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ABSTRACT

Maxwell solvers based on the hp-adaptive finite element method allow for accurate geometrical modeling and
high numerical accuracy. These features are indispensable for the optimization of optical properties or recon-
struction of parameters through inverse processes. High computational complexity prohibits the evaluation of the
solution for many parameters. We present a reduced basis method (RBM) for the time-harmonic electromagnetic
scattering problem allowing to compute solutions for a parameter configuration orders of magnitude faster. The
RBM allows to evaluate linear and nonlinear outputs of interest like Fourier transform or the enhancement of
the electromagnetic field in milliseconds. We apply the RBM to compute light-scattering off two dimensional
photonic crystal structures made of silicon and reconstruct geometrical parameters.

Keywords: finite element method, rigorous optical modeling, photonic crystals, reduced basis method, reduced
order models, parameter estimation, optical metrology

1. INTRODUCTION

Optical critical dimension metrology is used in the semiconductor industry to detect (sub-) nanometer sized fea-
tures and deviations in quality and process control.1 Measurements of scattered light from possibly complicated
illumination setups are compared to the output of parameterized numerical models of the very same setup.2

The method thus strongly relies on the availability of electromagnetic magnetic field solvers3 to not only provide
very accurate geometrical modeling and numerical solutions, but also to provide solutions in milliseconds for
process control applications. Finite-element based solvers allow for high efficiency due the inherent flexibility
and adaptivity in meshing and choice of the ansatz functions.4 These methods usually outperform other rigorous
electromagnetic field solvers.5 However, high computational complexity prohibits the evaluation of the solution
for many parameters in many cases.

We present a reduced basis method (RBM) for the time-harmonic electromagnetic scattering problem6,7

allowing to compute solutions for a parameter configuration orders of magnitude faster than the underlying
finite element solution. This model order reduction technique allows to evaluate linear and nonlinear outputs of
interest such as Fourier transform or the enhancement of the electromagnetic field in milliseconds.8–10 In this
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paper we apply the RBM to compute light-scattering off two dimensional photonic crystal structures made of
silicon11 and reconstruct geometrical parameters from reflectance measurements.

This paper is structured as follows: A brief summary of electromagnetic field simulations with a reduced basis
is presented in Section 2. The optical model of the photonic crystal structure under investigation is presented in
detail in Section 3. The results of the parameter reconstruction using the reduced basis are presented in Section
4.

2. ELECTROMAGNETIC FIELD SIMULATIONS WITH A REDUCED BASIS

In the following we briefly summarize the main ideas of the finite element method (FEM)3,12,13 and the reduced
basis method (RBM)6,7, 14,15 which is one of the most widely used model order reduction methods.9,10,16,17 We
refer to the references for an in depth presentation and discussion of the method. A detailed presentation of the
method for the structure under investigation in this work has already been published.9

The linear Maxwell’s equations describe scattering of monochromatic light by nano-structures. Assuming
sinusoidal time-dependence, they are reformulated into a second order curl-curl equation for the electric field E

∇× µ−1∇×E − ω2εE = 0 (1)

over the computational domain Ω with the permeability and permittivity tensors µ and ε. ω is the frequency of
the time-harmonic field and the exterior Ωext = R

3 \Ω hosts incoming electric fields which act as sources in the
interior Ω. We employ perfectly matched layers (PML) as a transparent boundary conditions at the boundary
Γ of Ω.

The weak formulation of (1) is the starting point for the FEM discretization. It reads:
Find E ∈ Vh such that:

a(ϕ,E) = f(ϕ) ∀ϕ ∈ Vh. (2)

The finite element space Vh is spanned by polynomial ansatz functions over geometrical patches belonging to
a discretization of the computational domain Ω. The solution E is a linear combination of the ansatz functions
spanning Vh. The local support of the basis function leads to a sparse linear system with N degrees of freedom
to be solved for the coefficients of E in Vh.

Although FEM allows for meshes and polynomial degrees to be adapted to suit the properties of the structures
under investigation,4,13 oftentimes the computational effort demanded by the simulations render extensive studies
or optimizations infeasible and rule out real-time applications such as on-line process control. In these situations
reduced order models, provided for example by the reduced basis method, are of great importance. They offer
a way to construct error controlled approximations to map inputs, such as specific configuration of parameters
µ ∈ R

d, to output quantities s(µ) = s(E(µ)) derived from a solution E of the parameter dependent partial
differential equation (1).

The RBM works in two phases: First, a reduced basis space X is built self-adaptively from so-called snapshot
solutions. These are computed by solving the full FEM problem for specific parameter configurations. Subse-
quently, the finite element space Vh in (2) is replaced by this reduced space X. The resulting linear system
is independent of N and only depends on the dimension N << N of the reduced space. This system can be
solved in milliseconds. The reduced basis solution is a very low dimensional approximation to solutions of the
high dimensional problem (2). The approximation errors are usually only controlled for parameters µ within
a bounded domain D ⊂ R

d. As noted above, the construction phase of the reduced basis requires multiple
solutions of the full problem to be computed and this carries significant computational effort, but this step has
to be executed only once. This step is called the offline phase. The second or online phase only requires the
reduced model and the solution are obtained orders of magnitude faster.



(a) (b)

Figure 1: Schematic of the unit cell of the hexagonal nanohole array with 600 nm pitch in real space (a) and
k-space (b). The high-symmetry points of the irreducible Brillouin zone (gray) are marked.

(a) (b)

Figure 2: The unit cell of the hexagonal nanohole array with 600 nm pitch as a FEM mesh. (a) The silicon slab
(red) sits on a glass substrate (green) and is h=360 nm thick. An air layer above (100 nm thick, not shown)
completes the cell. In ±z directions transparent boundary conditions are applied. (b) A side view of the conical
hole (gray) centered in the unit cell with a sidewall angle of 17°. It has a diameter d of of 405 nm at the center
of the slab.



3. OPTICAL MODEL FOR A 2D PHOTONIC CRYSTAL MADE OF SILICON

In this section we present an optical model of a 2D photonic crystal made of silicon. Photonic crystals exhibit a
photonic band gap, a specific frequency interval in which propagation of light or more general electromagnetic
waves are inhibited. This is usually achieved through repeating material patterns or nano-structuring such as the
introduction of gratings. A frequently investigated pattern is that of conical (air) holes in a high-index substrate
such as silicon arranged in a hexagonal array. They are envisioned to be employed in various applications ranging
from light management or up-conversion in solar cells to enhancement of optical sensing.

The optical model presented here is a parameterized version of a model used in previous publications.9,11 In
Figure 1 the outline of the unit cell of the 2D crystal is shown in real (a) and k-space (b) with the boundary of
the cell and irreducible Brillouin zone marked. High-symmetry points are also marked. In Figure 2 (a) a FEM
mesh of the unit cell is depicted in oblique view. The silicon slab (red) sits on a glass substrate (green) and is
h=360 nm thick. An air layer fills the hole and is extended 100 nm above the substrate. For the purpose of
visualization this domain is not shown. The height h of the slab is indicated. In Figure 2 (b) a side view of
the unit cell is shown. In this representation the hole domain is shown and the definition of the hole diameter d
measured at the center of the slab is indicated as well as the height h of the slab. The silicon slab is omitted in
this view.

The unit cell is modeled as an infinitely extended periodic array of holes, i.e. periodic boundary conditions
are applied. In ±z directions transparent boundary conditions are realized with perfectly matched layers.18 The
illumination is given by a p-polarized plane wave with wavelength λ incident from the upper half space. The
incidence angle ϑ is measured with respect to the Γ −K direction. The optical data for the simulations is taken
from the literature19 but optical losses in the infrared part of the spectrum are neglected, i.e. the refractive
index is assumed to be real-valued. nair = 1 and nglass = 1.53 are kept constant. The FEM discretization uses
second order elements.

Figure 3: Projections of the FEM mesh of the parameterized unit cell of the hexagonal nanohole for the corners
of the parameter space D. To facilitate comparison only the conical hole is shown, i.e. the slab is omitted.
The parameters are in (a) h=320 nm, d=455 nm, (b) h=400 nm, d=455 nm, (c) h=320 nm, d=375 nm and (d)
h=400 nm, d=375 nm.



In order for the reduced basis method to vary geometrical parameters such as the slab height h and the
nanohole diameter d, the FEM mesh must be parameterized. The parameterization of the mesh must yield
topologically equivalent FEM meshes for every parameter µ ∈ D considered. In the example considered here, this
can readily be achieved by the meshing tools integrated in our FEM toolbox JCMsuite.20 However, generating
these parameterizations can become very involved when more complex nanostructures, such as fin field-effect
transistors are investigated.10,21

In Figure 3 projections of the parameterized mesh are shown. The mesh is set to the corners of the parameter
space D used in the Section 4. The parameter values for h and d are indicated in the plots. The sidewall
angle is not changed. The projections in this Figure demonstrate the different aspect ratios the structure can
adopt. Furthermore, it demonstrates the flexibility of the mesh as all of the shown projections are topologically
equivalent which is of significant importance for the reduced basis method.

4. GEOMETRY RECONSTRUCTION USING A REDUCED BASIS
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Figure 4: Correlation ρ of simulated and measured reflectance over the parameter space D. Contour lines for
ρ = 0.55,ρ = 0.7 and ρ = 0.84 are also shown. The maximum of ρ = .87 is found for d = 412.5 nm and
h = 360 nm within an ellipsoidal region of high correlation.

In a previous study11 we observed a red shift of 50-100 nm of the resonance positions between simulations and
experimental measurements. In the cited reference we attributed the deviations to differences in the geometry
parameters employed for the simulations. In the following we thus try to reconstruct or estimate the correct
model parameters, the diameter of the conical hole d at the center of the slab and the thickness h of the slab, to
fit the experimental data. We use the cross correlation between measured and simulated reflectance spectra as
the figure of merit.

We select four incidence angles ϑ ∈ {20, 36, 50, 60} and a wavelength interval Λ = [1000 nm, 1600 nm]
for the figure of merit. The selection of Λ is informed by the presence of several distinct resonances in both
the measurements and simulations. The selection of the incidence angles allows to observe the shift of the
resonances with the illumination angle. We employ reduced bases for the geometrical parameters h and d to
make a high density sampling of these parameters feasible within the parameter space D = [320 nm, 400 nm]×



[375 nm, 455 nm]. Hence, we constructed 404 reduced bases for each of the incidence angles ϑ and a wavelength
sampling of 6 nm in Λ. We note, that strategies exist to build a single reduced model22 instead of multiple bases,
but this implementation is much more involved. We limit the bases to at most 30 snapshots each to limit online
evaluation time and to limit construction times. On average we require 22.8 snapshot to reach an estimated
error of less than 1 % in all of the bases. The maximum estimated error over D is 1.64 · 10−4 on average. The
error estimate was found to be highly correlated to the actual simulation error in previous studies.9,10,15 Hence
we are confident, that our simulations results are accurate to at least a level of 1 · 10−3 in the output quantities.

The reduced basis method allows to evaluate the parameter dependent solution of the reduced problem in
milliseconds of CPU time. This drastically reduces the computational effort for a dense sampling of the parameter
space D. We note, that a sampling or grid based optimization algorithm is not an optimal choice in terms of
efficiency. Newton-type methods allow to find the optimal solutions with fewer evaluations of the function of
merit. Evolutionary optimization algorithm are guaranteed to find global minima, like the grid based approach
used here, but may not have optimal complexity. Either type of optimization algorithm can benefit from the
speedup gained by a reduced model. We chose the grid based strategy for its simplicity and advantages in
visualizing the parameter trends.

To compute the cross correlation ρ between the measured and simulated reflectance spectra for the inves-
tigated incidence angles we thus evaluate the reduced models for a parameter configuration and combine the
results. Subsequently we employ a centered moving average (MA) filter over three data points of the computed
spectra and compute the cross correlation between the measured and the simulated and filtered spectra in Mat-
lab. Figure 4 depicts the obtained correlation ρ over the parameter space D. The parameter location of the
maximum (ρ = .87) for d = 412.5 nm and h = 360 nm is not isolated and readily recognizable. Instead, we
find an ellipsoidal region of correlation ρ > 0.84 centered around this location. Any parameter configuration
within this region gives approximately the same correlation to the measured spectra. Hence we have a high
sensitivity of the maximum with respect to errors in the measurement and simulations. We note that the choice
of averaging the simulated spectra leads to an overall increased correlation, but not to a different shape of the
contour lines shown in Figure 4. As the measurements itself is not executed with perfectly monochromatic light
and we observe slight imperfections in the experimentally realized photonic crystal, the measurement can be
seen as an incoherent average of different spectra. This effect is reflected by the use of the moving average filter.
The effect of this filter is observable in Figure 5. Here, the simulated and measured spectra for the four different
incidence angles ϑ are shown together. The measured spectra (black solid lines) and simulated and filtered
spectra (red solid lines) of the optimal parameters d and h are highly correlated and the wavelength positions
of the reflectance maxima are almost perfectly aligned. The filter smooths the actual simulation data (shown
as dashed red lines), i.e. it limits the amplitudes of the simulated peaks while broadening the resonances. This
better reflects the measurement as mentioned above. Still, all resonances observed in the measurements are still
present although some smaller peaks can merge into a single, broader resonance (cf. ϑ = 36°at 1200 nm).

In Figure 6 the measured and simulated reflectance spectra are shown over of the incidence angle and wave-
length for both polarizations. Here, the simulated reflectance is obtained from over 30 000 FEM scattering
simulations for the best-fit parameters found in the reconstruction process. The simulated reflectance is shown
in this Figure with an inverted angle axis to facilitate the observation of the symmetry in both spectra. The
p-polarization is shown in the upper plots and the s-polarization in the lower. We observe almost exact alignment
of the visible resonance bands over the complete spectrum. The alignment is best observed at 70° where the
plots touch.

4.1 Field enhancement computation using nonlinear outputs of interest from a RBM

As in previous studies9,11 we compute near-field enhancements in the conical nanohole as an increased electro-
magnetic field energy density in the hole domain and a 100 nm thick layer above the silicon slab. We normalize
the enhancements by the same quantity for an undisturbed incident field in free space. The resonance bands
observed in the experimental results could be correlated to resonance modes of the photonic crystal11 and high
field enhancements were observed.

The reduced basis method not only allows for linear outputs such as the Fourier transform of the electro-
magnetic field to be computed (from which the reflectance is inferred), but our implementation also allows for



measurement
simulation MA filtered
simulation

θ = 20 °

re
fl
ec

ta
n
ce

 i
n
 %

0

20

40

60

80

100 θ = 36 °

θ = 50 °

re
fl
ec

ta
n
ce

 i
n
 %

0

20

40

60

80

100

wavelength [nm]

1000 1100 1200 1300 1400 1500

θ = 60 °

wavelength [nm]

1000 1100 1200 1300 1400 1500 1600

Figure 5: Reflectance spectra of the nanohole array for four incidence angles ϑ as noted in the upper left corner
of each axis. The measured reflectance is shown as a solid black line. The simulation for the reconstructed
parameters is depicted as a dotted red line. The MA filtered simulation data (red solid line) replicates the
features of measurements well, whereas the extrema observed in the simulations are less pronounced in the
measurements.



measured reflectance

0 20 40 60 80

w
av

el
en

gt
h
 [
n
m

]

900

1000

1100

1200

1300

1400

1500

1600

1700
1800

simulated reflectance

0 20 40 60 80 100

w
av

el
en

gt
h
 [
n
m

]

900

1000

1100

1200

1300

1400

1500

1600

1700

1800

angle [deg]
10 20 30 40 50 60 65

angle [deg]
10203040506070

p-pol

s-pol

Figure 6: Comparison of simulated and reflected reflectance spectra of the nanohole array over incidence angle and
wavelength for both polarizations. The simulated reflectance is shown with an inverted angle axis to facilitate
the observation of the symmetry in both spectra. The p-polarization is shown in the upper plots and the s-
polarization in the lower. We observe almost exact alignment of the visible resonance bands over the complete
spectrum. The alignment is best observed at 70° where the plots touch.
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black line. The arrows indicated the respective axis. The resonance positions of the simulated field enhancement
and reflectance coincide.

the evaluation of nonlinear outputs. The additional costs for the online evaluation are higher (O(N2) instead of
O(N) for a linear quantity), but nevertheless the evaluation in the online phase is done in milliseconds. Theo-
retically, this allows for an inverse problem to be solved based on a nonlinear instead of a linear quantity in the
same time. However, it requires also a measurement of the same quantity to compare to.

The structure under investigation exhibits several distinct resonances in the field energy enhancement as
defined above. Like in the reflectance, the resonances in the field energy enhancement shift in wavelength and
vary in shape with changing d and h. In Figure 7 the simulated field energy enhancement for the parameters d =
412.5 nm and h = 360 nm is shown over the wavelength. The simulated reflectance without the moving average
filtering is shown in the same graph on a different axis. We observe a good agreement in the resonance positions
of the simulated field energy enhancement and reflectance. We note, that the maximum field enhancement of
30.28 at 1426 nm is found at a seemingly small resonance of the reflectance. This might indicate a very narrow
band resonance which is not properly resolved by the chosen sampling of the wavelength.

The computed field enhancements give additional insight into the electromagnetic near field. The sharp
peaks correspond to Bloch modes in the photonic crystal. The field energy enhancement gives an indication of
the leakage into the conical hole. Depending on the application in mind, e.g. optical sensing or upconversion,
the reduced basis presented here could also be used to optimize photonic crystal geometry to achieve high field
energy enhancements for specific modes. This would be advantageous for the applications above where high field
intensities are required.

5. CONCLUSION

Reconstructed parameters for a photonic crystal geometry have been found through an inverse process of optical
critical dimension metrology. We no longer observe a significant shift in the resonance positions as present in a



previous study11 without the parameter reconstruction. The reduced basis method has proven to be a reliable
and efficient tool in obtaining the forward solution of the parameterized electromagnetic scattering problem. The
availability of nonlinear output quantities allows to gain additional insight into the physical properties of the
structure.
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