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Abstract

This paper aims at presenting the complex coupled network of the human menstrual
cycle to the interested community. Beyond the presently popular smaller models, where
important network components arise only as extremely simplified source terms, we add: the
GnRH pulse generator in the hypothalamus, receptor binding, and the biosynthesis in the
ovaries. Simulation and parameter identification are left to a forthcoming paper.

∗Zuse Institute Berlin (ZIB), Takustraße 7, D-14195 Berlin, Germany

1



Contents

1 Introduction 3

2 Model Fundamentals 4
2.1 Basic mechanisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Basic compartment model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 GnRH Pulse Generator in the Hypothalamus 10
3.1 Pulse frequency and mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 GnRH concentration in the pituitary portal system . . . . . . . . . . . . . . . . . 12

4 Mechanisms in the Pituitary 13
4.1 Receptor binding of GnRH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
4.2 Dynamics of LH and FSH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

5 Dynamics in the Ovaries 18
5.1 Follicular development . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.2 Receptor binding of LH and FSH . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
5.3 Enzyme concentrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
5.4 Biosynthesis of the steroids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

6 Summary and Outlook 31

Acknowledgement 31

References 31

2



Figure 1: Control system of the human menstrual cycle, adapted from [28]. Primarily, the
actions on the three levels hypothalamus, pituitary, and ovaries have to be studied. The GnRH
pulse generator in the hypothalamus regulated by ovarian products secretes GnRH in a pulsatile
manner which influences, together with steroids such as estradiol and progesterone, LH and FSH
dynamics. These two gonadotropins, however, regulate the follicular development resulting in
the biosynthesis of the steroids.

1 Introduction

The term systems biology describes the fusion of biology, computer science, mathematics, and
engineering sciences with the objective of attaining a holistic comprehension of life processes
[24]. Being a highly active field of research and yielding great hopes and expectations, we aspire
to make our modest contribution by studying and modelling the processes in the female body
associated with the control system of reproduction.

The objective of the menstrual cycle is the hormonal regulation of follicular growth and
maturation in the ovaries leading to ovulation at mid-cycle and therefore enabling reproduction.
An overview is given in Figure 1. This control system can be disturbed, so that ovulation
does not occur. With aid of hormonal therapies, one can try to restore the normal ovulatory
cycle. However, it could also be the case that the failure of a normal cycle is desired. Then,
ovulation can be inhibited by taking hormonal contraceptiva. One possibility for testing medical
or pharmaceutical therapies is to conduct clinical studies. Another possibility could be the use
of a detailed mathematical model. Such a model will be developed in this report.

There are already some models describing the dynamics of the human menstrual cycle. In
most cases, focus is on coarse interactions like feedback mechanisms among the most important
hormones [16, 42] and follicular masses [3, 4, 17] or, explicitly, on follicular dynamics [6, 7,
8, 10, 25]. Others are concerned with modelling biochemical processes like receptor binding
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[2, 9, 19, 44]. We will present some of these approaches and their integration in this complex
model in the following.

Among those models describing the entire control system, we focus on the model presented in
[17]. This model is able to simulate concentrations reproducing quite well the given experimental
data estimated from [30]. Even simple applications are possible. However, the dynamics of
important network components like progesterone and estradiol are simplified and the dynamics
in the hypothalamus are not included. This model incorporates the LH and FSH synthesis and
release in the pituitary, the follicular dynamics in the ovaries as well as the concentrations of
progesterone, estradiol, and inhibin in the blood as linear combinations of follicular masses.

Since the model in [17] offers a suitable approach for the main components of the system,
it is chosen as basis in the subsequent modelling process. The control system of the human
menstrual cycle is studied from a physiological or even biochemical point of view. The different
possibilities for expanding the basic compartment model are discussed.

The paper is organized as follows: In Section 2, some basic remarks concerning the mathe-
matical background and the biochemical basis are made and we present the model developed in
the thesis [17]. In the following, the different parts and features which so far have not been con-
sidered as part of modelling the human menstrual cycle but are now incorporated in the model
are presented. In Section 3, the pulse generator for the GnRH release in the hypothalamus and
the model equations for the GnRH concentration in the pituitary portal system being important
for the dynamics in the pituitary are derived. The receptor binding of GnRH in the pituitary as
well as the dynamics of LH and FSH synthesis and release are presented in Section 4. In Section
5, modelling approaches for the follicular development, receptor and enzyme concentrations, and
the biosynthesis of steroids are discussed. Finally, the results are summarized in Section 6 and
an outlook is given.

2 Model Fundamentals

At first, we introduce the basic mechanisms used in the modelling process. Then, we present
the model adopted from [17] which serves as a basis for further modelling.

2.1 Basic mechanisms

The mathematical basis as well as the mechanisms like Michaelis-Menten kinetics and feedback
effects which are used in the model are provided in the following.

Modelling delays. The model is based upon a determinstic modelling approach by using a
system of differential equations. Since the processes take place in different parts of the body
and influence each other with a certain delay (see Figure 2), passing over to delay differential
equations is a reasonable step:

d

dt
y(t) = f(t, y(t), y(t− τ1), . . . , y(t− τm)), y : R → Rn, f : R× Rn×(m+1) → Rn,

where τi ∈ R+, i = 1, . . . ,m, and n,m ∈ N.
To describe the biological variety in an adequate manner, the application of integro-differential

equations instead of discrete delays is more accurate, but, concomitantly, more expensive.

Biochemical mechanisms. Since many reactions in the human body are catalyzed by en-
zymes, it is not adequate to assume first-order reaction kinetics in these cases. The mechanism
called Michaelis-Menten is the simplest and most common approach for enzyme catalyzed reac-
tions.
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Figure 2: Model scheme of the human menstrual cycle. The three main compartments hy-
pothalamus, pituitary, and ovaries are connected through the blood circulation. The arrows
indicate where the delays arise.

If the biochemical details are not established and only a stimulatory or inhibitory effect of one
hormone on another is known, modelling can be done by use of feedback functions originating
from enzyme kinetics.

Michaelis-Menten kinetics. Modelling the irreversible enzyme catalyzed overall reaction

S → P,

where S stands for the substrate whereas P denotes the product, the Michaelis-Menten mecha-
nisms has the form [37]

E + S
k1
�
k−1

(E S) k2→ P + E,

where k−1, k1, k2 ∈ R+ denote the reaction constants, E the enzyme, and (ES) the complex.
Assuming constant total enzyme concentration and the quasi-stationary state for the enzyme
complex concentration, the reaction rate for the product is

d

dt
P = k2 · Etotal ·

S

KM + S
,

where P denotes the product concentration, S the substrate concentration, and Etotal the total
enzyme concentration, with the Michaelis-Menten constant

KM :=
k−1 + k2

k1
.

For the reaction rate of substrate S, we obtain

d

dt
S = −k2 · Etotal ·

S

KM + S
.
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We observe that assuming Michaelis-Menten kinetics instead of first-order reaction kinetics leads
to a product formation rate which is not linearly but sigmoidally dependent on the substrate
and bounded by the maximal rate

Vmax := k2 · Etotal.

The situation is more complicated in the case of reversible reactions like

S � P,

where the Michaelis-Menten mechanism is described by [37]

E + S
k1
�
k−1

(E S)
k2
�
k−2

P + E, k−2 ∈ R+.

Assuming again constant total enzyme concentration and the quasi-stationary state for the
enzyme complex concentration, the reaction rate for the product does not longer depend only
on the substrate concentration, but also on the product concentration:

d

dt
P =

Etotal · (k2 · S − k−1·k−2

k1
· P )

KM + S + k−2

k1
· P

.

For the substrate S, the reaction rate is

d

dt
S = −

Etotal · (k2 · S − k−1·k−2

k1
· P )

KM + S + k−2

k1
· P

.

Definition 1. Dependence by Michaelis-Menten kinetics in the case of an irreversible reaction
is expressed by the irreversible Michaelis-Menten function

f irrev(S,E, p) := p1 · E · S

p2 + S
, p ∈ R2

+

and in the case of a reversible reaction, the reversible Michaelis-Menten function is defined by

f rev(P, S,E, p) :=
p1 · E · S − p2 · E · P
p3 + S + p4 · P

, p ∈ R4
+,

where P denotes the product concentration, S the substrate concentration, and E the total
enzyme concentration.

Feedback mechanisms. Feedback functions can be derived by enzyme mechanisms [37]. Pos-
itive feedback can be described by applying Michaelis-Menten kinetics, negative feedback by
mechanisms for inhibitory enzymes [37].

Definition 2. The Hill function for positive feedback is defined by

h+(H,T, n) :=

(
H
T

)n
1 +

(
H
T

)n
and the Hill function for negative feedback by

h−(H,T, n) :=
1

1 +
(

H
T

)n ,
where H ∈ R+ ∪ {0} denotes the hormone concentration which affects with a positive and neg-
ative feedback, respectively, T ∈ R+ denotes the threshold value, and n ≥ 1 the Hill coefficient.

If there is more than one hormone responsible for inhibitory and/or stimulatory effects, the
question arise how these effects can be combined. Coarsely said, the feedback functions can be
summed if the effects are independent and they can be multiplied in the case of dependency
[37].
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Figure 3: Control system considered in [17].

2.2 Basic compartment model

The model presented in [17] is composed of 13 delay differential equations where 4 describe
the dynamics in the pituitary and the resulting FSH and LH concentrations in the blood and
another 9 describe the dynamics of the follicular masses. Comparison with experimental data
shows that this model is capable of describing the dynamics of the human menstrual cycle in
a sound way. However, the dynamics of progesterone, estradiol, and inhibin concentrations
in the blood, essential components of the regulatory system, are simply determined as linear
combinations of follicular masses. The activities in the hypothalamus, especially the GnRH
pulse generator and the resulting pulsatile secretion of GnRH into the blood circulation, are not
included. An overview of the control system considered in [17] is given in Figure 3.

Dynamics in the pituitary. In the basic compartment model [17], the following assumptions
regarding the influence of progesterone, estradiol, and inhibin on the LH and FSH dynamics are
made. High blood levels of estradiol promote rapid LH synthesis, whereas progesterone inhibits
LH synthesis in the luteal phase, and inhibin inhibits the FSH synthesis. Progesterone stimulates
the release of FSH and LH when estradiol blood levels are in a normal range during the late
follicular phase. Estradiol inhibits the release of FSH and LH into the circulation and it has
a greater inhibitory effect on FSH release than on LH release. The release rate of LH and
FSH is assumed to be proportional to the amount of LH and FSH on reserve in the pituitary,
respectively. Finally, the clearance rate of LH and FSH is assumed to be proportional to the
blood levels of LH and FSH, respectively.

Based upon the assumptions mentioned in [17], the model schemes which are shown in
Figures 4 and 5 are developed. The stored gonadotropin mass is determined by synthesis (syn)
and release (rel). Once released into the blood circulation, it is distributed in the blood volume
VB where it is eliminated proportionally to the present concentration (clear).

In the following, E2 denotes the estradiol concentration, P4 the progesterone concentration,
and Ih the inhibin concentration in the blood. For the dynamics of LH synthesis and release
and, finally, the LH concentration in the blood, the following equations are chosen [17]:

d

dt
PLH(t) = synLH(E2(t− τE2), P4(t− τP4))− relLH(E2(t), P4(t), PLH(t)) (1)

d

dt
LH(t) =

1
VB

· relLH(E2(t), P4(t), PLH(t))− clearLH(LH(t)), (2)
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Figure 4: Model scheme for LH synthesis and release.
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Figure 5: Model scheme for FSH synthesis and release.

where

synLH(E2, P4) =
a1 ·

a2·E
a3
2

a
a3
4 +E

a3
2

1 + P4
a5

(3)

relLH(E2, P4, PLH) =
a6 · (1 + a7 · P4)

1 + a8 · E2
· PLH (4)

clearLH(LH) = a9 · LH (5)

and PLH denotes the mass of stored LH in the pituitary, LH the LH concentration in the blood
and τP4 and τE2 the delays for the progesterone and estradiol concentration, respectively.

The model equations for FSH are of the form [17]:

d

dt
PFSH(t) = synFSH(Ih(t− τIh))− relFSH(E2(t), P4(t), PFSH(t)) (6)

d

dt
FSH(t) =

1
VB

· relFSH(E2(t), P4(t), PFSH(t))− clearFSH(FSH(t)), (7)

where

synFSH(Ih) =
a10

1 + Ih
a11

(8)

relFSH(E2, P4, PFSH) =
a12 · (1 + a13 · P4)

1 + a14 · E2
2

· PFSH (9)

clearFSH(FSH) = a15 · FSH (10)

and PFSH denotes the mass of stored FSH in the pituitary, FSH the FSH concentration in the
blood and τIh the delay for the inhibin concentration. The coefficients ai ∈ R+, i = 1, . . . , 15,
are the parameters of the pituitary compartment.

Dynamics in the ovaries. On the one hand, the model incorporates the follicular develop-
ment by defining nine stages and modelling the mass dynamics of follicular and luteal tissue
at these stages. On the other hand, the plasma concentrations of progesterone, estradiol, and
inhibin arise as linear combinations of follicular masses, skipping their production and secrection
in the follicles.
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Follicular development. The follicular dynamics are described by modelling active follicular
masses at different stages where active mass is defined as mass which is growing and secreting
hormones [17]. The following partition into follicular stages is done [17]:

• Menstrual Follicular Stage (MsF ), representing the mass of several immature follicles

• Secondary Follicular Stage (SeF ), representing the mass of secondary follicles

• Preovulatory Follicular Stage (PrF ), representing the mass of the dominant follicle

• Ovulatory Scar 1 (Sc1), representing the mass during ovulation

• Ovulatory Scar 1 (Sc2), representing the mass during luteinization

• Luteal Stage i (Luti) representing the mass of the corpus luteum at stage i, i = 1, . . . , 4.

The following equations are derived in [17]. For the follicular phase, we obtain

d

dt
MsF (t) = b1 · FSH(t) +

(
b2 · FSH(t)− b3 ·

(
LH(t)
LH0

)b4
)
·MsF (t) (11)

d

dt
SeF (t) = b3 ·

(
LH(t)
LH0

)b4

·MsF (t) +

(
b5 ·

(
LH(t)
LH0

)b6

− b7 ·
LH(t)
LH0

)
· SeF (t) (12)

d

dt
PrF (t) = b7 ·

LH(t)
LH0

· SeF (t)− b8 ·
(
LH(t)
LH0

)b9

· PrF (t), (13)

where LH0 represents the unit of measurement of LH. During ovulation and luteinization, the
equations are

d

dt
Sc1(t) = b8 ·

(
LH(t)
LH0

)b9

· PrF (t)− b10 · Sc1(t) (14)

d

dt
Sc2(t) = b10 · Sc1(t)− b11 · Sc2(t), (15)

and, finally, in the luteal phase we get

d

dt
Lut1(t) = b11 · Sc2(t)− b12 · Lut1(t) (16)

d

dt
Lut2(t) = b12 · Lut1(t)− b13 · Lut2(t) (17)

d

dt
Lut3(t) = b13 · Lut2(t)− b14 · Lut3(t) (18)

d

dt
Lut4(t) = b14 · Lut3(t)− b15 · Lut4(t), (19)

where bi ∈ R+, i = 1, . . . , 15, denote the parameters of the ovarian compartment.

Estradiol, progesterone, and inhibin concentrations in the blood. The ovarian hor-
mones estradiol, progesterone, and inhibin are released from the follicles into the blood where
they are eliminated at a constant rate. The following differential equations describe the changes
of the hormone’s blood concentration C:

d

dt
C =

1
VB

n∑
i=1

ci · Fi − δ · C,
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where VB represents the blood volume, ci the hormone’s secretion rate at the follicular stage
Fi, where Fi denotes the corresponding active mass, i = 1, . . . , 9, and δ the hormone’s clearance
rate [17]. It is assumed that the clearance from the blood occurs on a faster time scale than the
follicular and luteal development, hence, δ is large. Dividing through by δ and defining ε := 1

δ ,
we obtain:

ε
d

dt
C =

1
VB

n∑
i=1

ci
δ
· Fi − C.

Using the pseudo-steady state hypothesis, ε d
dtC ≈ 0, we get:

C(t) ≈
n∑

i=1

CiFi,

where Ci := ci
δ·VB

.
Estradiol is secreted mainly by the secondary follicles and the preovulatory follicle and

partially by the corpus luteum. Therefore, the concentration E2(·) may be written as a linear
combination of SeF , PrF , and Lut4 [17]:

E2(t) = c1 + c2 · SeF (t) + c3 · PrF (t) + c4 · Lut4(t). (20)

Progesterone and inhibin are secreted mainly in the luteal phase by the corpus luteum, however,
inhibin is also secreted by the preovulatory follicle. Thus, the concentrations of P4(·) and Ih(·)
can be written as [17]:

P4(t) = c5 · Lut3(t) + c6 · Lut4(t) (21)
Ih(t) = c7 + c8 · PrF (t) + c9 · Lut3(t) + c10 · Lut4(t), (22)

where ci ∈ R+, i = 1, . . . , 10, denote the parameters for these auxiliary equations.

3 GnRH Pulse Generator in the Hypothalamus

The gonadotropin-releasing hormone (GnRH) is a hypothalamic hormone regulated by ovarian
steroids which stimulates the pituitary system. The GnRH pulse generator in the hypothalamus
is an essential component of the reproductive control system. If it fails, it may have serious
consequences for the entire cycle. Continuous GnRH administration, for example, leads to
desensitization of the GnRH receptors in the pituitary. That in turn, results in a decrease of
LH and FSH release into the blood circulation, wherefore a normal follicular development is not
longer possible. Hence, the question of developing therapy methods with aid of a mathematical
model in the case of disfunction of the pulse generator is of great interest.

There are about 1000 [34] up to 1500 [26] GnRH neurons producing GnRH in the hypothala-
mus. They represent the final output neurones of an integrated neural network [20]. Regulation
of the pulse frequency and pulse mass is mainly affected by estrogens and progesterone. Es-
trogens act on many components of the GnRH network including the brainstem A2 neurones
[20]. It binds to the estrogen receptors leading to an increased noradrenaline secretion in the
case of A2 neurons and, thereby, facilitating the activity within the GnRH neural network [20].
Thus, the expression of GnRH-mRNA is enhanced resulting eventually in an increased GnRH
secretion [20]. In contrast, progesterone inhibits the GnRH pulses via progesterone receptors
[39].

There have been some approaches for modelling the neural network explicitly [14]. Since
the processes in the hypothalamus are not known in detail [20, 39] and, moreover, since the
simulation of the GnRH neural network is very expensive, another approach for the incorporation
of the pulse generator into the model is chosen.
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3.1 Pulse frequency and mass

The GnRH pulse frequency is not constant during the menstrual cycle. In the follicular phase,
GnRH is released at approximately constant intervals. The length of interval between two pulses
is about 80 minutes [45] or 90 minutes [21]. At mid-cycle, the gaps between the pulses shorten
[21, 45]. As a result of the higher pulse frequency at mid-cycle, it is assumed that estradiol,
at least at high concentrations, stimulates the GnRH pulse frequency. In the luteal phase, the
interval between the pulses is prolonged to several hours [21]. Progesterone is the main factor
of this reduction of pulse frequency, inhibiting the GnRH pulse generator [15, 21]. In the early
luteal phase, the pulse frequency diminishes to one pulse every 2 to 4 hours, in the mid-luteal
phase to every 4 to 6 hours and in the late luteal phase to every 8 to 12 hours [5]. The model
scheme is presented in Figure 6.

To model the pulsatility in an adequate manner, a stochastic approach is chosen. A similar
approach for a pulse generator has been presented in [22, 23], in the context of modelling the
male reproductive hormone system.

Let {Sj}j∈N be a sequence of independent, non-negative random variables with the same
distribution function F , where F (0) < 1. The pulse time points {Tj}j∈N0 are then modelled by
a renewal process:

T0 := 0, Tj+1 := Tj + Sj+1, j ∈ N0.

The associated renewal count process is described by an inhomogenous Poisson process. A
homogenous Poisson process would not be adequate in this case since the pulse frequency is
regulated by non-constant feedback.

For the survival time between two pulses, the Weibull density is chosen:

f(s) = P [s|Tj−1, λ(·)]

= γ · λ(s) ·

(∫ s

Tj−1

λ(r)dr

)γ−1

· exp

(
−

(∫ s

Tj−1

λ(r)dr

)γ)
.

Suppose that the survival time is Sj , starting at the pulse point time Tj−1, j ∈ N. Then we
obtain:

F (Sj) =
∫ Tj−1+Sj

Tj−1

f(s)ds = P [Tj−1 < s ≤ Tj |Tj−1, λ(·)]

= 1− exp

(
−

(∫ Tj

Tj−1

λ(r)dr

)γ)
.
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To calculate Tj , first the random variable Uj ∼ U [0, 1] has to be generated. Then, it has to be
equated with F (Sj). It follows ∫ Tj

Tj−1

λ(r)dr = (− ln(1− Uj))1/γ . (23)

The function λ(·) describes the pulse intensity, affected by progesterone (negative feedback) and
estradiol (positive feedback at high concentration):

λ(t) = h−
(
P4(t− τP4), T

freq
P4

, nfreq
P4

)
·
(
1 + h+

(
E2(t− τE2), T

freq
E2

, nfreq
E2

))
· λmax, (24)

where τP4 , τE2 ∈ R+ denote the delays, T freq
P4

, T freq
E2

∈ R+ the threshold values, nfreq
P4

, nfreq
E2

∈ R+

the hill coefficients, and λmax ∈ R+.
The GnRH mass which is stored between two pulses is affected by estradiol as well. Estradiol

inhibits the GnRH amplitude [33], whereas progesterone has no significant effect [39]. The
GnRH surge, in turn, is triggered by rising estradiol upon the hypothalamus [5]. Hence, it is
reasonable to assume that estradiol is inhibitory at low concentrations and stimulatory at high
concentrations [5, 43, 45]. The model scheme is presented in Figure 7.

The pulse mass is stored between two pulses and is completely released at the next pulse
time point:

MGnRH,j =
∫ Tj

Tj−1

(
h−(E2(t− τE2), TE2,1, nE2,1) + h+(E2(t− τE2), TE2,2, nE2,2)

)
·Mmaxdt (25)

where TE2,1, nE2,1, TE2,2, nE2,2,Mmax ∈ R+ and Tmass
E2

:= s (see Figure 7) where

d

dt

(
h−(E2(s), TE2,1, nE2,1) + h+(E2(s), TE2,2, nE2,2)

)
= 0.

3.2 GnRH concentration in the pituitary portal system

Except for the pituitary portal system, the GnRH concentration does not play a major role in
the blood system. The GnRH concentration in the blood circulation is not detectable [31] and
the half life for GnRH in blood plasma is declared as 4 minutes [32]. It can be assumed that
there is a basal GnRH secretion at the constant rate bGnRH independent of feedback mechanisms
since even at high GnRH pulse frequency the GnRH concentration declines not to zero values
but to a baseline niveau [31]. Moreover, the pulse mass is not released at once, but released
into the pituitary portal system in a distributed manner. The clearance of GnRH is assumed to
be proportional to the present GnRH concentration in the pituitary portal system denoted by
αGnRH . Binding of GnRH to its receptor located in the pituitary is proportional to the present
GnRH concentration in the pituitary portal system and to the GnRH receptor concentration.
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It follows for the GnRH concentration in the pituitary portal system:

d

dt
GnRH(t) =− αGnRH ·GnRH(t)− βGnRH ·GnRH(t) ·RGnRH(t) (26)

+
bGnRH

VPPS
+
MGnRH,j

VPPS
· ψ(t− Tj), (27)

where VPPS ∈ R+ denotes the blood volume of the pituitary portal system. We choose the
Gamma density for the mass distribution:

ψ(t) =
am

Γ(m)
· tm−1 · e−a·t, a,m ∈ R+.

To be accurate, the pulse masses of the foregoing pulses have to be considered as well, see
[22, 23]:

d

dt
GnRH(t) =− αGnRH ·GnRH(t)− βGnRH ·GnRH(t) ·RGnRH(t) (28)

+
bGnRH

VPPS
+

j∑
i=1

MGnRH,i

VPPS
· ψ(t− Ti). (29)

Since the remaining masses are small in comparison with the new pulse mass, we assume that
they can be neglected.

4 Mechanisms in the Pituitary

GnRH is transported over the pituitary portal system into the pituitary where it binds to its
receptor. Activation of the receptor, finally, leads to the release of the gonadotropins luteinizing
hormone (LH) and follicle stimulating hormone (FSH). Both gonadotropins are stored in the
pituitary and the secretion from this pool is regulated by GnRH and by the steroids produced
in the ovaries.

4.1 Receptor binding of GnRH

GnRH stimulates the release of LH und FSH, but it has no effect on other pituitary hormones
[15]. Within a few seconds after binding of the peptide to its receptor, a massive calcium entrance
into the cell occurs [32]. This leads after a couple of minutes to the release of stored FSH and
LH [32]. The amplitude of the GnRH pulses (amplitude modulation) and, as fine regulation,
the frequence of GnRH pulses (frequency modulation) regulate the LH and FSH concentrations
over the cycle [32]. Reactions on increased GnRH concentrations occur in the case of LH faster
and more distinctive than in the case of FSH [15].

The number of GnRH receptors is not constant. In the early follicular phase, the number is
higher than in the late follicular phase [12]. The pulsatility of GnRH secretion is necessary, since
continuous administration of GnRH leads to decreasing LH and FSH concentrations [29]. This
phenomenon can be explained by the negative feedback of GnRH on its receptor [15]. Declining
response of the GnRH receptors on GnRH is called desensitization [12].

In [19], a mathematical model for the GnRH receptor binding, including the receptor recy-
cling, which leads to the release of LH is developed. Unfortunately, the model is not designed
for the human case, but for ovines, which is why the results have to be handled with care. The
model scheme for the receptor binding in the pituitary is adopted from [19], shown in Figure
8. After binding to its receptor, the complex stimulates the release of LH from the LH pool.
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Figure 8: Model scheme for the receptor binding in the pituitary [19]. H: GnRH, RH : GnRH
receptor, (H-RH): complex, RH -d: desensitized receptor.

The activated receptor does not return directly to the unbound state, but becomes desensi-
tized. There is a basal LH synthesis rate, bLH , and parts of LH are released at a constant rate
independent from GnRH, a1.

The resulting model equations for the receptor recycling are, slightly modified from [19]:

d

dt
RGnRH = −k1 ·GnRH ·RGnRH + k3 ·RGnRH -d (30)

d

dt
(GnRH-RGnRH) = k1 ·GnRH ·RGnRH − k2 · (GnRH-RGnRH) (31)

d

dt
RGnRH -d = k2 · (GnRH-RGnRH)− k3 ·RGnRH -d, (32)

where k1, k2, k3,∈ R+.
For the LH dynamics, we obtain

d

dt
PLH = bLH − a1 · PLH − a2 · PLH · (GnRH-RGnRH) (33)

d

dt
LH =

1
VB

· (a1 · PLH + a2 · PLH · (GnRH-RGnRH))− c · LH, (34)

where bLH , a1, a2, c ∈ R+.
To incorporate the negative feedback of GnRH on its receptor, the differential equation for

the free receptor concentration could be written as

d

dt
RGnRH = k ·

1− GnRH
TGnRH

1 + GnRH
TGnRH

+ k3 ·RGnRH -d− k1 ·GnRH ·RGnRH , (35)

where k, TGnRH ∈ R+.
We obtain for the total receptor concentration:

RGnRH,total = RGnRH +RGnRH -d+ (GnRH-RGnRH). (36)

The model presented in [2] and [44] includes additionally the calcium dynamics. The model
is described as model schemes in Figures 9 and 10 whereby the model equations are taken from
[44].

Again, it is assumend that, initially, GnRH is bound by the receptor. The bound complex
reacts with itself to form dimers. Formation of larger aggregates is possible. Macroaggregation
and internalization occur with a delay after exposure to GnRH [44]. A G protein reacts with
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Figure 9: Model scheme for receptor binding in the pituitary including calcium dynamics in
the cell [2, 44]. H: GnRH, RGnRH : free GnRH receptor, (H-RH): hormone-receptor complex,
(H-RH)2: hormone-receptor dimer, GQ: G protein, E: effector, IP3: Inositol 1, 4, 5-triphosphate,
CAE : external Ca2+, CAC : cytosolic Ca2+, CAER: endoplasmic reticulum (ER) Ca2+, CHO:
fraction of open ER Ca2+ channels, MM: Michaelis-Menten kinetics.

the dimer to produce an effector. It is assumed that a fraction of receptors, r0, can be returned
intact to the membrane after a time delay. There is a low basal rate of receptor synthesis, P0,
and degradation, γ. From these assumptions, we obtain the following differential equations [44]:

d

dt
RGnRH = − k1 ·GnRH ·RGnRH + k−1 · (GnRH-RGnRH) (37)

+ r0 · k11 · n · (GnRH-RGnRH)40 + P0 − γ ·RGnRH (38)
d

dt
(GnRH-RGnRH) = k1 ·GnRH ·RGnRH − k−1 · (GnRH-RGnRH) + 2 · k−2 · (GnRH-RGnRH)2

(39)

− 2 · k2 · (GnRH-RGnRH)2 − k11 · n · (GnRH-RGnRH) (40)
d

dt
(GnRH-RGnRH)2 = − k−2 · (GnRH-RGnRH)2 + k2 · (GnRH-RGnRH)2 (41)

− k3 ·GQ · (GnRH-RGnRH)2 + k−3 · E (42)
d

dt
GQ = − k3 ·GQ · (GnRH-RGnRH)2 + k−3 · E + k33 · e−t/20 · (GnRH-RGnRH)2

(43)
d

dt
E = k3 ·GQ · (GnRH-RGnRH)2 − k−3 · E, (44)

where

(GnRH-RGnRH)40 := (GnRH-RGnRH)(t− τ) · χ(t− τ) (45)

χ(t) :=

{
1 if t ≥ 0,
0 if t < 0

(46)

and k1, k−1, k11, k−2, k2, k3, k−3, k33, P0, γ, τ ∈ R+, r0 ∈ (0, 1), n ∈ N.
It is further assumed that the production of inositol 1,4,5-triphosphate, IP3, is proportional

to the concentration of E and that it is eliminated at a rate proportional to its concentration
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[44].

d

dt
IP3 = k5 · E − k−5 · IP3, k5, k−5 ∈ R+. (47)

Ca2+ is stored in the endoplasmic reticulum, ER, and it is released when IP3 binds to its
receptor on the ER membrane. It is assumed that the fraction of open channels, CHO, depends
on IP3 through Michaelis-Menten kinetics [44]:

CHO(t) =
α · 10−3 · IP3(t)

1 + α · 10−3 · IP3(t)
(0.3 + 0.3 · β · tp · e1−β·tp), α, β ∈ R+, (48)

where tp ∈ R+ denotes the time after the start of each individual pulse.
The Ca2+ concentration dynamics in the endoplasmic reticulum, CAER, and the concentra-

tion of the cytosolic Ca2+ dynamics, CAC , are described by the differential equations

d

dt
CAER = − CHO · ERR · (CAER − CAC) (49)

+ k−6 ·
2 · CA2

C

0.5 + 2 · CA2
C

· (ERUL− CAER) (50)

d

dt
CAC = 0.05 · CHO · ERR · (CAER − CAC) (51)

− 0.05 · k−6 ·
2 · CA2

C

0.5 + 2 · CA2
C

(ERUL− CAER) (52)

+ V SR · (CAE − CAC)−
k7 · CA2

C

0.1 + CA2
C

+ k9 · CAE (53)

where

ERR = k6 + k66 · CAC − k666 · CA2
C (54)

V SR = k8 · E + k88 · CAC − k888 · CA2
C · V SRO (55)

d

dt
V SRO =

{
−v1 if GnRH > 0,
v2 if GnRH = 0,

(56)

and k6, k−6, k66, k666, k, k8, k88, k888, k9, ERR,ERUL, v1, v2 ∈ R+, whereas the external Ca2+

concentration, CAE , remains constant [44].

16



Finally, it is assumed that the release of LH depends on CAC through Michaelis-Menten
kinetics [44]:

d

dt
LH =

k10 · CA2
C

2 + CA2
C

, k10 ∈ R+. (57)

This model focus on the GnRH-induced secretion of LH, since GnRH has effect only on go-
nadotropin release and not on synthesis. The release stimulation is described in more detail
which is why it offers a suitable alternative.

In Figure 10, the receptor recycling process, as it is derived in [44], slightly modified, is
presented. Additionally to [2] which is constrained to the receptor binding leading to calcium
dynamics and, finally, to the LH dynamics, the recycling process is included in [44]. Thus,
assuming receptor dynamics like in [19], even if derived for the ovine case, is reasonable even for
women.

The research focus on the case of LH, since it is a key element at mid-cycle. Therefore, we
can only assume that the release of FSH mediated by GnRH is comparable with LH release [45].

4.2 Dynamics of LH and FSH

In addition to the assumptions presented in [17] and in Section 2, we can find the following
deviations. Probably, the inhibitory effect of estradiol does not remain during the entire cycle.
Actually, it has the ability to exert both negative and positive feedback on the secretion of the
gonadotropins [1, 33, 43, 45]. Since the initiation of the LH and FSH surge is the consequence of
the stimulation by estradiol [45], it is assumed that estradiol is inhibitory at low concentrations
and stimulatory at high concentrations. This biphasic feedback is also part of the regulation of
the GnRH pulse generator presented in Section 3. The stimulatory effect of estradiol is amplified
by progesterone [15, 43]. In contrast to the assumed stimulatory effect of progesterone, it is
possible that estradiol can inhibit FSH synthesis [1] and progesterone can, in combination with
estradiol, exert a negative feedback on the FSH secretion [45]. Inhibin inhibits the FSH synthesis
[15, 30] and, moreover, the FSH release [21, 27], whereas activin enhances FSH secretion [21].

These feedback mechanisms are mediated by receptor binding which is not completely clar-
ified.

If we consider these additional assumptions (see Figures 11 and 12), the model equations for
the LH dynamics have the following modified form, in comparison to Equations 1 to 5, assuming
dependence of effects:

d

dt
PLH = synLH(E2,τE2

, P4,τP4
)− relLH(E2,τE2

, P4,τP4
, (GnRH-RGnRH), PLH) (58)

d

dt
LH =

1
VB

· relLH(E2,τE2
+τLH , P4,τP4

+τLH , (GnRH-RGnRH)τLH , PLH,τLH
) (59)

− clearLH(LH), (60)

where

synLH = bLH + h−1 (P4) · h+
1 (E2) · synLH,max (61)

relLH =
(
h−2 (E2) + h+

2 (E2)
)
· h+

3 (P4) · relLH,max · (GnRH-RGnRH) · PLH (62)
clearLH = αLH · LH. (63)

The parameter relLH,max is comparable to a2 and c is analog to αLH in Equations 33 and 34.
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Figure 12: Regulation of FSH synthesis and release by progesterone, estradiol, and inhibin.

In the case of FSH, we have:

d

dt
PFSH = synFSH(IhτIh

)− relFSH(E2,τE2
, P4,τP4

, IhτIh
, (GnRH-RGnRH), PFSH) (64)

d

dt
FSH =

1
VB

· relFSH(E2,τE2
+τFSH , P4,τP4

+τFSH , IhτIh+τFSH , (GnRH-RGnRH)τFSH , PFSH,τFSH
)

(65)

− clearFSH(FSH) (66)

where

synFSH = bFSH + h−3 (Ih) · synFSH,max (67)
relFSH =

(
h−4 (E2) + h+

4 (E2)
)
· h+

5 (P4) · h−5 (Ih) · relFSH,max · (GnRH-RGnRH) · PFSH (68)
clearFSH = αFSH · FSH. (69)

In both cases, h+
i (H) := h+

i (H,Ti, ni) and h−i (H) := h−i (H,Ti, ni), i = 1, . . . , 5, denote the
hill functions as well as Hτ := H(t − τ) for H = E2, P4, Ih, (GnRH-RGnRH), PLH , PFSH and
τ = τE2 , τP4 , τE2 + τLH , τIh, τE2 + τFSH , τP4 + τFSH , τIh + τFSH .

5 Dynamics in the Ovaries

The follicular development is primarily controlled by LH and FSH where FSH plays an impor-
tant role especially at the beginning while LH promotes follicular growth up to ovulation and
maintains the activities of the corpus luteum in the second half of the cycle. The process of
development can be divided into several stages characterized by the LH and FSH receptor con-
centrations, the enzyme production, and the biosynthesis of steroids, hormones deriving from
cholesterol.
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Figure 13: Follicular development, adapted from [28].

For simplification, it can be assumed that the total receptor concentration is constant. The
enzyme concentrations in the follicles depend on the LH and FSH blood concentrations and on
the concentration of activated LH and FSH receptors. By assuming simple Michaelis-Menten
kinetics, we can develop model equations for the steroidogenesis, the steroid biosynthesis in the
ovaries, from which the steroid concentrations in the blood arise.

In the following subsections, there are three main questions to be clarified: Which parts of
the steroidogenesis occurs in which cells and at which stage. Shortly expressed, we want to know
what happens where and when.

5.1 Follicular development

The purpose of regulation carried out by reproductive hormones is eventually the follicular
development in the ovaries which is shown in Figure 13. Out of the pool of immature follicles
in the ovaries, a couple of them enter the menstrual cycle and run through the single follicular
stages, unless they undergo atresia.

The production of steroids depends largely upon the follicles’ growth and maturation. There
are mainly two cell types which are responsible for the different processes leading to the two cell
theory.

Two cell theory. There are mainly two cell types which are important in the pathway of
follicular development, the granulosa and the theca cells. They differ in, for instance, receptor
expression and enzyme production. The basic features of the two cell theory are shown in Figure
14. The androgen synthesis in the theca cells is mainly mediated by the enzymes cholesterol side
chain cleavage (P450scc), 17α-hydroxylase (P45017-OH), and 3β-hydroxysteroid dehydrogenase
(3β-HSD) [5]. In granulosa cells, the 17β-hydroxysteroid dehydrogenase enzyme (17β-HSD)
transforms androstendione into testosterone, and aromatase (P450arom) catalyzes the reaction
from testosterone to estradiol [5]. The enzymes P450scc and 3β-HSD are produced in the
granulosa cells as well.

Follicular growth and maturation. The following approaches are conceivable and have
been developed to some extent in the past:
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Figure 14: Two cell theory [11, 15, 40, 41]. chol: Cholesterol, preg: Pregnenolone, prog: Pro-
gesterone, 17α-preg: 17α-Hydroxypregnenolone, 17α-prog: 17α-Hydroxyprogesterone, DHEA:
Dehydroepiandrosterone, andr: Androstendione (Androst-4-ene-3,17-dione), test: Testosterone,
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• Modelling the dynamics of single follicles. The time points where follicles enter the ma-
turing process are generated by a stochastic process. The case where the dynamics in the
follicles are represented by the estradiol concentrations is treated in [6, 25]. The dynamics
are described by a system of differential equations. This model is able to characterize ovu-
latory as well as anovulatory cycles [25]. In [6], the model is modified in order to model
the PCO syndrome.

• Modelling on a cellular level. There are mainly two different cell types in the follicles:
theca and granulosa cells. By modelling the cell growth and maturation process as well
as the receptor complex concentration, the steroid synthesis and release dynamics can be
determined. The case of growth kinetics of the granulosa cell population has been treated
in [7, 8].

• Modelling follicular masses in discrete stages. The number of follicles in every single stage
is not important, only its mass. Every stage has its characteristic enzyme and steroid
production. This approach is used in [17, 18, 36, 38].

• The idea of modelling follicular masses could be combined with the two-cell theory. That
means that we do not consider total follicular masses, but a granulosa cell mass and a
theca cell mass since granulosa and theca cells are the locations where steroidogenesis
takes place.

The approach mentioned at third position is chosen in [17], our basic compartment model.
The idea mentioned last could be incorporated into the basic model. By including additional
information, the model for the follicular development will be modified. In the following, we
study the influence of the gonadotropins FSH and LH.

The ovaries contain a pool of immature primordial follicles consisting of approximately
400,000 follicles at puberty [15, 21]. They possess an oocyte, an immature egg-cell, which
is surrounded by a single layer of flattened, poorly differentiated cells called granulosa cells
[15, 21, 41]. Out of this pool, 1 to 15 [5] or even 30 [21] enter the follicular growth and maturation
process of the menstrual cycle. It is assumed that these first steps of the so-called initial
recruitment [41] is independent of the gonadotropins FSH and LH [5, 21, 35, 41, 46], but regulated
by intra-ovarian factors [41].
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When the primordial follicle has left the pool of resting follicles, the size of the oocyte begins
to increase, the zona pellucida, a membrane that will eventually surround the oocyte, begins
to form, and the granulosa cells assume a cuboidal shape [15, 41]. The follicle at this stage is
called primary follicle [15, 41]. It is assumed that the follicular growth is still independent of
FSH and LH [46].

As the so-called secondary follicle or preantral follicle [15, 41] is being formed, the granulosa
cells express FSH receptors [21, 41]. But to start the gonadotropin-dependent follicular devel-
opment and to ensure the further development, a certain, individually varying threshold value
for FSH has to be exceeded [21, 41]. Henceforth, the follicles are gonadotropin-sensitive [15, 21].

The transition from the secondary follicle to the next stage is promoted by FSH [41], now
called the tertiary follicle or antral follicle [15]. The granulosa cells rapidly proliferate and the
follicle continues to enlarge [15, 41]. The production of IGF-2 starts which is diffunding to the
surrounding ovarian stroma inducing the differentiation of the theca cells [21]. These express
LH receptors and become LH-sensitive [21, 41]. Since the thecal layer is formed, LH can also
have a stimulating effect on the follicular development. Within the granulosa layer, fluid is
accumulating leading to the formation of the so-called antrum. The follicles are not longer only
FSH responsive but FSH dependent [35, 41].

Among the recruited follicles, selection of normally one dominant follicle takes place and the
subordinate follicles undergo atresia [21, 41]. The mechanism leading to this selection is still
unknown [21]. Upon the completion of this growth phase, the follicle, now referred to as Graafian
follicle or preovulatory follicle, is prepared for ovulation [15, 41]. FSH induces LH receptors in
the granulosa cells and, consequently, LH as well as FSH promote follicular maturation [21, 41].

The growth and maturation process is completed and the follicle is ready for the ovulation
when speaking of the ovulatory follicle. LH stimulates this process where the follicle ruptures
and releases the ovum.

Then, the cells of the ruptured follicle change morphologically which is called luteinization
[41]. The follicle at this stage is referred to as luteinizing follicle [41].

The correct term from now on is corpus luteum when speaking of the follicle [21] which can
be divided into the stages early corpus luteum, mature corpus luteum, and late corpus luteum.
At the beginning of this phase, it is referred to as early corpus luteum. LH has no influence
on these changes, the corpus luteum is establishing autonomously [21]. In the mature corpus
luteum as well as in the late corpus luteum, LH becomes more and more indispensable in the
maintainance of corpus luteum activities [41].

The regression of the corpus luteum ends, unless pregnancy occurs, as an avascular scar, the
corpus albicans [41].

There are other factors influencing follicular development which have been neglected at this
state of modelling since FSH and LH are the main hormones regulating the follicular growth
and maturation.

Two essential processes which have to be distinguished can be identified: the maturation of
the follicles or, understood in a discrete manner, the transistion to the next follicular stage, and
the growth, the proliferation of cells within one stage.

The physiological classification can be used as basis for the determination of the mathematical
partioning. To improve the quality, each stage could be divided into several steps as it was done
in [17] for the luteal phase.

The exact assignment of the influence of FSH and LH on the transition between stages
and on the growth at the stages is not possible, since the specifications in the literature can
vary. Simulation of the different possibilities could help to decide which approach is to be
chosen. The assumed influence of the gonadotropins at the different stages is shown in Figure
15 schematically.
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According to the model scheme, we obtain for the follicular phase:

d

dt
Fs(t) = k1 · h+(FSH(t− τFSH), TFSH , nFSH) + k2 · f1(FSH(t− τFSH)) · Fs(t) (70)

− k3 · f1(FSH(t− τFSH)) · Fs(t) (71)
d

dt
Ft(t) = k3 · f1(FSH(t− τFSH)) · Fs(t) + k4 · f2(FSH(t− τFSH), LH(t− τLH)) · Ft(t) (72)

− k5 · f2(FSH(t− τFSH), LH(t− τLH)) · Ft(t) (73)
d

dt
Fg(t) = k5 · f2(FSH(t− τFSH), LH(t− τLH)) · Ft(t) + k6 · f1(LH(t− τLH)) · Ft(t) (74)

− k7 · f1(LH(t− τLH)) · Fg(t), (75)

during ovulation and luteinization:

d

dt
Mo(t) = k7 · f1(LH(t− τLH)) · Fg(t)− k8 ·Mo(t) (76)

d

dt
Ml(t) = k8 ·Mo(t)− k9 ·Ml(t), (77)

and for the luteal phase:

d

dt
Le(t) = k9 ·Ml(t)− k10 · f1(LH(t− τLH)) · Le(t) (78)

d

dt
Lm(t) = k10 · f1(LH(t− τLH)) · Le(t)− k11 · f1(LH(t− τLH)) · Lm(t) (79)

d

dt
Ll(t) = k11 · f1(LH(t− τLH)) · Lm(t)− k12 · Ll(t) (80)

d

dt
La(t) = k12 · Ll(t)− k13 · La(t), (81)

where τFSH , τLH ∈ R+ denote the delays, TFSH ∈ R+ the threshold value for FSH, nFSH ∈ R+

the hill coefficient, and ki ∈ R+, i = 1, . . . , 13. The approach by the functions

f1(H) := Hα, α ∈ R+
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and

f2(H1,H2) := Hα1
1 ·Hα2

2 , α1, α2 ∈ R+,

where H, H1, and H2 denote the dimensionless FSH or LH concentration, represents only one
of the possibilities according to the basic compartment model.

These model equations could be written seperately for the cases of granulosa and theca cells
if desired.

5.2 Receptor binding of LH and FSH

In order to find out more about the effects of the gonadotropins on the events in the ovary,
it is necessary to identify the interface between the two compartments pituitary and ovaries.
FSH and LH are released into the blood and reach the ovaries. Stimulation of follicular growth
and maturation and, therewith, biosynthesis of the steroids is enhanced mainly by gonadotropin
coupling to its receptor which activates a cascade of reactions.

The gonadotropins FSH and LH bind to their receptors and form a complex. By interacting
with the G protein and transforming of GDP to GTP, the enzyme adenylate cyclase (or adenylyl
cyclase) gets activated. The activated AC reacts with ATP, forming cAMP. By influence of
cAMP, protein kinase A (PKA) gets activated leading to higher enzyme synthesis and therefore
to stimulation of the steroidogenesis.

FSH-induced cAMP production. In [9], a model for the FSH-induced cAMP production
in ovarian follicles is derived. An overview of the reaction scheme is given in Figure 16.

FSH binds to its receptor, RFSH , with the constant rate k+. This results in the formation
of an active complex, (FSH-RFSH), which can dissociate with the constant rate k−. Bound re-
ceptors activate adenylate cyclase, ACi. The activation depends on the complex concentration
which is multiplied by the amplification parameter σ representing the average number of adeny-
late cyclase activated by one bound receptor. By reaction of the activated adenylate cyclase,
ACa, with ATP, cAMP is synthesized activating the protein kinase A.

In the model presented in [9], the cycle of G protein activation/deactivation is not modeled
explicitly, neither the cAMP-independent desensitization. Moreover, it is assumed that the total
number of FSH receptors (free, active, phosphorylated, and internalized) remains constant, and
that the amount of FSH is sufficiently large so that its concentration is unaffected by binding
to receptors.

We obtain the following equations [9]:

d

dt
RFSH = k− · (FSH-RFSH) + kr ·Ri − k+ · FSH ·RFSH (82)

d

dt
(FSH-RFSH) = k+ · FSH ·RFSH − (ρ+ k−) · (FSH-RFSH) (83)

d

dt
ACFSH = β · (σ · (FSH-RFSH)−ACFSH) ·ACFSH (84)

d

dt
cAMP = ω ·ACFSH − kPDE · cAMP (85)

d

dt
(FSH-RFSH -p) = ρ · (FSH-RFSH)− ki · (FSH-RFSH -p) (86)

d

dt
Ri = ki · (FSH-RFSH -p)− kr ·Ri, (87)

where

ρ(cAMP ) =
α · cAMP γ

δγ + cAMP γ
.
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Figure 16: Model scheme for the FSH-induced cAMP production [9]. RFSH : FSH receptor,
(FSH-RFSH): receptor complex, (FSH-RFSH -p): phosphorylated receptor, Ri: internalized re-
ceptor, ACi: inactive adenylate cyclase, ACa: active adenylate cyclase, PDE: phosphodiesterase,
PKAi: inactive protein kinase A, PKAa: active protein kinase A.

The total receptor concentration is

RFSH,total = RFSH + (FSH-RFSH) + (FSH-RFSH -p) +Ri. (88)

Receptor dynamics. The total receptor concentration depends on the follicular stage. FSH
receptors are only expressed in the granulosa cells [5, 12, 15] while LH receptors are expressed
in the theca cells and, at a later stage, in the granulosa cells as well. The receptor concentration
in the granulosa cells depends also on the FSH concentration, and the receptor concentration
in the theca cells on the LH concentration. These informations are not sufficient for describing
the detailed receptor dynamics mathematically. Coarsely, the dynamics can be described by:

d

dt
RLH,total = f(F theca

t , . . . , Ltheca
a ;LH) + f(F gran

g , . . . , Lgran
a ;FSH) (89)

d

dt
RFSH,total = f(F gran

s , . . . , Lgran
a ;FSH), (90)

where f is not specified. F gran
po , . . . , Lgran

a denote the granulosa cell masses, F theca
po , . . . , Ltheca

a

the theca cell masses.
Generally, it can be assumed that the binding of LH to its receptor proceeds in a similar

manner as in the case of FSH, see [9]. The concentration of free LH and FSH receptors is
regulated by the LH and FSH concentration, respectively, and the receptor recycling process.
Since there are several possibilities how the signal transduction can be exerted, not only via the
production of cAMP, we focus on the receptor recycling process.

As a start, the total receptor concentration is assumed to be constant during the cycle as it
is done in [9].

24



5.3 Enzyme concentrations

The enzymes P450scc, P45017-OH , P450arom, 3β-HSD, and 17β-HSD are important catalyzers in
the steroidogenesis. This synthesis is controlled by LH and FSH and by LH and FSH receptors.
The LH and the FSH molecules, respectively, bind to its receptor and activate a cascade of
reactions. This can result in the synthesis of cAMP and so to an enhanced mRNA concentration
activating the enzyme synthesis [12, 41]. Primary follicles consist mainly of granulosa cells
exhibiting FSH receptors. The follicular mass is still small, that is why no detectable enzyme
amount is produced. The enzymes P450arom and 17β-HSD are produced in the granulosa cells
[5, 41] via the FSH receptor binding from the secondary follicle. In the tertiary follicle, there are
also theca cells expriming LH receptors. Thus, the enzymes P450scc, P45017-OH , and 3β-HSD
are produced [5] via the LH receptor binding [41]. In the Graafian follicle, the granulosa cells
exhibit also LH receptors leading to the expression of P450scc and 3β-HSD via the LH receptor
binding [41]. In the corpus luteum, the processes are similar to the ones in the Graafian follicle
[41]. The cells, then, are called luteinized theca and luteinized granulosa cells, respectively [41].

The enzymes are activated by the receptor binding. Once they have accomplished their
objective, that is the activation of the steroid synthesis, they will be inactivated. This occurs
proportionally to the activated enzyme concentration. As first modelling approach, it can be
assumed that the enzyme concentrations can be described by a linear combination of follicular
masses.

Then, the simplest approach for modelling the total enzyme concentrations including the
two cell theory would be:

3β-HSD = flinkom(Ft, . . . , Ll; a) (91)
17β-HSD = flinkom(Fs, . . . , Ll; b) (92)
P450scc = flinkom(Ft, . . . , Ll; c) (93)
P45017-OH = flinkom(Ft, . . . , Ll; d) (94)
P450arom = flinkom(Fs, . . . , Ll; e), (95)

where a, c, d ∈ R7
+, b, e ∈ R8

+, and

flinkom(A; p) :=
n∑

i=1

pi ·Ai, p ∈ Rn
+, A ∈ Rn

+, n ∈ N.

However, we are primarily interested in the concentrations of active enzyme concentrations
which is why we have to consider the receptor binding. If we assume that the enzymes are
activated proportionally to the receptor complex concentration as well as to the total enzyme
concentration and are deactivated proportionally to the active enzyme concentration, we obtain
the following system of differential equations for the activated enzyme concentrations:

d

dt
3β-HSDa = k1 · 3β-HSD · (LH ·RLH)− k2 · 3β-HSDa (96)

d

dt
17β-HSDa = k3 · 17β-HSD · (FSH ·RFSH)− k4 · 17β-HSDa (97)

d

dt
P450scca = k5 · P450scc · (LH ·RLH)− k6 · P450scca (98)

d

dt
P45017-OH,a = +k7 · P45017-OH · (LH ·RLH)− k8 · P45017-OH,a (99)

d

dt
P450aroma = +k9 · P450arom · (FSH ·RFSH)− k10 · P450aroma, (100)

where ki ∈ R+, i = 1, . . . , 10.
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5.4 Biosynthesis of the steroids

The steroids are produced in the follicular and luteal cells and, partly, they are released into
the blood circulation. Since the steroids bind to plasma proteins, transport effects have to be
considered.

Steroids. Cholesterol reacts to pregnenolone via the enzyme P450scc, pregnenolone to pro-
gesterone via 3β-HSD, and progesterone to 17α-hydroxyprogesterone via P45017-OH [41]. The
reaction of androstendione to testosterone is catalyzed by the enzyme 17β-HSD from the sec-
ondary stage and testosterone to estradiol via P450arom in mature follicles [5]. The reactions
and their catalyzing factors are described in more detail in [13].

It is assumed that the cholesterol concentration is constant. For the enzyme catalyzed reac-
tions, the simple Michaelis-Menten mechanism (irreversible and reversible) is applied. Moreover,
it is assumed that one molecule substrate reacts to one molecule product. The fact that an en-
zyme can catalyze several reactions is ignored. The steroids are released proportionally to their
concentration.

The following equations describe an extract of the steroidogenesis found in the KEGG PATH-
WAY Database [13] which is shown in the Figures 17 and 18. Even if the reactions often involves
other substrates as well, it is justifiable to simplify the mechanism: since we do not know enough
about the dynamics of the other subtrates, we start with assuming that their concentrations are
constant. Moreover, if the reaction mechanism is considered in more detail, the model is getting
cumbersome.

We obtain for the steroidogenesis in the theca and granulosa cells according to the model
scheme presented in Figure 19:

d

dt
preg = + c1 · P450scca · chol − f irrev(preg, P45017-OH,a, k1) (101)

− f rev(prog, preg, 3β-HSDa, p1)− c2 · preg (102)
d

dt
prog = + f rev(prog, preg, 3β-HSDa, p1)− f irrev(prog, P45017-OH,a, k2)− c3 · prog, (103)

and for the steroids which are, without exception, produced in the theca cells:

d

dt
17-preg = + f irrev(preg, P45017-OH,a, k1)− f irrev(17-preg, P45017-OH,a, k3) (104)

− f rev(17-prog, 17-preg, 3β-HSDa, p2)− c4 · 17-preg (105)
d

dt
17-prog = + f irrev(prog, P45017-OH,a, k2) + f rev(17-prog, 17-preg, 3β-HSDa, p2) (106)

− f irrev(17-prog, P45017-OH,a, k4)− c5 · 17-prog (107)
d

dt
DHEA = + f irrev(17-preg, P45017-OH,a, k3)− f rev(andr,DHEA, 3β-HSDa, p3) (108)

− c6 ·DHEA (109)
d

dt
andr = + f rev(andr,DHEA, 3β-HSDa, p3) + f irrev(17-prog, P45017-OH,a, k4) (110)

− f rev(test, andr, 17β-HSDa, p4)− f irrev(andr, P450aroma, k5)− c7 · andr
(111)

d

dt
test = + f rev(test, andr, 17β-HSDa, p4)− f irrev(test, P450aroma, k6)− c8 · test (112)
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Finally, for the aromatase activities in the granulosa cells leading to the production of the
estrogens, we have:

d

dt
estro = + f irrev(andr, P450aroma, k5)− f rev(estra, estro, 17β-HSDa, p5) (113)

− c9 · estro (114)
d

dt
estra = + f irrev(test, P450aroma, k6) + f rev(estra, estro, 17β-HSDa, p5) (115)

− c10 · estra (116)

where ci ∈ R+, i = 1, . . . , 10, ki ∈ R2
+, i = 1, . . . , 6, and pi ∈ R4

+, i = 1, . . . , 5.

Inhibins, activins, and follistatin. As a first approach, the inhibin is modelled similarly to
Section 2, Equation 22:

Ih(t) = c1 + c2 · Ft(t) + c3 · Lm(t) + c4 · Ll(t) (117)

where ci ∈ R+, i = 1, . . . , 4.
There is not only one form of inhibin. In fact, there are two forms of inhibin composed of

a α-subunit coupled with one of two β-subunits: inhibin A (αβA) and inhibin B (αβB) [27].
Activins consist of two β-subunits and can be found in three forms: activin A (βAβA), activin B
(βBβB), and activin AB (βAβB) [27]. Both inhibins and activins modulate the FSH secretion in
the pituitary [27]. Moreover, they play roles in the follicular differentiation and steroidogenesis
[27]. They are produced in the follicles where they are regulated by FSH, LH, androgens, and by
local factors [5, 15, 27]. Follistatin is an activin binding protein which can reverse the activities
of activin [5]. It is part of the complete inhibin, activin, and follistatin regulatory system [5].

For simplification, the regulation and the effects of activin and follistatin are not incorporated
into the model right now, but it would be one of the next steps when expanding the model.

Steroid concentrations in the blood. Parts of the, in the follicles synthesized, steroid
masses are released into the blood, where it is distributed in the blood volume VB. Taking into
account that changes in steroid mass affect the steroid concentration in the blood after a certain
time, delay terms τprog and τestra for progesterone and estradiol, respectively, are included.
Assuming a clearance rate proportional to the present concentration, we obtain the following
equations for the two most important steroids:

d

dt
P4(t) = k1 ·

prog(t− τprog)
VB

− clP4 · P4(t) (118)

d

dt
E2(t) = k2 ·

estra(t− τestra)
VB

− clE2 · E2(t), (119)

where clP4 , clE2 ∈ R+ denote the clearance rates and k1, k2 ∈ R+. The same approach can also
be accomplished analogously for other steroid hormones.

Transport effects in the blood. The effective steroid concentrations in the blood is dimin-
ished by binding to certain plasma proteins. Estradiol and testosterone bind preferably to sex
hormone-binding globulin (SHBG) and to albumin [40], progesterone to cortico-steroid-binding
globulin (CBG) and also to albumin [15]. The concentration of these proteins is increased by
estrogens and decreased by androgens and progestins [15, 40]. However, the proportions of free
and bound estradiol, for example, do not vary significantly during the menstrual cycle [15].
Therefore, it can be assumed for simplification that the binding protein concentrations are con-
stant. In order to model transport effects in a decent manner, k1 and k2 are not longer constants,
but depend on estrogens, androgens and progestins.
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Figure 19: Model scheme for the steroidogenesis. The steroids which are colored dark grey
are incorporated into the model since being the most important ones. chol-ester: Choles-
terol ester, chol: Cholesterol, 20α-OH-chol: 20α-Hydroxycholesterol, 22β-OH-chol: 22β-
Hydroxycholesterol, 17α,20α-DOH-chol: 17α,20α-Dihydroxycholesterol, 20α,22β-DOH-chol:
20α,22β-Dihydroxycholesterol, preg: Pregnenolone, 17α-OH-preg: 17α-Hydroxypregnenolone,
prog: Progesterone, 17α-OH-prog: 17α-Hydroxyprogesterone, DHEA: Dehydroepiandrosterone,
DOH-andr: 3β,17β-Dihydroxyandrost-5-ene, andr: Androstendione (Androst-4-ene-3,17-dione),
test: Testosterone, 19-OH-andr: 19-Hydroxyandrostendione (19-HYdroxyandrost-4-ene-3,17-
dione), 19-OH-test: 19-Hydroxytestosterone, 19-oxo-andr: 19-Oxo-androstendione (19-Oxo-
androst-4-ene-3,17-dione), 19-oxo-test: 19-Oxotestosterone, estro: Estrone, estra: Estradiol
(Estradiol-17β).
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6 Summary and Outlook

Up to now, there are, coarsely summarized, either models which are able to describe the dynamics
of the most important hormones and the follicular development or models dealing with the
biochemical background of receptor binding as part of the control system. We do not aim at
developing a model that is as simple as possible, but we want to incorporate as many processes
as possible, within reasonable limits, aiming at expanding the field of applications.

The first step is to determine the processes and interactions belonging to the hormonal regu-
lation of the follicular development. Basically, the three compartments hypothalamus, pituitary,
and ovaries connected through the blood circulation are studied. In this control system, the
GnRH pulse generator plays an important role. The frequency and the amplitude of the GnRH
pulses are regulated mainly by the ovarian hormones progesterone and estradiol. The released
GnRH reaches from the pituitary portal system into the pituitary where it binds to its receptor.
By this activation of the receptor, the secretion of the gonadotropins LH and FSH is stimulated.
Both the synthesis and the release are regulated primarily by progesterone, estradiol, and in-
hibin via feedback mechanisms. The gonadotropins are released into the blood circulation and
are transported to the ovaries. They bind to their receptors and initiate signal transduction
leading to the synthesis of enzymes which are necessary for the steroidogenesis. In addition, LH
and FSH are essential components in the regulation system of follicular growth and maturation.
Enzyme concentrations and, thus, steroidogenesis depend on the follicle’s stage.

Existing and new modelling approaches are presented and discussed. A system of differential
equations serves as a basis for the modelling. To cope with the fact that the processes do not take
place in one single compartment and that the effect of one compartment’s hormone on another
compartment’s hormone is retarded due to the spatial separation, delay differential equations
are used. The GnRH pulse generator has a special position in this system. For the pulse
time points and the associated release of the stored GnRH pulse mass, a stochastic approach
is chosen. Enzyme catalyzed reactions are modelled by assuming Michaelis-Menten kinetics. If
the biochemical actions are not known in detail, but feedback mechanisms among hormones can
be assumed, the hill functions are applied.

The GnRH pulse generator is incorporated into the model as well as the receptor binding
being regarded as interface between the compartments. The steroidogenesis is treated in more
detail than hitherto by applying the two cell theory.

By now, we have a complex model for the control system of the human menstrual cycle.
However, there are various expandabilities and so, the modelling process is not at its end. A
large number of parameters arises in this model where the values are mostly not given directly.
This is why parameter estimation is one of the next steps. We plan to perform parameter
estimation and simulations in a forthcoming paper. The model will be tested for a vast range
of cases and, if necessary, it has to be modified.
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Santé, volume 9, pages 31–58. EDPSciences, SMAI, 2000.

[11] A. J. Conley and I. M. Bird. Minireview: The role of cytochrome P450 17α-hydroxylase and 3β-
hydroxysteroid dehydrogenase in the integration of gonadal and adrenal steroidogenesis via the δ5 and δ4
pathways of steroidogenesis in mammals. Biology of Reproduction, 56:789–799, 1997.

[12] B. A. Cooke, R. J. B. King, and H. J. van der Molen (eds.). Hormones and their Actions, Part II. Elsevier
Science Publishers BV, 1988.

[13] KEGG PATHWAY Database. http://www.genome.jp/kegg/pathway.html, 2006.

[14] J. D. Gordan, B. J. Attardi, and D. W. Pfaff. Mathematical exploration of pulsatility in cultured
gonadotropin-releasing hormone neurons. Neuroendocrinology, 67:2–17, 1998.

[15] F. S. Greenspan and G. J. Strewler (ed.). Basic & Clinical Endocrinology. 5th edition. Appleton & Lange,
1997.
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