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Abstract

In this paper, first solutions of the dust moment equations developed in
(Woitke & Helling 2002) for the description of dust formation and precipitation
in brown dwarf and giant gas planet atmospheres are presented. We consider
the special case of a static brown dwarf atmosphere, where dust particles conti-
nuously nucleate from the gas phase, grow by the accretion of molecules, settle
gravitationally and re-evaporate thermally. Applying o kinetic description of
the relevant microphysical and chemical processes for TiOs-grains, the model
makes predictions about the large-scale stratification of dust in the atmosphe-
re, the depletion of molecules from the gas phase, the supersaturation of the
gas in the atmosphere as well as the mean size and the mass fraction of dust
grains as function of depth. Our results suggest that the nucleation occurs in
the upper atmosphere where the gas is cool, strongly depleted, but nevertheless
highly supersaturated (S>>1). These particles settle gravitationally and populate
the warmer layers below, where the in-situ formation (nucleation) is ineffecti-
ve or even not possible. During their descent, the particles grow up to radii
~ 0.3 um ... 150 um, depending on the efficiency of convective mizing, thereby
consuming the remaining condensable elements from the gas phase and nearly
saturating the gas around the cloud base. The particles finally sink into layers
which are sufficiently hot to cause their thermal evaporation. Hence, an effecti-
ve transport mechanism for condensable elements exists in brown dwarfs, which
depletes the gas above and enriches the gas below the sublimation temperature
(cloud base) of a considered solid/liquid material. In the stationary case stu-
died here, this downward directed element transport by precipitating dust grains
is balanced by an upward directed flux of condensable elements from the deep
interior of the star via convective mizing (no dust without mizing). We find
a self-requlation mechanism which leads to an approzimate phase equilibrium
(S ~ 1) around the cloud base. The mass fraction of dust present in the at-
mosphere results be to approximately given by the mass fraction of condensable
elements in the gas being mized up.

1 Introduction

For ultra-cool stars and giant gas planets, the classical theory of stellar at-
mospheres suffers from the lack of a reliable theory for the formation of solid
particles and fluid droplets (henceforth called dust) in the atmosphere with are
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Abbildung 1: Sketch of the convective dust formation in brown dwarf atmos-
pheres: Life cycle of dust grains in sub-stellar objects.

important opacity carriers. A standard method to predict the amount and the
size distribution of dust particles of different kinds as function of depth, and
their feedback on the abundances in the atmosphere is not yet at hand.

Static model atmosphere calculations for brown dwarfs with frequency-depen-
dent radiative transfer and mixing-length theory (e.g. Allard et al. 2001, Marley
et al. 2002, Tsuji 2002) have, therefore, mainly used ad-hoc assumptions for
the treatment of the dust component so far. Depending on the purpose of the
model, the dust is simply disregarded, the dust is assumed to be fully condensed
and present or to have rained out completely, leaving behind a saturated, i.e.
strongly metal-deficient atmosphere. In each case, the spectral appearance of
molecular bands in the calculated spectra and the structure of the atmosphe-
re results to be quite different, which underlines the necessity of a consistent
modelling of the dust component in brown dwarf atmospheres.

The formation and precipitation of dust particles has furthermore been sug-
gested to cause the observed evolutionary sequence from L to T' dwarfs, which
change their J— K colour from red to blue with increasing age
(Kirkpatick et al. 1999, Marley et al. 2002, Burgasser et al. 2002). As the brown
dwarfs evolve along their cooling trajectory, the active dust forming regions are
suggested to sink below the photospheric level due to temperature constraints,
which causes the star to emit bluer than at earlier ages, when the effective
temperature was higher.

Thus, a strong need exists for a more profound modelling of the dust compo-
nent in ultra-cool stellar atmospheres. In particular, the dust size distribution
has often been treated inattentively in the models so far, e. g. using the distribu-
tion function of the interstellar medium (e. g. Allard et al. 2001). Several works
have addressed this problem (e. g. Lunine et al. 1989, Ackermann & Marley 2001,
Cooper et al. 2003) and have arrived at some first-order solutions. These works
are guided by stability considerations and follow a decision tree based on the
local time-scale arguments of Rossow (1978), which are originally based on the
experience with the earth’s atmosphere. However, these works do not aim at a
kinetic description of the relevant microphysical and chemical processes respon-
sible for the dust formation, precipitation and evaporation.

Without the replenishment with condensable elements, the final consequence



of the gravitational settling of dust particles in a static atmosphere is a saturated
gas without dust. However, the convective mixing counteracts this mechanism.
Brown dwarfs are known to be nearly fully convective (Chabrier & Baraffe 1997,
Tsuji 2002). Consequently, a non-continuous and spatially inhomogeneous mi-
xing of the upper atmosphere with gas from the deep interior can be expected.
The dust formation process is probably triggered by this mixing, especially in
upward directed, hot convective gas streams. The dust grains nucleate in such
metal-rich, i.e. supersaturated upwinds and rain out as soon as their sizes ha-
ve become sufficiently large, e.g. via the accretion of molecules. The sinking
grains will finally reach deeper atmospheric layers which are hot enough to cause
their thermal evaporation, which completes the life cycle of a dust grain in a
brown dwarf atmosphere (see Fig. 1). Since the vertical extension of a brown
dwarf atmosphere is quite small — typical density scale heights are as small as
H,~10%cm — all these processes occur in a thin layer, similar to the weather
in the Earth’s atmosphere. Comparable weather-like features can be obser-
ved in giant gas planets, e.g. the vivid fluid motion on Jupiter’s surface (e.g.
Vasavada et al. 1998, Gierasch et al. 2000, Gelino & Marley 2000).

In Woitke & Helling (2002, hereafter Paper II), a time-dependent physical
description of the dust component in brown dwarf atmospheres has been deve-
loped by extending the classical dust moment method developed by Gail &
Sedlmayr (1988), Gauger et al. (1990) and Dominik et al. (1993) to include size-
dependent particle drift. Two different systems of partial differential equations
in conservation form have been derived for the two relevant limiting cases of
small Knudsen numbers (subsonic free molecular flow) and large Knudsen num-
bers (laminar flow). These equations offer a unique method to simultaneously
model nucleation, growth, evaporation, element consumption and gravitational
settling of heterogeneous grains in time-dependent sub-stellar atmospheres.

In this paper, we aim at a first application of this method in the frame of
a homogeneously mixed static atmosphere, where we are mainly interested in
the basic control mechanisms responsible for the formation and the structure of
a quasi-static cloud layer. As example for refractory grains, we solve the dust
moment equations for TiOs-grains for the special case of a prescribed plane-
parallel atmospheric gas stratification, where dust particles continuously form,
settle gravitationally and evaporate, i.e. we assume the dust component to be
stationary. We summarise the extended dust moment equations and derive their
special form for the plane-parallel, static, stationary case in Sect. 2, along with
a short description of the applied boundary and closure conditions, and our
numerical method to solve the resulting system of ordinary differential equati-
ons. In Sect. 3, the calculated vertical structures of quasi-static cloud layers in
brown dwarf atmospheres are presented. We discuss these results with respect
to previous works in Sect. 4. Our conclusions are outlined in Sect. 5.

2 The model of a quasi-static cloud layer

In the following, we apply the kinetic description for nucleation, growth, eva-
poration, and gravitational settling of dust grains as developed in Paper II to a
quasi-static brown dwarf atmosphere. We consider the subsonic, large Knudsen
number case (IKn = {Kn>>1 and |04,| < c¢T}, compare Paper II), because — as
the results will show — the majority of dust grains building up the cloud layer



fall into this regime!. For this special case, the following system of dust moment
equations has been derived in Paper II:
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L; :f‘zo FONVIB AV [em? g7t (j=0,1,2, ...) is the j®*moment of the grain size
distribution function in volume space f(V)[cm™°], yB¢! [cm/s] is the net growth
speed, &1k, [dyn cm—2] the drag force density, n, [cm ™3] the particle density of
the key species of surface reaction r in the gas phase and S, its generalised
supersaturation ratio. For more details about Eqs. (1-3) please consult Paper II.

The element depletion is taken into account by evaluating the consumption
of each involved element i with relative abundance to hydrogen ¢; by nucleation

and growth
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with stoichiometric ratios of homogeneous nucleation v; o and surface reactions
Vi Ty is the total hydrogen nuclei density (p = 1.427amun gy for solar
abundances).

2.1 Application to TiO,

Only one example dust species will be considered in the following, i.e. we as-
sume the dust grains to be composed of a unique solid material. The following
complications would arise if different kinds of condensates were considered si-
multaneously: (i) Dust grains of different kinds may condensate independently,
competing for the remaining condensable elements in the gas phase. (ii) One
solid species may provide the seed particles for another solid species to condense
at its surface (core-mantle grains). (iii) Two or more solid species may condense
simultaneously on the same surface to form dirty grains. These details, which
would considerably complicate the understanding of the basic control mecha-
nisms, are disregarded here, but will be addressed in a future paper?.

1Small Knudsen numbers may occur in the innermost layers around the cloud base, where
the gas densities are highest and the dust grains are largest (see Sect. 4.1). According to the
purpose of this paper, we will nevertheless avoid at first the troublesome Knudsen number fall
differentiation as discussed in Paper II.

2Egs. (1-3) are formulated for dirty grains, i.e. it is possible to discuss these questions by
means of these equations.



As exemplary solid species, typical for refractory grains, we choose rutile
TiO3[s] because (i) it is among the thermodynamically most stable solid ma-
terials known and (ii) the monomer (the TiO, molecule) is abundant in the
gas phase according to chemical equilibrium (e. g. Allard et al. 2001). Therefo-
re, the formation of TiO3 seed particles from the gas phase can be assumed to
proceed via a simple stepwise addition of TiO2 molecules to (TiO2)n clusters
(homogeneous nucleation) which enables us to apply classical nucleation theory
in order to calculate the nucleation rate J,. In contrast, other high temperature
condensates like corundum (Al,O3]s]) often have no stable monomer in the gas
phase (Patzer et al. 1998) and the nucleation of such species seems questionable
since three or more body collisions would be required to form small clusters of
that kind in the gas phase. It seems more likely, that the condensation of mate-
rials like Al,Oj3 already requires the existence of some surface, i. e. the presence
of seed particles provided by homogeneously nucleating species, as for example
TiOs.

For the growth and evaporation of macroscopic rutile dust particles the fol-
lowing two chemical surface reactions are considered

TiOs + (TiOafs])y = (TiO2ls]) s (r=1)
TiO + H2O + (TiOQ[S])N = (TiOQ[S])N+1 + Hs (7“22).

Because of the small titanium abundance, the rate of reaction r =2 is limited by
the TiO number density in the gas phase and hence its key species is identified
as ng =nmio. Clearly for reaction r=1, the key species is n1 =nrio,. Since both
reactions transform one unit of the solid material, we put AV; =AV,=AVri0,
and S; = Sy = Stio, (see Paper IT). Furthermore, we have R =2, i = 1 for
titanium and ¢ = 2 for oxygen, Vi og="Vi,1=V1i2= 1 and Va0 =V2,1 =V22= 2.
Further data required to calculate J,, x[i¥¥ and &k, are listed in Sect. 2.6.

2.2 Treatment of convective mixing

As shown in Appendix A, the coupled system of dust moment equations (1)
and element consumption equations (4) has no other than the trivial solution
L; =0 in the static stationary case, where all L.h.s. terms vanish. It is also
shown in Appendix A that the atmosphere cannot be supersaturated anywhere
in the atmosphere S, <1 in this case. The physical interpretation of this so-
lution is that dust grains have once formed in the sufficiently cool layers, have
consumed all available condensable elements up to the saturation level, and ha-
ve finally left the model volume by gravitational settling. Consequently, a truly
static atmosphere must be dust-free which — in this generality — contradicts the
observations.

This picture changes, however, if we take into account a continuous or spo-
radic mixing of the atmosphere with gas from deeper layers as expected to be
caused by the convection. This mixing leads to a replenishment of the gas with
fresh, uncondensed matter from the deep interior of the brown dwarf. Adopting
the most simple case of a continuous, uniform mixing with uncondensed gas of



solar abundances, Eqgs. (1) and (4) are extended as
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Tmix 18 a characteristic mixing time-scale, which is treated here as a free para-
meter. We thereby assume that the gas/dust mixture is continuously replaced
by dust-free gas of solar abundances in all layers on a constant time-scale Tmix.
€; is the actual abundance of element i in the gas phase and € its solar value
(Anders & Grevesse 1989).

In Egs. (5) and (6), we have replaced J(V;) by the nucleation rate .J,. While
both terms are in fact nearly equal in a supersaturated gas S>1 (Gail &
Sedlmayr 1988), this is an approximation in the undersaturated case, where all
particles evaporate. Here, J(V;)= f (V}g |V Vi should be calculated from the
actual cluster size distribution function at the lower boundary f(V;) and its
volume decrement, < o iv v, <0 Unfortunately, f(V;) is not known®, so we use
J(Vi) = J. as a simplifying approximation which underestimates the influence
of evaporation on the dust moments. However, as the results will show, the
gravitationally settling dust grains evaporate very quickly, which affects only a
thin layer below the cloud base.

In the following, we assume a quasi-static atmosphere (Uzas = 0), plane-
parallel geometry (€. =2¢.), constant gravity (g = const) and a stationary dust
component (% =0). In this special case, the system of moment equations
(5) for j =0,1,2 degenerates into the following system of ordinary differential

equations:
d (L 1 L
—— (= = _ Lo + Js
dz cr glKn Tmix

d(L 1 L
2 = LU L VR, g Lo (7)
dZ cr glKn Tmix 3
d L3 ]. pL2 2/3 t
= — Vo=, < pL .
d4<cT> flKn ( Tmix + o 3X1Kn P

3The numerical scheme proposed by Gauger et al. (1990) to reconstruct the size distribution
function from the history of J, and X“et in each gas element, cannot be applied here, since
position coupling is not valid.



2.3 Auxiliary condition

In the static and stationary case, the element consumption equation (Eq.6)
becomes an algebraic auxiliary condition for each element i

R
+ /367 pLa Zl/i,rn,,v;elaT (1 - i) . (8)
r=1 ST
which is coupled to the gas phase chemistry, the supersaturation ratio and the
nucleation rate, and depends on the total surface area of the dust component
(o< pL2). In our example, two equations have to be solved for ¢ =1 (titanium)
and i=2 (oxygen).

Technically speaking, the system of non-linear algebraic equations (8) is sol-
ved by iteration in each layer z prior to the evaluation of the r.h.s. terms of the
differential equations (7). Given the density and temperature of the gas, n ) (2)
and T'(z), and an estimate of the unknowns €;(z), all particle densities ng(z)
(atoms, electrons, ions and molecules) are calculated in chemical equilibrium.
Elements other than Ti and O are assumed to have solar abundances. We use
14 elements (H, He, C, N, O, Si, Mg, Al, Fe, S, Na, K, Ti, Ca) and 155 molecules
in our chemical equilibrium code with equilibrium constants fitted to the ther-
modynamical molecular data from the electronic version of the JANAF tables
(Chase et al. 1985). First ionisation states of all elements are sufficient to calcu-
late reliable molecular concentrations also at higher temperatures (see discussion
in Helling et al. 2000). From these particle densities, the supersaturation ratio
STio, (2) and the nucleation rate .J,(z) are calculated, and the remaining errors
in the auxiliary conditions (Egs. 8) are quantified. A Newton-Raphson iteration
is finally applied to find the root ¢;(z) of Egs. (8).

2.4 Closure condition

The system of moment Egs. (7) is not closed, since Ly appears on the r.h.s.,
whereas the equations are solved for L; (j=1,2, 3, ...) only. A solution of such an
open moment system is only possible if a physically reasonable and numerically
stable closure condition in the form F(Lg, L1, Ly, L3, ...) =0 can be provided.
For numerical reasons, this closure conditions should be fast, e.g. preferably
analytical and invertible concerning L.

We have tested seven different approaches for this closure condition, inclu-
ding the scheme of (Deuflhard & Wulkow 1989, Wulkow 1992) in application to
different weight functions U< (V') (see Paper II). In general, the solutions obtai-
ned with different approaches are quite similar, but the convergence of the model
may fail for certain choices of the closure condition, in particular regarding the
undersaturated layers below the cloud base. In the following, we only describe
a very simple but stable scheme, which is based on the experience that the dust
moments can reasonably well be approximated by a power-law as function of
the index j in most cases,

y(j)=aj’ with  y(j) = —L . 9)



Given the moments L; for j€{1,2,3}, the coefficient o and the exponent 3 can
be expressed by

Lo IOg (Lng/Lg)
a=fos ad F l0g(3/2) (10)
and the desired equation for the 0" dust moment reads
Ly
Log=—. 11
0= (11)

This closure condition has proven to be most successful.

2.5 Boundary condition

The negative sign on the Lh.s. of Egs. (7) suggests an inward rather than an
outward integration, naturally tracing the drift motion of the grains. We there-
fore integrate Egs. (7) inward, starting from an outer boundary 2.y, for which
boundary conditions must be supplied. We arbitrarily choose

Li(z=2zmax) =0, (12)

i.e. we assume the atmosphere to be dust-free at the outer boundary. The
numerical solutions are found to be only marginally affected by the choice and
position of the outer boundary, as long as it is located well above (typically 10
scale heights above) the P =1Dbar level. At these high altitudes, the importance
of the derivative terms in Egs. (7) is small and the solution is mostly determined
by the auxiliary conditions (Egs.8), where the boundary condition does not
enter. The dust moments are observed to relax quickly toward particular values,
independent of the chosen boundary condition.

2.6 Material quantities

The homogeneous nucleation rate J, of (TiO2)x clusters is calculated by app-
lying modified classical nucleation theory according to the scheme of

Gail et al. (1984) with parameters 002 = 620 erg/cm? and NfTlo2 =0. The-
se parameters, including the “surface tension” o, result from a fit to quantum
mechanical ab-initio calculations (density functional theory) for small TiOs clu-
sters (Jeong 2000) and hence do not represent the bulk phase.

The following data completes the problem. The monomer volume AVryio, =
3.135-10723cm 3 results from the rutile density pq = 4.23gcm™2 and its mo-
nomer weight mrio, = 79.90amu. «, =1 and Ny, = 1000 are assumed. The
saturation vapour pressure p}’?l%Q (T') has been fitted to the JANAF-tables (1985,
electronic version) such that the supersaturation ratio of rutile can be expressed
by

nTio, k‘T

STi02 _
exp(35.8027 — 74734.7/T)[dyn/em?] °

(13)



2.7 Prescribed atmospheric structure

As underlying atmospheric gas stratification, n)(2) and T'(z), we adopt two
model structures for brown dwarf atmospheres with log g="5 and two different
values of the effective temperature Teg = 1400 K and T = 1000 K, respective-
ly, kindly provided by T. Tsuji (2002). These reference models are calculated
via the standard assumptions of classical stellar atmospheres (hydrostatic equi-
librium, frequency-dependent radiative transfer, mixing length theory, micro-
turbulence broadening). We adopt his “case A”-models, where dust formation
is ignored. For models which include Fe, Al,O3 and MgSiO3 as dust species in
different simplified ways (“case B” and “case C”) we refer to Tsuji (2002). At
this point, we want to clarify, that the underlying atmospheric structure 7 ) (2)
and T'(z) is prescribed. Although obviously relevant, the properties of the cal-
culated TiOs dust particles have technically no influence on the atmospheric
structure in this paper. Indeed, a consistent treatment of atmosphere and cloud
structure would be advisable, which in fact seems possible and straightforward
by simultaneously solving the equations for hydrostatic equilibrium, radiative
transfer, convection and dust-chemistry.

2.8 Numerical method

Equation (7) is a system of ordinary differential equations of first order which
can be solved by standard numerical methods. The differential equations are
integrated inward by means of the variable transformation 2z’ = zmax — 2z using
the RADAU 5 —solver for stiff ordinary differential equations (Hairer & Wanner
1991). For test purposes, the equation of hydrostatic equilibrium dPg.s/dz =
—pg is solved in addition to the three moment equations (7), where the actual
gas pressure P =Y. n;kT results from the chemical equilibrium calculations.
The integration is stopped as soon as one of the dust moments becomes negative,
indicating that the dust has completely evaporated.

3 Results

The calculated cloud structures in an atmosphere with log ¢ =5 and Teg =
1400 K are depicted in Figs. 2 and 3, considering a sequence of decreasing va-
lues for the mixing time-scale (Timix = 106s...103 s). The 1°° panels show the
underlying static model structure (always identical) and panels 2-5 depict the
calculated dust and gas properties which result from the consistent solution of
the dust moment and element conservation equations.

Before we discuss these structures in detail, some general features of the
model calculations are described first. The base of the TiO;3 cloud layer (here
defined by S=1 or xJi¢! =0) is found to be located at P~9.0bar (T'~1960 K)
in the Tog = 1400 K models, independent of the value assumed for the mixing
time-scale Tmix. The cloud stretches up high into the atmosphere with an almost
constant dust-to-gas ratio (o< e$yt, see 3"d panel) which is approximately given
by a fully condensed solar composition gas (e1t < ¢3.)*. In contrast, the
amount of Ti left in the gas phase €. depends strongly on the altitude above

4This result, however, depends on the assumptions concerning the convective mixing, as
discussed in Sect. 3.4 and 4.2.
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Abbildung 2: Calculated structures of the TiO5 cloud layer for different mixing
time-scales Ty, (1.h.s.: 10%s — r.h.s.: 10°s) in a brown dwarf atmosphere with
T.g=1400K and log ¢ = 5. 1st panel: prescribed gas temperature T (solid)
and total hydrogen nuclei density 7y (dashed), according to the model of Tsuji
(2002). 2nd panel: supersaturation ratio ST02 (solid) and nucleation rate J,
(dashed). 3rd panel: Tiabundance in the dust phase €]\, =pLs/(nmAVrio,)
and in the gas phase eg,.. The solar value €1 = €], is additionally indicated

by a thin straight line. The dashed line shows the growth velocity xji. 4th
panel: mean particle size (a) = {/3/(47) L1/ Lo (solid) and mean drift velocity
(var) =v/mgpala) / (2pcr) (dashed, see Eq. (66) in Paper II). 5th panel: mo-
lecular particle densities of TiO (solid) and TiO; (dashed). For comparison,
the hypothetical total titanium nuclei density for solar abundances n )€}, is
depicted by the thin solid line.
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Abbildung 3: Same like Fig. 2, but for 7 = 10*s (l.Lh.s.) and 7i = 103s
(r.hs.).

the cloud base. The gas becomes more and more depleted (metal-poor) in
the higher atmospheric layers. Interestingly, the cloud layer also stretches well
below its base (down to P ~ 10bar with a geometrical distance to the cloud
base of ~#100m in this model)®, where the undersaturated gas is populated by
evaporating grains which rain in from above.

3.1 Structure of a quasi-static cloud layer

The vertical structure of the cloud layers results from a competition between
the four relevant physical processes: mixing, nucleation, growth/evaporation
and drift. Following the cloud structures inward (from the left to the right e. g.
in the Lh.s. plot of Fig. 3) roughly four different regions can be distinguished,
which are characterised by different dominating processes concerning the dust
component, consistent with the classification outlined in Paper II. The spatial
extensions of these regions marked by I to IV depend on 7,ix and the stellar
parameters.

I. Region of efficient nucleation: Nucleation takes place mainly in the up-
per parts of the atmosphere, where the temperatures are low and the densities
are small but not too small*. Although the gas is strongly depleted in heavy
elements in these layers (eri ~ 10775}, for Tmix = 10%s; e &~ 1073-%€},; for

5The size of this region may be overestimated because of the J(V;) ~ J,. approximation,
see Sect. 2.2.
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Abbildung 4: Same like Fig. 2, but for effective temperature Teg =1000 K (1. h.s.:
Tmix=10%s — r.h.s.: T =103 ).

Tmix = 10% s, see 3™ panel), it is nevertheless highly supersaturated (S > 1000)
such that homogeneous nucleation takes place efficiently. The important physi-
cal processes are here mixing < nucleation, i. e. the condensable elements mixed
up into the upper atmosphere almost instantaneously nucleate, forming the first
seed particles®. Since very much seed particles are produced in this way, the re-
sulting dust grains remain very small in this region (a) <0.01 ym (which in fact
corresponds to the parameter N, describing the minimum size of clusters regar-
ded as “dust”) and have a very small mean drift velocity (vgr) < 0.1...1mm/s.

IL. Dust growth region: With the inward increasing temperature, the su-
persaturation ratio S decreases exponentially which leads to a drastic decrease
of the nucleation rate J,. Consequently, nucleation becomes unimportant at
some point, i.e. the in-situ formation of dust grains becomes impossible in re-
gion II. The important physical processes are here mixing < growth, i.e. the
condensable elements mixed up by convection mainly condense on the surfa-
ces of already existing particles, which have been created in region I and have
moved into region II by drift. The gas is still strongly supersaturated S > 1,

6To our surprise, the details of the applied nucleation theory have almost no effect on the
resulting cloud structures. We have calculated test models with an arbitrarily modified value
of the surface tension 67102 =500 erg/cm?2, which did not result in any noticeable changes.
An explanation can be found via Eq. (8): As long as the total surface area of the dust particles
(xpL2) is negligible, the nucleation rate must equal J. & n ) €9 /(vi,0 Ne Tmix ), provided that
€ K e?. Consequently, a change of oTiO02 results in a change of erj, but does not affect Jx
significantly.
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indicating that the growth process remains incomplete, i. e. the condensable ele-
ments being mixed up are not exhaustively consumed by dust growth. The dust
component in region II is characterised by an almost maximum (solar) dust/gas
ratio e195* < €9, while the mean particle size and the mean drift velocity increase
inward. Since the total dust volume per gas mass (o L3) is nearly constant and
(a) increases, the total number of grains per gas mass (x Lg) and their total
surface (o< Lo) decrease.

II1. Saturated rain: As the gas density increases inward, the growth beco-
mes finally more efficient than the mixing. Thus, the growth process becomes
almost complete which results in a nearly saturated gas Sz 1. Region III is the-
refore characterised by a self-regulation mechanism which leads to an approxi-
mate phase equilibrium above the cloud base. The important physical processes
are mixing < drift, i. e. the gain of dust volume by growth (excess of condensable
elements provided by the mixing) is balanced by the loss of drift (the rain-out).
As in region II, the in-situ formation of dust grains is impossible. The grains re-
ach their maximum radius in this region ITI: (a)~0.3 pm, 2 pm, 20 gm, 100 pm
for Thix =10%, 10°s, 10%s, 103s, respectively, at moderate drift velocities, e. g.
(Uiar) = 15cm/s for 7y, = 10*s. However, since the residence time-scale of the
sinking grains is limited, the particles do not grow significantly in the nearly
saturated gas: (a) increases slower than in region II.

IV. Evaporating grains: The gravitationally settling dust particles finally
cross the cloud base and sink into the undersaturated gas situated below, where
S <1 and xJigt < 0. The evaporation of these dust particles, however, does
not take place instantaneously which results in a spatial extension of region IV
of about 100m in our T = 1400 K models. Region IV is hence characterised
by drift < evaporation, i.e. the dust grains, which are raining in from abo-
ve, evaporate thermally. The release of condensable matter from the surface
of the evaporating grains in fact enriches the gas below the cloud base with
heavy elements e[\ > ¢f,. This enrichment, in return, tends to saturate the gas
S'<1. With decreasing altitude the particles get smaller d(a)/dz <0 and slower
d{v4r)/dz < 0. Consequently, their residence times increase, and a run-away pro-
cess results in a sharp lower edge of the cloud, given by the point where even the
largest particles have evaporated completely. We note that region IV, in par-
ticular, cannot be understood by stability arguments, but requires a treatment
of the dust complex by means of differential equations.

3.2 Influence of mixing

The sequence of Figs. 2 to 3 demonstrates the influence of the convective mixing
on the calculated cloud structures and dust particle properties. With increasing
strength of the convective mixing (decreasing 7,ix)

1) the e-gradient of the remaining condensable elements in gas phase of the
atmosphere becomes shallower (the upper atmosphere becomes less de-
pleted and the gas below the cloud base becomes less enriched for strong
mixing),
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2) the positions and spatial extensions of regions I, IT and III are changing,
in particular region I (significant .J,) is extended and region III (S 2 1)
disappears for strong mixing, and

3) the dust particles and their mean drift velocities become larger.

Without mixing, the atmosphere would become throughout saturated, i.e. a ve-
ry steep e-gradient would establish, according to the exponential temperature-
dependency of the supersaturation ratio S (see Eq.13). Strong mixing counter-
acts this effect and washes out this gradient, which explains point 1.

According to point 1, strong mixing leads to a less metal-deficient upper
atmosphere, which produces a more active and more extended nucleation zo-
ne I. Concerning region III, the characteristic self-regulation mechanism S — 1
requires that growth is more efficient than mixing. For too vivid mixing, this
case cannot be reached and region III disappears, which explains point 2.

A faster replenishment of the atmosphere with condensable elements via
strong mixing also leads to a higher concentration of these elements in regi-
on II, which is mainly responsible for the growth of the particles. Consequently,
more matter condenses on the surface of the dust particles during their descent
through the atmosphere, resulting in larger particles with larger drift velocities,
which explains point 3.

3.3 Influence of effective temperature

Figure 4 depict two model calculations for a lower effective temperature T =
1000 K. Only the two extreme cases (Tmix =10°%s and 7mix =10%s) are shown. In
general, the resulting cloud structures are similar to those obtained for the Tg =
1400 K-model, but their location is different. For lower Tug, the active dust
formation regions are situated deeper inside (note the different scaling of the
z-axis) and the gas in the observable layers above the s =1 level becomes more
metal-deficient. The latter result, an increasingly metal-poor gas for lower T.g,
has been suggested as explanation for the disappearance of certain molecular
features (like TiO and FeH) in the observed spectra of L dwarfs in comparison
to M dwarfs (e.g. Leggett et al. 2001). According to the larger densities in
the active dust formation regions of the 7o = 1000K-model, the particles also
become slightly larger as compared to the 7 =1400K-model.

3.4 The dust-to-gas ratio above the cloud base

All depicted models are featured by an almost constant dust-to-gas ratio well
above the cloud base (see €qust in Figs. 2, 3 and 4), approximately equal to the
mass fraction of condensable elements in the gas being mixed up (here €],). This
is a natural result of an undisturbed, complete condensation process. Evidently,
the disturbance of the dust formation process by rain-out and mixing is small
in our models, in agreement with the time-scale discussion of Paper II, where
it was shown that the drift motion of dust grains in brown dwarf atmospheres
usually operates on much longer time-scales than nucleation and growth.
However, if the elemental replenishment by convective mixing becomes too
ineffective, the maximum dust-to-gas ratio present in the atmosphere starts to
deviate from €%, and finally vanishes as shown in Fig. 5. In this case, the loss of
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Abbildung 5: Maximum of the dust-to-gas ratio expressed in terms of e[i% =
max {p(2)L3(2)/(n@my(2)AVTio,)} as function of the mixing time-scale Tpix.
The circles indicate the calculated models for Teg =1400 K. In comparison, the

solar titanium abundance €% is shown as dashed line.

condensable elements from a gas with maximum dust-to-gas ratio via rain-out,
even if the dust particles are very small, is larger than the gain of condensable
elements by mixing. Consequently, the actual dust-to-gas ratio above the cloud
base is limited by the mixing in this case and finally scales as e} o< 1/Tix-
For T,ix — 00, the gas becomes completely dust-free, in agreement with the
mathematical discussion in Appendix A.

We conclude that the upper atmospheric layers of brown dwarfs should be
dusty as long as the convective mixing time-scale 7,ix is shorter than about
108 s a2 3 years, since enough condensable material is continuously mixed up by
the convection in this case. This value might provide a reasonable criterion for
the definition of a “cloud deck” in the convective — radiative transition region
of brown dwarf atmospheres, where i is expected to increase strong1y7.

Noteworthy, the dust-to-gas mass ratio oceqyusy also starts to deviate from e%i
shortly above the cloud base in case of strong mixing (see Tiix = 102 s-models
on the r.h.s. of Figs. 3 and 4). The dust grains and their drift velocities become
so large in this case that a considerable loss by rain-out sets in. The result is a
lowering of the dust-to-gas ratio shortly above the cloud base. Additionally, the
competing process (the growth) is handicapped here, because the total surface
area of the dust component is small in case of a few large grains as compared to
many small grains. In fact, this is the main reason why the supersaturation ratio
S already deviates from unity above the cloud base in the Ty, =103 s-models.

7See also the discussion in Sect. 4.2.
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Abbildung 6: Mean Knudsen number of the dust component, derived from (a),
as function of the gas pressure for the T.g = 1400 K-models. The labels mark
the assumed value for Tyix [s]. The dashed lines indicate the critical Knudsen
numbers for friction and growth, respectively (compare Paper II).

4 Discussion and outlook

4.1 Validity of the Kn>>1 approximation

In this paper, we have focused on the Kn>>1 case, which enabled us to use an
unique system of dust moment equations throughout the atmosphere®. However,
Fig. 6 shows that the Knudsen numbers may fall short of unity in the deeper
layers, for example below p~(3... 5) bar in the Tog = 1400 K-models. This means
that the mean free path of a gas particle becomes smaller than a typical grain
diameter. The physical description for the growth and the frictional force are
different in this case, i.e. our model can only provide a possibly quite rough
picture from these layers. Here, the true drift velocities are probably larger
and the true growth velocities are probably smaller as compared to our results,
i.e. we expect that the dust particles remain smaller in the deeper layers as
compared to Figs. 2, 3 and 4.

Figure 6 also demonstrates that the outer regions can very well be treated
in the Kn > 1 limiting case. Since the problem is formulated in terms of first
order differential equations which are integrated inward, the solution in the
outer regions does not depend on the uncertainties concerning the deeper layers.
Therefore, we conclude that our results are appropriate for the upper layers,
approximately down to the 7g = 1 level, which are most interesting from an
observational point of view. The results are also OK for not too vivid mixing,
e.g. for Thix = 10%s in Fig. 6.

8A different system of dust moment equations for the opposite case Kn < 1 has been
derived in Paper II.
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A more realistic description of the deeper layers could be achieved by per-
forming a Knudsen number fall differentiation with respect to (Kn), i. e. to start
with the Kn>>1 moment equations in the outer layers as outlined in this paper,
but then to switch to the Kn <« 1 moment equations (see Paper II) as soon
as (Kn) has dropped below a certain critical value, e.g. 0.3. However, such a
procedure is problematic anyway, since all dust particles in the size distribu-
tion function would be treated in the same Knudsen number limiting case. A
more profound solution would require the integration over the size distribution,
which could approximately be determined from the calculated dust moments
(see Sect. 6.5 in Paper II).

4.2 Convective mixing

The results presented in Sect. 3 have been obtained by assuming a stationary
replenishment of the whole atmosphere with dust-free gas of solar abundances
(from the deep interior of the brown dwarf) on a constant, depth-independent
time-scale T;. Although this approach is certainly a poor description of the
true convective mixing occurring in these atmospheres, it has allowed for a
first detailed study of the cloud structures in brown dwarf atmospheres, simple
enough to investigate the influence of the mixing on the dust formation in a
systematic way. There are, however, also some uncertainties introduced by this
approach.

e The effect of convective mixing is obviously depth-dependent. In parti-
cular, the upper atmosphere will become purely radiative at some point,
i.e. truly static (quiescent) and mixing-free. As argued in Sect. 2.2, such
layers must become saturated and completely dust-free for ¢t — 0o, because
the system has infinite time to relax toward phase equilibrium (S=1) and
even the smallest dust particles will settle gravitationally®. Therefore, the
dust-to-gas mass ratio (o< L3) cannot remain constant (as resultant from
our current model) for 7i,ix — 0o, which probably occurs for z— oo. Thus,
we expect that the outer edge of the convective zone provides a natural
borderline for the cloud layers (cloud decks).

e Considering a convectively ascending bubble of gas from the deep interior,
which is dust-free at first, the temperature / density conditions will change
gradually in this element, meaning that the key process of nucleation and
the dust growth can already occur during the ascent of this element, i.e.
well before the element has reached the upper atmospheric layers where
it finally disperses in the surrounding gas. Furthermore, turbulent small-
scale temperature-fluctuations may result in considerable nucleation rates
even at high temperatures (see Helling et al. 2001, henceforth called Pa-
per I, and Sect. 4.3). Consequently, the nucleation can be expected to
occur already in lower, warmer regions on the average (as sketched in
Fig. 1) and our nucleation region I could be an artifact of our very stron-
gly simplified approach for the convective mixing.

9Sometimes, there are two or more convective layers according to models of brown dwarf
atmospheres (e.g. Tsuji 2002). The above argumentation can be extended to such secondary
convective layers if they are convectively disconnected from the large reservoir of uncondensed
matter in the deep interior of the brown dwarf or, at least, if the convective layer does not
reach deep enough to contain the evaporation zone IV.
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The first point could be accounted for by using a depth-dependent approach
for Tmix in future models, €. g. Tmix(2) = &mixHp/Vconv(2) where the mean con-
vective velocity Ueonv(z) could be adopted from a convection model, e.g. from
mixing length theory. Performing 3D convection simulations for M dwarfs,
Ludwig et al. (2002) have noted that a convective zone does not end abruptly,
but that an exponential ansatz for Tcony(2z) around the convective — radiative
transition zone is more realistic. In return, the dust formation may also have
an important influence on the convection, e.g. via the release of the heat of
condensation during the grain growth process or via opacity effects. For ex-
ample, Helling et al. (2001) have shown that the increase of the opacity due to
dust formation will effect a transition from an almost adiabatic — an almost
isothermal behaviour of the dust/gas mixture. Thus, a consistent treatment of
convection and dust formation is required to come to more definite conclusions.

The second point could be improved by using a diffusive approach for the
mixing. Investigating the burning and the convective mixing of deuterium in
pre-main sequence stars, Wuchterl & Tscharnuter (2003) have proposed to quan-

-

tify the local net gain of species k by convective mixing via —Vj " where the
mean convective flux of species k is given by

- avrLHp _

g = — —5  Ueonv pVeg . (14)

apmL = 1.5 is the mixing length parameter and ¢, the mass concentration of
species k. Adopting this approach to our problem, the mixing term —kaco‘“’
with ¢, ={Lj;, ¢;} could be used instead of —pL;/Tmix and 1wy (€ — €;)/Tmix in
Egs. (5) and (6), respectively. In that case, the equation system to be solved
becomes a system of second order partial differential equations with the need
to specify inner and outer boundary conditions, a problem which requires a
more careful numerical treatment. We note, however, that the character of the
convective mixing can, at least partly, also be large-scale, i. e. it is possible that
an uncondensed bubble of gas from the interior reaches the upper layers and
disperses before it cools and condenses, where our simple ansatz with 7,;, seems
appropriate.

However, these one-dimensional approaches for the convection, considering
temporal and spatial averages, can only provide a rough description of the un-
derlying hydrodynamical processes. A more direct approach was a 3D dynamical
simulation, where a description of the large-scale mixing becomes obsolete. We
want to emphasise, however, that even in such models (e.g. LARGE EDDY SI-
MULATIONS) the true mixing down to the Kolmogoroff-scale requires a sub-grid
modelling, because the smaller scales cannot be resolved on the typically large-
scale computational grids (see e.g. Menevean & Katz 2000, Pijpers & Habing
1989). Furthermore, structure formation processes are often seeded in the small
scale regime, as known e. g. from combustion engineering.

4.3 Comparison to other models

According to our present knowledge, we have presented the first model calculati-
ons for brown dwarf atmospheres where the coupled problem of dust formation,
precipitation and element consumption has been solved on the basis of a kine-
tic description of the underlying physical and chemical processes. A consistent
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incorporation of this description into classical stellar atmosphere models (to ac-
count for the important feedbacks of the dust on the atmospheric structure via
radiative transfer effects and the convection) has not yet been achieved.

So far, other works have mainly focused on the consequences of the dust for-
mation on the spectral appearance of brown dwarfs, thereby treating the dust
complex in a much more simplified way. These approaches have in common
that the possible existence and the properties of the dust particles are comple-
tely deduced from local arguments and considerations. A possible connection
between the site of formation (nucleation) of a dust grain and its occurrence in
another place (via winds or gravitational settling) has not been considered in
any other model.

Allard et al. (2001) have relied on the assumption of chemical and phase
equilibrium between the molecules in the gas and a huge collection of solid and
liquid materials. If a solid material is found to be thermodynamically stable,
the respective elements are depleted from the gas phase down to the S=1-level
and the amount of dust present in the atmosphere is either given by element
conservation constraints (the case of complete condensation) or is assumed to be
zero (the case of complete gravitational settling). Each condensate is assumed
to be present in form of homogeneous spherical particles, i.e. no dirty or core-
mantle grains. The size distribution known from the interstellar medium is
utilised.

According to our model, phase equilibrium (S=1) is only valid at the cloud
base. All other regions are out of phase equilibrium because of incomplete grow-
th or evaporation. However, the self-regulation mechanism characteristic for our
region IIT (see Sect. 3.1) approximately installs S~ 1 in a considerably extended
layer around the cloud base. Thus, the assumption of phase equilibrium is in
fact reasonable in certain parts of the atmosphere. The thickness and the loca-
tion of this zone depends on the condensate and, in particular, on the strength
of the convective mixing. For too vivid mixing, this zone disappears.

Tsuji (2002) has suggested that condensates in cool dwarf atmospheres are
present in form of layers with strict inner and outer boundaries. The inner
boundary, associated with a certain temperature denoted by T.ong, is related
to the thermodynamical stability of the dust material in the surrounding gas
of solar abundances. The upper boundary, parameterised by T, is related to
the assumption, that the dust particles must remain extremely small (of the
order of the critical cluster size r..), because they would grow too large and
start to settle gravitationally otherwise. For Tcong > T > T¢r, the particles are
assumed to be constantly forming and re-evaporating, thereby circumventing
the problem of the gravitational settling.

Our results suggest that the loss of condensable matter via dust formation
and precipitation in the atmosphere can easily be balanced by the elemental
replenishment via convective mixing. Therefore, we think that there is no need
to circumvent the precipitation. An ongoing process of nucleation — growth —
precipitation — evaporation — mixing can be maintained as long as convection
is active. We also disagree with the upper chemical argumentation, because
the critical cluster corresponds to an unstable equilibrium (the critical cluster
is the most unstable cluster on the most efficient chemical pathway to dust, see
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e.g. Feder et al. 1966). It will be difficult to maintain a system like a brown
dwarf atmosphere in such a fine-tuned unstable equilibrium state. According to
our model, the upper atmospheric regions can in fact contain a large amount
of very small dust particles, but the formation of these particles is a kinetic
consequence of the effective nucleation rates and cannot be explained by stability
considerations.

On open question is whether the dust can indeed only exist in convective
layers. Takashi Tsuji (priv. com.) notes that in his models of warm L dwarfs,
the convective zone start too deep to interact with the cloud layers, which
are situated higher. We remark, however, that already a very small mixing
activity (Tmix S 10%s) is enough to make the atmosphere dusty (see Sect. 3.4)
and that mixing length theory may be too rough to quantify the exponentially
increasing mixing time-scale above the convective — radiative transition zone
(Ludwig et al. 2002). Concerning the Earth’s atmosphere, the approximately
adiabatically stratified troposphere is just the place where circulation occurs
and water condenses. In contrast, the stratosphere, as transition region to the
radiative mesosphere, is quiescent and usually free of water droplets, so there
seems to exist a close correlation between condensation and convection at least
in the case of the Earth’s atmosphere.

Cooper et al. (2003) utilise the chemical and phase equilibrium code of
Burrows & Sharp (1999) to determine whether dust particles of a certain kind
are thermodynamically stable in a solar composition gas. If stability is assured,
the mean size of the particles is deduced from local time-scale arguments based
on Rossow (1978), considering growth, coagulation (also termed as coalescence),
precipitation and convective mixing. The amount of dust is prescribed by intro-
ducing a free parameter Smax ~0.01, denoted by the maximum supersaturation.
Thereby, the supersaturation ratio of the gas (denoted by S in our paper) is fi-
xed throughout the atmosphere and the mass of dust present in the atmosphere
scales with the saturation vapour pressure ps.:(7'), which decreases exponenti-
ally with decreasing temperature. Consequently, the vertical structure of the
dust is a layer with a strict lower boundary and an exponentially decreasing
dust-to-gas ratio above the cloud base.

It is interesting to note that Cooper et al. (2003) derive similar particle sizes
(5pm. .. 300 um) as compared to our model, although the physical description,
e.g. of the dust growth, is very different. We find, however, that the mean size
of the dust particles (a) is usually much smaller than the maximum particle size
amax as derived from local time-scale arguments (see Paper II), in particular
regarding the upper atmospheric layers. Thus, local time-scale arguments are
not sufficient, but the problem requires a kinetic treatment. We furthermore
remark that, in contrast to Cooper et al. (2003), our results suggest that the
supersaturation ratio S varies strongly with altitude, in particular regarding
higher atmospheric layers. The supersaturation ratio .S is also strongly affected
by the convective mixing.

In the Cooper et al. model, the mean particle size is a function of depth
and condensate. The largest particles are located at the cloud base, which is
in agreement with our results. This might be of observational relevance sin-
ce the degree of polarisation increases strongly with increasing particle size and
multiple scattering can even amplify this effect (Sengupta & Krishan 2001). Po-
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larisation measurements may therefore open up a possibility to deduce the mean
size of the dust particles around the cloud bases in brown dwarf atmospheres.
According to Sengupta (2003), the observed polarisation of the brown dwarf
DENIS-P J0255-4700 (Te ~ 1400 K, log g~5) can be explained by a maximum
grain radius of about 5 um, if single scattering of spherical particles is conside-
red. This lies well in the range of maximum sizes derived from our models and
could represent the case Tmix~10°s (see r.h.s. of Fig. 2).

Helling et al. (2001) have studied the onset of the dust formation process
in small ascending convective gas elements under turbulent conditions typical
for brown dwarf atmospheres. The same physical description of nucleation and
dust growth is applied as in this paper, except for the evaporation and the
particle drift which have been neglected. The convection is assumed to energise
turbulence, which creates a strongly varying velocity field and fluctuations of all
thermodynamical quantities on various length scales, down to the Kolmogoroft-
scale (n~10~2cm). Acoustic waves are shown to be capable to initiate the dust
formation process via nucleation events caused by the superposition of two or
more expansion waves, even in layers which are usually too hot for nucleation.
The refractory elements in the gas phase soon condense on the surface of these
first seed particles. When a considerable fraction of the condensable elements
is consumed, the increasing dust opacity reinforces radiative cooling and causes
the thermodynamical behaviour of the gas-dust-mixture to change from almost
adiabatic to almost isothermal (fast radiative relaxation), which in return might
affect the convective stability of the atmosphere. The dust component results
to be spatially very inhomogeneous.

We want to clarify that the effect of turbulent small-scale fluctuations on
the dust formation has been neglected in the current paper — although it may
be important. The aim of this paper is to understand the large-scale structure
of a cloud layer in brown dwarf atmospheres. Accordingly, we have developed a
model for the largest scales where the small-scale processes can principally not
be resolved. In order to include such effects approximately, appropriate sub-grid
closure terms for the dust moment equations must be developed.

5 Conclusions

In this paper, first model calculations for cloud layers in static brown dwarf
atmospheres have been presented which are based on a kinetic description of
the underlying microphysical and chemical processes nucleation, growth, evapo-
ration, element depletion, sedimentation and mixing. We have used a system
of differential equations for the moments of the dust size distribution function,
which has been developed in Paper II, in the stationary case for large Knudsen
numbers. The consumption of condensable elements is an essential part of this
description and, therefore, the depletion of the gas phase from condensable ele-
ments is a consistent part of the results. The model calculations are restricted
to one exemplary refractory dust species, TiO3, which is enough to study the
control mechanisms for the dust formation and the general structure of cloud
layers in brown dwarf atmospheres.

According to our results, an ongoing cycle of nucleation — growth — preci-
pitation — evaporation characterises the large-scale structure of a cloud layer,
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related to the life cycle of dust grains in brown dwarf atmospheres. This cy-
cle is driven by the convection. Without convection, all dust particles would
settle gravitationally, leaving behind a saturated (i. e. strongly metal-deficient)
dust-free atmosphere above the cloud base. However, cool dwarf stars (M, L,
T) are almost fully convective, which leads to a replenishment of the upper at-
mosphere with condensable elements from the deep interior of the star. Thus,
the convection triggers the formation and resultant properties of the emergent
dust particles.

Four distinct regions can be distinguished, ordered by the leading physical
process for the dust component which corresponds to a particular height above
a cloud base in a quasi-static model'©:

1) Nucleation: The formation of seed particles occurs high in the atmosphere
(e.g. T<1300K to T'< 1500K for TiO2, depending on the mixing) whe-
re the gas is highly supersaturated!!, but nevertheless strongly depleted
(metal-poor).

2) Growth: These particles slowly sink into lower regions, where the in-situ
formation (nucleation) becomes impossible. The particles grow substan-
tially in these layers, thereby consuming the condensable elements which
are constantly replenished by the convective mixing. The growth process
remains incomplete in these layers, i.e. the gas remains highly supersatu-
rated.

3) Drift: With increasing density in the deeper layers, the growth process
becomes complete, which results in an almost saturated gas. The dust
particles mainly drift through this region without much further growth.

4) Evaporation: The dust particles finally cross the cloud base (defined by
S=1, here at T~2000K for TiO>) and populate the undersaturated gas
below. The evaporation of these dust particles creates a metal-enriched
region and shifts the borderline of the physical existence of dust particles
well below the cloud base.

This stratification cannot be understood by stability arguments, but requires a
kinetic treatment of the dust complex. According to our results, the atmosphere
is generally in phase-non-equilibrium (S # 1), except for the cloud base, whe-
re the element abundances coincide with those of the uncondensed gas which
is mixed up. Consequently, the application of numerical codes which assume
chemical and phase equilibrium, simply including liquid and solid phases as ad-
ditional specimen, seems questionable. However, a self-regulation mechanism
exists for not too vivid mixing which leads to the formation of a restricted layer
around the cloud base where phase equilibrium is approximately valid (S~ 1).

10Tn time-dependent simulations (e.g. Paper I), this classification corresponds rather to
different phase of the dust formation process than to a particular height in the atmosphere.

11Tt is important to note that the formation of high-temperature condensates (with sub-
limation temperatures of the order of 2000 K) requires to overcome the nucleation barrier.
The pre-existence of some seed particles in the condensing gas of another unidentified kind (in
analogy to the aerosols in the Earth atmosphere) seems questionable here, because the tempe-
rature difference nucleation-stability (here 500 K to 700 K) is large compared to the difference
of the sublimation temperatures between TiO2 and other candidates of high-temperature
condensates.
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The location and spatial extension of this layer depends on the material, the
stellar parameters and the convective mixing.

From an observational point of view, it is important to note that the gas
becomes more and more depleted in the upper atmosphere. The maximum
degree of depletion of Ti with respect to the cloud base results to be 3.5 to 6.5
orders of magnitude in our model, depending on the efficiency of the convective
mixing. These layers are mainly responsible for the observational molecular
features.

Beside the element abundances in the gas phase and the supersaturation
ratio, the model makes predictions about the large-scale dust structure of a
cloud layer, in particular the dust-to-gas mass ratio and the mean size of the dust
particles present in the atmosphere. The overall cloud structure is characterised
by an almost constant dust-to-gas ratio for constant mixing above the cloud base
and a sudden drop at the lower physical borderline, where the dust particles
shrink, decelerate and vanish. The mean particle size (a) is generally found
to decrease by several orders of magnitude from a maximum value present at
the cloud base with increasing height. Depending on the convective mixing, this
maximum size ranges in 0.3 pum to 150 pm, which is consistent with the quantity
amax defined in Paper II. However, the particles generally remain much smaller
than amax high above the cloud base and/or in case of weak convective mixing.

A lower effective temperature Tog of the brown dwarf mainly results in a shift
of the active dust formation zone into deeper layers, finally below the observable
limit 7 &~ 1. The general structure of the cloud layer and the resultant properties
of the dust particles remain similar with respect to the cloud base. However,
if only the results at 7r =1 are considered, the dust particles are smaller (but
more numerous) and the gas phase is more depleted for lower Ti.g-.

In general, a more reliable treatment of the dust complex in the atmospheres
of cool dwarfs and giant gas planets can be obtained by a quantitative descrip-
tion of nucleation, net growth, element depletion and sedimentation of the dust
particles by means of differential equations. Local arguments and considerati-
ons, which have been mainly used so far, are not sufficient because they cannot
account for the fact that dust particles can be created in one place and can
occur in another place, which leads to a spatial (and temporal) coupling of the
problem.

Beside an extension of our preliminary models to more than one dust spe-
cies (which involves the problem of core-mantle and possibly dirty grains), the
development of turbulent closure terms for small-scale fluctuations and a more
general treatment of small and large Knudsen numbers, the remaining uncer-
tainties of our current model are mainly introduced by our strongly simplified
treatment of the convective mixing. A fine-tuned equilibrium between the up-
ward directed flux of condensable elements via convection and the downward
transport of condensable elements via the formation, gravitational settling and
thermal evaporation of dust grains is responsible for the vertical structure of the
condensable elements. In particular, the decreasing efficiency of the convective
mixing around the convective — radiative transition zone seems important to
understand the cloud decks. Moreover, since the dust formation may even have
an important feedback on the convection itself (via the release of the latent heat
of condensation and via opacity effects), a simultaneous treatment of convecti-
on and dust formation, consistently coupled to a frequency-dependent radiative
transfer, is required for more realistic models of brown dwarf atmospheres.
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A The static solution without mixing

In order to discuss the possible existence of dust particles in a truly static
atmosphere, we consider the dust moment, and element consumption equations
without mixing (Egs. 1 and 4) in the static stationary case, where all L.h.s. terms
vanish. Concerning Eq. (4), both source terms on the r.h.s. are negative in case
of supersaturation and positive in case of undersaturation!?. Since their sum is
zero in the static case, each term must be zero, i.e.

J(Vi))=0 and {S=1or Ly=0}. (15)

From the definition of the dust moments as integrals over a strictly positive
size distribution function f(V') > 0, multiplied by some power of the positive
volume V7 >0, it is clear that Lo =0 implies L; =0 for all j. Furthermore,
S =1 implies that Y} = 0 according to Eq.(2). Consequently, Eq. (15) is
equivalent to

J(Vi)=0 and {x4 =0 or L; =0} . (16)
Thus, the following conclusions can be drawn:

S <1: According to Eq. (2), undersaturation implies st <0. We can hence
conclude from Eq. (16) that the gas must be dust-free L; =0. This is the
usual case of “normal” stellar atmospheres, where the gas is too hot for
saturation and all dust particles have disappeared (if ever existed) due to
evaporation.

net

S=1: Saturation implies xJi¢t =0 according to Eq. (2). Inserting this result
into the dust moment equations (Eq. 1), we can deduce that < (dL;/cr)=
0 for all j or

Lj = const; - cp = constj - \/2kT/[i . (17)

This solution describes the pure effect of drift on the dust moments, i.e.
dust particles which drift through the atmosphere without changing their
properties. However, at some depth in the atmosphere the gas must be-
come undersaturated because of the inward increasing temperature. A
continuous transition to the S <1 case is hence only possible if const; =0
for all j. Physically speaking, the dust particles cannot simply disappear
at the borderline to S <1, but have to evaporate there which would con-
stantly enrich this layer with condensable elements — in contradiction to
the assumption of a static atmosphere. We conclude that the gas must be
dust-free also for S=1.

12 As argued in Paper II, S, =S™r is valid for simple types of growth reactions, where m,
denotes the number of monomers of the solid compound created by that reaction. Therefore,
e.g. S>1 is equivalent to S, >1 for all r.
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S>1: This case contradicts the J(V;) = 0 condition, because supersatura-
tion always implies a possibly very small but in any case non-vanishing
nucleation rate.

Consequently, the gas cannot be supersaturated (S <1) and must be dust-free
(L; =0) in a truly static atmosphere. This solution is denoted by the “trivial
solution” in Sect. 2.2.
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