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ZUSAMMENFASSUNG 

Diese Dissertation befaßt sich mit ganzzahligen rogrammen mit 0/1 
Systemen SetPacking-, Partitioning- und Covering-Probleme. Die 
drei Teile der Dissertation behandeln polyedrische, algorithmische und 
angewandte Aspekte derartiger Modelle. 
Teil 1 diskutiert polyedrische Aspekte. Den Auftakt bildet ei 
ne Literaturübersicht in Kapitel 1. I Kapitel 2 untersuchen wir 
Set-Packing-Relaxierungen von kombinatorischen Optimierungspro­
blemen über Azyklische Digraphen und Lineare Ordnungen, Schnitte 
und Multischnitte, Uberdeckungen von Mengen und über Packungen 
von Mengen. Familien von Ungleichungen für geeignete SetPacking-
Relaxierungen sowie deren zugehörige Separierungsalgorithmen sind 
auf diese Probleme übertragbar. 

Teil 2 ist algorithmischen und rechnerischen Aspekten gewidmet. 
Wir dokumentieren in Kapitel 3 die wesentlichen Bestandteile ei 
nes Branch-And-Cut Algorithmus zur Lösung von SetPart i t ioning-
Problemen Der Algorithmus implementiert einige der theoretischen 

rgebnisse aus Teil 2. Rechenergebnisse für Standardtestprobleme der 
Literatur werden berichtet. 

Teil ist angewandt. Wir untersuchen die Eignung von et 
Partitioning-Methoden zur Optimierung des Berliner Behinderten­
fahrdienstes Telebus, der mit einer Flotte von 100 Fahrzeugen täglich 
et 1.500 Fahrwünsche bedient. Der Branch-And-Cut Algorith­
mus aus Teil 2 ist ein Bestandteil eines Systems zur Fahrzeugein­
satzplanung, das seit dem 3. Juni 1995 in Betrieb ist. Dieses Sy 
stem ermöglichte Verbesserungen im Servic und gleichzeitig erhebli 
che Kosteneinsparungen 

Schlüsselbegriffe. Ganzzahlige rogrammierung, olyedrische 
Kombinatorik, Schnittebenen, Branch-And-Cut, Anrufsammeltaxi 

steme, Fahrzeugeinsatzplanung 
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ABSTRACT 

This thesis is about integer programs with 0/1 constraint stems: et 
packing, partitioning, and overing problems. The three parts of the 
thesis investigate polyhedral algorithmic, and application aspects of 
such models. 
Part discusses polhedral aspects. Chapter 1 is a prelude that sur­

eys results on integer 0/1 programs from the literature. In Chapter 2 
we investigate set packing relaxations of combinatorial optimization 
problems associated with acyclic digraphs and linear orderings, cuts 
and multicuts, multiple knapsacks, set overings, and node packings 
themselves. Families of inequalities that are valid for such a relaxation 
and the associated separation routines carr over to the problems un­
der investigation 
Part 2 is devoted to algorithmic and computational aspects. We docu­
ment in Chapter 3 the main features of a branch-and-cut algorithm for 
the solution of set partitioning problems. The algorithm implements 
some of the results of the theoretical investigations of the preceding 
part. Computational experience for standard test set from the liter­
ature is reported 
Part deals with an application We consider in hapter 4 set par­
titioning methods for the optimization of Berlin' Telebus for handi 
capped people that services 1,500 requests per da with a fleet of 100 
mini busses. Our branch-and-cut algorithm of Part 2 is one module of  

scheduling s s t e m that is in use since June 3, 1995 and resulted in 
improved service and significant cost savings. 

eywords. nteger rogramming, olhedral Combinatorics, 
utting Planes, Branch-and-Cut, Vehicle cheduling, DialA-Ride 

Systems 
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REFACE 

Aspects of set packing, partitioning, and overing is the title of this 
thesis, and it was chosen deliberately The idea of the thesis is to tr 
to bend the bow from theory via algorithms to a practical application, 
but the red thread is not alwa pursued conclusively. This resulted in 
three parts that correspond to the three parts of the bow and belong 
together, but that can also stand for themselves. This self-containment 
is reflected in separate indices and referenc lists. 
There is no explanation of notation or basic concepts of optimization 
Instead, I have tried to resort to standards and in particular to the 
book Grötschel, Loväsz & Schrijver (1988), Geometric Algorithms and 
Combinatorial Optimization Springer Verlag, Berlin 
It is perhaps also useful to explain the s s t e m of emphasis tha t is at 
the bot tom of the writing. Namely, emphasized words exhibit either 
the topic of the current paragraph and/or the mark contents of the 
various indices, or the sometimes just stress a thing. 
I am grateful to the enate of Berlin's Departments for cience, Re 
search, and Culture and for Social Affairs that supported the Tele 
bus project and to Fridolin Klostermeier and Christian Küttner for 
their cooperation in this project. I am indebted to the onrad-Zuse 
Zentrum for its hospitalit and for its support in the publication of 
this thesis. 
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thank Andreas Schulz and Akiyoshi Shioura who have kindl pointed 
out a number of errors in an earlier version of this thesis. M friends 
Norbert Ascheuer, Bob Bixby, and Alexander Martin have helped me 
with man discussions on aspects of this thesis and I want to express  

gratitude for this. A special thanks goes to Andreas Löbel for 
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apte 

nte 0/1 am 

u m This chapter tries to surve some of the main results of the literature for integer 
programming problems associated with set packings, set partitionings, and set coverings: 
Blocking and anti-blocking theory, the field of perfect, ideal, and balanced matrices, and the 
results about the facial structure of set packing and set covering p o l h e d r a . 

1.1 Two Classical Theorems of König (Introduction) 

önig book Theorie der endlichen und unendlichen aphen of 1936 is the first s s t e m a t i c 
treatment of the mathematical discipline of graph theor1. Two hundred years after Euler' 
famous primer2 on the bridges of Königsberg gave bir th to this area of discrete mathematics, 
it was König' aim to establish his subjec as "a branch of combinatorics and abstract set 
theory"3. I this spirit, he investigated structural properties of general and of special classes of 
graphs. Among the latter, bipartite graphs are the subject of two of his most famous theorems, 
the König-Egervär and the edge coloring theorem. I his own words*, these results read as 
follows. 

""̂ Sachs [1986], page 314 of König [1986]. König [1936] himself made an effort to compile all previous 
eferences on graph theory. 

2Euler attributes the notion of graph theory or geometria situs, as he called it to Leibniz and gives some 
eferences in this direction, see Euler [1736], page 279 of König [1986]. 

3König [1936], preface, page 9: "Second one can perceive it [the theory of graphs] — abstracting from its 
continuos-geometric content — as a branch of combinatorics and abstract set theory. This book wants to 
emphasize this second point of view . . " * 

Translation by the author 



nteger 0/1 rograms 

.1 e o r e m ( K ö n i g E g e r v a r y e o r e m , önig [1931]4) 
For any bipartite graph is the minimum number of nodes that drain the edges of the graph 
equal to the maximum number of edges that pairwise do not possess a common endpoint 

Here, we say that the nodes A\, , • • •, Av {(drain)) the edges of a graph if every edge of the 
graph ends in one of the points A , . . . A l , . 

1 T h e o r e m (Edge Coloring T h e o r e m , önig [1936]5) 
If at most g edges come together in every node of a unite bipartite graph G, one can subdivide 
all edges of the graph into g classes in such a way that every two edges, that come together 
in a node, belong to different classes 

önigs theorems can be seen as ombinatorial minmax theorems, and the are among the 
earliest known results of this t p e . Min-max theorems state a dualit relation between two 
optimization problems, one a minimization and the other a maximization problem, henc 
the name. n the König-Egervar case, these optimization problems are the minimum node 
coering problem and the maximum matching problem in a bipartite graph; the theorem states 
that the optimum solutions, the minimum covers and the maximum matchings, are of equal 
size. The edge oloring theorem involves also tw optimization problems: The (trivial) task 
to compute the maximum degree in a biparti te graph is related to the problem to determine 
the minimum number of colors in an edge coloring. The relation is again that the best such 
values are equal See the top of page 3 for an illustration of the two König theorems. 
Min-max results are important from an optimization point of view because the provide 
simple certificates f optimalit For example, to disperse an doubt whether some given 

over is minimal, one can exhibit a matching of the same size. The technique works also the 
other w round, or it can be used to prove lower or upper bounds on the size of a minimal 
over or maximum matching, respectivel And, most important of all, optimalit riteria are 

the first step to design combinatorial optimization algorithms. 
It goes without s a i n g that the relevance of his theorems was more than clear to önig6 

and he devoted two entire sections of his book7 to their consequences. König showed, for 
instance, that the popular (but fortunatel rarel applied) marriage theorem can be derived 
in this w He noticed also that the two theorems themselves are related and proved that 
the edge coloring theorem follows from the König-Egerväry theorem8 . Reading his book one 
has the impression that König looked at the first as a weaker result than the latter, and 
we ould find no evidence that he onsidered the reverse implication. But we know toda 
that exactl this is also true: It is one of the consequences of Fulkerson [1971]'s powerful 
anti-blocking theory, developed about 40 years later, that the König-Egervar and the edge 
coloring theorem are equialent This means that for bipartite graphs not onl node covering 
and matching are dual problems as well as edge coloring is dual to degree omputation, but, 
going one step further, these two min-max relations form again dual pair of equivalent 
companion theorems, as Fulkerson called it. 

See also König [1936], Theorem XIV 13/14, page 249 of König [1986] 
See König [1936], Theorem XI 15, page 187 of König [1986]. 

6König [1936], page 191 of König [1986]: "Theorem [XIV] 13 is an important theorem that can be applied 
to problems of very different nature .. ."* [Applications follow.]. Page 191 of König [1986]: "Theorem [XI] 13 
[that is equivalent to the edge coloring Theorem XI 15] can be applied to various combinatorial problems . " * 
Applications follow.] 

7König [1936] XI § 5 (edge coloring) and XIV § 3 (Königgervary) See (in both cases) a l o the preceeding 
paragraphs. 

König [1936] page 250 of König [1986] 



1.1 Two lassical Theorems of König (Introduction 

Let's go through an pplication of anti-blocking theor to the K ö n i g - g e r v ä r / e d g e oloring 
setting now to see how this theor works. The anti-blocking relation deals with integer 
programs of a certain "packing" t p e , and start by formulating a weighted generalization 
of the matching problem in this way, the bipartite matching problem (BMP). Taking A as the 
node-edge incidenc matrix of the biparti te graph of interest (a row for each node, a column 
for each edge), this BMP can be formulated as the weighted packing problem 

max wTx x < x > binar 

ere, is a vector of all ones of compatible dimension, is a vector of nonnegative integer 
weights, and taking := is to look for a matching of maximum cardinality. The "packing 
structure" in (BMP) is that the onstraint stem is 0/1 and of the form Ax < x > 0. 
Note that "matching" is a s n o n for "edge packing", henc the name. 
Now we appl sequenc of transformations to this program: Removing the integralit 
stipulations, taking the dual, and requiring the dual variables to be integral again 

max wTx max wTx min y min y 1.1 
Ax < Ax < yT > w yT > w 

x> x> T T 

integral y T integral 

we arrive at another integer program on the right. This program is the weighted bipartite 
node coering problem (BCP) of edges b nodes 

BC min y T yT > wT, yT 0T, yT integral 

B C ) is an example of a weighted coering problem, which means in general that the con­
straint stem is of the form yTA > wT

7 yT > 0 with a 0/1 matrix A and arbitrar integer 
weights on the r i g h t h a n d side. 
But the BCP is, for , exactl the node overing problem of the Kön ig -ge rvä r theorem! 
This relation allows us to paraphrase Theorem 1.1.1 in integer programming terminolog as 
follows: For , the optimum objective values of the packing problem (BMP) and of the 
associated covering problem B P ) are equal. 
The ke point for all that follows now is that this equalit does not onl hold for , but 
for any integral vector . In other words, a weighted generalization of the K ö n i g - g e r v ä r 
theorem as above holds, and this is equivalent to s a i n g that the onstraint stem of the 
packing program (BMP) is totally dual integral TDI) . This s i t u a t i o n a TDI packing stem 
Ax < x > 0 with 0/1 matrix A is the habitat of anti-blocking theor and whenever w can 
establish it, the anti-blocking machiner automaticall gives us a second companion packing 
program, again with TDI constraint s s t e m and associated min-max theorem! I the König-
Egervär case, the companion theorem will turn out to be a weighted generalization of the 
edge oloring theorem for biparti te graphs. 

The companion program is onstructed as follows. We first set up the 0/1 incidence matrix B 
of all solutions of the packing program, i e . , in our case of all matchings versus edges (a row 
for each matching, a column for each edge). This matrix is called the anti-blocker of A; it 
serves as the constraint matrix of the companion packing program and its associated dual 

max max min yT min y T 1.2) 
x < x < T > wT T > wT 

x> x> T T 

integral y T integral 



nteger 0/1 rograms 

The main result of anti-blocking theor is that , if the original packing program had a TDI 
onstraint s s t e m , the companion packing program has again a TDI onstraint s s t e m . This 

means that all inequalities in the sequenc (1.2) hold with equality for all integral weights 
and this is the ompanion min-max theorem. 

What does the companion theorem sa in the König-Egervär case for The solutions 
of the left integer program in (1.2) are edge sets that intersect ever matching at most once. 
Sets of edges that emanate from an individual node have this property, and a minute's thought 
shows that these are all possible solutions, means to look for largest such set, i e . 
to ompute the maximum node degree; this is one half of the edge oloring theorem. The 
second integer program on the right of (1.2) provides the second half, because it asks for 
minimum over of edges b matchings. But as the matchings are exactl the feasible color 
classes for edge colorings, the integer program on the right asks for a minimum edge coloring. 
And arbitrar weights give rise to a weighted generalization of the edge oloring theorem. 
We can thus sa that the weighted version of the König-Egervär theorem implies, b virtue of 
anti-blocking theory, the validit of a companion theorem which is a weighted generalization 
of the edge coloring theorem. ne can work out that it is possible to reverse this reasoning 
such that these two theorems form an equivalent pair. And one finall obtains the two König 
theorems b setting :— 1. The reader will have noticed that , in contrast to what we have 
claimed on page 4, this anti-blocking argument does not prove the equivalence of the wo 
unweighted König theorems, that both onl follow from their (equivalent) weighted relatives. 
Well sometimes it 's clearer to lie a little 

Our discussion of Königs considerations was alread in terms of weighted versions of his 
theorems, and further generalizations take us directl to t o d a ' s areas of research on integer 
0/1 programming problems. 
The first question that omes up is whether TDI results with dual pairs of min-max theorems 
also hold for other 0/1 matrices than the incidence matrices of biparti te graphs? This question 
leads to perfect graph theory, where Loväsz [1971] has shown that dual min-max theorems 
on stable sets and clique coverings on the one hand and cliques and node colorings on the 
other hold exactl for perfect matrices, the clique matrices of perfect graphs. This famous 
result, tha t was conjectured by Berge [1961] and is known as the perfect graph theorem, does 
not impl that the four optimization problems that we have just mentioned can be solved in 
time that is polynomial in the input length of the perfec graph and the objective, because 
the associated clique matrix and its anti-blocker can be exponentiall large. But exactl this 
is nevertheless possible! Fundamental algorithmic results of Grötschel Loväsz & Schrijver 
1988], often termed the polynomial time equialence of separation and optimization, and 

techniques of semidefiite programming were the key innovations for this breakthrough 
Another appealing topic on perfect graphs and their clique matrices are recognition problems 
An important result in this area, which follows from results of Padberg [1973b, 1976] but was 
first stated and proved (in a different w ) b Grötschel, Loväsz & Schrijver [1984], is tha t 
the recognition of perfect graphs is in o-AfP. This question, as well as the unsolved problem 
whether one can certif in p o l n o m i a l time that a given graph is perfec or, weaker, whether 
a given 0/1 matrix is perfect, is intimatel related to a stronger and also unresolved version 
of Berge's conjecture. This strong perfect graph conjecture states that a graph is perfec if 
and onl if it does not contain an odd hole or its complement; it is known to hold for several 
subclasses of perfect graphs. 



1.1 Two lassical Theorems of König (Introduction 

Another direction of research onsiders general 0/1 matrices that do not correspond to clique 
matrices of perfect graphs. The LP relaxations of the packing (and the dual overing) prob­
lems associated to such matrices are not integral, much less TDI, and min-max theorems do 
not hold in general. To solve such packing problems with LP techniques, additional inequal 
ities are needed One branch of research, pioneered b adberg [1973a], is concerned with 
finding not onl an feasible, but in a sense best possible facet defiing inequalities and to 
develop omputationall useful procedures to find them. For special classes of 0/1 matrices it 
is sometimes not onl possible to determine some facets, but to obtain a complete description, 

e., a list of all facet defining inequalities. In such cases, there is a chance that it is possible 
to develop p o l n o m i a l LP based or ombinatorial optimization algorithms for the four opti 
mization problems that come up in packing: Maximum stable set, minimum clique overing, 
maximum clique, and minimum coloring. And in ver rare instances, complete descriptions 
give even rise to TDI s s t e m s with associated min-max theorems. 

Analogous problems as in the packing case, but much less complete results exist for set 
coering problems One obtains the four optimization problems of this area b simpl reversing 
all inequalities in the four packing analogues. But this "technique" does not carr over to all 
theorems and proofs! It is in particular not t rue that ever overing min-max theorem has an 
equivalent companion theorem, and the connection to graph theor is much weaker than in 
the packing case. The well behaved 0/1 matrices are called ideal, but there are no algorithmic 
results as for perfect matrices. The stud of facet defining inequalities for the nonideal case 
seems to be more diffcult as well and little is known here, but comparable (even though more 
difficult) results exist for the recognition of ideal matrices. 

Finall one can look at the equalit onstrained partitioning case, that leads to the con­
sideration of a certain class of balanced matrices. These matrices give rise to partitioning 
programs with integer LP relaxations, but the balanced matrices are onl subclass of all 
matrices with this property. A spectacular result in this area is the recent solution of the 
recognition problem b Conforti Cornuejols & Rao 1991]. There are no investigations to 
determine further inequalities for programs with unbalanced matrices, because this question 
reduces to the packing and covering case. 

The following eight sections of this chapter give a more detailed surve on results for the set 
packing, the set partitioning, and the set overing problem. Section 1.2 gives basic definitions 
and references to surve articles. Section 1. describes the fundamental connections of set 
packing to graph theor and of set covering to independence s s t e m s . Blocking and anti 
blocking theory is visited a first t ime in Section 1.4. This topic extends to ection 1.5, where 
we discuss perfec and ideal matrices and the associated famous min-max results, the perfec 
graph theorem with its man variants and the width-length and max flow-min cut properties 
of ideal matrices. Section 1.6 is about the recognition of perfect and ideal matrices and, 
closel related, their characterization in terms of forbidden minors. Balanced matrices are 
treated in a separate Section 1.7. The last wo sections surve p o l h e d r a l results. Section 1. 
deals with the set packing p o l t o p e , and ection 1.9 with the set covering p o l t o p e . 
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1.2 The Set Packing, Partitioning, and Covering Problem 

Let be an m x n 0/1 matrix and an integer n-vector of weights. The set packing ( S P ) , 
the set partitioning (SPP), and the set coering problem (SCP) are the integer 0/1 programs® 

max wTx min wTx min wTx 
Ax < A Ax > 

x> x> 
a ; e { , l } n i e { , l } n x&{,l}n. 

Associated to these three programs are six polhedra: 

PF 
onva; G { , l} x < ) := conva; eW x< 

o n v x G { , l} ^ ) := convx e l f 

o n v x G { , l } n x> ) := convx e r + : A i > }. 

The set packing polytope PjÄ), the set partitioning polytope f ) , and the set coering 
polytope Qi(A) are defined as the onvex hull of the set of feasible solutions of SP), SPP), 
and ( S C ) , respectively, the polhedra P(A), P(A), and Q{A) denote fractional relaxations 
{fractional set packing polytope etc.). The fundamental theorem of linear programming, that 
guarantees the existence of an optimal basic (vertex) solution, allows to state the three integer 
programs above as linear programs over the respective integer pol tope: 

max min min 
xePi xePf x € ) . 

Let us quickl point out some technicalities, mpt columns or rows in the onstraint 
matrix A are either redundant, lead to unboundedness, or to infeasibility, and we can assume 
without loss of generalit that A does not ontain such olumns or rows, (ii) If A does not 
ontain empt rows or columns, Pi (A) and Q{A) are a lwas nonempt but Pf(A) — 0 

is possible, iii) B definition, P( Pi ) n Q(A), ie., it is enough to stud Pi (A 
and Q{A) to know Pf(A). (iv) The set covering po l tope Q(A), as we have defined it, is 
bounded, but the relaxation A) is not This "trick" is convenient for dualit arguments and 
does not give aw information because all vertices of QA) lie within the unit cube, (v) The 
wo packing poltopes Pi (A) and P(A) are down monotone, the covering polhedra Q(A 

and Q(A) are (in slightl different senses) up monotone, (vi) These observations can be used 
to assume w.o.g. that set packing or covering problems have nonnegati (or positive 
objectie, and so for set partitioning problems as well b adding appropriate multiples of rows 
to the objective, (vii) Similar techniques allow transformations between the three integer 0/1 
programs, see Garfinkel & Nemhauser [1972] and Balas & Padberg [1976] for details. 
All three integer 0/1 programs have interpretations in terms of hypergraphs that show their 
combinatorial signfcance and explain their names. Namely, look at A as the edgenode 
incidence matrix of a hypergraph A (on the groundset { , . . . , n} of columns of A) with node 
weights Wj Then the packing problem asks for a maximum weight set of nodes that intersects 
all edges of A at most once, a maximum packing, the covering case is about a minimum weight 
set that intersects each edge at least once, a minimum coer or (old fashioned) transersal 
while in the last case a best partition of the groundset has to be determined 

i i i i ith 0 l d " i e r 0 ith 0 i 



1.3 Relations to table ets and ndependenc Systems 

We suggest the following surve articles on integer 0/1 programs: Fulkerson [1971] (blocking 
and anti-blocking t h e o r ) , Garfinkel & Nemhauser [1972, Chapter 8] (set partitioning, set 
overing), Balas & Padberg [1976] applications, set packing, set partitioning, set packing 

p o l t o p e , algorithms), Padberg [1977, 1979] (set packing p o l t o p e ) , Schrijver [1979] (blocking 
and anti-blocking, perfection, balancedness, total unimodularit extensions), Loväsz [1983] 
(perfect graphs), Grötschel, Loväsz & Schrijver [1988] (set packing p o l t o p e , perfect graphs), 
Ceria, Nobili &; Sassano [1997] (set covering), Conforti et al. [1994] and Conforti Cornuejols, 
Kapoor & skovic [1997] (perfect, ideal, and balanced 0/1 and 0/ ± 1 matrices), Schrijver 
[1986, Chapter 9 & 22] (textbook), and finall Balinski [1965] as a "historical" article. 

1.3 elations t Stable Sets and Independence Systems 

We discuss in this section two insights that are the foundations for the combinatorial stud 
of the set packing and the set covering problem: The correspondence between set packings 
and stable sets, tha t builds the bridge from packing 0/1 integer programs to graph theor 
and the relation of set covering to independence s s t e m s . 

Figure 1.1: onstructing a Column Intersection Graph 

We start with set packing. Edmonds [1962, last two sentences on page 498] came up with 
the idea to associate to a set packing problem ( S P ) the following conflict or column inter­
section graph G(A): The nodes of GA) are the olumn( indice)s of A, and there is an edge 
between two olumn( node)s i and j if the intersect, i e . Aj. • A. / 0, see Figure 1.1. The 
onstruction has the propert tha t the incidenc vectors of stable sets in (A), i.e., sets of 

pairwise nonadjacent nodes, are exactl the feasible solutions of the packing program (SSP). 
This means that the set packing program ( S P ) is simpl an integer programming formulation 
of the stable set problem (SSP) on the associated conflict graph GA) with node weights Wj 
For this reason, we will occasionall also denote Pi (A) b Pi(G). 

Two consequences of this equivalence are: (i) Two 0/1 matrices A and A' give rise to the 
same set packing problem if and onl if their intersection graphs coincide, (ii) Ever row of A 
is the incidenc vector of a clique in (A), i.e., a set of pairwise adjacent nodes. In particular, 
G(A) G(A if A' is the cl iquenode incidence matrix of all cliques in G(A), or of a set 
of cliques such that each edge is ontained in some clique, or of all maximum cliques with 
respec to set inclusion, see Padberg [1973a]. Note that the last matrix contains a maximum 
of clique information without an redundancies. 

Set coering is known to be equivalent to optimization over independence systems, see, e.g. 
Laurent [1989] or Nobili & assano [1989], b the ffine transformation y := 1 — x: 
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in wT wT (I max T 
w 

" 
iii 

€ { , l} iv e{, 

To see that the program on the right is an optimization problem over an independence s s t e m 
we have to onstruct a suitable independenc stem. To do this, note first that one can 
delete from (ISP) an row that strictl ontains some other row. A 0/1 matrix without such 
redundant rows is called proper (Fulkerson [1971]). Assuming w . o . g . tha t A is proper, we 
can take its rows as the incidenc vectors of the circuits of an independence system 3(A) on 
the groundset of commn( i n d i c s of A. Then the r i g h t h a n d side (̂ 4 — J ) l = | supp 
of ever onstraint i in (ISP) equals the rank of the circuit supp^Lj and (ISP) is an integer 
programming formulation of the problem to find an independent set of maximum weight with 
respect to in 3A). 

We remark that there is also a graph theoretic formulation of the set covering problem in 
terms of a bipartite row-o lumn incidence graph that has been proposed, e.g., by Sassano 
[1989] and Cornuejols & assano [1989]. 

Thinking again about the relation of set packing and set covering in terms of stable sets and 
independenc stems, one makes the following observations, (i) The stable sets in a graph 
form an independence s s t e m , i e . , set packing is a special case of set overing with additional 
structure, (ii) This argument holds for almost an other ombinatorial optimization problem 
as well; we mention here in particular the generalized set packing problem and the generalized 
set coering problem, that arise from their s tandard relatives by allowing for an arbitrar 
uniform r i g h t h a n d side, see Sekiguchi [1983] (iii) Not ever independence s s t e m can be 
obtained from stable sets of some appropriatel onstructed graph, see Nemhauser & Trotter 
[1973, Theorem 4.1] or Padberg [1973b, Remark 3.15] for details. 

1.4 locking and Anti-Blocking airs 

The theor of blocking and anti-blocking pairs of matrices and p o l h e d r a , developed in Fulk­
erson [1970, 1971, 1972], provides a framework for the stud of packing and covering problems 
that explains why packing and overing theorems occur in dual pairs. Its technical vehicle is 
the dualit (or polarity, who likes the term better) between constraints and vertices/extreme 
rays of p o l h e d r a . We discuss the basics of the theor here in a general setting for nonnegative 
matrices and specialize to the ombinatorial 0/1 case in the following Sections 1.5 and 1.6. 
The center of the theor is the notion of a blocking and anti-blocking pair of matrices and 
p o l h e d r a that we introduce now. Consider a nonnegati (not necessarily 0/1) matrix A and 
the associated fractional packing problem (FPP) and the fractional coering problem FCP) 

max FC min 

x < 

x > 0. 

Associated to these problems are the fractional packing polytope and the fractional coering 
polyhedron, that we denote, slightl extending our notation, by P(A) and Q(A), respectively 
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W e s description theorem, see, e.g. chrijver [1986, Corollar 7.1b] these bodies are 
generated b their vertices and extreme r a s . Denote b a b l 4 the matrix that has the 
vertices of A) as its rows, and by b l 4 the matrix that has the vertices of QA) as its rows 
Then we have 

) = x <ER onv vert o n v a b l 

) = x<EW = conv vert onv(bl M™. 

(We must assume that does not ontain empt olumns for the packing equations to hold 
abl is called the anti-blocker of the matrix A, b\A is the blocker of A. Associated to these 
matrices are again a fractional packing p o l t o p e and another fractional covering p o l h e d r o n 

a b l ) := V x £ : ab\ ab\ 

b \ ) := yTx > V X G € R bl ( b \ ) . 

abl is called the anti-blocker of the p o l t o p e ) , bl is the blocker of ) . The 
general dualit between constraints and vertices/extreme ra of polyhedra translates here 
into a dualit relation between anti-blocking and blocking matrices and polyhedra. 

.4 h e o r e m (Blocking d A c k i n g Pairs , F k e r s o n 1971]) 
For any nonnegative matrix A holds: 

(i) If a is a vertex of &b\ P (A), aTx < 1 isei (iv) If a is a vertex ofblQ(A), a is a 
ther a facet ofP(A), or can he obtained facet o f Q . In particular 
from a facet by setting some lefthand 

side coefficients to zero. In particular v) bl ) = 

(ii) a b l ) = , M , . . 
vi) bl is proper and 

(Hi) If A has no empty column, so does abl A. bl A <^= A is proper 

ere, abl is short for abl abl, and so on. Theorem 1.4.1 (ii) and (v) state that the anti 
blocking relation gives indeed rise to a dual anti-blocking pair of polyhedra and the blocking 
relation to a dual blocking pair f polyhedra. This duality carries over to the associated 
matrices. Theorem 1.4.1 iv) and (vi) establishes blocking pair of proper matrices. The 
dualit is a bit distorted in the anti-blocking case, because the anti-blocking relation produces 
dominated vertices/rows. Since onl the maximal rows give rise to facets, one does not insist 
on including dominated rows in a packing matrix, and calls two matrices A and B an anti­
blocking pair of matrices, if the associated packing p o l h e d r a constitute an anti-blocking pair. 
Blocking and anti-blocking pairs of matrices (and p o l h e d r a ) are characterized b a set of 
four relations that provide a link to optimization Let A and B be two nonnegative matrices 
and consider the equalities 

min y = max B 1.3) max y = min B 1. 

> wT < wT 

y
T o T 

ere, min B is short for min B : i = , . . . , m } , and so on (1.3) holds for all 
nonnegati ectors , we sa that the min-max equalit holds for the ordered pair of matrices 
A B. If ( 1 . ) holds for all nonnegative vectors w, we sa that the max-min equality holds for 
the ordered pair of matrices A B 
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The other two relations are inequalities: 

max max 1.5) min min Bw < 1.6) 

f (1.5) holds for all nonnegati ectors and , we sa that the max-max inequality holds 
for the (unordered) pair of matrices A and B If (1.6) holds for all nonnegativ vectors 
and I, we sa that the min-min inequality holds for the (unordered) pair of matrices and 
These equations and inequalities are related to the anti-blocking and the blocking relation via 
appropriate scalings of the vectors and I such that the above optima become one; this is 
a l w s possible except in the trivial cases — 0 and/or / = 0. Such a scaling makes w and 
a member of the anti-blocking/blocking p o l h e d r o n . These arguments can be used to prove 

2 T e o r e m e r i z i o n of ckin cking Pairs , F u k e r s o n 
1971]) 

For any pair of nonnegative matrices A and B For any pair of proper nonnegative matrices A 
with no empty columns, the following state and B, the following statements are equiva 
ments are equivalent lent 

(i) A and are an antiblocking pair (vi) A and are a blocking pair 

(ii) andP() are an antiblocking pair (vii) and B) are a blocking pair 

(Hi) The minmax equality holds for A viii) The max-min equality holds for A 

(iv) The minmax equality holds for A. (ix) The max-min equality holds for A. 

(v) The maxmax inequality holds for A and x) The minmin inequality holds for A and 

Theorem 1.4.2 bears on dual min-max results for packing and covering optimization problems 
We give an interpretation of the anti-blocking part (iii) and (iv) of Theorem 1.4.2 in terms of 
the fractional packing problem, the covering case is analogous. The min-max equalit (1.3) 
can be interpreted as a "weighted max fractional packing-min fractional covering theorem": 
The rows of A are used for overing, the rows of B, that orrespond to the feasible solutions of 
(FPP) , for packing. If this min-max theorem can be established, anti-blocking theor ields 
a second, equivalent theorem of the same t p e , where the overing-packing roles of A and B 
are exchanged 

1.5 Perfect and Ideal Matrices 

The main point of interest in anti-blocking and blocking theor is the stud of anti-blocking 
and blocking pairs of matrices A and B tha t are both 0/1. S i n g that a 0/1 matrix A has a 
0/1 anti-blocking matrix B is definition equivalent to integralit of the fractional packing 
p o l t o p e associated to ; a 0/1 matrix A tha t gives rise to such an integral packing p o l t o p e 
P() = Pi (A) is called perfect. Analogous for covering: 0/1 blocking matrices correspond to 
integral covering p o l h e d r a Q(A) = Q(A); a 0/1 matrix A with this propert is called ideal  

Theorem 1.4.2, perfect matrices occur in anti-blocking pairs and so do ideal matrices occur 
in blocking pairs. Associated to an anti-blocking/blocking pair of perfect/ideal matrices is a 
pair of equivalent min-max/max-min equalities and one can either prove one of the equalities 
to establish the second plus the anti-blocking/blocking propert plus perfection/idealit of a 
0/1 matrix pair, or one can prove one of the latter two properties to obtain wo m i n - m a x m a x -
min results. 
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Anti-blocking/blocking pairs of perfect /ideal matrices often have combinatorial significanc 
and this brings up the existenc question for combinatorial coering and packing theorems. 
The min-max/max-min equalities (1.3) and (1.4) are not of combinatorial type, because the 
allow for fractional solutions of the covering/packing program. But onsider stronger, integer 
forms of these relations for 0/1 matrices A and B 

min y = max B 1.7 max y = min B 1.8) 

> wT < wT 

T T 

yT Z™ yT Z m 

f (1.7) holds for all nonnegatie integer ectors , we sa that the strong min-max equalit 
holds for the ordered pair of 0/1 matrices A and B; this is equivalent to stating that the 
packing s s t e m Ax 0 is TDI If 1.8) holds for all nonnegati integer ectors 

we sa that the strong max-min equalit holds for the ordered pair of 0/1 matrices A and 
B\ this relation corresponds to a TDI overing s s t e m Ax 0. The combinatorial 
content of these relations is the following. The strong min-max equalit can be interpreted 
as a combinatorial min covering-max packing theorem for an anti-blocking pair of perfec 
matrices: The smallest number of rows of A such that each olumn j is covered b at least 
Wj rows is equal to the largest packing of columns with respect to , where the packings are 
encoded in the rows of B An analogous statement holds in the strong max-min case for 
blocking pair of ideal matrices. 

We mention wo famous examples of such relations to point out the significanc of this concept. 
ilorth's theorem is an example of a well-known strong min-max equalit in the ontext of 

partiall ordered sets Let A be the incidence matrix of all chains of some given poset, let 
B be the incidence matrix of all its antichains, and consider the strong min-max equalit 
for A B: I states that , for an nonnegative integer vector of weights associated to the 
elements of the poset, the smallest number of chains such that each element is contained in 
at least Wj chains is equal to the maximum -weight of an antichain. For , this is 

the classical Dilworth theorem, and one can generalize it to the weighted case b appropriate 
"replications" of poset elements (the reader ma verif tha t this is eas). The validit of this 
weighted generalization of Dilworth's theorem implies that A and B form an anti-blocking 
pair of perfec matrices, because the strong min-max equalit for B ields, triviall the 
fractional min-max equalit for A B. This argument implies in turn the min-max equalit for 
i? A in its fractional form. What about the strong, integer version for i? AI One can work 
out that it holds as well and this is not strike of luck! But let's stop here for the moment 
and just consider the combinatorial ontent of the strong min-max equalit for B A: This 
theorem is identical to the weighted Dilworth theorem, except that the words "antichain" 
and "chain" have changed their places a combinatorial companion theorem. 
The most famous example of a strong max-min equalit is probabl the max flowmin cut 
theorem of Ford, Jr. & Fulkerson [1962] for two-terminal networks. Taking A as the incidence 
matrix of all (s, i)-paths versus edges and B as the incidenc matrix of all (s, i ) c u t s versus 
edges, the max flow-min cut theorem turns out to be exactl the strong max-min equalit for 
A, B. Hence, the incidenc matrices of (s , t ) -paths and ( s , i c u t s in a two-terminal network 
form a blocking pair of ideal matrices. an one also produc a companion theorem b inter­
changing the roles of paths and cuts as we did with the antichains and chains in Dilworth' 
theorem The answer is yes and no: One can in this particular case, but not in general. 
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We have alread hinted at one of the main insights of anti-blocking theor in the Dilworth 
example and we state this result now: The perfection of a matrix A is equivalent to the validit 
of the strong min-max equality for A and abl A which is itself equivalent to the validit of 
companion min-max theorem for a b l 4 and A 

1.5. T h e o r e m (Strong M i n - M a x Equality, Fulkerson [1971]) 
Let be a 0/1 matrix without empty columns The following statements are equivalent 

(i) A is perfect v) The strong minmax equalit holds for 

(ii) abl is perfect A, abl A. 

(Hi) The system Ax < x > is integral Vi) The strong minmax equalit holds for 

(iv) The system Ax < x > is TDI abl A A. 

nterpreting this result in terms of the stable set problem, see ection 1.3, we enter the realm 
of perfect graph theory. A minute ' thought shows that the onl candidate for a 0/1 anti 
blocker of the incidence matrix B of all stable sets of some given graph G is the incidence 
matrix A of all cliques versus nodes. Now onsider the two possible strong min-max equations; 
the optima of the four associated optimization problems are ommonl denoted b 

XW mm y T 

T > wT 

T 

yT integral 

min yT 

> VJT  

T 

yT integral 

'•= max B := max 

is called the weighted clique coering number of is the weighted stabilit 
umber, (G) the weighted coloring number, and u>(G the weighted clique umber Wi th 

this terminolog the strong min-max equalit for translates into the validity of the 
equation (G) = (G) for an nonnegative integer vector , and a graph with this propert 
is called ^-pluperfect imilarly, a P^uPerfec^ graph satisfies the second strong min-max 
equalit (G) = u ) forall " , and a pluperfect graph is both - and -pluperfect. 
Theorem 1.5.1 reads in this language as follows. 

5.2 T h e o r e m (Pluperfect G a p h T e o r e m , Fulkerson [1971]) 
graph is x-pluperfect if and only if it is x~pluperfect if and only if it is pluperfect 

This theorem can also be stated in terms of complement graphs noting that -pluperfection 
of a graph is equivalent to %-pluperfection of the complement graph G This equivalent 
version is: graph is -pluperfect if and onl if its complement is. 

One of the big questions in this context and the original motivation for the development 
of the entire anti-blocking theor was the validit of Berge [1961]'s famous perfect graph 
conjecture The conjecture claimed stronger form of the pluperfect graph theorem where 
w is not required to run through all nonnegative integer vectors , but onl through all 0/1 
vectors. In exactl the same w as in the pluperfec case, this oncept gives rise to '-perfect 

perfect, and perfect graphs, henc the onjecture name. Fulkersons idea to prove it was 
to show its equivalence to the pluperfec graph theorem; to establish this it is enough to 
prove the following replication lemma: Duplicating a vertex of a perfec graph and joining 
the obtained two vertices b an edge gives again a perfec graph The replication lemma and 
hence the conjecture was proved b Loväsz [1971] and, shortl after the result had become 
known, also by Fulkerson [1973]. 
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5.3 T h e o r e m (Perfect Graph T h e o r e m , Loväsz [1971]) 
A graph is x-perfect if and only if it is x-perfect if and only if it is perfect if and only if it is 
pluperfect 

There is also a complement version of the perfec graph theorem: graph is -perfect if and 
onl if its complement is. And let us further explicitl state an integer programming form 
of the perfect graph theorem that will turn out to have a blocking analogon. We include 
strong version of the max-max inequalit with identical 0 /1 vectors and I, also proved b 
Loväsz [1972] and Fulkerson [1973]. 

1.5. T h e o r e m P e r f e t Graph T h e o r e m , Loväsz [1971], Fulkerson [1973]) 
For 0/1 matrices A and without empty columns, the following statements are equivalent 

(i) A and B are an antiblocking pair 

(ii) The strong minmax equality holds for A and all nonnegative integer vectors 

(Hi) The strong minmax equality holds for and all nonnegative integer vectors 

(iv) The strong minmax equality holds for A and all 0/1 vectors 

(v) The strong minmax equality holds for and all 0/1 vectors . 

(vi) The max-max inequality holds for A and and all nonnegative integer vectors and 

(vii) The maxmax inequality holds for A and and all 0/1 vectors 

ere, we have used the expression the strong min-max equalit holds" in an obvious sense, 
slightl extending our terminology. A third interesting linear programming form of the perfect 
graph theorem is again due to Loväsz [1971]. 

5.5 h e o r e m (Perfect G a p h heorem, Loväsz [1971]) 
0/1 matrix A without empty columns is perfect if and only if the linear program max wTx 

x < 1 x > 0 has an integer optimum value for all 0/1 vectors 

Let' take a break from anti-blocking and perfect graphs at this point and turn to the blocking 
case. Unfortunatel the anti-blocking results of this section do not all carr over: It is not 
true and the main differenc between blocking and anti-blocking theor that the integrality of 
the fractional overing p o l h e d r o n corresponds to a TDI onstraint s s t e m , neither is it t rue 
that the strong max-min inequalit for A B implies the strong max-min equalit for B , see 
Fulkerson [1971] for ounterexample. And there are also no results that compare to perfec 
graph theory, because there is no suitable graph version of the set covering problem. 
The other Theorems 1.5.4 and 1.5.5 have analogues that are due to Lehman [1979, 1981]; 
proof of these difficult results are given in Padberg [1993] (from a p o l h e d r a l point of view) 
and mour [1990] (from a h p e r g r a p h point of view). We state them in the following two 
theorems, where we adopt the conventions that 0 • o = 0 (Theorem 1.5.6 (iii)) and that is 
an integer (Theorem 1.5.7). 

.5 . h e o r e m ( W d L e n g t h roperty of Ideal Matr ices , 1979 1981] 
For 0/1 matrices A and , the following statements are equivalent: 

(i) A and are a blocking pair 

(ii) The minmin inequality holds for all nonnegative integer vectors and 

(iii) The minmin inequality holds for all vectors w and I restricted to coefficients 0, 1 
oo, and at most one occurrence of another coefficient that is equal to the number of 

1-coefEcients minus one (The fourth type of coefficients is solely needed to exclude the 

incidence matrices of "degenerate projective planes", see the following Section 1.6.) 
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5.7 T h e o r e m ( M a x F l o w M i n Cut P r o p e r t y of de M a t r i e s , h m a n [1981]) 
A 0/1 matrix is ideal if and only if the linear program min wTx Ax > 1 x > has an integer 
optimum value for all 0/1 / vectors 

The names for these results come from Lehman's t e rmino log ; his width-length inequalit is 
the same as the min-min inequality, the max flow-min cut equality is the max-min equalit 
Generalizing the concepts of perfection and ideality to 0 / ± l matrices, we enter an area of 
research that is related to the stud of totally unimodular matrices It is beyond the scope of 
this chapter to discuss these fields or integral/TDI 0 / ± l systems in general; s u r v e s on these 
topics are given in Padberg [1975a] and Conforti, Cornuejols, Kapoor & Vuskovic [1997] 

1.6 inor Characterizations 

Both the perfect graph theorem and the max flow-min cut characterization of ideal matrices 
have alternative interpretations in terms of matrix minors and, in the anti-blocking case, also 
of graph minors that we discuss in this section The stud of minors bears on the recognition 
problem for perfect and ideal matrices. 
We start in the anti-blocking setting. Consider the perfec graph theorem in its linear pro­
gramming form 1.5.5 and note that setting an objective coeffcient Wj to zero has the same 
ffect on the optimum objective value as removing olumn from the matrix A Equiv 

lently, w ould remove node j from the column intersection graph or, yet another equivalent 
version, w ould intersect the fractional packing p o l t o p e P(A) with the h p e r p l a n e = 0 
and eliminate coordinate j . The operation that we have just described is called a contraction 
of coordinate (or column) j of the matrix A or of the intersection graph G(A) or of the frac 
tional packing p o l t o p e (A), and the resulting matrix or graph or p o l t o p e is contraction 
minor of the original object. With this terminology, considering all 0/1 objectives is the same 
as considering objective for all contraction minors and one obtains various minor forms of 
the perfec graph theorem b replacing the expression "for all 0/1 vectors " with "for all 

ontraction minors and ". For example, Theorems 1.5.5 and 1.5.4 translate (in different 
) into the following minor results. 

1 T h e o r e m (Perfect Graph T h e o r e m , Loväsz [1971]) 
0/1 matrix A without empty columns is perfect if and only if the linear program max 

< 1 > 0 has an integer optimum value for all contraction minors A' of A. 

1.6.2 T h e o r e m (Perfect Graph T h e o r e m , L o v a z [1971 1 9 ] ) 
The following statements are equivalent for a graph G: 

(i) G is perfect (iv) a{G \V for all minors G 

(Ü) G') = G' for all minors G' of G. °f G' 

(Hi) ) = for all minors G ofG. (Here, a minor is always a contraction minor 

The contraction technique can be used also in the blocking scenario to deal with the zero 
objective oeffcients in Theorem 1.5.7. A little more difficult is the treatment of the 
oefc ients . amounts to forcing to one; this ffec can also be obtained b removing 
olumn j from the matrix A as well as all rows that A. intersects, or b an intersection 

of the fractional covering p o l h e d r o n Q(A) with the h p e r p l a n e and a subsequent 
elimination of coordinate j . This operation is called a deletion of coordinate (or column) of 
the matrix A or the p o l h e d r o n Q(A) and its result is a deletion minor It is straightforward 



1.6 Minor Characterizations 

to show that ontraction and deletion commute and one can thus call the matrix A' the arises 
b ontracting and deleting some set of coordinates of A (ontraction-deletion minor of A 
This nomenclature gives again rise to a number of minor theorems for ideal matrices, like 

3 T h e o r e m (Minor Character izat ion of Ide r i e s , [1981]) 
A 0/1 matrix is ideal if and only if the linear program min Tx A'x > has an integer 
optimum value for all contractiondeletion minors A1 of A. 

The minor characterizations for perfect and ideal matrices bear on the recognition problems 
for these classes: Given a 0/1 matrix A is it perfect/ideal or not? It is not known whether 
an of the recognition problems is in J\f or not, but Theorems 1.6.1 and 1.6. give a first 
o-HV answer. Recognizing perfect and ideal matrices is in o-JfP, if the input length is 

assumed to be ( x m) , i e . , if we consider A the input: Just exhibit minor such that 1.6.1 
or 1.6. fail and verify this b solving a linear program! This result is not ver deep, however, 
because one doesn't need the perfec graph theorem or the max flow-min cut characterization 
to ome up with p o l n o m i a l certificates for the existenc of a fractional basic solution of an 
explicitl given linear s s t e m . 
A n w a y , researchers are not satisfied with results of this t p e and we explain now wh this 
is so for the perfection test. The problem is that the recognition of imperfect matrices does 
not carr over to the recognition of imperfect graphs The reason is that although we could 
verif clique matrix of a graph as imperfec in p o l n o m i a l time, this does not help much 
for an effective investigation of some given graph, because a clique matrix has in general 
alread exponential size in the encoding length of the graph From this point of view 

o-AfP omplexit result as above "seems to be cheating; what we reall want are algorithms 
with running time p o l n o m i a l in the number of vertices [o lumns of ]" ( S m o u r [1990]). 
And nothing else but exactl this is in fact possible! One can devise such algorithms for the 
verification of imperfection as well as for the verification of nonideality, the latter in a sense 
that is yet to be made precise. 

The methods that resolve these questions are based on the concepts of minimall imerfect 
(or almost perfect) and minimall nonideal (or almost ideal) 0 /1 matrices, tha t are not per­
fect/ideal themselves, but any of their deletion/contraction-deletion minors is. Obviousl 
any imperfect/nonideal matrix must contain such a structure and recognition algorithm 
can in principle certif perfection b making sure that no such minor exists, imperfection 
b exhibiting one, and so for the idealit test. One approach to the recognition problem is 
hence to stud the structure of minimall imperfec and nonideal matrices. This structure is 
still not full understood, but to a significant extent and there are, in particular, complete 
characterizations of minimall imperfec and minimall nonideal matrices, and of perfect and 
ideal matrices in terms of forbidden minors A final terminological remark: As usual, there 
are also minimall imerfect (or almost perfect) graphs, and the same concepts exist for the 
fractional packing and covering polyhedra, that are called almost integral 
We begin with results on minimal imperfection, where the matrix structures of interest have 
the following appearance. We say that a n r x 0/1 matrix A has property nUt if 

ontains a regular n matrix with column and row sums all equal to 

ii) each row of which is not row of is either equal to some row of or has row 

sum strictl less than 

The matrix , that is obviousl unique up to permutations of rows whenever it exists, is 
called the core of A and denoted b ore A 



18 nteger 0/1 rograms 

e o r e m (Minimal ly Imperfect Matr ices , P a d b e r g [19 1 9 6 ] 
n 0/1 matrix A is minimally imperfect if and only if 

(i) A has propert TTUin, where 1 mod u and either n or UJ < [( ) /2j 

(ii) A has no contraction minor A with propert nUt f°r anY k < and any such 
that 2 < c o < l 

mxn 0/1 matrix A is perfect if and only if A does not contain any m contraction minor  
having propert r^^ for k < min { , n} and either k or u)< [k l ) / 2 j 

This theorem makes some progress toward the o-Af omplexit part of the recognition 
problem for perfect graphs, because a core has an encoding length that is p o l n o m i a l in 
and looks like a good candidate to ertif propert rw> for some contraction minor of 
the (onl implicitl known) clique matrix A of some given graph G. The onl problem that 
remains is to verif tha t some 0/1 matrix is a core of A1. In other words: How does one 
prove that all cliques in G [ s u p p 4 ] of size are alread ontained in A and that there are 
no larger ones? The answer to this question is based on strong structural properties of 
dual pairs of minimall imperfect matrices, how ould it be different! 
To start , note that the ore of a minimally imperfect matrix A with propert TrUi produces 

fractional vertex ~ ( o r e A)~l ( , . . . , 1 / ) of the almost integral p o l t o p e P{A). 
adberg [1976] has shown that this is the only fractional vertex. And much more is true: 

1.6.5 T h e o r e m (Pairs of Min imal ly erfect Matr ices , P a d b e r g [1973b, 1976]) 
Let A be an m x n 0/1 matrix and let B = a b b A be the integral part of its antiblocker 

Suppose A is minimally imperfect with propert TTU,^ 
Then 

(i) is also minimally imperfect 

(ii) A has property -K^^ and B has property ira,n where uia + 1 — 
A and B have unique cores that satisfy the matrix equation o r e o r e = E I. 

(Hi) () has the unique fractional vertex x (1/OJ, ..., 1/co). 

is adjacent to precisel vertices of P , namely, the rows of ove 

Moreover Pi (A) = x < x > 0 lTx < } 
ere, E is matrix of all ones, is the identity matrix, and the matrix equation in ii) is 

supposed to be understood modulo suitable column and row permutations. 
Theorem 1.6.5 has interesting onsequences. Note that part (iii) states that all that misses to 
make an almost integral packing p o l t o p e integral is one simple rank facet. This situation can 
ome up in wo w s . The first case is when A is not a clique matrix of its conflict graph G(A), 
e., some clique row is missing. As A is minimall imperfect, it must have propert 

G(A) must be a clique, and the missing row is lTx < 1. The second and exciting case is when  
is a clique matrix. Then see from Theorem 1.6.5 the following. 

) has exactl maximum cliques of size ) and exactl maximum 
stable sets of size G); the incidence vectors of these maximum cliques and stable 
sets are linearl independent. Each maximum clique intersects all but exactl one 
maximum stable set, its so-called partner, and vic versa. 

ii) For ever node j , G can be partitioned into maximum cliques of size and 
maximum stable sets of size , where 1 = 

ere, ej denotes the unit ector that has a one in coordinate j , and is the minor that 
arises from G b contracting node j . (i) is derived from olumn of the matrix equation 
ore A ore 1 — (ii) using Theorem 1.6.2 (iv). 
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graph that satisfies the strong ondition ii) on the preceding page is called partitionabl 
Note that , for such graph G (G) and G) must hold, and sinc a(Go(G) 

, partitionable graphs are imperfect b virtue of Theorem 1.6.2. ut it is 
eas to verif that a graph or a ontraction minor of a graph is partitionable, and this finall 
proves that perfection of a graph is propert in o-HV. This omplexity result was first 
stated (and proved in a different w ) b Grötschel, Loväsz & Schrijver [1984]. 

.6 e o r e m ogni t ion of Perfect Graphs , P a d b e r g [1973b, 1976] , G c h 
ovä &: S c h r i v e r [1984]) The recognition problem for perfect graphs is in co 

ut is that all that one can derive from adberg strong onditions ) and ii One can 
not help thinking that the stop just b hair short of a much more explicit characterization 
of all minimall imperfec matrices, which is a long standing research objective. In fact, onl 
wo infinite, but simple classes of minimall imperfect matrices are known The circulants 

C(2 ,2) , that are the incidenc matrices of odd holes (that w denote with the same 
mbol), and their anti-blockers abl C(2k 1, 2), the incidence matrices of the odd antiholes, 

the complements of the odd holes. Is that all? The strong perfect graph conjecture of Berge 
[1961], which is perhaps the most famous open question in graph theor claims that it is 
If so, odd holes and antiholes furnish simple minor certificates of imperfection. But there is 
more: I does not seem to be completel out of the question to detec the presence or the 
absence of odd holes and antiholes in p o l n o m i a l time, although nobod knows for now if 
this is possible or not. But if the strong perfec graph conjecture holds, and if the recognition 
problems for odd holes and antiholes can be solved in p o l n o m i a l time as well, these results 
together would solve the recognition problem for perfect graphs. 

Chvätal [1976] pointed out that the strong perfec graph onjecture holds if one can show 
that every minimall imperfect graph G ontains a spanning circulant C( + 1, ), i e . , the 
nodes of G can be numbered 0 , . . . such that an successive nodes , . . . i l 

(indices taken modulo aw ) form a clique; here, we denote (G), ) . When 
adberg' onditions became known, there was some hope that the would be strong enough 

to establish this circulant structure in ever minimall imperfect graph But Bland, Huang 
& Trotter [1979] showed that one can not prove the strong perfect graph conjecture in this 

y, because Padberg's condition (i) follows from (ii), and the partitionable graphs, that 
satisf (ii), do not all contain spanning circulants Cau> l ) . 
We turn now to the minimall nonideal matrices, where minor characterizations are known 
that are similar to the packing case, but more complicated. We start with the analogon of 
the imperfection propert n^^ We sa an 0/1 matrix A has property < if 

ontains a regular n matrix with column and row sums all equal to 

ii) each row of which is not row of is either equal to some row of or has row 

sum strictl larger than 

The matrix is again unique up to permutations of rows whenever it exists, and it is also 
called the core of A and denoted ore A 
Unlike in the packing case there is, however, an infinite class of minimall nonideal matrices 
that do not have constant row and olumn sums. These incidence matrices of degenerate 
projecti planes (points versus lines read 

J 
where denotes the identit matrix. 
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1.6.7 T h e o r e m Min imal ly Non idea l Matr ices , L e h m a n 1981] P a e r g [ 1 9 9 ] ) 
If a proper m x 0/1 matrix is minimally nonideal then either A J or 

(i) A has propert ipa,n> where ^ mod 

(ii) A has no m k contractiondeletion minor A with propert for any < n and 

any such that ^ mod 

A mxn 0/1 matrix A is ideal if and only if A does not contain any contractiondeletion 

minor A having propert f°r 3 < k < min { , n} 

The requirement that is proper can also be removed, but then we must change ) from 
UA J " into "A ontains J and some additional redundant rows". Note also that we have 
not claimed an equivalence as for propert irUj 

As the minimall imperfect matrices occur in anti-blocking pairs, so do their minimall non-
ideal relatives. 

e o r e m (Pairs of i n i m l l y onide M a t r i e s , 1981] , see so 
P a d e r g [1993] a S e y m o u r [1990]) 
Let A be a proper m n 0/1 matrix and let bl / A he the integral part of its blocker 
Suppose A is minimally nonideal Then 

(i) is also minimally nonideal 

(ii) Either 

a) A 

(A) has the unique fractional vertex ~ (n 2) / (n 1), l / ( n , . . . , l  
is adjacent to precisel vertices o f , namely, the rows of 

Moreover Q(A) = x>0{ 2) + Y > 1} 

or 

c) A has property tpa,n &n(l B has property <pßtn where aß = + r min } . 
A and B have unique cores that satisfy the matrix equation o r e o r e ) T = E + rl. 

(A) has the unique fractional vertex ' 1 / a , . . . , 1/a).  
is adjacent to precisel vertices o f , namely, the rows of ore 

Moreover Q(A) = x > 0 lTx > ß} 

The assumption that is proper can again be removed as in Theorem 1.6.7. Compare also 
the coefficients in the le f thand side of the additional facet in Theorem 1.6. (ii) (b) to the 
objective coefficients in Theorem 1.5.6 (iii) to see that the fourth t p e of objective coefficients 
(the 2) was onl needed to deal with the degenerate projective planes J 
S m o u r [1990] used Lehman' minor characterization 1.6.8 (for which he also gives a proof 
to establish that idealit is a co-NP propert in a sense that can be seen as the analogon of 
Theorem 1.6.6 on the recognition of perfection S y m o u r views the xn 0 /1 matrix A of 
interest as the incidence matrix of a h p e r g r a p h that "should" have an encoding length that 
is polynomial in the number n of elements. This creates the problem that the encoding length 
of an m x n 0/1 matrix A is in general certainl not p o l n o m i a l in n S m o u r assumes thus 
that A is given in the form of a filter oracle, tha t decides in constant time whether given 0/1 
vector ontains a row of or not. Calling this oracle a number of times that is p o l n o m i a l 
in , one can certif the existenc of blocking matrices core A and core B with properties as 
in Lehman's Theorem 1.6.8 that ensure that A is nonideal 
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ß 1 0 ß 0 
0 

0 
0 

0 0 0 0 

1.6.9 T h e o r e m (Recogn i t ion of Ideal Matr ices , S e y m o u r [1990]) 
The recognition problem for ideal matrices that are given by a ßlter oracle is in co 

There are some further results toward a more explicit characterization of minimall nonideal 
matrices. Lehman [1979] gave three infinite families of minimall nonideal matrices: The 
incidence matrices of the degenerate projective planes J (which are selfdual in the sense 
the oincide with their blockers, i e . J b l J ) , the odd circulants C(2k 1,2), and 
their blockers bl {2k , 2) that oincide via permutation of rows and olumns with the 
circulants C{2k ). But, different to the packing case, man more minimall nonideal 

matrices are known 
First, researchers have ompiled a substantial, but fnite list of "exception" matrices, that do 
not belong to the three infinite classes of Lehman. The incidence matrix of the Fano plane 

is one such exception matrix, see Cornuejols & Novik [1989] and Lütolf &; Margot [1998] for 
comprehensive lists. But the situation is more complicated than this, because further infinite 
classes of minimally nonideal matrices have been constructed. For example, Cornuejols & 
Novik [1989] prove (and give a reference to a similar result) tha t one can add a row ei + ej + e 
i < j < k, to any odd circulant C(2k + 1, 2), 2k + 1 > 9, where and are oth odd 

and doing so one obtains a minimally nonideal matrix. 
Does all of this mean that the set of minimally nonideal matrices is just a chaotic tohuwabohu? 
Cornuejols & Novik [1989] say no and argue that all minimally nonideal matrices in the 
known infinite non-Lehman classes have core C(2k + 1, 2) or C(2k + 1, k 1). This means 
geometrically that the associated fractional covering polyhedra arise from Q(C(2k + 1, 2)) or 
Q(C(2k + l,k + 1)) by adjoining additional integral vertices. Or to put it differently, the 
crucial part of a minimally nonideal matrix is its core and there, if one forgets about the 
exception list, only the three Lehman classes have been encountered. These findings motivate 
the following conjecture that can e seen as the covering analogon of the strong perfect graph 
conjecture 

1.6.10 Conjec ture (Ideal Matr ix Conjecture Cornuejols &; N o v i k [1989]) 
There is some natural number no such that every m x n minimally nonideal matrix A with 

> has core either C(2k 1, 2) or C(2k 1, k + 1) 

1.7 alanced atrices 

Perfect and ideal matrices were defined in terms of integral polyhedra; their characterization 
through forbidden minors was and still is a major research problem. The study of balanced 
matrices, tha t were invented by Berge [1971], goes the other way round: This class is defined 
in terms of forbidden minors and one investigates the combinatorial and polyhedral conse­
quences of this construction. It turns out that these properties subsume all characteristics of 
perfect and ideal matrices, and balanced matrices give, in particular, rise to a multi tude of 
combinatorial packing and covering problems. But not only do results from perfect and ideal 
matri theory carry over. There are additional genuine consequences of balancedness that 
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include TDIness of both associated covering systems and bear on combinatorial partitioning 
theorems. And there is another recent spectacular result tha t does have no parallel (ye t ) : 
Balanced matrices can be recognized in polynomial time! 
It is not the aim of this section to give an overview on the entire field of balanced matrices 
to say nothing of their 0 / l generalizations and/or the connections to totally unimodular 
matrices. Such surveys can be found in Padberg [1975a], Conforti et al. [1994], and Conforti 
Cornuejols, Kapoor & Vuskovic [1997], we summarize here just some basic results 
A matrix A is balanced if it does not contain an odd square minor with row and column sums 
all equal to two or, equivalent l , a row and column permutation of the circulant C(2k + 1, 2) 
In the context of balancedness, it is understood that minors are not restricted to contraction 
and deletion minors; instead, any subset I of rows and J of columns of A induces a minor 
A = JJ. As an immediate consequence, every such minor A' of a alanced matrix A must 
also be balanced, so is the transpose AT, and so is also any matrix that arises from A by 
replicating one or several columns any number of times. Note that the excluded odd hole 
minors C(2k + 1, 2) are one half" of the known structures that cause imperfection; and note 
also that a balanced matrix does not only contain no odd hole contraction minor, but no odd 
hole at all, i.e., no odd hole as any minor. The possible existence of such different, but similar 
forbidden minor characterizations for balanced and perfect matrices allows to view the study 
of balancedness as a precursor to a possible future branch of perfect matr i and graph theory 
after a successful resolution of the strong perfect graph conjecture. 

Back to the present (and actually 25 years to the past) , it is easy to see that the edge 
node incidence matrices of bipartite or, equivalently, 2-colorable graphs are balanced, and 
balancedness is in fact a generalization of the concept of 2-color ability to hypergraphs. The 
connection between 0/1 matrices and colorings of hypergraphs arises from an interpretation 
of the first as incidence matrices of the latter that goes as follows. We associate to a 0/1 
matrix the hypergraph M. = 'H(A), that has the rows of A as its nodes and the columns as 
edges10; V. is called balanced if and only if A is. Hypergraphs can be colored just like graphs: 
A node coloring of T-i assigns a color to each node such that no edge contains only nodes of 
a single color the chromatic number %(%) is the minimum number of colors in such a node 
coloring and T-t is 2-colorable if %(%) < 2. It is not so obvious that 2-colorability leads again 
back to balancedness, but e a c t l y this was Berge [1971]'s idea and his motivation to introduce 
the whole concept 

1.7.1 T h e o r e m (Ba lancedness and 2-Colorabil ity, Berge [1971]) 
A 0/1 matrix A is balanced if and only ifH(A') is 2-colorable for all minors A' of A. 

Many combinatorial properties of bipartite graphs carry over to their balanced hypergraph 
relatives. These similarities arise from (or are reflected in, who likes this better) analogous 
symmetries between the totally unimodular and balanced incidence matrices of biparti te and 
balanced hypergraphs, that are stressed in the "minor presentation" of the following theorem. 

1.7.2 T h e o r e m (Balanced Matr ices , Berge [1971], Fulkerson, Hoffman & O p p e n ­
h e i m [1974]) For a 0/1 matrix A, the following statements are equivalent: 

(i) is balanced. (iv) P(A') is integral for all minors A' of A. 

(ii) is perfect for all minors A of A. (v) Q(A) is integral for all minors of A. 

(Hi) A' is ideal for all minors A' of A. (vi) P=(A') is integral for all minors A' of A. 

10This is just custom (cf. the König examples of Section 11) the transposed way would be feasible as well 
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We do not delve further into the relations between total unimodularity and balancednes 
here and consider instead the amazing connections to perfection and ideality: The alanced 
matrices are exactly those that have only perfect or ideal minors. This has two consequences 
First, balanced matrices inherit the properties of their perfect and ideal superclasses for every 
minor, which includes in particular all combinatorial min-max and max-min results. Second 
Theorem 1 . 2 can be extended by many other equivalent characterizations of balanced ma­
trices in combinatorial, polyhedral, and in integer programming terminology just like in the 
theory of perfect and ideal matrices. We give three examples to illustrate these points. 
The first example is another combinatorial min-max characterization of alancedness that we 
derive with perfect matrix techniques. Consider the strong min-max equality for ^4',abl^4' 
and objective w = 1, where A is any minor of A. Interpreting this relation in terms of 
the hypergraph 1t{A) is to say that for any "partial subhypergraph" 'H(A') of 'H(A) the 
maximum size of a matching (edge packing) is equal to the minimum size of a transversal 
the equivalence of this relation with balancedness is Berge [1971]'s Theorem 4. 
Example two is an alternative integer programming characterization of balanced matrices 
that we obtain from transformations of Theorem 7 2 (ii). Namely, this statement is equiva­
lent to saying that the integer program max lTx7 A'x < 1, x > 0 has an integer optimum value 
for any minor A' of A, which holds if and only if the linear program max bTx7 Ax < w7 x > 
has an integer optimum value for any b E {0 ,1}" and w E {1, + o o } m . This is true if and 
only if the dual program min yTwA > b7 y

T > 0 has an integer optimum value for any 
b E {0, l } n and w E {1, +oo}TO (here, o is not considered to be an integer), and this holds if 
and only if the program min y T l , yTA > b7 0

T < yT < wT has an integer optimum value for 
any b E {0, l}n and w E { , l } m . The equivalence of this last statement with alancedness is 
Berge [1971] 's Theorem 6. 

As a third and last e a m p l e , we show that balanced hypergraphs have the Helly property: 
The transpose AT of a balanced matrix A is also balanced, hence AT is perfect, hence it is a 
clique matrix of a graph; but the cliques of a graph have the Helly property that if any two 
of a set of cliques have a common vertex, they all have a common vertex, and the same holds 
for the edges of a balanced hypergraph; this is Berge [1971]'s Proposition 7 
We turn next to two properties of balanced matrices that are "genuine" in the sense that 
they do not have this inheritance flavour: TDIness of balanced covering and their blocking 
systems, and a strengthening of this last result to one of the rare and precious cobinatorial 
partitioning ax-in theorems. 

1.7.3 T h e o r e m ( T D I Ba lanced Covering and Block ing S y s t e m s , Fulkerson, Hoff­
an & O p p e n h e i m [1974] 

If A is a balanced 0/1 matrix, the strong max-min equality holds for ^4,bl^4 and for b\A7 A. 

Hence, the balanced matrices satisfy an integrality relation that does not hold in the general 
blocking case. To avoid misunderstandings, we point out that the blocker of a balanced matrix 
is in general not balanced, see Fulkerson, Hoffman &: Oppenheim [1974] for a counterexample 
It is surprising and remarkable that the strong max-min equality for bl^4, A, can (in a certain 
sense) e strengthened further into a combinatorial max partioning-min covering theorem. 

1.7.4 T h e o r e m (Part i t ion into Transversals , Berge [1971] 
et AT be a balanced matrix and B l AT its blocker. Then: 

ma = min T1. 
1 T T > integral 
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To state Theorem 1.7.4 in terms of hypergraphs, note that the blocker B of AT is the incidence 
matrix of all transversals of 'H(A) versus nodes (each row is a transversal, each column a node) 
Then the theorem states the following: If k = min AT1 is the minimum size of an edge of a 
balanced hypergraph 'H(A), there exist k transversals in T-t{A) that partit ion the vertices or 
to put it differently, there is a fc-coloring oiT-t(A) such that each edge contains a node of each 
color; this is Berge [1971]'s Theorem 2. 

We have seen by now that balanced matrices have analogous, but stronger combinatorial 
properties than perfect and ideal ones and this trend continues in the study of the recognition 
problem. The scenario differs slightly from the one for perfection and ideality testing, though. 
First, we explicitly know the complete (infinite) list of all forbidden minors. Second, there 
is no controversy about using the matrix itself as the input to the recognition algorithm: 
Nobody has suggested a graphical (or other) representation of an m x n balanced matrix that is 
polynomial in n, and ran is accepted as just fine an encoding length. In this setting, one of the 
most startling results on balanced matrices was the recent construction of an algorithm that 
recognizes this class in polynomial time by Conforti, Cornuejols & Rao [1991]. This algorithm 
is based on decomposition methods, that recursively break a 0/1 matrix into "elementary 
pieces" in such a way that the balancedness of the whole is equivalent to balancedness of 
the pieces, and such that the pieces are of combinatorial types whose balancedness can be 
established or disproved. The recognition of the pieces is ased on earlier work on classes of 
so-called totally alanced, strongly balanced and linearl alanced matrices 

1.7.5 T h e o r e m (Recogn i t ion of Ba lancedness , Conforti , Cornuejols & R a o [1991] 
The recognition problem for balanced matrices is in V 

Like for perfect and ideal matrices there is a new branch of research that investigates the 
more general class of balanced 0 / ± l matrices. Conforti & Cornuejols [1992] show, for instance 
that the members of this class can also be characterized in terms of 2-colorability and that the 
associated packing, covering, and partitioning system are TDI, even in arbitrary "mixes". An 
overview on balanced 0 / ± matrices can e found in the survey article Conforti Cornuejols 
Kapoor & Vuskovic [1997]. 

We close this section with a remark on the integrality of fractional set partitioning polytopes 
By Theorem 1.7.2 (vi), the balanced matrices form a class that gives rise to integral polytopes 
of this type, like perfect and ideal matrices do, too, but these are not all matrices with this 
property. For a trivial e a m p l e consider the matr i 

1 

0 0 

0 0 

tha t is c o m p o s d from an impr fec t top" and a nonideal "bottom". It is easy to see that A is 
neither perfect, nor ideal, nor alanced, but one can verify that the fractional set partitioning 
polytope P=(A) is integral P=(A) consists, in fact, of the single point e±. We see that the 
occurrence of forced variables allows to blow up a matrix with all kinds of "garbage" and 
difficulties of this sort are the reason why there is no minor theory for matrices with integer 
set partitioning polytopes 
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1.8 The Set Packing Polytope 

The set packing problems of the previous sections were almost always assumed to have a 
constraint matrix that is perfect; now we turn to the general case with arbitrary 0/1 matrices 
Such matrices lead to nonintegral systems Ax < 1, x > 0 that do not suffice to describe the 
set packing polytope Pi (A). The polyhedral study of general set packing polytopes aims at 
identifying the missing inequalities and at developing methods for their effective computation. 
Such knowledge of the facial structure of set packing polytopes is useful in three ways: To 
develop polynomial time algorithms for classes of stable set problems, to derive combinatorial 
min-max results, and computationally in branch-and-cut codes for the solution of set packing 
or set partitioning problems. Let us say a word about each of these points. 
The link between polynomial time algorithms and facial investigations is a fundamental al­
gorithmic result of Grötschel, Loväsz & Schrijver [1988] that is often termed the polynomial 
time equivalence of separation and optimization. It is based on the concept of a separation 
oracle for a polyhedron P 1 1 that takes an arbitrary point as input and decides if it is con­
tained in P, or, if not, returns an inequality that separates and P. The theory asserts that 
whenever such an oracle is at hand, one can optimize over P in oracle polynomial time, where 
each call of the oracle is counted as taking constant time. When the separation can also b 
done in polynomial time, this results in a polynomial optimization algorithm — even and in 
particular when a complete description of P by linear inequalities has exponential size! And 
it turns out that one can construct such polynomial separation oracles for the set packing 
polytopes of quite some classes of graphs most notably for perfect graphs. 
Combinatorial min-max results require explicit complete descriptions by TDI systems. It is 
theoretically easy to "make a linear system TDI" , but it is difficult to obtain systems of this 
type with "combinatorial meaning". In fact, besides perfect and line graphs there seems to 
be only one class of "odd K4 free" graphs where a combinatorial min-max result is known. 
The computational use of set packing inequalities goes to the other extreme: Anything goes 
valid inequalities can be used as well as facet defining ones, and whether exact separation is 
always preferable to heuristics — well, it 's wiser not to enter this discussion! 
We try to survey in this section the main results of the polyhedral approach to the set 
packing problem. The organization of the section is as follows. Subsection 1.8.1 introduces 
the concept of facet defining graphs and gives a list of known such structures as well as 
of graphs where these inequalities yield complete descriptions. Subsection 1.8.2 deals with 
composition procedures, that construct from simple inequalities more complicated ones. Some 
results on a special class of claw free graphs are collected in Subsection .8.3. Quadratic and 
semidefinite approaches are treated in Subsection 1.8.4 The final S u s e c t i o n states 

some adjacency results, that bear on primal algorithms. 
Some asic properties of set packing polytopes for reference in subsequent susec t ions are: 

1.8.1 Observat ion ( D i m e n s i o n , D o w n Monotonic i ty , N o n n e g a t i v i t y 
et be a 0/1 matrix and P (Ä) be the associated set packing polytope 

(i) P {A) is full dimensional 

(ii) P (A) is down monotone, , x (A) = y (A) for all < y < x 

In particular, all nontrivial facets of P (A) have all nonnegative coefcients 

(Hi) The nonnegativit constraints Xj induce facets of Pi (A) 

The t r y wor l o for c n v x b i 
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1.8.1 F a c e t D e f i n i n g G r a p h s 

There are three general techniques to find valid or facet defining inequalities for the set packing 
polytope: The study of facet defining graphs, the study of semidefinite relaxations of the set 
packing polytope, and the study of combinatorial relaxations. We discuss in this section the 
first technique, semidefinite relaxations are treated in S u s e c t i o n and comina to r i a l 
relaxations in Chapter 2 and in particular in Section 2.5. 
The polyhedral study of general set packing polytopes through classifications of graphs, initi 
ated by Padberg [1973a] is based on the down monotonicity of Pj{A). Namely, this property 
implies that if H = G[W] is some node induced s u g r a p h of some given graph G = (V, E 
and the inequality aTx < a is valid for Pi(G) fl {x E My \ Xj = 0 Vj 0 W} and has a,j = 
for all j g- W, it is also valid for Pj{G). The consequence is that substructures of a graph 
give rise to valid inequalities for the set packing polytope of the whole graph a relation that 
can be stressed by identifying the polytopes Pi(G) fl {a; 6 M^ \ Xj = 0 Vj 0 and (H) 
(and we want to use this notation here and elsewhere in this section). 

An investigation of the rules that govern the transfer of inequalities from set packing sub 
polytopes to the whole and vice versa leads to the concepts of facet defining graphs and 
lifting, see Padberg [1973a]. We say that a node induced subgraph H = G[W] of G defines 
the facet aTx < a if this inequality is essential for Pj(H). Now, among all node induced 
subgraphs H = G[W] of G are those of particular interest tha t are minimal in the sense that 
they give rise to a facet "for the first t ime". This is not always the case: If H = G[W defines 
the facet aTx < a for P/(G[T1^]), it is possible that there is a smaller subgraph G[U] C G[W] 
(U W), such that a < a defines already a facet of Pi(G[U]). If this is not the case for all 
U C W such that \U \W\ — 1, the subgraph G[W] is "elementary plus/minus one node" 
and said to produce ax < a see Trotter [1975], and if this property extends to any subset 
U C W, the subgraph G[W] is said to strongly produce the inequality. Having mentioned 
these concepts, we do, however, restrict our attention in the sequel to facet defining graphs 
and refer the reader to the survey article of Padberg [1977] for a discussion of facet producing 
graphs. Moving in the other direction again, from small to large, the question of what kind 
of extensions of valid inequalities/facets from subgraphs result in valid inequalities/facets for 
set packing polytopes of supergraphs is precisely the lifting p r o l e m that we discuss in the 
next section. 

We give next a list of facet defining classes of graphs. For each such class £ , one can try to 
determine a corresponding class of C-perfect graphs, whose associated set packing polytopes 
can be described completely in terms of C (plus the edge inequalities, where appropriate) 
This concept, invented by Grötschel, Loväsz & Schrijver [1988], provides a general technique 
to identify classes of graphs with polynomially solvable stable set problems: Namely, to 
establish such a result, one merely has to prove that the inequalities from C can be separated 
in polynomial time! Our list includes also these results as far as we are aware of them. 

ge Inequal i t ies . Associated to each edge ij of a graph G = (V7 E) is the edge inequality 
Xi + Xj < 1. Edge inequalities are special cases of clique inequalities and inherit the face 
tial properties of this larger class, see next paragraph. The edge perfect graphs are exactly 
the biparti te graphs without isolated nodes and these have polynomially solvable stable set 
problems. For general graphs G, the system of edge inequalities (plus the nonnegativity in­
equalities) A{G)x < ,x > 0 defines an edge relaxation of P(A). This relaxation has been 
investigated by a number of authors, including Padberg [1973a] and Nemhauser &: Trotter 
1 9 7 ] , and displays some initially promising looking properties. Namely (A(G)) has only 
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half integral vertices (all components re 0, 1/2, or 1 only) and stroger, all integer com 
ponents of a solution of the associated fractional set packing problem have the same value 
in some optimal integral solution and can thus be fixed! Unfortunately, this almost never 
happens in computational practice and neither does it happen in theory: Pulleyblank 1979] 
proved that the probability that the edge relaxation of a set packing problem with w = 1 on 
a random graph has an all 1/2 optimal solution tends to one when the n u m e r of nodes tends 
to infinity. And this is not only asymptotically true: For 00 the p r o i l i t y of a single 
integer component is already less than x 10~8. 

Clique Inequalities, Fulkerson [1971], Padberg [1973a]. A clique in a graph G = 
{V7E) is a set Q of mutually adjacent nodes see Figure 12. Associated to such a structure 
is the clque inequality 

eQ 

ig : A 

(The support graphs of) Clique inequalities are trivially facet defining. Moreover, Fulkerson 
[1971] and Padberg [1973a] have shown that such a constraint induces also a facet for the 
stable set polytope of a supergraph if and only if the clique is maximal with respect to set 
inclusion in this supergraph. By definition, the clique perfect graphs coincide with the perfect 
graphs. Separation of clique inequalities is A/T'-hard, see Garey & Johnson [1979], but this 
complexity result is irrelevant because Grötschel, Loväsz & Schrijver [1988] have shown that 
the clique inequalities are contained in a larger class of polynomially separable orthogonality 
inequalities, that we will discuss in Subsection 1.8.4. This implies that the stable set problem 
for perfect graphs can be solved in polynomial time! This result, one of the most spectacular 
advances in combinatorial optimization, subsumes a myriad of statements of this type for 
suclasses of perfect graphs see Grötschel Loväsz & Schrijver [1988] for a survey 

Odd Cycle Inequalities, Padberg [1973a] An odd cycle C in a graph G (V,E 
consists of an odd number 2k + 1 of nodes 0 , . . . , 2 and the edges (i, i + 1) for i = 0 , . . . , 2k 
(where indices are taken modulo 2k + 1), see Figure 1.3. Any additional edge ij between two 
nodes of a cycle that is not of the form (i,i + 1) is a chord. An odd cycle without chords is 
an odd hole; the odd holes coincide with the circulant( graph)s C(2k + 1, 2). Associated to a 
not necessarily chordless odd cycle C on 2k + 1 nodes is the odd cycle inequality 

5 > - l 
ec 

ig : A l e 
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Padberg [1973a] showed tha (the support graph of) an odd cycle i n e q a l i t y is facet defining if 
and only if the cycle is a hole; note that the "only if" part follows from minimal imperfection. 
Grötschel, Loväsz &; Schrijver [1988, Lemma 9 . 1 1 ] gave a polynomial time algorithm to 
separate odd cycle inequalities such that the stable set problem for cycle (plus edge) perfect 
graphs, tha t are also called t-perfect (t stands for trou, the French word for hole), is solvable 
in polynomial time. Series parallel graphs (graphs that do not contain a subdivision of K/± as 
a minor) are one prominent class of cycle (plus edge) perfect graphs. This was conjectured by 
Chvätal [1975], who showed that the stable set problem for w = 1 can be solved in polynomial 
time, and proved by Boulala & Uhry, a short proof was given by Mahjoub [1985]. In fact, even 
more is true, and for a larger class: Gerards [1989] proved that the system of nonnegativity 
edge, and odd cycle inequalities is TDI for graphs that do not contain an odd K^ i.e., a 
subdivision of K4 such that each face cycle is odd. This gives rise to a min cycle and edge 
covering-max node packing theorem. Perfect graphs, line graphs (see next paragraph) and 
Gerardss class seem to be the only instances where such a min-max result is known. A list 
of further cycle perfect graphs can be found in Grötschel Loväsz & Schrijver [1988]. 
Taking the union of clique and odd cycle inequalities, one obtains the class of h-perfect graphs 
see again Grötschel Loväsz & Schrijver [1988] for more information. 

B l o s s o m Inequal i t ies , E d m o n d s [1965]. The matchings in a graph H (V,E) are in 
one-to-one correspondence to the stable sets in the line graph L{H) : (E7 E E2} 
of H. Associated to such a linegraph L(H) is the blosso inequality 

Y<l2\ 
£E 

ig : A ne G le 

Edmonds &; Pulleyblank [1974] showed that a blossom inequality is facet defining for Pj(L(H)) 
if and only if H is 2-connected and hypomatchable. (If we denote by u(H) the maximum size 
of a matching in a graph H, this graph is hypomatchable if v(H) = u(H — i) holds for all 
contractions H — % of the graph H. It is known that a graph H = (V, E) is 2-connected 
and hypomatchable if and only if it has an open ear decomposition E = {Ji0 Ci, where Co 
is an odd hole and each d is a pa th with an even n u m e r of nodes v],..., vi

 % and distinct 
endnodes^ 1 7̂  v2ki, such tha t V(Ci)n\$Z}0V(Cj) = v}?ki}, see Loväsz & Plummer [1986 
Theorem 5. .2] and Figure 1.4.) Separation of blossom inequalities is equivalent to a minimum 
odd cut problem, see Grötschel, Loväsz & Schrijver [1988, page 256], for which Padberg & 
Rao [1982] gave a polynomial time algorithm. Edmonds [1965] has shown that the stable 
set polytope of a line graph is completely described by the nonnegativity, blossom, and the 
clique inequalities ^ee<5(i) xe — 1 ^o r a n i £ V] this means that the class of blossom (and 
clique) perfect graphs subsumes the class of line graphs. These arguments yield a polynomial 
time algorithm for the stable set problem in line graphs (the matching problem in graphs) 
alternative to the c e l e r a t e d comina to r i a l procedure of Edmonds [195] . Finally we mention 
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tha t Cunningham & Marsh [1978] have shown that the bove mentioned complete description 
of the set packing polytope of a line graph is even TDI, which results in a comina to r i a l min 
packing-max covering theorem for edges/blossoms and cliques in graphs 

Odd Ant iho le Inequal i t ies , N e m h a u s e r &; Trotter [1973]. An odd antihole C is the 
complement of an odd hole, see Figure 1 5 ; the odd antiholes coincide with the circulants 
C(2k + 1, k). Associated to an odd antihole on 2 + 1 nodes is the odd antihole inequality 

£ Xi < 2 

igure : A 7Antihole 

Odd antihole inequalities are facet defining by minimal imperfection. As far as we know 
no combinatorial separation algorithm for these constraints is known, but the odd antihole 
inequalities are contained in a larger class of matrix inequalities with 7V+-index 1, that can 
be separated in polynomial time, see Loväsz &; Schrijver [1991]; we will discuss the matri 
inequalities in S u s e c t i o n 1.8.4. These results imply that s t a l e set p r o l e m s for antihole 
perfect graphs can be solved in polynomial time 

W h e e l Inequal i t ies . A wheel in a graph G = (V, E) is an odd cycle C plus an additional 
node 2k + 1 that is connected to all nodes of the cycle, see Figure 1.6. C is the rim of the 
wheel, node 2k + 1 is the hub, and the edges connecting the node 2k + 1 and i = k, 

are called spokes. For such a configuration we have the wheel inequality 

Xj 

igure : A Wheel 

Note that wheel inequalities can have coefficients of arbitrary magnitude 
A wheel inequality can be obtained by a sequential lifting (see next subsection) of the hub 
into the odd cycle inequality for the rim. Trying all possible hubs, this yields a polynomial 
time separation algorithm for wheel inequalities. An alternative procedure, that reduces 
wheel separation to odd cycle separation, can e found in Grötschel, Loväsz & Schrijver 
[1988, Theorem 9 5 6 ] . Hence the s t a l e set problem for wheel perfect graphs is so lva l e in 
polynomial time. 
Generalizations of wheel inequalities that can e obtained by subdividing the edges of a wheel 
were studied by Barahona &: Mahjoub [1994], who derive a class of K4 inequalities (see the 
corresponding paragraph in this subsection) and by Cheng & Cunningham 1997] who give 
also a polynomial time separation algorithm for two such classes 
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We finally refer the reader to Subsection 2.5.1 of this thesis, where we show that simple as 
well as generalized wheels belong to a (larger) class of "odd cycles of paths" of a combinatorial 
rank relaxation of the set packing polytope; the inequalities of this superclass can be separated 
in polynomial time. We remark that the wheel detection procedure of Grötschel, Loväsz & 
Schrijver [1988, Theorem 9.5 is, with this terminology exactly a routine to detect cycles of 
paths of length 2 with one hu endnode 

Antiweb and Web Inequalities, Trotter [1975]. Antiweb is a synonym for circulant 
see Figure 1.7, and a web is the complement of an antiweb, see Figure 1.8. Obviously, every 
odd hole is an antiweb, and every odd antihole is a web. An odd antihole is also an antiweb, 
but the classes of antiwes and webs do in general not coincide; in fact, Trotter [1975] proved 
that an antiweb is a we if and only if it is a hole or an antihole. The inequalities associated 
to C(n7k) and C(n7k) : C(n7k) are the antiweb inequality and the web inequality 

< [ k \ 
eC 

igure e Anti 8 , ) i g r e e We 8 , ) 

An antiweb C(n, k) is facet defining if and only if either k = or and n are relatively prime 
a web C(n, k) defines a facet if and only if either k = 1 or k and n are relatively prime. As 
far as we known, no polynomial time separation algorithm for these classes themselves or any 
superclass is known. 

Wedge and K4 Inequalities, Giles & Trotter [1979], Barahona & Mahjoub [1989]. 
To construct a wedge, one proceeds as follows: Take a 3-wheel K±, subdivide its spokes {not 
the rim, and at least one subdivision must really add a node) such that each face cycle is odd 
and take the complement; the resulting graph is a wedge, see Figure .9 for a complement 
of a wedge. If we subdivide the nodes of a wedge into the set of nodes 6 that have an even 
distance from the original rim nodes of the wheel and the set of remaining nodes 0 the 
wedge inequality states that 

ee eo 

ig : A le We 
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The wedges are facet defining, see iles Trotter [1979] othing seem to know out 
the separation of this class. 
By construction, the complements of wedges (as in this thesis) are special subdivisions of A4 
All subdivisions of K± have been analyzed by Barahona &: Mahjou [1989]. It turns out that 
complete descriptions of the set packing polytopes associated to arbitrary sud iv i s ions of K4 
can be obtained by means of 19 classes of K^ inequalities. The separation of K^ inequalities 
does not seem to have been investigated. 

Chain Inequal i t ies , Tesch [1994]. A 2+l-chain H is similar to the antiweb C(2k+1, 3) 
the difference is that the two chords (0, 2k — 1) and (1, 2k) are replaced with the single edge 
(1,2k — 1), see Figure 1.10. This structure gives rise to an inequality for the set packing 
polytope. The chain inequality states that 

J 

JQ2—Vk 

ß> (gf 

T6J 

igure : A C a i n . 

A 2k + 1 chain is facet defining if and only if mod . Nothing is known a o u t the 
separation problem. 

C o m p o s i t i o n of Circulant Inequal i t ies , Giles & Trotter [1979] A composition of 
circulants is constructed in the following way. Choose a positive integer k, let n = 2k(k+2) + l, 
set up the "inner circulant" C = C(n, k 2) and the "outer circulant" C = C(n, k + 1) with 
node sets V . ,n — 1} and V' = { . . , (n — 1) '}, and add all edges i i ' , . ,i(i + 2k + l)' 
for all nodes i € V, (indices taken modulo n). The graph that one obtains from an application 
of this procedure for any positive A; is a composition of circulants that is denoted by C see 
Figure 11. Associated to such a structure is the composition of circulants inequality 

k + 1 ^ ^ - 2 k + X 

i g r e 11 sitio irculants 

It is known that composition of circulant inequalities are facet defining 
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Further Inequal i t ies . We close our list of ing i n l i t i e fo in 
polytope with some pointers to further classes. 
An enumeration of all facets of the set packing polytopes associated to certain claw free 
graphs (see next subsection) of up to 10 nodes has een done by by Euler & Le Verge [1996] 
We finally refer the reader to Section 2.5 of this thesis, where we present a class of facet defining 
cycle of cycles inequality as an example of a method to derive facet defining inequalities from  

"rank relaxation" of the set packing polytope 

We have seen that most of the facet defining graphs of our list appeared in pairs of graph and 
complement graph that give both rise to facets and one could thus be lead to believe that 
some (yet to be made precise) principle of this sort holds in general. Padberg [1977] offers 
some sufficient conditions in this direction but also points out that graphs like the line graph 
in Figure 1.4 have complements that are not facet producing (no facet defining inequality of 
the associated set packing polytope has full support) . 

Our discussion of facet defining graphs would not be complete without mentioning the neces 
sary and sufficient conditions that have been derived for structures of this type. It is hard to 
come up with interesting characterizations of general constraints and the literature focusses 
on the already notoriously difficult class of rank inequalities or canonical inequalities, as they 
are also called. Denoting, us usual, the stability number or rank of a graph G by a(G), the 
rank inequality that is associated to G is 

X <«(£) 

A necessary condition for a rank and more general for any inequality to define a facet is: 

1.8.2 Observat ion (2 -Connec tednes s of a Facet 's Support ) 
Let G be a graph and Pi(G) the associated set packing polytope Tx defines a facet 
of P(G), its support graph Gfsuppa1] is 2-(node)connected 

Observation 1.8.2, which is a special case of the more general Theorem 1.8.8 (to be discussed 
in the next section), is, as far as we know, the only general condition that is known the 
criteria that follow apply to the rank case with all one coefficients. 
We start with a sufficient condition of Chvätal [1975]. His criterion for facetial rank inequal 
ities is based on the concept of critical edges in a graph G = (V, ) . Namely, an edge ij 6 E 
is called critical if its removal increases G s rank, i e . , if a(G ) = a(G) 1. A graph 
itself is called critical, if all of its edges are critical 

1.8.3 T h e o r e m (Rank Inequal i t ies from Critical Graphs , Chväta l [1975]) 
Let G = (V, E) be a graph and E* be the set of its critical edges. If the graph G* := (V, E* 
is connected the rank inequalit ^2eV < a(G) is facet defining 

The reader can verify that most of the rank inequalities in this sections list satisfy the criterion 
of Theorem 1.8.3 (in fact, most have even critical support graphs) but this condition is not 
necessary, see Balas & Zemel [1977] for a counterexample. 
A set of further conditions, suggested by Balas & Zemel [1977], makes use of the notion of a 
critical cutset in a graph G = (V, E), i e . , a cut 8(W) such such that a{G S(W)) > a(G) 
In words A cut(set) is critical if its removal increases the rank. 
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1.8.4 Theorem (Critical Cutsets, Balas & Zemel [1977]) 
Let be a graph and P(G) be the associated set packing polytope. If the rank inequalit 
for defines a facet of P(G) every cutset in G is critical 

Balas &: Zemel [1977] give an example that shows that this condition is not sufficient. But 
it is possible to obtain a complete characterization of those rank facets that arise from facet 
defining subgraphs of a graph. 

1.8.5 Theorem Extension of Rank Facets, Balas &; Zemel [1977]) 
Let G be a graph, P(G) be the associated set packing polytope, W CV some subset of nodes 
of G, and let the rank inequalit ^2eWXi < a(G[W]) be facet defining for P(G[W]) Then: 

The rank inequality ^2ieW %i < a(G[W) defines a facet for Pi(G) if and onl if the cutset 
6(j) with respect to the graph G[W U }] is not critical for every 0 W. 

It has been pointed out by Laurent [1989] that Theorems 1.8.3, 1.8.4, and 1.8.5 carry over 
to the more general context of rank facets of set covering polytopes, see also Section 1.9. For 
the notion of critical cutsets, this correspondence is as follows. If we interpret the stable 
sets in a graph G as the independent sets of an independence system (see Subsection 1.3), 
Theorem 1.8.4 says that V is nonseparable, while stating that all cutsets S() with respect to 
the graphs G[W U }] are not critical as in Theorem 1.8.5 is equivalent to being closed. 

1.8.2 Compos i t ion Procedures 

In the preceding Subsection 1.8.1, we have studied and accumulated a list of facet defining 
graphs, that have a local relevance in the sense that they are facet defining for their associated 
set packing polytopes. In general, the given graph will rarely be of one of the special facet 
defining classes, but it is not only possible, but, as we known from the minor investigations 
of Section 1.6, inevitable that a given graph contains imperfect substructures of such types. 
Then, by down monotonicity, the associated inequalities carry over from the set packing 
polytopes of the subgraphs to the whole. 
The procedure that we have just described is a simple example of a constructive approach 
to the study of the set packing polytope. The idea here is the following: Given valid/facet 
defining inequalities for one or several "small" graphs, compose valid/facet defining inequali 
ties for a "bigger" graph. In this way, we can build on analytic classifications of facet defining 
graphs and synthesize global inequalities from elementary pieces. 
In this subsection, we survey two composition procedures of this type: The lifting method and 
the study of the polyhedral consequences of graph theoretic operations 

Sequential Lifting, Padberg [1973a]. The sequential lifting method, that was introduced 
by Padberg [1973a] in connection with odd cycle inequalities, applied to arbitrary facets of 
set packing and set covering polyhedra by Nemhauser & Trotter [1973], and further extended 
to arbitrary 0/1 polytopes by Zemel [1978], provides a tool to build iteratively facets for the 
set packing polytope (G) associated to some graph G from facets of subpolytopes of the 
form (G[W). 

1.8.6 Theorem (Sequential Lifting, Padberg [1973a], Nemhauser & Trotter [1973]) 
et (V,E be graph and Pi(G) the associated set packing polytope. Let further 

W = { w , W} C V be some subset of nodes of G that is numbered in some arbitrary 
order let := V \ W be the complement ofW and let T < be a facet deßning inequalit 
forP(G[W) 
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rmine numbers ß € R i = 1 , , k means of the rursio 

= a max ßjXj i = 1 , , k (1.9) 
ePi(G[wu{,...i}] 

Then: 

The inequalit 7x ^ j 1 < a is facet defining for P(G) 

The ordering of the nodes in W is called a lifting sequence, (1.9) is a lifting problem, the 
numbers are the lifting coefficients,, the inequality aTx + 5^ j = 1 /9jX, a is a lifting of the 
inequality aTa; a, and the whole procedure is referred to as "lifting the variables (or nodes) 
in W into the inequality aTx < a". 
Some simple properties of the lifting process are the following. If we start with a nonnegative 
inequality (which we assume in the sequel), all lifting coefficients will be nonnegative as well 
and the r i g h t h a n d side a of the original inequality is an upper bound on the value of each of 
them. Taking a lower bound for the value of some lifting coefficient is called a heuristic lifting 
step; if we do that one or several times, the resulting inequality will in general not be facet 
defining, but it will be valid. Next, note that different choices of the lifting sequence give rise 
to different liftings that have, however, an identical core aTx a. We remark in this context 
that one can also consider the possibility to compute several or all lifting coefficients at once, 
an idea that is called simultaneous lifting, see again Zemel [1978 

We have already encountered a prominent example of a lifting: A wheel inequality can be 
obtained by lifting the hub into the odd cycle inequality that corresponds to the rim. 
Sequential lifting is a powerful conceptual tool that offers an explanation for the appearance 
of facet defining inequalities of general set packing polytopes. Such inequalities frequently 
resemble the pure facet defining substructures as in Subsection 1.8.1, but with all kinds of 
additional protuberances; the aberrations can be understood as the results of sequential lift 
ings. We remark that one does in general not obtain all facets of a set packing polytope Pi(G) 
from sequential liftings of facets of subpolytopes, namely and by definition, when the graph 
itself is facet producing examples of facet producing graphs are odd holes. 
Turning to the algorithmic side of lifting, we note that the lifting problem is again a set 
packing problem, one for each lifting coefficient. So lifting is in principle a difficult task. But 
the procedure is very flexible and offers many tuning switches, tha t can be used to reduce 
its complexity in rigorous and in heuristic ways. First, note that when the r i g h t h a n d side 
a is bounded, the lifting problem can be solved by enumeration in pseudo polynomial time, 
i e . , t ime that is polynomial in the size of the data and the value of a. For instance, clique 
inequalities have a r i g h t h a n d side of one and so will be all lifting coefficients; sequentially 
lifting a clique inequality is simply the process to extend the clique with additional nodes in 
the order of the lifting sequence until the clique is maximal with respect to set inclusion, and 
this is easy to do in polynomial time. In a similar fashion, one can come up with polynomial 
time lifting schemes for antihole inequalities etc. all for a ixed lifting sequence. Second, 
there are many degrees of freedom for heuristic adjustments One can switch from exact to 
heuristic lifting when the lifting problems become hard, stop at any point with a result in 
hand, make choices in an adaptive and dynamical way, etc. To put it short: Lifting is not 
the algorithmic panacea of facet generation, but it is a useful and flexible tool to enhance 
the quality of any given inequality. Some applications of lifting in a branch-and-cut code for 
set partitioning problems and some further discussion on computational and implementation 
issues can be found in ection of this thesis. 
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The last aspect that we consider here is that the lifting method offers also an explanation for 
the difficulties that one encounters in classifying the facets of the set packing polytope: It is 
extremely easy to use the procedure to construct examples of arbitrarily complex inequalities 
with involved graphical structures and any sequence of coefficients. Does this mean that 
the at tempt to understand the facial structure of set packing polytopes by analysis of small 
structures is useless? Maybe — but maybe things are not as bad. Padberg [1977] argues 
that small facet defining graphs may, in a "statistical" sense, give rise to reasonable fractional 
relaxations of general set packing polytopes. It is, however, known that there is no polynomial 
time approximation algorithm for set packing, see, e.g., Hougardy, Prömel & teger [199 

Graph Theore t i c Operat ions . We consider in the following paragraphs composition pro­
cedures that are based on graph theoretic operations: Taking one or several graphs, possibly 
of special types, we glue these pieces together to obtain a new graph, possibly again of a 
special type. Studying the polyhedral consequences of such an operation, one tries to de­
rive (i) analogous procedures for the composition of valid/facet defining inequalities or, more 
ambitious, (ii) complete descriptions for the set packing polytope of the composition from 
complete descriptions for the pieces. 

Extens ions . The first operation that we consider is the extension of a graph with additional 
nodes. Sequential lifting is an example of this doing when we reverse our point of view from 
"top-down" to "bottom-up": If we do not look at the seed graph G[W] of Theorem 1.8.6 as 
a subgraph of a bigger graph that is given in advance, but as a graph of its own, the graph 
theoretic operation behind each lifting step turns out to be the addition of a single node. 
Adding bigger structures results in special simultaneous lifting procedures. As an example, 
we mention a procedure of Wolsey [1976] and Padberg [1977], who consider the extension of a 
graph G with a KijU: A single node is joined to every node of G with a path of length 2. Some 
aspects of this procedure are discussed in Subsection 1.8.2 of this thesis, and we mention here 
only that Padberg [1977] has shown that the method can not only be used to extend facet 
defining graphs, but to construct facet producing graphs (see this sections introduction) that 
give rise to facets with arbitrarily complex coefficients. 

Subs t i tu t ions . This is a second group of powerful graph theoretic manipulations: One 
takes a graph, selects some node or subgraph, substitutes another graph for this component, 
and joins the substitution to the whole in some way. 
A first and important example of such a procedure is due to Chvätal [1975], who considered 
the replacement of a node v' of a graph G' = ( V , E') by a second graph G" = (V" ") (node 
substitution). The graph G that results from this operation is the union of G' v and G 
with additional edges that join all nodes of G" to all neighbors of v' in G'. Note that node 
substitution subsumes the multiplication or replication of a node to a clique of Fulkerson [1972 
and Loväsz [1971, which plays a role in the theory of perfect graphs. Further, substituting 
graphs Gi and G2 for the two nodes of an edge yields the sum (sometimes also called join, 
but we want to use this term later in another way), and substituting G for every node of G 
the lexicographic product or composition of G' and G". Node substitution has the following 
polyhedral consequences. 

1.8.7 T h e o r e m ( N o d e Subs t i tu t ion , Chväta l [1975]) Let G and G be graphs and let 
A'x' < V, x > and A"" < b", x > 0 be complete descriptions of P ( G ' ) and Pi{G") Let 

' be a node of G' and G be the graph that results from substituting " for '. Then: 
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is a complete description of P(G) 

Note that this system is of polynomial size with respect to the encoding length of the starting 
systems A'x' < b1, x 0 and A"x" < b", x > 0. 
Other authors have considered similar operations. Wolsey [1976] obtains facet lifting results 
from studying the replacement of a node with a pa th of length 2 and of an edge with a path 
of length 3 (edge subdivision); different from Chvätal [1975]'s node substitution, these paths 
are not connected in a uniform way to the original graph. Some discussion of the first of these 
procedures can be found in Subsection 1.8.2 of this thesis. 
Operations related to paths have also been considered by Barahona & Mahjoub [1989]. They 
transform facets using subdivisions of stars, i.e., simultaneous replacements of all edges that 
are incident to some fixed node with paths of length 2, and replacements of paths of length 3 
with inner nodes of degree by edges (contraction of an odd path, the reversal of edge 
subdivision) 

ubdivisions of edges and stars are intimately related to the class of K4 inequalities, see 
Subsection 1.8.1. Namely, Barahona & Mahjoub [199] have shown that all nontrivial facets 
of Pi(G) for such a graph arise from a 4-clique (K4) inequality by repeated applications of 
these operations. The 19 types of inequalities that one can produce in this way form the class 
of ^ inequalities. 

Joins . The operations that we term here joins compose a new graph from two or more given 
graphs in a way that involves an identification of parts of the original graphs. Join operations 
often have the appealing property that they can not only be used for composition, but also 
for decomposition purposes, because the identification component is left as a fingerprint in 
the composition. If we can recognize these traces, we can recursively set up a decomposition 
tree tha t contains structural information about a graph. 
The composition/decomposition principle that we have just outlined is the basis for a graph 
theoretic approach to the set packing problem. The idea of this approach is to develop algo­
ri thms that work as follows: A given graph is recursively decomposed into "basic" components 
(i.e., components that can not be decomposed further), the set packing problem is solved for 
each component, and the individual solutions are composed into an overall solution by going 
the decomposition tree up again. 

To develop such an algorithm, we need the following ingredients: A join operation, an (effi­
cient) procedure that can construct the associated decomposition tree for a (large) class of 
graphs, a method to solve the set packing problems at the leafs of the decomposition tree, 
and a way to compose an optimal stable set in a join from optimal stable sets in component 
graphs. The last of these four tasks is where polyhedral investigations of joins come into 
play. Namely, if the join operation is such that one can construct a complete description for 
the set packing polytope of a join from complete descriptions for its components, and such 
descriptions are known at the leafs, then such a system can also be constructed for the root 
and used to solve the original set packing problem. 

Our first example of a join composes from two graphs G' = (V ') and G" = (V" ") their 
union U G (V ) hen the intersection G (V n V 
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of the component graphs is a clique, this union is called a clique identification. Looking at 
the procedure from a decomposition point of view, clique identification offers a decomposition 
opportunity whenever we can identify in a graph a node separator that is a clique. 

1.8.8 T h e o r e m (Clique Identif icat ion, Chväta l [1975]) 
Let GöG" be a clique identification of two graphs G' and G", and let Ax b and 
be complete descriptions of the set packing polytopes P(G') and P{G"). Then: 

The union of the systems A'' < and A"" < is a complete description of (G' U G") 

Unions of graphs that intersect on a coedge, i.e., on two nonadjacent nodes, were studied by 
Barahona & Mahjoub [ 1 9 9 . As in the case of clique identification, the set packing polytopes 
of coedge identifications can also be described completely if such knowledge is available for 
the components. This technique can be used to decompose a graph that has a coedge node 
separator. 

Coedge identification/decomposition bears on the derivation of complete descriptions of set 
packing polytopes that are associated to W4 free graphs, i.e., graphs that do not have a 
subdivision of a 4-wheel as a minor. It is known that such graphs can be decomposed into a 
number of components where complete descriptions are known (among them subdivisions of 
K±). The decomposition uses only three types of node separators: Node and edge separators 
(cliques of size one and two) and coedge separators. Using Chvätal [1975]'s result on complete 
descriptions for clique identifications in the first two and their own result in the coedge case, 
Barahona & ahjoub [199] construct a polynomial sized complete extended description of 
the set packing polytope of a general W4 free graph (V,E). Here, the term "extended 

description" refers to a system that defines a polytope P in a high dimensional space that can 
be projected into M^ to obtain Pj(G); extended descriptions take advantage of the observation 
that a projection of a polytope can have more facets than the polytope itself 
The last type of join that we want to mention is the amalgamation of two graphs of Burlet & 
Fonlupt [1994]. This concept subsumes the graph theoretic operations of node substitution 
and clique identification; it characterizes the class of Meyniel graphs. Burlet & Fonlupt [199 
show that one can obtain a complete description of the set packing polytope of the amalgam 
from complete descriptions for the components. 

1.8 .3 o l y h e d r a l R e s u l t s o n C l a w F r e e G r a p h s 

We have collected in this subsection some results about set packing polyhedra that are asso­
ciated to claw free graphs. Most of this material fits into other subsections of this survey, but 
the extent of the topic and some unique aspects seemed to suggest that a treatment in one 
place would be more appropriate. 
Claw is a synonym for , see Figure 1.12, and a claw free graph is one that does not contain 
such a structure. 

Figure 1.12 A Claw. 
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Claw free graphs stir the interest of the polyhedral community because the set packing prob­
lem for this class can be solved in polynomial time, see Minty [1980], but a complete polyhedral 
description is not known. The research objective is to determine this description. 
Line graphs are claw free and it was initially suspected that the facets of the set packing 
polytopes of claw free graphs resemble the facets of the matching polytope and would not 
be too complicated; one early conjecture was, e.g., tha t the only coefficients on the le f thand 
side are 0, 1, and 2. Giles & Trotter [1979] were the first to point out that these polytopes are 
complex objects. They did not only prove the 0,1,2 conjecture false, but gave also examples 
of claw free graphs that produce complicated inequalities that contain, e.g., arbitrarily large 
coefficients. We have mentioned two such classes in Subsection 1.8.1: The compositions of 
circulants and the wedges (one can and must delete some edges in a wedge as defined in this 
thesis to make it claw free). 

Some progress was made by Pulleyblank & Shepherd [1993] for a the more restrictive class of 
distance claw free graphs. These are graphs that do, for each node v, not only not contain a 
stable set of size 3 in the neighborhood of v, but they do also not contain such a stable set in 
the set of nodes that have distance 2 from v. Pulleyblank & Shepherd give a polynomial time 
(dynamic programming) algorithm for the set packing problem in distance claw free graphs 
and derive a polynomial sized complete extended description of the associated polytope. 
Gallucio & Sassano [1993] take up the subject of general claw free graphs again and investigate 
the rank facets tha t are associated to such graphs. It turns out that there are only three 
types of rank facet producing claw free graphs Cliques, line graphs of minimal 2-connected 
hypomatchable graphs, and the circulants C{au) + 1 , UJ). All rank facets can be obtained from 
these types either by sequential lifting or as sums of two such graphs. 

We finally mention Euler h Le Verge [1996]'s list of complete descriptions of set packing 
polytopes of claw free graphs with up to 10 nodes. 

1.8.4 Quadratic and S e m d e f i n i t e Relaxat ions 

Next to the search for facet defining and producing graphs, the study of quadratic and, inti 
mately related, also of semidefinite relaxations is a second general technique to derive valid 
and facet defining inequalities for the set packing polytope. While the first concept has a 
combinatorial and in the first place descriptive flavour, the quadratic/semidefinite techniques 
are algebraic and, even better, algorithmic by their very nature, and they do not only apply 
to set packing, but to arbitrary 0/1 integer programs. And the m e t h o d s wider scope and 
built-in separation machinery is not bought with a dilution of strength! Quite to the contrary, 
almost all of the explicitly known inequalities for set packing polytopes can be pinpointed in 
the quadratic/semidefinite setting as well and more: Superclasses of important types of con­
straints, most notably clique and antihole inequalities, can be separated in polynomial time. 
This implies, in particular, one of the most spectacular results in combinatorial optimization 
The polynomial time solvability of the stable set problem in perfect graphs. There is only 
one price to pay for all of these achievements: The number of variables is squared. 
We try to give in this subsection a survey over some basic aspects of quadratic and semidefinite 
techniques for the set packing problem. It goes without saying that we can not do more than 
scratching the surface of this fast developing field and we refer the reader to the book of 
Grötschel, Loväsz & Schrijver [1988] and the article of Loväsz &: Schrijver [1991] and the 
references therein for a more comprehensive treatment. Our exposition is based on the latter 
publication and focusses on the special case of the set packing problem. 
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We start by introducing the concepts of a quadratic relaxation, and, as a particularly strong 
variant of such a model, of a semidefinite relaxation of the set packing problem in some 
graph G = (V,E) with n nodes that will be numbered V = { l , . . . , . The idea is to 
consider not the convex hull of the incidence vectors x of the stable sets in W, but the convex 
hull of the matrices xxT E M . We will see that this quadratic representation gives rise to 
two additional cut generation procedures that are not available in the linear case. 
It is technically easier to study quadratic models that gives rise to cones instead of polyhe-
dra and this is the reason to consider a homogenization of the set packing polytope that is 
constructed with the aid of an additional component XQ 

(G) c o n e ( } x C ,... 

Pi(G) can be retrieved from this object by an intersection with the hyperplane XQ = 1. We 
introduce also a fractional relaxation of Hj{G) that is obtained by replacing Pi(G) with 
P(G) and denoted by H(G); we will assume here and elsewhere in this subsection that P(G) 
is described (canonically) by the nonnegativity and the edge constraints (we assume also that 
there are no isolated nodes) We will work in this subsection only with the cone versions of 
the set packing polytope and its fractional relaxation and call Hj{G) the set packing cone 
and (G) the fractional set packing cone. Going to quadratic space, we are interested in the 
set packing matrix cone 

(G) { o , . . . { o , . . , (G) 

The way to construct a quadratic relaxation of the set packing matrix cone is not just to 
replace Hi(G) with H(G) in the definition of the set packing matrix cone, which would yield 
a trivial quadratic relaxation. Instead, one can set up the following stronger relaxation. 

( Q P ) i) jY = e Vi 
ii) j = ej 
iii) v H(G)°, Vi = l, 

TYf H{G) V* = l, 
(iv) . - , . . . 

Here, we denote by S the polar of a set S and by / j , i = 1 , . . . ,n the vectors of the form 
fi := eo &i (where ej is the i t h unit vector). Their purpose is to serve as (the le f thand sides 
of) facets of the "homogenized unit cube" U := cone({l} x [0, l ] ) , which contains Hj(G). 
Associated to the system (QSP) is the fractional set packing matrix cone M(G) and this cone 
will serve as one relaxation of Mj{G) in quadratic space. 
Before we take a closer look at this object and at the system (QSP), let us quickly introduce 
another infinite set of linear inequalities, that strengthens the quadratic relaxation ( Q P ) to 
a semidefinite relaxation that we denote by ( Q + ) 

(v) R{°>-

Associated to the system (QSP+) is another fractional matrix cone M+(G). 
(QSP) (i) states that the matrices that are solutions to the system (QSP) are symmetric, a 
property that surely holds for all 0/1 matrices T with x E Hi{G) fl{0, l { ° > - } . (H) states a 
type of "quadratic constraints" For matrices xT as above (ii) stipulates , i = 0, 



40 Integer 0/1 Programs 

(iii) throws in what we know about H(G). Again for matrices xxT, we have that uTx > 0 for 
all le f thand sides (G) of valid constraints for H(G), and since H(G) C U, the same is 
true for the facets v 6 of the homogenized unit cube U (which are exactly the vectors e 
and fi), and this yields uTxxv > 0. (iv) is the same as stating that the matr i is positive 
semidefmite, which clearly holds for all matrices of the form xxT. 
The quadratic constraints (QSP) (ii) and the semidefmite constraints (QSP+) (v) are not 
available in the linear case and account for the greater strength of (QSP) and (QSP+) in 
comparison to the trivial quadratic relaxation. One improvement is, e.g., the following. Con­
sider the vector u = H(G) which is the left-hand side of the edge inequality 

Xi Xj + XQ > 0 <4=^ Xi + Xj x for H(G), and the vector ej E U which is the le f thand 
side of the nonnegativity constraint > 0 for U. Inserting these vectors in (iii) yields 

= ( TY. 0, 

and this implies y^j 0 for all ij E E. This property does not hold for the trivial relaxation. 
But (QSP) as well as (QSP+) are not only strong, they are also algorithmically tractable. 
In fact, (QSP) is of polynomial size and could be written down easily, a property that does 
not hold for (QSP+), but one can solve the separation and the optimization problem for this 
system in polynomial time as well, see Grötschel, Loväsz & Schrijver [1988] 
Having these fine relaxations in quadratic space at hand, we go back to the original (homoge­
nized) space by a simple projection to finally construct good relaxations of the (homogenized) 
set packing polytope, which inherit the superior descriptive and algorithmic properties of the 
matrix cones M(G) and (G). These relaxations are the cones 

(G) = M e M°>- (G) 

(G) = M E M ^ " (G) 

and any inequality that is valid for them is a matrix inequality. It follows once more from 
the general methodology of Grötschel, Loväsz & Schrijver [1988] that the weak separation 
problem for matrix inequalities can be solved in polynomial time such that one can weakly 
optimize over N(G) and N+(G) in polynomial time. 

1.8.9 T h e o r e m ( N and N + Operator , Loväsz & Schrijver [1991]) 
Let G be a graph let Hi(G) be the homogenization of its set packing polytope and let (G) 
be the fractional (edge) relaxation of this homogenization. Then: 

^G) N+(G) (G) H(G) 

The weak separation and optimization problem for (G) and N+(G) can be solved in poly­
nomial time 

We remark that the strong separation and optimization problems for N(G) are also in V. 
One can now go one step further and iterate the construction of the matrix cones, obtaining 
tighter descriptions in every step. Inserting N(G) into (QSP) (iii) in the place of H(G), one 
obtains a second matrix cone (G), tha t is projected into (n + l ) s p a c e to become a cone 
N(G), and so on; any valid inequality for such a relaxation Nk(G) is called a matrix inequality 
with N-index k. Analogously, we can iterate the Af+-operator to obtain relaxations ^_(G) 
and N+ matrix inequalities for any natural index k. One can show that these relaxations get 
tighter and tighter, that one can solve the weak separation problem in polynomial time for 
any fixed k, and that the th relaxation coincides with [G). 
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1.8.10 T h e o r e m (I terated N and N Operator , Loväsz & Schrijver [1991]) 
Let G = (V, E) be a graph with n nodes let Hj(G) be the homogenization of its set packing 
polytope and let H{G) be the fractional (edge) relaxation of this homogenization. Then: 

i) ( G ) ( G ) e N 

»*) (G) (G) e N 

iii) (G) (G) 

The weak separation and optimization problem for (G) and (G) can be solved in poly­
nomial time for every fixed natural number k. 

Theorem 1.8.10 gives a wealth of polynomial time separable classes of inequalities for general 
set packing polytopes, namely, all matrix cuts with arbitrary but fixed TV- or 7V_|_-index. The 
graphs whose associated set packing polytopes can be described completely in this way are 
also said to have N- or N+-index k. It turns out that a large number of graphs have bounded 
indices. We first state the results for the TV-index. 

1.8.11 T h e o r e m Graphs w i t h B o u n d e d N - I n d e Loväsz Schrijver [1991]) 
(i) An odd cycle C(2k + 1, 2) has index 1 

(ii) A complete graph Kn has index n — 2. 

(Hi) A perfect graph has index u(G) 2. 

(iv) An odd antihole C(2k 1, k) has index 2k. 

(v) A minimally imperfect graph has Nindex to(G) 1. 

It is more difficult to characterize graphs with bounded V+-index, but (with an analogous def 

inition) a number of inequalities are known to have small 7V+-indices, in particular clique and 

odd antihole inequalities, which are hence contained in the polynomially separable superclass 

of matrix inequalities with V+-index 1. 

1.8.12 T h e o r e m (Inequal i t ies w i t h B o u n d e d N + - I n d e Loväsz & Schrijver [1991]) 
Clique odd cycle wheel, and odd antihole inequalities have +index 1 

As the perfect graphs are exactly those with perfect clique matrices, i e . , the graphs whose 
associated set packing polytopes can be described completely by means of clique inequalities, 
it follows that the set packing problem in perfect graphs can be solved in polynomial time, a 
spectacular result that was first proved by Grötschel, Loväsz & chrijver [1988 

1.8.13 T h e o r e m (Set Packing P o l y t o p e s of Perfect Graphs , Grötschel Loväs 
Schrijver [1988], Loväsz & Schrijver [1991]) 
Perfect graphs have +index 

1.8.14 T h e o r e m (Set Packing in Perfect Graphs , Grötschel , Loväsz & Schrijver [1988]) 
The set packing problem in perfect graphs can be solved in polynomial time 

We finally relate the semidefinite relaxation N+(G) to the original approach of Grötschel 
Loväsz & Schrijver [1988. They considered the semidefinite formulation ( Q + ) , but with 
(iii) replaced by 

(iii e E 

We denote this semidefinite system by ( Q P ' + ) , and the associated matrix cone by M+(G). 
The projection of this matrix cone into ( l ) s p a c e yields an cone, and this cone 
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n te rec t ion with the hyperplane XQ = 1 yields the convex, but in general not polyhedral set 

TH(G) E R = e , i = l, (G) D = 1}} 

Grötschel, Loväsz & Schrijver [1988] have proved that TH(G) can be described completely by 
means of (nonnegativity and) orthogonality inequalities. Such an orthogonality inequality for 
a graph G = (V, E) with nodes V { 1 , . . . , n} involves an orthonormal representation of G, 
i.e., a set of vectors V{ 6 W with \vi\ = 1, one for each node i of G, such that VJVJ 0 holds 
for all ij 0 E, and an additional arbitrary vector e e l with 1. The orthogonality 

inequality that corresponds to this data is 

Y { c X i 

This class subsumes the clique inequalities by suitable choices of orthonormal representations. 

1.8.15 T h e o r e m (Orthogonal i ty Inequal i t ies , Grötschel , Loväsz &: Schrijver [1988]) 
For any graph G holds: 

(i) Orthogonality inequalities can be separated in polynomial time. 

(ii) TH(G) is completely described by nonnegativity and orthogonality inequalities 

(Hi) is perfect if and only if TH(G) = {G) 

1.8.16 T h e o r e m (7V+-Index f Orthogonal i ty Inequal i t ies ,Lovasz & Schrijver [1991]) 
Orthogonality inequalities have Nindex 

1.8.5 A d j a c e n c 

We summarize in this subsection some results on the adjacency of vertices of the set packing 
polytope and on the adjacency of integer vertices of its fractional relaxation. Such results 
bear on the development of primal algorithms for the set packing problem in a graph G. 
For the purposes of this subsection, we can define a primal algorithm in terms of a search 
graph 0 = (QJ, 6) , that has the set of all set packings of G as its nodes (and some set of edges) 
A primal algorithm uses the edges of 0 to move from one set packing to another. In every 
move, the algorithm searches the neighbors of the current node for a set packing that has, 
with respect to some given objective, a better value than the current one; this neighborhood 
scan is called a local search. When an improving neighbor has been found, the algorithm 
moves there along an edge of the graph; this edge is an improvement direction. When there 
is no improvement direction, the algorithm is "trapped" in a local optimum and stops. 
The connection between a primal algorithm of local search type and the adjacency relation 
on a set packing polytope Pi(G) is tha t adjacency is a natural candidate to define the edge 
set of the search graph 0 . Namely, we let UD € <£ if and only if the incidence vectors of the set 
packings u and D are neighbors on Pj(G), i.e., if they lie on a common 1-dimensional face of 
P / (G) . Doing so produces a graph 0 ( P / ( G ) ) which is called the skeleton of Pj(G). Skeletons 
have a property that makes them attractive search graphs: Not only are they connected, but 
there is a pa th of improvement directions from any vertex to the global optimum. 
Edmonds [1965] famous polynomial algorithm for set packing problems on line graphs, i.e. 
for matching problems, moves from one packing to another one by flipping nodes (in the line 
graph) of a connected structure that is called a Hungarian tree. For maximum cardinality 
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set packing problems on arbitrary graphs, Edmonds [1962] has derived a local optimality 
criterion that is also in terms of trees and characterizes all improvement directions: A set 
packing X in a graph G (V,E) is not of maximum cardinality if and only if the bipartite 
graph (V, (X V \ X) n E) contains a tree T = (W,F), such that XAW is a packing of 
larger cardinality than X. (Here, XAY denotes the symmetric difference of two sets X and 
Y.) It follows from a result of Chvätal [1975] that we will state in a second, that E d m o n d s s 
matching algorithm does a local search on the skeleton of the set packing polytope that is 
associated to a line graph, and that his tree optimality criterion characterizes adjacent vertices 
in the skeleton of a general set packing polytope. In view of these similarities between the 
line graph/matching and the general case, it was hoped that matching like primal techniques 
could also be applied to general set packing problems. An at tempt in this direction was 
undertaken by Nemhauser & Trotter [1975], who investigated Edmondss criterion further 
and used it, supplemented with lower bounding LP techniques, for the development of a 
branch-and-bound algorithm that could solve maximum cardinality set packing problems on 
random graphs with up to 100 nodes. 

The link between these results and polyhedral theory is the following result of Chvätal [1975 
that characterizes the adjacent vertices of set packing polytopes completely. The theorem 
shows that the above mentioned optimality criteria characterize adjacency in the skeleton of 
the set packing polytope, and that the algorithms perform a local search in this structure. 

1.8.17 T h e o r e m (Adjacency on t h e Set Packing P o l y t o p e , Chväta l [1975]) 
Let G = (V, E) be a graph, let Pi(G) be the associated set packing polytope, and let and 
be the incidence vectors of two set packings X and Y in G, respectively. Then: 

and are adjacent on i(G) if and only if the graph G[X/ is connected 

Theorem 1.8.17 brings up the question if it is possible to use polyhedral information to perform 
a local search in the skeleton. One idea to do this was investigated in a series of papers by 
Balas & Padberg [1970, 1975, 1976] and is as follows. Consider the fractional set packing 
polytope (A) that is associated to a given 0/1 matrix A. Any vertex of Pi(A) is also a 
vertex of P(A), which means that it is possible to reach the integer optimum by searching 
through the skeleton <5(P(A)) of the fractional relaxation. This is interesting because there 
is an effective and ready-to-use algorithm that does exactly this: The simplex method. In 
fact, nondegenerate pivots lead from one vertex to adjacent vertices, and, doing additional 
degenerate pivots, it is possible to reach from a given vertex all of its neighbors. In other 
words: The simplex algorithm performs a local search on the skeleton of the fractional set 
packing polytope with some additional degenerate steps. These statements were trivial, but 
point into an interesting direction: Is it perhaps possible to move with all integer pivots 
through the skeleton of the integer set packing polytope as well It is, and <S((A)) seems 
to have even extremely promising looking properties 

1.8.18 T h e o r e m (Skele ton of Set Packing P o l y t o p e s Balas & P a d b e r g [1970, 1975]) 
Let A be anmxn 0/1 matri Pi (A) the associated set packing polytope, P(A) its fractional 
relaxation and let 5 <S((A)) and 0 <S(P(A)) be the associated skeletons Then: 

(i) is a subgraph of<5. 

(ii) diam 2. 

(iii) S(t>) 7 ( ) 

Here, diam denotes the diameter of the graph 
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Theorem 1.8.18 (i) states that vertices are adjacent on Pi (A) if and only if they are adjacent 
on P(A), i.e., it is possible to reach the optimum integer solution by a sequence of all integer 
pivots. And not only is this possible: By (ii), one can reach the optimum from any given 
integer starting point in at most m / 2 pivots! (The theorem makes only a statement about 
nondegenerate pivots, but one can sharpen this result.) We remark that Naddef [1989] has 
proved the Hirsch conjecture t rue for 0/1 polytopes; this can sometimes yield a smaller bound 
on the diameter than Theorem 1.8.18 (ii). Finally, (iii) hints to a difficulty: Each vertex has 
a very large number of neighbors, and this may render the local search difficult. 
Balas & Padberg have developed and tested primal pivoting algorithms along these lines. 

1.9 The Set Covering olytope 

We survey in this section polyhedral results on the set covering polytope Qi(A). Analogous to 
the set packing case, such investigations aim at the characterization of valid and facet defin­
ing inequalities and the development of methods to compute them efficiently. But the main 
motivation for this doing is different, namely, to unify polyhedral results that were obtained 
for various kinds of combinatorial optimization problems that can be stated as optimiza­
tion problems over independence systems, a problem that is in a very direct way equivalent 
to the set covering problem. For example, the minimal cover inequalities of the knapsack 
polytope turn out to be so-called generalized clique inequalities, and the Möbius ladder in­
equalities of the acyclic subdigraph polytope can be seen as generalized cycle inequalities of 
an independence system/set covering polytope that is associated to an appropriately chosen 
independence system. 

The concepts that guide these polyhedral investigations are essentially the same as in the set 
packing case: One considers facet defining submatrices of a given 0/1 matrix, tries to identify 
facet defining classes, and uses lifting procedures to make local constraints globally valid. 
The similarity in the approaches carries over to the descriptive results, and we will encounter 
familiar structures like cliques, cycles, etc. What misses in comparison to set packing are 
significant classes of polynomially solvable set covering problems, polynomially separable 
types of inequalities, and completely described cases. This algorithmic lack is apparently due 
to the ineffectiveness of graph theoretic approaches to set covering. In other words The 
algorithmic theory of hypergraphs is way behind its graphical brother. 

This section is organized as follows. The remainder of this introduction states some basic 
properties of the set covering polytope, most notably the relation to the independence system 
polytope. The only ubsection 1.9.1 gives a list of facet defining matrices and some results 
on rank facets. 
The subsequent subsections resort to the following basic properties of the set covering poly-
tope. Recall from Section 1.3 that a set covering problem with 0/1 matr i A is equivalent 
to an optimization problem over an independence system 3(A) via an affine transformation 

P) in w y) = wTl ( I P ) max w 

A(y) (i) Ay<(A 
y ) < (ü) 
y) (iü) y < 
y) 0, l}n (iv) € {0 ,1} ' 
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The independence system 3(A) has the set of column( indice)s of as its ground set, and its 
cycles are the nonredundant rows of A. 
The above relation implies that (SCP) and (ISP) are equivalent problems, and in a very 
direct way: a; is a solution of (SCP) if and only of 1 is a solution of ( I P ) . This means in 
polyhedral terms that the associated polytopes satisfy 

(A) PlsP(A) 

and we need to study only one of them. ore precisely, we have the following. 

1.9.1 Corol lary (Set Covering and I n d e p e n d e n c e S y s t e m P o l y t o p e ) 
Let A be a 0/1 matrix and Qi(A) and Pjgp (̂ 4) be the associated set covering and independence 
system polytope respectively. Then: 

Tx > is valid/a facet for Q(A) < o is valid/ facet for P I S P ( ^ ) 

The significance of the set covering/independence system polytope for combinatorial opti 
mization is that polyhedral results for Qj (A) jF\sp (A) carry over to many combinatorial opti 
mization problems. Namely, combinatorial optimization problems can often be interpreted as 
optimization problems over special independence systems and this means that their polytopes 
inherit all facets of the more general body. We will point out some relations of this type that 
have been observed in the literature next to the discussion of the corresponding classes of 
inequalities. 

ome simple properties of the set covering polytope are collected in 

1.9.2 Observat ion ( D i m e n s i o n , U p Monotonic i ty , B o u n d s , and N o n n e g a t i v i t y ) 
Let A be a 0/1 matrix that has at least 2 nonzero entries in each row and {A) be the 
associated set covering polytope 

(i) (A) is full dimensional 

(ii) Q(A) is up monotone, i.e {A) = > E Q(A) for all y < 

(Hi) The upper bound constraints induce facets of Q(A) 

(iv) A nonnegativity constraint Xj > 0 defines a facet ofQi(A) if and only if the minor 
that results from A by a contraction of column j has at least 2 nonzeros in each row. 

(v) IfaTx > a defines a facet ofQi(A) that is not one of the upper bound constraints Xj 1 
all coefcients of 7 are nonnegative 

1.9.1 F a c e t D e f i n i n g M a i c e s 

The technique that is used in the literature to derive classes of valid and facet defining 
inequalities for the set covering polytope is the study of submatrices of a given m n 0 /1 
matrix A, similar to the study of subgraphs of the conflict graph in the set packing case. 
Likewise, this approach is motivated by and related to the study of minimally nonideal matrix 
minors: The general theory of nonideal matrices guarantees the existence of certain "cores" 
of locally facet defining structures. 

Let us get more precise. The derivation techniques for inequalities for set covering polytopes 
from submatrices are based on the up-monotonicity of Qi(A). Namely, if Au is some arbitrary 
minor of A, where / is some set of row( indice)s of A, and J some set of column indices, and 
the nonnegative inequality aTx > is valid for (A) n E W1 \ Vj 0 and 


