface tension is equal to
or greater than 0.1476 N/m, the imaginary parts become zero and van-
ish, or the interface is stabilized. In conclusion, with a given wave
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number, the interface is stabilized if the surface tension is equal to or
greater than a critical value.

Figures 3 and 4 show the variation in the wave frequencies
depending on the wave number k with the surface tension ¢ being 0 or
0.06 N/m with the wave number k satisfying 0 < k < 110 and
110 < k < 1000, respectively. We see that for entire values of the wave
number k, the imaginary part of w_ never takes a positive value, i.e.,
_ does not introduce an unstable mode.

Figure 3 shows that, without surface tension o, the imaginary
part of w, remains zero for wave numbers less than 91.88. Beyond
this threshold, it becomes positive, introducing unstable modes. When
surface tension is included (e.g., ¢ = 0.06), the critical wave number at
which Im[w.] becomes positive increases to approximately 104.06.
This extension of the critical wave number to maintain the stabiliza-
tion of the discontinuity interface indicates that the surface tension sig-
nificantly helps to suppress instability.

In Fig. 4, the imaginary part of o, is always positive and grows
linearly with the wave number k increment if no surface tension is
included. In contrast, by including the surface tension effect (e.g.,
¢ = 0.06), the imaginary part of w increases and reaches the maxi-
mum value of 48.02 at the wave number k being 542.40. Afterward, it
decreases and vanishes at k = 785. This variation of the wave fre-
quency . again confirms that the surface tension can suppress the
instability. With a given value of ¢ and the wave number k is large
enough, the interface is constantly stabilized.

2. Case of no friction drag

In this case, we will include the effect of the fluid viscosity; how-
ever, the friction drag will be ignored (i.e., 4 # 0 and y = 0). The dis-
persion equation is written as follows:

— io(~ipjo + 2pk%) + ok* + (p; — p,)gk
+ pa(—iw + ikU)* = 0. (33)

We obtain the following solutions:

2 2 -
0, = FUPa  mRnE VKR 12+ kUp,p; +g(p2 — p}) + K Q2iUpp, — (pa + p1)0))] (34)
L = .
Pa + P Pa + P
Imaginary part Imaginary part
150
5 Im[w,] at 0=0 100 Im[w,] at 0=0
Im[w_] at 0=0 50 Im[w_] at 0=0
20 20 60 B0 a0 X Imiw,] at 0=0.06 200, L, . 200 500 _‘s:oo 000" Imlw,] at 0=0.08
. sanns Imw_] at 0=0.06 _50 S EET PP L LA ssnns Imlw_] at 0=0.06
*
5 ‘ -100
-150

FIG. 3. The imaginary parts of the wave frequencies w- given in Eq. (30) with
varying k in (0, 110).

FIG. 4. The imaginary parts of the wave frequencies w- given in Eqg. (30) with
varying k in (110, 1000).
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kUp,

Easily, we see that the first term [ is a real number which
does not contribute to the instability growth. The interface of a tangen-
tial-velocity discontinuity is stabilized if and only if there is no root @
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with a positive imaginary part; otherwise, it is constantly destabilized.
Therefore, we will analyze the stability modes through examining the
imaginary parts of w+ given in Eq. (34), i.e.,

Figures 5 and 6 present the variation of Im[w-| depending on
the increment of the wave number k for two cases of the surface
tension u =0 and p = 0.01Pas respectively. Other parameters
are taken as p, = 500kg/m® and p;, = 1000kg/m>?, U = 0.4m/s,
6 =0.06N/m,and g = 9.8 m/s%.

Without the viscosity (u = 0), Fig. 5 shows that the wave
frequencies -+ are real numbers; their imaginary part are zero for all
wave numbers k in the range of (0,100). For larger values of k (e.g.
100 < k < 1000), as shown in Fig. 6, their imaginary parts have the
same magnitude but opposite signs. In particular, the positive imagi-
nary one, Im{w. |, increases from zero at k being 103 and reaches the
maximum value of 48.01 at k = 542. Afterward, Im[w_. | decreases and
vanishes at k being 785. However, by including even a small viscosity
effect (e.g., t = 0.01), the imaginary part Im|[w. ] switches to a positive
value at k = 64.2 and continues increasing to reach the maximum
value of 46.2 at k being 532. For larger values of k, Im[w. ] decreases
but is always greater than zero. In other words, the interfaces are
always destabilized for all k greater than 65. With smaller wave

R (B2 + kU2 p,p; + g(p2 — pi) + K (2iUup, — (p, + p1)0))]

(35)
Pat P

numbers (i.e, k < 65), both Im[w ] take negative values; namely, the
interface is stabilized. In conclusion, when the viscosity effect is consid-
ered, the tangential-velocity discontinuity interface is stabilized for
only small wave numbers (i.e., long waves) and always destabilized for
large wave numbers (i.e., short waves).

3. Case of no viscosity

In this case, we will analyze the effect of friction drag on the inter-
face stability of a tangential-velocity discontinuity in incompressible
inviscid fluids (i.e., u = 0 and y # 0). The dispersion equation is writ-
ten as follows:

pi(—io)® + 6k + (p — p,)gk + pa(—iw + ikU)?
+ 2p,(—iew + ikU)pU = 0. (36)

By solving the above equation, the complex wave frequencies are
obtained as follows:

(k—ip)Up, = /=U2p,(1?p, + K2p; — 2ikyp;) + gk(—p2 + p}) + K (p, + p)o

Pa + P1
The imaginary parts of these wave frequencies are as follows:
; T2 2 5) T o) — okl —02 N3
o | T Ups 2 iU, (v2p, + K2p — 2ikyp)) — gk(—p2 + pi) — K (ps + p1)o
Im[w+] = Im . (38)
Pa + P
Imaginary part Imaginary part
0.2}
N 40 “,-""""""..
0.1F o & A
. o Im[w,] at u=0 20 “‘ ‘o‘ Im[w,] at y=0
asans® P4 e
K smmmn | ) = e | . =
20 %0 60 80 100 mic-] at p=0 - ) . MLLITT . renr i) at =0
04 Imlw,] at 4=0.01 L. 200 200 500 300 1000 Im{cw.] at 4=0.01
sunns Imlw.] at y=0.01 2 ’,. sunns Im[w_] at y=0.01
-0.2 ) o,
“,
-0.3 -40 e

FIG. 5. The imaginary part of the wave frequencies w- given in Eq. (34) with
0 < k < 100.

FIG. 6. The imaginary part of the wave frequencies w+ given in Eq. (34) with
100 < k < 1000.
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."“
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FIG. 7. The imaginary part of the wave frequencies w- given in Eq. (37) with
0 < k < 100.
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40 e »*
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FIG. 8. The imaginary part of the wave frequencies w- given in Eq. (37) with
100 < k < 800.

Imaginary part
0.15}
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-0.05F ---""“...uu..u----ll sunns Imlw_] at y=0.1
3 e we®
-0.10 ““.-
-0.15 i”

FIG. 9. The imaginary part of the wave frequencies w- given in Eq. (37) with
k > 800.

To better understand the effect of frictional drag, we examine how
the imaginary parts of the wave frequencies, Im[w. ], vary with and
without friction. Specifically, we compare cases with the friction coeffi-
cient y = 0 and y = 0.1 m~!. The other parameters are set as follows:
p, = 500kg/m’, p, =1000kg/m’?, U =0.4m/s, ¢ =0.06N/m,
and g = 9.8 m/s?. The system’s behavior is analyzed across three wave
number ranges, illustrated in Figs. 7-9.
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FIG. 10. The shaded region represents the area where both solutions  of Eq. (39)
have negative imaginary parts.

Figure 7, covering the range 0 < k < 100, shows that when
y = 0, the imaginary parts Im[w- | remain essentially zero throughout,
indicating a stable interface. When friction is introduced (y = 0.1),
Im[w_] stays negative, while Im[w_ | begins to increase and becomes
positive at around k = 31, indicating the onset of instability.

For higher wave numbers (k > 100), shown in Fig. 8, Im[w.]
remains positive and reaches a peak of approximately 48 at k ~ 542.4.
As seen in Fig. 9, Im[w, ] gradually decreases beyond this point but
stays slightly above zero, indicating continued instability.

In summary, if the frictional drag is included, the interface
remains stable only for wave numbers k < 31. For larger wave num-
bers, the tangential velocity discontinuity becomes constantly unstable.

4. Effects of viscosity and friction drag

In this case, we will analyze the effect of the friction drag on the
interface stability of a tangential-velocity discontinuity in viscous flu-
ids (ie, pt# 0 and y # 0). The dispersion equation is written as
follows:

— io(—ipjo + 2pk?) + ok® + (p, — p,)gk
+ po(—iow + ikU)? 4 2p,(—iw + ikU)yU = 0. (39)

Solving this dispersion equation, we obtain the following wave
frequencies:

W+ =
pa+pl

and their imaginary parts are

kUp, —i(KPpu+yUp,) | in/Kop2 + U2 p2 + K2 Up, 2yp+ Upy) — k(iUPppap; +g(=p% + p7)) — K (=2iUpp, + (P + £1)0) (40)

)

pa+pl
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pu+pl

We easily obtain that Eq. (40) can reduce to Eq. (30) by taking
the limit of u — 0 andy — 0.

Before analyzing the detailed growth rates, we examine the dis-
persion equation using the framework of complex polynomial theory.

For polynomials with complex coefficients, it is possible to deter-
mine the number of roots with positive or negative real parts.”* By
applying Theorem 3.2 from Frank” and Theorem (40.1) from
Marden,” it is possible to derive the conditions under which the imag-
inary parts of all roots w of the dispersion relation are negative
(i.e., the condition for the interface to be stable).

To analyze the combined effects of viscosity and frictional drag,
we first define the following parameter values: densities
p. = 500kg/m?, p, = 1000 kg/m>, velocity U = 0.4m/s, surface
tension coefficient ¢ = 0.06 N/m, and gravitational acceleration
g = 9.8 m/s? and friction coefficient y = 0.0001 m~".

In detail, the colored regions in Fig. 10 indicate areas where the
growth rate is less than zero.” We observe that the disturbance ampli-
tude does not increase when k is small, but when k is sufficiently large,
the disturbance growth rate becomes non-negative. To examine the
changes in the growth rate in greater detail concerning variations in
viscosity and wave number under the influence of frictional drag, we
present contour plots of the imaginary part of the complex frequency
. In this analysis, we observe the contour lines of the imaginary part
of w+ in the intervals [0, 60], [60, 100], and [780, 1000], which corre-
spond to Figs. 11-13, respectively. Given that this function has discon-
tinuities, we will only present results from the smooth sections. In the

0.05- "’ | 0.0025 I Z0.0075 }b.o‘12‘5 |_5_0‘17‘5|\“ T ‘|‘-o‘.o'15‘:|
r |—0.02| 1
0.04 -
2
g L
8 0.03-
n L
>
2
£ L
g
€ 0.02-
T L
=3
0.01-
0-007."‘\".‘\le“”\‘.”\”‘.f
0 10 20 30 40 50 60

k (wavenumber)

FIG. 11. The imaginary part of the wave frequencies w_ given in Eq. (41) with
0 < k < 60.

| TR AU i/} 12 + U2 p2 +-K2Up, (2p+Upy) —kQiU%ppop +8(—p2+p})) =K (=2iUpp, + (pa +p1)0)

(41)
Pa +pl

interval [0, 60], it is crucial to note that the imaginary parts of both .,
and w_ take negative values, as inferred from the previous discussion
on complex polynomials. In the intervals [60,100] and [780, 1000],
since . takes negative values, it does not affect the amplification of
disturbances. Therefore, the imaginary part of @w_ indicates the growth
rate. In the interval [70, 100], the influence of viscosity is strong, and
the growth rate increases with increasing wave number. Similarly, in
the interval [780,1000], the influence of viscosity is strong, and the
growth rate increases with decreasing wave number.

B. Case of finite flows

This subsection considers fluid layers flowing in bounded regions
from —h; to h,, as illustrated in Fig. 14. The two fluid layers are
assumed to have identical properties to those discussed in Subsection
IV A, which deals with infinite flows. The objective is to investigate the
impact of solid walls along the flow direction on the stability condi-
tions of the discontinuity interface. The analysis will proceed by exam-
ining various physical flow conditions.

1. Case of neither friction drag nor viscosity

As in Subsection I'V A 1, this case neglects the effects of viscosity
and frictional drag (i.e., t = 0 and y = 0). This scenario represents the
classical Kelvin-Helmholtz instability within a channel. The dispersion
equation (27) is reduced to

-y T

0.04

e

=}

>
T

u (dynamic viscosity)
o
o
N
.

0.01~

0-007....l..,.\.‘..\(..(J
60 70 80 90 100

k (wavenumber)

FIG. 12. The imaginary part of the wave frequencies w_ given in Eq. (41) with
60 < k < 100.
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py(—iw)* coth[hk] + ok® + (p; — p,)gk + pa(—iw + ikU)* coth[h.k] = 0. (42)

This dispersion equation gives us the roots of the wave frequencies  as follows:

kUp, coth[h,k] N Vk(pi(g(=p, + p) + K2a) coth[khy] + p, coth[h.k](—g(p, — p1) + k2o — kU?p; coth[khy]))
0, coth[h,k] + p; coth[kh)] — 0, coth[kh,] + p; coth[khy]

|
k(p(8(—pa + p1) + K 0) coth[hk] + p, coth[hoK](—g(p, — p)
+ kg — kU?p, coth[hk])) > 0. (44)

We easily confirm that these solutions - will reduce to the ones given
in Eq. (30) if h,, hy — oo. We obtain the stability condition of the dis-

continuity as follows: This equation gives us the condition for the relative velocity U as

p1(g(=pa+ p1) + K o)tanh[hok] + p,(—gp. +gpi + K o)tanh[hik]
kpapl
> U (45)

005F T T Ty
I / / 1 When the computational domain becomes sufficiently large (ie.,

ha,h; — +00), the hyperbolic tangent functions tanh[h,k] and
1 tanh[h;k] approach unity and the inequality (45) coincides with the
7 one given in (32). In other words, the interface is stabilized if and only
| if the relative velocity U satisfies the inequality (45); otherwise, the
1 interface is always unstable. Furthermore, the imaginary parts,
Im[w- ], have the same magnitude but opposite signs. Consequently,
the stability condition of a non-positive imaginary part is satisfied if
1 and only if both imaginary parts, Im[w- ], are equal to zero, meaning
that the solutions w+ are real numbers.
To illustrate the effect of solid walls on the interface stability con-
dition, we present the variation of Im[w-] depending on the

°-°1} — 00100 T T T
I ] i ]
_ —o]--

000 —— } 0.008 - 8
800 850 900 950 1000 r 1
k (wavenumber)

0.03

u (dynamic viscosity)

0.006 - .
FIG. 13. The imaginary part of the wave frequencies w_ given in Eq. (41) with L |_4_°—| |
780 < k < 1000.
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FIG. 15. The imaginary part of the wave frequencies . given in Eq. (43) with vari-
FIG. 14. Finite flow configuration. ous wave number k.
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FIG. 16. The blue region represents the area where the both solutions @ of Eq.

(42) have positive imaginary parts and the yellow regions represents the area where
the growth rate is 0.

increment of the wave number k and the flow depths h, = by = h in

Fig. 15 respectively. The other parameters are taken as
0o = SOOkg/m p; = 1000kg/m?, U =0.4m/s, ¢ =0.06N/m,
g =9.8m/s>. From Fig. 15, it can be observed that the effect of
0.010 - J s
0.008 - :
0.006 -
=
2
e L |
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0.002 - ./\
ooo. [w] / /./-i

0 200 400 600 1000
k (wavenumber)

FIG. 17. The imaginary part of the wave frequencies w_ given in Eq. (47) with vari-
ous wave number k.
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FIG. 18. The shaded region represents the area where the both solutions w of Eq.
(46) have negative imaginary parts for 0 < k < 80.

channel size is not significant when the wave number is small
However, under conditions with a large wave number, the amplifica-
tion rate tends to be higher for smaller channel sizes. We observe the
outline of the interface stability conditions in Fig. 16. In the region k in

010/
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h (hight)
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FIG. 19. The shaded region represents the area where the both solutions w of Eq.
(46) have negative imaginary parts.
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(0,1000) and & in (0,0.01), the growth rate is always non-negative
but there is neutral region for k < 100 and 790 < k. The regions
where the interface growth rate is 0 can be become stable by the effect
of viscosity and friction.

2. Case of no friction drag

We discuss how the presence of a wall in this section alters
the effect of viscosity on the Kelvin-Helmholtz instability. Assuming

pubs.aip.org/aip/pof

7 = 0 and p # 0, the dispersion equation (27) can be reformulated as
follows:
— io(—ipw + 2uk*) coth[khy] + ok* + (p; — p,)gk
+ p,(—iw + ikU)? coth[kh,] = 0. (46)
By analyzing the terms in this equation, it becomes clear that the wall

effect always influences viscosity. This equation indicates that o takes
the following form:

_ kUp,coth[kh,] ik picoth[kh] . \/(kUpa coth[kh,]— ikzycoth[khlbz —(gkp,—gkp,—k*a+k*U?p,coth[kh,]) (p,coth[kh,]+p,coth[kh))

W+=

(pacoth[kh,]+p;coth[khy] )

Im[w:] =1Im [

(pacoth[khy]+pjcoth[khy])

(47)
To identify the contribution of @+ for the growth rate of disturbance, we take imaginary part of w+,
—ik? i coth[khy)
(p, coth[kh,] + p; coth[khy))
\/(kUpa coth[kh,] — ik?u coth[khl])2 — (gkp, — gkp; — Ko + K2U%p, coth[kh,]) (p, coth[kh,] + p; coth[khy]) ()
48

*

It is important to note that the square root contains an imaginary
number. Due to the presence of this imaginary number, the relation-
ship Im[w,] > Im[w_] does not necessarily hold as it did in
Subsection I'V B 1. As in Subsection [V B 1, to demonstrate the effect of
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FIG. 20. The shaded region represents the area where the both solutions w of Eq.
(49) have negative imaginary parts for 0 < k < 80.

(p, coth[kh,] + p; coth[khy])

the interaction between the wall and viscosity on the interface stability
condition, we assume that the depth of the liquid phase and the depth
of the gas phase are identical, denoted as h. In Fig. 17, we show how the
growth rate varies with changes in the wave number k and the flow
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FIG. 21. The shaded region represents the area where the both solutions w of Eq.
(49) have negative imaginary parts.
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FIG. 22. The imaginary part of the wave frequencies w. given in Eq. (50) with vari-
ous wave number k.

depth h. The other parameters are set as p, = 500kg/m?,
p; = 1000kg/m?®, U =0.4m/s, u=0.01Pas ¢ =0.06N/m, and
g=98m/s%.

Before delving into the detailed growth rates, we first examine the
equations within the framework of complex polynomial theory.
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FIG. 23. The shaded region represents the area where the both solutions w of Eq.
(27) have negative imaginary parts for 0 < k < 80.
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Similar to Sec. IV A 4, by introducing Wy = iw, we reduce the discus-
sion to the locations of the zeros of the complex polynomial. Figures
18 and 19 illustrate the regions where the imaginary part of the com-
plex frequency w is negative. From these figures, it is evident that dis-
turbances do not grow in regions where the wave number k is
sufficiently small and the height 4 is greater than 0.17. Additionally, it
is shown that when the wave number k exceeds 1300, disturbances do
not grow under conditions where the channel size is sufficiently large.
We examine the variations in the growth rate values in more detail.
When k is in the range (0, 1000) and h within the range (0,0.01), we
find that Im[w,] < Im[w_]. Therefore, Fig. 17 shows the contour
lines of Im[w_]. By comparing these results with those of the
Subsection IV B 1, it can be observed that viscosity has the effect of
suppressing the growth rate, especially when the channel size is small
and the wave number k is large.

3. Case of no viscosity
Under the condition without viscosity, represented by the equa-
tions pt = 0 and y # 0, the dispersion equation can be reduced to the
following form:
pi(—i)? cothlkhy] + ok + (p; — p,)gk

+ pa(—iw + ikU)? coth[kh,]

+2p,(—iw + ikU) cothlkh,|yU = 0. (49)
It can be observed that the friction coefficient y appears only in the

form of a product with coth[h,]. The solution to this equation for w is
written as follows:
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FIG. 24. The shaded region represents the area where the both solutions w of Eq.
(27) have negative imaginary parts.
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(k—iy)Up, coth[kh,]

\/(k —iy)*U2p2 coth® [khy] — k(gp, — gp1 — kK20 + (k— 2iy) U p, coth[kh,)) (p, coth[kh,] + p, coth[(khy])
+ .

= = (p, cothlkh,] + prcothlkh]) —

(P coth K] + py cothlkh])
(50)

The wave frequency  is imaginary number and the only imaginary part of w works to modify the wave amplitude. We analyze the imaginary

part w-,
(=iy)Up, cothlkh,]
(P, cothlkh] + py cothlkhi)

Im[wi] =Im [

\/(k — iy)?U2p2 coth?[kh,] — k(gp, — gp1 — k2 + (k — 2iy) U%p, coth[kh,]) (p, coth[kh,] + p; coth[kh])

*

(p, coth[kh,] + p; coth[kh])

Even with the presence of friction effects, the square root in the
dispersion relation contains an imaginary number. Due to the presence
of this imaginary number, it is important to note that, unlike the origi-
nal results, the relationship Im[w, | > Im[w_] does not generally hold
true. We observe the variation of Im[w- | depending on the increment
of the wave number k for a specific case where h, = h; = h. Other
parameters are taken as p, = 500kg/m>® and p; = 1000 kg/m?,
U=04m/s,y =0.0lm™!, ¢ = 0.06N/m, and g = 9.8 m/s?. First,
by introducing @, = i and reducing the discussion to the locations
of the zeros of the complex polynomial, we illustrate in Figs. 20 and 21
the regions where the imaginary part of the complex frequency o is
negative. From these figures, it is evident that disturbances do not
grow in regions where the wave number k is sufficiently small and the
height / is greater than 0.032 m. Additionally, it is shown that when
the wave number k exceeds 2640, disturbances do not grow under

0010 T T T T T T T
0.008 - 1
|
0.006 - |
(=]
g
< I
0.004 - 1
0.002 - ./\ .
0.000, [2] / / .
0 200 400 600 1000

k (wavenumber)

FIG. 25. The imaginary part of the wave frequencies _ given in Eq. (53) with vari-
ous wave number k.

(51)

conditions where the channel size is sufficiently large. Figure 22 shows
the behavior of imaginary part of .. Im[w, ] is always non-negative
when the wave number k is in the range (0,1000) and the channel
height /4 is in the range (0, 0.01). Furthermore, since Im[w_] is always
negative in this region, the growth rate of the interface instability
within this region refers to Im[ew_ |. Although this tendency is consis-
tent with the results without friction, the presence of an imaginary
number within the square root suggests that changes become apparent
when the value of the friction coefficient is large. Moreover, it is con-
sidered that the differences in the growth rate become more
pronounced.

4. Effects of viscosity and friction drag

This section considers the situation in which the viscosity and
friction terms are considered, with ¢t > 0 and y > 0. We recall the dis-
persion equation (27) here

— iw(—ipjw 4 2pk*) coth[khy] + ok® + (p; — pa)gk
— (0w — kU + 2iyU)(w — kU)p,, coth[kh,] = 0. (52)

Solving this equation, we obtain the following solutions w as

B+iy/C
A 9

D+ = (53)

in which
A = p, coth[h.k] + p; coth[hk],
B = U(k — iy)p, coth[h,k] — ik?u coth[hk],
C = —(U(ik + y)p, coth[hk] + K> coth[hk])? (54)
—k(g(pa — p1) — k2o + U?(k — 2iy)p, coth[hak])
X (p, coth[h,k] + p; coth[hk]).
Similar to the Subsection I'V' A 4, where the effects of viscosity and fric-
tion were treated independently, it is important to note the relationship
between the imaginary parts of w- due to the presence of an imagi-
nary number within the square root. To illustrate this more clearly, we
present a specific situation with a diagram. As in Secs. IV B 1-IV B 3,

the depths of each layer are assumed to be the same, denoted as h, and
the wave number k is considered in the range (0, 1000) and 4 in the
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range (0, 0.01). The viscosity it and the friction coefficient y are both
set to 0.01. The other parameters are set as p, = 500kg/m® and
p; = 1000kg/m?®, U =04m/s, u=0.01Pas, y=0.0lm™},
6 =0.06N/m, and g = 9.8 m/s. As in Secs. [V A 4 and IV B 1-1V
B 3, by introducing w, = iw and reducing the discussion to the loca-
tions of the zeros of the complex polynomial w,, we derive and illus-
trate in Figs. 23 and 24 the regions where the imaginary part of the
complex frequency o is negative. From these figures, it is evident that
disturbances do not grow in regions where the wave number k is suffi-
ciently small and the height / is greater than 0.032. Additionally, it is
shown that when the wave number k exceeds 1300, disturbances do
not grow under conditions where the channel size is sufficiently large.
By comparing Figs. 19 and 22, it is suggested that the influence of fric-
tion is strong when k is sufficiently small, whereas the influence of vis-
cosity is strong in regions where k is large. It is found that Im[w_] is
non-negative and Im|[w. | takes values less than or equal to zero in the
range of wave number k from (0, 1000) and h from (0,0.01) under
these conditions. Therefore, under these conditions, the growth rate
corresponds to Im[w_] (Fig. 25). By comparing with Fig. 17, it can be
seen that the effect of friction does not significantly alter the modifica-
tion of the growth rate due to viscosity.

V. CONCLUSIONS

Our study investigates the effects of fluid viscosity and frictional
resistance on the stability of tangential velocity discontinuities. The
analysis was conducted for both infinite and finite flows, incorporat-
ing viscosity and bottom friction to better approximate real-world
conditions. In our calculations, we set the friction coefficient to 0.01
and 0.1 m™! to examine how trends change depending on the pres-
ence or absence of friction. It should be noted, however, that the
actual value of the friction coefficient varies depending on the physi-
cal properties of the channel material, as well as the size and shape of
the channel. These settings were chosen to clarify the influence of
friction under controlled conditions. For infinite flows, the results
indicate that both viscosity and friction suppress the unstable growth
rate. However, for sufficiently long waves (small wavenumber k) or
short waves (large k), they enhance the growth rate. The enhance-
ment of instability at very long and short wavelengths can be
explained using Eq. (53). Looking at Eq. (53), the C term contains y
and u, which appear as products with the wavenumber k. In the case
without viscosity and friction, the C term is real, and in the regions of
sufficiently long and short wavelengths, C takes a positive value. On
the other hand, when either viscosity or friction is present, the C
term always has an imaginary part, which can result in a positive
growth rate and thus enhancement of instability. In addition, in the C
term, the friction coefficient y appears as a second-order wavenum-
ber coefficient. In contrast, the viscosity coefficient p appears as a
fourth-order coefficient in k. Therefore, except in the region where k
is sufficiently small, the effect of viscosity is considered to be stronger
than that of friction. Furthermore, since the B term also contains u
and 7, instability is suppressed by the B term in the region where k is
sufficiently small, and the effect of friction appears to be relatively
minor. The influence of viscosity is more pronounced, especially at
large wavenumbers or in bounded channels, whereas the effect of
friction remains comparatively weaker. Even when both viscosity and
friction are present, the growth rate tends to increase with viscosity
for sufficiently long or short waves. For channel flows, when viscosity
and friction are neglected, the growth rate becomes non-negative. In
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this case, there exist regions where the growth rate vanishes, corre-
sponding to neutral stability. Introducing viscosity and friction, par-
ticularly in the absence of viscous friction, modifies these neutral
regions, leading to stabilization. Nevertheless, the effect of friction on
the growth rate remains smaller than that of viscosity. When both
viscosity and friction are present, their interaction introduces new
effects. Specifically, for sufficiently long waves, some regions that are
stable under viscosity alone become unstable, while some unstable
regions become stable. Our results confirmed that instability can arise
due to friction and viscosity in specific wavenumber regions, repre-
senting a typical example of dissipation-induced instability com-
monly found in nature. These findings suggest that the combined
influence of viscosity and friction cannot be directly inferred from
their independent effects. Therefore, it is essential to account for their
interaction in stability analyses. In industrial settings, controlling
fluid instability is a crucial challenge. To improve reaction efficiency,
it is necessary to destabilize the interface intentionally. On the other
hand, when trying to prevent bubble formation or liquid mixing, it is
important to suppress instability. The present results indicate that the
selection of materials for the regions through which fluids pass can
also be an important factor to consider in the control of instability.
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