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Abstract

Based on the knowledge gained from direct numerical simulations which are
only possible in the microscale regime, o concept of driven turbulence is pre-
sented which allows to enter the mesoscopic scale regime. Here, dust formation
under stochastic hydro- and thermodynamic conditions is studied: constructively
superimposed stochastic waves initiate dust formation by the creation of singular
nucleation events. It, hence, results a varying mean grain size and dust density
in space and time. The newly formed dust changes the thermodynamic behavior
from almost isotherm to adiabatic and chemically depletes the gas phase.

1 Introduction

Brown dwarfs have gained substantial interest during the last years not only
due to their potential of physically bridging the gap between planets and stars
but also as playground for the study of basic physics like dust formation and
multi-scale phenomena like turbulence and convection.

Turbulence phenomena are characterized by an energy cascade from large
to small scale until the energy is finally dissipated by the viscosity of the fluid.
On the smallest scales, in the microscopic regime a direct numerical simulation
of single turbulence events (‘eddies’) is feasible. Usually, this scale regime is
modeled adopting some mean quantities in most of the turbulence simulations
which, hence, do not allow a detailed investigation of the physics involved.

The microscopic regime provides a unique possibility to gain detailed insight
into governing processes in a dust forming turbulent medium. The study of time-
dependent dust formation under turbulent conditions in the microscopic scale
regime (It < Hp) has revealed a feedback loop in which interacting acoustic
waves play the key role in initiating dust formation in otherwise dust-hostile
environments. It results a highly variable distribution of dust in space and
time (Helling et al. 2001). Based on the knowledge gained from the microscale
investigations, we extent our studies to larger scales involving the Kolmogoroff
inertial subrange. This presentation deals with the mesoscopic regime (l.of <
H,) where driven turbulence is supposed to model a constantly occurring energy
input from some convectively active zone outside a test volume.



2 Model of the reactive, dust forming gas flow

The physical and chemical processes in the reactive, dust forming gas in the
brown dwarf atmosphere are described by the dimensionless hydrodynamical
equations for mass, momentum and energy conservation (Egs. 1-3) and the
conservation equations for the chemistry and the dust complex (Egs. 4, 5). The
dust formation is thereby considered as a two-step process: formation of seed
particles out of the gas phase (nucleation) and subsequent growth to macroscopic
particles (Gail & Sedlmayr 1987, Dominik et al. 1990).
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TrE is the radiative equilibrium temperature, e, the element abundance of the

chemical element x in mass fractions, L; are the dust moments in mass frac-

tions of the grain size distribution function f(V) with V the single grain volume
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and g the gravitational acceleration acting in y direction.

The system of partial differential equations is closed by various material quan-
tities which are partly expressed by non-linear algebraic equations (adiabatic

coefficient ~, total absorption coefficient &, rate of nucleation J,, heterogeneous
growth velocity ynet; for more details see Helling et al. 2001).

—  The analysis of the characteristic numbers shows that the governing
equations of our model problem are those of an inviscid, compressible
fluid which are coupled to stiff dust moment equations and a singular
radiative energy relaxation if dust is present.




3 Stochastic boundary conditions driving turbu-
lence

Turbulence is modeled by boundary conditions for our test volume: A distur-
bance da(x,t) is added to a homogeneous background field «g(x,t) such that
for a suitable variable a(x,t) = ag(z,t) + da(x, t).

In order to fulfill the conservation equations inside the test volume, the
stochastic, dust-free velocity, pressure and entropy fields are prescribed on ghost
cells located outside the test volume. By solving the hydro-/thermodynamic
equations (Egs. 1-3), the stochastically created waves continuously enter the
model volume and, thereby, a turbulent fluid field is generated.

The present pseudo-spectral model for driven turbulence comprises!:
e a stochastic distribution of velocity amplitudes dv(x,t):
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The turbulent energy E! , = A, (k;)?/2 according to the Kolmogoroff spec-
trum is assumed to be the most likely value around which a stochastic fluc-
tuation is generated by a Gaussian distributed number z3 according to the
Box-Miiller formula z3 = /=2 log z1 sin(n22). 2z and 23 are equally distributed
random numbers. The random numbers are chosen once at the beginning of
the simulation. ¢ is the energy dissipation rate, Ck = 1.5 the Kolmogoroff con-
stant, k; = |kilEi| are N equidistantly distributed wavenumbers in Fourier space
(i=1,...N with N the number of modes), and ; = 27 z4 are the equally dis-
tributed random phase variations. From dimensional arguments the dispersion
relation w; = (27 k?e)'/3 was derived.

e a stochastic distribution of pressure amplitudes /P (x,t):

The pressure amplitude is determined depending on the wavenumber of the
velocity amplitude A, (k;) such that the compressible and the incompressible
limits are matched for the smallest and the largest wavenumber:

[kmax - kl] /014v(ki)2 + [kl - kmin] pCsAv(ki)

Ap (ki) = [Frnax — Fanin]

(10)

The Fourier cosine transform (as Eq. 9) provides dP(x,t) in ordinary space.
kmax = 27/(3h) is the maximum wavenumber with i the spatial grid resolution,
kmin = 27 /lyef is the minimum wavenumber with [,¢ the size of test volume.

e a stochastic distribution of the entropy S(x,t):
The entropy S(x,t) is a purely thermodynamic quantity and a distribution
can in principle be chosen independent on the distribution of the hydrodynamic

IFor examinations concerning the forcing in direct numerical simulations of turbulence see
Eswaran & Pope (1988).



quantities. For a given entropy S(x,t) and given P(x,t) the gas temperature
T(x,t) is given by:

S(x,t) + Rlog P(x,t) — Rlog R

logT(x,t) = p—

(11)

So far, S(x,t) has been kept constant. R is the ideal gas constant, cy = 3k/(2u)
the specific heat capacity (V' =const) for an ideal gas, k the Boltzmann constant,
and p = 2.3 my the mean molecular weight.

4 Numerical features

A full time-dependent solution of the model equations (1-5) has been obtained
by applying a multi-dimensional Euler solver for compressible fluids (Smil-
janovski et al. 1997) which has been extended to treat consistently the complex
of dust formation, radiative cooling and element consumption. The simula-
tions have been performed with a spatial resolution of 500 grid points. The
initial conditions are chosen to be dust free and homogeneous hydrodynamic,
thermodynamic and dust quantities have been adopted: Lo(x,0) = 0, P(x,0) =
p(x,0) = S(x,0) =const, v(x,0) = 0. The boundary conditions are modeled
as described in Sect. 3.

A strong feedback between dust and radiative cooling occurs due to the
large opacity of the dust and its strong temperature sensitivity. Considerable
numerical difficulties result. Therefore, the coupled dust and radiative cooling
complex is solved by the LIMEX DAE solver for each hydrodynamic time step
with adaptive time-step control (Deuflhard & Nowak 1987). In contrast to the
CVODE solver, LIMEX does not fail to solve the transition from a dynamic
to an equilibrium situation of the dust complex (Egs. 4, 5) which is strongly
coupled to the radiative source term of Eq. (3).

5 Results

The simulations presented here are first calculations for a typically hot and
dense, dust-hostile region in an atmosphere of a brown dwarf star in the meso-
scopic regime applying a concept of driven turbulence. If appropriate thermo-
dynamic conditions occur, dust particles are formed out of the gas phase; con-
sidered are TiOz-seeds on which SiO and TiOy grow via surface reactions.

The simulations are characterized by a set of reference values from which
a set of characteristic numbers results. The hydrodynamic, thermodynamic
and dust values (Eqs. 1-5) will evolve during the simulation and can thereby
considerably diverge from the reference values which are:

reference values:

Tret  =2100K Vet = Cs/10 Jret =10 1/(scm?)
Prof =10"%g/cm? Cs =4-10%cm/s Loy =10191/g

Pt =10"dyn/cm?  gpef = 105cm /s> Xref =10"2cm/s
Syef =10? erg/K Lrof = 10°cm (a)ref = 10"%m

Kref = 10*2cm2/g TRE = 1900K Eref =106

= Eref = ].08 Cm2/53 tref = 2.58
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Figure 1: The time evolution of hydrodynamic (blue) and dust (red) quantities
at the center of the test volume (x = 0.251/,¢f) for a turbulent gas driven by 50
k—modes.

(p - gas density, p - gas pressure, T - gas temperature, u - hydrodynamic veloc-
ity (dimensionless); J./n gy - nucleation rate [1/s], xnet - net growth velocity
[cm/s], nq - number of dust particle [1/cm?], (a) - mean particle radius [cm],
f; - degree of consumption of Ti, fg; - degree of consumption of Si).
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characteristic numbers:

Rd =102 M —0.1 Dai® = 25108

(dust free) Fr =0.16 Da§  =1.510*
Sej  =1...1072
El =102

The large values of the characteristic dust Damkohler numbers, Da, indicate
the dominance of the dust formation process if appropriate conditions occur.
The radiation number, Rd, will increase by order of magnitudes if dust has
formed which causes also the radiative cooling to be one of the dominating
processes inside the dust formation window.

— Remark: Characteristic numbers are not unique. Therefore, each so-
lution (e.g. Fig. 1) of the model Eqgs. (1-5) represent a whole family of
solutions concerning different reference values for one set of characteristic
numbers as e.g. given above.

Figures 1 depicts the results of our 1D simulation with stochastic boundary
conditions. The time evolution of hydrodynamic, thermodynamic, and dust
quantities in the center of the test volume are shown.

Two evolutionary epochs can be distinguished:

1) pre-RE epoch:

Interacting stochastic wave provide locally low enough temperatures that
nucleation is possible for a short time interval (singular nucleation events).
Subsequent dust growth causes the dust particle mean size (a) to increase.
T reaches the radiative equilibrium (RE) level due to the resulting increase
of the absorption coefficient «.

During this epoch, (a) and ngq vary considerably until fr; = fg; = 1,
consequently the supersaturation ration S < 1, and the dust complex has
reached a steady state.

2) past-RE epoch:

The stochastically created waves can not any more alter the temperature
since the dust immediately drives the temperature back to the RE level.
All condensible material has been consumed by the dust, hence, S < 1 and
the dust complex can not change further. Only the already existing dust
particles in the test volume are transported by the incoming stochastically
superimposed waves.

In the long run, the dust complex is characterized by small fluctuation in the
mean particles size (a) (log(a) ~ —3.5£0.25) and number density nq (logng =~
6+1) after the dust has reached its steady state where the gas is undersaturated.
The dust is considerably more inhomogeneous in mean size and density close
to the boundary where the stochastic waves enter the test volume compared to
the center of the test volume discussed here.



6 Conclusions

—  The dust formation is initiated by the constructively superimposed
stochastic waves resulting in a varying mean grain size and dust den-
sity in space and time.

—  The dust changes the thermodynamic behavior from almost isotherm
to adiabatic and chemically depletes the gas phase during the pre-RE
epoch. An pure temperature increase extends this phase.

—  The dust drives the temperature always back into radiation equilibrium
due to its large opacity during the past-RE epoch.
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