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Abstract

The bio-heat transfer equation is a macroscopic model for describ-
ing the heat transfer in microvascular tissue. So far the derivation of
the Helmholtz term arising in the bio-heat transfer equation is not com-
pletely satisfactory. Here we use homogenization techniques to show that
this term may be understood as asymptotic result of boundary value prob-
lems which provide a microscopic description for microvascular tissue. An
appropriate scaling of so-called heat transfer coefficients in Robin bound-
ary conditions on tissue-blood boundaries is seen to play the crucial role.
In view of a future application of our new mathematical model for treat-
ment planning in hyperthermia, we derive asymptotic estimates for the
first order corrector.
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Introduction

A detailed understanding of thermoregulation in the human vascular system is
of utmost interest in a variety of applications in medical technology. The present
paper emerges from problems arising in the patient-specific therapy planning for
the cancer therapy regional hyperthermia — see [7, Chap. 1] for a general survey
or [8] for details concerning applied adaptive multilevel methods. Up to now,
the model of thermoregulation used therein is the quite popular bio-heat transfer
(BHT) equation, a partial differential equation (PDE) model developed by the
neurologist Pennes [15] already in 1948.

The aim of the present paper is to carefully revisit the original problem of
thermoregulation on the micro/meso scale via mathematical homogenization.

The paper is organized as follows. In Section 1 we describe the problem
setting in the framework of regional hyperthermia; the arguments underlying
the existing derivations of the BHT equation are discussed together with their
limitations. Next, in Section 2, we introduce a periodic model problem which is
a usual first step within the homogenization approach — see, e.g., the research
monograph [3]. This kind of model yields a slight variant of the BHT equation.
More general scaling laws are discussed as well. However, as turns out, the
more general approach does not lead to any further useful mathematical model.
In Section 3, in view of a possible embedding of the microvascular model in a
numerical multiscale model, we derive the first and second order corrector terms
of our periodic model and prove error estimates for the first order corrector.

1 Thermoregulation Modeling Revisited

The investigations of this paper have been motivated by a long term interdis-
ciplinary project in microwave regional hyperthermia, a rather recent cancer
therapy. Its clinical setting at the Charité in Berlin is shown in Fig. 1, left. A
prerequisite for mathematical therapy planning is the construction of a so-called
virtual lab, which contains a 3D grid model of the real patient, the so—called
virtual patient — see Fig. 1, right. The underlying medical and mathematical
problem is to tune the microwave antennas optimally in such a way that heat
is concentrated within the patient’s tumor, but nowhere else in healthy tissue.

For this purpose, the distribution of the temperature 7" within each indi-
vidual human body must be quantitatively carefully modeled. Up to now, the
rather simple so—called bio-heat transfer (BHT) equation

—VkVT + pippeym(T —Tp) + S =0 (1.1)

is mostly used, where x denotes the thermal conductivity, p;;, the density of
tissue/blood, ¢, the specific heat capacity, m the perfusion, T} the arterial tem-
perature, and S some external thermal source — which in regional hyperthermia
is the heating by microwave absorption. This elliptic PDE dates back to an early
suggestion by the neurologist Pennes [15] from 1948 (actually he had treated the
time dependent parabolic PDE). The construction of his model was based on



Figure 1: Regional hyperthermia: real patient (left, Charité), virtual patient
(right, ZIB).

experimental observations which he tried to understand by an ingenious mixture
of physical, physiological and mathematical arguments. His model was under-
stood to apply to the whole resting human forearm. Multiscale considerations
did not show up.

Not earlier than 1980 the two bioengineers Chen and Holmes [4] looked into
this topic again in subtle detail. In their derivation the above Helmholtz term
arises, when a “sufficiently large control volume” is considered, such that all
further bifurcations from precapillary arterioles are contained. Moreover, they
require the assumption that blood leaves the control volume at the solid tissue
temperature. Upon carefully examinating different heating effects by the blood
flow, they arrive at the BHT equation with an additional convection term. In
their summary, they draw the following main conclusions:

e The equilibration of blood temperature within solid tissue takes place
between arterial branches and precapillary arterioles, not in the capillaries.

e The heat transfer from larger vessels should be calculated individually,
and not collectively in a continuum formulation.

Obviously, these authors already envision a two-scale model — the BHT meso-
level and the large vessel macro-level.

Later, in 1989, one of the present authors suggested another derivation of
the Helmholtz term — see [17]. This derivation started from the above additional
convection term and assumed some potential temperature flow — in the spirit of
Darcy’s law as used in reservoir simulation. Following this line, Green’s theorem
then helps to recover a Helmholtz term just as the one in the BHT equation. As
is well-known, Darcy’s law has originally been based on experiments, whereas
today it can be derived by homogenization arguments. First such derivations
have used some periodic microstructure assumption [1, 9], more sophisticated
later derivations could dispense of such a type of assumption [2].

Stepping back to the original problem, we are facing a true multiscale sit-
uation. As shown in Fig. 2, we will have to deal in parallel with large blood



vessels, medium size blood vessels, and small capillaries. Our computational
concept for this situation is as follows:

(a) Large blood vessels will be modeled as 3D spatial objects — compare also
[12].

(b) For the medium size blood vessels we might adopt a technique introduced
by Quarteroni et al. [16] and model them as 1D spatial objects.

(c) Finally, for the capillary heat distribution mechanism, we will need to derive
some micromodel via homogenization — which is the topic of the present

paper.

(©

(b)

@ \

Figure 2: Multiscales in blood vessels: (a) capillaries, (b) medium size blood
vessels, (c¢) large blood vessels.

2 Homogenization of a Periodic Model Problem

In this section, we consider the homogenization in periodic microstructures, a
procedure which simplifies the presentation considerably and keeps the technical
problems as few as possible. A generalization to a non-periodic setting will be
given elsewhere.

Generally we use the notion a < b to appreviate a < Cb with some constant
C>0,a 2 bifb < aandfora < b < a we write a ~ b.

Let Q C R3, be a bounded domain. For y; > 0, i = 1,2,3, we set Y :=
Hf’zl(O,yi) and for a bounded domain Q with @ C Y we define Y* := Y \ Q.
The boundary of @ is assumed to be polygonal or, alternatively, at least C?2.
For € > 0 let 7(eQ) := Upezse(k + Q). We always assume that 9Q N 7(eQ) = 0
and write Q. := QN 7(eQ) as well as Q, := 2\ Q..

With respect to our underlying problem of heat-transfer in microvascular
tissue we think of ). as small regions of blood of certain temperature. The
domains €. describe solid tissue parts where heat-transfer by conduction takes
place. For simplicity, we assume that heat transfer in the solid tissue is described




by thermal conductivity with conductivity coefficient equal to 1. Taking into
account some external thermal sources S, the temperature distribution is then
modeled by the diffusion equations —AT, = S,.. Furthermore, we shall assume
that on the inner boundaries 0@, the transition between blood regions and solid
tissue is governed by Newton’s cooling law with respect to an € dependent heat
transfer coefficient.

More precisely speaking, we consider for appropriate € > 0 and « > 0 the
boundary value problems

—AT, = S, in €,
T.=0 on 01, (2.2)
9 = ca(Tf —T.) on 9Q.,

for given thermal sources S, and given blood temperatures 7.

For Ve := {u € H'(Q) | ujpo = 0} and S. € V!, Ty € L*(8Q.) the
variational formulation of the boundary value problem reads as follows: Find
T. € V. such that

/VT6 -Vodr = (Se,v)v v, — e / T.vdo + ea / Tyvdo for v e V..
Q. 0Q. 0Qe
(2.3)
Clearly, the variational problems (2.3) possess unique solutions T, € V..

Our results in this section will show that the e-scaling of the heat transfer
coefficient on 0Q). is the correct scaling law. From a physical point of view,
one may motivate the € scaling by the following arguments: Let us assume that
Ty, = 0 and S, := S is a real thermal source, i.e., T, > 0in . and in the limit for
e — Oholds T* :=lim,o T > 0 as well ason Q5 := Q\{z € Q | dist(z,9N) < §}
for some small 6 > 0 it is T > 1. Therefore, for € small enough, one also has
T 0g.nos 2 1. Upon applying on 9@, the boundary conditions

oT.
— +hI. =0
on +

for he > 0, the variational formulation

/VT€VU dr = (Sc,v)v: v, — he / T.vdo, v eV,
Q. Q.

gives for v =T,

he / |T€|2dcr+/|VT€|2dx:<S,T€>V6/,V‘ < |7
0Q. Q.

Ve-

From this, applying the Poincaré inequality, see (2.6), we arrive at

he / IT.)?do < 1. (2.4)
9Q.



Since
/|TE|2d02 / Tdo > [0Q.NQ| >
9Q. SQEQQ‘S

the inequality (2.4) implies, for sufficiently small € > 0, that
he < e

In the final part of this section we will see that for constant T, > 0 and S, =0
the Robin boundary condition BT; + heT. = 0 with h, ~ €7 for v > 1 implies
' Tellv. < 1, hence |Tt|lv. < €' and finally ||T¢|ly. — 0 for e — 0.

Therefore one should have

he ~ €.

In the following we make use of the existence of extension operators P¢ &
L(V., H}(Q)) such that

||VPE(U)||[L2(Q)]3 < C”VUH[L?(QE)]?” veV, (25)

with C' > 0 independent of € > 0. Clearly, (2.5) implies the Poincaré inequality
on €, i.e., there exist a constant C' > 0 such that for appropriate € > 0 holds

w2 < ClIVwlie@yp,  weVe (2.6)
Theorem 1 If S, — S in L*(Q) and Tf — Tp, in H(Q), then
PYT.) —~T*  in H(Q)

where T™* is the solution of the boundary value problem

—div(AVT*) + BT~ 1)) = IS in @, (2.7)
T — 0 on 0L2.

The coefficients of the constant and positive definite matric A = (a;;):; are
given by

Y| I
ai':—i,‘—— 28
T TV o 25
Y*
where the functions x? are solutions to
—Ax =0 inY*
3(X;;yj) -0 on 8Q, (2.9)

X! Y-periodic



Proof. The proof of the theorem is essentially based on considerations in [5].
Therefore we only sketch the necessary modifications. In order to relate our
Robin boundary value problems (2.2) here to the Neumann problems studied
there, we set u, := e T, and f. := e 1S, which leads to

—Au, = fe in Q,

ue =0 on 01, (2.10)

%ﬁ; +eaue = ady  on 0Q..

Note that f. = €S, need not and will not fulfil the uniform estimate || fe[v: < 1

~

assumed in [5]. The boundary value problems (2.10) are interpreted as varia-
tional problems, i.e., u. € V. have to satisfy for v € V,

/VuE Vvdr = (fe,v)v: v, —ae/uwda—!—a /Tbvda (2.11)
Q. Q. 8Q.
We notice that Corollaire 3.4 (b) in [5] implies for u¢ € W=1°°(Q) defined by
(e, 0) = / pdo, ¢ e Wy (Q),
0Q.
and g € W=1°°(Q) defined by

(b, ) = ||}? pdr, e Wy (Q),

that in W~=1°°(Q) holds u¢ — u for ¢ — 0, which provides in particular a
constant C), > 0 with
1 lw=1.0002) < C (2.12)

for € > 0. Applying (2.12) and ||Tj|| g1 (o) < C, which follows from Ty — T3 in

H(Q), we obtain
/\v ucTE)| dx < Cu-C /|v o|? dx)t/2,

|/Tbuedo|—e*1|<u T <
9Q.

Therefore, (2.11) for v = u, gives

/|Vue\2dz = <f€,u€>vs/7ve—ae/|u€|2do+a/T§u€dU

Q. Qe
_ aC, -C
€ 1|<Seaue>V€’, g 'L; (/|VU€|2)1/2.

IN




In other words, there exists some constant C' > 0 such that
leuel| a0y <€ for e>0.
Selecting a suitable subsequence, there is u* € H} () with
P(eus) — u*  in HY(RQ).
Now we proceed analogously to the proof of Théoréme 4.7 in [5]: Setting &, :=

- 0 in Q.
V(eu.) in Q. and &, := , we obtain for ¢ € C§°(Q)

§e in L
/él “Vodr = (xa,S ¢)v:v. — a(us, eucp) + alu, Ty ),
Q

hence for £* € [L2(Q)]® with & — &* for € — 0

* Y* *
/5 “Vpdr = %(S, ) i-1(9),m1 Q) — ol ut ) +olp, Top),
Q

i.e., in ) holds
: Y 10Q)|
—divg" = S+ a— (T, — u").
Y] Y]
Furthermore, following the proof of Théoréme 4.7 in [5] step by step and apply-
ing again €f. = S, we end up with

& =AVu* in Q,

where the coefficents a;; of the matrix A = (a;;);; are given in (2.8). Finally,
remember that T, = eu. and denote u* by T*, which completes the proof. N

At this point, some remarks on the boundary value problems (2.9) and their
solutions x’/ may be in order: If Q has a C2-boundary, f € L%(Y*) and g €
H'/2(0Q), then the inhomogeneous problem

—Af0=f in Y*
% =g on 0Q),

0 Y-periodic

has a unique solution § € H2(Y*)/R iff

Y[fdxz—/gda.

oQ

Furthermore, if f and g are constant functions, one has § € W12 (Y*), see [10].

It is near by hand to ask for the resulting limit equation when the heat-
transfer coefficients on the inner boundaries Q. are scaled in any other way.
In particular we are interested in the case h. ~ €7 for v > 1, since our remarks
in the beginning of this section already suggest h. < .



Theorem 2 If v > 1, e77S. — S in L*(Q) and Ty — Ty, in H' (), the
solutions T, € V. to

—ATe - Se n Qev

T.=0 on 0f,

% =ea(Tf —T.) on 0Q..
satisfy

P('T) —~T*  in HY(Q) (2.13)
e 0q) )

—div(AVT*) + a—(T* = Tp) = S.
Y] Y]

Proof. We set u, := ¢ 7T, such that

—Au, = e 7S, in €,
ue =0 on 0,
u® 3

G +elauc = aTy  on 0f)..

We follow the proof for v = 1, i.e. Theorem 1, which leads us to

n Cth, . C(/ |vu6|2)1/2.
QE

/|Vu6|2 dx < E_W‘<SE,UE>V€/’V€ €
Q€

Thus, €'77||Sc|lv, < C for € > 0 implies |[euc| g1 (o.) < C for € > 0, which gives
P(eus) = u*  in H}(Q).
Next, €!77S, — S in L?(Q) for € — 0 implies

. Y| 10Q)|
—divAVu* = S+ a—(Tp —u").
Y] Y]

Since u, = €~ 7T,, we have
P(e'™T) —w*  in Hy(Q).
Setting T™* := u* gives the result. ]

Finally, let us shortly discuss the case when the heat transfer coefficients are
independent of e: Considering on 9@, the Robin boundary condition

oT.
on

we obtain, under appropriate assumptions on S,

PE(eYT.) =0 in HY(Q).

= OZ(Tb6 - Te)v

This means that the solutions T, to the periodic microscale problems need the
scaling factor €'/2 to become uniformly bounded in H{(£).



3 First and Second Order Correctors

It is well-known from general homogenization theory that the solution to the
homogenized equation is not the strong, but only the weak limit of the solutions
to the periodic problems. Therefore correctors are introduced, i.e. e-dependent
functions, such that the sum of the solutions to the periodic problems and those
corrector functions converge strongly. Moreover, for many periodic problems it
could be shown that the convergence is of some order €* for s > 0 with respect
to appropriate norms.

Generally, correctors can be understood as smoothing operators, because
they suppress the fast oscillations in the gradient of 7, — T™. Thus, in view
of an efficient numerical approximation to the problems under consideration,
corrector results are of particular interest. For the role of correctors in numerical
homogenization see [11].

We shall prove two corrector results: Theorem 3 provides an asymptotic
estimate for the “classical” first order corrector, cf. [3, 6, 13]. With respect
to additional boundary correction terms an asymptotically better result is pre-
sented in Theorem 4.

In the following we assume that

dist(0€2,0Qc) > € fore>0,

which implies dist(99Q, 0Q.) > & with some e independent Cq > 0. Further-

more, we assume that the domain {2 possesses a C*°-boundary 92, the boundary

of Q is at least 2 and for the data S, = S € C°°(Q) and Tf = T), € C=(Q).
For the formal derivation of first and second order correctors we follow the

standard approach, cf. [13]: Starting point is the asymptotic ansatz
Te(x) = TO(x7y) + ETl(xvy) + €2T2(xay) +..

with y = x/e¢ and where T; are Y-periodic functions defined on € x Y*. Then,

applying
A= 6_2Ay + 26_1Amy + A,

3 82 3 02 3 82
where A, =377 o7 Agy =) Ay =D, ==, as well as

i=1 0z;9y;’ i=1 9z2>
o ., 0
0= ongy WV
we obtain in .
-AT. = —GQAyTO - 6_1(AyT1 + 2AxyT()) — (AITO + 2A:1:yT1 + AyTZ) T
=5 (3.14)
and on 0Q).
oT, ., 0 o 9
= T T . m2—‘ —T . m1" .
on € on(y) o+ on(y) 1+n(y) -V O+E(8n(y) b4+ n(y) - VaTi) +
= ea(Ty —Tp) — aTy — ... (3.15)

10



Comparing the coefficients to €2 in (3.14) and €~ ! in (3.15), respectively, leads
to

~A, Ty =0 in Y*,

oltes) — g on 9Q, (3.16)

Ty Y-periodic.

The only solutions to problem(3.16) are constants, i.e., Ty is independent of y.
Therefore, considering x as parameter, we get

To(z,y) = To(x)

with some z dependent function Tj.
Next, comparing the coefficients to ¢! in (3.14) and €” in (3.15), respectively,
yields

A1 =0 in Y*,
%@’)y) = —n(y) - V.To(r) on 0Q, (3.17)

Ty Y-periodic.

Again, the variable z might be considered as parameter. Furthermore, applying
the functions x? from (2.9) we obtain

Hwy) == X(y @To (@) + Th(x),
7j=1

with some function T} only depending on z. We choose Ty (z) = 0.
Finally, the coefficients to €” in (3.14) and € in (3.15), respectively, supply

—AyT(z,y) = 5+ A To(z) — 2213 1 ayl ( )895 a;,; To(x) in Y,
Tt = alTy = T) + Sy mi(y) (21 ¥ (4) gz To(@)  on 0Q,
Ty Y-periodic.

(3.18)
There exists a solution T5 to (3.18), if and only if

8XJ 0*Ty
00

+al0Q|(Ty~Ty) = [Y*]S  in®,

i,j=1

which is equation (2.7). Therefore, we set Ty := T™,

N
Ty(z,y) ==Y X ()5 —T"(x)

11



and obtain in Y*

0
—AyTQ = —04|

| *|(Tb—T)

/ 8)(3 B 28Xj 0*T*
\Y* ayz dy; | Ox;0x;

Introducing the functions y € H(Y*) as the solutions to

4,J=1

—Ayx = —% in Y,

% =1 on 8Q’ (319)

X Y-periodic

and the functions x¥ € H'(Y*) as the solutions to

_A ij — IY* ( gX dy) 72?9—95 inY”*,
Y * )

s = ni(y)x (y) on 9Q, (3.20)

X% Y-periodic,
the function T is given by

3 2 % _
Ty(z,y) = ax(y) (Ty(x) Z %j:a;])”m)-

Again we set TQ( ) = 0. The boundary value problem (3.19) is uniquely solvable,

since f ldo = f 13@3\ dy, and the boundary value problems (3.20) are uniquely

solvable since

[nwrwds - ‘f;; (4) dy

aQ
8xﬂ ox?
- _ -2 dy.
|Y* (/ ay; Y ay: | Y

*

Now we are prepared to formulate the following theorem for the first order
corrector.

Theorem 3 If x,x?,x% € WhHo(Y™*), there is a constant C > 0 independent
of € > 0 such that

. - OT
IV(Te = (T —GZXJ(E) llizaoe < Ce’?.

12



Proof. Setting R, :=T, — T* — €T and H, := R, — €T, we get
—AR. =5+ AT+ 20,11 + eA;T

and

—AH, = (AT + 20, T) + €A, Ts.
By our assumptions on 02, S and T, the solution T™* to (2.7) satisfies T* €
C> (). Since x, x¥ € Wh*(Y*) we have A, Ty, AgyTo, ATy € L?(Q.) with

AT L2y + [[Aey T2l L2(0,) + |A2T2 |20y S 1.

~

The boundary 0f). splits into the two parts 002 and Q.. On 02 the func-
tions T. and T™ vanish by definition. Thus we have

H€|aQ = —6T1|aQ — 62T2|39 with ||T1||L2(3Q) + ”TQ”L?({)Q) < 1.

~

On 0Q. we have

T,
on = €Oé(Tb — Te)
and, see (3.17),
6(T* + €T1) . * 0 _
—n = n(y) -V, T* + 3n—(y)T1 +en(y) - ViT1 = en(y) - V.11,
ie., it is
OR.
on ela(Ty = Te) — n(y) - Vo 11]

as well as, see (3.18),

3H€ o 8R5 QaTQ _ * 2
= on € o = ea(T* —T.) — e*n(y) - Vi Ts.

Thus, we obtain on 9Q, with Z. := —aT; — n(y) - V, Tz — eaTs that

OH,
on

+eaH, = ¥ Z.. (3.21)

Integration by parts gives

OH, OH.
||VH€||[2L2(Q€)]3 = —/AHEHG dx + / Hea—n d0'+ /HEW do. (322)
Q. Q. Gle)
In what follows we need to estimate the three terms on the right side of (3.22).
First term: We notice that the Poincaré inequality implies
< Te = T2 + el Till 2. + €1 T2 200
S VT =TY)lr2(o02 +€
< L

| Hell22(02.)

13



Thus we get

/AHEHGCZ.TJ S ||AH€||L2(Q€)

€

Second term: Applying the identity (3.21) we get

OH,
B o = —€x / H62 +€2 / H.Z do < EQHHe”L?(@Qe)||Ze||L2(6Q€)~
Q. 0Q. 0Q.
(3.23)
Next we prove
1Hell 2200 S €%
To this end we introduce Y-periodic functions ¢; € C*(Y) with
n;(y) vy €0Q,
4 (y) =
0 near 9Y,
ie., it is n? = Zj.’:l qu(y) =1 on 0Q. Green then gives
3
/ H2(zx)do = Z / x)q;j(z/e)n;(x) do
8Q5 = QE
_ _Z/Hz gy (@/eny (x da—i—Z/q] (2/e)2 >>
=150 i=1g,
3 9a.
+ _12/&(1’/6)1{3(&6) dz
=J 9y
Q.
S N HclZ2o0) + IVHN 2. + € HelZ2(q,)
N 6717
ie.,
IHllz20.) < €2 (3.24)

For Z. we have to refine this argument: First we get

))
[ 2@ ir 120y + N2y + Y [ atere)
Q. J=1g,
Inserting the definition of Z, in the first both terms on the right hand side and
considering each part of Z, separately gives HZCH%Q(BQ) < land ||Z€||%2(Q‘) < L
For estimating the third term we notice that

/qj(x/e)a(geix(j)) dr = 2/qj(x/€) Z(x)- 35;(;) d.
Qe A,

14



Again we have to insert the definition of Z. and to check each arising term
separately. Let us exemplarily consider [ ¢;(z/e) - Ti(x) - 6?—1@ dz: Tt is
J

€

J w1 D ao

€

k=1

_ 0T @) (s i Oxt 0T () 1" (x)
— Q/qj(x/e) (;X (z/¢€) oz, ) (Ze 18—y](x/6) B +Xk(x/e) 3xkaa:j> dx

’ *(x k * (1 2% (4
Q

ik=1
3
or*(z)| [ _, |0T*(x) 0°T*(x)
<
~ Z ’ 0x; (6 Ooxy, 3Ik8x] du
1,1€:IQE
< e L.

Checking analogously the other terms yields

2 x
ot ) <

i

€

and
1Zell 2000 S €2 (3.25)

Thus we obtain by (3.23) and (3.24)

/He%da < e
on ~

Q.
Third term: Inserting H|pq = —€T}|sa — €2Ts]sq leads to
OH, OH, OH,
H.—Sdo| < T —=<d 2 7y =""Ldo|. 2
/ ana_e/lanJJre/gana (3.26)
Q Q Q

Following an idea in [6], we take m. € C§°(R3) with

1 if dist(z, 0Q) < €/4Cq, . 4
me(z) = and transition such that||Vme||po@q) < €
0 if dist(x,00) > €/2Cq,

15



We set U, := {z € Q| dist(z, 9Q) < ¢/2Cq}. Now,

0 _ Ome 0Ty (x)
o m@)Ti(a) = FETi@) + (o) T
om. o 0T (z) _10x oT™*(x)
- G X e S g a0 T
0T (w
_meu)gxﬂ axka(%)

Thus, we obtain
||V(mET1)||[L2(U€)]3 < 6_1||VT*||[L2(U‘)]3 + 1.

Moreover, with
IVNT* 2o S €2 IVT | @y
see [14], we conclude that
IV )2 S e 2

Next, the identity m.|aq = 1 gives

Q 9]
g /mETlAHE de| + /V(mETl)VHE da
Qe €
S et V)2 wop IVHE L2
< €+€71/2||VH€||[L2(96)]3'

Since analogously to above holds
IV(meTo) |2 S € V2

we also get

OH.

/T2 do| < e+ e 2VH| 20
on

9]9)

Thus, we obtain by (3.26)

OH.

/He—do < €+ €2 VH 2 e
on

pQ
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Term collection: Combining the estimates, we are led to

IVH|[?2 (.55 e+ €2 VH |2

S
5 max{e, 61/2||VH6H[L2(Q€)]3}7
which implies
HVH6||[L2(Q€)]3 5 61/2.
Finally, we get

IVR 2200 < IVH|z200p + EIVTlze@ap S /2 +e S €2

The order % in the asymptotic estimate for the first order corrector results
essentially from Ti|sq # 0. In fact, appropriate additional correction terms
with respect to the boundary 0f2 give the order 1 uniformly in e. The following
theorem shows, that such correction terms are given by the solutions O, €

H'(Q.) of the boundary value problems

—-AB, =0 in Q.,

0.=T on 0,
66(3; = —ea®, on JQ..

Theorem 4 If x,x’,x" € W1>(Y™*), there is a constant C > 0 independent
of € > 0 such that

. ar*
[V(Te — (T" - G(ZXJ(E) oz, -+ 0Lz < Ce.

j=1

Proof. We define R, := R. + €0, and H, := R. — €2Ty. In Q. holds
~AH. = —AH, = (AT + 20, Ts) + A, T

On 909 we have

f{e = _€2T27
and on 0Q) it is R
OH. ~ 9
c=€Z..
on ¢
We proceed analogously to the proof of Theorem 3 and observe first that
8H
AT /AHH dz +
aQS

Again we need to estimate the three terms on the right side.

17



First term: The Poincaré inequality yields

[Hellz2) < Te=T* —e(Ty — O |2,y + €1 T2l 20
< IVH 2o + €IVl @ + 1Tl 2.)
< VA 2o + €
such that

(92) 5 €‘|VI~{6|‘[L2(Q€)}3+62-

Second term: First we obtain by (3.25)

- Of, ; ; ]
/He%doz_ea/H3+62/H€Z€d0562llHeHL2

0Q. 0Q. Q-

Q) S 63/2”H6||L2(8Q6)-

(3.27)
Next, applying the Y-periodic functions ¢; € C1(Y), we get

/ﬁf(m)da _ —Z/H2 Yo, (), ( da+2/qjx/e ”

Q. =150 =10,
—12/8% (/)2 (x) d
j=1 8%
Q.
< H e A2 )
< Y VA, \|L2 e e

Thus, the inequality (3.27) yields

- OH.

S GHVHE||[L2(QE)]3 + 62.

0Q.

Third term: We apply again the functions m. € C§°(R3) and get

OH.
2 /mﬁTga— do
Q

/mETzAHE dx| + /V(mETQ)VHE dx

IN

€

A

€3 + 63/2||VI~{€||[L2(QE)]3.

18



Term collection: We obtain

||vﬂe||[2L2(Q€)]3 € +€||VHE||[L2(95)]3

S
< max{e®, €| VH[r20. )32},

which implies ~
IVHe||z2(002 S €

As the final result, we then get
IVR 20 < IVHN 20 + €IV lli2 @ < e

~

Conclusion

We have studied the important medical modeling question of microvascular ther-
moregulation from the mathematical scratch using homogenization techniques.
As a result we obtain an elliptic PDE similar to, but slightly different from the
traditional bio—heat transfer (BHT) equation. In future numerical modeling —
such as therapy planning in the cancer therapy hyperthermia — we want to in-
tegrate our new model into a three—scale vascular model. For this reason, we
additionally derived the first order corrector together with uniform asymptotic
estimates.
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