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ABSTRACT. Unnecessarily conservative behavior of standard process control techniques
can be avoided by stochastic programming models when the distribution of random distur-
bances is known. In an earlier study we have investigated such an approach for tank level
constraints of a distillation process. Here we address techniques that have accelerated the
numerical solution of the large and expensive stochastic programs by a factor of six, and
then present a refined optimization model for the same application.

0. INTRODUCTION

In [3] we have proposed a multistage stochastic programming extension of model pre-
dictive control techniques to allow for the explicit incorporation of uncertainty via scenario
trees. As a concrete example, we have studied the separation of methanol and water in a
continuously running process where the inflow into a buffer tank is assumed to be ran-
dom with known distribution. The objective is to minimize the total energy consumption
over a given planning horizon under hard level constraints at the buffer tank; an alternative
approach with probabilistic level constraints has been studied in [5]. The model investi-
gated in [3] is a tracking problem that decouples uncertainty from the process dynamics:
the stochastic on-line problem minimizes the expected quadratic deviation from a nomi-
nal deterministic operation profile that is determined off-line. For the numerical solution
of the linear-quadratic multistage stochastic programs we rely on a primal-dual interior
method in combination with &ee-sparse KKT solvefor the highly structured Newton
step subproblems [10].

The current paper presents two techniques that are crucial for maximum efficiency in
solving the stochastic on-line problem (and thus for future application to models with
higher complexity): a problem reformulation enforcing relatively complete recourse, and
a software tool generating custom code for the tree-sparse KKT solver, given a specific
problem class. Finally we discuss a natural replacement of the tracking approach by an
integrated optimization of uncertainty and process dynamics.

1. STOCHASTIC TRACKING MODEL

Consider a planning horizon df periods in discrete time, = 0,1,..., T, and a sce-
nario tree with vertex se¥. LetL; C V denote the level set of nodes at timend
L = Lt the set of leaves. Further lete L, denote the rootj € L; the “current” node,
i = mn(j) € Ly_ its unique predecessor (if> 0), andS(j) C L its set of successors.
We also need sefg* = V\{0} andV' = U;O L., and finally the node probabilities
Pj > 0,jeV.

As in [3], let &, denote the tank inflow volume duririg— 1, t), f, the target extraction
during(t, t+1), andf, the actual extraction. The decision variabigs= (x¢, 1), consist
of the tank filling volumex, as state (with desired final vala&g), and the local tracking
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error as controly, = fy — ﬂ. These quantities are random variables with realizations
&;, f;,y; in the scenario tree representation; ofilys deterministic. Lettingy; = &; —f.,
the tracking model may then be written

L 1
1) minimize Z 2p,-ujz
jeVAL
(2 subjectto x; =xi —ui+h;vj eV,
(3) xj € x 7, xT1Vj € V¥,
(4) uy € fug,uf1vj e V\L,
(5) Z p—'ka =X71Vj€ely_1; (cycling constraint)
kes(j) o’

Herexy = hy is fixed, and the cycling constraint prescriBasasconditional expectation
of the final tank filling. It is not possible to end wiy- in every scenario since the extrac-
tion f+_; must be chosen at time— 1 whereas the inflovit_; is only known at timeT.

In [3, §2.2] we have shown thaty_ is uniquely determined by the cycling constraint so
that the final stage can be eliminated completely. Letipg= V'~ ', L. := Lt_4, and
redefiningx; appropriately foj € L., one obtains

S 1 1
(6) minimize > ijujz +) zpjsz
jJEV AL jeLc
(7) subjectto x; =x; —u;+hy Vj eV,
8) xj € [x¢,x{1Vj €V},
9) uy € fug,uf1Vvj e Ve L.

2. RELATIVELY COMPLETE RECOURSE

A multistage stochastic program is said to hagkatively complete recoursié every

feasiblet-stage trajectoryt = (yjt),-evt can be extended to a feasible tage) trajectory.

In other words, if all local constraints up to tintecan be satisfied, then it is possible

to satisfy the constraints in higher stages- 1,..., T as well: a trajectoryyt cannot

“get stuck” later. The tracking problem under consideration does not have this desirable
property, due to the cycling constrainttat= T.

In what follows, we construct a reformulation that does have relatively complete re-
course (which is possible for every linearly constrained multistage stochastic program [8]).
To this end, we first perform an outward recursion over the tree to defin¥;§étbat con-
tain the componenh;jt of every feasible-stage trajectory. In an inward recursion we then
determineinduced constraintso obtain sets]" whose elementg; have feasible exten-
sions to all immediate successor nodtes S(j). This is sufficient for relatively complete
recourse since the tracking problem is Markoviag:depends only on the immediately
preceding decisiog;. Given initial feasible sets
(10) Y =X x Uy = b, > [y, uf]

(WhereXo = {xo} andU; = {0} for j € L), let X" := Xo, Y§"* := Y, and forj € V*
define recursively the attainable feasible sets

(11) X()?ut =X;N (X?ut — U + &; ), Y;)ut = X;?Ut X Uj.
Here we use standard notation for sums and differences of subsets of a vector space,
(12) A+B:={axb:aceAandbeB}

(13) Axb:=A=+{b}, axtB:={a}LB.
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Forj € L, let nowX! := X%, U" := U;, andY!" := Y{', to derive the induced feasible
sets recursively foy € V\ L,

a4 X=X (Us + DY), U=y 0 (X — DY),
(15) Y= Y L, 1) x5 —u; € DY,
whereDijn denotes induced sets of feasible differences w;,

(16)  Df={x—uj:x—w+E& eXPVkeSH)}= [ (XQ— &)

kes(j)
Calculating the induced constraints for the tracking problem is particularly effective and
inexpensive because of the specific structure: the (scalar) states and controls are linked via
simple dynamic equations; = x; — w; + hj, they have lower and upper bounds, the
initial statex, is fixed, and the cycling constraint yields narrow feasible intervals for the
final states.

The desired reformulation of the tracking problem is obtained simply by replacing the
inequality constraintg; € Y; with y; € Y}”. To see that it has indeed relatively complete
recourse, nothing needs to be shownjfarL. Fori € V\ L and allj € S(i), the transition
equation of nodg mapsY!" into X" by definition of DI". But X" contains precisely the
local states; for which a feasible extension exists,

This proves relatively complete recourse. Moreover, feasibility of the problem is obviously
equivalent withX‘é1 #0 sinceX‘(g1 C Xo = {x0}. This condition is immediately checked in
the reformulation.

The construction shows that the principal restriction here is on the st@tesx'“ It
can further be shown that'” contains precisely the local contrals that are mstrumental
in extending some; € X'n to a feasible trajectory,

(18) u']n — {uj c uj: ij c len: X5 — 1 c D,]n }
Thus(x;, ;) € YI" impliesx; € XI" andu; € UP", so that
(19) Y;” = (Xijn X uijn) ﬂ{(xj,uj): Xj —uj € Dijn 1.

In practice we wish to have simple bounds only, so we do not work Mgitrbut rather
replaceX; and/orl; with X'n and/oru'n

To see which problem formulat|on performs best, we combiXgdr X'n with U; or
u;“ and tested all four combinations. A range of abbt@0 test problems was generated
by considering the setting in [85] with various target profiles, random distributions, and
inflow and extraction bounds. The discretization Bagme periods and a scenario tree
with a branching factor d, yielding5” = 78125 scenarios] 17187 variables, an@7656
constraints (plus bounds) for problem (6)—(7).

Interestingly, a speed-up by a factor of three was achieved X\i{?tlagnd Uj, whereas
the performance was roughly equal with all other combinations—a&{feand U;". The
speed-up is caused by a reduced number of interior point iterations. On the test problems,
the number varies between 21 and 99 with the original formulation and between 6 and 36
with the reformulation. The solution times are reduced fidn7—68.7 seconds td.2-25.3
seconds, a.7 seconds per iteration onla> GHz PC. The reformulation with relatively
complete recourse thus leads to significantly faster convergence.

3. CoDE GENERATOR

The tree-sparse KKT solver used in [3] implements block-level operations based on the
BLAS and LAPACK linear algebra software libraries. Such an implementation is only
moderately efficient when the blocks are very small (as is the case here), and it becomes
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increasingly inefficient for sparse blocks of increasing size. Although a manual adaptation
of the KKT code for a specific problem structure is straightforward, it is also tedious and
error-prone—and hence impractical. To overcome these limitations, a software tool has
been developed in the diploma thesis [7] that generates custom code based on a high-level
description of the specific KKT structure. This is possible since the tree-sparse approach
leaves very little choice for pivot selection, and only on the sub-block level. On the block
level it employs a fixed elimination scheme that fully exploits the generic tree-sparse struc-
ture created by a natural classification of the constraints [10].

The code generator requires as input data the overall problem type (implicit, outgoing
control, or incoming control; see [10]), the dimensions of each matrix block, the entry po-
sitions within each bock, and a classification of each individual entry. The classification in-
dicates whether entry values are fixed per problem cltasi¢entry) or problem instance
(constantentry), or whether the values may differ among level dgtgtime dependent
entry) or nodes (node dependenbr stochasticentry). The scenario tree is mostly inde-
pendent of the structural specification, except that a minimum (or fixed) number of stages
is given with the block specifications. (Currently the dimensions and entry positions and
types must be identical across a stage.)

From these data, the code generator determines the positions and classification of the
fill-in, then creates data structures and element-oriented (sparse) or block-oriented (dense)
node operations, as appropriate, and finally generates four output files. The four files
contain code implementing the KKT vector, matrix, inverse, and common structural infor-
mation, respectively, a8++ class templates. The code is human-legible and can be edited
manually. As we are working with very large scenario trees, the data structures are chosen
S0 as to minimize memory requirements. For further details see [7].

The code generator was used to generate custom code for the tracking model, which was
then slightly improved manually. With little effort, we have thus obtained an additional
speed-up by a factor of two: computation times for the test problems are now reduced to
2.05-12.5 seconds, 00.35 seconds per iteration.

4. INTEGRATED STOCHASTIC PROCESSMODEL

A natural replacement of the tracking model discussed so far is an integrated approach
where the dynamics of the distillation process are included in the stochastic optimiza-
tion model, so that the expected energy consumption can be minimized rather than the
expected deviation from a predetermined operation profile. This is clearly a substantial
benefit which, however, has to be paid for by running a copy of the process model in every
node of the scenario tree. As an example, consider an extended flash unit system consisting
of the tank, a reboiler and total condenser; see Fig. 1 and [2, 5, 6]:

Tank:

(20) AMp=¢—F
Reboiler:

(21) 0=F—Vg—B,

(22)  MpEXigr =FZ1 — VrYir — BXig,
(23)  Mg&HE =FHr — VgHY — BHk +Q,

(24) Hg = Xirhi(Tr) + Xorh5(TR),
(25) HY = YirhY (Tr) + Y2rhY (Tr),
(26) Yir =vi(Tr, X1R, X2r) XirP{P(TR) /PR, i=1,2,

(27) 1 =Xir + X2r, 1=Yir + Y2r,
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FIGURE 1. Flowsheet of a flash unit system

Condenser:

(YirM,y +Y2RM2)(Y1R\71V(TR) +Y2R\7%/(TR))
(AA)2

1
(28) Pr —Pc = ECC Vi,

(29) 0=Vg—D,

(30) MeEXqc =VRYir —DXjc.

Hereé, F, B, D, Vk denote molar liquid and vapor flow rates (tank inflow, feed, bottom, dis-
tillate, reboiler),Q is the reboiler heating powel, Mk, ML are molar liquid holdups
(tank, reboiler, condensei}; r, X1 ¢, Y1r, Z1 andXzg, Y2r are the liquid and vapor mole
fractions of methanol and water, respectivély; , M, are their respective molar masses,
Hp, HE, HY, ht hY are molar liquid and vapor enthalpié&, Pc are pressuredy is the
reboiler temperature, and the remaining symbols denote constants and (empirical) func-
tions. The model is valid if the inflow mixture has constant composition and temperature,
the molar holdupa/l;, Mt are constant, and the condenser reflux flawis zero.

After eliminating B, D, X2g, Y2rg, H}i, H}{,PR in a stable way, the process model can
be formulated with four differential variables, = (Mg, Xir, X1¢c, Tr), two algebraic
variables,z = (Vg, Y1r), and two (physical) control variables = (F, Q), yielding a
semi-implicit DAE of index one with stochastic disturbance in the first differential equation
(the feed flow rate),

(31) B(x)dx = f(x,z,w) + &e1, B(x) nonsingulay
(32) g(x,z) =0, a—g(x,z) nonsingular

With piecewise constant control profiles and a suitable discretization of the DAE, the full
model is then formulated as a nonlinear multistage stochastic program on a scenario tree (a
tree-sparse NLP), which can be treated by suitable SQP or interior methods in combination
with a tree-sparse KKT solver.

Observe first that collocation isot well suited for the DAE discretization: one cannot
afford fine time grids since scenario trees grow exponentially with the number of stages.
We therefore suggest a multiple shooting discretization with relaxed initial value problems
to account for inconsistent iterates [1, 9]. This means that local DAE initial value problems
of the following form have to be integrated numerically from ndde physical timer; to
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nodej at physical timer;, for everyj € V*:

(33) (x,2) (1) = (x4, z1),

(34) B(x) (ftx—f(x z,w) + &eq,

(35) 9(x,2) = glxi,zi)e PO

Thus one obtains valueqt;—) = Fj(x4,zi,wy; &;) that are needed for the continuity

conditionsx(t;—)—x; = 0, and valueg(t;—) that are thrown away: discretized algebraic
equations are formulated pointwise@s;,z;) =0,j € V.

Defining the numerical control variables as := (z;,wj), the complete tree-sparse

NLP may be written:

36 minimize Jeau;

(36) o) Z pi(T 4
jeVAL

(37) subjectto xp = %o,

(38) Xj = Fj(xi,ui;éj) VJ € V*,

(39) glx;,u) =0V €V,

(40) x; € [, x 1) e V7,

(41) uj € [uy, v eV,

(42) Z p*ke%ék =MerVj €Ly 1.
keS(j

From the tracking model (1)—(5), this problem differs mainly in the linear objective and the
nonlinear transition equations. As before, the cycling constraint can be used to determine a
control component: the feed extractioss, j € L. Although the final stage is still needed

for the process model here (and thus not completely eliminated), it bea®tersinistic

This means that no further branching is required in the scenario tree, yielding a substantial
reduction in size. Moreover, relatively complete recourse can be achieved with respect to
the tank level constraints, and their feasibility can be checked. The remaining constraints
are not amenable to such preprocessing, however, due to the nonlinear process model. In
particular, feasibility of the tank level constraints does not imply feasibility of the entire
process (although the converse holds).

Assuming the same discretization as before, the integrated modé8 hz&isscenarios,
175781 nodes, 328123 variables, an@76561 constraints. Even if the computational effort
increases by a factor df00, the stochastic NLP can be solved witHi&—12 minutes on
a3 GHz PC—certainly an acceptable figure for real-time application to a relatively slow
separation process.

5. CONCLUSION

We have considered multistage stochastic programming as an enhanced approach to ro-
bust process control when the distributions of random disturbances are known. The results
demonstrate that this approach can yield very quick responses if the process dynamics are
excluded from the real-time optimization by means of a tracking approach. Furthermore,
our discussion indicates that the stochastic approach, although rather expensive in com-
parison to deterministic model predictive control, can even be feasible for an integrated
treatment of uncertainty and moderately complex process dynamics.
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