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D-1000 Berlin 31, Federal Republic of Germany

December 1991

ABSTRACT

Countable systems of ordinary differential equations appear frequently
in chemistry, physics, biology and statistics. They can be considered as
ordinary differential equations in sequence spaces. In this work, a fully
adaptive algorithm for the computational treatment of such systems is
developed. The method is based on a time discretization of an abstract
Cauchy problem in Hilbert space and a discrete Galerkin approach for
the discretization of the arising stationary subproblems. The Galerkin
method uses orthogonal functions of a discrete variable, which are gen-
erated by certain weight functions. A theory of countable systems in
the associated weighted sequence spaces is developed as well as a theory
of the Galerkin method. The Galerkin equations are solved adaptively
either by use of analytical properties of the orthogonal functions or by
an appropriate numerical summation. The resulting algorithm CODEX is

applied to examples of technological interest, in particular from polymer
chemistry.



INTRODUCTION

Polymers belong to the most important materials in our technology. In a poly-
merization process single molecules are linked together to long polymer chains.
The mathematical modeling of a polymerization (see e.g. [35]) leads to as many
single differential equations as polymer chains can arise during the reaction.
In general this number is not known a priori (sometimes not even the scale),
but must be assumed to be very large (10* — 10° in realistic examples) or even
infinite. The resulting system is then called a countable system of ordinary
differential equations (CODE). Countable systems appear also in other fields of
chemistry, in physics 23], statistics and economics [20].

For the numerical treatment of CODE’s there exist several methods, which
have been originally developed for special problems in the applications. How-
ever, there is no comprehensive numerical approach up to now and ”nearly
nothing has been done concerning qualitative behavior of solutions” [13] in the
theory.

As a new numerical approach, a discrete Galerkin method has been suggested
by DEUFLHARD and the author [19]. Thereby orthogonal functions of a dis-
crete variable are used to approximate the solution of a countable system. The
method has been worked out and implemented for problems from polymer chem-
istry in the program package MACRON [1].

This paper presents the new algorithm CODEX, which extends the ideas of the
discrete Galerkin method and avoids some drawbacks of MACRON, which arise
from the fact, that it corresponds to the method of lines. ‘A countable system
is considered now as an evolution equation in a sequence space. Following ideas
of BORNEMANN [6], [7], this equation is discretized in time first. The resulting
stationary subproblem to perform a time step is then solved approximately by
a Galerkin method in a scale of Hilbert spaces generated by a two-parameter
family of weight functions. It turns out, that CODEX performs well for a wide
class of problems with solutions having structural similarities to the suggested
weight functions. The theoretical and numerical concepts can easily be applied
to similar approaches in weighted sequence or function spaces.

After introducing some very common model problems, in Section 1 a basis in-
dependent theory of countable systems in the sequence spaces H,, is derived.
Section 2 is concerned with the construction and examination of basis func-
tions of H, ,, which are determined by the so—called modified discrete Laguerre
polynomials. In Section 3 the algorithm is outlined very briefly, then the time
discretization scheme and the Galerkin method in H,, are discussed. Section
4 illustrates the efficiency of CODEX on examples from polymer chemistry.



1 COUNTABLE SYSTEMS OF ORDINARY DIFFERENTIAL EQUA-
TIONS

1.1 MODEL PROBLEMS

We consider scalar initial value problems of the type (CODE)

(11)  w(t) = fults w(t), wa(t), .. ), us(0) =5, s €N (s 2 1) ,

where the functions :
f:0,TixD—R,DcRN seN,

and the initial value N
¢ = (ps) €RT,

are given. The actual sequence space will be specified later on. The prime
denotes the derivative with respect to the time ¢. The index of the sequence
will usually be called s. For ease of writing we will alternate between the
notations u,(t) and u(s,t) for the s—component of the sequence (grid function)
u at time ¢. As far as the context is clear the time dependence will be omitted,
such that u(s) or u, means u(s,t).

A function

u:[0,T)]- D, Te(,Ty],

is called a solution of (1.1), if u,(0) = ¢s, us € C*((0,T]) and v, = f,(¢,u) in
[0,T] for each s € N.

Example 1.1: Backward difference equation. Consider the equation

(1.2) W(t) = =V ult), u(0) = ¢
where the backward difference operator V is defined by
(1.3) (Vu)1 =uy, (Vu)y=us —ugy, s=2,3,....

Equation (1.2) appears as a basic module in many problems (e.g. as chain
addition Py + M — P,y in polymerization models). For an initial sequence ¢
the solution of (1.2) can be written as

us(t) = (T(t) )(s)
in terms of a semigroup 7T'(¢) given by

ts_'f'
v(r .

(1.4) (T et Z

r=l

(]



Specializing ¢, = é,; , 6, the Kronecker symbol, the solution u,(t) is a
Poisson distribution with parameter ¢:

ts—l
(s—1)!

Example 1.2: Summatory systems. Equations of this type have been studied
by HILLE [28] and are related to mathematical models of polymer degradation
processes (5], which have already been treated numerically by use of the discrete
Galerkin method in [19] and [38] (see also Example 4.2). Let us consider the
following system:

us(t) = e

(15) W) =—(s-Du®)+ 3 w(t), u0) =, seN.

- r=s+l

The initial value problem (1.5) is not uniquely solvable, because its solution
depends on an arbitrary (only integrable) function f = f(t) [28]. However,
with the definition of a family of Hilbert spaces

H: {uelR‘NHlun, .—Eu2e’t<oo}

s=1

the condition u(t) € H; enforces the uniqueness of the solution and the bound-
edness of all statistical moments of u (Corollary 1.4). The latter property is a
natural requirement in many problems. Finally, in H; an efficient approxxmatxon
of solutions of (1.5) is possible [19].

Example 1.3: Smolochowski model. In [19], the solution of the Smolochowsk:
model '

(1 6) uy(t) = lg—z__:lur () us—r(t) — u,(t)ij:lu,(t) , us(0)=651,s€N,

could be approximated well in the scale of Hilbert spaces
0 o= {ee RN ul= S0 - e <o
s=1

for p > (5 +2) . The condition on p is necessary and enforces the change of the
space H, with ¢t. The reason is, that the operator describing this problem is not
Lipschitz continuous as an operator on H, for fixed p, but only as an operator
on the scale H,, 0 < p < 1 (Example 1.6).



1.2 A TwoO-PARAMETER SCALE OF HILBERT SPACES

We construct weighted sequence spaces, which allow a theory of countable sys-
tems as well as an efficient numerical treatment of interesting problems.

DEFINITION 1.1. Define the weighted sequence spaces H, ., by
N S

09 Ham{ue RVl = S <o}
s=1

where the weight function ¥, ,(s) > 0 is given for s €N by

(1.9) Upa(s) =C»* (1) p" ™, 0<p<l, a> -1,

s—~1

with the constant C** = (1 — p)'** chosen such that ||¥, 4|, = 1.

Remarks.

(1) Due to the normalization of the ¥, ,, these weight functions can also be
regarded as probability distributions. For a = 0 the weight function ¥, ,
reduces to the geometric distribution. For @ > 1, we obtain a narrow
distribution; if weset @ = A/p, ¥/, converges pointwise to the Poisson
distribution with parameter A for p — 0. A hyperbola of the form 1/s*
is approximated well by choosing o < 0 and p close to one.

(i) For 0 < p < 1 and o > —1 the space H,, is equipped with the scalar

product
- i o0
(1.10) (u,v),0 =D u(s)v(s) Tpals)™, u,v € Hyq .
s=1
(iii) The embeddings
(1.11) Hyo—H;, , 0<p<p<l,
and
(1.12) H,.—H,;z;, -1<a<,

are dense and continuous.

LEMMA 1.2. ForO<e<p<llet ue H,_.o. Then for all polynomials p
of degree j we have p-u € H,o for a > —1.



Proof. Foru € H,_, we have by definition

ks =
Su(s)? e < o,

s=1
writing p=e™*, p—z = e™*~% in terms of A > 0, &> 0. Then there is an
s > 1 with .
e(/\+s‘)a > p(S)Z e)\s

for all s > 5. Thus ||pul]|, is bounded, if

) 3 . ‘ s !

Zu(3)2 p(5)2 e)" < Zu(s)2p(s)2 e,\s + Z u(s)2 e(A+e)s < o0,

s=1 s=1 s=35+1

which is true for u € H,_. 0. As |
(s—1+a) < 1 a > 0 and (s—1+a)

s—1

< , ~l<a<l,
14+ a

we get u € H,, and pu € H,, for all o > —1. |

With Lemma 1.2 we can prove the important

COROLLARY 1.3. Ifu € H,_., for one o > —1, then u € H,p for all
g >-1. :

Proof. For > a see (1.12). For § < « the inequality
s—1+4a) [s— -1
(25 (589) <n(s)?
holds by use of a polynomial p with degree ;7 > (a - ) /2. Application of
Lemma 1.2 leads to the assertion. [ ]

Remark. The condition u € H,_., plays an important role in this work.
Under numerical aspects it ensures, that we do not approximate an element at
the ‘edge’ of the space H,,. Corollary 1.3 implies, that on this condition the
p- scale is the crucial scale for the theory, whereas the o - scale gives some
freedom for approximation purposes.

Example 1.4. Let p be given. Define u(s) := <\/ﬁ)s-1 /s, s>1.Then
1 > 1
2
lulfo = 753 5
but 3%, u(s)2¥s0(s)~! is not bounded for any 5 < p. For v(s) := su(s)

we see that v ¢ H,o. This confirms, that the assumption of Lemma 1.2 and
Corollary 1.3 concerning p is necessary.

<00,

[$1}



COROLLARY 1.4. Define for k=0, 1, ..., the moments px[u] of u by
(1.13) plu) = isk u(s) .
Then for u € H, 4 all moments of u are bounded.
Proof.
isk u(s) = (sk U, 0, u)p,a < k(Y] llullpe < o0,

using the Cauchy-Schwarz inequality and the fact that all moments of ¥ po ATE
bounded.

The following results are important for the treatment of certain nonlinear
operators (e.g. the convolution operator in Example 1.6). We only consider the
case a = 0 here. For a # 0 the constants become a little bit more complicated.
The proofs are straightforward and can be found in [39)].

LEMMA 1.5. ForO<e<pitis !I/ey-__e,o € H, .o and
P

1 (VP—p+e)

Y pme —e =——M5,M52=
“ f’75-,0”9 0 \/E Py Py (1—p+€)

COROLLARY 1.6. Foru € H,_.o , 0 < € < p, the following inequality
holds:

oo 1 -
v - <—=M € —-£,0
;u(s) \/EO(S) = \/E P Hu”p ,0

o (= p e
oo At

1.3 THEORY OF COUNTABLE SYSTEMS

with a constant

Mathematical theory concerning countable systems has been developed for many
years, a survey is given in the monograph of DEIMLING [13]. In contrary to the
most authors, which e.g. put conditions on linear countable systems, which are
formulated as infinite matrix equations in an [P-space, we will take a different
view. The present approach is motivated by the qualitative behavior of the solu-
tions and their efficient approximation. It turns out, that the operators studied
here are Lipschitz continuous as operators on a fixed H, , - space or on the scale.
of these spaces.



Example 1.5. A degradation process in polymer chemistry (compare Exam-
ple 4.2) can be written as (s =1, 2,...)

(1.14)w' (@) =Apu(t) :=—=(s = D u(s) +2 (Z ) ,u(0) =¢,

in terms of the forward shift operator
(Syu)(s)=u(s+1) .
The operator S, is bounded in H,, with the norm

1+a/2) @20,
1.1 « <M= VAL ‘
(1.15) [[S4[lo,ec < My {\/,,3 , —l<a<0.

Thus the infinite sum of operators on the right-hand side of (1.14) converges
uniformly to a bounded operator for

(1.16) p(l+ea/2)<1

(a condition which plays a role in Example 4.2). However, the first term of Ap
leads to difficulties. Let « = 0 and défine an operator A, by

(A1u)si=—(s—1)u,, s €N.

A, is not bounded in H 0,0, but a short calculation yields

C
(1.17) | Ay ullp0 < ¢ lullp-e0, €>0,

i.e. A is Lipschitz continuous as a map from the ‘smaller’ space H,_.o to the
‘larger’ space H,o. The estimate (1.17) is the motivation for the following the-
orem, which follows Theorem 15.7 in the textbook [14] and has been converted
from certain weighted {*-spaces to the H, ,-spaces. Theorem 1.7 supplies exis-
tence and uniqueness of solutions of nonlinear ODE's in H,q (for simplicity the
a - scale is omitted and we write || - ||, instead of || - ||5,)-

THEOREM 1.7. Consider a sub-scale of H, — spaces for p € [py,1) , 0 <
po<1. LetJ=[0,Ts] C R and assume:

(a) The operator
F:JxH,— H;

is continuous for p > p and F(t,0) € H,, on J.

-1



(b) There exists a constant M such that

(1.18)  ||F(t,u) — F(t,v)]|; < pﬁl

wk

forteJ, p>pandu,v € H,

”u_v“p10<7slv

Then for every p € (po,1) the initial value problem
(1.19) u'(t) = F(tu(t) , uw(0) =¢ € Hy,

has a unique solution

w: [0,8(p—p)) — Hp,

with § = min{T}, (Md,)~'} . The constant d, > 1 can be computed in concrete
cases, e.g. dy =¢e, dyjp = 2v/3/3 .

Proof. The proof is based on a fixed point iteration in a scale of Hilbert
spaces. We consider the successive approximations

1
Uk(t)=u0+/0 F(s,up-1(s))ds, k>1,uo=¢.

Due to the condition (a) and ¢ € H,,, the iterate uy : J — H, is continuous
for p > po. We will show by induction, that

k
Q20) ) = sl < Calt) (o) for 53 o,

(1= po)

whete C(t) = ¢l +

In a first step we obtain

max [1F(s,0)1]pg-
e (2) — wolly < C,—i_j‘j—) C(t)

using |lu|l; < |lu]l,, for po < p. The induction step yields

Cpolt) MFEHt+IgE
e (pP—es—po)* k+1"

lJurs1(t) — ur(t)]l <

where ¢ > 0 is chosen such that p — ¢ > pg. In order to get rid of the factor
1/(k+1) we set

P = po
(k+ 1)/

0



and end up with

| Mtd, \**' 1 k+1 -

luaa) = (Ol < Ca) (25) 1 (A =TF)
The last factor on the right-hand side is bounded in % for ¥ < 1. For v = 1/2
the maximum is achieved at ¥ = 1 with dyj;. For ¥ = 1 we can see that
((k+1)/k)¥ < e . Thus (1.20) holds for all k¥ and as Mtd,(p — p)™" < 1
for t € [0,6(p — po)”) the sequence uk(t) is a Cauchy sequence and converges
uniformly on every closed subinterval of [0,6(p — po)”) to a continuous u(t)
satisfying

u(t) =+ /OtF(s,u(s))d.s .
Moreover u(t) is a solution of the initial value problem, since
F(yu(-)): [0,6(7 = po)') — Hj;
is c;)ntinuous. In order to prove local uniqueness, we consider two solutions
u(t), v(t) € Hy; , p> po. For fixed ¢ and p; > p,

Mid, = max ||u(s) — v(s)||5
llu(t) — v()llp < mcl(t), Ci(t) = llu(s) = v(s)ll5 -

s€[0,t]

Now, similar to the considerations above, we ‘fill in’ estimates in k spaces be-
tween H,, and H; - setting € = (py — p)/(k+ 1)/7 in the k-th step - and end
up with \
’ Mtd,
() = o0l < Gat) (22
Thus for t < (p; — p)~"(Md,)™! we have u(t) = v(t). The rest follows by
continuation. |

Example 1.6. Consider the convolution operator Ag,

(Ao u)(s) = 3 tr ters

r=1
which is the first part of the Smolochowski model in Example 1.3. Using Lemma
1.5 and Corollary 1.6 it can be shown for the Frechét derivative DA¢ of Ac,
that

1
IDAc(u)vll; < 201 = p + &) llully lolf5-. -
Application of the mean-value theorem gives (1.18) with 4 = 1/2. Thus The-
orem 1.7 explains, why the space H, has to be changed with time for the

Smolochowski model.



2 MobDirFIED DiSCRETE LAGUERRE POLYNOMIALS

In this section, an orthogonal basis of the spaces H,, is described in view
of a Galerkin method in this spaces. The basis functions are given in terms
of the modified discrete Laguerre polynomials. Important properties of these
polynomials are presented in Section 2.2. The approximation of an element
u € H,, by the orthogonal basis is analyzed in Section 2.3. A Gauss summation
in H,, is described in Section 2.4. As not stated otherwise, we always assume
0<p<landa>-1.

2.1 CONSTRUCTION OF THE POLYNOMIALS

First, we try to find polynomials {l}, which are orthogonal with respect to the

scalar product
(o]

(2.1) (u, v)"% =" u(s)v(s) ¥puls) ,

s=1
where u, v :IN — IR can be interpreted as sequences or as grid functions on IN.
The isometric isomorphism

(2.2) T,o : H® = {u € lRlNl (u, u)* < oo} — H,,

defined by
(Toaw)(s) = u(s) Yp,als)
transforms the polynomial basis {lx(p, )} of H”* to the basis {¢x(p, @)} :=
{ Yo le(p, ) } of Hpo.
Fortunately the polynomials lx(p, @) can be found in the literature, such that

only special settings and properties have to be worked out here. We write the
forward product as

(@)n:=a(a+1)...(a+n-1), a€R,
and denote the forward difference operator by
(2.3) (Au)y =Ugyy —Us, s=1,2,....
THEOREM 2.1.
(i) The Rodrigues formula

l(s;p,e) = (1—‘:'—)—’1\11,,@(5)—1 An{co,a P (s—l-—t-a)}

s§—1-n

10



generates polynomials I,(s) = l,(s; p, @) which are orthogonal with respect
to the scalar product (2.1) for0 < p <1 and a > —1. The orthogonahty
relation reads

(2.4) (s L)P% = bam 12, 72% = p™ (*5°)
The polynomials l,(s; p, ) will be called modified discrete Laguerre poly-
nomials.

(1t) The polynomials I,(s; p, ) have a series representation
(2:5) a(sipy2) = Zp"- D) () -

(iit) The three-term-recurrence for the modified discrete Laguerre polynomials
s v
(n+ Dlwgalsipa) = [(n+ta+1)pt+n—(1-p)(s—1)(s;p,c)
—(n+a)pln-a(s;p,e),
(2.6)
started withl_; =0 and [ = 1.

(iv) The forward difference operator A applied to I,(s; p, ) induces a shift in
the a-scale:

2.7)AL(s;p,0) = ln(s + 1 p,0) = lu(s50,0) = (p = 1) lna(s5 p 2 + 1)

Proof. The only task is to find a formulation of results in the literature,
which corresponds to the definition of H* here. This is done in [39]. Basically,
for part (i) results from [30] and [31] can be taken. The other parts are basing

n [33], using that the modified discrete Laguerre polynomials are related to
the Meizner polynomials m,(s; p,7) as given in [24] by

ln(sipy @) = % mu(s — 1501+ a).

Remark. The classical discrete Laguerre polynomials associated to the geo-
metric distribution (i.e. a = 0) have been studied by GOTTLIEB [25] in 1938.
For the modified discrete Laguerre polynomials we refer to LESKY [30], [31] and
to the textbook of NIKIFOROV and UVAROV [33], which gives a modern survey
on orthogonal polynomials. Properties of discrete orthogonal polynomials are
proven e.g. by ASKEY and GASPER [2], (3], [24]. The modified discrete La-
guerre polynomials with o = 0 have been used for the solution of CODE’s in
(19] and [10]. In [38], the parameter « already has been introduced in order to
realize a discrete Galerkin method for certain so—called heterogeneous processes.

11



2.2 PROPERTIES OF THE POLYNOMIALS

The approximation of solutions of countable systems in a most suited space
requires the transformation of a given representation of v € H,, to a basis
expansion in a space H; 5 (see also Section 3.3). We start with transformations
with respect to the parameter p.

LEMMA 2.2. The transformation between the polynomial systems {I;(s; p, @)}
and {l;(s; p,a)} can be ezpressed by

j .
L(sipe) = LdMpp)llsipa) , 0<p<1,
BHpp) = e =pH(h) iz k20

Proof. After inserting the series representation (2.5) of the li(s;p, ) and
the definition of the d%¥(p, p) a reordering of the summations leads to

St niena = (B 5 () (7))

k=0 k=0

With the relation ([36],p. 3)
@@ =@
and the Binomial theorem we end up with
J

S ik (o, ) s 2, 2) = 32 (72 (50) (B — 1)F 7* = Iy(s: )

k=0 k=0

As a consequence of this lemma we note that

1

2.9 —
(29) e

(5, ), llp, @)™ = d*(p, )

for k < 7. For k > j the scalar product is zero, of course.



COROLLARY 2.3. An element u(s) € H,, with basis ezpansion

u(s) = i aj{p, @) Yi(s;p,0) = ¥, 0 i aj(p, @) li(s; p, ) ,

7=0 7=0
which is also in the space Hj, can be ezxpressed in the H; o~ basis in terms of
the coefficients

1 ] : F—p)i—k -
(2.10) a(p.0) =55 L anlpre) () G2 (1= 2o

Note that this transformation is independent of a.

Proof. The projection of u to a basis element (5, a) = ¥, 4 l;(p, @) can be
written as

% (u ’ ¢j(ﬁv a))b,a = % i ak(P, a) (lk(pa a) ) lj(ﬁ’ a))p,a
RE J k=0

Insertion of Lemma 2.2 in the form (2.9) and remembering in the definition of
the 7§ leads to (2.10). [

LEMMA 2.4. The transformation between the {I;(s; p, @)} and the {l;(s;p,a)}
is given by

J
(2.11) li(sipa) = kgdﬁ"(a, &) li(s;py@), &> -1,

dik(0, @) = pk (3T > k20,

Proof. Following the lines of the proof of Lemma 2.2 we insert the series

expansion of [;(s; p, @) into the series on the right-hand side of (2.11) and reorder
the summations:

J J

> e d) eipe) =o' 3 (5) (72 (122) (1)

k=0 v=0 k=v
In order to show, that the inner sum is equal to ’Jff), weset m=j—v,n=
&—a+j—v,p=v+a, and use relation (3b), p. 8, [36]. n

The transformation of coefficients a;(p, @) of an H,,-basis expansion to co-
efficients a;(p, @) of an H, 5 - expansion works analogue to Corollary 2.3 and is
independent of p in this case. This nice feature shows, how the two scales are
separated.

Finally we prove two important shift properties of the discrete Laguerre poly-
nomials. '

13



COROLLARY 2.5. The forward difference operator applied to l;(s; p, ) can’
be ezpanded into

Ali(s;p,a) = Li(s+1;p,a) —1i(s;p,a)
919 =1
(212) = (p=1X P Fh(sip,0) .

k=0

Proof. Insertion of Lemma 2.4 into the fundamental difference relation (2.7)
leads to transformation coefficients d},’k (aya+1) = p/~1F, ]

COROLLARY 2.6. The backward difference operator applied to 1;(s; p,a) can
be expressed by

Vii(s;p,a) =1i(s;p,a) = li(s — 1;p, @) —1Zlks p,Q

Proof. Backward shift of the difference relation (2.12) in the argument s
yields

li(s—1;p,0) +(p— 1) Zp’ (s — Lp,0) = Ui(s;p,0)
k=0

which can be regarded as an infinite triangular system of linear equations in the
variables [;(s—1; p, a) for given [;(s; p, ). This system can be solved recursively
by induction for each index j. |

Further properties, which are related to degradation (Examples 1.2, 4.2) and
combination processes (Example 1.3, 4.3) can be found in [39] and [38].

2.3 APPROXIMATION BY BASIS EXPANSIONS

Let u € H,, be expanded in the orthogonal basis {¢k(p, @)} = {¥,lk(p, )}
of H,« by

(2.13) u(s) = U,0(s) Y ar lk(s;p, )
k=0
The expansion coeflicients a; are given formally by
1 o0

(2.14) 7 = >_u(s) lk(sip.a),
) s=1




and the Parseval equality yields
2 S
- N3
(2.15) | lullfe = 2 ak7E”
k=0
The orthogonal projection to the n — dimensional subspace

H}, =span{¢o(p,a),..., ¥n(p,a)} C Hyp
is defined by .
(2.16) - Pru(s) = U, 4(s) zgak l(s; p, @) .
The associated projection erroris

oo

(2:17) Qb= u(s) = u(s) = Pou(s) = ¥,a(s) Y ax lk(é; p,Q) .

k=n+41

Obviously we have |u — P2*ulj,0 — 0 for n — oo for all u € H,, and
|P2%|lpa < 1. We want to estimate the norm of the projection error in terms
of higher differences of u (analogue to the use of higher derivatives in the con-
tinuous case), which should be a measure of the smoothness of u in H,,. In the
polynomial spanned space H”* we could use the standard forward difference
operator A. Because A applied to lx(p, @) shifts the a-scale (2.7), the following
definition seems to be natural in H,, .

DEFINITION 2.7. Let for u € H,, the weighted difference operator
Ay Hyy = Hyops

be defined by
Aa u= Tp,a+1 A T;:é u

in terms of the isomorphism (2.2). Higher weighted differences are inductively
given by
AT: U= Aa+m—1Aa+m—2 cee Aa U .

COROLLARY 2.8. Foru € H,, with a representation (2.13) the m-th weighted
higher difference can be written as "

AT u(s) = Upatm(s) D arem (p = 1)" le(s;p,a +m) .
k=0



Proof. Repeated application of the difference relation (2.7). n
As a consequence of Corollary 2.8 we can easily derive, that

(o]

(2.18) HAT U2 i = D @i (1= p)* 748%™ < 00

k=m

DEFINITION 2.9. For u € H,o, m > 1, define the m-th weighted differ-
ence norm ||ullpam 0y

(219) ||u”2,a,m = |Iu“2,a + ”AZL u||2,<x+m .

Form =0 set

”u”p,a.o = “u”p,a

Remark. This norms can be considered as discrete weighted Sobolev norms.

THEOREM 2.10. For u € H,, andn+1 > m > 1 the approzimation error
Q2 u can be estimated by

(2.20) 197% ulloe < Clpy ety m) M (1, m) ||ullpem

with .a constant

m

Clp,aym)? = —F

and the term .

(n+ln...(n—m+2)’

describing the asymptotic behavior.

M(n,m)* =

Proof. Inserting (2.18) we start with

o = St 5 - it
(2'21) k=m

(1- p2”‘ k(k=1)..(k—m+1)
“>" Z a [1+ (1+a)...(m+a) ] ’

k=n+1
using
72101‘"”/ —_ pk—m(ll;c-f-(l) — Al/z.ap__m k(k bl 1) e ‘(k —m + 1)
o o 1+a)...(m+a)


file:///k-mj

The norm of the projection error can be written as

[>.2]

Qe ulfa= 2 ain®
k=n+1

and it can be seen that

™ (1+a)(2+a)...(m+a)
1< (1-p)2™ (n+1)n..(n+1~-(ra-1))

X

(2.22)
(1-0)?™ k(k=1)...(k=m+1)
x [1 + pf" (1+a)...(m+a) ]
for n +1 < k. Combining (2.21) and (2.22) gives the assertion (2.20). u

2.4 SUMMATION OF GAUSSIAN TYPE

In the context of the discrete Galerkin method, the numerical evaluation of
scalar products in H,, is necessary, which can be written in the form

uv

(2.23) S =Y u(s)v(s), T

€ H"™ .

Py

Thus it is natural to construct a summation formula of Gaussian type [33],
which uses the special structure of such sums. We replace a sum

S=§_°:1f(s)

by an approximation
k+1

5=§wjf(3:')

with nodes s; and weights w; chosen, such that $ = S if f € HMH e if it
can be written as the product of a polynomial of degree 2k + 1 and ¥,,. It
is well known from the theory of quadrature, that then the nodes are just the
zeros of the modified discrete Laguerre polynomials. The nodes and weights
can be computed easily for a given k by applying the QR-algorithm to a trian-
gular eigenvalue problem, which contains terms from the three-term-recurrence
formula of the modified discrete Laguerre polynomials (see the textbook [18],
Chapter 9.3.). This makes a Gauss summation very efficient, even when the
nodes have to be updated very often.

The Gauss summation captures exactly the structure of the approach and does
not require any truncation of the s—axis. Moreover, in Example 4.2 and Ex-
ample 4.3 double sums are evaluated by this technique very efficiently.



3 APPROXIMATION OF COUNTABLE SYSTEMS

The numerical treatment of countable systems with the algorithm CODEX con-
sists of two main parts:

(1) the time discretization and step-size control in H, ,
(ii) the solver for stationary problems in H, .

The countable system is discretized in time first (). The arising stationary
problem is then solved by a Galerkin method (ii) within an accuracy supplied -
by the step-size control. The results of (ii) are also used to obtain a time error
estimate of the approximation after a time step (ii). Finally, the solution is
transformed to a space H;5 in order to minimize the number of degrees of
freedom of the approximation (i).

The above order of the discretizations — first in time , then in ‘space’ — is
called Rothe’s method [37] and has been introduced by BORNEMANN [6] for the
numerical solution of parabolic differential equations. '

3.1 DISCRETIZATION IN TIME

We discuss, how and under which conditions a countable system can be dis-
cretized in time by a given scheme and consider first an abstract (linear) Cauchy
problem in H,,:

(3.1) u'(t) = Au(t) + f(t) , u(0) given.
THEOREM 3.1. (Hersh/Kato [27], Brenner/Thomee [9]) Let the operator
A be the generator of a Cy - semigroup of contractions. For each A-acceptable

rational approrimation r of € of order p, there are constants C and &, such
that '

(3.2) |Ir"(rA)w — e y|| < Ctr?|| AP ||, fort =nT, v € D(APHY).
Proof. Theorem 3 in [9].

It remains to check here, when v € D(AP*?) is valid for a given p.

COROLLARY 3.2. Let A additionally satisfy the conditions of Theorem 1.7
in Hyo and let v € Hy—. . Then v € D(AP) for all fized p € N.
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Proof. Define ¢ :=¢/k, 1 < k < p. Then A is bounded from H,_,, , to
Hypcrhrrar n

As noted in Section 1.2, the condition v € H,_, 4 is crucial for guaranteeing
senseful numerical approximations anyway.

Discretization scheme for the linear case. Starting at time ¢, we use the
implicit Euler scheme leading to an approximation u! of u(t + 7). The task
is then to get an estimation of the time error ||u! — u(t + 7)|| for predicting a
new reasonable step-size 7. This is usually be done by computing a ‘better’
approximation u? and then taking the difference ||u? — u!|| as an estimate of the
time error. However, in the case of partial differential equations or countable
systems, u' and u? can only be approzimated. It turned out [6], that their
approximation error has to be comparatively small for not perturbing the time
error estimation. In order to avoid this disadvantage, BORNEMANN developed
a so-called multiplicative error correction scheme [7], which allows the direct
estimation of the time error. The accuracy requirements for the u! and u? are
then less restrictive than in the case described above. For linear problems (3.1)
the discretization scheme looks as follows (for details see [7]):

Let ¢ = @(t) the exact solution of (3.1) at time ¢. In order to perform a time
step T we compute:

u = (I-1A)(¢+7f(t)) (implicit Euler step),

1
(3-3) n o= 5t = 1A (Alp —uh) = (f(7) = £(0)))
W = ul4p!
The approximation u? is of order p = 2 and the rational function of the scheme
is A-acceptable. Note, that only one type of stationary subproblem has to be
solved in a global time step (in contrary to the application of extrapolation ([6],
[39]), where problems with different 7 appear).
In [7] it is pointed out, that u' has to be computed with an accuracy

(3.4) eps. = -18-TOL ,

TOL the required global tolerance for u(t), to ensure the reliable working of the
time step control.

Remark. Due to the multiplicative error correction this requirement is much
weaker than in the case of extrapolation used in [6] and [391.
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Discretization scheme for nonlinear problems. For the nonlinear case (see
Example 4.3)

w/(t) = f(u(t)) , u(0) given,

the semi-implicit Euler scheme [16] is used as basic discretization:

(T-74) Au = 7 (%),
(3'5) ul — (’9 + Aul .
with A now the Frechét derivative f,(¢) of the right-hand side f(u). Obviously
the implicit Euler discretization is identical with the semi-implicit Euler scheme
in the linear case. A correction formula, which fulfills the two requirements
(direct computation of the error, only one type of stationary problem) is given

by:
o= 5 (- rA)T AS(),

u? = ul 4+t

(3.6)

As will be demonstrated in Example 4.3, the scheme (3.6) works very well for
nonlinear countable systems. A theory comparable to Theorem 3.1 does not yet
exist.

The numerical implementation of the above formulas requires an adaptive
Galerkin method for the solution of the linear systems in (3.3) and (3.6). The
correction terms n' are then computed with the same accuracy using the results
of the Euler step. When a time step 7 has been performed, a new step size ¥

can be computed by
_— [TOL
vl

3.2 GALERKIN APPROXIMATIONS IN H,,

Before we discuss the details of the Galerkin method, we restrict to the following
types of linear operators:

(i) 7A is contractive, i.e. T[|A]l,0 < 1.
(i) A is the generator of a Cy - semigroup of contractions.

Some of the considerations below can be extended by assuming e.g. a V-
ellipticity of A (in Theorem 3.3 and Theorem 3.7), but such an assumption
does not really fit to CODE’s and a general classification of the appearing oper-
ators is still missing. Consequently the following results have to be understand
as exemplary.



As seen in Section 3.1, the computational realization of (semi-) implicit Euler
steps requires the solution of equations of the type

(3.7) I-1Au=¢ .

Assuming that the solution of (3.7) has a basis expansion in H,, and inserting
it into the equation, we can derive (by analytical or numerical manipulations)
a linear (also infinite) system, which defines the expansion coefficients. Trun-
cation of this system at dimension n + 1, then called the Galerkin equations,
leads to a Galerkin approximation

(38) 0 = 30 a u(sipre) € Hi  m2 0,
k=0

of u, where the @} are not necessarily the expansion coefficients ay of u, because:

(i) the Galerkin equations may be not self-closing, i.e. the entries of the linear
system are depending on coefficients a; , £ > n implying a dependency of
the solution ax on the truncation index. This effect is denoted by a tilde

(ii) in many problems the matrix entries and the right-hand side have to be
approximated numerically. The superscript [ characterizes the accuracy
of the associated algorithm.

For fixed n the Galerkin equations can be written as

(39) (prl:»a(,an,l - TAﬁn,l)s ";[’J) = (Pﬁ'aﬂo’ wj )p,a s an’l € H

Pt P
for j = 0,...,n. After insertion of the basis expansion we obtain an n + 1-
dimensional linear system ;
(3.10) (I-tB)a=5b,

with the matrix B := (bj),
bik = (Avr, ¥5), 0 »
and the right-hand side b= (8}, ..., &),

bj = (97a ¢'J'),lo,a .
The vector a = (&, ..., @ )T contains the coefficients of &™!. As said before, the
superscript [ indicates, that the scalar products may be not evaluated exactly.
For given coefficients a, the approximation @™ is pointwise computed in the
program by a fast algorithm [15].
In the following we have to deal with three errors:



(i) The pure projection error
(3.11) En = |lu— Py,

where u denotes the solution of (3.7).

(i1) The error |ju — @"||, where 4" is the solution of a Galerkin equation, which
may not be self-closing.

(iii) The general error ||u — #™'l|, which includes all effects.

We will discuss later in this section, how the error is estimated in general and
we will illustrate, that the error introduced by numerical summations can be
controlled. First we examine the case, that the Galerkin equations are not
perturbed.

The case of unperturbed Galerkin equations. We ask for existence of solu-
tions @* of the Galerkin equations (3.9) and for estimates [ju — @"||, o The
following theorem, essentially taken from [40], Theorem 21.G, is a standard
result for Galerkin methods in Hilbert spaces — adapted to our case.

THEOREM 3.3. Let A : D(A) C H,o — H,4 be a linear operator. For the
following cases the problem (8.7) has a unique solution in H,, and the Galerkin
method converges, i.e. ||[i" — u|| = 0 forn — co.

(i) TA is contractive. Then the estimate
(3.12) llu— @] < (1=l Alle) 7 lu - PLoull
holds.

(11) A is generator of a Cy - semigroup of contractions and fulfills the invari-
ance condition

(3.13) PreA =PreAPA  forall neN.

Then we have convergence for 7 > 0 and for the Galerkin solution u™
holds

" = Ph.

(8%
o



/

Proof. (i) This can easily be proven by use of the Banach fixed-point theo-
rem and the Neumann series.
(ii) The infinitesimal generator A of a C, - semigroup of contractions is charac-
terized by the Lumer-Phillips theorem ({34], Theorem 4.3):
A is dissipative, l.e. (Au, u) < 0and for a A\g > 0 the range of \gJ — A is H, ..
For 4™ € H}, it follows from

(Po=Ad™, @), , (Au , W), 4
that Pf*A is also dissipative and the range condition is fulfilled in H} , because

of (3.13). Hence P?"*A generates a contractive Cy - semigroup too. n

Error estimation. In view of Theorem 3.3 the numerical implementation of
the discrete Galerkin method requires an estimate of the projection error at
least.

LEMMA 3.4. Define an error estimate €, of the projection error (8.11) by
(3.14) en =l — P =l W,
and assume that there exist C <1 and ng > 1 such that for n > ng the relation
(3.15) ent1 S Cen
holds. Then

1/2
—-——-——-) En, N 2> Ng.

Proof. Obviously
. 6,,2" -<_ 5121’ — Z a2 791

since 44" > 0. On the other hand it follows from (3.15) for n > ng that

Z 5k1<e2ZCZk 1_02. n

k=n+1

The actual value of C can be estimated in the algorithm by considering succes-
sive error estimates for increasing n. Whenever C' turns out to be near or larger
than one, a warning is given by the program. In applications the projection
error has to be measured in a scaled norm, of course.



In general we obtain a perturbed approximation (3.8). The error ||&™! — ul|p,a

can be written in terms of the projection error and a so-called truncation error:

[~ ulle = lu=Peoullf, + [l [,
(3.16) = > a o+ S (ah -l
k=n+1 k=0

. . . e ~7 v
Let now an algorithm produce successive approximations a; of a; - e.g by
increasing the truncation index n or by Gauss summations in (3.10) with an
increasing number of nodes. Assuming that

@ — ap for 1 — oo, k fixed,

the following error estimation can be applied (ep,; = €, in Lemma 3.4):
LA, . . 2
(3.17) €2 i=erayt by =2 (@ — &) + (aiz-:-ll) Yokt -
k=0

We are only interested in a truncation error (respectively its estimate) er,n,
being just a little smaller than the projection error €py; for that the estimate
of the projection error is reliable. Thus we require [ to be chosen such that

(3-18) - ”anﬂ'l - unH”p,a <k ”ﬂn'l - u”p,a

with some safety factor 0 < £ < 1 (see also [17], (1.26)). In actual computations,
the terms on both sides are replaced by the estimates suggested in (3.17), « is
set to 1/4.

The Effect of Numerical Summation. Finally we examine, whether a nu-
merical summation algorithm as presented in Section 2.4 can be applied to
construct the Galerkin equations. The scalar products in (3.10) are replaced by

approximations (u, v)i,,a , where the index [ denotes now, that

(3.19) | (w, v) = (u, v),, for

(2

uv
\I’p’a

{
eHM.

The question is, how ! must be chosen for not perturbing the Galerkin method
essentially. As the discussion of the general problem requires additional as-
sumptions on the operator A again, in this paper we treat only the case of a
projection

k u™ = P2y | PP numerically evaluated,

as an example and ask how u™ is perturbed. We use techniques described in
the textbook by CIARLET [11] for the case of finite elements.

3]
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The solution u™ € H}, of the equation
(3.20) (U™, v")pa = (U, 0" )pa, VO € Hyp y U E pr;, given,

is just the projection u® = P?*u . Let the perturbed projection u™' be the
solution of
(3.21) (™), = (u,v")) o VW™ € H,o

where the index [ characterizes a summation formula. Following estimates in
the proof of the STRANG lemma ([11], Theorem 4.1.1), we can show that

n _ n\l
(322) ”u - un'l” <M ”u - u"][ + sup ’(u’w )p'“ (u”w )p,al
wheH?, [|lwn|

The error E'(f) of a numerical summation in H,, is given by
‘ o T
(3.23) E'(f) =3 f(s) = >_ws f(s5)
s=1 =1

where [, the s; and the w; are chosen such that E'(f) =0 for f € H} ,. Thus
the missing term in (3.22) is

uw"
qlp,a

(3.24) (w0 = (u,0™), 0l = | B (G—) -

In order to get an estimate of this error, we prove an analogue to the Bramble-
Hilbert lemma [8).

[

LEMMA 3.5. Let f be a continuous linear form on the space H,, with the
property
(3.25) vpeH ,, f(p)=0.

Then with the ezpressions C(p, a,m) and M(l,m) from Theorem 2.10 the fol-
lowing estimate holds:

(3.26) Vv € Hpo o |f(0)] SIS Clp, 0, m) M(L,m) [[oll,0m

forl+1>m>1.

(]
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Proof. Forall v € H,, and p € H, , we may write

) =1fw+p)l <lflpaiiv+rloe

and thus
) € Hlfllee _inf v+ pilsa -
PEH} .

The expression on the right-hand side cen be estimated by

inf ot plle =l = PPl < Clocm) ML) ol

for [ 4+1>m > 1 using Theorem 2.10. [

LEMMA 3.6. Forw™ € H?, the summation error E'(uw™¥; 1), 1> n, can
be estimated by

(327) B (ww o) < Cs llw*]| Clp, @, m) M(1 = n,m) [luflp0m ,

where Cs is a constant depending on the summation rule.

Proof. For fixed w" € H}, we define a linear form
f: Hyps = R,
u— E(uwt¥;l),
which is continuous in v and has the norm Cys ||w"||. Moreover we have f(u) = 0
forue H f,,‘a". Then application of Lemma 3.5 gives the assertion. =

Finally we insert Theorem 2.10 and Lemma 3.6 into (3.22) and obtain

THEOREM 3.7. If equation (3.21) is solved by applying a summation rule,

which is ezact in Hf,'a , 1 > n, the error of u™ can be estimated by

(3.28) lu—u™[| < Clp,a,m) [lullpam (M(n,m) + Cs M(I = n,m)).

Theorem 3.7 shows, that the summation formula has to be of order [ = 2n,
such that the pure and perturbed projection have the same asymptotic behavior.
Thus we use a Gauss summation with n + 1 nodes in H} , leading to

=2n+1.
Theorem 3.7 also shows, that for fixed n

™ — ™ — 0 for [ — .



3.3 WEIGHT FuxNcTION FITTING

In order to minimize the computational effort of the discrete Galerkin method,
a good choice of the parameters p and « is crucial. In this work, we choose an
heuristic approach which is an extension of the moving weight function concept
suggested in {19]. After each step, an actual approximation u™ € H, 4 1s trans-
formed to @™ € Hj;5 (using the formulas derived in Section 2.2), where 7 < n
is expected.

The main idea is the fitting of the first moments of u™ € H,, to those of the
weight function ¥;5, a procedure which is possible by Corollary 1.4. Due to
the normalization of the family ¥, , thls leads to an implicit definition of the
parameters p, & by

u 1+ap

M L el = e
(3:29) O &5 +3ap+p+1
wofa] oo -7

From (3.29) it follows, that (ux = pr[u]):

Fokz = B — papo + pb

= 2
3.30 Hof2 — K1
( ) - 243 ~ papto — patio

Hopa — B3 — papo + pf
The requirements 0 < p < 1 and & > —1 are fulfilled, whenever the denomina-

tors of the expressions in (3.30) are positive. Whenever only the parameter p
has to be adapted (i.e. @ = 0), (3.29) leads to (consistent with [19], (3.15))

_ polu]

In order to compute the moments polul, p1(u], p2u] for u € H,, given in
the basis expansion, we use the fact, that the monomials s* can be represented
in terms of the polynomials /t(p, @) by

k
(3.32) S =Y b lm(s) , £=0,1,...,

m=0

with coefficients bim = bem(p, @) , bk # 0. Then ui[¥, 4] = bro and insertion
of u into the definition of the moments yields

k
(3.33) prlu] = Z bimamy2® .

[
-1



For k < 2 the coefficients by, can be calculated to be

1
b = b = ———
10 V1(Pva) , 011 1- 5

and %ap +p+3
[
by = Vz(P,Q') y by = — pre

—(1———P)T,622=

r4

(1-p)*

In general, the condition (3.29) has the nice characterization for weight functions
U with p parameters ¢, ..., ¢,, and associated orthogonal polynomials, that for

the coeflicients of the respective expansion in H,,..,

(3.34) Ga=dy=...=a,=0

¢, the relation

is valid. This property has been used in [19] for p = 1 (¢; = p) to derive a
differential equation for the parameter of the Galerkin method.

1o
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4 NUMERICAL EXAMPLES

The considerations of this paper led to the program CODEX written in the lan-
guage C. Details of the implementation can be found in [39] for the case of
extrapolation in time. The use of the multiplicative correction formula as time
discretization lets the structure of the program in principle unchanged.

In this chapter some numerical results are presented featuring:
e the time discretization (linear and nonlinear)
o the adaptivity of the method with respect to the parameters p, o
o the adaptivity with respect to the truncation index n
o the numerical preprocessing with Gauss summation.

All computations have been performed on a SPARC-station 14 using double
precision. The computing times (CPU) are given in seconds.

4.1 CHAIN ADDITION POLYMERIZATION

We consider the backward difference equation from Example 1.1:
u'(t) = =Vu(t), u(0)=¢,

which is the (normalized) CODE of the reaction step P, + M i Pey1. The
Galerkin equations can be derived analytically by applying Corollary 2.5. The
process is started with the geometric distribution ¢ = ¥, o € H,, o and has been
integrated here up to t.,g4 = 50 sec. The choice py = 0.3 is made to illustrate
the parameter control of the algorithm. From (1.4) the solution u(t) is expected
to be similar to a Poisson distribution with parameter A = t. As the weight
function ¥, , tends to such a Poisson distribution for p — 0 and a = t/p, we
can expect to obtain Galerkin approximations in spaces H,, with p < po and «
large. It turns out actually, that the parameter p decreases to p(tena) = 3.6-1073,
whereas the parameter « increases from zero to a(tens) = 13844.4 — this is
presented in Figure 1 (logarithmic scale). Table 1 reflects the behavior of the
time-step control, where it can be seen, that the maximum true error (computed
in Hy o = Hpyt),a(t), using (1.4)) over all time steps fits to the required accuracy
TOL. Throughout this chapter ny.x may denote the maximum of the number
of expansion coefficients in H (s () required to represent the solution after a
global time step. Figure 2 shows the time layers chosen by the algorithm. The
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Figure 1: Time evolution of p and «

TOL | Time | nmax | norm of true | CPU
steps error in Hy o
10-1 59 4 5.107% ] 05
10—2 157 5 9.1073| 1.5
10-3 482 7 1.10-3 | 5.0
Table 1:

CODEX: performance for different tolerances
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initial step size is 10~° and increases in time to a scale of 1. It can be shown,
that
[[Vlpa = o0, afixed, p—0.

This would result in time steps tending to zero in general cases, but insertion
of pa =t (the parameter of the Poisson disiribution) shows, that the step sizes
may tend to one. The behavior of the error estimation compared to the true
error for TOL=0.1 is presented in Figure 3. :

7/

Figure 2: Moving Poisson distribution emerging from an initial geometric distribution

Remark. Due to the properties of the Gauss summation, it does not matter
to replace the analytical properties (here: Corollary 2.5) of the discrete Laguerre
polynomials applied to the difference operator by a numerical summation. Then
the example can be extended to a reversible process with s-dependent reaction
probabilities. In [26], p. 292, a master equation describing a birth-death-process
from chemistry is given by

us(t) = w(s—1,8=2)u,_1(t)+w(s—1, 8)uep1 (t)—(w(s,s—1)+w(s—2,5~1))uy(t)
(4.1)
with transition probabilities

w(s,s —1) = aky(s—1)+ke,

(4.2) w(ss=1) = K(s+1)s+ kb(s +1)
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Figure 3: Behavior of the error—estimator

and a, b, ky, ki, ks, k), constants. This problem can be solved by CODEX, leading
to a traveling Poisson distribution comparable to Figure 2.

4.2 POLYMER DEGRADATION

In a degradation reaction of the type
(4.3) Prnp P, s>r>1,

a polymer P, of chain length s breaks at position r into two polymers of length
r and length s — r. In general (see e.g. [5]) the reaction rate coefficients k,,
depend on the degree of the polymer s and the location r of the breaking bond
in the polymer chain. Mathematical modeling of a degradation leads to the
following CODE, with u,(t) the number of polymers of chain length s at time t:

(4.4) ul(t) = (Apu)(s) :== — (s}—: ks,) us(t) + 2% ke u.(2) ,
r=1 r=s+1

re-defining the degradation operator (1.14). A realistic initial distribution u,(0)
from [5] can be described qualitatively by

(4.5) us(O) = s [)s \ p = e—l/rmax ,

rmax
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such that the maximum of the distribution u,(0) roughly occurs at chain length
8 = Pmax (€.8. Tmax & 60000 in [5]). We mentioned in Section 1.3, that the H,,
- theory is valid for the degradation operator only if p(1 + a/2) < 1. Therefore
we cannot use the exact representation

p
us(0) = ———¥51(s), s 21,
( ) (1 _p)zrma.x pl( )

if p > 2/3. This implies, that distributions of the type (4.5) can only be
represented in Hj;; for rmac = 1 - the case of a geometric distribution. Hence
we use the representation of u,(0) in H,o with p = 25/(1 + p) (due to (3.31))
and the expansion coefficients

5

"= (1 - ﬁ)z T'max

271 —k) , k>0,
and have to control the moving weight function fitting additionally by p(1 +
&/2) < ¢, ¢ < 1 a safety factor.

The degradation problem will be attacked here for the reaction coefficients

(4.6) ko =ky =kps® , b, =211.107", B=—1/3.

This modeling of a heterogeneous polymerization is suggested in [5] and has
been treated in [38] by replacing the fractional power s° by a so-called factorial
power. Introducing a (small and analyzed) modeling error, the problem could
be solved there using product linerization formulas of discrete Laguerre polyno-
mials. In order to solve the original problem, we have to evaluate (respectively
approximate) the scalar products

(AD ¢k(p’ a) ’ %bj(P, a))p,a =

(47) = ((1 —- S) kslk(S)‘I’p,a(S) +2 i lk('l" + S) \Dp.oz(r + 3) kr+8)

2 1ils)
s=1 r=1

by applying a double Gauss summation. Before discussing the realistic setting
(rmax = 60000), we show that the problem is reliably approximated by CODEX.
For that we choose rmax = 50 in (4.5), k, = 1.0 in (4.6) and t.,q = 0.01, such
that a reference solution can be obtained by a direct integration of system (4.4)
truncated at sy, = 1000 and treated as an ODE. Table 2 shows the nice behav-
ior of the Galerkin approximations for different tolerances. The original case
with r = 60000 in (4.5) and t.,s = 3600 sec. implies that the interesting maxi-
mum chain length sy, is larger than 400000. Obviously it is no longer possible
to compute a direct solution of the problem in this case. but a comparison of
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TOL | Nnmax | norm of true | CPU
error in Hy o
10-1 § 6-10-2 3
5.10"2 7 4.10"? 12
10-2 10 6-10-2 39
5-10-3 11 3.107%| 72
Table 2:

CODEX: performance for heterogeneous degradation.

0.56

0.394

P(s) ( + 10)

0.214

0.04

0.01 0.32 0.63 0.94
s(=10"

Figure 4: Comparison of the results for a heterogeneous degradation, t.nq = 3600 sec.,
obtained by different methods.
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Figure 5: Time evolution of the weight distribution in a degradation process

a result in [38] (---), of the new (—) and of the old (--) version of CODEX [39]
shows, that the solution seems to be very reasonable (Figure 4). The computing
times are comparable to Table 2. Figure 5 presents the time evolution of the
weight distribution s - u,(t) (chosen for ease of representation) of this process,
where each line represents one time step.

4.3 SooT FORMATION

In the last example we show, that very general types of reactions can be treated
by using the techniques derived in this paper.

Coagulation (combination) processes are described in the chemical notation
by

Pr "I" Ps 'lfr_s) T+3

where P, may denote a polymer molecule or a soot (smog) particle of size s. This
reaction module appears frequently in applications - distinguished by different
modelings of the reaction rate coefficients k,, = k,,. It can also be considered as
the reverse process of a degradation (4.3). In polymer chemistry often moment
dependent rate coefficients are in use, whereas the modeling of surface effects
of the combination of smog particles leads to coefficients dependent on the size
of the reacting molecules. The CODE of a coagulation process reads in general



(us(t) defined as in Example 4.2)

(4.8) ul(t) = F(u(t))(s) := '12-02:: Fpsp un(t) Us—r(t) — uy(t) i ksr ur(t) .

r=1

Concerning the k., we refer to a model by FRENKLACH [21], where the following
reaction coefficients are suggested:

1/2
(’4.9) ks =k, <% + %) / (rl/s + 31/3>2 , kp constant.
Note, that the algorithm CODEX works for arbitrary coefficients k,, (as far as
the H,, - theory is valid).

The problem (4.8) has been attacked by different authors. In [21], a special
approximation of the moments is tried just for the coefficients (4.9). In [32], a
discrete Fourier transform is applied, but this requires a certain separation of r
and s in the expression for the k,,. A continuous modeling as in [22] leads to
theoretical difficulties. :

In order to obtain a reference solution of (4.8), we perform again a direct

time integration of a truncated system as an ODE (replace co by Spax in (4.8),
Smax large enough). _
Such an integration up to an interesting tenq took more than 14000 sec. (CPU)
on a Cray-YMP. This value would be even larger, if the truncation index Spmax
was not known from the simulations with CODEX a priori ! A realistic number
of size-classes is given in [21] to be about smax = 10000, thus we used k, = 1
and t.,q large enough to obtain comparable results. By the way we note, that
the whole simulation with CODEX is independent of the parameter sp,,.

The application of the semi-implicit Euler scheme (3.5) in CODEX requires
the Frechét derivative DF(p)(u) of F' with respect to u at o, which can be
computed pointwise (the time dependency is omitted) by

s—1 oo 0
(4.10) DF(p)(u)(s) = Z krs—r Qsr Ur — @5 Z ko ur — usz ksr or .

r=1 r=1 r=1

As in Example 4.2, the entries of the Galerkin equations are computed by a
double Gauss summation with two infinite sums of the structure described in
Section 2.4. This can be done after an appropriate re-ordering of the appearing
sums.

It turns out, that the solution u(¢) (number distribution) at ¢ = 100 sec. has
a narrow peak for small chain lengths (s < 100). This peak is obviously hard to
approximate (i.e. time consuming) by a polynomial expansion as used herein
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(see Figure 6). Nevertheless, a relative accuracy of 8-10% can be obtained
in moderate computing times (about 50 sec. CPU on a SPARC 1+), which
increase strongly for higher accuracies. This is an effect of properties of the basis
functions, not a consequence of the used time and operator discretization. For

1.57~

1.184

P(s) ( « E-06)

0.2 0.3 04 05
s ( x E+04)

Figure 6: Comparison between direct solution (- --) and Galerkin approximations with n = 4
(-) and n = 20 (-~) of a heterogeneous coagulation process at t=100.

a better study of the algorithm for higher accuracies, we compute directly the
weight distribution u,(t)-s from a transformed equation (4.8). Table 3 shows
the performance of CODEX for a simulation up to ¢t = 100 sec. in this case. If

TOL | time— | nmax | true error | CPU
steps in H, o
10°1 ] 50 5( 1.4-10"* | 16
5.10"2 | 67 7| 85-10"%| 49
1072 | 135 14| 3.1-10-% | 1386
Table 3:

CODEX: performance for several tolerances.

the direct solution at ¢ = 100 sec. is directly represented by a basis expansion
with the parameters obtained by CODEX (i.e. p, & and n), the behavior of the
time error estimation can be studied. In Table 4 it can be seen, that this device
works very accurate. Figure 7 shows the time evolution (in logarithmic scale)
of the weight distribution up to ¢t = 100 sec., showing how fast the mean value
increases with time. Table 5 compares the computing times of CODEX and
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TOL | timeserror time-error

(true) | (estimation)

10-1 4.1072 5.10"7

5.-107% | 2.5.1072 2.5.10~2

10~2 9.1073 5.10738
Table 4:

coDEX: Comparison of the time error and its estimation.

Figure 7: Time evolution of the weight distribution in a soot formation



a direct integration with the non-stiff ODE-solver DIFEX1 [16] on SPARC 1+
and CRAY-YMP. As can be seen, the time for the direct integration increases
quadratically with the value of sp,,. Therefore it is in principle only possible
on a supercomputer — with tremendous effort and preventing a treatment of a
CODE as a large ODE in general. The computing time of CODEX increases for
tolerances up to 5-10~2 in principle with the number of time steps — independent
of Smax. Figure 8 illustrates the adaptivity of the discrete Galerkin method with

t | Smax CPU CPU | cPU (DIFEX1)
CODEX | DIFEX1 Cray-YMP
1.0 50 13 18 5
2.0 90 19 36 10
5.0 250 27 365 25
10.0 600 34 - 92
50.0 | 1200 51 - 441
100.0 | 8500 59 - > 14000
Table 5:

Computing times (sec.) for direct (non-stiff) integration (DIFEX1) on SPARC and CRAY and
copEX (TOL = 5-10732).

respect to the truncation index n for the tolerances 1071, 5-10~%, 10~2. Because
the coagulation process roughens the distribution with time (as an element of
H,,), an increasing number of expansion coefficients is necessary, in particular
at the beginning.

We conclude the presentation of the examples with the remark, that the
techniques implemented in CODEX can be extended obviously to problems with
combinations of operators as well as to systems of CODE’s. The restrictions
given by the class of basis functions used herein can be overcome by choosing
other weight functions or combinations of them.

ACKNOWLEDGMENTS

1 want to thank my colleagues F. A. Bornemann, J. Ackermann and C. Schiitte for many
helpful discussions and comments and P. Deuflhard for his in-countable support of my re-
search.

39



159 -
I
_
o
W .75+ ;
o
[ 0.25 0.75 1

] 05
time ( « E+02)
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REFERENCES

(1

J. Ackermann, M. Wulkow: MACRON - A Program Package for Makromolekular Re-
action Kinetics. Konrad-Zuse-Zentrum SC-90-14 (1990).

R. Askey: Orthogonal Polynomials and Special Functions. STAM (1975).

R. Askey, G. Gasper: Convolution Structures for Laguerre Polynomials.
J. D’Analyse Mathematique, 31 (1977).

‘R. Askey, J. Wilson: Some basic hypergeomeiric orthogonal polynomials that generalize

Jacobi polynomials. Mem. Amer. Soc. 319 (1985):

A. M. Basedow, K. H. Ebert, H. J. Ederer: Kinetic Studies on the Acid Hydrolysis of
Deztran. Macromolecules, Vol. 11, p. 774 (1978).

F. A. Bornemann: An Adaptive Multilevel Approach to Parabolic Equations I. General
Theory and 1D-Implementation. IMPACT Comput. Sci. Engrg. 2, 279-317 (1990).

F. A.Bornemann: An Adaptive Multilevel Approach to Parabolic Equations II. Variable-
Order Time Discretization Based on a Multiplicative Error Correction. IMPACT Com-
put. Sci. Engrg. 3, 93-122 (1991).

J. H. Bramble, S. R. Hilbert: Estimation of linear functionals on Sobolev spaces with
application to Fourier transforms and spline interpolation. SIAM J. Numer. Anal. 7
(1970).

P. Brenner, V. Thomee: On Rational Approzimation of Semigroups. SIAM J. Numer.
Anal., Vol. 16, No.4 (1979).

40



10]

(1]

[12]

(17]
(18]
19]
[20]
(21]

(22]

U. Budde, M. Wulkow: Computation of Molecular Weight Distributions for Free Radical
Polymerization Systems. Chem. Eng. Sci., Vol. 46, No. 2 (1991).

P. G. Giarlet: The Finite Element Method for Elliptic Problems. North-Holland Publ.
Comp., Amsterdam-New York-Oxford (1978).

R. F. Curtain, A. J. Pritchard: Functional Analysis in Modern Applied Mathematics.
Academic Press (1977).

K. Deimling: Ordinary Differential Equations in Banach Spaces. Lecture Notes in Math-
ematics, Vol. 596, Springer (1977).

K. Deimling: Nonlinear Functional Analysis. Springer (1985).

P. Deuflhard: On Algorithms for the Summation of Certain Special Functions. Comput-
ing 17, (1976) pp. 35-48.

P. Deufthard: Recent Progress in Eztrapolation Methods for Ordinary Differential Equa-
tions. SIAM Rev. 27 (1985), pp. 505-535.

P. Deuflhard, P. Leinen,- H. Yserentant: Concepts of an Adaptive Hierarchical Finite
Element Code. IMPACT Comput. Sci. Eng., 1 (1989) 3-35.

P. Deuflhard, A. Hohmann: Numerische Mathematik., W. de Gruyter (1991).

P. Deufthard, M. Wulkow: Computational Treatment of Polyreaction Kinetics by Or-
thogonal Polynomials of a Discrete Variable. IMPACT Comput. Sci. Eng., 1 (1989)
269-301.

W. Ebeling: Applications of Evolutionary Strategies., Syst. Anal. Model. Simul. 7 (1990).

M. Frenklach, S. J. Harris: Aerosol Dynamics Modeling Using the Method of Moments.
J. Colloid Interface Sci. Vol. 118, No. 1 (1987).

H. Gajewski, K. Zacharias: On an Initial-Value Problem for a Coagulation Equation
with Growth Term. Math. Nachr. 109 (1982), 135-156.

H.-P. Gail, E. Sedlmayr: Dust Formation in Stellar Winds I'V. Astron. Astrophys. 206,
153-168 (1988).

G. Gasper: Projection Formulas for Orthogonal Polynomials of a Discrete Variable. J.
Math. Anal. Appl., 45 (1974) 176-198.

M. J. Gottlieb: Concerning some polynomials orthogonal on a finite or enumerable set
of points. Amer. J. Math. 60 (1938), 453-458.

H. Haken: Synergetik. Springer, 2. Auflage (1983).

R. Hersh, T. Kato: High-Accuracy Stable Difference Schemes for Well-Posed Initial-
Value Problems. SIAM J. Numer. Anal., Vol. 16, No.4 (1979).

E. Hille: Pathology of infinite systems of linear first order differential equations with
constant coefficients. Ann. Mat. Pura. Appl. 55 (1961) 133 - 148.

41



LRI e sy T £ e

[29]
(30]

(31]

(32]

(33]
4
[35)

[36)
(37)

[38]
(391

[40]

T. Kato: Perturbation Theory for Linear Operators. Springer Berlin (1966).

P. Lesky: Unendliche orthogonale Mairizen und Laguerresche Matrizen. Monat. Math.,
63 (1958). ,

P. Lesky: Die Uberseizung der klassischen orthogonalen Polynome in die Differenzen-
rechnung. Monat. Math., 65 (1961).

F. D. Magalhaes, M. R. N. Costa: An Efficient Method for Computing Chain Length
Distributions for Chain Length Dependent Reactivity. in K.-H. Reichert, W. Geiseler:
Polymer Reaction Engineering. VCH Weinheim (1989).

A. F. Nikiforov, V. B. Uvarov: Special Functions of Mathematical Physics. Birkhauser
(1988).

A. Pazy : Semigroups of linear operators and applications to partial differential equa-
tions. Springer (1983).

W. H. Ray: On the Mathematical Modeling of Polymerization Reaclors.
J. Macromol. Sci.-Revs. Macromol. Chem. C8 (1) (1972), pp. 1-56.

J. Riordan: Combinatorical Identities. Krieger New York (1968).

E. Rothe: Zweidimensionale parabolische Randwertaufgabe als Grenzfall eindimension-
aler Randwertaufgaben. Math. Ann. 102 (1930) 650-670.

M. Wulkow, P. Deuflhard: Towards an Efficient Computational Treatment of Heteroge-
neous Polymer Reactions. Konrad-Zuse-Zentrum Berlin, Preprint 90-1 (1990).

M. Wulkow: Numerical Treatment of Countable Systems of Ordinary Differential Equa-
tions. Konrad-Zuse-Zentrum Berlin, Technical Report 90-8 (1990).

E. Zeidler: Nonlinear Functional Analysis and its Applications II/A. Springer (1990).

e
S

W
5

ST
L i



Verdffentlichungen des Konrad-Zuse-Zentrum fiir Informationstechnik Berlin
Preprints Dezember 1991

SC 90-1. M. Wulkow; P. Deuflhard. Towards an Efficient Computational Treatment of
Heterogeneous Polymer Reactions.

SC 90-2.}?.£;uﬂhard. Global Inexact Newton Methods for Very Large Scale Nonlinear

roblems.

SC 90-3. K. Gatermann. Symbolic solution of polynomial equation systems with symmetry.

SC 90-4. F. A. Bornemann. An Adaptive Multilevel Approach to Parabolic Equations I.
General Theory & 1D-Implementation.

SC 90-5. P. Deuflhard; R. Freund; A. Walter. Fast Secant Methods for the Iterative Solution of
Large Nonsymmetric Linear Systems. :

SC 90-8. D. Wang. On Symplectic Difference Schemes for Hamiltonian Systems.

SC 90-7. P. De ard; U. Nowak; M. Wulkow. Recent Developments in Chemical Computing.

SC 90-8..C. Chevalier;-H. Melenk; J. Warnatz. Automatic Generation of Reaction Mec/fanisms
for Description of Oxidation of Higher Hydrocarbons.

SC 90-9. P. Deuflhard; F. A. Potra. Asymptotic Mesh Independence of Newton-Galerkin
Methods via a Refined Mysovskii Theorem.

SC 90-1(} R. Kornhuber; R. Roitzsch. Self Adaptive FEM Simulation of Reverse Biased pn-

unctions.

SC90-11. K. Gatermann; A. Hohmann. Symbolic Exploitation of Symmetry in Numerical
Path-followir}g.

SC 90-12. A. Walter. Improvement of Incomplete Factorizations by a Sparse Secant Method.

SC90-13. F. A. Bornemann. An Adaptive Multilevel Approach to Parabolic Equations II.

SC 90-14., J. Ackermann; M, Wulkow., MACRON - A Program Package for Macromalecular
Reaction Kinetics.

SC 90-15. M. Wulkow; J. Ackermann. Numerical Treatment of Polyreactions - Recent
Developments.

SC 90-16. H. C. Hege; H. Stiiben. Vectorization and Parallelization of Irregular Problems via
Graph coloring.

SC90-17, D. Wang. Symplectic Difference Schemes {cl)r Perturbed Hamiltonian Systems.

SC 90-18. H.Caprasse; J. Demaret; K. Gatermann; H. Melenk. Power-Law Type Solutions of
Fourth-Order Gravity for Multidimensional Bianchi I Universes.

SC 90-20. A. Walter. Sparse Secant Methods for the Iterative Solution of Large Nonsymmetric
Linear Systems.

SC91-1. F. A, Bornemann. An Adaptive Multilevel Approach to Parabolic Equations II1.

SC 91-2, R. Kornhuber; R. Roitzsch. Self Adaptive Computation of the Breakdown Voltage of
Planar pn-Junctions with Multistep Field Plates. ‘

SC 91-3. A. Griewank. Sequential Evaluation of Adjoints and Higher Derivative Vectors by
QOverloading and Reverse Accumulation.,

SC 914, P. Deuflhard; F. Potra. Parameter Space Geometry and Convergence of Gauss-
Newton Techniques.

SC 91-5. B. Fiedler; J. Scheurle. Discretization of Homoclinic Orbits, Rapid Forcing and
"Invisible” Chaos.

SC91-6. R. H. W. Hoppe; R. Kornhuber. Multilevel Preconditioned CG-Iterations for
Variational Inequalities.

SC91-7. J. Lang; A. Walter. An Adaptive Discontinuous Finite Element Method for the
Transport Equation.

SC 91-8. K. Gatermann; A. Hohmann. Hexagonal Lattice Dome - Illustration of a Nontrivial
Bifurcation Problem. '

SC91-9. F. A. Bornemann. A Sharpened Condition Number Estimate for the BPX
Preconditioner of Elliptic Finite Element Problems on Highly Nonuniform
Triangulations.

SC91-10. G. M. Ziegler. Hiﬁher Bruhat Orders and Cyclic Hyperplane Arrangements.

SC 91-11. B. Sturmfels; G. M. Ziegler. Extension Spaces of Oriented Matriods.

SC91-12, F. Schmidt. An Adaptive Approach to the Numerical Solution of Fresnel’s Wave

Equation.
SC91-13. ‘Af}tfc}xépf; P. Deuflhard. OCCAL: A mixed symbolic-numeric Optimal Control
ulator.
SC 91-14, G. M. Ziegler. On the Di{)"erence Between Real and Complex Arrangements.
SC91-15. G. M. Ziegler; R. T. Zivaljevic. Homotopy Types of Subspace Arrangements via
Diagrams of Spaces.
SC 91-1(;5 lg..b Ilz W. Hoppe; R: Kornhuber. Adaptive Multilevel - Methods for Obstacle
roblems.

SC 91-17. M. Wulkow. Adaptive Treatment of Polyreactions in Weighted Sequence Spaces.

SC 91-18. J. Ackermann; M. Wulkow. The Treatment of Macromolecular Processes with Chain-
Length-Dependent Reaction Coéfficients - An Example from Soot Formation.

SC91-19. C. D. Godsil; M. Grétschel; D. J. A. Welsh. Combinatorics in Statistical Physics.

SC 91-20. A. Hohmann. A Continuation Method for Implicitly Defined Surfaces.



Verdffentlichungen des Konrad-Zuse-Zentrum fiir Informationstechnik Berlin
Technical Reports Dezember 1991

TR 90-1. K. Gatermann. Gruppentheoretische Konstruktion von symmetrischen
Kubaturformeln.

TR 90-2. G. Maierhéfer; G. Skorobohatyj. Implementierung von parallelen Versionen der
Gleichungsléser EULEX und SIM auf Transputern.

TR 90-3. CRAY-Handbuch. Einfiihrung in die Benutzung der CRAY X-MP unter UNICOS 5.1

TR 90-4, H.-C. Hege. Datenabhdngigkeitsdnalyse und Programmtransformationen auf CRAY-
Rechnern mit dem Fortran-Prdprozessor fpp.

TR 90-5. M. Grammel; G. Maierhofer; G. Skorobohatij. Trapex in POOL; Implementierung
eines numerischen Algorithmus in einer parallelen objektorientierten Sprache.

TR 90-6. P. Deufthard; A. Hohmann. Einfithrung in die Numerische Mathematik.
TR 90-7. P. Deuflhard. Zuses Werk weiterdenken. (Vortrag)

TR 90-8. M. Wulkow. Numerical Treatment of Countable Systems of Ordinary Differential
Equations.

TR 90-9. R. Roitzsch; R. Kornhuber. BOXES - a Program to Generate Triangulations from a
Rectangular Domain Description.

TR 90-11, U. Nowak; L. Weimann, GIANT - A Software Package for the Numerical Solution of
Very Large Systems of Highly Nonlinear Equations.

TR 90-13. W. K. Giloi. Konrad Zuses Plankalkiil als Vorldufer moderner Programmier-
modelle. (Vortrag)

TR 91-1, F, Bornemann; B. Erdmann; R. Roitzsch. KASKADE - Numerical Experiments.

TR 91-2.J. Liigger; W, Dalitz. Verteilung mathematischer Software mittels elektronischer
Netze: Die elektronische Softwarebibliothek eLib.

TR 91-3. 8. W. C. Noelle. On the Limits of Operator Splitting: Numerical Experiments for the
Complex Burgers Equation. ,

TR 914, J. Lan;. An Adaptive Finite Element Method for Convection-Diffusion Problems by
Interpolation Techniques.

TR 91-5. J. Gottschewski. Supercomputing During the German Reunification.

TR 91-6. K. Schéﬁ'el.Computationdl Chemistry Software for CRAY X-MP /24 at Konrad-Zuse-
Zentrum fir Informationtstechnik Berlin.

TR 91-7. F. A. Bornemann.An Adaptive Multilevel Approach to Parabolic Equations in Two
Space Dimensions.

TR 91-8. H. Gajewski; P. Deuflhard; P. A. Markowich (eds.). Tagung NUMSIM 91 _5.-8. Mai
1991_ Collected Abstracts and Papers.

TR 91-9. P. Deuflhard; U. Nowak; U. Péhle; B. Ch. Schmidt; J. Weyer. Die Ausbreitung von
HIV/AIDS in Ballungsgebieten.

s e ez e L e emmesine s e sewaie sl o L T e A e T e D Y T A TR R S R AT L 4 e e S e



