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Zusammenfassung

In dem ressourcenbeschränkten Projektplanungsproblem (RCPSP) wird ein
Zeitplan für eine Menge von Jobs erstellt, wobei Jobs unterschiedliche An-
forderungen an Ressourcen- und Vorrangrestriktionen aufweisen. Die gesamte
Projektdauer, das heißt die Fertigstellungszeit des letzten Jobs, soll minimiert
werden. Zur Lösung dieses Problems existiert eine Reihe von Ansätzen, die
auf gemischt-ganzzahliger Programmierung (MIP) basieren. Die meisten ak-
tuellen Modelle verwenden eine Diskretisierung des Planungszeitraums in
Einheitsintervalle. Dabei wird jeder Job einem gültigen Zeitintervall zu-
geordnet. Ein Nachteil von zeitdiskreten Modellen entsteht für große Pla-
nungszeiträume oder besonders feine Diskretisierungen. Die dadurch wach-
sende Modelgröße macht eine effiziente Berechnung kaum möglich. In diesem
Zusammenhang untersuchen wir kompakte MIP Modelle, deren Größe un-
abhängig vom Planungshorizont ist. Zusätzlich zu zwei kompakten Modellen
aus der Literatur präsentieren wir zwei neue kompakte Modelle. Wir un-
tersuchen die induzierten Polyeder und leiten eine Inklusionshierarchie ab,
die auf linearen Transformationen basiert. Diese Transformationen wer-
den kombinatorisch interpretiert. Weiterhin betrachten wir eine Klasse von
Schnittebenen, sogenannte Cover Ungleichungen. Letztere werden durch
einen effizienten Lifting-Algorithmus verstärkt, dessen Laufzeit unabhängig
vom gewählten Modell ist. Darüber hinaus erforschen wir untere Schranken
für das Planungsproblem, die mit linearen Programmen berechnet werden.
Zwischen zwei bestehenden Modellen aus der Literatur identifizieren wir
eine primal-duale Verbindung und generieren resultierende Schnittebenen für
eines der Modelle. Es werden zwei Schnittebenenalgorithmen vorgestellt.
Wir zeigen außerdem, dass dieselbe Charakterisierung auf Schnittebenen der
kompakten Modelle übertragen werden kann. Unsere Modelle wurden auf
den Testinstanzen der PSPLIB [65] implementiert, getestet und bewertet.
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Abstract

In the Resource-Constrained Project Scheduling Problem (RCPSP) a set of
jobs is planned subject to resource- and precedence constraints. The objec-
tive is to minimize the makespan, that is the time when all jobs have been
completed. There exist several Mixed-Integer-Programming (MIP) models
in order to solve the problem. Most common models are based on time-
discretization. In this case, the scheduling horizon is split into unit size in-
tervals and each job gets assigned a unique starting interval. The drawback
of time-discrete models is the computational intractability for large schedul-
ing horizons or fine discretizations. In this connection, this thesis deals with
compact MIP models where the model size is independent of the scheduling
horizon. In addition to two compact models from the literature, we present
two new compact models. We investigate their induced polyhedra and deduce
an inclusion hierarchy via linear transformations. Moreover, we give a com-
binatorial interpretation of these transformations. Furthermore, we study a
class of valid cutting planes for the compact models, which are known as
cover inequalities. In order to strengthen these cutting planes we introduce
a lifting algorithm that is independent of the model size. Subsequently, we
examine lower bounds for the RCPSP from linear programming. Based on a
linear transformation, we reveal a connection between two approaches from
the literature. For one model we generate strong cutting planes that are ob-
tained from a primal-dual relation between the models. Two cutting plane
algorithms are derived. Likewise, we show that similar cutting planes can
be transferred to the compact MIP models. Our models have been imple-
mented, tested and evaluated on the instances of the PSPLIB [65] problem
library.
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Chapter 1

Introduction

Project scheduling under limited resources has applications in almost all kind
of modern industry. Many recent real-world examples show that improper
project planning may result in unfavorably high cost. Since the general
RCPSP is very hard to compute [3], efficient methods are needed to generate
valuable project schedules. In this thesis we investigate the deterministic
RCPSP without preemption. That is, jobs have a constant duration and
cannot be interrupted while being processed. In addition, there is a set
of resources with limited capacity where each job has a certain demand of
each resource. Moreover, there exist precedence relations between the jobs.
The objective is to minimize the latest completion time of all jobs, which
is also denoted as the makespan of the project. One possibility to compute
a project schedule with minimum makespan is provided by Mixed-Integer
Programming (MIP). Most common models for the RCPSP rely on time-
discretization where the scheduling horizon is decomposed into discrete time
intervals of unit length. The jobs get allocated to feasible starting times
which respect the resource and precedence restrictions. Since the model size
expands with increasing scheduling horizon, time-discrete models become
intractable for large time horizons. This justifies our thesis to account for
compact models whose size is independent of the planning period.

My motivation for this topic originates from my participation at the
AIMMS-MOPTA Modeling Competition 2013 which was awarded the first
prize [1]. The task was to develop optimization tools for efficient operation
room scheduling under limited resources. The straightforward problem struc-
ture but the hardness of their computation inspired me to consider the more
general RCPSP.

1
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1.1 Related Work and Outline

One of the first but commonly used integer programming models for the
RCPSP is due to Pritsker et al. [12]. They introduce a time-discrete model
(DT) that assigns jobs to feasible starting times. Based on their model,
Christofides et al. [7] propose an extended model with disaggregated prece-
dence constraints (DDT) which yields a stronger LP-relaxation. Further ex-
tensions of Pritsker’s model can be found in Patterson et al. [15] and Stinson
et al. [16]. Many of the former and current solving approaches use variants
of the time-discrete model. Möhring et al. [18] exploit integral substructures
of the model when the resource constraints are relaxed. The resulting in-
teger program can be computed efficiently by minimum-cut detections in a
problem-defining network. The initial problem is then solved by Lagrangean
Relaxation. Other approaches focus on strengthening the original formula-
tion. For example, Calvacante et al. [59] introduce GUB cover inequalities
and construct an LP-based Branching algorithm. Similarly, Hardin et al. [60]
suggest minimal cover inequalities for the uniform resource case in connection
with fast lifting methods.

A different non-time-discrete MIP model was introduced by Alvarez-
Valdés and Goerlich [14]. It is based on cuts for incompatible job subsets and
large constants. The authors study polyhedral aspects and lifting theorems
for a class of valid inequalities. Artigues et al. [17] replaced the incompatible
job cuts by a flow extension (FCT). This yields a compact representation
but large constants remain in the model. Most recent work on compact for-
mulations can be found in Koné et al. [8, 9]. They introduce two compact
models which decompose the scheduling horizon into intervals of variable
length. The authors provide an experimental study concerning the solvabil-
ity compared to DDT and FCT. Their testings reveal that their compact
models can solve small problem instances but they are considerably weaker
than DDT on common problem instances of the PSPLIB [65]. Apart from
that, they showed that DDT is outperformed by the compact models if the
job durations are scaled by a sufficiently large factor. But in general, the
compact models provide a weak alternative to DDT in terms of practical
solvability.

In addition to exact solving approaches, the literature studies lower bounds
for the RCPSP. Mostly, lower bounds are computed by so-called destructive
improvement, see Klein et al. [30] and Dorndorf et al. [29]. This aims to solve
the decision problem for fixed makespan. If we can prove that the considered
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makespan is infeasible, the lower bound is increased. The procedure is re-
peated either incrementally or by binary search until no infeasibilities can be
found. A powerful lower bound was introduced by Mingozzi et al. [13]. They
propose an LP model that is based feasible job subsets and a preemptive re-
laxation. Brucker and Knust [22] extended their model by time-windows and
solved it by column generation. Baptiste and Demassey [24] added further
cutting planes to the model. Up to now, this combined approach still pro-
vides the best lower bounds on a considerable number of PSPLIB instances.
Another lower bound from linear programming is presented by Carlier and
Néron [23]. Their model uses a compact representation of the schedule which
is strengthened by additional inequalities obtained from different methods
like energetic reasoning and redundant functions, see Carlier and Néron [34].
More valid cutting planes were introduced by Haouari et al. [25]. Advanced
reduction tests that are combined with MIP are given in Haouari et al. [26].

Apart from linear programming techniques, Constraint Programming (CP)
has a growing impact on scheduling problems including the RCPSP. The al-
gorithms of Schütt et al. [36, 37, 38] combine Branch-and-Bound with SAT
and CP solving in an integrated framework. Further efficient reduction tests
has been proposed by Vilim [40]. By efficient pruning of the solution space,
their algorithms were able to close and improve the lower bound for a signif-
icant number of PSPLIB instances. Further studies in combination with CP,
IP and SAT can be found in Baptiste et al. [39] and Schulz [27].

Outline of the Thesis

The thesis is structured as follows. Section 1.2 gives an overview of funda-
mental definitions from polyhedral theory and Mixed-Integer Programming.
In Section 1.3 we formally define the RCPSP and related notation. Chap-
ter 2 introduces the considered MIP models of the thesis. This includes
the time-indexed model of Pritsker et al. [12] and two compact models of
Koné et al. [8]. Additionally, we present stronger inequalities for the existing
compact models. Moreover, we add two new compact formulations. In Chap-
ter 3 we explore their polyhedral relations and deduce an inclusion hierarchy
based on linear transformations. A class of so-called lifted cover inequalities
for the compact models, is addressed in Chapter 4. We give an introduction
to the formal method and construct a sequential lifting algorithm. Chap-
ter 5 deals with lower bounds of the RCPSP that are obtained from linear
programming. We relate two current models via a primal-dual connection.
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From this characterization, we derive two cutting plane algorithms. In ad-
dition, we show that the same characterization can be implemented in the
compact MIP setting in order to generate strong cutting planes. According
to test instances of the PSPLIB, we discuss our computational results in
Chapter 6. Finally, we draw a conclusion between compact MIP models and
the applicability for solving the RCPSP in Chapter 7.

1.2 Preliminaries

In the following we give a brief introduction to basic definitions of polyhedral
theory and and Mixed-Integer Programming. For a complete survey we refer
to Schrijver [4, Chapter 5].

Polyhedra

A halfspace in Rd is given by a set H = {x ∈ Rd | πTx ≤ π0} with π ∈ Rd

and π0 ∈ R. A polyhedron P = {x ∈ Rd | Ax ≤ b} is the intersection of
finitely many halfspaces given by a matrix A ∈ Rm×d and vector b ∈ Rm.
A polytope is a bounded polyhedron. An inequality πTx ≤ π0 is valid for P ,
if P is contained in its defining halfspace. The dimension of a polyhedron P

dim(P ) = max{|V | − 1 | V ⊆ P set of affinely independent points }

is one less than the maximum number of affinely independent points in P .
A face of P is given by a set F = {x ∈ P | πTx = π0} where πTx ≤ π0
is a valid inequality of P . A face F of P is called facet, if and only if
dim(F ) = dim(P )− 1. Moreover, F is a vertex if and only if dim(F ) = 0.

The polar of P is defined as P ∗ = {π ∈ Rd | xTπ ≤ 1 ∀x ∈ P}. In
particular, P ∗ is again a polyhedron and the vertices of P ∗ correspond to
facets of P , see Ziegler [5].

Linear Programs

A linear program (LP) consists of a linear function that is maximized over a
polyhedron. We focus on non-negative linear programs. This yields a system

max cTx

Ax ≤ b

x ∈ Rd
≥0
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with constraint matrix A ∈ Rm×d, right-hand side b ∈ Rm and objective coef-
ficients c ∈ Rd. We call this linear program the primal LP. The corresponding
dual LP is given by the system

min bTπ

ATπ ≥ c

π ∈ Rm
≥0

where π is the vector of dual variables. Given feasible solutions x and π for
the primal and dual LP, it holds cTx ≤ bTπ by weak duality. If x∗ and π∗ are
both optimal solutions to the respective linear programs, it holds cTx∗ = bTπ∗

by strong duality, see [4, Chapter 5.5].

The matrix A ∈ Rm×d is totally unimodular, if every square non-singular
submatrix A′ satisfies det(A′) ∈ {−1, 1}. If A is a totally unimodular matrix
and b is integral then the extremal solutions of the corresponding polyhedron
are integral, provided the solution space is non-empty, see [4, Chapter 5.16].

Mixed-Integer Programs

As before, we restrict to non-negative space. For given matrices A ∈ Rm×d,
B ∈ Rm×e and right-hand side b ∈ Rm we define the integer hull as the set

PI = conv{(x, y) ∈ Zd≥0 × Re
≥0 | Ax+By ≤ b}.

A Mixed-Integer Program (MIP) considers a linear function with coefficients
(c1, c2) ∈ Rd+e that is maximized over an integer hull which yields a system

max cT1 x+ cT2 y

Ax+By ≤ b

x ∈ Zd≥0
y ∈ Re

≥0.

The polyhedron of the linear programming relaxation of this MIP is given by

P = {(x, y) ∈ Rd+e
≥0 | Ax+By ≤ b}

which relaxes the integrality conditions. In particular, it holds PI ⊆ P .
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1.3 The Resource-Constrained

Project Scheduling Problem

In the Resource-Constrained Project Scheduling Problem (RCPSP) we are
given a set of jobs I = {i1, ..., in} with processing times pi ∈ Z>0 for all
i ∈ I. The jobs must be scheduled non-preemtively, that is they cannot be
interrupted while being in process. Moreover, we are given a set of resources
R with limited capacities Dr ∈ Z>0 for all r ∈ R. Each job i ∈ I has a
demand of dir ∈ Z≥0 units of resource r ∈ R. Naturally, we assume dir ≤ Dr

for all i ∈ I and r ∈ R. In addition, there are precedence relations E ⊆ I× I
with (i, j) ∈ E if i has to complete before j starts. These relations form the
precedence graph G = (I, E) which must not contain any directed cycles.

A schedule is defined as vector s = (si)i∈I ∈ Rn
≥0 which consists of the

job starting times. Let T = [0,∞) be the considered time horizon and
I(t) = {i ∈ I | si ≤ t < si + pi} the set of jobs that are active at time t ∈ T .
The makespan is defined as Cmax = max{si + pi | i ∈ I}, which corresponds
to the project completion time. The objective of the RCPSP is to minimize
the makespan. More formally, the RCPSP can be stated as follows:

min Cmax

si + pi ≤ Cmax ∀i ∈ I (1.1)∑
i∈I(t)

dir ≤ Dr ∀t ∈ T , r ∈ R (1.2)

si + pi ≤ sj ∀(i, j) ∈ E (1.3)

si ≥ 0 ∀i ∈ I

A schedule s ∈ Rn
≥0 is feasible, if it satisfies conditions (1.1)-(1.3). The

schedule is minimal, if Cmax is minimal. Consequently, the RCPSP looks
for a minimal feasible schedule. The RCPSP includes a number of classical
optimization problems such as knapsack and partition. Blazewicz et al. [3]
have shown that RCPSP is a generalization of the classical job shop problem,
thus solving is NP-hard in the strong sense.
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1.3.1 Example

D1 D2 D3

5 2 3

job pi di1 di2 di3

1 3 2 2 -

2 4 2 - 1

3 3 - - 2

4 1 3 2 2

5 2 1 1 1

6 2 1 - 2

7 3 2 1 -

8 1 2 1 2

1

2 3

4

5

6

7

8

1

1

2

2

3

4

4

4

5

5

5

6

6

7

7

8

8

8

time

r3

r2

r1

Figure 1.1: Above: Instance of the RCPSP with jobs I = {i1, ..., i8}, resources
R = {r1, r2, r3} and the underlying precedence graph. Below: feasible schedule of
makespan 7 in Gantt-chart representation.



Chapter 2

MIP Models for RCPSP

The literature proposes different MIP models for the RCPSP. In this thesis
we distinguish between two types: time-indexed and compact models. Time-
indexed models subdivide the scheduling horizon into unit size discrete time
intervals. Each job gets assigned a feasible starting time. Therefore, the
model size is depends on the required time horizon. For large scheduling
horizons and fine discretizations the models size becomes intractable. In this
case, we prefer compact models whose size is polynomial in the number of
jobs. First, we state the common time-indexed model DT of Pritsker et
al. [12] and its extension DDT of Christofides et al. [7]. Subsequently, we
introduce two compact models OOE and SEE of Koné et al. [8] for which we
propose stronger inequalities. Furthermore, we add two new compact models
HPF and DP which are based on common modeling ideas. Structurally
however, the models reveal significant differences. Chapter 3 deals with a
detailed polyhedral analysis.

2.1 Time-Indexed Model (DDT)

The most common time-discrete model is due to Pritsker et al. [12]. Let
T = {1, ..., T} be the discrete time horizon where T denotes an upper bound
on the minimum makespan. For the makespan we introduce a dummy job
n + 1 with pn+1 = 0 and extend the set of precedence relations by E ′ =
E ∪ {(i, n+ 1) | i ∈ I}. Let xit ∈ {0, 1} be binary variables that are equal to
one, if job i ∈ I starts at time t ∈ T and zero otherwise. To abuse notation
in the model, let xit = 0 for all i ∈ I and t ≤ 0.

8
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The discrete-time model (DT) states as follows:

min
∑
t∈T

(t− 1) · xn+1t∑
t∈T

xit = 1 ∀i ∈ I ∪ {n+ 1} (2.1)

∑
i∈I

t∑
t′=t−pi+1

dirxit′ ≤ Dr ∀t ∈ T , r ∈ R (2.2)∑
t∈T

t · xjt −
∑
t∈T

t · xit ≥ pi ∀(i, j) ∈ E ′ (2.3)

xit ∈ {0, 1} ∀i ∈ I ∪ {n+ 1}, t ∈ T

The objective minimizes the makespan that is attained at the starting
time of job n + 1. All jobs including n + 1 must start at a time slot t ∈ T
(2.1). Inequalities (2.2) ensure that the resource demands are within the
capacity limits for each resource r ∈ R at any time slot t ∈ T . In addition,
job i must end before job j starts for all (i, j) ∈ E ′ (2.3).

Christofides et al. [7] replace inequalities (2.3) by the disaggregated prece-
dence constraints :

t+pi−1∑
t′=1

xjt′ +
T∑
t′=t

xit′ ≤ 1 ∀(i, j) ∈ E ′, t ∈ T (2.4)

which yields the disaggregated discrete-time model (DDT). Since (2.3) can be
obtained from (2.1) and (2.4), DDT provides a stronger LP-relaxation than
DT. In a few cases, DT is preferred by computational reasons, see [7].

Next, we inspect strengths and weaknesses of the LP-relaxation of DDT.
Consider B = maxr∈R

∑
i∈I

dirpi
Dr

as a natural lower bound to an instance of
the RCPSP.

Proposition 2.1. Assume an instance of RCPSP with E = ∅ and define
B = maxr∈R

∑
i∈I

dirpi
Dr

. Furthermore, let pi ≤ B−2
2

for all i ∈ I. For the
optimal value of the LP-relaxation of DDT it holds OPTLP (DDT ) ≤ B.

Proof. We construct a feasible LP solution. Set xit = 1
B

for all i ∈ I and

t ∈ {1, ..., bBc}. Furthermore, set xit = B−bBc
B

for all i ∈ I and t = bBc+ 1.
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First, we show that the inequalities of DDT are satisfied for all i ∈ I. For (2.1)
we obtain

T∑
t=1

xit =

bBc+1∑
t=1

xit =
bBc
B

+
B − bBc

B
= 1 ∀i ∈ I ∪ {n+ 1}

which is valid. The resource constraints (2.2) are implied by

∑
i∈I

t∑
t′=t−pi+1

dirxit′ ≤
∑
i∈I

t∑
t′=t−pi+1

dir
B

=
∑
i∈I

dirpi
B
≤ Dr ∀r ∈ R, t ∈ T

that is also valid. Since E = ∅ we have E ′ = {(i, n + 1) | i ∈ I}. Therefore,
each precedence constraint satisfies

t+pi−1∑
t′=1

xn+1t′ ≤ 1−
T∑
t′=t

xit′
(2.1)
=

t−1∑
t′=1

xit′ ∀(i, n+ 1) ∈ E ′, t ∈ T

which by substitution is equivalent to

t∑
t′=1

xn+1t′ ≤
t−pi∑
t′=1

xit′ = max

{
0,min

{
1,
t− pi
B

}}
∀(i, n+ 1) ∈ E ′, t ∈ T

In an optimal LP solution the values xn+1t are maximal with respect to the
earliest possible time slots t ∈ T . Let p∗ = maxi∈I(pi), by the above formula

we deduce xn+1t = 1
B

for all t ∈ {p∗+ 1, ..., p∗+ bBc} and xn+1t = B−bBc
B

for
t = p∗ + bBc+ 1.
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Evaluating the objective yields:

T∑
t=1

(t− 1) · xn+1t =

bBc+p∗∑
t=p∗+1

(t− 1)

B
+

(p∗ + bBc) · (B − bBc)
B

=

bBc∑
t=1

(t+ p∗ − 1)

B
+

(p∗ + bBc) · (B − bBc)
B

=
bBc · (bBc+ 1)

2B
+
bBc · (p∗ − 1)

B
+

(p∗ + bBc) · (B − bBc)
B

=
bBc · (bBc+ 1 + 2p∗ − 2 + 2B − 2bBc)

2B
+
p∗ · (B − bBc)

B

=
bBc · (2p∗ − 1 + 2B − bBc)

2B
+
p∗ · (B − bBc)

B

≤ bBc · (2p
∗ +B)

2B
+
p∗ · (B − bBc)

B

≤ p∗ +
B

2
+
p∗ · (B − bBc)

B
=
B

2
+ p∗ ·

(
2− bBc

B

)

≤ B

2
+B − 2− (B − 2) · bBc

2B
= B +

B

2
− bBc

2
+
bBc
B︸ ︷︷ ︸

≤2

− 2 ≤ B

Consequently, we have OPTLP (DDT ) ≤ B.

Proposition 2.2. Let L denote the length of the longest path in the prece-
dence graph G = (I, E). For the optimal value of the LP-relaxation of DDT
it holds L ≤ OPTLP (DDT ).
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Proof. Relaxing the resource constraints (2.2) yields a constraint matrix with
integral solutions, see [19, 20]. Since the precedence constraints (2.4) hold in
the relaxation, the integral solution has a lower bound at least L. The optimal
LP value is larger than the relaxed value, therefore L ≤ OPTLP (DDT ).

Propositions (2.1) and (2.2) give a rough idea of the strength and weak-
ness of the DDT model. On instances where the longest precedence path is
dominating, the LP bound gets strong. Contrary, the bound appears to be
weak for cumulative instances that are independent of the precedence graph.
A study of the LP-relaxation based on real data is given in Chapter 6.

2.2 On/Off Event-based Model (OOE)

The following compact model was introduced by Koné et al. [8]. In contrast to
DDT, the scheduling horizon is subdivided into intervals of variable length.
The start of an interval marks an event, that is a new job starts at the
beginning of the interval. Each job starts at a unique event and the starting
time of the job equals the starting time of the assigned event. Since events
correspond to positions in which jobs are added to the processing sequence,
we denote them by positions or by their associated interval throughout the
thesis. Let K = {1, ..., n} be the set of starting positions. Note that each
job may start at its own position, for example in the one machine case.
Furthermore, let K ′ = {2, ..., n + 1} be the set of completing positions and
A = {(k, l) ∈ K ×K ′ | k < l} be the set of possible start/end positions for
each job. A job i ∈ I is active at position k ∈ K, if it is processed right
after the starting time of position k. A Job i ∈ I starts at k ∈ K, if and
only if it is active at position k but not at position k − 1. Similarly, a job
i ∈ I completes at position k ∈ K ′ if and only if it is active at position k− 1
but not at position k. Let uik ∈ {0, 1} be the binary variable that equals
one, if job i ∈ I is active at position k ∈ K and zero otherwise. In addition,
let sk ≥ 0 be the starting time of position k ∈ K. The makespan is denoted
by sn+1. To abuse notation in the model, consider ui0 = 0 and uin+1 = 0 for
all i ∈ I.
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The on/off event-based model of Koné et al. [8] is defined as follows:

min sn+1∑
k∈K

uik ≥ 1 ∀i ∈ I (2.5)∑
i∈I

diruik ≤ Dr ∀k ∈ K, r ∈ R (2.6)

sk − sk+1 ≤ 0 ∀k ∈ K (2.7)

sk + pi(uik − uik−1 + uil−1 − uil − 1) ≤ sl ∀i ∈ I, (k, l) ∈ A (2.8)

k∑
k′=1

uik′ − k · (1 + uik − uik+1) ≤ 0 ∀i ∈ I, 1 < k < n (2.9)

n∑
k′=k

uik′ − (n− k + 1) · (1 + uik − uik−1) ≤ 0 ∀i ∈ I, 1 < k < n (2.10)

k∑
k′=1

ujk′ − k · (1− uik) ≤ 0 ∀(i, j) ∈ E, k ∈ K (2.11)

uik ∈ {0, 1} ∀i ∈ I, k ∈ K
sk ≥ 0 ∀k ∈ K ∪ {n+ 1}.

Inequality (2.5) requires each job to be active in at least one position
interval. The consumption of resource r ∈ R of all active jobs at position
k must not exceed the capacity Dr (2.6). In addition, subsequent positions
have increasing starting times (2.7).

If a jobs i ∈ I starts at position k ∈ K and completes at position l ∈ K ′
then it must hold sk + pi ≤ sl which is expressed by (2.8). Constraints
(2.9) and (2.10) are the contiguity constraints that require the sequence
(ui1, ..., uin) to be unimodal for each i ∈ I since the jobs are scheduled non-
preemptively. In particular, if some job starts at position k ∈ K then it
cannot be active at a position k′ < k (2.10). Analogously, if some job com-
pletes at position k ∈ K ′ then it cannot be active at a position k′ > k (2.9).
The precedence constraints (2.11) are modeled similarly: if job i is active at
position k ∈ K then job j cannot be active at positions k′ ∈ {1, ..., k} for
all (i, j) ∈ E. Note that constraints (2.9)-(2.10) use big-M constants that
linearly depend on n.

In the following we present stronger inequalities for the OOE model.
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Proposition 2.3. The inequalities

sk − sl + pi(uik − uik−1 − uil) ≤ 0 ∀i ∈ I, (k, l) ∈ A (2.12)

are valid for OOE and they dominate inequalities (2.8).

Proof. The inequalities state that if job i ∈ I starts at position k ∈ K but
it is not active at position l ∈ K ′ then sk + pi ≤ sl. Since in this case, job i
has to complete before l the inequality is valid. Obviously, (2.12) is stronger
because adding pi(uil−1 − 1) ≤ 0 yields (2.8).

Proposition 2.4. The inequalities

uih − uik + uil ≤ 1 ∀i ∈ I, (h, k, l) ∈ K3 : h < k < l (2.13)

are valid for OOE and they dominate inequalities (2.9) and (2.10).

Proof. The constraint indicates that whenever a job is active at positions
h, l ∈ K with h < k < l, then it must also be active at position k. Certainly,
the inequalities are valid for OOE. Define k′ ∈ K with 1 < k′ < n. Summing
up (2.13) over all h ∈ {1, ..., k′ − 1} with k = k′ and l = k′ + 1, and adding
the trivial inequality uik′+1 − 1 ≤ 0 yields inequality (2.9):

k′−1∑
h=1

(uih − uik′ + uik′+1 − 1) + uik′+1 − 1 ≤ 0

⇐⇒
k′−1∑
h=1

uih + (k′ − 1) · (uik′+1 − uik′ − 1) + uik′+1 − 1 ≤ 0

⇐⇒
k′∑
h=1

uih − k′ · (1 + uik′ − uik′+1) ≤ 0 ∀i ∈ I, 1 < k′ < n

Equally, fix h = k′−1 and k = k′. Summing up (2.13) for all l ∈ {k′+1, ..., n}
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and adding uik′−1 − 1 ≤ 0 yields (2.10):

n∑
l=k′+1

(uik′−1 − uik′ + uil − 1) + uik′−1 − 1 ≤ 0

⇐⇒
n∑

l=k′+1

uil + (n− k′) · (uik′−1 − uik′ − 1) + uik′−1 − 1 ≤ 0

⇐⇒
n∑

l=k′+1

uil − (n− k′) · (uik′ − uik′−1 + 1) + uik′−1 − 1 + uik′ − uik′ ≤ 0

⇐⇒
n∑

l=k′

uil − (n− k′ + 1) · (1 + uik′ − uik′−1) ≤ 0 ∀i ∈ I, 1 < k′ < n.

Consequently, (2.13) dominate (2.9) and (2.10).

Proposition 2.5. The stable set inequalities

ujk + uil ≤ 1 ∀(i, j) ∈ E, (k, l) ∈ K2 : k ≤ l (2.14)

are valid for OOE and they dominate inequalities (2.11).

Proof. For (i, j) ∈ E inequalities (2.14) forbid that job j is active before
job i, hence it is valid for OOE. Summing up (2.14) for all k ∈ {1, ..., l}
yields inequality (2.11):

l∑
k=1

(ujk + uil − 1) ≤ 0 ⇐⇒
l∑

k=1

ujk − l · (1− uil) ≤ 0 ∀(i, j) ∈ E, l ∈ K

Consequently, (2.11) is dominated by (2.14).

Note that inequalities (2.14) constitute that feasible solutions correspond
to stable sets in the graph consisting of vertices vik and edges (vil, vjk) with
(i, j) ∈ E, k ≤ l.

Proposition 2.6. In the stated OOE model, the contiguity constraints (2.9),
(2.10) and (2.13) can be omitted.

Proof. Assume that neither constraints (2.9), (2.10) or (2.13) are added to
the model. Suppose an optimal solution with uih = uil = 1 and uik = 0
for some i ∈ I and (h, k, l) ∈ K3 with h < k < l. This indicates a job is
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active for more than one sequence. Since such a solution strengthens any
other constraint of the OOE model, the objective value can only get larger.
Therefore, an optimal solution either satisfies the contiguity constraints or it
does not affect the optimal solution. In the latter case, the active sequence
can be chosen arbitrarily.

Proposition 2.7. Consider the OOE model including the stronger inequal-
ities (2.12), (2.13) and (2.14). For the optimal value of the LP-relaxation
of OOE it holds OPTLP (OOE) = 0.

Proof. We construct an optimal LP solution. Let xik = 1
n

for all i ∈ I, k ∈ K
and sk = 0 for all k ∈ K ∪ {n+ 1}. From (2.5) we get

∑
k∈K

uik =
∑
k∈K

1

n
= 1 ≥ 1 ∀i ∈ I

Inequalities (2.6) satisfy

∑
i∈I

diruik =
1

n

∑
i∈I

dir ≤ max
i∈I

(dir) ≤ Dr ∀k ∈ K, r ∈ R

For (2.12) we get

sk − sl + pi(uik − uik−1 − uil) = −pi
n
≤ 0 ∀i ∈ I, (k, l) ∈ A

Constraints (2.13) and (2.14) are trivially satisfied. Consequently, all
inequalities hold with LP value equal zero.

Propositions 2.3 to 2.7 reveal structural weaknesses of the OOE model.
First, modeling non-preemptivity requires O(n3) constraints, since we only
decide if a job is active at some position. Second, the start and completion
of a job i ∈ I at some position k ∈ K has to be build via clauses that involve
more than one variable. In particular, for the starting time constraints this
leads to weak inequalities and therefore poor LP bounds.

The SEE model of the next section tackles this problem by expanding
the variable space.
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2.3 Start/End Event-based Model (SEE)

As in the previous model, the SEE model of Koné et al. [8] considers posi-
tions K = {1, ..., n}. We use the same prerequisites as for the OOE model.
The idea of this model is to determine a starting and completing position
for each job. Therefore, the binary variable xik ∈ {0, 1} equals one, if job
i ∈ I starts at position k ∈ K. Similarly, the binary variable yil ∈ {0, 1}
equals one, if i ∈ I completes at position l ∈ K ′. The starting time of posi-
tion k ∈ K is denoted by sk ≥ 0 and sn+1 is the makespan. In contrast to
originally stated in [8], we substitute out variables which yields an equivalent
model. The start/end event-based model reads as follows:

min sn+1∑
k∈K

xik = 1 ∀i ∈ I (2.15)∑
k∈K′

yik = 1 ∀i ∈ I (2.16)

sk − sl + pi(xik + yil − 1) ≤ 0 ∀i ∈ I, (k, l) ∈ A (2.17)

sk − sk+1 ≤ 0 ∀k ∈ K (2.18)∑
i∈I

dir

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′

)
≤ Dr ∀k ∈ K, r ∈ R (2.19)

k∑
k′=2

yik′ +
n∑

k′=k

xik′ ≤ 1 ∀i ∈ I, k ∈ K (2.20)

k∑
k′=1

xjk′ +
n+1∑

k′=k+1

yik′ ≤ 1 ∀(i, j) ∈ E, k ∈ K (2.21)

xik ∈ {0, 1} ∀i ∈ I, k ∈ K
yik ∈ {0, 1} ∀i ∈ I, k ∈ K ′

sk ≥ 0 ∀k ∈ K ∪ {n+ 1}

Constraints (2.15) and (2.16) indicate that each job starts and ends at
a unique position. Certainly, each job has to start before it ends (2.20).
If job i ∈ I starts at position k ∈ K and finishes at l ∈ K ′, then the
condition sk + pi ≤ sl must hold (2.17). In addition, consecutive positions
must have increasing starting times (2.18). Constraints (2.19) require that
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the total resource consumption of a resource r ∈ R at position k ∈ K does
not exceed the capacity Dr. The disaggregated precedence constraints (2.21)
are adopted from DDT which imply for all (i, j) ∈ E that job i cannot
complete after j has started.

Proposition 2.8. The inequalities

sk − sl + pi

(
n∑

k′=k

xik′ +
l∑

k′=2

yik′ − 1

)
≤ 0 ∀i ∈ I, (k, l) ∈ A (2.22)

are valid for SEE and they dominate inequalities (2.17).

Proof. The constraint describes that if job i ∈ I does not start before k ∈ K
and does not end after l ∈ K ′, then it holds sk + pi ≤ sl. Since in this
case, job i must entirely be processed between k and l the inequality is valid.
Obviously, (2.22) is stronger than (2.17).

Proposition 2.9. Assume the SEE model with inequalities (2.22). The op-
timal value of the LP-relaxation satisfies maxi∈I(pi) ≤ OPTLP (SEE).

Proof. Choose j ∈ I with pj = maxi∈I(pi). Then consider (2.22) for j ∈ I
and (1, n+ 1) ∈ A. By (2.15) and (2.16) we get pj ≤ sn+1.

The bound of the strengthened SEE is stronger than OOE. However, the
bound is still weak for practical purposes. The computational study in [8]
showed that OOE performs better than SEE on a various set of problem
instances. One could argue that the smaller number of variables makes OOE
more convenient to solve on small instances. However, we show the opposite
throughout the thesis, namely the SEE model yields a stronger LP-relaxation
and better computational results. This also stems from a non-singular trans-
formation of SEE that is presented in the next section.

2.3.1 Revised SEE Model

Modern MIP solvers work more efficiently when the constraint matrix is
sparse. Some models can be converted into a sparse model via non-singular
transformations, see Bianco et al. [21] and Artigues [10] for DDT. In par-
ticular, non-singular transformations yield equivalent models. In most cases
they simply give a new interpretation for the existing variables.
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We apply such a transformation to SEE. To simplify notation we use the
same variable names. Consider the transformation given by xik ←

∑k
k′=1 xik′

and yil ←
∑k

l′=2 yil′ for all i ∈ I, (k, l) ∈ A. That is, xik is one if job i ∈ I
starts at some position k′ ≤ k and yil is one if job i ∈ I completes at some
position l′ ≤ l. We apply this conversion directly to the strengthened SEE
model. The revised SEE model states as follows:

min sn+1

xin = 1 ∀i ∈ I (2.23)

yin+1 = 1 ∀i ∈ I (2.24)

sk − sl + pi(yil − xik−1) ≤ 0 ∀i ∈ I, (k, l) ∈ A (2.25)

sk − sk+1 ≤ 0 ∀k ∈ K (2.26)∑
i∈I

dir(xik − yik) ≤ Dr ∀k ∈ K, r ∈ R (2.27)

yik+1 ≤ xik ∀i ∈ I, k ∈ K (2.28)

xjk ≤ yik ∀(i, j) ∈ E, k ∈ K : 1 < k (2.29)

xik ≤ xik+1 ∀i ∈ I, k ∈ K : k < n (2.30)

yik ≤ yik+1 ∀i ∈ I, k ∈ K ′ : k < n+ 1 (2.31)

xik ∈ {0, 1} ∀i ∈ I, k ∈ K
yik ∈ {0, 1} ∀i ∈ I, k ∈ K ′

Inequalities (2.23) to (2.31) correspond to the transformed inequalities
(2.15) to (2.22). Constraints (2.30) and (2.31) emerge from xik ≥ 0 and
yik ≥ 0 in the original SEE model. We directly observe that the constraint
matrix is more sparse than in the first version, since many rows involve only
one or two variables. In particular, it reveals further structural properties.

Proposition 2.10. Consider the MIP obtained from inequalities (2.28) to
(2.31). The corresponding constraint matrix it totally unimodular.

Proof. Each row contains exactly two entries with coefficients 1 and -1, hence
the constraint matrix is a network matrix. Network matrices are known to
be totally unimodular.

Proposition 2.10 gives rise to construct the associated network graph. It
shows that the revised SEE model includes structures that are well-suited for
constraint propagation. But also a Lagrangean Relaxation approach similar
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1 2 3 4 5 6 7

Figure 2.1: Sequence graph G = (K,A) with sequence cut A5

to Möhring et al. [18] for DDT would be interesting. However, this will
not be part of the thesis and we leave this open for future research. Our
computational results were made using the revised SEE model, since the
performance impact on the MIP solver was remarkable.

2.4 Disaggregated Position Model (DP)

In the following we present a novel compact MIP formulation for the RCPSP,
which is denoted the disaggregated position model (DP). The basic idea is to
incorporate multiple decisions of the previous models into one decision. More
precisely, instead of making two decisions at which position a jobs starts and
ends, we couple this by one decision. Assume the notation of the previous
models. Additionally, define the position graph by GK = (K,A) and the
sequence cut Ah = {(k, l) ∈ A | k ≤ h < l} ⊆ A at position h ∈ K.
The set Ah can be seen as the network cut in GK that separates the nodes
{1, ..., h} and {h+1, ..., n+1}, see Figure 2.1. We introduce binary variables
zikl ∈ {0, 1} that are one, if job i ∈ I starts at position k and ends at position
l with (k, l) ∈ A. As before, sk ≥ 0 denotes the starting time of position
k ∈ K and sn+1 is the makespan.
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The disaggregated position model states as follows:

min sn+1∑
(k,l)∈A

zikl = 1 ∀i ∈ I (2.32)

sk + pi

l−1∑
k′=k

l∑
l′=k′+1

zik′l′ ≤ sl ∀i ∈ I, (k, l) ∈ A (2.33)∑
i∈I

∑
(k,l)∈Ah

dirzikl ≤ Dr ∀h ∈ K, r ∈ R (2.34)

h∑
k=1

n+1∑
l=k+1

zjkl +
n+1∑
l=h+1

l−1∑
k=1

zikl ≤ 1 ∀(i, j) ∈ E, h ∈ K (2.35)

zikl ∈ {0, 1} ∀i ∈ I, (k, l) ∈ A
sk ≥ 0 ∀k ∈ K ∪ {n+ 1}

By inequalities (2.32) each job is assigned to an arc (k, l) ∈ A, that is each
job receives a starting and completing position. In (2.33) it holds sk+pi ≤ sl
if and only if job i ∈ I is scheduled between positions k ∈ K and l ∈ K ′.
Inequalities (2.34) represent the resource constraints. By construction, a
job i ∈ I is active at position h ∈ K if and only if job i is assigned to
an arc (k, l) ∈ Ah. Consequently, the total resource consumption at posi-
tion h ∈ K is the total resource demand of jobs on the sequence cut Ah.
Constraints (2.35) are the usual disaggregated precedence constraints trans-
lated to this setting.

Note that in contrast to the previous compact models, DP does not
depend on big-M constants to restrict the sk variables. In exchange, the
variables space is increased by an additional factor of n which gives O(n3)
variables in general.

2.5 Hybrid Position Flow Model (HPF)

In this section we introduce a further new MIP model that is based on re-
source flows. We use the same notation of the previous models. In contrast
to the other compact models, HPF requires that exactly one job starts at
each position and vice versa. According to this assignment a resource flow
is induced in GK , as defined in the previous section. Let xik ∈ {0, 1} be a
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binary variable that is one if job i ∈ I starts at position k ∈ K. Furthermore,
let wkl ∈ {0, 1} be a binary variable that is one, if the unique job at position
k completes at l ∈ K ′. Moreover, let fklr ≥ 0 be the resource demand of
resource r ∈ R that is allocated during positions k ∈ K and l ∈ K ′ and let
d̄r = maxi∈I dir. As usual, sk ≥ 0 is the starting time of position k ∈ K and
sn+1 is the makespan. The hybrid position flow model states as follows:

min sn+1∑
k∈K

xik = 1 ∀i ∈ I (2.36)∑
i∈I

xik = 1 ∀k ∈ K (2.37)

n+1∑
l′=k+1

wkl′ = 1 ∀k ∈ K (2.38)

sk − sl + pi

(
xik +

l∑
l′=k+1

wkl′ − 1

)
≤ 0 ∀i ∈ I, (k, l) ∈ A (2.39)

sk − sk+1 ≤ 0 ∀k ∈ K (2.40)∑
i∈I

dirxik −
n+1∑
l=k+1

fklr = 0 ∀k ∈ K, r ∈ R (2.41)∑
(k,l)∈Ah

fklr ≤ Dr ∀h ∈ K, r ∈ R (2.42)

fklr − d̄rwkl ≤ 0 ∀(k, l) ∈ A, r ∈ R (2.43)

xik −
l−1∑

l′=k+1

wkl′ +
n∑
h=l

xih +
l−1∑
h=1

xjh ≤ 1 ∀(i, j) ∈ E, (k, l) ∈ A (2.44)

xik ∈ {0, 1} ∀i ∈ I, k ∈ K
wkl ∈ {0, 1} ∀(k, l) ∈ A
fklr ≥ 0 ∀(k, l) ∈ A, r ∈ R
sk ≥ 0 ∀k ∈ K ∪ {n+ 1}

Constraints (2.36) and (2.37) model the assignment between I and K. In
(2.38) any job that is assigned to position k ∈ K must complete until position
n+1. If a job i ∈ I starts at position k ∈ K and if the job assigned to position
k completes at position l ∈ K ′ then it holds sk+pi ≤ sl (2.39). Normally, the
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starting times must be increasing (2.40). Equalities (2.41) indicate that the
resource demand of the job assigned to position k ∈ K must be released until
position n+ 1. Inequalities (2.43) limit the total active resource flow by the
available capacity on every sequence cut. Furthermore, if the job at position
k ∈ K does not complete at position l ∈ K ′ then the corresponding resource
flow cannot be released at position l. Constraints (2.44) are the precedence
constraints. Given jobs (i, j) ∈ E, if job i starts at position k ∈ K and does
not end until l−1 ∈ K, then job j must not start at some position h ≤ l−1.
This also holds, if job i starts after position l − 1.

Similar to SEE, the HPF model admits a non-singular transformation.
This yields an equivalent model but reduces the number of non-zero entries in
the constraint matrix. With respect to the original HPF model we applied the
transformations wkl ←

∑l
l′=k+1wkl′ for all (k, l) ∈ A and fklr ←

∑l
l′=k+1 fkl′r

for all (k, l) ∈ A, r ∈ R. The revised HPF model is presented in the appendix.

2.6 Preprocessing Feasible Job Positions

Due to the precedence constraints, we can reduce the set of feasible starting
and completing positions for each job, see Koné et al. [8]. We associate a
boolean to the expression i  j that is true, if there is a path from i to j
in the precedence graph G = (I, E). Then define Pi = {j ∈ I | j  i} as
the set of predecessors and Si = {j ∈ I | i  j} as the set of successors of
each job i ∈ I. Certainly, all predecessors of job i ∈ I must end at a position
smaller or equal to the starting position of job i. Analogously, all successors
of job i ∈ I must start at a position greater or equal to the completing
position of job i. Therefore, define

Ki = {k ∈ K | |Pi|+ 1 ≤ k ≤ n− |Si|} and

K ′i = {k ∈ K | |Pi|+ 2 ≤ k ≤ n− |Si|+ 1}

as the set of possible starting and completing positions of job i ∈ I. The
sets Pi and Si can be computed, for example, by the Floyd-Warshall Algo-
rithm in O(n3). Finally, in each MIP model the corresponding variables are
restricted to Ki and K ′i respectively.



Chapter 3

Polyhedral Study

The last chapter introduced the time-indexed model DDT and two compact
models OOE and SEE from the literature. In addition, we presented two new
compact models DP and HPF. This section investigates polyhedral aspects
of these models with particular regard to the induced LP-relaxations. In
fact, we show that OOE, SEE, DP and HPF, DP are equivalent up to linear
transformations. We further explore the LP-relaxations under these transfor-
mations. Moreover, we introduce an indicator that measures the tightness of
the transformation between different classes of inequalities. In addition, we
examine the underlying transformation matrix and derive some properties.

3.1 Characterization of Integer Solutions

In the following we present affine transformations between the models OOE,
SEE, HPF, DP and give a combinatorial interpretation. Furthermore, we
show that the transformations yield bijections between the integer solutions
of the models. Therefore, recall the variables of OOE, SEE, HPF and DP.
Consider the following linear transformation between the binary variables of

24
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the models SEE, HPF and DP:

xik =
n+1∑
l=k+1

zikl ∀i ∈ I, k ∈ K (3.1)

yil =
l−1∑
k=1

zikl ∀i ∈ I, l ∈ K ′ (3.2)

wkl =
∑
i∈I

zikl ∀(k, l) ∈ A. (3.3)

Note that the transformation preserves integral solutions. First, we deduce
some properties of the transformation.

Lemma 3.1. The transformation matrix of (3.1) and (3.2) is totally uni-
modular.

Proof. Let B ∈ {−1, 0, 1}2n2×n·|A| be the associated matrix with Bz =
(
x
y

)
.

Then B has contains exactly two ones in each column, therefore B is a graph
incidence matrix. Such matrices are known to be totally unimodular.

Lemma 3.2. The transformation matrix of (3.1) and (3.3) is totally uni-
modular.

Proof. Let B ∈ {−1, 0, 1}n2+|A|×n·|A| be the associated matrix with Bz =
(
x
w

)
.

Then B contains exactly two ones in each column, so B is a graph incidence
matrix. These are known to be totally unimodular.

Lemmas 3.1 and 3.2 reveal a certain flow structure of the transformation
matrix. In particular, recall the definition of a 3-way transportation problem,
see [64]. Another implied characterization is given by the following.

Observation 3.3. The transformation matrix of equalities (3.1)-(3.3) cor-
responds to a restricted 3-way transportation problem.

In this context, ’restricted’ means the flow on edges (k, l) with l ≤ k is
restricted to zero. This interpretation reveals a natural characterization of
feasible integer solutions. Therefore, we use the strong connection of 3-way
transportation flows to multicommodity flows, see Schrijver [4, Chapter 70].
Let GM = (VM , AM) be a graph with

VM = K ∪K ′ ∪ {vs, vt} and

AM = {(vs, k) | k ∈ K} ∪ A ∪ {(l, vt) | l ∈ K ′}.
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k ∈ K :

l ∈ K ′ :

vs

vt

1 2 3 4 5 6

2 3 4 5 6 7

wkl

yil

xik

Figure 3.1: Positional multicommodity flow in G

Furthermore, let I be a set of commodities. We define a positional multi-
commodity flow in GM as a multicommodity flow that sends one flow unit of
each commodity i ∈ I from vs to vt, see Figure 3.1.

Lemma 3.4. Feasible solutions of DP correspond to a positional multicom-
modity flow in GM .

Proof. Let z ∈ {0, 1}n·|A| be a feasible solution to DP and define zikl as the
flow value of commodity i on the unique path (vs, k, l, vt). By equality (2.32)
it holds

∑
(k,l)∈A zikl = 1 for all i ∈ I. Consequently, every commodity has

flow value one.

In addition, the transformation (3.1)-(3.3) yields a bijection between the
integer solutions of SEE, HPF and DP. Therefore, consider the example in
Figure 3.1. There is shown a positional multicommodity flow of five com-
modities (colored) from vs to vt. As in the proof, zikl is the flow of commodity
i on the path (vs, k, l, vt). Then the xik variables correspond to the flow of
commodity i on the edge (vs, k). Similarly, yil is the flow of commodity i ∈ I
on the edge (l, vt). The variables wkl indicate the total ’anonymous’ flow
on edge (k, l). By constraints (2.32) there is a one-to-one correspondence
between the variables zikl and xik, yil. we need a further restriction because
the model expects exactly one job entering each k ∈ K. For HPF, we addi-
tionally need to restrict DP such that each k ∈ K gets assigned exactly one
commodity. Then there is also a one-to-one correspondence between zikl and
xik, wkl. We conclude it as follows.

Corollary 3.5. From transformations (3.1) and (3.2) it follows

zikl = 1 ⇐⇒ xik = yil = 1 ∀i ∈ I, (k, l) ∈ A
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Corollary 3.6. Assume
∑

i∈I xik = 1 for all k ∈ K. From transformations
(3.1) and (3.3) it follows

zikl = 1 ⇐⇒ xik = wkl = 1 ∀i ∈ I, (k, l) ∈ A
Moreover, we can construct a linear transformation between OOE and

SEE, given by

uih =
h∑
k=1

xik −
h∑
l=2

yil =
n+1∑
l=h+1

yil −
n∑

k=h+1

xik ∀i ∈ I, h ∈ K (3.4)

This equation states that uih = 1 if xik = 1 for some k ≤ h and yil = 0 for
all l ≤ k. That means job i is active at position h if and only if i has started
before h ans has not completed until h. Alternatively, the second equation
states that job i is active at position h if and only if job i completes, but
does not start after position h. The second equation can also be received
from equations (2.15) and (2.16), which yields for all i ∈ I and h ∈ K:

n∑
k=1

xik =
n+1∑
l=2

yil = 1 =⇒
h∑
k=1

xik −
h∑
l=2

yil =
n+1∑
l=h+1

yil −
n∑

k=h+1

xik.

Now we combine the transformations OOE → SEE and SEE → DP in
order to receive the transformation OOE → DP .

Lemma 3.7. From OOE to DP, combining (3.4) with (3.1) and (3.2) yields

uih =
∑

(k,l)∈Ah

zikl ∀i ∈ I, h ∈ K (3.5)

Proof. By using the definition we get

uih
(3.4)
=

h∑
k=1

xik −
h∑
l=2

yil

(3.1),(3.2)
=

h∑
k=1

n+1∑
l=k+1

zikl −
h∑
l=2

l−1∑
k=1

zikl

=
h∑
k=1

n+1∑
l=k+1

zikl −
h−1∑
k=1

h∑
l=k+1

zikl

=
h∑
k=1

n+1∑
l=h+1

zikl =
∑

(k,l)∈Ah

zikl ∀i ∈ I, h ∈ K.
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k ∈ K :

l ∈ K ′ :

vs

vt

1 2 3 4 5 6

2 3 4 5 6 7

uik

Figure 3.2: uik is the flow of i over the sequence cut Ak

Corollary 3.8. From the transformation (3.5) it follows

zikl = 1 ⇐⇒ uik = ... = uil−1 = 1 ∀i ∈ I, (k, l) ∈ A

Interpreting Lemma 3.7 in GM , we get uik as the flow of commodity i on
the sequence cut at k ∈ K. These transformations have important structural
consequences for the induced integer hulls of each model. In the following
we omit variables sk ≥ 0, because they are mapped under identity. We also
omit variables fklr ≥ 0 of the HPF model, since zikl = xik = wkl = 1 implies
fklr = dir for all r ∈ R and zero otherwise in any integral solution of HPF by
(2.38) and (2.43). Define the integer hulls of OOE, SEE, HPF and DP by

PI(OOE) = conv{u ∈ {0, 1}n2 | u satisfies (2.5)-(2.14) }
PI(SEE) = conv{(x, y) ∈ {0, 1}2n2 | (x, y) satisfies (2.15)-(2.22) }
PI(HPF ) = conv{(x,w) ∈ {0, 1}n2+|A| | (x,w) | satisfies (2.36)-(2.44) }
PI(DP ) = conv{z ∈ {0, 1}n·|A| | z satisfies (2.32)-(2.35) }.

In addition, let PI(DPK) be the integer hull of PI(DP ), if we add the con-
straints

∑
i∈I
∑n+1

l=k+1 zikl = 1 for all k ∈ K. Then define Φ(z) 7→ (u, x, y, w)
as the overall transformation that is composed of equations (3.1)-(3.3) and
(3.5). Similarly, let Φ̃(x, y) 7→ u denote the transformation (3.4). Let Φx(z)
be the restriction of Φ(z) to variables x (or u, y, w respectively). From our
previous observations we deduce that the integer hulls are equivalent under
the transformations.
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DP

HPFSEE

OOE

(3.5)

(3.1),(3.2) (3.1),(3.3)

(3.4)

high dimension

low dimension

Figure 3.3: Linear transformations between the models

Corollary 3.9. Φu(PI(DP )) = PI(OOE)

Corollary 3.10. Φx,y(PI(DP )) = PI(SEE)

Corollary 3.11. Φx,w(PI(DPK)) = PI(HPF )

Corollary 3.12. Φ̃(PI(SEE)) = PI(OOE)

The transformation does not only state equality of the associated integer
polytopes. Moreover, we get a full characterization of integrality in DP.
That means in order to compute integral solutions for DP, it suffices to
demand integrality on the substituted terms given by (3.1)-(3.3) and (3.5).
The transformation scheme is illustrated in Figure 3.3. The given models
yield a small variety of possible decisions that define solutions to the RCPSP
in a compact representation. The next section compares the polyhedra of
the LP-relaxation under the given transformations.

3.2 Comparison of LP-Relaxations

In Section 3.1 we showed that the models OOE, SEE, DP and DPK, HPF
are equivalent under the linear transformations (3.1)-(3.3) and (3.5). It is of
particular interest how the LP-relaxations are related under the same trans-
formations. We show that the models get stronger with increasing variable
space. That is, DP has the strongest LP-relaxation followed by SEE and
OOE. Furthermore, DPK has a stronger LP-relaxation than HPF.

Before we show the pure results, we propose a function that measures the
tightness of the transformations according to the different classes of inequal-
ities. In short, we measure the distance between the normal vectors of the
transformed and the dominating inequality. For our models we evaluate this
indicator for all inequalities which yields polynomials in index-space.
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3.2.1 Tightness Indicator

In the context of polyhedra, affine transformations are often used to con-
struct, so called aggregation schemes, see Borndörfer and Weismantel [6].
The idea is to construct a combinatorial relaxation of the image space of
a polyhedron with respect to an affine transformation. If the relaxation is
well-separable then the associated cutting planes are translated back to the
original polyhedron.

This section deals with linear transformations of polyhedra. Specifically,
we want to measure the tightness of a transformed polyhedron compared to a
polyhedron that is located in the image space. More formally, define a linear
transformation Φ : Rm → Rn, y 7→ Φ(y) = By with transformation matrix
B ∈ Rn×m. Assume we are given two full-dimensional polyhedra Px ⊂ Rn

≥0
and Py ⊂ Rm

≥0. Let aTxx ≤ b and aTy y ≤ b be non-trivial valid inequalities
for Px and Py respectively. We assume that both inequalities share the same
right-hand side b, because we intend to compare inequalities that express the
same constraint in different models. In other words, we require the cutting
plane to be normalized.

Given vectors x ∈ Rn and y ∈ Rm with x = Φ(y) the transformation Φ
yields an inequality for Py:

aTxx ≤ b ⇐⇒ aTxBy ≤ b ⇐⇒ āTx y ≤ b

Now assume āTx y ≤ b dominates aTy y ≤ b, then it holds

āTx y ≤ aTy y ≤ b. (3.6)

Moreover, assume for each facet-defining inequality aTxx ≤ b of Px its
transformed inequality āTxx ≤ b is dominated by some facet-defining inequal-
ity aTy y ≤ b of Py. Then, by construction, it holds Py ⊆ Φ−1(Px) which is
equivalent to Φ(Py) ⊆ Px. It follows that Py represents the stronger for-
mulation. In such constellations we want to measure the tightness between
Φ(Py) and Px. We propose to evaluate the normal distance between their
competing inequalities. That is, for each inequality aTxx ≤ b of Px we look
for a dominating inequality aTy y ≤ b of Py according to (3.6) and compute

∆(ax, ay,Φ) = ‖āx − ay‖ = ‖BTax − ay‖

where ‖ · ‖ denotes an arbitrary norm. For example, if we use the standard
p-norm then ∆(ax, ay,Φ)p usually corresponds to a polynomial of degree p
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x2
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3

Figure 3.4: Three knapsack constraints: (a) 2x1 + 2x2 ≤ 1 (orange), (b) 4x1 + x2 ≤ 1
(green) and (c) 5x1 + 3x2 ≤ 1 (blue) and their dominating normal space. For ‖ · ‖1 we
have ∆(a, c) = 4 and ∆(b, c) = 3. For ‖ · ‖2 we get ∆(a, c) ≈ 3.162 and ∆(b, c) ≈ 2.236.
That means (c) dominates (a) ’more’ than (b).

in the variable and constraint-index domain. In order to get the tightest
representation we look for vectors ay with largest distance to āx. This can
be found by enumeration of all inequalities of Py. But mostly, we already
get it from the context. In the following sections we evaluate the tightness
indicator ∆ to the linear transformations of our models. We use the standard
1-norm, that is ‖a‖1 =

∑n
i=1 ai for some vector a ∈ Rn.

3.2.2 SEE to OOE

In this section we compare the SEE and OOE formulation in terms of their
relaxed polyhedra. We will show that the LP-relaxation of SEE is tighter
than OOE, up to a linear transformation. First, we will prove the general
statement. In addition, we apply the indicator of Section 3.2.1 to identify
the weak inequalities OOE compared to SEE. We consider OOE and SEE
with the stronger inequalities that were introduced in Sections 2.2 and 2.3.
Define the polyhedra of the linear relaxations of OOE and SEE as follows:

P (OOE) = {(s, u) ∈ Rn+1
≥0 × [0, 1]n

2 | (s, u) satisfies (2.5)-(2.14) }
P (SEE) = {(s, x, y) ∈ Rn+1

≥0 × [0, 1]2n
2 | (s, x, y) satisfies (2.15)-(2.22)}.

Theorem 3.13. There exists a linear transformation Φ such that

Φ(P (SEE)) ⊆ P (OOE)
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Proof. We define Φ as the transformation given by (3.4) and the sk variables
are mapped under identity. We show that each inequality of OOE is implied
by SEE. This is checked for each constraint separately. First, by (2.15) it
holds

∑n
k=h xik = 1−

∑h−1
k=1 xik and substitution in (2.20) yields:

h∑
l=2

yil +
n∑
k=h

xik ≤ 1 ⇐⇒
h−1∑
k=1

xik −
h∑
l=2

yil ≥ 0 ∀i ∈ I, h ∈ K. (3.7)

Then inequality (2.5) of OOE is implied by SEE, since

∑
h∈K

uih =
∑
h∈K

(
h∑
k=1

xik −
h∑
l=2

yil

)

=
∑
h∈K

(
h−1∑
k=1

xik −
h∑
l=2

yil

)
+
∑
h∈K

xik

(3.7)

≥
∑
h∈K

xik
(2.15)
= 1 ∀i ∈ I

Constraints (2.6) are obtained directly:

∑
i∈I

diruik =
∑
i∈I

dir

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′

)
(2.34)

≤ Dr ∀k ∈ K, r ∈ R.

Inequalities (2.7) are equal to (2.18). The stronger starting time constraints
(2.12) are implied by

sk − sl + pi(uik − uik−1 − uil)

= sk − sl + pi

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′ −
k−1∑
k′=1

xik′ +
k−1∑
k′=2

yik′ −
l∑

k′=1

xik′ +
l∑

k′=2

yik′

)

≤ sk − sl + pi

(
l∑

k′=2

yik′ −
k−1∑
k′=1

xik′

)
(2.15)
= sk − sl + pi

(
n∑

k′=k

xik′ +
l∑

k′=2

yik′ − 1

)
(2.22)

≤ 0 ∀i ∈ I, (k, l) ∈ A
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The stronger contiguity constraints (2.13) are obtained as follows:

uih − uik + uil =
h∑

k′=1

xik′ −
h∑

k′=2

yik′ −
k∑

k′=1

xik′ +
k∑

k′=2

yik′ +
l∑

k′=1

xik′ −
l∑

k′=2

yik′

=
h∑

k′=1

xik′ −
h∑

k′=2

yik′ +
l∑

k′=k+1

xik′ −
l∑

k′=k+1

yik′ ≤
n∑

k′=1

xik′
(2.15)
= 1

∀i ∈ I, (h, k, l) ∈ K3 : h < k < l

Similarly, the stronger precedence constraints (2.14) are implied by

ujk + uil =
k∑

k′=1

xjk′ −
k∑

k′=2

yjk′ +
l∑

k′=1

xik′ −
l∑

k′=2

yik′

≤
k∑

k′=1

xjk′ +
l∑

k′=1

xik′ −
k∑

k′=2

yik′

(2.16)
=

k∑
k′=1

xjk′ +
l∑

k′=1

xik′ +
n+1∑

k′=k+1

yik′ − 1

(2.21)

≤
l∑

k′=1

xik′ ≤
n∑

k′=1

xik′
(2.15)
= 1 ∀(i, j) ∈ E, (k, l) ∈ A

Finally, all inequalities of OOE are implied by SEE using the linear trans-
formation (3.4). Consequently, Φ(P (SEE)) ⊆ P (OOE).

From the proof we deduce the tightness parameters of each constraint
presented in Table 3.1. It reveals that constraints (2.5)-(2.7) are tight under
the transformation. The weakness of the OOE model is mainly due to (2.12),
(2.13) and (2.14). In (2.13) and (2.14) the tightness parameter is constant
and does not depend on the inequality. The starting time constraints (2.12)
get weaker for OOE when pi and l−k is large. Since the start time constraints
mainly influence the bound of the LP-relaxation, the SEE model is supposed
to have stronger bounds.

3.2.3 DP to SEE

Recall the models DP and the strengthened SEE model of Section 2.3. We
show that the LP-relaxation of DP is tighter than the LP-relaxation of SEE
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No. constraint ∆(Φ) domain ∀
(2.5) activity 0 i ∈ I
(2.6) resource 0 k ∈ K, r ∈ R
(2.7) incr. start times 0 k ∈ K
(2.12) start time pi · (l − k + 1) i ∈ I, (k, l) ∈ A
(2.13) contiguity n− 1 i ∈ I, h < k < l

(2.14) precedence n− 1 (i, j) ∈ E, (k, l) ∈ A

Table 3.1: Tightness values of OOE compared to SEE

with respect to a linear transformation. Therefore, consider the polyhedra
of the LP-relaxations of SEE and DP:

P (SEE) ={(s, x, y) ∈ Rn+1
≥0 × [0, 1]2n

2 | (s, x, y) satisfies (2.15)-(2.22)}
P (DP ) ={(s, z) ∈ Rn+1

≥0 × [0, 1]n·|A| | (s, z) satisfies (2.32)-(2.35)}

Theorem 3.14. There exists a linear transformation Φ such that

Φ(P (DP )) ⊆ P (SEE)

Proof. Let Φ be the linear transformation given by equations (3.1), (3.2)
and assume sk is mapped under identity. Inequalities (2.15) and (2.16) are
obtained directly by

∑
k∈K

xik =
∑
k∈K

n+1∑
l=k+1

zikl =
∑

(k,l)∈A

zikl
(2.32)
= 1 ∀i ∈ I

∑
l∈K′

yil =
∑
l∈K′

l−1∑
k=1

zikl =
∑

(k,l)∈A

zikl
(2.32)
= 1 ∀i ∈ I.
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The stronger starting time constraints (2.22) we get by

sk − sl + pi

(
n∑

k′=k

xik′ +
l∑

l′=2

yil′ − 1

)
(2.32)
= sk − sl + pi

(
n∑

k′=k

n+1∑
l′=k′+1

zik′l′ +
l∑

l′=2

l′−1∑
k′=1

zik′l′ −
n∑

k′=1

n+1∑
l′=k′+1

zik′l′

)

= sk − sl + pi

(
l−1∑
k′=k

l∑
l′=k′+1

zik′l′ −
k−1∑
k′=1

n+1∑
l′=l+1

zik′l′

)

≤ sk − sl + pi

l−1∑
k′=k

l∑
l′=k′+1

zik′l′
(2.33)

≤ 0 ∀i ∈ I, (k, l) ∈ A.

Constraints (2.18) are implied by (2.33). For the resource constraints (2.19)
we obtain

∑
i∈I

dir

(
k∑

k′=1

xik′ −
k∑

l′=2

yil′

)
=
∑
i∈I

dir

(
k∑

k′=1

n+1∑
l′=k′+1

zik′l′ −
k∑

l′=2

l′−1∑
k′=1

zik′l′

)

=
∑
i∈I

dir

k∑
k′=1

n+1∑
l′=k+1

zik′l′

=
∑
i∈I

dir
∑

(k′,l′)∈Ak

zik′l′
(2.34)

≤ Dr ∀k ∈ K, r ∈ R

In addition, inequalities (2.20) yield

n∑
k′=k

xik′ +
k∑

l′=2

yil′ =
n∑

k′=k

n+1∑
l′=k′+1

zik′l′ +
k∑

l′=2

l′−1∑
k′=1

zik′l′

=
n∑

k′=k

n+1∑
l′=k+1

zik′l′ +
k−1∑
k′=1

k∑
l′=k′+1

zik′l′

≤
∑

(k,l)∈A

zik′l′
(2.32)
= 1 ∀i ∈ I, k ∈ K
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The precedence constraints (2.21) are implied directly

k∑
k′=1

xjk′ +
n+1∑

l′=k+1

yil′

=
k∑

k′=1

n+1∑
l′=k′+1

zjk′l′ +
n+1∑

l′=k+1

l′−1∑
k′=1

zik′l′
(2.35)

≤ 1 ∀(i, j) ∈ E, k ∈ K

Finally, all inequalities of SEE are implied by DP under the linear transfor-
mation Φ, so Φ(P (DP )) ⊆ P (SEE).

From the proof we deduce the tightness parameters of Table 3.2. The
values reveal that the SEE model is weak at the starting time constraints,
in particular for large values of pi. Furthermore, constraints (2.20) which
indicate that a job has to start before it completes is weak compared to DP.
This seems natural because in DP this condition is already implied by the
variables.

No. constraint ∆(Φ) range ∀
(2.15) start 0 i ∈ I
(2.16) completion 0 i ∈ I
(2.22) start times pi · (k − 1) · (n− l + 1) i ∈ I, (k, l) ∈ A
(2.19) resource 0 k ∈ K, r ∈ R
(2.20) start < end (k − 1) · (n− k + 1) i ∈ I, k ∈ K
(2.21) precedence 0 (i, j) ∈ E, k ∈ K

Table 3.2: Tightness values of SEE compared to DP

3.2.4 DPK to HPF

Consider the HPF model as defined by constraints (2.36)-(2.44). For DP we
assume the additional constraint

∑
i∈I

n+1∑
l=k+1

zikl = 1 ∀k ∈ K (3.8)
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which yields the model DPK. We show that the LP-relaxation of DPK is
stronger than the LP-relaxation of HPF. Define the polyhedra of the LP-
relaxations of HPF and DPK by

P (HPF ) = {(s, x, w, f) ∈ Rn+1
≥0 × [0, 1]n

2+|A| × R|A|·|R|≥0 |
(s, x, w, f) satisfies (2.36)-(2.44)}

P (DPK) = {(s, z) ∈ Rn+1
≥0 × [0, 1]n·|A| | (s, z) satisfies (2.32)-(2.35),(3.8)}.

Theorem 3.15. There exists a linear transformation Φ such that

Φ(P (DPK)) ⊆ P (HPF )

Proof. Let Φ be defined by equations (3.1),(3.3), the identity map for vari-
ables sk and by the additional equations

fklr =
∑
i∈I

dirzikl ∀(k, l) ∈ A, r ∈ R (3.9)

We show that under the transformation Φ, DPK implies all inequalities of
HPF. Constraints (2.36), (2.37) and (2.38) are obtained by

∑
k∈K

xik =
∑
k∈K

n+1∑
l=k+1

zikl =
∑

(k,l)∈A

zikl
(2.32)
= 1 ∀i ∈ I

∑
i∈I

xik =
∑
i∈I

n+1∑
l=k+1

zikl
(3.8)
= 1 ∀k ∈ K

n+1∑
l=k+1

wkl =
n+1∑
l=k+1

∑
i∈I

zikl
(3.8)
= 1 ∀k ∈ K.
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For the starting time constraints (2.39) we get

sk − sl + pi

(
xik +

l∑
l′=k+1

wkl′ − 1

)

= sk − sl + pi

(
n+1∑

l′=k+1

zikl′ +
l∑

l′=k+1

∑
j∈I

zjkl′ − 1

)

= sk − sl + pi

 n+1∑
l′=k+1

zikl′ +
l∑

l′=k+1

zikl′ +
∑

j∈I\{i}

l∑
l′=k+1

zjkl′ − 1


(3.8)

≤ sk − sl + pi

l∑
l′=k+1

zikl′

≤ sk − sl + pi

l−1∑
k′=k

l∑
l′=k′+1

zik′l′
(2.33)

≤ 0 ∀i ∈ I, (k, l) ∈ A.

Constraints (2.40) are the same in both models and inequalities (2.41) we
get directly from the transformation:

∑
i∈I

dirxik −
n+1∑
l=k+1

fklr
(3.9)
=
∑
i∈I

n+1∑
l=k+1

dirzikl −
n+1∑
l=k+1

∑
i∈I

dirzikl = 0 ∀k ∈ K, r ∈ R.

The resource constraints (2.42) are induced directly by

∑
(k,l)∈Ah

fklr
(3.9)
=

∑
(k,l)∈Ah

∑
i∈I

dirzikl
(2.34)

≤ Dr ∀h ∈ K, r ∈ R.

For the capacity restrictions (2.43) it holds

fklr − d̄rwkl
(3.9)
=
∑
i∈I

dirzikl − d̄r
∑
i∈I

zikl ≤ 0 ∀(k, l) ∈ A, r ∈ R

because dir ≤ d̄r for all r ∈ R. Finally, the precedence constraints (2.44) are
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implied by

xik +
n∑

k′=l

xik′ +
l−1∑
k′=1

xjk′ −
l−1∑

l′=k+1

wkl′

=
n+1∑

l′=k+1

zikl′ +
n∑

k′=l

n+1∑
l′=k′+1

zik′l′ +
l−1∑
k′=1

n+1∑
l′=k′+1

zjk′l′ −
l−1∑

l′=k+1

∑
i∈I

zikl′

=
n+1∑
l′=l

zikl′ +
n∑

k′=l

n+1∑
l′=k′+1

zik′l′ +
l−1∑
k′=1

n+1∑
l′=k′+1

zjk′l′ −
l−1∑

l′=k+1

∑
i′∈I\{i}

zi′kl′

≤
n+1∑
l′=l

zikl′ +
n∑

k′=l

n+1∑
l′=k′+1

zik′l′ +
l−1∑
k′=1

n+1∑
l′=k′+1

zjk′l′

≤
n+1∑
l′=l

l′−1∑
k′=1

zik′l′ +
l−1∑
k′=1

n+1∑
l′=k′+1

zjk′l′
(2.35)

≤ 1 ∀(i, j) ∈ E, l ∈ K ′

Finally, all inequalities of HPF are dominated by DP under the transforma-
tion Φ, therefore Φ(P (DP )) ⊆ P (HPF ).

From the proof we deduce the tightness parameters illustrated in Table 3.3.
It reveals that the start time, ordering and precedence constraints are the
weak inequalities with respect to Φ. Especially the starting time constraints
appear are expected to yield poor bounds. But we also see that the ordering
constraints appear to be weak, if the maximum resource demand of some
resource r ∈ R is large compared to the average demand of all i ∈ I.

No. constraint ∆(Φ) range ∀

(2.47) start 0 i ∈ I
(2.48) position 0 i ∈ I

(2.49) end 0 i ∈ I, (k, l) ∈ A
(2.50) start time pi ·

(
n ·
(
n
2

)
− (n− 1) · (l − k)− n+ k − 1 +

(
l−k
2

))
i ∈ I, (k, l) ∈ A

(2.52) fix flow 0 k ∈ K, r ∈ R
(2.53) resource 0 h ∈ K, r ∈ R
(2.54) ordering n · d̄r −

∑
i∈I dir (k, l) ∈ A, r ∈ R

(2.55) precedence (l − k − 1) · (n− 1) + (l − 2) · (n− l + 2) (i, j) ∈ E, (k, l) ∈ A

Table 3.3: Tightness values of HPF compared to DP
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3.2.5 Relation to DDT

This section compares the polyhedra of the compact models SEE and DP to
the time-indexed model DDT. We show that by extensive expansion and, in
turn, restriction of the solutions space it is possible to convert SEE and DP
into the time-discrete model DDT. Based on the level of discretization, these
operations can be seen as an approximate scheme to DDT.

SEE to DDT

Recall the SEE model and set K = T = {1, ..., T}, that means we expand the
position set to a larger set that represents the discrete time horizon. Since
the starting times of the positions are implied by the discretization, we set
st = t for all t ∈ T . The starting time constraints change to

pi(
T∑
τ=t

xiτ +
t′∑
τ=2

yiτ − 1) ≤ st′ − st = t′ − t ∀i ∈ I, (t, t′) ∈ A

Consequently, it must hold
∑T

τ=t xiτ +
∑t′

τ=2 yiτ ≤ 1 for all i ∈ I and (t, t′) ∈
A with pi − 1 ≥ t′ − t. Without loss of generality we might also restrict∑T

τ=t xiτ +
∑t′

τ=2 yiτ ≤ 1 for all i ∈ I and (t, t′) ∈ A with t′− t ≥ pi + 1 since
early jobs are preferred. We call the resulting model ’modified’ SEE model.

Lemma 3.16. Any integral solution to the modified SEE model satisfies
xit = yit+pi for all i ∈ I, t ∈ T .

Proof. By constraint 2.15 there is exactly one t ∈ T and one t′ ∈ T with
xit = yit′ = 1. From the assumptions made, this is only possible for t′ = t+pi.
Otherwise it holds xit = yit+pi = 0.

Lemma 3.16 restricts the variable space to the xit variables. This leads
to the following theorem.

Theorem 3.17. Assume the SEE model with K = T = {1, ..., T} and set
xit = yit+pi for all i ∈ I, t ∈ T . The resulting model is equivalent to DDT.

Proof. We show that all constraints of DDT are equally implied by the mod-
ified modified SEE model. The assignment constraints are implied directly:∑

t∈T

xit
(2.15)
= 1 ∀t ∈ T .
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By construction it holds
∑pi

t′=2 yit′ = 0. For the resource constraints it follows

∑
i∈I

t∑
t′=t−pi+1

dirxit′ =
∑
i∈I

dir

(
t∑

t′=1

xit′ −
t−pi∑
t′=1

xit′

)

=
∑
i∈I

dir

(
t∑

t′=1

xit′ −
t∑

t′=pi+1

xit′−pi

)

=
∑
i∈I

dir

(
t∑

t′=1

xit′ −
t∑

t′=pi+1

yit′

)

=
∑
i∈I

dir

(
t∑

t′=1

xit′ −
t∑

t′=2

yit′

)
(2.19)

≤ Dr ∀r ∈ R, t ∈ T

For the precedence constraints it holds

t+pi−1∑
t′=1

xjt′ +
T∑
t′=t

xit′ =

t+pi−1∑
t′=1

xjt′ +

T−pi+1∑
t′=t

yit′+pi

=

t+pi−1∑
t′=1

xjt′ +
T+1∑

t′=t+pi

yit′
(2.21)

≤ 1 ∀(i, j) ∈ E, t ∈ T .

Therefore, the modified SEE model is equivalent to DDT.

DP to DDT

For the DP model we use a similar approach as for SEE. Therefore, consider
the expanded position set K = T = {1, ..., T} and set st = t for all t ∈ T .
This implies the inequality

pi
∑

t≤τ<τ ′≤t′
ziττ ′ ≤ st′ − st = t′ − t ∀i ∈ I, (t, t′) ∈ A.

From that, it follows
∑

t≤τ<τ ′≤t′ ziττ ′ = 0 for all (t′, t) ∈ A with pi−1 ≥ t′− t.
Again, we can further assume that

∑
t≤τ<τ ′≤t′ ziττ ′ = 0 for all (t′, t) ∈ A with

t′ − t ≥ pi + 1 because jobs are supposed to finish as early as possible. The
created model is denoted as ’modified’ DP model.

Lemma 3.18. If zitt′ = 1 in any integral solution to the modified DP model
then t′ = t+ pi.
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Proof. From our assumptions zitt′ = 0 for all (t, t′) with t′ − t 6= pi. Since∑
(t,t′)∈A zitt′ = 1 by (2.32) zitt′ = 1 is possible if and only if t′ = t+ pi.

Lemma 3.18 and the condition (2.32) allows us restrict to variables zitt+pi
since all other variables are zero.

Theorem 3.19. Let K = T and assume the DP model with st = t for all
t ∈ T . In addition, set zitt′ = 0 for all t′ − t 6= pi and substitute z̄it = zitt+pi.
The modified DP model is equivalent to DDT.

Proof. We show that each constraint of DDT is equivalently implied by the
modified DP model. The assignment condition is satisfied, since∑

t∈T

z̄it =
∑

(t,t′)∈A

zitt′
(2.32)
= 1 ∀i ∈ I

The resource constraints are implied by

∑
i∈I

t∑
t′=t−pi+1

dirz̄it′ =
∑
i∈I

t∑
t′=t−pi+1

dirzit′t′+pi

=
∑
i∈I

t∑
t′=1

T∑
t′′=t+1

dirzit′t′′

=
∑
i∈I

∑
(t′,t′′)∈At

dirzit′t′′
(2.34)

≤ Dr ∀t ∈ T , r ∈ R

and from (2.35) we obtain

t+pi−1∑
t′=1

z̄jt′ +
T∑
t′=t

z̄it′ =

t+pi−1∑
t′=1

T+1∑
t′′=t′+1

zjt′t′′ +
T∑
t′=t

T+1∑
t′′=t′+1

zit′t′′

=
t∑

t′=1

T+1∑
t′′=t′+1

zjt′t′′ +
T+1∑

t′′=t+1

t′−1∑
t′=1

zit′t′′
(2.35)

≤ 1

Consequently, all constraints are equivalent under the substitution. There-
fore, DDT and the modified DP model are equivalent.
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Further Remarks

The previous sections show that the models of DDT and SEE, DP are closely
related. We showed that the compact models SEE and DP can be trans-
formed into DDT by expansions and restrictions of the variable space. These
operations depend on the discretization level, that is T for DDT (fine) and
K = {1, ..., n} for the compact models (coarse). This gives an approxi-
mative flavor between these models. According to this, we argue that the
LP-relaxations of the compact models and DDT are incomparable in general.

Another significant difference between DDT and the compact models is
the objective function. In the compact models the makespan variable sn+1

is minimized which becomes constant in the modified version. In DDT, the
implicit assumption that the intervals t ∈ T have of unit length allows the
alternative makespan representation of

∑
t∈T (t− 1) ·xn+1t. This definition is

not applicable in the compact case, since the position-index gives no state-
ment concerning the starting time of a job. Consequently, even if we equalize
the models by the mentioned operations, the models consider a completely
different objective function. Hence, it is hard to construct generally valid
statements that compare the solution quality of the related models.



Chapter 4

Lifted Cover Inequalities

In this section we introduce a specific class of valid inequalities for the com-
pact models OOE, SEE and DP which are known as lifted cover inequalities.
A minimal cover is defined as a minimal subsets of jobs that cannot be sched-
uled simultaneously. On the basis of minimal covers it is possible to construct
strong cutting planes of the underlying polytopes. These can be strength-
ened further by the so-called lifting method. If one can show that a cover
inequality defines a facets of a certain subpolytope, then lifting extends this
inequality to a facet-inducing inequality of the original polytope. Usually,
cover inequalities and lifting are used in the context of knapsack inequali-
ties. In our compact MIP models we apply them to knapsack subpolytopes
induced by resource constraints.

First contributions to this method are due to Balas [50] in order to obtain
facets for the classical knapsack polytope. Balas and Zemel [51] investigated
upper and lower bounds on the lifting coefficients in order to improve compu-
tational aspects. The bounds are shown to be close to the exact coefficients.
Similar results have been provided for set packing polyhedra by Padberg [54]
and also Nemhauser and Trotter [55]. Their approaches were extended and
generalized to arbitrary 0-1 programs by Padberg [53], Wolsey [56, 57] and
also Zemel [52]. In terms of MIP formulations for the RCPSP, cover inequal-
ities are rarely studied. Hardin et al. [60] propose cover inequalities for the
DDT model and the uniform resources case, where |R| = 1. They present
facet-inducing inequalities on specific sub-polytopes depending in minimal
covers and propose a number of fast lifting techniques. Since minimal covers
yield an exact representation on the set of jobs that can simultaneously be
active, Stork and Uetz [61] dealt with the exact computation and complexity

44
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of all minimal covers. They showed that already deciding whether a given
job is contained in some minimal cover is NP -hard. Furthermore, they com-
puted the number of all minimal covers on practical instances that turns out
to grow rapidly with increasing job number.

Our work focuses on cover inequalities for the compact models OOE,
SEE and DP. We prove that cover inequalities define facets of certain sub-
polytopes. Afterwards, the cover inequalities can be extended to facets by
the general lifting method. We show that lifting can be performed more ef-
ficiently, if the precedence constraints are relaxed. This assumption yields
lower bounds on the exact lifting coefficients. Moreover, the relaxed lifting
runs in polynomial time and it is independent of the model size.

4.1 Minimal Cover Inequalities

A subset C ⊆ I is called a cover, if
∑

i∈C dir > Dr for some r ∈ R and
for all i, j ∈ C it holds (i, j), (j, i) /∈ E. A cover C is a minimal cover,
if
∑

i∈C\{j} dir ≤ Dr for all j ∈ C and r ∈ R. In any feasible schedule,

the number of simultaneously scheduled jobs of C must not exceed |C| − 1.
Let C ⊆ 2I denote the set of all minimal covers. More generally, the set C
corresponds to the minimal dependent sets of the independence system (I,F)
where

F =

{
I ′ ⊆ I |

∑
i∈I′

dir ≤ Dr ∀r ∈ R ∧ (i, j) /∈ E ∀i, j ∈ I ′
}
.

In this case, the dependent sets are denoted as feasible job subsets F ∈ F
where F includes all feasible job subsets.

4.1.1 OOE Model

First, we introduce the minimal cover inequalities for the OOE model. To
make our construction more convenient we omit the sk variables, since the
cover inequalities affect only the 0-1 variables. In addition, we allow that not
every job has to be scheduled. Consider the resulting 0-1 program defined
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by the inequalities∑
i∈I

diruik ≤ Dr ∀k ∈ K, r ∈ R (4.1)

uih − uik + uil ≤ 1 ∀i ∈ I, (h, k, l) ∈ K3 : h < k < l (4.2)

ujk + uil ≤ 1 ∀(i, j) ∈ E, (k, l) ∈ A (4.3)

uik ∈ {0, 1} ∀i ∈ I, k ∈ K

We define the induced 0-1 polytope and its linear relaxation by

PI(OOE) = conv{u ∈ {0, 1}n2 | u satisfies (4.1)-(4.3)}
P (OOE) = {u ∈ [0, 1]n

2 | u satisfies (4.1)-(4.3)}.

The polytope PI(OOE) has full dimension n2 since it includes all unit vectors.
Given a minimal cover C and position k ∈ K define the corresponding cover
inequality as ∑

i∈C

uik ≤ |C| − 1 (4.4)

which states that at most |C| − 1 jobs can be active at position k. Define
the restricted cover polytope

PC(OOE) = PI(OOE) ∩ {u ∈ [0, 1]n
2 | uik′ = 0 ∀i ∈ I \ C, k′ ∈ K}

as the polytope which is restricted to the cover C. Due to the restrictions,
PC(OOE) has dimension n2 − n · (n− |C|) = |C| · n.

Theorem 4.1. Let C be a minimal cover and k ∈ K. The corresponding
cover inequality (4.4) is facet-defining for PC(OOE).

Proof. We construct |C|·n linearly independent vectors in PC(OOE) that sat-
isfy (4.4) with equality. Consider an arbitrary ordering C = {i1, ..., i|C|}. For

each pair (iq, l) with 1 ≤ q ≤ |C| and l ∈ K define a vector u(iq ,l) ∈ {0, 1}n2

with entries u
(iq ,l)
ih as follows:

u
(iq ,l)
ih =

{
1 if (i = iq ∧ h = l ∧ h 6= k) ∨ (i ∈ C \ {iq} ∧ h = k)

0 else
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Any such vector satisfies (4.1)-(4.3) since iq is the only job that is active at
some position h 6= k and the |C| − 1 jobs of C \ {iq} are active at position k.
In particular, (4.4) is satisfied with equality. Now order the vectors by jobs
first and then by positions. This yields the vector sequence

{u(i1,1), ..., u(i1,n), u(i2,1), ..., u(i2,n), ..., u(i|C|,n)}.

We apply the same index-ordering for the vector entries. If we omit the zero
rows of all i ∈ I \ C we obtain a matrix B ∈ {0, 1}|C|·n×|C|·n of the form

B =


1k Mk Mk . . . Mk

Mk 1k Mk . . . Mk

Mk Mk 1k . . . Mk

...
...

...
. . .

...

Mk Mk Mk . . . 1k


The submatrix 1k ∈ {0, 1}n×n has ones on the diagonal except for the k-

th row and column. The matrix Mk ∈ {0, 1}n×n has the k-th row containing
only ones. Therefore, any row that belongs to some position h 6= k has
exactly one non-zero entry. We perform Laplace expansion on these rows
and obtain a matrix B′ ∈ {0, 1}|C|×|C| of the form

B′ =


0 1 1 . . . 1

1 0 1 . . . 1

1 1 0 . . . 1
...

...
...

. . .
...

1 1 1 . . . 0


Obviously, B′ has full rank, so | detB| = | detB′| 6= 0. That means the

vector sequence consists of |C| · n linearly independent vectors which sat-
isfy (4.4) with equality. Consequently, the cover inequality is facet-defining
for PC(OOE).

An illustration to minimal cover inequalities on a subpolytope is given in
Figure 4.1.
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u1k

u2k

u3k

u1k

u2k

u3k

Figure 4.1: LP-relaxation of a MDKC subpolytope (left) and after adding two minimal
cover cuts (right).

4.1.2 SEE Model

As before, we focus on the contained 0-1 polytope of the SEE model by
omitting the sk variables. Furthermore, we assume that not every job has to
be scheduled. Then SEE is given by the inequalities∑

k∈K

xik ≤ 1 ∀i ∈ I (4.5)∑
l∈K′

yil ≤ 1 ∀i ∈ I (4.6)

k∑
k′=1

dir(xik′ − yik′) ≤ Dr ∀k ∈ K, r ∈ R (4.7)

k∑
l′=2

yil′ −
k−1∑
k′=1

xik′ ≤ 0 ∀k ∈ K (4.8)

k∑
k′=1

xjk′ +
n+1∑

l′=k+1

yil′ ≤ 1 ∀(i, j) ∈ E, k ∈ K (4.9)

xik ∈ {0, 1} ∀i ∈ I, k ∈ K
yil ∈ {0, 1} ∀i ∈ I, l ∈ K ′

Note that constraints (4.8) are the same as (2.20) under the assumption
that not every job has to complete. Define the induced integer hull and its
LP-relaxation by

PI(SEE) = conv{(x, y) ∈ {0, 1}2n2 | (x, y) satisfy (4.5)-(4.9)}
P (SEE) = {(x, y) ∈ [0, 1]2n

2 | (x, y) satisfy (4.5)-(4.9)}
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Lemma 4.2. The polytope PI(SEE) has full dimension 2n2.

Proof. We construct 2n2 linearly independent vectors in PI(SEE). For this,
take an arbitrary ordering I = {i1, ..., in} of the jobs. Then define two types
of tuples (iq, k) with with 1 ≤ q ≤ n and k ∈ K and (iq, k)′ with 1 ≤ q ≤ n
and k ∈ K ′. For each (iq, k) define a vector (x, y)(iq ,k) ∈ {0, 1}2n2

as follows

x
(iq ,k)
ih =

{
1 if i = iq ∧ k = h

0 else
∀i ∈ I, h ∈ K

y
(iq ,k)
ih = 0 ∀i ∈ I, h ∈ K ′

In addition, for each tuple (iq, k)′ define a vector (x, y)(iq ,k)
′ ∈ {0, 1}2n2

with

x
(iq ,k)′

ih =

{
1 if i = iq ∧ k = h+ 1

0 else
∀i ∈ I, h ∈ K

y
(iq ,k)′

ih =

{
1 if i = iq ∧ k = h

0 else
∀i ∈ I, h ∈ K ′

Any vector has at most one job active at each position k ∈ K, conse-
quently (4.5)-(4.9) is satisfied. Then sort the tuples (iq, k) and (iq, k)′ by

{(i1, 1), ..., (i1, n), (i2, 1), ..., (i2, n), ..., (in, n)} and

{(i1, 2)′, ..., (i1, n+ 1)′, (i2, 2)′, ..., (i2, n+ 1)′, ..., (in, n+ 1)′}.

We construct a matrix by first taking all vectors (x, y)(iq ,k) and then all
(x, y)(iq ,k)

′
with respect to the sorting. The vector entries are sorted equally.

The resulting matrix M ∈ {0, 1}2n2×2n2
has the form

M =

(
I I

0 I

)

where I ∈ {0, 1}n2×n2
is the identity matrix having ones on the diagonal.

It follows that M has full rank. Therefore, the 2n2 vectors are linearly
independent and they are contained in PI(SEE). Consequently, PI(SEE)
has full dimension 2n2.
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Let C be a minimal cover and k ∈ K. The corresponding cover inequality
of the SEE model is defined as∑

i∈C

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′

)
≤ |C| − 1 (4.10)

For given minimal cover C define the restricted cover polytope by

PC(SEE) = PI(SEE) ∩ {(x, y) ∈ [0, 1]2n
2 | xik′ = yik′+1 = 0 ∀i ∈ I \ C, k′ ∈ K}

Lemma 4.3. The polytope PC(SEE) has dimension 2n · |C|.

Proof. By Lemma 4.2, PI(SEE) has full dimension 2n2. In PC(SEE) we
fix 2n · (n − |C|) variables of PI(SEE), therefore PC(SEE) has dimension
2n · |C|.

Theorem 4.4. Let C be a minimal cover and k ∈ K. The corresponding
cover inequality (4.10) defines a facet of PC(SEE).

Proof. We construct 2n · |C| linearly independent vectors in PC(SEE) that
satisfy (4.10) with equality. Consider an arbitrary ordering C = {i1, ..., i|C|}.
Define two types of tuples (iq, l) with 1 ≤ q ≤ n, l ∈ K and (iq, l)

′ with
1 ≤ q ≤ n, l ∈ K ′. For each tuple (iq, l) define a vector (x, y)(iq ,l) ∈ {0, 1}2n2

that satisfies

x
(iq ,l)
ih =


1 if i = iq ∧ h = l ∧ h 6= k

1 if i ∈ C \ {iq} ∧ h = k

0 else

∀i ∈ I, h ∈ K

y
(iq ,l)
ih = 0 ∀i ∈ I, h ∈ K ′.

For each tuple (iq, l)
′ define a vector (x, y)(iq ,l)

′ ∈ {0, 1}2n2
with

x
(iq ,l)′

ih =


1 if i = iq ∧ h+ 1 = l ∧ h 6= k

1 if i ∈ C \ {iq} ∧ h+ 1 = k

0 else

∀i ∈ I, h ∈ K

y
(iq ,l)′

ih =


1 if i = iq ∧ h = l ∧ h 6= k + 1

1 if i ∈ C \ {iq} ∧ h = k

0 else

∀i ∈ I, h ∈ K ′
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We observe that all vectors are valid for PC(SEE), because iq is the only
job that is active at some position h 6= k. Moreover, each vector satisfies
(4.10) with equality since all jobs i ∈ C \{iq} are active at position k. Define
an ordering of the tuples (iq, l) and (iq, l)

′ by

{(i1, 1), ..., (i1, n), (i2, 1), ...., (i2, n), ..., (in, n)} and

{(i1, 2)′, ..., (i1, n+ 1)′, (i2, 2)′, ...., (i2, n+ 1)′, ..., (in, n+ 1)′}.

We create a matrix by first taking all vectors (x, y)(iq ,l) and then all (x, y)(iq ,l)
′

with respect to the ordering. The vector entries are sorted analogously. If
we delete all rows that correspond to jobs i ∈ I \ C we obtain a matrix
M ∈ {0, 1}2n·|C|×2n·|C| of the form

M =

(
M ′ M ′

0 M ′

)
where M ′ ∈ {0, 1}n·|C|×n·|C| has the form

M ′ =


1k Mk Mk . . . Mk

Mk 1k Mk . . . Mk

Mk Mk 1k . . . Mk

...
...

...
. . .

...

Mk Mk Mk . . . 1k


The matrix 1k ∈ {0, 1}n×n has ones on the diagonal except for the k-th

row and column. The matrix Mk ∈ {0, 1}n×n has the k-th row containing
only ones. Any row that corresponds to a position h 6= k contains exactly
one non-zero entry. We perform Laplace expansion on these rows and obtain
a matrix M ′′ ∈ {0, 1}|C|×|C| with

M ′′ =


0 1 1 . . . 1

1 0 1 . . . 1

1 1 0 . . . 1
...

...
...

. . .
...

1 1 1 . . . 0


Obviously, detM ′′ 6= 0, therefore | detM | = | detM ′| = | detM ′′| 6= 0.

This implies that the generated vectors are linearly independent and satisfy
(4.10) with equality. Consequently, (4.10) is facet defining for PC(SEE).
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4.1.3 DP Model

As for the previous models, we omit the sk variables and focus on the induced
0-1 polytope. For convenience in the construction, we assume that not every
job has to be scheduled. Then the DP model is given by the inequalities∑

(k,l)∈A

zikl ≤ 1 ∀i ∈ I (4.11)

∑
i∈I

∑
(k,l)∈Ah

dirzikl ≤ Dr ∀h ∈ K, r ∈ R (4.12)

h∑
k=1

n+1∑
l=k+1

zjkl +
n+1∑
l=h+1

l−1∑
k=1

zikl ≤ 1 ∀(i, j) ∈ E, h ∈ K (4.13)

zikl ∈ {0, 1} ∀i ∈ I, (k, l) ∈ A

Let |A| = m and denote the polytopes of the integer hull and its linear
relaxation by

PI(DP ) = conv{z ∈ {0, 1}n·m | z satisfies (4.11)− (4.13)}
P (DP ) = {z ∈ [0, 1]n·m | z satisfies (4.11)− (4.13)}.

The polytope PI(DP ) has full dimension n ·m because it contains all unit
vectors. Let C be a minimal cover and h ∈ K. Define the corresponding
cover inequality by ∑

i∈C

∑
(k,l)∈Ah

zikl ≤ |C| − 1 (4.14)

For given minimal cover C the restricted cover polytope of DP is defined by

PC(DP ) = PI(DP ) ∩ {z ∈ [0, 1]n·m | zikl = 0 ∀i ∈ I \ C, (k, l) ∈ A}

As before, PC(DP ) contains all unit vectors, so its dimension equals |C| ·m.

Theorem 4.5. Let C be a minimal cover and h ∈ K. The corresponding
cover inequality (4.14) defines a facet of PC(DP ).

Proof. It suffices to construct |C| ·m linearly independent vectors. Consider
an arbitrary orderings of C = {i1, ..., i|C|} and A = {a1, ..., am}. Then define
an arbitrary but fixed ’special’ arc a∗ ∈ Ah. For simplicity, let i|C|+1 = i1.
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For each tuple (iq, a) with 1 ≤ q ≤ |C| and a ∈ Ah we define a vector
z(iq ,a) ∈ {0, 1}n·m as follows:

z
(iq ,a)
ikl =


1 if i = iq+1 ∧ (k, l) ∈ Ah ∧ (k, l) = a

1 if i ∈ C \ {iq, iq+1} ∧ (k, l) = a∗

0 else

In addition, for each tuple (iq, a) with 1 ≤ q ≤ |C| and a ∈ A \Ah create
a vector z(iq ,a) ∈ {0, 1}n·m with

z
(iq ,a)
ikl =


1 if i = iq ∧ (k, l) /∈ Ah ∧ (k, l) = a

1 if i ∈ C \ {iq} ∧ (k, l) = a∗

0 else

Each such vector satisfies (4.11)-(4.13), since C \ {iq} contains the active
jobs on Ah. Therefore, equality holds for (4.14). We partition the tuples by
(C,Ah) and (C,A \ Ah). Then we sort the corresponding tuples of (C,Ah)
and (C,A \Ah) by jobs first and then by arcs with respect to the predefined
ordering. Then apply this sorting to the created vectors and their entries.
Further delete all zero rows associated to i ∈ I \ C. This yields a matrix
M ∈ {0, 1}|C|·m×|C|·m of the form

M =

(
M1 M2

0 I

)

where I ∈ {0, 1}|C|×|A\Ah| is the identity matrix and M1 ∈ {0, 1}|C|×|Ah| has
the shape

M1 =



0 1a∗ 1a∗ . . . 1a∗ I ′

I ′ 0 1a∗ . . . 1a∗ 1a∗

1a∗ I ′ 0 . . . 1a∗ 1a∗
...

...
. . . . . .

...
...

...
...

. . . . . . 0 1a∗

1a∗ 1a∗ 1a∗ . . . I ′ 0


In this case I ′ ∈ {0, 1}|Ah|×|Ah| is the identity matrix and 1a∗ ∈ {0, 1}|Ah|×|Ah|

contains only ones in the row corresponding to a∗. Therefore, any row that
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is associated to some a ∈ Ah \ {a∗} has only one non-zero entry. We perform
Laplace expansion on these rows and get a matrix M ′ ∈ {0, 1}|C|×|C| which
looks like:

M ′ =


0 1 1 . . . 1

1 0 1 . . . 1

1 1 0 . . . 1
...

...
...

. . .
...

1 1 1 . . . 0


Hence, M ′ has full rank which implies | detM | = | detM1| = | detM ′| 6= 0.

It follows that the generated vectors are linearly independent and satisfy (4.14)
with equality. Therefore, (4.14) defines a facet of PC(DP ).

4.2 Sequential Lifting

In the last section we confirmed that, for given minimal cover C and k ∈ K,
the corresponding minimal cover inequality is facet-defining for the restricted
cover polytope PC ⊆ PI . In general, the minimal cover inequalities do not
define facets of the initial polytope PI . A common technique to strengthen
such inequalities is lifting. The idea is to compute maximal valid coefficients
for a subset of fixed variables by solving an optimization problem on PC , see
Zemel [52]. If the variables are released after coefficient strengthening, we
receive a polytope of higher dimension where the extended inequality still
defines a facet. This method is repeated in order to obtain a facet of PI .

In this section we first give an introduction to the general method. In
particular, we focus on sequential lifting where the variables are lifted se-
quentially according to a specific lifting sequence. In addition, we show that
the minimal cover inequalities of any compact model can be lifted efficiently
when the precedence constraints are relaxed. The resulting lifting problem
reduced to a sequence of multidimensional knapsack problems which gives
lower bounds on the exact lifting coefficients. In particular, the complexity
of lifting is model-independent.

4.2.1 Integer 0-1 Programs

In this section we temporarily forget about the introduced notation to allow
easier access to the following aspects. Suppose we are given an integer 0-1
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program with constraint matrix A ∈ Rm×n consisting of columns ai ∈ Rm

with i ∈ {1, ..., n}, right-hand side b ∈ Rm and cost vector c ∈ Rn as follows:

max cTx∑
i∈I

aixi ≤ b

xi ∈ {0, 1} ∀i ∈ {1, ..., n}.

Let I = {1, ..., n} be the variable domain. Further, let

PI = conv{x ∈ {0, 1}n |
∑
i∈I

aixi ≤ b}

be the induced integer hull. For given C ⊆ I define the subpolytope

PC = PI ∩ {xi = 0 | i ∈ I \ C}

Assume an inequality πTx ≤ π0 is facet-defining for PC and w.l.o.g. πi = 0
for all i ∈ I \C. For given j ∈ I \C we are interested in the maximum valid
coefficient πj such that

∑
i∈C πixi + πjxj ≤ π0 is valid for PI and PC∪{j}

respectively. The direct way to compute this is by assuming xj = 1 which
yields πj ≤ π0 −

∑
i∈C πixi and then to compute the smallest possible right-

hand side of the inequality. This leads to an optimization problem Hj that
is defined as follows:

max φj =
∑
i∈C

πixi∑
i∈C

aixi ≤ b− aj

xi ∈ {0, 1} ∀i ∈ C.

The lifting coefficient of xj becomes πj = π0 − φj and j is added to C. This
method is repeated iteratively with all remaining variables. The crucial theo-
rem according to this method was developed simultaneously by Padberg [53]
and Wolsey [56], but see also Nemhauser and Trotter [55].

Theorem 4.6 (Padberg [53]). Let C ⊂ N and πTx ≤ π0 be a non-trivial
facet of PC. Define an ordering I \ C = {j1, ..., jt} and compute the lifting
coefficients πj by sequentially solving the subproblems Hj for j = j1, ..., jt.
The resulting inequality

∑
i∈C πixi+

∑
j∈I\C πjxj ≤ π0 is facet-defining for PI .
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This means, given a facet of a subpolytope, it is possible to compute facets
of the initial polytope by successively solving optimization problems on PC .
The sequence I \ C = {j1, ..., jt} is denoted as the lifting sequence. In gen-
eral, different lifting sequences may yield different facets and there may exist
facets of PI that are not obtainable by sequential lifting, see Gu et al. [58].
For arbitrary constraint matrices A, it is further important that the lifting
sequence is valid, i.e. the subproblems Hj must admit a feasible solution in
each lifting step. In the next section we consider lifting according to the mul-
tidimensional knapsack problem. Later, this is used as subroutine to rapidly
generate strong lifting coefficients for OOE, SEE and DP respectively.

4.2.2 Multidimensional Knapsack Problem

In the compact models OOE, SEE and DP the resource constraints imply
multidimensional knapsack inequalities at each position k ∈ K. According
to that, we consider the multidimensional knapsack problem, and even more
specific, with conflict constraints (MDKC). There we are given items i ∈ I
with resource demands dir and a knapsack with capacities Dr for all r ∈ R.
In addition, there are item conflicts (i, j) ∈ E, where i and j must not appear
in the knapsack simultaneously. Given profits vi for all i ∈ I the objective
is to find a subset I ′ ⊆ I of maximal profit such that

∑
i∈I′ dir ≤ Dr for all

r ∈ R and (i, j) /∈ E for all i, j ∈ I ′.
For the one-dimensional case, several heuristic, exact and approximative

approaches have been developed, see for example Yamada et al. [45], Pferschy
and Schauer [43], Hifi et al. [46, 47, 48, 49] and Battinelli et al.[44]. In the
context of lifted cover inequalities, the general multidimensional knapsack
problem has been studied by Kaparis et al. [42] and Gabrel et al. [41]. The
MDKC can be stated by an integer program as follows:

max
∑
i∈I

vixi∑
i∈I

dirxi ≤ Dr ∀r ∈ R

xi + xj ≤ 1 ∀(i, j) ∈ E
xi ∈ {0, 1} ∀i ∈ I

From our definition of a minimal cover C, we have |{i, j} ∩ C| ≤ 1 for all
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(i, j) ∈ E. Therefore, the cover inequality∑
i∈C

xi ≤ |C| − 1

is valid for MDKC. With the notion of PI and PC from the last section, one
can easily verify that the cover inequality defines a facet of PC . In order
to lift this cover inequality, we first determine an arbitrary lifting sequence
I \ C = {i1, ..., iN}. Define C0 = ∅ and Ct = {i1, ..., it} for all t ∈ {1, ..., N}.
As stated in Section 4.2.1, for the computation of the lifting coefficients πit
we recursively solve the subproblem

max φt =
∑
i∈C

xi +
∑
i∈Ct−1

πixi∑
i∈C

dirxi +
∑
i∈Ct−1

dirxi ≤ Dr − ditr ∀r ∈ R

xi + xj ≤ 1 ∀(i, j) ∈ E ∩ (C ∪ Ct−1)2

xi ≤ 0 ∀(i, it) ∈ E : i ∈ C ∪ Ct−1
xi ∈ {0, 1} ∀i ∈ C ∪ Ct−1

The lifting coefficients of job it becomes πit = |C| − 1 − φt. Throughout
the next sections we use the notion MDK(C, it) := φt which denotes the
t-th optimal solution of the above knapsack problem according to the initial
cover C and the partial lifting sequence Ct.

4.2.3 Compact MIP

As mentioned, each compact model induces a minimal cover inequality at
each position. Hence, Theorem 4.6 in combination with the results of Sec-
tion 4.1 states that exact lifting of a cover inequality of OOE, SEE or DP
yields facets of PI(OOE), PI(SEE) or PI(DP ) respectively.

Corollary 4.7. Given a cover inequality of OOE, exact lifting yields a facet
of PI(OOE).

Corollary 4.8. Given a cover inequality of SEE, exact lifting yields a facet
of PI(SEE).

Corollary 4.9. Given a cover inequality of DP, exact lifting yields a facet
of PI(DP ).
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Any lifting step requires to solve an optimization problem on the cur-
rently lifted subpolytope. Especially, if the dedicated optimization problem
is hard then lifting might get intractable. In this case, it is possible to take
a relaxation of the problem. In particular, lifting an inequality on a relaxed
polytope yields a valid inequality for the original polytope, see the following
observation.

Observation 4.10. Let PI and P ′I be integer polytopes with PI ⊆ P ′I . Fur-
thermore, let πTx ≤ π0 be an inequality of P ′I that is obtained by sequential
lifting. Then πTx ≤ π0 is valid for PI .

In the following sections we assume the relaxation of the precedence con-
straints. This is because it is hard to maintain a generally valid problem
structure during lifting that both includes precedences and allows fast com-
putation. The next sections show that, without precedence constraints, we
can restrict to multidimensional knapsack computations in each lifting step.
Since all lifting coefficients are positive, we get lower bounds on the exact
lifting coefficients.

OOE Model

Recall the definitions of Section 4.1.1. For a minimal cover C and k ∈ K the
cover inequality of the OOE model is given by∑

i∈C

uik ≤ |C| − 1

By Theorem 4.1, the cover inequality is facet-defining for PC(OOE). We
compute the lifting coefficients for the remaining restricted variables ujl with
j ∈ I \ C, l ∈ K. Therefore, take an arbitrary ordering I \ C = {i1, ..., iN}
and define the lifting sequence of variable indices as follows:

S = {(i1, 1), ..., (i1, n), (i2, 1), ..., (i2, n), ..., (iN , n)}.

Proposition 4.11. Let C be a minimal cover and k ∈ K. Sequentially
lifting the corresponding cover inequality with respect to S yields the lifting
coefficients

πitl =

{
|C| − 1−MDK(C, it) l = k

0 l 6= k

for all variables uitl with 1 ≤ t ≤ N and l ∈ K.
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Proof. We perform induction on the number of currently lifted variables. Let
ui11 = 1 be the first lifted variable. The lifting problem is to maximize the
number of jobs at position k. For k = 1 we solve a MKDC at position 1
which gives

πi11 = |C| − 1−MDK(C, i1).

If k = 2 then choose |C| − 1 jobs of C that are active at position k which
yields

πi11 = |C| − 1− (|C| − 1) = 0.

In the inductive step let uitl be the currently lifted variable. By induction
hypothesis, the lifting problem is to find a subset I ′ ⊆ C ∪ Ct−1 where∑

i∈I′ πik is maximal. First, assume l 6= k then choose |C| − 1 jobs of C to
be active at position k which yields

πitl = |C| − 1− (|C| − 1) = 0.

and for k = l we solve a MKDC at position k which gives

πitl = |C| − 1−MDK(C, it).

Consequently, we get the desired result.

SEE Model

Let C be a minimal cover and k ∈ K. Consider the cover inequality for SEE:

∑
i∈C

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′

)
≤ |C| − 1.

By Theorem 4.4, the cover inequality is facet-defining for PC(SEE). Define
an arbitrary ordering I \ C = {i1, ..., iN}. Let (it, l) denote an index tuples
that belongs to variables xitl and (it, l)

′ the tuples that belong to yitl. For
convenience, write

(it, K) = (it, 1), ..., (it, n) and (it, K
′)′ = (it, 2)′, ..., (it, n+ 1)′.

Then define the lifting sequence

S = {(i1, K), (i1, K
′)′, (i2, K), (i2, K

′)′, ..., (iN , K), (iN , K
′)′}.
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Proposition 4.12. Let C be a minimal cover and k ∈ K. Sequentially
lifting the corresponding cover inequality with respect to S yields the lifting
coefficients

πitl =

{
|C| − 1−MDK(C, it) l ≤ k

0 l > k

for all variables xitl with 1 ≤ t ≤ N , l ∈ K and

π′itl =

{
MDK(C, it)− |C|+ 1 l ≤ k

0 l > k

for all variables yitl with 1 ≤ t ≤ N , l ∈ K ′.

Proof. We perform induction on the number of lifted variables. Lifting the
first variable xi11 = 1 yields that job i1 is active at position k = 1 since
all yi1l = 0 with l ∈ K ′ are unlifted yet. The first lifting problem is to
maximize the number of active jobs at position k = 1. Since job i1 is active at
position k = 1 we solve a MDKC with respect to the already lifted variables,
which belong to C. Therefore, it holds πi11 = |C| − 1 − MDK(C, i1). If
we lift xi12 = 1 then we set |C| − 1 jobs of C active at k = 1 which gives
πi11 = |C| − 1 − (|C| − 1) = 0. Furthermore, lifting yi12 = 1 yields xi11 = 1
by (4.8). Hence, job i1 is active at position 1 and we solve the same MDKC:

π′i12 = |C| − 1− πi11 −MDK(C, i1) = 0.

Otherwise, if k = 2 then job i1 is not active at position k and we choose
|C| − 1 jobs of C to be active at position k which gives

π′i12 = |C| − 1− πi11 − (|C| − 1) = MDK(C, i1)− |C|+ 1.

Now we proceed with the inductive step. By induction hypothesis, the
lifting problem is to find a subset I ′ ⊆ C∪Ct−1 where

∑
i∈I′
∑k

k′=1(πik′−π′ik′)
is maximal. Let xitl = 1 be the current lifting variable. If l ≤ k then job it
is active at position k because yitl′ = 0 for all l′ ∈ K ′ appears later in the
lifting sequence. We receive the coefficient

πitl = |C| − 1−MDK(C, it).
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Otherwise, if l > k then job it is not active at position k and we choose
|C| − 1 jobs of C to be active at position k. This yields

πitl = |C| − 1− (|C| − 1) = 0

which shows the first part. Next, let yitl = 1 be the current lifting variable.
By (4.8) there exists l′ < l such that xitl′ = 1. The case l ≤ k implies that
job it is not active at position k and therefore we can choose |C| − 1 jobs of
C to be active at position k which yields

π′itl = |C| − 1− πitl′ − (|C| − 1) = MDK(C, it)− |C|+ 1.

For the case l > k job it is either active at position k (l′ ≤ k) or not (l′ > k).
In the first case, we have to solve a MDKC which gives

π′itl = |C| − 1− πitl′ −MDK(C, it) = 0

and in the second case we place |C| − 1 jobs of C at position k and get

π′itl = |C| − 1− (|C| − 1) = 0.

Finally, the statement is validated for every case.

DP Model

For a minimal cover C and h ∈ K the DP model admits the cover inequality:∑
i∈C

∑
(k,l)∈Ah

zikl ≤ |C| − 1.

By Theorem (4.5), the cover inequality is facet-inducing for PC(DP ). Define
an arbitrary ordering of I \C = {i1, ..., iN} and consider the lifting sequence
of variable indices

S = {(i1, Ah), (i1, A \ Ah), ..., (iN , Ah), (iN , A \ Ah)}

where (it, A
′) contains all variable indices (it, k, l) with (k, l) ∈ A′ ⊆ A in an

arbitrary order.
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Proposition 4.13. Let C be a minimal cover and h ∈ K. Sequentially
lifting the corresponding cover inequality with respect to S yields the lifting
coefficients

πitkl =

{
|C| − 1−MDK(C, it) (k, l) ∈ Ah
0 (k, l) ∈ A \ Ah

for all variables zitkl with 1 ≤ t ≤ N and (k, l) ∈ A.

Proof. We show the statement by induction on the number of lifted variables.
Let zi1kl = 1 with (k, l) ∈ Ah be the first lifted variable in S. The lifting
problem is to maximize the number of active arcs in Ah. Since job i1 is
assigned to (k, l) ∈ Ah we solve a MDKC which yields the lifting coefficient

πi1kl = |C| − 1−MDK(C, i1).

If (k, l) ∈ A \Ah we pick |C|− 1 jobs of C that have an arc in Ah. This gives

πi1kl = |C| − 1− (|C| − 1) = 0.

In the inductive step let zitkl = 1 be the currently lifted variable. By
induction hypothesis, the lifting problem is to find a subset I ′ ⊆ C ∪ Ct−1
where

∑
i∈I′
∑

(k,l)∈Ah
πikl is maximal. First, if (k, l) ∈ Ah we have to solve a

MDKC which yields

πitkl = |C| − 1−MDK(C, it)

and otherwise we assign |C| − 1 jobs of C to A \ Ah, then

πitkl = |C| − 1− (|C| − 1) = 0.

Consequently, the statement is valid.

4.3 Algorithms

In this section we introduce the algorithmic view on the lifted cover inequal-
ities. It consists of two parts. First, given a solution to the LP-relaxation,
find the maximum violated cover inequality. Second, given a cover inequal-
ity, find a valid lifting sequence and execute the lifting method. In the latter
case we refer to our observations made in Section 4.2.
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4.3.1 Separation

Given an optimal LP solution to any of the models OOE, SEE or DP, we
want to determine a minimal cover inequality at some k ∈ K that violates
the LP solution most. Let u∗ (OOE), x∗, y∗ (SEE) and z∗ (DP) be the
optimal values of the LP-relaxations. Since cover inequalities consider only
the active part of each job i at position k we take the substitutions according
to equations (3.4) and (3.5):

u∗ik =
k∑

k′=1

(x∗ik′ − y∗ik′) =
∑

(k′,l′)∈Ak

z∗ik′l′ .

Consequently, the separation problem is to find a position k ∈ K and a
minimal cover C such that

∑
i∈C u

∗
ik > |C| − 1. This problem can be solved

in polynomial time by dynamic programming, see Algorithm 1.

Proposition 4.14. Let k ∈ K and compute Cr = minCover(k, I, ∅, Dr, r)
for each r ∈ R. The cover Cr with maximum

∑
i∈Cr

u∗ik for all r ∈ R yields
the most violated cover inequality at position k.

Proof. Assume Cr is the returned job set. We have to show that Cr is a
minimal cover. Line 1 achieves that no complete pair (i, j) ∈ E is contained
in Cr. Inductively, we can assume that the algorithm expects a partial cover
C ′. Then C ′ is returned if and only if D′ < 0 and D′+ mini∈C′ dir ≥ 0 which
is equivalent to Dr <

∑
i∈C′ dir and Dr ≥

∑
i∈C′\{j} with j ∈ C ′ such that

djr ≤ dir for all i ∈ C ′. This condition is equivalent to the definition of a
minimal cover. By the natural recursion, the algorithm returns the cover of
maximum weight. Hence, the algorithm is correct.

Corollary 4.15. Given k ∈ K, the maximum violated cover inequality can
be computed in O(|R| ·Dmax · n).

Proof. By Proposition (4.14), Algorithm 1 is called for each r ∈ R. It cor-
responds to the filling of a Dr × n matrix where each entry (D′, iq) contains
an optimal minimal cover for capacity D′ when only jobs i ∈ {i1, ..., iq} are
used. This yields a maximum running time of O(|R| ·Dmax · n).

Note that even if the computed cover inequality is not violated by the
current LP solution, it may get violated after lifting the inequality, see the
next section.
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4.3.2 Lifting

In the following we condense our results from Section 4.2 into an algorithmic
approach. Assume we are given a position k ∈ K, a minimal cover C and
the associated cover inequality. For the compact models, we take the lifting
sequences of Propositions 4.11, 4.12 and 4.13 respectively. In particular, all
of the lifting sequences depend on an arbitrary ordering of I \C. We showed
that any of the lifting problems reduces to a lifting problem of a MDKC. This
can be solved in polynomial time. In particular, the lifting coefficients of the
MDKC uniquely determine the lifting coefficients of the compact models,
as given in Section 4.2. Therefore, the computational effort for this lifting
approach, see Algorithm 2 is independent of the model size.

Proposition 4.16. Given a minimal cover C, calling lift(C) yields valid
lifting coefficients.

Proof. In line 1 we determine an arbitrary ordering of I\C. As in Section 4.2,
this ordering defines the lifting sequence S. The MDKC subproblems are
solved for each job it with 1 ≤ t ≤ N . According to Section 4.2, the values
MDK(C, it) suffice to define each lifting coefficient πq with q ∈ S, which is
returned by the algorithm.

Proposition 4.17. Lifting one cover inequality runs in O(n2 ·D|R|max).

Proof. An ordering of I \ C can be found in O(n). An optimal solution to

MDKC corresponds to the is found in O(n · D|R|max) with dynamic program-
ming. Thus, iterating for each t ∈ {1, ..., N} yields a total running time of

O(n2 ·D|R|max).

In conclusion, we introduced cover inequalities for the models OOE, SEE
and DP. We showed that they define facets of the restricted cover subpoly-
topes. In addition, we introduced the lifting method in order to obtain
facets for the integer hull of the original problem. We relaxed the precedence
constraints, in order to reduce the lifting process to a sequence of MKDC
problems. This gives lower bounds on the exact lifting coefficients.

The introduced lifting method was not implemented and tested practi-
cally. However, we believe that the computation of lifted cover cuts is fast
in practice. It remains to analyze the running time and the bounds of this
method compared to exact lifting coefficients. In the next section we present a
further type of cutting plane. In particular, its general construction includes
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the lifted cover inequalities. However, the computation is more involving
and it is based on randomization. Computational results to this method are
presented in the sequel.
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Algorithm 1: minCover(k, I ′, C ′, D′, r)

Input: position k ∈ K, remaining jobs I ′ = {i1, i2, ..., iq}, current
(partial) minimal cover C ′, remaining capacity D′, resource
r ∈ R

Output: minimal cover of with respect to k ∈ K, I ′ ⊆ I, D′ ∈ Z,
r ∈ R

1 if ∃ i, j ∈ C ′ : (i, j) ∈ E ∨ (j, i) ∈ E then
2 return ∅

3 else if D′ < 0 then
4 dr ← mini∈C′ dir

5 if D′ + dr ≥ 0 then
6 return C ′

7 else
8 return ∅
9 else if I ′ = ∅ then

10 return ∅

11 else
12 C1 = minCover(I ′ \ {iq}, C ′ ∪ {iq}, D′ − diqr)
13 C2 = minCover(I ′ \ {iq}, C ′, D′)
14 if

∑
i∈C1

u∗ik ≥
∑

i∈C2
u∗ik then

15 return C1

16 else
17 return C2

Algorithm 2: lift(C)

Input: minimal cover C
Output: lifting coefficients πq, q ∈ S

1 define ordering I \ C = {i1, ..., iN}
2 for t ∈ {1, ..., N} do
3 φt ←MDK(C, it)

4 set the lifting coefficients (πq)q∈S according to φ see Section 4.2
5 return lifted inequality with coefficients π = (πq)q∈S



Chapter 5

Linear Programming Lower
Bounds

In addition to exact solving methods, the literature studies lower bounds for
the RCPSP. Most commonly, lower bounds are obtained by so-called destruc-
tive improvement, see [30]. The idea is to prove the non-existence of a sched-
ule for given makespan. If such a schedule does not exist, the lower bound
is increased by one. This iterative process is repeated either incrementally
or by binary search. One possibility to detect the infeasibility of a schedule
yields linear programming. In the following we introduce two conventional
LP models from the literature. We show that they are related by a linear
transformation and deduce strong inequalities for one model from a primal-
dual characterization. From that, we derive two cutting plane algorithms.
Finally, we observe that the same cuts can be transferred to the compact
MIP models by linear extension. In order to preserve the compactness of the
models we propose a randomized cut generation scheme.

5.1 Two Linear Programming Models

In order to compute lower bounds for the RCPSP, the literature mainly pro-
vides two linear programming models. The first is based on feasible jobs sub-
sets and the computation of a non-preemptive relaxation of the schedule. In
particular, it has exponentially many variables. The second model considers
partial assignments of jobs to given intervals. In contrast, it has polynomi-
ally many variables and various cutting planes are proposed to strengthen

67
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the obtained lower bound.
Both models consider a fixed makespan Cmax and decompose the schedul-

ing horizon into discrete intervals that are build as follows. According to
the precedence network G and Cmax the earliest starting time ei and lat-
est completion time li is computed for each job i ∈ I. These values are
sorted in increasing order s̄1 < ... < s̄|K| < s̄|K|+1 and form the interval
set K where s̄|K|+1 = Cmax denotes the constant makespan. In partic-
ular, [s̄k, s̄k+1] is the associated interval to k ∈ K. Furthermore, define
Ki = {k ∈ K | ei ≤ s̄k < s̄k+1 ≤ li} as the set of feasible intervals for job
i ∈ I. Similarly, let Ik = {i ∈ I | k ∈ Ki} be the set of jobs that can be
scheduled in interval k ∈ K.

5.1.1 The Model of Brucker and Knust (1998)

The first model of Brucker and Knust [22] is an extension of the model of
Mingozzi et al. [13] which introduces feasible job subsets F ∈ F that satisfy∑

i∈F dir ≤ Dr for all r ∈ R and where F is the set of all feasible subsets.
Moreover, Fk = {F ∈ F | F ⊆ Ik} are the feasible subsets that are valid
for the interval k ∈ K. The idea is to each F ∈ F a variable duration such
that every i ∈ I is covered for at least pi time units by subsets that contain
job i. Since in any integral schedule the job subsets occur in sequence, the
makespan equals the total length of all feasible subsets. The relaxation is
caused by the non-preemtivity of the subsets and the relaxation of precedence
constraints. Let ξFk ≥ 0 be the duration of F ∈ F in interval k ∈ K. Since
we intend to solve the decision problem, let αk ≥ 0 be the time exceeding of
interval k ∈ K. In particular, if the optimal solution satisfies

∑
k∈K αk > 0

then the problem is infeasible for the given makespan. The linear program
of Brucker and Knust [22] reads as follows:

min
∑
k∈K

αk∑
k∈K

∑
F∈Fk:i∈F

ξFk ≥ pi ∀i ∈ I (5.1)∑
F∈Fk

ξFk − αk ≤ s̄k+1 − s̄k ∀k ∈ K (5.2)

ξFk ≥ 0 ∀k ∈ K,F ∈ Fk
αk ≥ 0 ∀k ∈ K
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In (5.1) each job i ∈ I must be covered by feasible subsets that include i for
a total duration of pi. The interval restrictions are expressed by (5.2).

Baptiste and Demassey [24] improved the above LP by additional cut-
ting planes. Currently, this combined approach still achieves the best lower
bounds on a considerable number of PSPLIB instances [65]. Further note
the strong relation to the well-known cutting stock problem [63]. In this case,
the set F corresponds to feasible roll patterns and there is a demand of pi
units of each roll i ∈ I. The total pattern length (makespan) is minimized.
However, the general problem statement does not consider non-preemptivity,
precedences or feasible intervals.

5.1.2 The Model of Carlier and Néron (2003)

The second linear programming approach was introduced by Carlier and
Néron [23] who state a polynomial LP which is extended by different cutting
planes. As before, there are intervals k ∈ K in which all jobs have to be
processed. Define µik ≥ 0 as the partial duration of job i ∈ I that is assigned
to interval k ∈ Ki. Again, αk ≥ 0 denotes the time exceeding of interval k ∈
K. The basic LP model of Carlier and Néron [23] states as follows:

min
∑
k∈K

αk∑
i∈I

∑
k∈Ki

µik ≥ pi ∀i ∈ I (5.3)

µik − αk ≤ s̄k+1 − s̄k ∀i ∈ I, k ∈ Ki (5.4)

µik ≥ 0 ∀i ∈ I, k ∈ Ki

αk ≥ 0 ∀k ∈ K

Inequalities (5.3) indicate that for each job i ∈ I the total duration pi must
be assigned to feasible intervals. In addition, the partial duration µik must
not exceed the interval length of k ∈ K for all i ∈ I.

Note that the basic model is weak since there is no consideration of re-
source constraints. Therefore, the basic model is extended by valid cutting
planes which are mainly due to [23, 34, 25]. In the following we mention the
most important ones.
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Core Time

The concept of core times was used by Baptiste [39] and Klein et al. [30] in
order to estimate the minimum induced time of each job in a given interval.
In particular, it counts the overlap time in interval k ∈ K, if job i ∈ Ik is
scheduled either at the earliest or latest possible starting time. Therefore,
let ei denote the earliest starting time and li the latest completion time of
job i ∈ I. The core time p(i, k) of job i ∈ I in interval k ∈ Ki is given by

p(i, k) = min{s̄k+1 − s̄k, pi,max{0, ei + pi − s̄k},max{0, s̄k+1 − li + pi}}.
We derive the valid inequalities

µik ≥ p(i, k) ∀i ∈ I, k ∈ Ki. (5.5)

Energetic Reasoning Cuts

The term energetic reasoning is widely used in project scheduling and has
occurrences in various solving approaches such as MIP and constraint pro-
gramming, see for example Carlier and Néron [23], Haouari et al.[26] and
Schulz [27]. It states that the total induced volume (or energy) of some re-
source r ∈ R in interval k ∈ K must not exceed the available volume. This
is expressed by the energetic reasoning cuts∑

i∈Ik

dirµik − αk ≤ Dr(s̄k+1 − s̄k) ∀k ∈ K, r ∈ R (5.6)

These inequalities combine time- and resource allocation in a one-dimensional
knapsack constraint. The following lemma shows that energetic reasoning
cuts already yield reasonable lower bounds for given makespan Cmax = s̄|K|+1.

Lemma 5.1. Let µ denote a feasible solution to (5.3), (5.4) and (5.6). If
Cmax < maxr∈R

∑
i∈I

dirpi
Dr

then it holds
∑

k∈K αk > 0.

Proof. Summing up (5.6) over all k ∈ K yields for all r ∈ R∑
i∈I

dirpi
(5.3)

≤
∑
k∈K

∑
i∈Ik

dirµik

(5.6)

≤ Dr

∑
k∈K

(s̄k+1 − s̄k + αk) ≤ Dr(Cmax +
∑
k∈K

αk)

⇐⇒
∑
i∈I

dirpi
Dr

− Cmax ≤
∑
k∈K

αk
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The last inequality implies 0 <
∑

k∈K αk. Consequently, the makespan Cmax
is invalid.

Cover Cuts

As defined in Section 4, consider minimal covers C ∈ Ck for position k ∈ K
where Ck = {C ∈ C | C ⊆ Ik} is the set of possible minimal covers at position
k. Since only |C| − 1 jobs of C can be scheduled in parallel, the cover cuts
are given by∑

i∈C

µik − αk ≤ (|C| − 1)(s̄k+1 − s̄k) ∀k ∈ K,C ∈ Ck (5.7)

This can be seen as energetic reasoning cuts where the resource demand of
each i ∈ C is one and the capacity is |C| − 1. This illustration motivates our
later generalization in Section 5.2.

Clique Cuts

Let C∗ denote the set of cliques in the disjunctive graph G∗ = (I, E∗) with
(i, j) ∈ E∗ if jobs i and j cannot be scheduled in parallel, especially if (i, j) ∈
E. Similarly, let C∗k = {C∗ ∈ C∗ | C∗ ⊆ Ik} denote the set of cliques at
interval k ∈ K. The clique cuts are given by the inequalities∑

i∈C∗
µik − αk ≤ s̄k+1 − s̄k ∀k ∈ K,C∗ ∈ C∗k (5.8)

which counts the total duration of all i ∈ C∗ at interval k ∈ K because all
jobs in C∗ must appear in sequence.

Redundant Function Cuts

Redundant functions are strongly related to dual-feasible functions, see Fekete
and Schepers [33] and Clautiaux et al. [35] for a survey. It was brought into
the context of the RCPSP by Carlier and Néron [23] and studied extensively
in Carlier and Néron [34]. Formally, a dual-feasible function is a function
f : [0, D] 7→ [0, D′] that satisfies∑

i∈I′
δi ≤ D =⇒

∑
i∈I′

f(δi) ≤ f(D)
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for a subset I ′ ⊆ I and D,D′ ∈ N. A redundant function is a discrete dual-
feasible function. If we consider redundant functions in terms of an energetic
reasoning constraint (5.6) for some resource r ∈ R, we get new inequalities
of the form ∑

i∈I′
dirµik − αk ≤ Dr(s̄k+1 − s̄k)

=⇒
∑
i∈I′

f(dir)µik − αk ≤ f(Dr)(s̄k+1 − s̄k) ∀k ∈ K (5.9)

Note that redundant functions are value-dependent, that is they neither
depend on the jobs or the resources. But for a proper redundant function
f the scalarization of the coefficients may yield stronger inequalities. Since
redundant functions are discrete mappings, there are finitely many of them.
In [34] they presented a full characterization and a method to compute all
maximal and non-dominated redundant functions for small values of D′. In
particular, not all valid cuts can be generated by maximal redundant func-
tions.

Precedence Cut 1

Similar to the disaggregated precedence constraints of the previous sections
we derive precedence cuts as follows:

k∑
k′=1

µjk′

pj
+

|K|∑
k′=k+1

µik′

pi
≤ 1 ∀(i, j) ∈ E, k ∈ K (5.10)

In contrast to the MIP modeling, (i, j) ∈ E can both be active in the same
interval.

Precedence Cut 2

The following precedence-based cuts were originally introduced by Baptiste
and Demassey [24] for the model of Brucker and Knust. But due to the later
transformation (5.14) it is also valid for this model. Let mi ≥ 0 denote the
midpoint when job i ∈ I is active. It must hold

pj + pi
2

≤ mj −mi ∀(i, j) ∈ E. (5.11)
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If job i ∈ I starts in interval k then mi is at least s̄k + 1
2

and at most s̄k − 1
2
.

Therefore, the following cuts are valid:∑
k∈Ki

(
s̄k +

1

2

)
· µik
pi
≤ mi ≤

∑
k∈Ki

(
s̄k+1 −

1

2

)
· µik
pi

∀i ∈ I. (5.12)

It measures the ’average’ starting times with respect to the lower and upper
time bounds s̄k and s̄k+1.

Incompatible Intervals

The next cuts are based on the observation that a job i ∈ I cannot simulta-
neously be active in intervals [s̄k, s̄k+1] and [s̄l, s̄l+1] with s̄k+1 + pi − 1 ≤ s̄l.
Let Kinci ⊆ 2K be a set of incompatible intervals for job i ∈ I. Then the
inequalities ∑

k∈K′

µik
s̄k+1 − s̄k

≤ 1 ∀i ∈ I,K ′ ∈ Kinci (5.13)

restrict the total portion of job i to one on these intervals. Since the general
model has a polynomial number of variables, maximum violated incompatible
intervals are well-suited for separation. Haouari et al. [25] identified the
separating sets K ′ as maximum weighted cliques in the position graph with
edges between any two positions (k, l) with s̄k+1 + pi − 1 ≤ s̄l.

5.2 Primal-Dual Cutting Planes

In this section we compare the two LP models that of last section in terms of
their induced polyhedra. A first apparent but important observation is the
following linear transformation between the models:

µik =
∑

F∈Fk:i∈F

ξFk ∀i ∈ I, k ∈ Ki. (5.14)

In other words, the duration of job i ∈ I in interval k ∈ Ki is equal to the
total duration of all job subsets F ∈ Fk that contain job i. This transforma-
tion reveals that the model of Brucker and Knust has the stronger relaxation
since any inequality involving µik variables can be expressed by the ξFk vari-
ables. However, the model has exponentially many variables. We deduce the
following corollary.
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Corollary 5.2. The model of Brucker and Knust has the stronger LP-
relaxation if all cuts (5.5)-(5.13) are added.

But more than that. In the following we show that the cutting planes (5.6)-
(5.9) are implied by the feasible subset model. In exchange, we are interested
in the type of cuts that we would have to add to the model of Carlier and
Néron in order to get the same bound as in the exponential model. For this,
we propose a general characterization of cutting planes of the form∑

i∈Ik

δikµik − αk ≤ s̄k+1 − s̄k ∀k ∈ K

with valid coefficients d̃ik ≥ 0 for all i ∈ I and k ∈ Ki. Note that inequalities
(5.6)-(5.9) are of this type. It turns out that such cuts originate from the
dual LP of Brucker and Knust. From that, we deduce a separation algorithm
that approximates the bound of Brucker and Knust.

The basic idea is to incorporate the µik variables into the model of Brucker
and Knust while preserving the transformation. Therefore, we rewrite their
model by decomposing inequality (5.1) which yields:

min
∑
k∈K

αk∑
F∈Fk:i∈F

ξFk ≥ µik ∀i ∈ I, k ∈ Ki (5.15)∑
k∈Ki

µik ≥ pi ∀i ∈ I (5.16)∑
F∈Fk

ξFk − αk ≤ s̄k+1 − s̄k ∀k ∈ K (5.17)

ξFk ≥ 0 ∀k ∈ K,F ∈ Fk
µik ≥ 0 ∀i ∈ I, k ∈ Ki.

By summing up (5.15) over all k ∈ Ki we get∑
k∈Ki

∑
F∈Fk:i∈F

ξFk ≥
∑
k∈Ki

µik ≥ pi ∀i ∈ I

which again reproduces the original inequality. Note that in (5.15) we can
assume an inequality since any optimal LP solution expects equality which
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maintains the transformation (5.14). Consequently, the model is equivalent.
In the following we construct a cutting plane scheme. For this, introduce
dual variables βi, γk, δik ≥ 0 and state the dual LP as follows:

max
∑
i∈I

βipi −
∑
k∈K

γk(s̄k+1 − s̄k)∑
i∈F

δik − γk ≤ 0 ∀k ∈ K,F ∈ Fk (5.18)

γk ≤ 1 ∀k ∈ K (5.19)

βi − δik ≤ 0 ∀i ∈ I, k ∈ Ki (5.20)

δik ≥ 0 ∀i ∈ I, k ∈ Ki

γk ≥ 0 k ∈ K
βi ≥ 0 i ∈ I.

Note that the dual can be decomposed for all k ∈ K. The main theorem
states as follows.

Theorem 5.3. Given solution vectors ξ, µ, α ≥ 0 and δ, γ, β ≥ 0 to the
primal and dual LP, the inequality

∑
i∈Ik δikµik − αk ≤ s̄k+1 − s̄k is valid for

every k ∈ K.

Proof. Assume ξ, µ, α and δ, γ, β are feasible solutions to the primal and dual
LP. Then it holds

∑
i∈Ik

δikµik
(5.15)

≤
∑
i∈Ik

δik
∑

F∈Fk:i∈F

ξFk =
∑
F∈Fk

ξFk
∑
i∈F

δik

(5.18)

≤
∑
F∈Fk

ξFkγk
(5.19)

≤
∑
F∈Fk

ξFk
(5.17)

≤ s̄k+1 − s̄k + αk

which shows the statement.

Theorem 5.4. Given optimal solution vectors ξ∗, µ∗, α∗ ≥ 0 and δ∗, γ∗, β∗ ≥ 0
to the primal and dual LP, it holds

∑
i∈Ik δ

∗
ikµ
∗
ik − α∗k = γ∗k(s̄k+1 − s̄k) for

each k ∈ K.
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Proof. By complementary slackness it must hold

δ∗ik(
∑

F∈Fk:i∈F

ξ∗Fk − µ∗ik) = 0 ∀i ∈ I, k ∈ Ki (5.21)

ξ∗Fk(γ
∗
k −

∑
i∈F

δ∗ik) = 0 ∀k ∈ K,F ∈ Fk (5.22)

γ∗k(s̄k+1 − s̄k + α∗k −
∑
F∈Fk

ξ∗Fk) = 0 ∀k ∈ K (5.23)

α∗k(1− γ∗k) = 0 ∀k ∈ K (5.24)

This implies∑
i∈Ik

δ∗ikµ
∗
ik

(5.21)
=
∑
i∈Ik

δ∗ik
∑

F∈Fk:i∈F

ξ∗Fk =
∑
F∈Fk

ξ∗Fk
∑
i∈F

δ∗ik

(5.22)
=

∑
F∈Fk

ξ∗Fkγ
∗
k

(5.23)
= γ∗k(s̄k+1 − s̄k + α∗k)

(5.24)
= γ∗k(s̄k+1 − s̄k) + α∗k

which yields the result.

Theorem 5.5. Let k ∈ K and
∑

i∈F δik ≤ 1 for all F ∈ Fk with δik ≥ 0 for
all i ∈ Ik. Then the inequality

∑
i∈Ik δikµik − αk ≤ s̄k+1 − s̄k is valid.

Proof. In the dual constraints (5.18) and (5.19) we set γk = 1 without loss
of generality. Therefore, the values δik are dual-feasible by (5.18) and by
Theorem 5.3 the inequality is valid.

Theorem 5.5 gives a characterization of valid cuts for the LP of Carlier
and Néron from a dual interpretation of the LP of Brucker and Knust, see
Figure 5.1. In the next section we derive a separation algorithm in order
to strengthen the LP bound of Carlier and Néron. Furthermore, note that
the model still relaxes the precedence and non-preemptivity conditions. The
next example shows where generated cuts are not maximal with respect to
the general RCPSP.
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Primal Dual

Relaxed Primal

(5.14)

⊆

complementary
slackness

add dual cuts

(exponential)

(polynomial)

Figure 5.1: Adding dual cuts from separation

Example 5.6. Assume intervals K = {1, 2, 3} and resources |R| = 1 with
D = 2. Furthermore, let I = {i1, i2, i3} with pi = 2 and di = 1 for all i ∈ I
and define interval starting times s1 = 0, s2 = 1, s3 = 2, s4 = 3 where s4 is
the considered makespan. The feasible subsets are {1, 2}, {1, 3}, {2, 3} which
yields the maximum valid inequalities

µ1k −αk ≤ s̄k+1 − s̄k
µ2k −αk ≤ s̄k+1 − s̄k

µ3k −αk ≤ s̄k+1 − s̄k
0.5µ1k +0.5µ2k +0.5µ3k −αk ≤ s̄k+1 − s̄k

for each k ∈ K and µik ≥ 0 for all i ∈ I, k ∈ K. The corresponding LP
has the optimal solution µ11 = µ12 = µ22 = µ23 = µ31 = µ33 = 1 and zero
otherwise, see Figure 5.2. This yields an objective value of

∑
k∈K αk = 0. But

in the general RCPSP there is no feasible solution to this instance, since one
job must be split. The considered cutting planes use only local information
at each k ∈ K and do not take into account non-preemtivity or precedence
constraints on subsets K ′ ⊆ K. This is the remaining weakness of these cuts.

Example 5.6 shows that for the general RCPSP these cuts are not suf-
ficient. From our experience it seems hard to find stronger cutting planes
without computing real subinstances of the RCPSP which makes a sepa-
ration approach hard to deal with. Discretization may help here, but the
ultimate goal would be to integrate non-preemtivity and precedences into
cutting planes that can be computed efficiently.
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0 1 2 3

i1

i2i3

i3

Figure 5.2: Example where the dual cuts are not sufficient to prove infeasibility.

Theorem 5.5 gives rise to use a separation routine for the LP model of
Carlier and Néron. But first we show that a number of proposed cutting
planes of Section 5.1.2 are implied by Theorem 5.5.

Implied Inequalities

We show that the stated inequalities (5.6)-(5.9) are dominated by inequalities
obtained from Theorem 5.5. In particular, these inequalities are of the form∑

i∈Ik

δikµik ≤ s̄k+1 − s̄k ∀k ∈ K.

Therefore, we have to guarantee that the coefficients satisfy∑
i∈F

δik ≤ 1 ∀k ∈ K,F ∈ Fk. (5.25)

In the following we show this for each of the stated inequalities.

Corollary 5.7. The coefficients of the trivial job cuts (5.4) satisfy (5.25).

Proof. For given i ∈ I set δik = 1 for all k ∈ K and zero otherwise. Then∑
i∈F

δik ≤ 1 ∀k ∈ K,F ∈ Fk

which proves the statement.

Corollary 5.8. The coefficients of the energetic cuts (5.6) satisfy (5.25).

Proof. Let r ∈ R and set δik = dir
Dr

for all i ∈ I, k ∈ K. Then it holds∑
i∈F

δik =
∑
i∈F

dir
Dr

≤ 1 ∀k ∈ K,F ∈ Fk

by definition of a feasible subset.
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Corollary 5.9. The coefficients of the cover cuts (5.7) satisfy (5.25).

Proof. For given k ∈ K and minimal cover C ∈ Ck set δik = 1
|C|−1 for all

i ∈ C and δjk = 0 for all j ∈ I \ C. Then for any feasible subset F ∈ Fk it
holds ∑

i∈F

δik ≤
∑
i∈F

1

|C| − 1
≤ 1

since |F | ≤ |C| − 1 by definition of a minimal cover.

Corollary 5.10. The coefficients of the clique cuts (5.8) satisfy (5.25).

Proof. For given k ∈ K and clique C∗ ∈ C∗k in the disjunctive graph set
δik = 1 for all i ∈ C∗ and δjk = 0 for all j ∈ I \ C∗. Since for each feasible
subset F ∈ Fk and i, j ∈ C∗ with i 6= j it holds |{i, j} ∩ F | ≤ 1, we get∑

i∈F

δik ≤ 1.

Corollary 5.11. The coefficients of the redundant function cuts (5.9) satisfy
(5.25).

Proof. Let r ∈ R be a resource and f be a redundant function as defined in
(5.9). Setting δik = f(dir)

f(Dr)
for all i ∈ I, k ∈ K yields

∑
i∈F

δik =
∑
i∈F

f(dir)

f(Dr)
≤ 1 ∀k ∈ K,F ∈ Fk

by definition of a redundant function.

In the following we give an example that shows the strengths of the in-
equality coefficients compared to the maximum valid cuts of Theorem 5.5.

Example 5.12. Given jobs I = {1, 2, 3, 4, 5} with resource demands d =
(3, 5, 8, 9, 11) and capacity D = 15. The minimal covers are {1, 2, 3}, {1, 2, 4},
{2, 5}, {3, 4}, {3, 5}, {4, 5}. The non-dominated cliques are {3, 4, 5} and {2, 5}.
As redundant function we take, for example, f(3) = 0, f(5) = 1, f(8) =
f(9) = 2, f(11) = 3 and f(15) = 3. For every k ∈ K we get the following
inequalities:
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Energetic cut

0.2µ1k +0.33µ2k +0.53µ3k +0.6µ4k +0.73µ5k ≤ s̄k+1 − s̄k

Cover cuts

0.5µ1k +0.5µ2k +0.5µ3k ≤ s̄k+1 − s̄k
0.5µ1k +0.5µ2k +0.5µ4k ≤ s̄k+1 − s̄k

µ2k +µ5k ≤ s̄k+1 − s̄k
µ3k +µ4k ≤ s̄k+1 − s̄k
µ3k +µ5k ≤ s̄k+1 − s̄k

µ4k +µ5k ≤ s̄k+1 − s̄k

Clique cuts

µ3k +µ4k +µ5k ≤ s̄k+1 − s̄k
µ2k +µ5k ≤ s̄k+1 − s̄k

Redundant function cut

0.33µ2k +0.66µ3k +0.66µ4k +µ5k ≤ s̄k+1 − s̄k

Maximum valid cuts from (5.25)

0.5µ1k +0.5µ2k +0.5µ3k +0.5µ4k +0.5µ5k ≤ s̄k+1 − s̄k
µ3k +µ4k +µ5k ≤ s̄k+1 − s̄k

µ2k +µ5k ≤ s̄k+1 − s̄k
µ1k ≤ s̄k+1 − s̄k

In Example 5.12 every cut can be generated from maximum valid cuts by
taking a proper convex combination. Since maximal redundant functions are
monotonically increasing, see [34], the third inequality of the maximum valid
cuts would not be obtainable by a maximal redundant function. However,
maximal redundant functions may be computed more efficiently. Figure 5.3
gives a further polyhedral view on the different cutting planes.
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s̄k+1 − s̄k

µ1k

µ2k

s̄k+1 − s̄k

µ1k

µ2k

s̄k+1 − s̄k

µ1k

µ2k

Figure 5.3: Further example for two jobs with p = (3, 5), d = (5, 4) and D = 6. From
left to right: (a) trivial cuts, (b) energetic cut, (c) with cover/clique/maximal valid cut
(same in this example)
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5.3 Two Cutting Plane Algorithms

In the following we introduce two approximative approaches to compute lower
bounds for the RCPSP. The first is based on the model of Carlier and Néron,
as presented in Section 5.1.2. We use our knowledge of Section 5.2 in order
to compute maximum violated cuts at each interval k ∈ K. The second
algorithm is based on the transformation equalities (5.14). We take the
cuts (5.5)-(5.12) originally provided for the model of Carlier and Néron and
integrate them into the model of Brucker and Knust. The resulting linear
program is solved by column generation or, equivalently, by separation in the
dual linear program.

5.3.1 Dual Cut Approximation Algorithm

Consider the LP model of Carlier and Néron as introduced in Section 5.1.2:

min
∑
k∈K

αk∑
k∈Ki

µik ≥ pi ∀i ∈ I

µik − αk ≤ s̄k+1 − s̄k ∀i ∈ I, k ∈ Ki

µik ≥ 0 ∀i ∈ I, k ∈ Ki

αk ≥ 0 k ∈ K

Due to Theorem 5.5 we construct separating cutting planes of the form∑
i∈Ik

δikµik − αk ≤ s̄k+1 − s̄k ∀k ∈ K.

In particular, given an optimal solution µ∗ to the above LP we look for
coefficients δik such that

∑
i∈Ik δikµ

∗
ik − αk > s̄k+1 − s̄k. By Theorem 5.5 we

solve the following separation problem which we simply call the ’subproblem’:

max
∑
k∈K

∑
i∈Ik

δikµ
∗
ik∑

i∈F

δik ≤ 1 ∀k ∈ K,F ∈ Fk

δik ≥ 0 ∀k ∈ K, i ∈ Ik.
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Algorithm 3: Solve relaxed LP

Input: instance of RCPSP, fixed Cmax
Output: Is there a feasible LP-solution?

1 Nk ← ∅ ∀k ∈ K
2 N ←

⋃
k∈K Nk

3 β ← true
4 while β = true do // solve LP and look for cuts

5 β ← false
6 (µ∗, α∗)← solveLP (N)
7 for k ∈ K do // solve subproblem for all k ∈ K
8 δk ← solveSub(µ∗, k)
9 if

∑
i∈I δikµ

∗
ik − α∗k > s̄k+1 − s̄k then // add inequality

10 Nk ← Nk ∪ {δ}
11 β ← true

12 β ← β ∧
∑

k∈K αk = 0

13 return φ∗ = 0

Note that this LP decomposes for all k ∈ K. If the optimal solution δ∗

of the LP satisfies
∑

i∈Ik δ
∗
ikµ
∗
ik > s̄k+1 − s̄k for some position k ∈ K the

cut
∑

i∈Ik δ
∗
ikµik − αk ≤ s̄k+1 − s̄k is added to the LP. This procedure is

repeated until either
∑

k∈K αk > 0 or no further violated cutting plane is
found, compare Algorithm 3 for a complete description.

In particular, the separation subproblem has exponentially many con-
straints, hence it is also solved by separation. For given k ∈ K and current
solution δik, we look for a feasible subset F ∈ Fk with

∑
i∈Fk

δik > 1. There-
fore, we solve a MDKC for each k ∈ K by the following MIP:

max
∑
i∈I

δikxi∑
i∈Ik

dirxi ≤ Dr ∀r ∈ R

xi + xj ≤ 1 ∀(i, j) ∈ I2k ∩ E
xi ∈ {0, 1} ∀i ∈ Ik

If the optimal solution x∗ satisfies
∑

i∈I δikx
∗
i > 1, the cut

∑
i∈I δikx

∗
i ≤ 1 is

added to the subproblem. Otherwise, if there exists no improving cut for the
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Algorithm 4: solveSub

Input: LP solution µ∗, position k ∈ K
Output: maximal feasible coefficients δi, i ∈ I

1 F ′ ←
⋃
i∈I{i}

2 φ←∞
3 while φ > 1 do // look for separating cut

4 δ ← solveSubLP (µ∗,F ′)
5 (φ, x)← solveMDKC(δ, k)
6 if φ > 1 then // if violated, add cut

7 F ′ ← F ′ ∪ {i ∈ I | xi = 1}

8 return δ

subproblem then the current solution of the subproblem is optimal, compare
Algorithm 4. The entire approach relies on double-separation. At first glance,
this seems computationally intractable. But since knapsack problems are
routine for modern MIP solvers, their computation is fast in practice.

5.3.2 Model Extension

Basically, this section extends the model of Brucker and Knust [22] by ad-
ditional cuts that were introduced in Section 5.1.2 originally for the model
of Carlier an Néron. The transformation (5.14) allows us to integrate them
into the exponential model. Therefore, recall the basic model of Brucker and
Knust as introduced in Section 5.1.1 and the cutting planes of Section 5.1.2.
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The extended model of Brucker and Knust states as follows:

min
∑
k∈K

αk∑
F∈Fk
i∈F

ξFk ≥ pi ∀i ∈ I (5.26)

∑
F∈Fk

ξFk − αk ≤ s̄k+1 − s̄k ∀k ∈ K (5.27)∑
F∈Fk
i∈F

ξFk ≥ p(i, k) ∀i ∈ I, k ∈ Ki (5.28)

k∑
k′=1

∑
F∈Fk′
i∈F

ξFk′

pi
−
∑
F∈Fk′
j∈F

ξFk′

pj

 ≥ 0 ∀(i, j) ∈ E, k ∈ K (5.29)

mi −
∑
k∈K

∑
F∈Fk
i∈F

(
sk +

1

2

)
ξFk
pi
≥ 0 ∀i ∈ I (5.30)

∑
k∈K

∑
F∈Fk
i∈F

(
sk+1 −

1

2

)
ξFk
pi
−mi ≥ 0 ∀i ∈ I (5.31)

mj −mi ≥
pi + pj

2
∀ (i, j) ∈ E (5.32)∑

k∈K′

∑
F∈Fk
i∈F

ξFk
s̄k+1 − s̄k

≤ 1 ∀i ∈ I,K ′ ∈ Kinci (5.33)

ξFk ≥ 0 ∀k ∈ K,F ∈ Fk
αk ≥ 0 ∀k ∈ K
mi ≥ 0 ∀i ∈ I

Constraints (5.26) and (5.27) are adopted from the standard model. Inequal-
ities (5.28) correspond to the energetic reasoning constraints and (5.29) are
precedence cuts type 1. Additionally, (5.30)-(5.32) are the precedence con-
straints type 2. Finally, (5.33) are the incompatible position subsets cuts.

For the generation of the sets Kinci we adopted the heuristic of Baptiste
and Demassey [24] and extended it by consideration of additional step sizes.
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In order compare this approach with the algorithm of Section 5.3.1 in terms
of lower bounds, we formulated the dual of the above linear program and
solved it by extensive separation. As given in Brucker and Knust [22], the
pricing/separation problem consists of solving a MDKC. In our implementa-
tion we solved a MDKC at each position k ∈ K and, if violated, added the
corresponding cut to the LP. This allows us to add more than one violated
cutting plane and hence to speed-up the computation.

5.4 Linear Extension for MIP

In Section 5.1.2 the linear programming model of Carlier and Néron was
introduced to compute lower bounds for the RCPSP. This linear program
has strong structural similarities to the compact MIP models of Chapter 2.
In the following we transfer the same bounds to our compact MIP setting.
Therefore, recall the MIP models OOE, SEE and DP. In contrast to previ-
ous sections of this chapter, we define the set K = {1, ..., n} as originally
introduced in Chapter 2. Hence, also the interval starting times sk ≥ 0 with
k ∈ K are variables again.

The MIP models OOE, SEE and DP include the constraints (2.8), (2.17)
and (2.33) which couple the starting times sk with the positional assignments
of the jobs. In this approach, we replace each of these constraints by the
following inequalities that were taken from Section 5.1.2:∑

k∈K

µik ≥ pi ∀i ∈ I (5.34)

µik ≤ sk+1 − sk ∀i ∈ I, k ∈ K (5.35)

µik ≥ 0 ∀i ∈ I, k ∈ K.

As before, the variables µik denote the partial duration of job i ∈ I in inter-
val k ∈ K. Now the µ variables are coupled with the decision variables each
compact MIP model.

Coupling Inequalities

In each of the models OOE, SEE and DP the coupling is based on the same
correlation: if job i ∈ I is partially assigned to interval k ∈ K, then it must
be active in interval k. Therefore, the coupling inequalities are obtained
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analogous to the transformations of Chapter 3:

µik ≤ piuik ∀i ∈ I, k ∈ K (OOE)

µik ≤ pi

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′

)
∀i ∈ I, k ∈ K (SEE)

µik ≤ pi
∑

(k′,l′)∈Ak

zik′l′ ∀i ∈ I, k ∈ K (DP)

Since every job i ∈ I has its duration pi distributed to intervals, the
fractional µik variables imply binary expressions. From a polyhedral point of
view this seems weak at first glance. But due to the new correlation to the
sk variables, even the current formulation yields decent bounds. However,
the main benefit of this linear extension emerges from strong valid cutting
planes involving the µ variables. A first example is given by the energetic
reasoning cuts as introduced in Section 5.1.2:∑

i∈I

dir
Dr

µik ≤ sk+1 − sk ∀k ∈ K, r ∈ R. (5.36)

Theorem 5.13. Let B = maxr∈R
dirpi
Dr

and assume an instance of RCPSP

with E = ∅ and pi ≤ B−2
2

for all i ∈ I. Furthermore, assume the linear
extension of the models OOE, SEE and DP given by (5.34)-(5.36). For the
optimal values of the LP-relaxation it holds:

OPTLP (DDT ) ≤ OPTLP (OOE) ≤ OPTLP (SEE) ≤ OPTLP (DP ).

Proof. Summing up (5.36) for all k ∈ K gives
∑

i∈I
dirpi
Dr
≤ sn+1 for all

r ∈ R, thus B ≤ sn+1 in each of the models OOE, SEE and DP. By Propo-
sition 2.1 we have OPTLP (DDT ) ≤ B. Moreover, Theorem 3.13 and The-
orem 3.14 yield B ≤ OPTLP (OOE) ≤ OPTLP (SEE) ≤ OPTLP (DP ) since
the coupling inequalities preserve the used transformations between the mod-
els. Consequently, the statement is valid.

The proposition reveals that without precedence constraints the compact
models have provably better LP bounds than DDT. The condition pi ≤ B−2

2

for all i ∈ I is satisfied in almost every practical instance. Moreover, energetic
reasoning cuts are by far not the strongest cuts, see the implied inequalities
of Section 5.2. For more sophisticated tightening we use Theorem 5.5 and
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compute the corresponding cuts with respect to random search directions.
This is furthermore helpful to keep track of the model size and to maintain
the compactness property of the models.

Randomized Cut Generation

We follow the scheme of Section 5.2 and look for cutting planes of the form∑
i∈I

δikµik ≤ sk+1 − sk ∀k ∈ K

for valid coefficients δik with i ∈ I and k ∈ K. that are not yet determined.
It suggests to compute maximum valid coefficients δik by solving the LP

max
∑
i∈I

∑
k∈K

δikλik∑
i∈F

δik ≤ 1 ∀k ∈ K,F ∈ Fk (5.37)

δik ≥ 0 ∀i ∈ I, k ∈ K

for objective coefficients λik ∈ R≥0. Note that the LP can be decomposed for
all k ∈ K. In particular, we generate the values λik ∈ [0, 1] randomly with
respect to a uniform distribution, see Algorithm 5. This has several reasons.

First, an exact separation approach, as in Section 5.3.1, requires too many
cuts in order to solve the MIP efficiently. Moreover, a small number of cuts
suffices to generate very reasonable lower bounds. Furthermore, we intend
to maintain the compactness of the models, so the number of random cuts is
chosen constant. Finally, randomization appears to be a valuable approach
in this context. On average, the probability is high that an optimal solution
has high coefficients for mutually exclusive jobs. This includes, for example,
jobs that belong to a precedence path. On the contrary, there is a small
probability that a cut has high coefficients, for instance, for two jobs that
cannot be scheduled in parallel according to resource restrictions. If many
jobs are involved, it is indeed unlikely that the LP-relaxation violates such a
cut. Consequently, the randomized cuts have high coefficients for job subsets
that certainly induce a conflict when assigned to the same interval.
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Algorithm 5: Generate randomized cutting planes

Input: H ∈ Z≥0 number of cutting planes
Output: random cuts Nk, k ∈ K

1 Nk ← ∅ ∀k ∈ K
2 for h = 1, ..., H do // generate random cut

3 λ = (λi)i∈I ← uniform(0, 1)
4 δ ← solveSub(λ)
5 for k ∈ K do // add cut to all k ∈ K
6 Nk ← Nk ∪ {δ}

7 return N ←
⋃
k∈K Nk

Let δ∗ is an optimal solution to the stated linear program. Then the cut∑
i∈I

δ∗ikµik ≤ sk+1 − sk ∀k ∈ K

is added to the MIP model.
The cut generation approach provides a synergy effect. The coefficients δik

from (5.37) also strengthen the integer part of the model. In particular, they
correspond to feasible solutions of the polar, or anti-blocking respectively,
polytope of the induced knapsack sub-polytope at every position k ∈ K.
Therefore, the coefficients are valid for the binary activity variables at each
k ∈ K. That is, given values δik ≥ 0 for all i ∈ I, k ∈ K that satisfy (5.37)
the following inequalities are valid:∑

i∈I

δikuik ≤ 1 (OOE)

∑
i∈I

δik

(
k∑

k′=1

xik′ −
k∑

k′=2

yik′

)
≤ 1 (SEE)∑

i∈I

∑
(k′,l′)∈Ak

δikzik′l′ ≤ 1 (DP)

Note that, in combination with these cuts, the coefficients from (5.37)
generalize the minimal cover inequalities of Section 4. We consider the same
knapsack subpolytope at each position k ∈ K. Since (5.37) includes the
coefficients of all valid inequalities of the subpolytope, it also contains the
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coefficients of the lifted cover cuts. Consequently, the randomization ap-
proach may yield stronger inequalities than the lifted cover inequalities of
Section 4.



Chapter 6

Computational Results

This chapter presents the results of our computational study concerning the
different models of this thesis. As testing environment we used the problem
instances of the PSPLIB [65]. It includes RCPSP instances that involve
30-120 jobs and 4 resources with different scales of precedence and resource
strength. First, we evaluate the DDT model and the compact MIP models
and compare them with regard to the LP-relaxation, as well as lower and
upper bounds after MIP solving. Subsequently, we discuss the two linear
programming algorithms of Section 5.3.

Our computations were executed on a 3.50GHz Intel Xeon CPU with
16GB RAM. For LP and MIP solving we used the commercial solver CPLEX
version 12.6.

6.1 MIP Models

The time-indexed model DDT and the compact models OOE, SEE, HPF
and DP were implemented. For SEE and HPF we used the revised version,
as introduced in Chapter 2. The performance of the models was tested on
the J30 test set which contains 480 instances, each including 30 jobs.

Our first attempts showed that the HPF model is not suited for the J30
instances. We neither get acceptable lower bounds or integral solutions in
reasonable time. It is rather applicable for instances with 10-15 jobs. Because
of the weak performance, we only refer to OOE, SEE and DP in the following.

91
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LP-Relaxation

If we consider the compact models in their standard version of Chapter 2
the optimal value of the LP-relaxation is weak in all compact models, espe-
cially in OOE where it is close to zero. It is not exactly zero, as stated in
Proposition 2.7, because of the preprocessing step of Section 2.6. On average
over all J30 instances, OOE attains 1.2%, SEE 38.72% and DP 38.72% of the
LP-relaxation value of DDT. In other words, the LP-bound of DDT is more
than twice the bound of SEE and DP. On most instances, the LP-relaxation
value of SEE and DP is equal. This shows that the linear transformation of
Chapter 3 is tight in practice. Moreover, MIP solving suffers from the weak
bounds in the standard models. Our testings showed that the strengthening
approaches of OOE and SEE could not contribute to the solving performance
on the J30 instances. At this point, the linear extension and cutting plane
approach of Section 5.4 is much more valuable.

According to Section 5.4, we computed 30 random cuts which are added
to all positions k ∈ K by decomposition. This approach drastically increases
the value of the LP-relaxation, see Table 6.1. On average, the LP-relaxation
value of SEE and DP gets larger by a factor of 2.78 compared to the previous
bound. Naturally, the factor becomes very large for OOE since the standard
LP-value is close to zero.

OOE SEE DP

min 20.90 1.71 1.78

max 636.16 6.17 5.91

average 129.51 2.786 2.79

Table 6.1: Randomized cuts: average increase of the LP-relaxation value by factor

In the following we only refer to the extended compact models that in-
clude the randomized cutting planes. In this case, the compact models yield
LP-bounds that are on average 5.6% larger than DDT. But we fairly have to
distinguish between the different instances. On instances where DDT per-
forms weak the LP-relaxation value of the compact models is about 27%
larger, see Table C.1 in the appendix. This is explained by the weakness
of DDT on cumulative instances that are rather independent of the prece-
dence relations, see Theorem 5.13. In this context, the compact models yield
considerably stronger LP-bounds. Note that in Table C.1 the optimal LP-
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values can deviate, since randomized cutting planes generate slightly different
bounds. This does not violate the inclusions shown in Section 3.

OOE SEE DP

#inst. %dev. #inst. %dev. #inst. %dev.

> 140 19.41% 136 20.16% 139 19.76%

= 273 - 266 - 270 -

< 67 -3.05% 78 -3.91% 71 -3.98%

Table 6.2: First column: Number of instances of J30 with greater/equal/smaller LP-
relaxation value than DDT. Second column: average % deviation from DDT.

MIP Solving

The stronger LP bounds have a significant impact on MIP solving. The DDT
model and the compact models have been tested on all 480 instances of J30
with a 300 second time limit. The scheduling horizon for DDT was set to
T = {1, ..., T} with T =

∑
i∈I pi. Table 6.3 shows the average size of the

models without presolving. The number of binary variables for OOE and SEE
is much less than for DDT, because it does not depend on T . Additionally,
the number of constraints of the compact models is larger because additional
relations concerning starting and completing a job have to be modeled. Since
in DP, starting and completing a job is implied by the variables, the number
of constraints is potentially smaller. In exchange, the number of variables
increases. Note that if the pi values are scaled by a sufficiently large number,
then the size of DDT becomes intractable for MIP solving. However, on the
J30 instances this is not the case.

DDT OOE SEE DP

# 0/1 variables 9368 900 1800 13050

# constraints 4980 6240 8423 5670

Table 6.3: Average number of binary variables and constraints on the J30 instances

After MIP solving, OOE and SEE found the optimal solution nearly as
often as DDT, but without optimality proof (remaining gap), see Table 6.4.
In case of proving optimality, all compact models underlie DDT. The DP
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model has weaker results than OOE and SEE which comes mainly from the
large number of variables, that is hard to deal with, already for n = 30.

DDT OOE SEE DP

optimal + proof 427 272 303 234

optimal + no proof 428 392 407 324

Table 6.4: Number of optimal instances of J30 (480 instances in total)

Tables 6.5 and 6.6 give an overview of the obtained lower and upper
bounds after MIP solving compared to DDT. On most instances, the lower
bounds of the compact models are weaker or equal to DDT. In case the
lower bounds of the compact models are larger than DDT, then by 12-13%
on average. This huge deviation is verified on the same hard cumulative
instances of Table C.1. Otherwise, if the lower bounds are smaller, then
about 7% on average. In addition, DDT is slightly better in finding solutions.
If the solutions found by DDT are better then about 4-5% for OOE and SEE
and 8-9% for DP. Otherwise, if the compact models provide better solutions,
then their objective value is about 8% smaller. Again, this is observed on
the hard instances of Table C.1. Similarly, the weakness of DP is due to the
large number of variables. A complete statistic of MIP solving on the J30
instances is given in Table B.1 in the appendix.

OOE SEE DP

#inst. %dev. #inst. %dev. #inst. %dev.

> 43 13.1% 47 13.16% 44 12.1%

= 266 - 294 - 231 -

< 171 -7.49% 139 -6.81% 205 -7.59%

Table 6.5: First column: Number of instances of J30 with greater/equal/smaller lower
bound than DDT after MIP solving. Second column: average % deviation to DDT.

Finally, the randomized cutting plane has been shown to have a significant
impact on the lower bounds and the solving performance of the compact mod-
els. On average, DDT performs better on the comparatively easier instances
which are stronger correlated to precedence constraints. On such instances,
the compact models miss to close the remaining minor gap in order to prove
optimality. Conversely, the compact models strictly outperform the DDT
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OOE SEE DP

#inst. %dev. #inst. %dev. #inst. %dev.

< 43 -8.54% 40 -8.66% 36 -7.68%

= 375 - 387 - 310 -

> 62 4.46% 53 4.74% 134 8.75%

Table 6.6: First column: Number of instances of J30 with smaller/equal/greater upper
bound than DDT after MIP solving. Second column: average % deviation to DDT.

model on highly cumulative instances. This originates from the strong cut-
ting planes of Section 5.4. Among the compact models, SEE shows the best
results followed by OOE and DP. We believe that this mainly comes from the
sparse structure of the revised model, which is well-suited for modern MIP
solvers. The OOE model benefits from the small number of variables, while
the large number of variables is the drawback of DP. Since the cut generation
is based on simple randomization there remains an unexplored potential in
compact models to solve even harder instances.

6.2 Linear Programming Lower Bounds

In the following we analyze the two linear programming approaches of Sec-
tion 5.3.1 and Section 5.3.2 to compute lower bounds for the RCPSP. Both
approaches were tested on the J60 and J120 instances, each involving 60 or
120 jobs respectively. It turns out that the first approximative scheme of
Section 5.3.1 cannot compete with the exponential LP of Section 5.3.2. On
most of the J60 and J120 instances, the approximative dual-cut scheme of
Section 5.3.1 does not terminate in a reasonable time limit. We strictly em-
phasize that the bottleneck is not the time needed to generate one violated
cutting plane via double separation, which is quite decent. The difficulty of
the approximation originates from polyhedral properties. In order to termi-
nate the approximation there are far too many cuts required. This is caused
by the polynomial representation of the model and the kind of separating
cuts. They restrict the polytope on certain knapsack sub-structures at each
interval k ∈ K. In contrast, the exponential model of Section 5.3.2 implies
these cuts by taking feasible subset variables. This is also the reason why
the exponential LP is favorable, since one pricing step in the exponential
model includes various cuts of the weaker model. In addition, the pricing
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problem consists of solving only a MDKC in contrast to an exponential LP
in the polynomial model. However, there might be one aspect where the first
algorithm dominates. As it is a polynomial model it is suited for additional
separation methods. In the exponential model it is hard to integrate both
column generation and separation. For example, the incompatible interval
cuts of Section 5.1.2 can be separated exactly in the first model, while the
exponential model uses a heuristic which is less effective. But at the current
state, the computational effort is too high to prefer it in terms of different
separation techniques.

Finally, the exponential model was applicable for the J60 and J120 in-
stances. The additional precedence cuts and the extended heuristic was al-
ready able to improve some of the best known lower bounds for the RCPSP,
see Tables 6.7 and 6.8. As reference we considered the provided lower bounds
of [25, 40, 65]. However, we have not added all possible cuts provided in [25].
Hence, we presumably receive even better lower bounds. As possible, we
submit additional results in a postpone paper.

Table 6.7: New lower bounds of the J60 instances

Inst. new LB increase

J6013 1 105 +1

J6029 3 115 +1

J6045 6 133 +1

J6045 9 115 +1

J6045 10 104 +2

Table 6.8: New lower bounds of the J120 instances

Inst. new LB increase

X34 3 99 +1

X52 10 131 +1

X53 2 109 +1

X53 10 124 +1



Chapter 7

Conclusion

This thesis studied compact MIP models for the Resource-Constrained Project
Scheduling Problem whose size is independent of the scheduling horizon. In
addition to two compact models OOE and SEE of Koné et al. [8] we presented
two novel compact MIP models DP and HPF. We showed that the models
OOE, SEE and DP are equivalent up to linear transformations. The same
holds for HPF and DPK, where DPK emerges from DP by adding a single
constraint. With respect to linear transformations, we proved the following
inclusions for the corresponding LP-relaxations:

P (DP )
⊆−→ P (SEE)

⊆−→ P (OOE) and P (DPK)
⊆−→ P (HPF ).

Furthermore, we examined lifted cover inequalities for the compact models
and showed that general cover cuts are facet-defining for certain knapsack
sub-polytopes of OOE, SEE and DP respectively. Sequential lifting was
proposed to extend cover inequalities to facets of the initial polytope. A closer
investigation revealed that sequential lifting can be done more efficiently, if
the precedence constraints are relaxed. The resulting lifting algorithm runs in
polynomial time and it is model-independent. Moreover, we addressed lower
bounds of the RCPSP and compared two recent linear programming models.
We identified a linear relation between these models and discovered a primal-
dual characterization of valid cutting planes for one of the models. Two
cutting plane algorithms are derived. Similar inequalities can be used for the
compact MIP models. We recommend randomization for their computation.

Our computational study demonstrates that, in the standard formula-
tion, the compact models are not competitive with DDT in any setting. In
contrast, adding the randomized cuts yields a very significant increase of
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the LP bounds. In MIP solving, the DDT models are preferred on com-
paratively easier disjunctive instances that are majorly determined by the
precedence graph. On harder cumulative instances the compact models are
highly preferred. Eventually, the compact models are also preferred when
the scheduling horizon is large. Concerning the two linear programming al-
gorithms, the polynomial model cannot compete with the exponential model
because the number of cuts needed to achieve the same bound is too large.
Minor modifications on the exponential model increased the best known lower
bounds on a few problem instances. Finally, the exponential LP model asks
for stronger cutting planes. In particular, it is searched for an efficient way
to exactly integrate non-preemtivity and precedences into the exponential
model by means of cutting planes or other approaches.

Finally, we make a statement regarding the long-term suitability of com-
pact MIP models for exact solving the RCPSP. This thesis highlighted strong
properties of the compact models. Especially on more difficult cumulative
instances our approach suggests more sophisticated cut generation within an
LP environment. But finally, we guess that MIP in general is not the best al-
ternative for solving the RCPSP in a compact manner. In LP terms, compact
modeling admits weak correlations between resource, time and decisional as-
pects of the RCPSP, even if the LP bounds is strong. In the future, MIP is
not expected to fill this space. In fact, a very promising direction would be to
incorporate the compact setting into a constraint programming framework.
Since some current CP approaches use time-discretization the search space
appears to be much smaller in a non-redundant compact representation of the
problem. In combination with strong conflict analysis, compact CP models
may become an alternative of growing importance to solve the RCPSP.
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Appendix A

Revised HPF Model

min sn+1∑
k∈K

xik = 1 ∀i ∈ I (A.1)∑
i∈I

xik = 1 ∀k ∈ K (A.2)

wkn+1 = 1 ∀k ∈ K (A.3)

sk − sl + pi(xik + wkl − 1) ≤ 0 ∀i ∈ I, (k, l) ∈ A (A.4)

sk − sk+1 ≤ 0 ∀k ∈ K (A.5)∑
i∈I

dirxik − fkn+1r = 0 ∀k ∈ K, r ∈ R (A.6)∑
(k,l)∈Ah

(fkl+1r − fklr) ≤ Dr ∀h ∈ K, r ∈ R (A.7)

fklr − d̄rwkl ≤ 0 ∀(k, l) ∈ A, r ∈ R (A.8)

wkl − wkl+1 ≤ 0 ∀(k, l) ∈ A : l < n+ 1 (A.9)

fklr − fkl+1r ≤ 0 ∀r ∈ R, (k, l) ∈ A : l < n+ 1
(A.10)

xik − wkl−1 +
n∑
h=l

xih +
l−1∑
h=1

xjh ≤ 1 ∀(i, j) ∈ E, (k, l) ∈ A (A.11)

xik ∈ {0, 1} ∀i ∈ I, k ∈ K
wkl ∈ {0, 1} ∀(k, l) ∈ A
fklr ≥ 0 ∀(k, l) ∈ A, r ∈ R
sk ≥ 0 ∀k ∈ K ∪ {n+ 1}



Appendix B

MIP Solutions

Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J301 1 43 43 43 5 38 43 300 43 43 71 38 43 300

J301 2 47 47 47 5 42 47 300 45 47 300 42 47 300

J301 3 47 47 47 3 43 47 300 47 47 67 43 47 300

J301 4 62 62 62 17 56 62 300 56.5 62 300 56 62 300

J301 5 39 39 39 5 36.14 39 300 37 39 300 35 40 300

J301 6 48 48 48 8 42 48 300 42 48 300 42 49 300

J301 7 60 60 60 3 60 60 1 60 60 2 60 60 6

J301 8 53 53 53 4 53 53 5 53 53 4 53 53 32

J301 9 49 49 49 8 45 50 300 46.5 49 300 45 49 300

J301 10 45 45 45 5 41 46 300 44 45 300 41 47 300

J302 1 38 38 38 4 34 38 300 37 38 300 34 38 300

J302 2 51 51 51 5 46 51 300 48 51 300 46 51 300

J302 3 43 43 43 4 43 43 3 43 43 13 43 43 205

J302 4 43 42 43 3 43 43 3 43 43 3 43 43 23

J302 5 51 51 51 4 51 51 2 51 51 3 51 51 15

J302 6 47 47 47 3 47 47 1 47 47 3 47 47 14

J302 7 47 47 47 4 47 47 2 47 47 2 47 47 54

J302 8 54 54 54 5 50 54 300 54 54 37 50 54 300

J302 9 54 54 54 5 51 54 300 51 54 300 51 54 300

J302 10 43 43 43 5 42.5 43 300 42.5 43 300 40.5 45 300

J303 1 72 72 72 5 72 72 2 72 72 1 72 72 3

J303 2 40 40 40 3 40 40 242 40 40 55 39 40 300

J303 3 57 57 57 3 57 57 2 57 57 2 57 57 4

J303 4 98 98 98 4 98 98 0 98 98 2 98 98 4

J303 5 53 53 53 6 46 53 300 53 53 189 43 53 300

J303 6 54 54 54 4 54 54 15 54 54 2 53 54 300

J303 7 48 48 48 3 48 48 2 48 48 3 48 48 3

J303 8 54 54 54 3 54 54 1 54 54 1 54 54 6

J303 9 65 65 65 3 60 65 300 65 65 109 60 65 300

J303 10 59 59 59 4 59 59 181 59 59 30 57 59 300

J304 1 49 49 49 3 49 49 2 49 49 1 49 49 90

J304 2 60 60 60 4 60 60 1 60 60 3 60 60 5

J304 3 47 47 47 3 47 47 3 47 47 3 47 47 19

J304 4 57 57 57 4 57 57 1 57 57 1 57 57 4

J304 5 59 59 59 4 59 59 2 59 59 2 59 59 4

J304 6 45 45 45 4 41 45 300 45 45 102 41 45 300

J304 7 56 56 56 6 56 56 2 56 56 2 56 56 9

J304 8 55 55 55 4 55 55 1 55 55 2 55 55 2

J304 9 38 38 38 3 38 38 10 38 38 5 38 38 300

J304 10 48 48 48 3 48 48 2 48 48 2 48 48 6

J305 1 53 53 53 16 44 53 300 51 53 300 44 59 300

J305 2 82 82 82 253 63 83 300 68 83 300 62 83 300
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J305 3 76 76 76 126 72 76 300 74 76 300 72 85 300

J305 4 63 63 63 197 52 63 300 52 65 300 52 66 300

J305 5 76 76 76 39 64 76 300 75 76 300 65 76 300

J305 6 64 64 64 45 61 70 300 64 67 300 61.49 73 300

J305 7 76 76 76 207 73 76 300 73 78 300 73 79 300

J305 8 67 67 67 38 57 67 300 57 68 300 55.33 77 300

J305 9 49 49 49 8 36.5 50 300 37.52 50 300 35.5 74 300

J305 10 70 70 70 66 59 71 300 59 70 300 59 76 300

J306 1 59 59 59 10 54 60 300 54 59 300 54 63 300

J306 2 51 51 51 7 46 52 300 50 51 300 46 52 300

J306 3 48 48 48 5 45 49 300 45 49 300 45 49 300

J306 4 42 42 42 9 36 42 300 36 42 300 36 48 300

J306 5 67 67 67 10 57 67 300 59 67 300 57 67 300

J306 6 37 37 37 4 35 37 300 35 37 300 35 38 300

J306 7 46 46 46 4 43 46 300 44 46 300 43 47 300

J306 8 39 39 39 4 39 41 300 39 39 293 39 44 300

J306 9 51 51 51 3 51 51 131 51 51 9 48 51 300

J306 10 61 61 61 10 58 61 300 58 61 300 58 67 300

J307 1 55 55 55 3 55 55 2 55 55 2 55 55 7

J307 2 42 42 42 3 42 42 6 42 42 5 42 42 94

J307 3 42 42 42 5 39 42 300 40 42 300 39 42 300

J307 4 44 44 44 3 44 44 109 44 44 6 44 44 225

J307 5 44 44 44 7 41 44 300 42 44 300 41 45 300

J307 6 35 35 35 3 35 35 2 35 35 2 35 35 25

J307 7 50 50 50 4 50 50 24 50 50 16 50 51 300

J307 8 44 44 44 5 43 44 300 43 44 300 43 44 300

J307 9 60 60 60 3 56 60 300 60 60 86 56 60 300

J307 10 49 49 49 4 49 49 127 49 49 38 45 49 300

J308 1 44 44 44 3 44 44 1 44 44 2 44 44 11

J308 2 51 51 51 4 51 51 1 51 51 4 51 51 10

J308 3 53 53 53 4 53 53 3 53 53 1 53 53 5

J308 4 48 48 48 3 48 48 2 48 48 2 48 48 15

J308 5 58 58 58 4 58 58 2 58 58 2 58 58 7

J308 6 47 47 47 5 47 47 4 47 47 2 47 47 23

J308 7 41 41 41 3 41 41 3 41 41 2 41 41 18

J308 8 51 51 51 3 51 51 2 51 51 2 51 51 23

J308 9 39 39 39 4 39 39 4 39 39 3 39 39 21

J308 10 67 67 67 3 67 67 1 67 67 1 67 67 5

J309 1 83 83 83 155 80 83 300 81 83 300 80 84 300

J309 2 92 70.58 98 300 90 92 300 92 92 45 90 92 300

J309 3 68 63.72 74 300 63 71 300 65 74 300 63 78 300

J309 4 71 68 72 300 62.25 75 300 61.33 76 300 63.25 79 300

J309 5 70 70 70 51 62 70 300 66 70 300 62 73 300

J309 6 59 59 59 159 48.67 64 300 49.71 69 300 49.12 63 300

J309 7 63 56 65 300 51 71 300 49 72 300 50.5 74 300

J309 8 91 81 97 300 81 92 300 81 93 300 81 93 300

J309 9 63 54 74 300 50.5 67 300 50.5 69 300 51 77 300

J309 10 88 83 88 300 82 88 300 88 88 230 76.09 92 300

J3010 1 42 42 42 5 41 42 300 41 42 300 41 50 300

J3010 2 56 56 56 28 52 57 300 52 57 300 52 61 300

J3010 3 62 62 62 18 61 63 300 61 64 300 61 69 300

J3010 4 58 58 58 24 53 59 300 53 59 300 53 63 300

J3010 5 41 41 41 6 35 45 300 41 41 230 41 46 300

J3010 6 44 44 44 8 40 44 300 40 45 300 40 53 300

J3010 7 49 49 49 7 47 49 300 47 49 300 47 53 300

J3010 8 54 54 54 9 50 54 300 50 55 300 50 62 300

J3010 9 49 49 49 3 49 49 1 49 49 4 49 49 10

J3010 10 41 40 41 8 37 41 300 37 43 300 37 51 300

J3011 1 54 54 54 6 52 54 300 52 54 300 52 59 300

J3011 2 56 56 56 7 56 58 300 56 56 66 56 58 300

J3011 3 81 81 81 4 81 81 1 81 81 1 81 81 3

J3011 4 63 63 63 6 63 63 220 60 63 300 60 63 300

J3011 5 49 49 49 7 48 52 300 48 51 300 48 53 300

J3011 6 44 44 44 5 44 44 7 44 44 30 44 44 184

J3011 7 36 36 36 7 35 36 300 35 36 300 35 41 300

J3011 8 62 62 62 5 62 62 5 62 62 22 62 62 21

J3011 9 67 67 67 3 67 67 1 67 67 2 67 67 6
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J3011 10 38 38 38 4 38 38 8 38 38 6 38 38 132

J3012 1 47 47 47 4 47 47 21 47 47 4 46 47 300

J3012 2 46 46 46 4 46 46 6 46 46 8 46 46 195

J3012 3 37 37 37 2 37 37 244 37 37 37 35 37 300

J3012 4 63 63 63 6 63 63 2 63 63 1 63 63 13

J3012 5 47 47 47 3 47 47 2 47 47 1 47 47 3

J3012 6 53 53 53 3 53 53 2 53 53 6 53 53 27

J3012 7 55 55 55 5 55 55 3 55 55 6 55 55 19

J3012 8 35 35 35 4 35 35 12 35 35 66 35 35 24

J3012 9 52 52 52 4 52 52 3 52 52 5 52 52 22

J3012 10 57 57 57 5 57 57 1 57 57 2 57 57 18

J3013 1 58 51.07 61 300 52.25 61 300 52 68 300 52.25 85 300

J3013 2 62 56 70 300 56 68 300 57 72 300 56.2 80 300

J3013 3 76 62 87 300 65.9 85 300 65.11 85 300 66 109 300

J3013 4 72 65 73 300 62.67 73 300 62.67 76 300 62.5 79 300

J3013 5 67 59.04 72 300 59 74 300 59.17 83 300 59 97 300

J3013 6 64 59 65 300 56.56 72 300 57.4 73 300 57.6 99 300

J3013 7 77 64 85 300 70 79 300 70.5 79 300 72 84 300

J3013 8 106 76.32 123 300 101 106 300 101 110 300 100.5 107 300

J3013 9 71 69 72 300 64 77 300 63 81 300 63 84 300

J3013 10 64 64 64 212 57.5 67 300 57.5 64 300 55 70 300

J3014 1 50 50 50 22 43 50 300 43 50 300 43 53 300

J3014 2 53 53 53 131 46.8 63 300 46.81 59 300 46.92 73 300

J3014 3 58 58 58 13 58 61 300 58 61 300 58 67 300

J3014 4 50 50 50 10 45 52 300 45 56 300 45 56 300

J3014 5 52 52 52 6 50 53 300 50 52 300 50 56 300

J3014 6 35 35 35 8 34 35 300 34 36 300 34 39 300

J3014 7 50 50 50 16 47 53 300 47 52 300 47 59 300

J3014 8 54 54 54 4 54 54 7 54 54 6 54 55 300

J3014 9 46 46 46 48 44 48 300 44 48 300 44 51 300

J3014 10 61 61 61 7 58 61 300 58 61 300 58 64 300

J3015 1 46 46 46 3 46 46 12 46 46 5 46 46 38

J3015 2 47 47 47 5 47 47 4 47 47 4 47 47 18

J3015 3 48 48 48 3 48 48 3 48 48 3 48 48 46

J3015 4 48 48 48 3 48 48 1 48 48 2 48 48 5

J3015 5 58 58 58 11 56 61 300 56 58 300 56 62 300

J3015 6 67 67 67 4 67 67 5 67 67 3 67 67 50

J3015 7 47 47 47 4 47 47 5 47 47 6 47 48 300

J3015 8 50 50 50 6 50 50 52 50 50 197 48 52 300

J3015 9 54 54 54 4 54 54 3 54 54 8 52 54 300

J3015 10 65 65 65 4 65 65 3 65 65 7 65 65 83

J3016 1 51 51 51 3 51 51 3 51 51 6 51 51 30

J3016 2 48 48 48 4 48 48 6 48 48 4 48 48 85

J3016 3 36 36 36 3 36 36 6 36 36 3 36 36 212

J3016 4 47 47 47 3 47 47 233 47 47 10 47 47 6

J3016 5 51 51 51 4 51 51 1 51 51 2 51 51 11

J3016 6 51 51 51 3 51 51 2 51 51 1 51 51 6

J3016 7 34 34 34 3 34 34 4 34 34 2 31 34 300

J3016 8 44 44 44 3 44 44 3 44 44 2 44 44 7

J3016 9 44 44 44 3 44 44 2 44 44 2 44 44 9

J3016 10 51 51 51 4 51 51 2 51 51 2 51 51 5

J3017 1 64 64 64 35 58 64 300 61 64 300 57 65 300

J3017 2 68 68 68 7 68 68 57 68 68 14 59 68 300

J3017 3 60 60 60 4 60 60 1 60 60 2 60 60 7

J3017 4 49 49 49 5 49 49 4 49 49 10 49 49 45

J3017 5 47 47 47 11 40 47 300 40.44 47 300 39 47 300

J3017 6 63 63 63 5 63 63 1 63 63 3 63 63 4

J3017 7 57 57 57 13 51 57 300 57 57 116 51 57 300

J3017 8 61 61 61 7 61 61 116 61 61 249 50 62 300

J3017 9 48 48 48 4 45 48 300 48 48 39 45 49 300

J3017 10 66 66 66 7 66 66 2 66 66 2 66 66 11

J3018 1 53 53 53 6 53 53 88 53 53 6 51 53 300

J3018 2 55 55 55 4 55 55 22 55 55 4 49 55 300

J3018 3 56 56 56 6 56 56 41 56 56 4 56 56 209

J3018 4 70 70 70 6 70 70 1 70 70 2 70 70 6

J3018 5 52 52 52 5 52 52 31 52 52 4 52 52 156

J3018 6 62 62 62 11 55 62 300 62 62 183 55 62 300
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J3018 7 48 48 48 4 48 48 70 48 48 5 48 48 242

J3018 8 52 52 52 5 52 52 42 52 52 3 49 52 300

J3018 9 47 47 47 5 47 47 28 47 47 25 44 47 300

J3018 10 49 49 49 7 45 49 300 47 49 300 42 49 300

J3019 1 40 40 40 4 40 40 186 40 40 43 39 40 300

J3019 2 58 58 58 6 58 58 1 58 58 2 58 58 3

J3019 3 83 83 83 8 83 83 1 83 83 2 83 83 2

J3019 4 39 39 39 4 39 39 4 39 39 4 39 39 21

J3019 5 48 48 48 5 47 48 300 48 48 136 47 48 300

J3019 6 49 49 49 4 44 49 300 49 49 31 49 49 5

J3019 7 57 57 57 6 54 57 300 57 57 46 54 57 300

J3019 8 55 55 55 7 55 55 5 55 55 44 55 55 36

J3019 9 38 38 38 4 38 38 8 38 38 3 38 38 16

J3019 10 47 47 47 5 47 47 11 47 47 5 47 47 37

J3020 1 57 57 57 6 57 57 1 57 57 1 57 57 3

J3020 2 70 70 70 5 70 70 2 70 70 2 70 70 8

J3020 3 49 49 49 6 48 49 300 49 49 2 49 49 6

J3020 4 43 43 43 4 43 43 8 43 43 2 43 43 16

J3020 5 61 61 61 4 61 61 1 61 61 1 61 61 5

J3020 6 51 51 51 5 51 51 2 51 51 1 51 51 7

J3020 7 42 42 42 4 42 42 3 42 42 2 42 42 7

J3020 8 51 51 51 4 51 51 2 51 51 1 51 51 4

J3020 9 41 41 41 3 41 41 2 41 41 1 41 41 5

J3020 10 37 37 37 3 37 37 2 37 37 2 37 37 9

J3021 1 84 84 84 68 77.71 84 300 84 84 249 76 84 300

J3021 2 59 59 59 117 52 59 300 54 59 300 52 62 300

J3021 3 76 76 76 34 74 76 300 75 76 300 71 76 300

J3021 4 70 70 70 58 62 70 300 63.5 70 300 60.5 74 300

J3021 5 55 55 55 18 52 55 300 53 55 300 52 57 300

J3021 6 76 76 76 75 68 76 300 74 76 300 68 76 300

J3021 7 65 65 65 50 57.5 66 300 59 65 300 58 66 300

J3021 8 62 62 62 54 54.09 66 300 55 63 300 55.5 65 300

J3021 9 69 69 69 84 68 69 300 68 69 300 68 69 300

J3021 10 69 69 69 35 59 71 300 59 69 300 59 74 300

J3022 1 42 42 42 6 40 42 300 39 42 300 37 42 300

J3022 2 45 45 45 5 45 45 166 45 45 55 42 45 300

J3022 3 63 63 63 5 63 63 220 63 63 93 61 63 300

J3022 4 42 42 42 7 40 42 300 40 42 300 37 42 300

J3022 5 52 52 52 5 46 52 300 46.25 52 300 46 55 300

J3022 6 52 52 52 17 45 52 300 45 52 300 45 52 300

J3022 7 60 60 60 11 55 60 300 55 60 300 55 63 300

J3022 8 55 55 55 11 50 56 300 50 55 300 50 57 300

J3022 9 76 76 76 6 76 76 9 76 76 6 73 76 300

J3022 10 55 55 55 8 52 55 300 52 55 300 52 55 300

J3023 1 63 63 63 4 63 63 1 63 63 4 63 63 26

J3023 2 53 53 53 4 53 53 3 53 53 2 53 53 8

J3023 3 46 46 46 4 46 46 2 46 46 2 46 46 11

J3023 4 65 65 65 6 65 65 7 65 65 2 65 65 9

J3023 5 52 52 52 3 52 52 51 52 52 33 48 52 300

J3023 6 48 48 48 4 48 48 49 48 48 3 48 48 186

J3023 7 60 60 60 5 60 60 158 60 60 28 58 60 300

J3023 8 48 48 48 4 48 48 20 48 48 6 48 49 300

J3023 9 63 63 63 9 63 63 97 63 63 4 58 63 300

J3023 10 61 61 61 4 61 61 1 61 61 3 61 61 6

J3024 1 53 53 53 5 53 53 2 53 53 1 53 53 3

J3024 2 58 58 58 3 58 58 2 58 58 2 58 58 3

J3024 3 69 69 69 7 69 69 3 69 69 3 69 69 8

J3024 4 53 53 53 4 53 53 1 53 53 1 53 53 5

J3024 5 51 51 51 5 51 51 1 51 51 2 51 51 9

J3024 6 56 56 56 5 56 56 2 56 56 1 56 56 5

J3024 7 44 44 44 4 44 44 3 44 44 1 44 44 4

J3024 8 38 38 38 4 38 38 4 38 38 2 37 38 300

J3024 9 43 43 43 6 43 43 3 43 43 2 43 43 16

J3024 10 53 53 53 4 53 53 2 53 53 1 53 53 7

J3025 1 93 81 106 300 85 94 300 84.33 96 300 82.67 98 300

J3025 2 75 64.03 82 300 68.43 79 300 72.5 75 300 68.29 78 300

J3025 3 76 68.28 81 300 68.5 79 300 69.83 84 300 72 80 300
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J3025 4 81 63.26 97 300 73 83 300 74.5 83 300 73 89 300

J3025 5 72 66 73 300 64.5 75 300 64.5 72 300 64.5 77 300

J3025 6 58 58 58 254 50 65 300 48.87 64 300 49.5 73 300

J3025 7 95 75.84 106 300 90.53 95 300 89.5 96 300 90.09 97 300

J3025 8 69 58 81 300 62.5 72 300 62.5 75 300 63.8 82 300

J3025 9 84 71.67 100 300 75 85 300 81 84 300 75 85 300

J3025 10 58 58 58 42 49.35 63 300 47.74 60 300 47.52 62 300

J3026 1 59 59 59 4 59 59 97 59 59 35 57 60 300

J3026 2 40 40 40 4 40 40 10 40 40 22 40 40 42

J3026 3 58 58 58 5 58 58 3 58 58 8 58 58 92

J3026 4 62 62 62 9 62 62 9 62 62 28 62 63 300

J3026 5 74 74 74 10 72 74 300 72 74 300 71 75 300

J3026 6 53 53 53 6 46 55 300 49 54 300 49 55 300

J3026 7 56 56 56 6 56 56 19 56 56 11 56 58 300

J3026 8 66 66 66 6 66 66 3 66 66 2 66 66 18

J3026 9 43 43 43 8 39.33 44 300 39.25 44 300 41 48 300

J3026 10 49 49 49 7 47 49 300 47 49 300 47 53 300

J3027 1 43 43 43 5 43 43 15 43 43 6 43 43 114

J3027 2 58 58 58 6 58 58 3 58 58 2 58 58 32

J3027 3 60 60 60 6 60 60 1 60 60 2 60 60 4

J3027 4 64 64 64 4 64 64 1 64 64 4 64 64 5

J3027 5 49 49 49 6 49 49 12 49 49 7 49 50 300

J3027 6 59 59 59 8 59 59 9 59 59 3 59 59 54

J3027 7 49 49 49 8 46 49 300 45 49 300 45 51 300

J3027 8 66 66 66 6 66 66 2 66 66 5 66 66 21

J3027 9 55 55 55 6 55 55 14 55 55 3 55 55 62

J3027 10 62 62 62 5 62 62 1 62 62 1 62 62 5

J3028 1 69 69 69 4 69 69 1 69 69 3 69 69 6

J3028 2 57 57 57 5 57 57 1 57 57 2 57 57 5

J3028 3 40 40 40 3 40 40 4 40 40 4 40 40 40

J3028 4 49 49 49 4 49 49 2 49 49 9 49 49 6

J3028 5 73 73 73 5 73 73 1 73 73 1 73 73 3

J3028 6 55 55 55 4 55 55 1 55 55 2 55 55 5

J3028 7 48 48 48 6 48 48 2 48 48 1 48 48 4

J3028 8 53 53 53 4 53 53 3 53 53 2 53 53 6

J3028 9 62 62 62 6 62 62 12 62 62 4 62 62 17

J3028 10 59 59 59 5 59 59 2 59 59 1 59 59 4

J3029 1 85 74 93 300 83 89 300 83 91 300 83 94 300

J3029 2 90 73.05 97 300 81.5 95 300 81.5 97 300 80.5 109 300

J3029 3 78 66.13 83 300 75.5 79 300 75.5 79 300 75.5 78 300

J3029 4 103 78.55 116 300 99.5 105 300 100 105 300 99.5 107 300

J3029 5 98 77.13 117 300 90.33 102 300 90.67 101 300 90.67 112 300

J3029 6 92 68.36 111 300 79 97 300 80 99 300 77.5 106 300

J3029 7 73 62 77 300 68.5 73 300 68.5 73 300 68.5 75 300

J3029 8 80 71 89 300 71.8 90 300 72.96 90 300 71.87 93 300

J3029 9 97 75.54 117 300 89 99 300 89 100 300 89 102 300

J3029 10 76 76 76 176 68.33 78 300 70.33 78 300 68 79 300

J3030 1 47 47 47 59 43.75 56 300 43 49 300 43.75 53 300

J3030 2 68 68 68 107 65 69 300 65 70 300 65 70 300

J3030 3 55 55 55 9 53 55 300 53 55 300 53 55 300

J3030 4 53 53 53 13 50 53 300 50 54 300 50 53 300

J3030 5 54 54 54 16 52 56 300 52 54 300 52 57 300

J3030 6 62 62 62 103 54 67 300 55 66 300 54.26 80 300

J3030 7 68 68 68 21 62.83 71 300 63 69 300 63 78 300

J3030 8 46 45 46 9 40 47 300 40 46 300 40 50 300

J3030 9 46 46 46 26 44 48 300 44 47 300 44 51 300

J3030 10 53 53 53 17 47.33 55 300 47 56 300 46 62 300

J3031 1 43 43 43 3 43 43 7 43 43 4 43 43 99

J3031 2 63 63 63 4 63 63 1 63 63 2 63 63 6

J3031 3 58 58 58 8 58 58 2 58 58 4 58 58 19

J3031 4 50 50 50 3 50 50 2 50 50 3 50 50 17

J3031 5 52 52 52 7 48 53 300 50 52 300 48 57 300

J3031 6 53 53 53 4 53 53 2 53 53 1 53 53 23

J3031 7 61 61 61 7 61 61 14 61 61 20 61 62 300

J3031 8 58 58 58 6 58 58 8 58 58 189 58 58 181

J3031 9 50 50 50 11 46 50 300 47.33 51 300 46 55 300

J3031 10 55 55 55 20 48 58 300 49 56 300 48 62 300
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J3032 1 61 61 61 5 61 61 1 61 61 2 61 61 5

J3032 2 60 60 60 5 60 60 1 60 60 2 60 60 8

J3032 3 57 57 57 8 57 57 4 57 57 6 57 57 16

J3032 4 68 68 68 6 68 68 3 68 68 5 68 68 16

J3032 5 54 54 54 5 54 54 3 54 54 3 54 54 11

J3032 6 44 44 44 3 44 44 3 44 44 4 44 44 17

J3032 7 35 35 35 4 35 35 4 35 35 3 35 35 5

J3032 8 54 54 54 4 54 54 2 54 54 2 54 54 11

J3032 9 65 65 65 5 65 65 1 65 65 1 65 65 4

J3032 10 51 51 51 6 51 51 4 51 51 2 51 51 11

J3033 1 65 65 65 11 65 65 6 65 65 3 65 65 32

J3033 2 60 60 60 9 55 60 300 60 60 57 53 60 300

J3033 3 55 55 55 23 53.07 55 300 55 55 17 47 55 300

J3033 4 77 77 77 9 77 77 2 77 77 2 77 77 5

J3033 5 53 53 53 7 53 53 2 53 53 2 53 53 4

J3033 6 59 59 59 7 59 59 33 59 59 4 59 59 64

J3033 7 58 58 58 6 58 58 1 58 58 4 58 58 5

J3033 8 61 61 61 26 59 61 300 61 61 95 59 61 300

J3033 9 65 65 65 19 58 65 300 62 65 300 57 65 300

J3033 10 53 53 53 7 53 53 183 53 53 22 51 53 300

J3034 1 68 68 68 9 68 68 2 68 68 3 68 68 5

J3034 2 44 44 44 4 44 44 11 44 44 16 39.5 44 300

J3034 3 69 69 69 6 69 69 1 69 69 3 69 69 5

J3034 4 67 67 67 6 67 67 1 67 67 1 67 67 2

J3034 5 63 63 63 7 63 63 1 63 63 1 63 63 3

J3034 6 52 52 52 6 52 52 167 52 52 32 51 52 300

J3034 7 58 58 58 8 58 58 2 58 58 1 58 58 3

J3034 8 58 58 58 6 57 58 300 58 58 32 51 58 300

J3034 9 60 60 60 4 60 60 1 60 60 1 60 60 2

J3034 10 47 47 47 6 47 47 2 47 47 2 45 47 300

J3035 1 57 57 57 6 57 57 9 57 57 2 57 57 8

J3035 2 53 53 53 6 53 53 1 53 53 2 53 53 5

J3035 3 60 60 60 4 60 60 1 60 60 1 60 60 3

J3035 4 50 50 50 6 47 50 300 50 50 24 48 50 300

J3035 5 60 60 60 5 60 60 16 60 60 1 60 60 31

J3035 6 58 58 58 6 58 58 4 58 58 3 58 58 4

J3035 7 61 61 61 5 61 61 1 61 61 2 61 61 2

J3035 8 63 63 63 6 63 63 1 63 63 1 63 63 4

J3035 9 59 59 59 8 58 59 300 59 59 26 58 59 300

J3035 10 59 59 59 7 59 59 5 59 59 18 59 59 54

J3036 1 66 66 66 6 66 66 1 66 66 1 66 66 3

J3036 2 44 44 44 5 44 44 2 44 44 1 44 44 6

J3036 3 61 61 61 5 61 61 1 61 61 2 61 61 3

J3036 4 59 59 59 5 59 59 1 59 59 2 59 59 2

J3036 5 64 64 64 6 64 64 2 64 64 1 64 64 4

J3036 6 46 46 46 5 46 46 1 46 46 2 46 46 6

J3036 7 56 56 56 6 56 56 2 56 56 1 56 56 6

J3036 8 63 63 63 4 63 63 1 63 63 1 63 63 2

J3036 9 59 59 59 6 59 59 12 59 59 1 59 59 3

J3036 10 59 59 59 6 59 59 2 59 59 2 59 59 2

J3037 1 79 79 79 190 79 79 21 79 79 21 77 79 300

J3037 2 69 69 69 21 59 69 300 59 69 300 59 69 300

J3037 3 81 81 81 273 81 81 3 81 81 7 81 81 65

J3037 4 83 83 83 65 78 83 300 82 83 300 74.19 83 300

J3037 5 80 80 80 192 72.43 80 300 74.38 80 300 72 82 300

J3037 6 73 73 73 110 65.5 73 300 66.76 73 300 65.5 73 300

J3037 7 92 78.5 99 300 92 92 77 92 92 70 85.13 92 300

J3037 8 72 72 72 57 67.32 72 300 68 72 300 66.5 72 300

J3037 9 57 57 57 14 53 57 300 55 57 300 49.8 57 300

J3037 10 81 81 81 58 80.25 81 300 81 81 36 79 81 300

J3038 1 48 48 48 10 46 48 300 48 48 217 45 48 300

J3038 2 54 54 54 7 53 54 300 54 54 26 50 54 300

J3038 3 59 59 59 6 53 59 300 53.25 59 300 53 59 300

J3038 4 59 59 59 8 59 59 95 59 59 30 56 59 300

J3038 5 71 71 71 37 67 71 300 68.5 71 300 67 71 300

J3038 6 63 63 63 7 63 63 10 63 63 11 63 63 49

J3038 7 65 65 65 6 63 65 300 64.33 65 300 63 65 300
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J3038 8 61 61 61 9 57.39 61 300 60 61 300 55.51 61 300

J3038 9 63 63 63 20 63 63 17 63 63 12 60 63 300

J3038 10 60 60 60 7 58.5 60 300 58 60 300 58 60 300

J3039 1 55 55 55 6 55 55 2 55 55 1 55 55 4

J3039 2 54 54 54 5 54 54 4 54 54 1 54 54 7

J3039 3 54 54 54 9 53 54 300 54 54 24 53.5 54 300

J3039 4 53 53 53 8 53 53 3 53 53 2 53 53 12

J3039 5 55 55 55 6 55 55 3 55 55 2 55 55 6

J3039 6 69 69 69 9 69 69 14 69 69 10 69 69 23

J3039 7 56 56 56 4 56 56 2 56 56 1 56 56 3

J3039 8 67 67 67 7 67 67 1 67 67 1 67 67 4

J3039 9 64 64 64 8 63 64 300 64 64 25 60 64 300

J3039 10 60 59 60 5 60 60 4 60 60 3 60 60 37

J3040 1 51 51 51 7 51 51 2 51 51 2 51 51 6

J3040 2 56 56 56 6 56 56 1 56 56 9 56 56 3

J3040 3 57 57 57 5 57 57 2 57 57 1 57 57 41

J3040 4 57 57 57 7 57 57 7 57 57 2 57 57 8

J3040 5 65 65 65 7 65 65 1 65 65 1 65 65 5

J3040 6 60 60 60 5 60 60 2 60 60 1 60 60 4

J3040 7 46 46 46 7 43 46 300 46 46 41 46 46 69

J3040 8 57 57 57 6 57 57 2 57 57 1 57 57 5

J3040 9 64 64 64 7 64 64 2 64 64 1 64 64 7

J3040 10 51 51 51 7 51 51 1 51 51 1 51 51 5

J3041 1 86 75 89 300 80 86 300 84.5 86 300 75.5 88 300

J3041 2 89 71 97 300 79.24 90 300 83 89 300 79.93 91 300

J3041 3 85 85 85 273 85 85 253 85 85 19 82.13 85 300

J3041 4 78 63.57 93 300 71.5 78 300 74 78 300 71.5 79 300

J3041 5 99 88 108 300 91 99 300 90.92 99 300 90.5 100 300

J3041 6 103 90 108 300 102 103 300 101 103 300 100 103 300

J3041 7 92 76.17 103 300 90 92 300 90 92 300 90 92 300

J3041 8 88 73 98 300 77.5 89 300 77 89 300 77 88 300

J3041 9 92 84 95 300 86 92 300 89 92 300 86 92 300

J3041 10 99 78.8 118 300 99 99 46 99 99 14 97 99 300

J3042 1 58 58 58 7 58 58 9 58 58 6 58 59 300

J3042 2 50 50 50 11 46 50 300 47 50 300 47 52 300

J3042 3 60 60 60 23 52 62 300 52 60 300 51.45 64 300

J3042 4 49 49 49 13 44.5 53 300 43.68 50 300 43.38 52 300

J3042 5 52 52 52 6 52 52 116 52 52 10 46 55 300

J3042 6 66 66 66 27 62 67 300 62.5 67 300 62 67 300

J3042 7 66 66 66 8 66 66 3 66 66 4 65 66 300

J3042 8 82 82 82 42 82 82 19 82 82 3 82 82 85

J3042 9 60 60 60 13 59 60 300 51.54 63 300 59 64 300

J3042 10 75 75 75 8 75 75 2 75 75 2 75 75 36

J3043 1 55 55 55 9 52 56 300 53 55 300 53 57 300

J3043 2 43 43 43 5 43 43 18 43 43 2 43 43 30

J3043 3 57 56 57 14 55 58 300 55 57 300 55 58 300

J3043 4 67 67 67 5 67 67 2 67 67 4 64.5 67 300

J3043 5 64 64 64 17 62 64 300 62 64 300 62 66 300

J3043 6 58 58 58 9 56 58 300 58 58 77 56 59 300

J3043 7 52 52 52 7 52 52 90 52 52 39 52 54 300

J3043 8 62 62 62 8 62 62 17 62 62 9 62 63 300

J3043 9 57 57 57 7 56 57 300 56 57 300 56 57 300

J3043 10 60 60 60 6 59 60 300 59 60 300 53.31 63 300

J3044 1 50 50 50 4 50 50 2 50 50 2 50 50 24

J3044 2 54 54 54 7 54 54 4 54 54 2 54 54 28

J3044 3 51 51 51 6 51 51 1 51 51 2 51 51 8

J3044 4 57 57 57 5 57 57 1 57 57 1 57 57 9

J3044 5 55 55 55 8 55 55 2 55 55 2 55 55 44

J3044 6 56 56 56 5 56 56 1 56 56 1 56 56 2

J3044 7 42 42 42 6 42 42 2 42 42 1 42 42 4

J3044 8 49 49 49 5 49 49 2 49 49 2 49 49 14

J3044 9 64 64 64 5 64 64 1 64 64 1 64 64 4

J3044 10 63 63 63 6 63 63 1 63 63 2 61 63 300

J3045 1 82 68 94 300 82 82 10 82 82 6 80 82 300

J3045 2 125 92.5 135 300 125 125 1 125 125 2 125 125 6

J3045 3 92 81.79 99 300 92 92 3 92 92 31 86.5 92 300

J3045 4 84 69.85 94 300 79 85 300 78 84 300 79 88 300
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Table B.1: Results for the J30 Instances

DDT OOE SEE DP

Inst. OPT LB UB time LB UB time LB UB time LB UB time

J3045 5 86 75 97 300 79 86 300 81 86 300 77.49 88 300

J3045 6 129 91.22 166 300 129 129 2 129 129 3 129 129 12

J3045 7 101 88 111 300 100 101 300 100.68 101 300 98.96 101 300

J3045 8 94 80 96 300 93 94 300 93 94 300 91 94 300

J3045 9 82 65.47 93 300 77 84 300 77.25 85 300 77 87 300

J3045 10 90 79.32 95 300 81.67 91 300 84 91 300 82.07 91 300

J3046 1 59 59 59 15 56 61 300 55.54 61 300 58 62 300

J3046 2 67 67 67 24 64 69 300 64 70 300 64 70 300

J3046 3 65 65 65 21 64 65 300 64 65 300 64 69 300

J3046 4 64 64 64 22 61 64 300 60 64 300 61 66 300

J3046 5 57 57 57 15 56 57 300 53 57 300 53.67 62 300

J3046 6 59 59 59 54 53 60 300 56 59 300 56 61 300

J3046 7 59 59 59 93 54.67 60 300 54.5 62 300 53.63 68 300

J3046 8 58 58 58 57 55 58 300 55 58 300 55 61 300

J3046 9 49 49 49 16 45.25 52 300 47 49 300 47.33 56 300

J3046 10 55 55 55 25 49 59 300 49.27 58 300 49.67 63 300

J3047 1 58 58 58 6 58 58 3 58 58 3 58 58 40

J3047 2 59 59 59 7 59 59 4 59 59 3 59 59 27

J3047 3 55 55 55 9 55 55 7 55 55 4 55 55 16

J3047 4 49 49 49 7 48 49 300 48 49 300 48 49 300

J3047 5 47 47 47 6 40.35 47 300 42.5 47 300 43 47 300

J3047 6 53 53 53 13 50 53 300 50 53 300 50 55 300

J3047 7 66 66 66 13 60 66 300 60 66 300 60 66 300

J3047 8 48 48 48 7 48 48 2 48 48 14 48 48 10

J3047 9 65 65 65 7 65 65 2 65 65 2 65 65 34

J3047 10 60 60 60 19 57 60 300 57 60 300 57 62 300

J3048 1 63 63 63 3 63 63 1 63 63 1 63 63 3

J3048 2 54 54 54 4 54 54 1 54 54 1 54 54 3

J3048 3 50 50 50 4 50 50 1 50 50 1 50 50 8

J3048 4 57 57 57 6 57 57 1 57 57 2 57 57 5

J3048 5 58 58 58 6 58 58 3 58 58 2 58 58 25

J3048 6 58 58 58 5 58 58 1 58 58 1 58 58 2

J3048 7 55 55 55 7 55 55 2 55 55 3 55 55 7

J3048 8 44 44 44 5 44 44 16 44 44 3 44 44 42

J3048 9 59 59 59 9 59 59 2 59 59 1 59 59 5

J3048 10 54 54 54 6 54 54 2 54 54 2 54 54 57
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LP-Relaxation Values

Table C.1: LP-relaxation values of the extended compact models compared to DDT on
the hard problem instances

Instance DDT OOE dev.% SEE dev.% DP dev.%

J305 1 41.4 44 6.28% 44 6.28% 44 6.28%

J305 2 58.82 63 7.11% 63 7.11% 63 7.11%

J305 3 54.78 72 31.43% 72 31.43% 72 31.43%

J305 4 45.56 52 14.14% 52 14.14% 52 14.14%

J305 5 58.31 65 11.47% 65 11.47% 64 9.76%

J305 6 51.18 61 19.19% 61 19.19% 61 19.19%

J305 7 51.11 73 42.83% 73 42.83% 73 42.83%

J305 8 53 57 7.55% 56 5.66% 57 7.55%

J305 9 38.19 36.25 -5.08% 36.5 -4.43% 36.5 -4.43%

J305 10 56 58.67 4.77% 59 5.36% 57 1.79%

J309 1 58.27 80 37.29% 80 37.29% 80 37.29%

J309 2 53.03 90 69.72% 90 69.72% 90 69.72%

J309 3 52.85 63 19.21% 63 19.21% 63 19.21%

J309 4 54.61 62 13.53% 63.25 15.82% 62.25 13.99%

J309 5 53 59 11.32% 62 16.98% 62 16.98%

J309 6 47 51.67 9.94% 51.67 9.94% 51.67 9.94%

J309 7 45.6 49 7.46% 52 14.04% 54 18.42%

J309 8 60.97 81 32.85% 81 32.85% 78.33 28.47%

J309 9 42.73 49.75 16.43% 50.75 18.77% 50.75 18.77%

J309 10 63.81 79 23.81% 79 23.81% 76 19.10%

J3013 1 42.7 51.1 19.67% 52.25 22.37% 52.25 22.37%

J3013 2 42.24 56.43 33.59% 56.29 33.26% 56.43 33.59%

J3013 3 54.04 67 23.98% 67 23.98% 67 23.98%

J3013 4 51.75 62.5 20.77% 62.67 21.10% 62.67 21.10%

J3013 5 48.69 59 21.17% 59 21.17% 59 21.17%

J3013 6 47.84 58 21.24% 57.8 20.82% 57.29 19.75%

J3013 7 54.25 71.25 31.34% 72 32.72% 68.5 26.27%

J3013 8 63.46 97 52.85% 98 54.43% 100.5 58.37%

J3013 9 54.69 63 15.19% 64 17.02% 63.2 15.56%

J3013 10 52 57.5 10.58% 57.5 10.58% 57.5 10.58%
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Table C.1: LP-relaxation values of the extended compact models compared to DDT on
the hard problem instances

Instance DDT OOE dev.% SEE dev.% DP dev.%

J3021 1 62.46 76 21.68% 76.5 22.48% 76 21.68%

J3021 2 43.9 52 18.45% 52 18.45% 52 18.45%

J3021 3 62.03 72 16.07% 72 16.07% 72 16.07%

J3021 4 52.75 63 19.43% 60 13.74% 60.5 14.69%

J3021 5 44.8 52 16.07% 52 16.07% 52 16.07%

J3021 6 55.35 68 22.85% 68 22.85% 68 22.85%

J3021 7 53 58 9.43% 57.4 8.30% 58 9.43%

J3021 8 49.73 53 6.58% 54 8.59% 56.5 13.61%

J3021 9 47.73 68 42.47% 68 42.47% 68 42.47%

J3021 10 55.93 56.83 1.61% 59 5.49% 57.5 2.81%

J3025 1 67.25 82.5 22.68% 83.75 24.54% 83.67 24.42%

J3025 2 50.95 68 33.46% 69.33 36.07% 67.49 32.46%

J3025 3 53.2 68.5 28.76% 69.5 30.64% 72 35.34%

J3025 4 52.84 73 38.15% 73 38.15% 74 40.05%

J3025 5 49.62 64 28.98% 64.5 29.99% 64.5 29.99%

J3025 6 43.93 50.31 14.52% 49.67 13.07% 49.86 13.50%

J3025 7 64.5 89 37.98% 89 37.98% 89.5 38.76%

J3025 8 45.95 63.67 38.56% 63.67 38.56% 63.67 38.56%

J3025 9 57.16 75 31.21% 75 31.21% 75 31.21%

J3025 10 47 47.15 0.32% 47 0.00% 49 4.26%

J3029 1 64.74 83 28.21% 83 28.21% 83 28.21%

J3029 2 62.02 81.5 31.41% 80.5 29.80% 81.5 31.41%

J3029 3 54.06 75.5 39.66% 75.5 39.66% 75.5 39.66%

J3029 4 66.62 99.5 49.35% 98 47.10% 99.5 49.35%

J3029 5 65.7 90.33 37.49% 90.33 37.49% 90 36.99%

J3029 6 58.46 77.2 32.06% 76 30.00% 77 31.71%

J3029 7 50.22 68.5 36.40% 68.5 36.40% 68.5 36.40%

J3029 8 59.97 72.2 20.39% 73 21.73% 72.75 21.31%

J3029 9 64.34 89 38.33% 89 38.33% 89 38.33%

J3029 10 54.99 68 23.66% 68 23.66% 68.33 24.26%

J3037 1 49.67 77 55.02% 77 55.02% 77 55.02%

J3037 2 51.16 59 15.32% 59 15.32% 59 15.32%

J3037 3 55.94 81 44.80% 81 44.80% 81 44.80%

J3037 4 62.69 73 16.45% 73 16.45% 73 16.45%

J3037 5 61.62 72 16.85% 72 16.85% 72 16.85%

J3037 6 52.85 65.5 23.94% 65.5 23.94% 65.5 23.94%

J3037 7 57.89 83 43.38% 81.05 40.01% 79 36.47%

J3037 8 57 66.5 16.67% 66 15.79% 66.5 16.67%

J3037 9 46.2 49.5 7.14% 50.25 8.77% 48.92 5.89%

J3037 10 61.43 79 28.60% 79 28.60% 79 28.60%

J3041 1 56.05 78 39.16% 77 37.38% 78 39.16%

J3041 2 56.58 80.33 41.98% 79.5 40.51% 78 37.86%

J3041 3 62.55 82 31.10% 82 31.10% 82 31.10%

J3041 4 51 71.5 40.20% 71.5 40.20% 71.5 40.20%

J3041 5 72.41 90 24.29% 91 25.67% 90.5 24.98%

J3041 6 69.51 100 43.86% 100 43.86% 100 43.86%

J3041 7 62.4 90 44.23% 90 44.23% 90 44.23%

J3041 8 62.47 78 24.86% 77 23.26% 77 23.26%
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Table C.1: LP-relaxation values of the extended compact models compared to DDT on
the hard problem instances

Instance DDT OOE dev.% SEE dev.% DP dev.%

J3041 9 69.81 86 23.19% 86 23.19% 86 23.19%

J3041 10 65.85 97 47.30% 97 47.30% 97 47.30%

J3045 1 58.76 82 39.55% 82 39.55% 82 39.55%

J3045 2 75.57 125 65.41% 125 65.41% 125 65.41%

J3045 3 63.86 85.71 34.22% 87 36.24% 87.5 37.02%

J3045 4 63.6 79 24.21% 79 24.21% 79 24.21%

J3045 5 63.75 78 22.35% 78 22.35% 78 22.35%

J3045 6 79.95 129 61.35% 129 61.35% 129 61.35%

J3045 7 75.91 98.5 29.76% 98.5 29.76% 98.5 29.76%

J3045 8 65.3 91 39.36% 91 39.36% 91 39.36%

J3045 9 57.31 77 34.36% 77 34.36% 77 34.36%

J3045 10 63.93 83.5 30.61% 80.5 25.92% 81.25 27.09%


