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Abstract. We consider the discretization of obstacle problems for second
order elliptic differential operators by piecewise linear finite elements. Assum-
ing that the discrete problems are reduced to a sequence of linear problems
by suitable active set strategies, the linear problems are solved iteratively
by preconditioned cg-iterations. The proposed preconditioners are treated
theoretically as abstract additive Schwarz methods and are implemented as
truncated hierarchical basis preconditioners. To allow for local mesh refine-
ment we derive semi-local and local a posteriori error estimates, providing
lower and upper estimates for the discretization error. The theoretical results
are illustrated by numerical computations.
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1. Introduction

Given a closed subspace V C H'(Q), Q being a bounded polygonal domain
in the Euclidean space IR?, we consider obstacle problems of the form

Find v € K such that J(u) < J(v), v € K, (1.1)

for the energy functional 7,

J () = sa(v,v) = L(v), veEV,
and a closed, convex set K C V,

K={veV|v(r) <p(x)ae in Q}.
Assuming that J is induced by a symmetric V—elliptic bilinear form a(-, -),
2
a(v,w) = / > ay 0w djw dr,
Q;5=1

and some functional ¢ € V', it is well-known that (1.1) is equivalent to the
variational inequality

Find v € K such that a(u,u —v) </l(lu—wv), veK. (1.2)

For simplicity we restrict our considerations to the case V = H}(Q). To
ensure existence and uniqueness of the solution u of (1.1) and (1.2), respec-
tively, we assume ¢ € L™(Q), ¢ > 0 a.e. on I' = 09Q, and a;; € L>(Q)
satisfying

a) ay(r) = aj(z), 1<i,j<2,
) 2 ) ) (1.3)
b)  alé? < Y ay(0)&E < anlél E€ER 0<ag<a .
i1

for almost all x € €.

Discretizing (1.2) in space by continuous, piecewise linear finite elements with
respect to a triangulation of €2, standard numerical schemes for the solution of
the resulting finite dimensional variational inequality are projected relaxation
methods (e.g. [15]). These iterative methods typically suffer from rapidly
deteriorating convergence rates when proceeding to more and more refined
triangulations which renders them inefficient from a numerical point of view.
However, this drawback can be overcome by using multilevel techniques with
respect to a hierarchy of triangulations. Multigrid approaches to obstacle
problems have been developed by various authors ([10, 16, 17, 18, 19, 28,
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29]). For obstacle type problems an alternative to projected relaxation is
to use some sort of linearization techniques based on active set strategies
(e.g. [16, 17, 18]). This is an iterative scheme where in each iteration step a
set of active constraints is prespecified and then a linear subproblem has to
be solved for the computation of the new iterate. Note that the multigrid
techniques used in [16, 17, 18] consist of outer and inner iterations where the
outer iteration is an active set strategy and the inner iterations are multigrid
iterations for the approximate solution of the auxiliary problems.

Since for the obstacle problems under consideration the coefficient matrices
of the auxiliary systems are symmetric positive definite, an alternative choice
for the inner iterations are preconditioned conjugate gradient (pcg) methods,
especially those based on multilevel preconditioners such as Yserentant’s hi-
erarchical basis preconditioner [36] or the BPX-preconditioner [9]. A related
approach has been proposed in [34] where relaxation methods have been
applied with respect to hierarchical bases.

For the adaptive construction of a suitable hierarchy of triangulations efficient
and reliable a—posteriori error estimates are required. While a variety of
well-established results are available in the case of linear elliptic problems
(see [3, 13, 21, 35] for further references) the situation is less clear in the case
of obstacle problems. Recently, the concepts introduced in [13] have been
extended and applied successfully to a special obstacle problem arising in
semi—conductor device simulation [24]. A more detailed investigation of this
approach will be a subject of this paper. A—posteriori error estimates for the
penalty method together with strategies for the adaptive choice of a space
dependent penalty parameter and the mesh size have been given in [22].

The paper is organized as follows. After a brief discussion of the active—set
strategy proposed in [17], we will focus on the construction and analysis of
multilevel preconditioners providing the efficient solution of the arising linear
subproblems. In particular, we will derive two variants of hierarchical basis
type by suitable modifications of the standard hierarchical basis precondi-
tioner. It will turn out that both variants are performing asymptotically as
in the unconstrained case but that only one of them is robust with respect to
the regularity of the free boundary. Inspired by a paper of Dryja and Wid-
lund [14], the preconditioners will be regarded as multilevel additive Schwarz
(MAS) methods. This abstract framework allows for obvious extensions to
other variants of the MAS method, in particular to the BPX—preconditioner.
Comparing the actual approximation with another approximation of higher
accuracy we will derive semi-local and local a-posteriori error estimates,
followed by a detailed analysis of their efficiency and reliability. The final
chapter is devoted to some numerical experiments supporting the theoretical
findings.



2. Outer—Inner Iterations

Let 7 denote a triangulation of the computational domain Q C R% We
assume that 7 is regular in the sense that the intersection of two triangles
t,t" € T is containing a common edge, a common vertex or is empty. The
sets of vertices p and edges e which are not part of the boundary 02 are
called P and &, respectively. We approximate V by the subspace S of con-
tinuous, piecewise linear finite elements vanishing on the boundary 9¢2 with
the associated nodal basis Ay, p € P, of S defined by A,(¢q) = d,q, 0, q € P,
(Kronecker delta).

Further, let o7 € S be a discrete obstacle approximating the given obstacle ¢
in an appropriate sense. For example, ¢ may be chosen as the L?-projection
of ¢ onto S or, if p € C(), as the S-interpolate. Correspondingly, we denote
by K7 = {v € S|v < 7} the sets of discrete constraints. Then the finite
element approximation of (1.1) amounts to the computation of an element

ur € K satisfying
a(ur,ur —v) < Llur —v), ve Kr. (2.1)

It is easy to see that the finite dimensional variational inequality (2.1) is
equivalent to a linear complementarity problem.

Lemma 2.1 An element ur € Kt is a solution to (2.1) if and only if the
vector u € RN, N := |P| with components u, = ur(p), p € P, satisfies

max(Au —b, u— ) =0 (2.2)

where A is the N x N stiffness matriz with entries a,qy = a(Ag, Ap), p,q € P,
and b € RY and ¢ € RN are the vectors with components b, = {()\,) and
vp = o7(p), p € P. Note that (2.2) has to be understood componentwise.

Proof. Let ur € K7 be the solution of (2.1). Then Au < b which can be
deduced by choosing v = uy — z in (2.1) with arbitrarily given z € S, z > 0.
Since u < ¢, we thus have (u — g)T(Ag —b) > 0. But v = 7 in (2.1) gives

(u—p)" (Au—0b) < 0 where (u— )" (Au—0b) = 0 proving (2.2). The converse
statement is obvious. |

In the following we will consider an outer—inner iteration technique for the
numerical solution of the complementarity problem (2.2). The outer itera-
tions are governed by an active set strategy as presented in [17, 18]:

Outer iteration (active set strategy):

Step 1: Chose a startvector u® ¢ IRV,



Step 2: Given u® € IRY, v > 0, determine P* C P as the set of points
p € P such that (Au® —b), > (u) — ¢), and set P° := P\ P*.
Then compute vt € IRY from the splitting

ut =yt + (2.3)
where
Uy =p, pEP*, uy=0,peP° (2.4)
and u° satisfies
u, =0, peP* (2.5)
and
Au® =b— Au’. (2.6)

It is obvious that the computation of the iterate u*+! according to (2.6)
actually requires the solution of a “reduced”, i.e., lower dimensional linear
system.

The set P* is called active, since in view of ug’“) = p, p € P°*, it contains
the nodal points where the obstacle is active. Correspondingly, P° is said
to be the inactive set. Introducing a corresponding splitting of the finite
element space § = §° @ §° in linear subspaces §°, §* C S defined by

S°={veS|vp) =0,peP}, S*={veS|lvp) =0,pecP} (2.7)
the reduced system (2.6) can be rewritten as the variational equality
Find u° € §° such that a(u®,v) = (v) — a(u®,v), v e S° (2.8)
with solution u° € §° and u® € §* defined by u®(p) = us.

Remark 2.1 If (2.6) respectively (2.8) is solved exactly, it can be shown
that for arbitrarily given initial iterate u(®) the sequence u), v > 0, of iter-
ates is a monotonically decreasing sequence converging to the unique solution
u of (2.2) (see e.g. [17, 18]). Actually, we do not want to solve (2.8) exactly
but compute an approximation up to a certain accuracy ko by means of an
efficient iterative solver. In this inexact case, the convergence of a related
most constrained strategy has been proved in [16] providing a stopping cri-
terion for the inner iteration. However, this strategy turns out to be much
too pessimistic in actual computations leading to a prohibitive large number
of outer iteration steps.

In contrast to [17, 18] where multigrid techniques have been used, in this
paper we will focus our interest on multilevel preconditioned cg-iterations
which for well-known reasons are more suited to be used within an adaptive
FEM code. For an introduction to the preconditioned cg—method we refer
to [1] while the construction of appropriate multilevel preconditioners will be
subject of the next chapter.



3. Additive Schwarz Methods and
Hierarchical Bases

Let 7y be an intentionally coarse regular triangulation of 2.

The triangulation 7y is refined several times providing a sequence of triangu-
lations 7o, 71,...,7; and a corresponding sequence of nested finite element
spaces So C &1 C ... C §;. The underlying refinement process described in
the sequel, is meanwhile standard in the literature on multilevel precondi-
tioning [3, 4, 5, 6, 8, 13, 37]. Note that this refinement in general does not
coincide with the actual refinement process performed by some finite element
code. Nevertheless, the triangulations 7o, 71, ..., 7; are available without any
computational effort, if the underlying data structures are chosen properly
13, 26, 31, 32].

A triangle t € Ty is refined either by subdividing it into four congruent subtri-
angles or by connecting one of its vertices with the midpoint of the opposite
side. The first case is called regular (red) refinement and the resulting trian-
gles are regular as well as the triangles of the initial triangulation 7y. The
second case is called irregular (green) refinement and results in two irreg-
ular triangles. As we do not want that new points are generated by green
refinement we introduce the rule

(T1) Each vertex of T;41 which does not belong to 7y is a vertex of a regular
triangle.

Note that irregular refinement is potentially dangerous, because the interior
angles are reduced. Hence we add the rule

(T2) Irregular triangles must not be further refined.

We say that a refined triangle is the father of the resulting triangles which
in turn are called sons. We define the depth of a given triangle ¢ € (J},_, Tk
as the number of ancestors of t. Of course, the depth of all triangles t € T;,
is bounded by k. Due to the final rule

(T3) Only triangles t € Ty of depth k may be refined for the construction of
776-}—17 0 S k S j

the whole sequence Ty, 71,...,7T; can be uniquely reconstructed from the
initial triangulation 7y and the final triangulation 7; alone, neglecting the
preceding dynamic refinement process. Recall that in actual computations
we may chose the data structures representing the triangulations cleverly so
that the sequence Ty, T1,...,7T; is explicitly given. Note that the subscript j
does in general not coincide with the number [ > j of refinement steps which



have been necessary to create 7; from 7Ty by the actual finite element code.
In practical calculations the difference [ — j of the refinement level [ and
the maximal depth j can be used to judge the quality of the implemented
refinement strategy.

Of course, adaptive refinement should be based on reliable a—posteriori error
estimates which will be considered in the following chapter. For the moment
let us assume that a hierarchy 7o, 71, ..., 7; with the property (T1 - T3) is
available. We further assume that we have a disjoint splitting P; = Ps UP;
which may result from an active set strategy applied to (2.1) with respect to
the triangulation 7 = 7;. Recall that this splitting is supposed to change in
each outer iteration step. In the sequel we will deal with the construction of
two multilevel preconditioners of hierarchical basis type to provide an efficient
iterative solution of the corresponding reduced system

Find u; € 8§} such that a(uj,v) = l(v) — a(uj,v), vES;. (3.1)

For this purpose we provide a decomposition P, = Py U P of the sets Py of
the nodal points on the lower levels 0 < k£ < j by means of the definition

Pi=P0OP;, Pi=P:\P;, 0<k<j-1 (3:2)

For 0 < k < j and p € Py we refer to )\;"“’) € S; as the level k nodal basis
function having p as its supporting point, i.e., )\g‘“') (p) = 1. According to (2.7)
the splitting (3.2) induces the subspaces Sp = span{)\;k)] pePCS 0<
k < j. Collecting the hierarchical basis functions with inactive supporting
points according to

Ry=OOIpePy, A= OPlpeP\PLLY 1<E<),  (33)

we denote by A, = Ul_, A, the set of all hierarchical basis functions on
the levels k& > 1. Furthermore, we will utilize the subspaces Vy = span Ag
and Vi = span{\}, A € Ap. However, the hierarchical decomposition of
functions v € S cannot be given in the standard way, since the subsets Ao
and Ay, of §; in general are not contained in 8. This is due to the fact that
functions v € §;_;, 1 < k < j, in general do not vanish in active nodal
points p € Pp\Pr_, appearing on the subsequent level k. We will modify
such functions by means of suitable truncation operators T3 : & — Sy,
0 <1<k <}y, defined by

T =3 oA (3.4)

peEP,

Note that Tyv = v, v € §;. Now a feasible multilevel splitting of S7 is defined
by simple truncation of the standard hierarchical basis

AV =TAp, 0<k<j. (3.5)
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We will consider a second multilevel splitting which is based on a more re-
strictive choice of coarse grid functions. For this reason we define

P = {p e PUATNY =X}, 0<k<y (36)

Obviously (3.6) can be regarded as a weighted modification of the pointwise
restriction (3.2) of the active set P; to the lower levels. Note that we have
Py C Py and P = P5. Now the standard hierarchical splitting with
respect to P, 0 < k < j is given by

AP = e Pt A = NP p e PUTA P 1S k<
(3.7)
Note that a restriction of the active set which is similar to (3.6) has been
used in [17]. In the context of hierarchical bases (3.6) has been proposed by
Yserentant [38].

Remark 3.1 The difference between A;,l) and Agf) is illustrated in Figure
3.1 where for ease of exposition we have considered the 1-D case.

)\;k:—l) )\;k‘)
AN
AN
AN

Figure 3.1

In particular, Figure 3.1 (i) represents a level k£ — 1 basis function )\;"“’_1) with
supporting point p € Pp_; \ P, 3* having a level k active neighbour ¢ € Py
on the left. Figures 3.1 (ii) and (iii) display the basis functions Ty AF~) and
AR selected in (3.5) and (3.7), respectively. Note that TpAL™!) generally
results in a “nonsymmetric” truncation while the choice of the higher level
basis function )\;"“’) may be regarded as a “symmetric” cut.

As proposed in [14] the hierarchical basis preconditioners obtained from (3.5)
and (3.7) will be treated in the framework of additive Schwarz methods. For
recent results on the BPX preconditioner as an additive Schwarz method we
refer to Bornemann [6] and Zhang [39]. As far as the following definitions and
assertions do not differ for A§;‘ ), 1= 1,2 the index p is skipped for notational
convenience.



The direct subspace decomposition

SS=V,e @ W, (3:8)

AeA,,

of S7 where Vo = span g and V) = span{A}, A € Ay = Ul_; A, gives rise
to an additive Schwarz method providing a reformulation

Pus =1,

J

of the original problem (3.1) where

P=R+ Y P

AEAYH

is the sum of the Ritz projections Fy : §7 — Vo, Py : 8§ — Vi, A € Ap,
defined by
a(Pw,v) =a(w,v), veV,, vr=0,X\,

for each w € S5 and ¢’ € (S5)" is chosen appropriately. Denoting by (-, -) the
standard L? inner product we introduce the L? projections Q : S; — W,
Q- S; — V), and the representation operators Ag: Vo — Vo, Ay : Vi — Vi,
A € Ay defined by

(Quw,v) = (w,v) , vel,

for each w € S7 and
(Ayw,v) = a(w,v), veV,,
for each w € V,,, v = 0, A\. Then the operator P may be rewritten as
P =H;A;
where H; stands for the preconditioner

Hj=A;'Qo+ Y. Ay'Qx,

AEAYH

and Aj; is the representation operator of a(:,-) on & x S7. Evaluation of
A;lQ,\ leads to

A
(A, A)
PYSTN

)

In view of Remark 3.1 we will refer to H ](»1 and its variants as the “non-

symmetric” preconditioners and to H ](»2)

respectively.

as the “symmetric” preconditioner,



Let us briefly discuss some modifications of the preconditioners H ](“ )

,u=1,2.
The evaluation of (AY”)1Q{" requires the solution of a linear system for the
stiffness matrix given by a(-, ) restricted to V" x V¥, i = 1,2. Due to
the definition (3.5) the entries of A(()l) and a(A, A), A € A(hl,) may change with
each step of the outer iteration. To avoid the corresponding evaluations of
the quadratic form a(-,-) the preconditioner H ](»1) may be replaced by

. . )
H}” =TiAy' Qo+ > (T )TjA, (3.10)
AEA

a(\,N)

where Ay is the representation of a(-, -) restricted to S¢ x S¢ and @y denotes
the L? projection to Sj, respectively. Note that a related modification of
H ](»2) is not necessary as only the selection and not the shape of the involved
hierarchical basis functions is depending on the actual active set Ps. Still the
linear system on the coarsest level is supposed to change with each outer iter-
ation step, each time causing a Cholesky decomposition of the new coefficient
matrix. To reduce the computational effort, we may replace the matrix by
its diagonal or even by the identity matrix (see [36] for a further discussion).
In the case of rapidly varying coefficients, frequently occurring in practical
problems, the jumps should be incorporated in the preconditioners. We refer
to Yserentant [37] for details.

Note that existing implementations of the standard hierarchical basis precon-
ditioner are easily changed to (3.10) by simply neglecting the contributions
from active points [20]. For a similar application of truncated hierarchical
basis functions to obstacle problems we refer to [34].

The final part of this chapter will provide condition number estimates both
for the nonsymmetric and for the symmetric case. The subsequent analysis
will be guided by the following lemma on abstract additive Schwarz methods.

Lemma 3.1 i) Assume that for all v € S3 there is a splitting v = vo +
> ey Ux Such that

c{a(vo, vo) + /\EA: a(vy,v))} < a(v,v). (3.11)

holds for some fixed positive constant c. Then we have the estimate
ca(v,v) < a(Pv,v), v €S;.
i) Assume that for all splittings v = vo+ X \en, Ux of v € S5 the estimate

a(v,v) < C{a(vo,vo0) + > alvx,va)} (3.12)

AEAYH



holds for some fixed positive constant C. Then we have the estimate

a(Pv,v) < Ca(v,v), v €S;.

Proof. The assertion i) is the well-known lemma of P.L. Lions [27]. To
prove the second assertion we apply (3.12) to the splitting Pv = Pyv +
Yoaen, Pav for some fixed v € S to obtain

a(Pv, Pv) < C{a(Pyv, Pov) + > a(Pyw, Pyv)} = Ca(Pu,v)

AEAYH

which completes the proof. [ ]

Remark 3.2 The assumptions (3.11) and (3.12) can be regarded as an
asymptotic orthogonality of the subspaces Vp, V). Note that (3.12) is fre-
quently established by a strengthened Cauchy—Schwarz inequality with re-
spect to a(-, ) or any other spectrally equivalent quadratical form.

In addition to the usual (semi) norms || - || and| - |; of L*(Q2) and H*(2) we
will make use of the semi—inner product

2

(v,w)i0, =Y. | Owdwdr, v,w e H ()

i=1 %%

for measurable ©Qy C Q with the induced semi-norm |v|1 o, = (v, v)i/éo We
introduce the interpolation operators I, : §; — Si by

Lw=">Y v(p))\;k) , 0< k<.

PEPk

and call p,q € Py k-neighbors if there is an edge e = (p,q) € &. Finally,
constants depending only on the ellipticity (1.3) and the shape regularity of
To will be denoted by ¢ or C'. Other parameters will be indicated explicitly.

We take up the analysis of the preconditioners with the following technical
lemma

Lemma 3.2 Let p € P}, have a k-neighbor q € Py,. Then the estimate
oA < elliol, 0

holds for all v € ;.
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Proof. Let t,, € T, be a triangle with vertices p and ¢. Then from the
assumptions on p, ¢ we have

[vlig,, =0 Il,, =0, veSy

Now the assertion follows by exploiting the equivalence of norms on the
reference triangle. [ |

The following assumption on the splitting P; = P; U P; will be crucial for

the analysis of the nonsymmetric preconditioners H ](1) and H ](»1):

(R) There is a nonnegative constant ko independent of k such that

Tj?} = Tk.+kov , VE S]g , ] >k + k. (313)

Remark 3.3 The condition (R) states that subsequent truncation of level
k functions uniformly becomes stationary after ko steps. We can expect
from heuristic arguments that (R) is satisfied with ko independent of j by
all splittings arising from the outer iteration, if the free boundary is a lower
dimensional manifold which is approximated properly by the finite element
discretization and the underlying active set strategy.

The condition (R) will be typically applied as in the proof of the following
lemma.

Lemma 3.3 Assume that (R) is satisfied. Then there exist constants c(ko),
C (ko) with the property

c(ko)a(M, \) < a(TiN, T;A) < Clko)a(M, N), A€ Ay. (3.14)
Proof. Let1 <k < j—1. Then it follows by the usual affine transformation

technique that
c| A1t < |Tha A1 < ClA|1g (3.15)

holds for all A € Ay and t € T;. Now apply (R) to obtain the factorization
Ty =TiTjy ... Tess = Thog- . Thnt
with k = min(kg, j — k). Together with (3.15) we have
FIN 1 < TiA s < CFA|14 (3.16)

for all A € Ay, and ¢ € T;. Now the assertion follows from the ellipticity of

a('> ) u

We are ready to establish lower and upper bounds for the nonsymmetric
" g g

preconditioners H; = H; ", H; ™.

11



Theorem 3.1 Assume that the reqularity condition (R) holds. Then there
exist constants Ky, K1 depending only on g, oy in (1.3), the shape regularity
of To and the constant ko in (R) such that the estimate

KO(] + 1)_2a(v>v) < a(HjAjv>v) < Kla(v>v) ) Hj = HJ(1)7HJ(1)

holds for all v € 7.

Proof. Let us first consider the case H; = H ](»1). To verify the assumption
of Lemma 3.1 i) we consider the splitting

U =19+ Z Ux, Vg € Vo(l),?b\ € V>\(1) (317)
PYSTN

of some fixed v € S7. As (3.8) provides a direct splitting of S5, this repre-
sentation is unique. We can find vy € VO, vy € V,\ with the property

Vg = Tj@o , Uy = Tj{))\ , A E ]\H (318)
and define © € §; by
U =109+ Z 3. (319)
AeAgy

Note that in general 0 ¢ §7. By the arguments applied in the proof of Lemma
3.3, it follows from (R) that

’@’1 S C(ko)’Tj?A)h = C(ko)’?)’l. (320)

Coming back to the assumption of Lemma 3.1 i), we have from Lemma 3.3
and the equivalence of norms on S; that

a(vo, vo) + Z a(vy, vy) < c(ko){a(vo, Vo) + Z (O, OA) }-
YN AeAp

Hence, in view of (3.20) the lower bound follows from

a(bo, Do) + Y a(br, 0x) < C(J + 1)%a(0, ). (3.21)
Aehy

Assume for the moment that V # (). Then we only have to collect the
well-known results of Yserentant [37] to show

S alont) S @ X Bk <X # T oA

AeAy AgAH k=1 XeA,
J
< 2¢y A1 — Iia)ll5 < O3+ 1)%0)7
k=1

12



where v(A) denotes the value of v at the supporting point of A. In particular,
we have employed an inverse inequality (Lemma 3.3 of [37]), the spectral
equivalence of the incorporated quadrature rule with the L? norm and the
approximation of unity by the interpolation operators [ (Theorem 3.2 of
[37]). The remaining estimate

a(o, vo) = a(Iod, Ipd) < C(j + 1)|0)?

easily follows from the stability of the interpolation (Theorem 3.1 of [37]).

We still have to consider the case
AN#0, A1 =0 (3.22)

for some i > 0. Changing the initial level from 0 to i the assertion (3.21) is
immediately obtained from

> ot < C|Iol (3.23)

AeA;

and the stability of the interpolation cited above. As a consequence of (3.22)
every point p € P? has an i-neighbor ¢ € P? so that (3.23) follows from

(2

Lemma 3.2. This completes the proof of the lower bound of a(H;Av,v).

To prove an upper bound by Lemma 3.1 ii), it is sufficient to show that

a(v,v) < Ki{a(vo,v0) + > alvy,v))} (3.24)

PYTN

holds for the splitting (3.17) of some fixed v € S7. Recall that the splitting
is unique. Using the arguments of the proof of Lemma 2.4 in [36] and the
proof of Lemma 3.3 we can show that

c(ko) X lw(p)l® <|Twli, < Clho) D [wp)*, t€Th,  (3.25)

pEPLNE pEPLNt

for all w € span{A;}. Based on this norm equivalence, we can extend the
proof of the strengthened Cauchy-Schwarz inequality in [36] to truncated
functions, giving

1 |l_k|_k0

(w1, wi)1 < (ko) (ﬁ) w1 w1 (3.26)

for all w; € span{Agl)}, wy, € span{Aggl)} and |l — k| > ko. From (3.26) the
estimate

[ofi < Clho){Jvoli + >_ [uali} (3.27)

PYSTN

13



can be derived by well-known arguments. Finally, (3.24) is an immediate
consequence of (3.27) and the ellipticity of af(-,-).

By Lemma 3.3 and the equivalence of norms on Sy it is obvious that the
preconditioner H ](»1) is just a spectrally equivalent modification of H ](»1). This
completes the proof of the theorem. [ ]

For the symmetric preconditioner A ](»2) we can state a related result without
any regularity assumptions imposed on the active set.

Theorem 3.2 There exist constants Ko, K1 depending only on ag, oy in
(1.3) and the shape reqularity of To such that the estimate

Ko(j +1)2a(v,v) < a(H]('Q)Aj/U,/U) < Kia(v,v)

holds for all v € 5.

Proof. Let v € §;. Based on the unique splitting

v =1+ Z Uy, Vg € VO(Z), vy € V/\(Z),
AEA()

we can follow the arguments in the proof of Theorem 3.1 with the important
difference that the corresponding results on hierarchical bases can be applied
directly. We only have to take care of the case

AP 20, A® =0 (3.28)

for some ¢ > 0. But as in the case (3.22) we find at least one i—neighbor
q € P? for each point p € P;"™® so that Lemma 3.2 can be applied. n

Remark 3.4 Recall that the construction of the preconditioners is indepen-
dent of the construction of the disjoint splitting P; = P7UP?. In particular,
if we are solving an unconstrained elliptic problem, we can define the active
set P7 as the set of all nodes on which the iterative error is considered small
enough. A corresponding strategy has been proposed in [33]. In this case we
can not expect ky in condition (R) to be uniformly bounded (c.f. Remark
3.3) so that only the symmetric preconditioner should be used.

Remark 3.5 In the proofs of Theorems 3.1 and 3.2 we have extended well—
known results on hierarchical bases from the unconstrained to the constrained
case by suitable properties of the truncation operators 7} or the restriction
of the active set P;. The same technique can be applied to other multilevel
additive Schwarz methods as for example the BPX preconditioner to obtain
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related results in three space dimensions [7].

Theorems 3.1 and 3.2 show that under reasonable assumptions, all precon-
ditioners under consideration are spectrally equivalent. Still in the nonsym-
metric case the actual constants depend heavily on the constant ky , while
the behaviour of the symmetric preconditioner H ](»2) is expected to be more
robust with respect to the choice of P7. This theoretical reasoning will be
supported by the numerical results presented in Chapter 5.
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4. Semi—Local and Local Error Estimates

Let u € H(Q) denote the exact solution of (1.2) and u; € S; the exact
solution of the approximate problem (2.1) with respect to 7 = 7;. Expecting
that only an approximation u; € S; of u; is known in actual computations,
we are interested in a—posteriori error estimates € for the total error €,

e =|lu— ;| :==alu—a;,u— &j)l/Q
which are efficient and reliable in the sense that
Y€ < |lu — ]| < meé (4.1)

holds with positive coefficients 7y, 71 depending only moderately on the re-
finement level j. The local contributions to £ will be used as local error
indicators in the adaptive refinement process. This concept of adaptivity is
well established for linear elliptic equations and has been used by a variety of
authors. See [3, 13, 21, 26, 35] for further references. Extending the approach
of Deuflhard, Leinen and Yserentant [13, 26] to obstacle problems, we will
proceed in two main steps:

e Step 1: Replace the exact solution u in (4.1) by the piecewise quadratic
approximation U; € H} ().

e Step 2: Localize the computation of U; to obtain U; with & := |U; — ;]
satisfying (4.1).

The first step is settled by the following lemma which is a consequence of the
triangle inequality.

Lemma 4.1 Assume that the piecewise quadratic approximation U; is of
higher accuracy in the sense that

lu—=Uj|| < qllu—u4l|, 0<¢g<1l, j=0,1,... (4.2)
and u; € S; satisfies
=]l < ollu— sl 5=0.1,... (43
with qo < 1 and q, o not depending on j. If € satisfies
Y& < lu; — Uill < e (4.4)

then (4.1) holds with o = Yo/(1 + qo) and 1 = 71 /(1 — qo).
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Remark 4.1 Note that (4.3) holds with o = 1 if no obstacle is present. In
general, (4.3) follows from
luj — ;] < (1 = 1/o)[Ju = uy].

which may be regarded as an accuracy assumption on u;. Recall that for
sufficiently smooth data the piecewise quadratic approximation is of higher
order than piecewise linear elements (c.f. [12]). In this case (4.2) is trivial, if
the initial triangulation 7 is chosen fine enough.

In the sequel we assume that the assumptions of Lemma 4.1 are satisfied to
concentrate on the derivation of £ with the property (4.4).

Let Q; C H}(2) denote the subspace of piecewise quadratic functions on 7;
vanishing at the boundary and

K2 ={ve Qvlp) <o"(p),p € Py, v(e) < ¢%e).c €&}

the corresponding approximation of the constraints K. Here we used v(e) :=
v(midpoint of e), e € &;, for functions v : @ — IR and suitable restrictions
ol o9 of the obstacle ¢ to P; and &;, respectively. Now U; can be computed
from

Find U; € KJ»Q such that a(U;,U; —v) < UU; —v), v € KjQ. (4.5)

For notational convenience the index j will be suppressed in the following
notations. In view of Lemma 4.1 we are interested in the defectd = U; —1; €
Q; which is the unique solution of

Find d € D such that a(d,d —v) <r(d—v), ve D. (4.6)
The constraints are given by
D = D(u;) :=={v € Qj| v+ 1 € K7}
and the right-hand side is the residual r := ¢ — a(a;, -).

As d is not available at reasonable computational cost the remainder of this
chapter will be devoted to the localization of the defect problem (4.6). A
possible way is indicated in the next lemma, showing that (4.1) is preserved
by spectrally equivalent modifications of a(-,-).

Lemma 4.2 Let d be the solution of
Find d € D such that a(d,d—v) <r(d—v), veD (4.7)
with a symmetric form a(-,-) satisfying
coa(v,v) < a(v,v) < ca(v,v), ve Q;. (4.8)
with positive constants cg,c1. Then
Coa(d,d) < a(d,d) < Cya(d,d) (4.9)
holds with Cy = (g + 2¢1(1 + cgl))_l, Cr=c1+2c (14 ¢c).
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Proof. By symmetry arguments it is sufficient to establish the right in-
equality in (4.9). Together with (4.8) we obtain from (4.6) that

a(d,d) < ¢a(d, d) + 2r(d — d).

Now the assertion follows from

r(d—d) < gt (14 ¢1)ald, d). (4.10)

To show (4.10) observe that the choice v = d in (4.7) leads to

r(d—d) <a(d,d—d). (4.11)
Hence, in view of Cauchy’s inequality it remains to prove
d—d|a < cgt(1+c1)ld]a (4.12)

with | - | denoting the energy norm induced by a(-,-). It is obvious that d
is the solution of the original problem (4.6) with r replaced by a modified
right—-hand side 7 defined by

Fi=r+a(d,-)—a(d,-).

As the solution of variational inequalities depends Lipschitz—continuously on
the right-hand side with Lipschitz constant cj' (c.f.[23]), we obtain (4.12)
from

[d—dla < " sup |a(d,v) —a(d, )] < ¢g (1 +e1)ldla

|v]a=1

This completes the proof. [ ]

Note that Lemma 4.2 is valid for arbitrary convex constraints and arbitrary
space dimensions.

To construct suitable quadratic forms a(-, -) we introduce the two-level split-
ting
Q;, =8 s8¢ (4.13)

consisting of the linear part S = S; and the remaining quadratic part S9.
Note that the quadratic bubbles p. € Q;, e € &; defined by

pe(p) =0, peP;, pe(midpoint of g) =dey, g €&;
form a basis of S¥. Following (4.13) we split v € Q; according to

v=uvl409

UL S SL ; UQ = ZeES]- Velle € SQ (414)
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Then we obtain the quadratic form b(-,-),

b(v,w) = a(v’ w") +a? (W9, w?) , a?W?w?) =" vewea(pe, pe) (4.15)
eES]-

by neglecting the coupling of S, S and e, 1y, € # g, respectively. Using
additionally the preconditioner a(-, ) resulting from the standard hierarchical
basis decomposition of S* = S;, we end up with

b(v, w) = a(v® w") + a®w?, w®) (4.16)
Summarising these results we obtain the first important result of this chapter.

Theorem 4.1 Assume that condition (Q) is satisfied. Let d be the solution
of the semi-local problem

Find d € D such that b(d,d—v) <r(d—v), veD. (4.17)

Then (4.1) holds for )
E=|d

b
and v = Yo/(j + 1), m1 = 7. Here 4,71 are depending only on the shape
reqularity and the local ellipticity of a(-,-).

Proof. Theorem 4.1 is an immediate consequence of the Lemmas 4.1 and
4.2 together with the Lemma on p. 14 in [13]. n

Remark 4.2 The error estimate (4.17) is called semi-local, because the
frequencies of d are decoupled with respect to the quadratic form but coupled
by the set of constraints D. Of course (4.17) reduces to the error estimate
proposed in [13], if the obstacle is not active.

Remark 4.3 The simplified defect problem (4.17) may be solved approxi-
mately using the active set strategy described above. As the preconditioners
proposed in the preceding chapter are just truncated versions of a(-,-), we
can expect the corresponding linear subproblems to be solved very efficiently.
Note that by Theorem 3.1 or 3.2 any preconditioned cg-iterate of the linear
subproblem satisfies (4.1) as soon as the active set is determined correctly.

To derive a less robust but local error estimate we consider the simplified
defect problem

Find d € D such that b(d,d —v) <r(d—v), veD. (4.18)

Recall that
cob(v,v) < a(v,v) < cb(v,v), veQ; (4.19)
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with positive constants co, ¢; independent of j (c.f. [13]). According to (4.2)
the solution d of (4.18) provides an error estimate with the property (4.1).
Now (4.18) is decoupled by one block Gauss—Seidel iteration step applied to
the initial iterate zero, i.e., we compute an estimate § = §* + 6% from

Find 6 € D such that a(6%, 6" —v) < rH (¥ —v), ve DF (4.20)

and

Find 69 € D?(6%) such that

0Q(59,59 — v) < 1969 —v) , we Doty (42D

where %, r@ denote the restriction of r to ¥, 89 and DF, D?(§L) are
defined by

Dt =8"nD, DY%uw") ={v? e S?vY+wte D}, wteSt

Note that the linear defect problem is recovered by (4.20) with the conse-
quence 6 = 0. Moreover, each component of 6% can be computed separately
so that

&= 169,0 (4.22)

provides a local error estimate.

Let us introduce the interpolation operator 7 : S* — S% defined by

7(v") (midpoint of e) = (v (p1) + v (p2))/2, e = (p1,p2) €&, vi €St
We now show that (4.22) provides a lower bound for the total error.
Theorem 4.2 Assume that

(L) m(d")]ae < Bld"|
holds with a positive constant [ independent of 5. Then

010%]0e < |la; — u]

holds with a positive constant vy depending only on [3, the shape regularity of
To and the local ellipticity of a(-,-).
Proof. Obviously d is the solution of

Find d® € D?(d") such that

Q0,0 — ) < (@ —v), vepd) 2
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with d = d"4d®. Representing (4.23) as a complementary problem it is easily
verified that (4.21) and (4.23) are symmetric with respect to the obstacle and
the right-hand side. More precisely (4.21) and (4.23) can be replaced by

Find 69 € R such that (4.24)
a?(69,09 —v) <a®(p? — 7w(a;),0° —v), vER '

and

Find d? € R such that L (4.25)
a?(d?,d? —v) < a®(p? - 7(d; +d"),d? —v), vER '

with constraints
R={ve SQ’ Ve < Tg/a(ﬂmﬂ6)7 €c gj}

Again we use that (4.24), (4.25) are Lipschitz with respect to the right-hand
side to obtain . )
169 = d|40 < |7(d")lue (4.26)

Now the assertion follows from the triangle inequality and the assumption
(L). n

Remark 4.4 Obviously (L) can be replaced by
[d" ez < 810" (4.27)

which may be regarded as a regularity condition imposed on the free bound-
ary. Indeed, regarding d- as a perturbation of the decoupled solution §% = 0
by the coupling with d? at the free boundary, condition (L) requires that
these perturbations remain local with increasing j. Note that if condition
(L) is not satisfied, (4.21) still provides a lower bound for the error though
it may deteriorate with successive refinement.

Remark 4.5 The error estimate (4.21) has been originally proposed in
(24, 25] for the adaptive solution of a special obstacle problem arising in
semiconductor device simulation. In this special problem we can expect from
the physical data that the error is dominated uniformly in j by contributions
generated away from the free boundary, suffering only minor effects from the
localization (4.20), (4.21). In particular, the nonactive region can be always
resolved with sufficient accuracy on the initial triangulation 7. Under these
assumptions we can easily prove that (4.21) is reliable in the sense of (4.1),
in particular that (4.21) also provides a uniform upper bound of the exact
error €.
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However, simple examples show that (4.21) may deliver & = [§€9],0 = 0
though we have d # 0, showing that an upper bound cannot be obtained from
(4.21) without further assumptions such as mentioned above. Together with
Theorem 4.2 this indicates that (4.21) is likely to underestimate the error, a
behaviour which will be confirmed by numerical experiments reported in the
next chapter.
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5. Numerical Results

In this chapter we compose an adaptive Multilevel Method from the modules
described above. This method is then applied to a challenging model problem
confirming the properties expected from the theoretical considerations.

On each refinement level j we apply the active-set strategy given in Chap-
ter 2 until the active set is left invariant. The iteration is started with the
interpolated approximation from the previous level with the value at each
node having at least one active neighbor projected to the obstacle. On the
first level the obstacle function is used as initial iterate. Each step of the
outer iteration requires the solution of the linear subproblem (2.8) which is
performed iteratively by cg-iterations preconditioned by the reduced hierar-
chical basis preconditioners introduced above. This inner iteration is stopped
as soon as the estimated linear iteration error  satisfies

k< Ko . (5.1)

where estimate x is computed as described in [13]. Recall that the threshold
ko has to be chosen small enough to ensure the convergence of the outer
iteration (c.f. Remark 2.1). In the following example ko = 1072 is used.

The same algorithm with rq replaced by kj = 1072 is applied to the solution
of the semi-local defect problem providing the error estimate

e’ = ’d’g y
with d computed approximately from (4.17). A local error estimate
e =l

is obtained by approximating (4.20) and evaluating (4.21). The iterative
solution of the semi-local defect problem is started with the local estimate
(0,69). Given some approximation § = OZ, 0 of the defect d, an edge e € &; is
refined if its contribution 7,

Ne = (93)2 a(ﬂe>ﬂ6)>

exceeds a certain threshold 7. To determine 77 we extrapolate 7. as pro-
posed in [2] (see [24] for details). A new triangulation is constructed by red
refinements and green closures referring to [3, 26, 31, 32| for details.

Now we apply the algorithm to a well-known problem describing the elasto—
plastic torsion of a cylindrical bar with quadratical cross-section €2 = (0, 1) x
(0,1) which is twisted at its upper end around the longitudinal axis in such
a way that the lateral surface remains stress free. Modelling the plastic
region according to the von Mieses yield criterion and normalizing physical

23



constants, it has been shown in [11] that for positive twist angle C' per unit
length the stress potential u is the solution of the variational inequality (1.2)
with a(-,-), £(-) given by

Ovow  Ovow
alv.w) = [(Go5m + G g dey) . ) =20 [ vd(ey)

and constraints K,
K ={ve H(Q)| v(z,y) < dist((z,y),09), faa. (z,y)<€Q}.

The active points characterize the plastic region while the material is con-
sidered elastic in nonactive points. We refer to [15, 17] for the numerical
treatment and to [30] for a theoretical analysis of the problem.

Note that the problem has singular perturbation character with respect to
the elastic region which is located along the diagonals and is shrinking for
increasing C'.

Figure 5.1 Initial Triangulation 7

Starting with the initial triangulation 7y depicted in Figure 5.1 and choos-
ing C' = 15, all nodal points remain active up to the 3rd (uniform) refine-
ment level, rendering a quite challenging problem for an adaptive multilevel
method.

In Table 1.1 we report the number of iterations required by the solution
process. The data are presented in the form "number of outer iterations /
average number of inner iterations” both needed for the solution and the
semi-local error estimate, respectively. In both cases the symmetric version

24



RNONONON KR
AV AVAVANVANA S
PVAESSS
NN R
)VAVA
NN

Figure 5.2 Final Triangulation 7o and Solution Ujq

of the hierarchical basis preconditioner is used. The difficulty of detecting
the elastic region leads to the difference between depth and refinement level
arising from level 5 to 7. Note that 77 finally allows for a satisfying resolution
of the elastic zone. Up to this level the computational work is dominated
by the error estimation providing the local error indicators for the adaptive
refinement process.

Level | Depth | Nodes [terations
Solution | Error Estimate
0 0 5 1/0.0 2/0.5
1 1 13 1/0.0 2/1.0
2 2 29 1/0.0 3/1.0
3 3 57 2/0.5 3/2.3
4 4 153 2/2.5 3/3.6
5 5 381 2/5.0 4/2.0
6 5 541 3/3.0 3/2.0
7 5 749 3/3.3 1/0.0
8 6 1605 3/4.3 2/0.0
9 7 5793 4/5.5 2/0.0
10 8 6265 3/6.0 2/0.0

Table 5.1 Iteration History
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On the subsequent levels the semi-local error estimate automatically reduces
to the local error estimate. Indeed, the outer iterations do not change the
initial guess and may be skipped.

The final triangulation 77, is depicted in Figure 5.2 together with the level
curves and the elastic region of the corresponding solution.

The behaviour of both error estimates is illustrated in more detail in Figure
5.3. Again it is obvious that the situation changes at level 7 (749 nodes),
showing a significant decrease of the “exact” error and both estimates. To
compute the “exact” error we performed a uniform refinement of 779 and
computed the difference to the corresponding solution. Note that only the
semi-local estimate provides satisfactory results on lower levels. In fact, due
to the very coarse initial grid the local error estimate fails in this example
providing sé» = 0 for 7 = 0,1,2. Recall that the performance of both error
estimates could be expected from the theoretical considerations in the pre-
ceding chapter. In particular, the local estimate (4.21) should not be used
until the underlying triangulation is fine enough to detect all parts of the
inactive region but works very effectively from this moment on.

*—%—% EXACT
2.54 * % % SEMI-LOCAL

*- % - % LOCAL
*

-

error ( x 10

0.5

number of nodes

Figure 5.3 Comparison of the Error Estimates

The final Figure 5.4 gives a comparison of both versions of the hierarchical
basis preconditioners. To amplify the different behaviour we choose ¢ very
small, i.e., g = 107® and the initial iterate is fixed to the upper obstacle
for all inner iterations. For each outer iteration we report the number of
(preconditioned) cg iterations for the linear subsystem involving the maximal
number of unknowns.
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Figure 5.4 Comparison of the Preconditioners

As expected, multilevel preconditioning does not improve the convergence of
the cg iteration as long as the actual problem allows no suitable represen-
tation on the coarser triangulations. Obviously, the nonsymmetric version
even deteriorates the convergence until the contribution of non-truncated
hierarchical basis functions becomes dominant on level 9. On the other hand
the symmetric version immediately takes advantage of the good resolution
on level 7 (133 unknowns) and does not deteriorate the convergence on lower
levels. Note that in both cases the number of iterations becomes a linear
function of the refinement level j, if j is large enough. This is exactly the
behaviour predicted by the theoretical results derived in Chapter 3.
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