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Abstract. One quarter of Europe’s energy demand is provided by natural gas distributed through
a vast pipeline network covering the whole of Europe. At a cost of 1 million Euros per kilometer
the extension of the European pipeline network is already a multi billion Euro business. Therefore,
automatic planning tools that support the decision process are desired. We model the topology
extension problem in gas networks by a mixed-integer nonlinear program (MINLP). This gives rise
to a so-called active transmission problem, a continuous nonlinear non-convex feasibility problem
which emerges from the MINLP model by fixing all integral variables. In this article we offer
novel sufficient conditions for proving the infeasibility of this active transmission problem. These
conditions can be expressed in the form of a mixed-integer program (MILP), i.e., the infeasibility of
a non-convex NLP can be certified by solving an MILP. These results provide an efficient bounding
procedure in a branch-and-bound algorithm. Our computational results demonstrate a substantial
speed-up for the necessary computations.

Keywords: Network Design; Mixed-Integer Nonlinear Programming; Infeasibility Detection.

1 Introduction

Natural gas usage represents one quarter of the world’s energy demand [5]. The gas is distributed in huge
pipeline systems. The gas transport network of Germany alone has a size of over 30,000 km. Given a cost
of about one million Euro per km the network constitutes a substantial investment. Naturally, there is a
high demand to minimize the building costs in case the network has to be extended [27].

A gas network mainly consists of pipelines, compressors, valves, and control valves. It can be extended
by adding one of these elements in order to increase the transportation capacity [7]. Several approaches
to improve the topology of a gas network are reported in the literature. Boyd et al. [4] apply a genetic
algorithm to solve a pipe-sizing problem for a network with 25 nodes and 25 pipes, each of which could
have one out of six possible diameters. Castillo and Gonzaleza [6] also apply a genetic algorithm for finding
a tree topology solution for a network problem with up to 21 nodes and 20 arcs. Mariani et al. [16] describe
the design problem of a natural gas pipeline. They present a set of parameters to evaluate the quality of
the transportation system. Based on these ones they evaluate a number of potential network topologies
to identify the best among them. Osiadacz and Gorecki [20] formulate a network design problem for a
given topology as a nonlinear optimization problem, for which they iteratively compute a local optimum.
For a given topology the diameter of the pipes is a free design variable. Their method is applied to a
network with up to 108 pipes and 83 nodes. De Wolf and Smeers [9] also use a nonlinear formulation and
apply a local solver. They distinguish the operational problem (running the network) from the strategical
investment problem (extending the network). For a given topology with up to 30 arcs and nodes they
can determine (locally) optimized pipe diameters. Bonnans and André [2, 3] consider the optimal design
problem of a straight pipeline system and derive some theoretical properties of an optimal design. In [14]
we describe a primal heuristic based on dual information from KKT solutions of the gas network model
formulation.

In the following we will model the extension problem in gas networks by a mixed-integer nonlinear
program (MINLP) called topology optimization problem. Computationally it is solved by applying a
branch-and-cut approach. For more details on cutting planes and branch-and-bound for MILP we refer
to Nemhauser and Wolsey [18], and for an application of this framework to global mixed-integer nonlinear
programming to Smith and Pantelides [24], and Tawarmalani and Sahinidis [25, 26]. Information on the
MINLP framework SCIP which we apply is given by Achterberg [1], and in particular on nonlinear
aspects of SCIP such as spatial branching on continuous variables is given by Vigerske [28].



This article is organized as follows: The topology optimization problem modeling the task of extending
a gas network by selecting from a finite set of additional network elements is presented in Section 2. In
Section 3 we focus on the active transmission problem which is a non-convex nonlinear feasibility
problem. It emerges from the topology optimization problem by fixing all integral variables. We present
sufficient conditions for proving the infeasibility of the active transmission problem. They are expressed in
the form of an MILP. This allows to certify the infeasibility of the non-convex active transmission problem
by solving this MILP. An illustrative explanation for the definition of this MILP follows in Section 4. Our
solution approach for solving the topology optimization problem and computational results are presented
in Section 5. Finally, we conclude in Section 6 and give some ideas for future research directions.

2 Topology Optimization of Gas Networks

A gas transport network is modeled by a directed graph G = (V, A) where V' denotes the set of nodes
and A C V x V the set of arcs. For an introduction to the notions of graph theory we refer to [15]. Each
arc represents either an active or a passive network element as described below. More details can be
found in [11].

The majority of the arcs in a gas transport network are passive pipelines. The flow ¢, through a
pipeline a = (v,w) € A is induced by a difference of pressures p, and p,, at the end nodes v and w of
the pipe. Note that a positive value of g, means a flow from v to w, and a negative value is a flow in
the opposite direction from w to v. The Weymouth equation [30] is an old but still used equation to
approximate the flow of gas in long pipelines:

alga] = Ca (2 — p).

Here C, is computed by the following formula:
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with L, being the length of the pipe (m), d, the inner diameter of the pipe (m), T the gas temperature
(K), € the absolute roughness of the pipe (m), § the density of the gas relative to air, and z the gas
compressibility factor [10,19,22]. After substituting m, = p? and 7, = p?, Weymouth’s equation takes
the general form

where

|

Qg Q(L|Qa = Ty — Ya Tw, (21)

with v, = 1, ag = C'a_1 and k, = 1. The variables (m,),cy are called the node potential values. The
slightly more general version of Weymouth’s equation with -, # 1 (for different heights of the pipe’s end
nodes) is given in [21]. In this general case it holds 7, = exp(S,) where S, ~ s,L, and s, denotes the
slope of pipe a. This means that S, represents the height difference of the end nodes of pipe a. Hence,
if some pipelines a, ..., a, form a directed cycle, it is assumed that v, - ... 7., = 1. This reflects that
there is no height difference when traversing a circuit completely. If ¢ = (v, w) is an arc and @’ = (w, v)
is its anti-parallel counterpart, then we assume that the constants v, are such that v, = 'yl;l. (Note that
the constant on the left-hand side of (2.1) changes from «, to a,v, ' when considering a’ instead of a.)

Apart from the pipelines that constitute the network there are active elements that allow to control
the flow of gas. In particular these are valves to adapt the topology, compressors to increase pressure,
and control valves to reduce pressure.

A valve is installed in the network to separate or join two different pipes. For a discrete decision
they only allow either being open or closed. The spatial dimension of a valve is assumed to be small
in comparison to the pipes. Hence in our model the pressures are identified when the valve is open. If
the valve is closed then they are decoupled. Mathematically a valve is an arc a = (v,w) € A with the
following description:

To=1 = my —my =0,



Te =0 = Ga =0,

where z, € {0,1} is a binary decision variable. Recall the relation of the pressure and node potential
p? = m, for every node v € V.

A compressor is used to increase the pressure. We follow the approach of De Wolf and Smeers [10],
and make use of the following formulation for a compressor a = (v, w) € A:

Qg Qa‘QaIka > Ty — Ty, (2'2)

which allows a flow larger than the one corresponding to the pressure decrease in a pipe. We rewrite this
inequality as equality by introducing a weighted slack variable y, as

Qg Qa|Q¢1|ka - Baya = Ty — Tw, (23)

with constant 3, € R and Y, <Ya <Va-

In practice we need further restrictions such as a minimal and a maximal pressure difference or a
restriction of the pressure difference that depends on the flow. Therefor we allow a linear inequality
system coupling the flow g, and the pressures p,, p,, such that

A, (Qavpvapw)T < b,. (2'4)

Here it holds A, € R¥+*3 and b, € R¥* for some value v, € N. When the slack variable y, is unbounded,
then the only restrictions for the compressor are given by constraint (2.4). Hence (2.4) specifies the
operating range of the compressor. The flow can only go in positive direction through a compressor,
hence a corresponding lower bound needs to be set by this linear inequality system, i.e., g, > 0.

A control valve allows to reduce the pressure along an arc a = (v,w) € A in the network, for
example, to protect parts of the network from too high pressures. A control valve a = (v, w) is inverse
to a compressor. Hence we adapt inequality (2.2) as follows:

Qg Qa\QaV% g Ty — T, (25)

in order to decrease the pressure in w more than the flow and the input pressure will actually require.
After introducing weighting slack variables y, equation (2.5) appears similar to equation (2.3). (The only
difference between a compressor and a control valve is either the sign of 3, or the bounds on y,.) Similar
to a compressor, the feasible region of a control valve is restricted by additional constraints like (2.4). For
instance we set a minimal and maximal pressure difference between the end nodes v and w. Note that
the flow direction through a control valve is also fixed by setting the lower bound to zero, i.e., ¢, > 0.

2.1 An MINLP Model

A directed graph is used for the MINLP model of the extension problem in gas networks: We define an
extended set of arcs Ax C V x V. This set Ax contains all “original” arcs from A, that is, A C Ax.
Furthermore the extended arc set Ax contains possible new network elements (pipes, valves, compressors,
or control valves), where in principle a new element can be built between any pair of existing nodes
v,w € V,v # w. By (V, Ax) we denote the gas transport network together with its possible extensions.

We assume the following data to be given as parameters. For each node v € V we have lower and
upper bounds on the node potential, =, 7, € R with =, <7,. For each arc a € Ax we have lower and
upper bounds on the flow, 4,74 € R Wlth q, < dq For each node v € V the value s, € R denotes the
amount of flow that is either led into the network (for s, > 0), or taken out of the network (for s, < 0).
A node with s, > 0 is also called source or entry node, and nodes with s, < 0 are sinks or exit nodes. All
the other nodes with s, = 0 are inner or transmission nodes. Vector s is called nomination. For each arc
a € Ax we have a transmission coefficient a, € R, bounds on the weighted slack variable Y, Ya € R
with y < 7,, a scaling factor B, € R for the range coefficient, a coefficient v, € R;\{0}, and a cost
coefficient cq € Ry. Note that ¢, = 0 for all existing arcs a € A.

Let us introduce the following variables. The flow on arc a € Ax is denoted by g, € R. The potential
value of a vertex v € V is given by 7, € R representing the squared pressure at v. The pressure itself is
modeled by p, € R. The variable y, € R specifies the additive component of the pressure loss term in



(2.3). For pipelines and valves this variable is fixed to zero, whereas it is bounded for compressors and
control valves.

We introduce a binary decision variable z, € {0,1} for each arc a € Ax, where z, = 1 represents
the decision that arc @ is used (i.e., a necessary condition for a non-zero flow). The other case x, = 0
represents the decision that arc a is not contained in the network (V, Ax). Pre-existing arcs a € A usually
cannot be deactivated which implies that x, is fixed to 1. This means that only a subset of all possible
discrete settings is allowed. This subset is given by X C {0,1}4x. The set X is described by linear
inequalities in general, i.e.,

X={ze{0,1}*|Lax<t},

where L is a matrix of integers with |Ax| columns and ¢ is a vector of integers such that the length of ¢
is equal to the number of rows of L.

The following mixed-integer nonlinear program with indicator constraints is called topology opti-
mization problem:

min Z Cq Tq (2.6a)

a€Ax
st Ta=1 = Qaaldal™ = Bata — (Mo —7amw) =0 Va€ Ax, (2.6b)
T, =1 = A, (qa,pv,pw)T <b, Vae Ax, (2.6¢)
o =0 = ¢, =0 Vae Ax, (2.6d)
Yot Y Gue=ss  YveV, (2.6¢)
w:(v,w)EAx w:(w,v)EAx
polpo] =7 =0 Yo eV, (2.6f)
T, < Ty < Ty Yv eV, (2.6g)
9, <0 <1, Va € Ax, (2.6h)
Y, <% <Y, VaeAx, (2.61)
Dy, Ty € R Yv eV, (2.65)
Ga Yo € R Vae Ax, (2.6k)
zq € {0,1} Va € Ax, (2.61)
reX. (2.6m)

The objective function (2.6a) calculates the extension costs for those new pipes that are actually built.
The indicator constraints (2.6b) are switching on only those pressure-flow coupling constraints for arcs
that are actually used. Constraints (2.6¢c) represent the operating range of compressors and control
valves. The indicator constraints (2.6d) forbid flow on those arcs that are not used. These indicator
constraints are handled by our numerical solver SCIP by a special purpose constraint handler. Hence it
is not necessary to reformulate by, for example, big- M-constraints and further binary variables. The node
flow conservation constraints (also called Kirchhoff’s constraints) are defined in (2.6e). The pressure and
squared pressure coupling are modeled by constraints (2.6f). Constraints (2.6g) — (2.61) define the trivial
bounds on the variables, and constraints (2.6j) — (2.61) specify the continuous or discrete range of the
variables. Constraint (2.6m) ensures that only a subset of all discrete decisions is feasible.

For a given nomination s, the topology optimization problem (2.6) is to find a cost optimal selection of
new network elements such that the transmission of the specific flow s in the transport network (V, Ax)
is feasible. Recall that we only consider a finite number of extensions throughout this paper. Otherwise,
if this transport is not possible, the nomination s is infeasible.



3 Sufficient Pruning Conditions for the Topology Optimization Problem

The topology optimization problem (2.6) can be solved with a branch-and-cut framework as implemented
in MINLP solvers such as ANTIGONE [17], BARON [26] or SCIP [23]. The solver will iteratively branch on
binary and integral decision variables, while also spatial branching on continuous variables is performed
[28]. After several subsequent branches, all integer and binary variables are fixed. The remaining problem
is of special interest in this section. Let A’ contain all arcs where the flow is not fixed to zero, i.e.,
A'={a€ Ax |z, =1}. Weset 61, (v) := {(v,w) € A’ | w € V} and §,(v) := {(w,v) € A’ |w € V} for
v € V. The remaining problem, which might still be infeasible with respect to the nonlinear constraints,
then is as follows:

g, p,y (3.1a)

st adalfal® = Bava — (T — Yamw) =0 Va=(v,w) € A, (3.1b)

Yo ta— Y tu=d YvEV, (3.1c)
aest, (v) aes’, (v)

Au (Gaspospw)” <be Va=(v,w) € A, (3.1d)

Polpe| =T =0 Vv eV, (3.1e)

Ty < Ty Vv EV, (3.11)

T >m, YveV, (3.1g)

G <7, YaeA, (3.1h)

Ga>q, Yae€A, (3.1i)

Yo <Y, VaeA, (3.1j)

Yo >y, VaeA, (3.1k)

Po, T ER  Yvev, (3.11)

Ga:Ya ER Vae A (3.1m)

This problem (3.1) will be referred to as active transmission problem in the following. It is a non-
convex feasibility problem due to constraints (3.1b). For simplicity we assume w.l.o.g. that (V, A") is a
connected graph. If this is not the case, we split the active transmission problem such that we obtain
one problem for each connected component.

The main Theorem 1 (see Section 3.2) of this paper states: The active transmission problem (3.1)
is infeasible if the infeasibility detection MILP (3.8) (as defined in Section 3.1) is infeasible or has
optimal objective value zero. Hence the infeasibility of the non-convex active transmission problem can be
certified by solving an MILP. This result provides an efficient bounding procedure for the aforementioned
branch-and-cut framework for solving (2.6): Whenever a node of the branch-and-bound tree is considered
with all integral variables being fixed we consider the corresponding active transmission problem. We
solve the infeasibility detection MILP (3.8) and prune the current node in case that infeasibility of the
active transmission problem is certified.

3.1 Definition of the Infeasibility Detection MILP

We give the following definition in order to obtain the relation (3.3) before focussing on the infeasibility
detection MILP (3.8):

Definition 1. Let (V, E) be the undirected version of (V, A’) obtained by removing the orientation of the
arcs a € A'. This way each arc a € A" uniquely corresponds to an edge in e € E and vice versa. Let r be
any node in V. For a node v € V denote by P.(v) an undirected path from r to v. Let vy,...,v, be the



nodes of this path, eq,...,e,_1 the edges and a1, ..., a,_1 the corresponding arcs. Recall our assumption
that (V, A’) is connected which means that (V, E) is connected, too. We define

Yro = H Ya; H "ya_il

i:a;=(vi,vit1) i:a;=(vi41,v)

We have 7., > 0 as v > 0 for every arc a € A’. The definition is actually independent of the path
P.(v). To see this, let P' be a different r-v-path in (V, E). Consider the cycle C' from r to v on path
P, and back from v to r on path P’ in reverse order. Denote the reverse path of P’ by Q'. Denote the
nodes of this path Q' by v1,...,0, with 1 = v and v,, = r, the edges by €1,...,€,_1 and the arcs by

a1y, am—1- According to our assumption on 7v,,a € A, in Section 2 we have
_ -1 -1
= I II = II o II =
t:a;=(Vi,Vi41) t:a;=(Vi4+1,v;) 4:0;=(Di4+1,0;) 4:a4;=(0y,0i41)

Hence v, , is uniquely defined.
Using this value ., we define the function w by

/

Ty () 1= Y p Ty (3.2)

for every mode v € V. As a consequence of (3.2) we obtain lower and upper bounds of w(m) from

1= (w) and T, = 7, (), respectively, for each node v € V.

Ty

From elementary calculations it follows that

71—1;(7() - 7T4/4; (’/T) =YroTo = Yraw Tw = Yro (ﬂ'v - ’Ya’ﬂ'w) (33)
N7

=Yr,vVa

holds for each arc a = (v, w) € A’. Throughout this section we use 7, , from Definition 1 and the function

(7).

Now we turn to the definition of the infeasibility detection MILP. The flow conservation constraint (3.1c),
constraint (3.7) and (in)equality (3.5) will form the main part of this MILP. For a motivation we consider
a feasible solution (¢*,7*, p*,y*) for the active transmission problem (3.1) and another (possibly infeasi-
ble) solution (g, 7, p, ) fulfilling at least constraint (3.1b), (3.1c) and (3.1e). From constraint (3.1b) we

obtain .
adilei** ~ fuy — (% — ) = o
aa‘ja‘(javm - 6(13311 - (7~Tv - ’Yaﬁw) =

for every arc a = (v,w) € A’. Using " we derive from (3.4):

(o (7)) = 7, (7)) — (Mo (7") = 70 (7)) + Vr0Ba (Y — Fa)
= Yrw (T = YaToy + Ba¥a — (Fo — YaTw + Ba¥a))
= Yrw O‘a(qz‘qua - q~a|q!1|ka)

>0 if au(qt —Ga) >0,

=0 if au(q; — da) =0,

<0 ifa.(g—qd.) <0,

for every arc a = (v,w) € A’. We write this inequality for short as

>0 if au(q: — Ga) > 0,
Sp = Sw+Sa (=0 if as(q; —da) =0, (3.5)
<0 if (g — Ga) <O.

Here s, corresponds to v, 8. (¥} — ¥q) and s, to @, (7*) — 7l (7).



For the node potential ' we observe after identifying x,, with 7} (7*) — 7} (7) the conditions

r, R if w7, < T, < T,

v

r, <0 if Ty = To,
Ty <0 if Ty > Mo, (3.6)
Ty >0 if T, = To,

Ty > 0 if s > ﬁ-v-
We write these conditions (3.6) as a single constraint

ol -z, —x, —k,z=0 with 0<zf <75 0<z, <7,,2>0 (3.7

v =

where the variable bounds and x, are defined as

0 ifm,<m o
v =S Ky =< —1 if 7, <m,,

L]0 if T, > 7, .
' ' oo else,

1 if 1, > 7y,
oo else, {
0 else,

for each node v € V.

As stated earlier, the flow conservation constraint (3.1c), constraint (3.7) and (in)equality (3.5) form
the main part of the infeasibility detection MILP. Keeping this idea in mind, the MILP, which contains
indicator constraints, is defined as follows:

Definition 2. Let (§,7,p,3) be a solution of the active transmission problem (3.1) fulfilling at least
constraint (3.1b), (3.1c) and (3.1e). The infeasibility detection MILP is defined as follows:

max z (3.8a)

s. t. Z Qo — Z Go=d, Yvev, (3.8b)
a€st, (v) a€s, (v)

rf —x, — 2y —Ky2=0 YoveV, (3.8¢)

Fa(@a—Go) >0 = Ty — Ty +x4 >0 Va=(v,w)e A, (3.8d)

Fa(@a—Ga) =0 = @y —2y+2,=0 Va=(v,w)eA, (3.8¢)

Fo (o —Ga) <0 = @y — Ty + 74 <0 Va=(v,w) €A, (3.8f)

00 (Ga—Ga) >0 = Sy — S + 84 > Kaz Va=(v,w) e A, (3.8g)

0 (Ga—Ga) =0 = Sy, — Sy +8,=0 Va=(v,w)e A, (3.8h)

Ao (o —Ga) <0 = 8y — S+ 84 < kgz Va= (v,w) e A, (3.8i)

4,<¢<q, VacA, (3.89)

8, <8,<3, VaeA, (3.8k)

2, <1, <ZT, VaeA, (3.81)

ol <TF VYveV, (3.8m)

z, <T, VYveV, (3.8n)

Ty, Sy €ER - VoeV, (3.80)

rf, 2, €Rso Vo€V, (3.8p)

Ta,8q,0a €ER Yae A, (3.8q)

z € R>p. (3.8r)

Note that this problem is not a mized-integer nonlinear optimization problem due to strict inequality in
the constraints (3.8d), (3.8f), (3.8g) and (3.8i). Newvertheless, for simplicity, we state the infeasibility
detection MILP in the form of (3.8) and give an equivalent reformulation in Remark 1.

Constraint (3.8c) originates from (3.7) by expressing z > 0 as objective. Similarly (3.8g)—(3.81)
originate from (3.5). Constraints (3.8d)—(3.8f) form a weaker version of (3.5).



For the definition of this MILP we make use of different constants which are defined below. Especially
the bounds on s, for an arc a = (v,w) € A’ originate from the previously described relation that s,
corresponds to Yr.vBa (Yl — Ya):

_ {0
Sq 1=
[ee]

0
_ 0
T, =

00

0

0
T, =

—00

0
fj = {

00
_ {0
T, =

00

1
Ky =4 —1

0

-1
Kqg =41

0

1
5 1
Rg =

0

if BaYa = max{ﬁayaa Baya}7
else

if Ba¥a = min{ﬁagaaﬁa?aL

else

if BaYa = max{ﬁaya,ﬁa?ah

Zf dk - [Aa (daaﬁvaﬁw)]k Z [ba]k; with
(Aa) k1) =0, (Ad) (k,2) < 0, (Aa)(k,3) > 0,

else

if BaYa = min{ﬂaga,ﬁa?aL
Zf Jk [Aa (daaﬁvaﬁw)]k > [ba]ka with
(Aa) k1) £0,(Ad)(k,2) > 0, (Aa)(k,3) <O,

else

if Ty > Ty,
else
Zf ﬁ—’U S Evﬂ
else
if Ty > T,
Zf ﬁ-l) < Eqﬂ
else

if ag > 0,4, > Q,,

if g > 0,40 < g,

else

if ag > 0,

if 3k : [Aa (Gas Pos Puw)lk > [balk, with
(Aa) (k1) # 0,

else

Vae A,
a = (v,w),

Vae A,
a = (v,w),

Vae A,
a = (v,w),

Vae A,

a = (v,w),

YovelV,

YovelV,

YoevV,

Vaec A,

VaeA.

(3.9a)

(3.9b)

(3.9¢)

(3.9d)

(3.9¢)

(3.9f)

(3.91)

Remark 1. We roughly describe how the MILP formulation of (3.8) is obtained. At first we replace
(ga — @a) by Aq for every arc a € A’. As ¢ fulfills the flow conservation (3.1c) we obtain that A is a
circulation, i.e., we replace the flow conservation (3.8b) by

We define bounds for A by

Z A, — Z A, =0 VYoveV.

aest, (v) a€s, (v)

% {oo 0 <o, {0 if 4o =g,

0 if o =7,

—oo if Ga>gq,,

and replace (3.8j) by A < A < A. Then it is easy to see, as A is a circulation, that A can be chosen

such that either A, = 0 or |A,| > 1 holds. We introduce binary variables xf'W zBW sFW o

a

€ {0,1}



in combination with indicator constraints as follows:

oW -1 —= R, A, >1 Vae A,

efW =0 = R, A, <0 Vae A,

BV =1 — R, A, <1 Yac A,

BV =0 —= R, A,>0 Vae A,

35W:1 — a, A, >1 Yac A,

sSEW =0 = @, 4, <0 Vae A,

sBW =1 — a,4,< -1 Vae A,

sBW =0 = a,4,>0 Yac A

Then (3.8d)—(3.81) are replaced by

tfW -1 — 2, —zy+2,>0 Va= (v,w) €A,
me:O,IEWZO = Ty — Ty + 24 =0 Va:(vaw)eAla
BV =1 — g~z 42, <0 Va=(v,w) €A,
sEW =1 = 5y — 8w+ 8¢ > Kaz Va=(v,w) €A,
55W:0755W:0 = Sy —Sw+S,=0 Va=(v,w) €A,
sBW — 1 — 5, — 54+ 80 < kaz Va= (v,w) € A.

All these reformulations yield an MILP with indicator constraints which is equivalent to (3.8).

3.2 Certifying Infeasibility of the Active Transmission Problem by Solving an MILP
This section addresses exclusively the proof of the following theorem:

Theorem 1. Let (§,7,p,7) be a solution for the active transmission problem (3.1) fulfilling at least
constraint (3.1b), (3.1c) and (3.1e). If the infeasibility detection MILP (3.8) is infeasible or has optimal
objective value zero, then the active transmission problem (3.1) is infeasible.

Proof: Let (G, 7,p,y) be a solution for the active transmission problem (3.1) fulfilling at least con-
straint (3.1b), (3.1c) and (3.1e). If the infeasibility detection MILP (3.8), which depends on (g, 7, p, ),
is infeasible, then there does not exist a flow vector ¢’ € R4 which fulfills

Z Jo — Z Go=d, YveV, 7,<0 <7, Vac A (3.10)

a€st, (v) a€s, (v)

This can be seen as follows: Otherwise, if there exists a vector ¢/ fulfilling (3.10), then (¢, 0) is a feasible
solution for (3.8). We conclude that the active transmission problem (3.1) is infeasible if MILP (3.8) is
infeasible.

Now assume that the MILP (3.8) has an optimal solution with objective value zero. We prove that
this implies that the active transmission problem (3.1) is infeasible. Therefor we assume that the active
transmission problem has a feasible solution (¢*, 7*, p*, y*) and show that there exists a feasible solution
(¢*,x*, s*,z*) to MILP (3.8) with positive objective, i.e., z* > 0. In the following we describe how this
solution (¢*,x*,s*, z*) is defined. First we give the definition of s* and z* and show that (3.8g)—(3.8i)
and (3.8k) are fulfilled. Then we turn to the definition of * and prove that (3.8¢)—(3.8f) and (3.81)—(3.8n)
and (3.8p) are fulfilled. As the flow vector ¢* is feasible for the flow conservation (3.8b) and the bound
constraints (3.8j) we conclude that (¢*,z*, s*, z*) is feasible for MILP (3.8).

Recall that r was used for the definition of 4, , for every node v € V. The vector (s*,z*) is defined
as follows:

vi=m () — m () Vv eV,



SZ = 'thﬁa(yz - ga) Va= (7), w) € A/7
z* = min{l,min {|’ymaa(q2|q2|k“ — (ja|(ja\k“)| la = (v,w) € A" : agq # QaGa }}

Let us now prove that (s*,z*) is feasible for (3.8g)—(3.81) and (3.8k). First we prove that s* <3, holds
for every arc a € A’. Therefor let a € A’. By definition (3.9a) we have to show s} < 0 if 5,9, =
max{ﬁaya, B47,}. This means that one of the following three cases applies:

1. ﬂa:§a>5a>0¢yf{
2. ga:ya7ﬂa<0:yz
3. Ba=0= s =0.

< <

. = sk <0,
W= S

IV IA
Q¥ Q
Al
=)

Hence s; < 0 if B,9a = max{Bay,,Ba¥,} Similarly we prove that sj > s, holds for every arc a € A".
We conclude that s* is feasible for (3.8k). Now we turn to the constraints (3.8g)—(3.81). We consider an
arc a = (v,w) € A’ and obtain:

/

Sy = S+ 8q = my(7") = (1) + YrwBays — (7, (7) — 7, (%) + Vr0BaTa)
= Trwa(a1051" — Galdal™)
>0 if a,(q —qu) >0,
=0 if O[a(q;: _q~a) :07
<0 if ag(gl —Ga) <O.

We conclude that (s*, z*) is feasible for (3.8g)—(3.8i) and (3.8k).

By Lemma 2 (stated in the remaining part of this section) there exists a vector z* for 2* such
that (z*, z*) is feasible for (3.8¢)—(3.8f) and (3.81)-(3.8n) and (3.8p). Furthermore the flow conservation
constraint (3.8b) and the bound constraints (3.8j) are fulfilled by ¢* as (¢*, 7*, p*, y*) is a feasible solution
for the active transmission problem (3.1). Hence (¢*, z*, s*, 2*) is a feasible solution for MILP (3.8).

We finally show that z* > 0. Because of 7;.,, > 0 for all nodes v € V' we have that a,q) # ®qg, for
an arc a = (v,w) € A’ implies v, ,q (¢ ¢ F* — Ga|Ga|"*) # 0. This proves z* > 0. m|

In the remaining part of this section we prove Lemma 2 which was used in the previous proof of
Theorem 1. Therefor start with proving an auxiliary lemma.

Lemma 1. Let (¢, 7,p, ) be a solution for the active transmission problem (3.1) fulfilling at least con-
straints (3.1e). Furthermore let (¢*,7*,p*,y*) be a feasible solution for (3.1). There exists a partition of
the node set V.= My U My U M3 fulfilling the following conditions:

- Va=(v,w) €65, (M) Udy (Ms):

(m (7)) = w0 (77)) < (0, (F) — 74, (7)),
)

— Va=(v,w) € 6, (My)Udh (Ms):

(m (7)) = m (7)) > (0, (7) — 7, (F)
ﬂk : [Aa ((jaaﬁvaﬁw)]k > [ba}lm (Aa)(k,l)(qz - ~a) >0, (Aa)(k,Q) >0, (Aa)(k,S) <0.

Furthermore it holds

{veV|m >m,} C M, {veV|m, <z, }NM =2,
{veV|r, <m,} C Ms, {veV|m, >7T,}NMs=2.
Proof: Let (¢, 7,p,y) be a solution for the active transmission problem (3.1) fulfilling at least con-

straint (3.1b), (3.1c) and (3.1e). Furthermore let (¢*,7*,p*, y*) be a feasible solution for (3.1). We
iteratively construct the sets My, My, Mz with V = M; U My U Mj as follows:
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1. Initially we set My := {v € V | 71, > T, }. Then we iteratively extend this set by considering every
arc a = (v,w) € &4, (My) U8y, (My). If this arc does not fulfill one of the following cases, then we
either add v to M if v ¢ M; and set the predecessor p(v) := w or we add w to M; if w ¢ M; and
set p(w) :=v.

Case a = (v,w) € 61, (M) :

(o (%) = w0, (7)) < (7, () — 7, (7)), (3.11a)
Pk e {1,...va} : [Aa (Gas Do, Dw)lk > [balr, With
(A (@ —) = 0, (A)ezy < 0, (Au)gy > 0. (311b)
Case a = (v,w) € 04, (M) :
(my (1) = w0, (7)) > (1, (7) — 70, (7)), (3.12a)
Bee{1,.. . va} i [As (Gas Pos D)k > [b ]k, with
(Ao (@—a) > 0, (Aa) ey > 0. (Au)gis) < 0. (3.120)

This way we obtain the node set M; such that every arc a = (v,w) € &}, (M) fulfills (3.11) and
every arc a = (v,w) € 6,,(M,) fulfills (3.12). Furthermore it holds

Mlﬂ{UGV\frvﬁgv}:Q

This can be seen as follows: If 7, < 7, holds for every node v € V, then M; = @ by construction.
Otherwise assume that M; contains a node ¢ with 7; < m,. Then we consider the nodes ¢, p(t), p(p(t)),
., § where s € M; has no predecessor. These nodes define the nodes of an edge-disjoint s-t-path P in
the undirected graph (M, E'[M;]) which originates from (M7, A’[M;]) by removing the orientation
of each arc a € A’[M;]. Note that (M7, E'[M;]) might contain multiple parallel edges. This way
each arc a € A’'[M;] corresponds uniquely to an edge e € E'[M;] and vice versa. Let vy, ..., 0p11
be the nodes and ey, ..., e, with e; = {v;,v;+1} be the ordered edges of P and ay,...,a, be the
corresponding arcs in (V, A’'[M;]). We have that for every arc a;,i = 1,...,n neither (3.11) nor (3.12)
applies because otherwise ¢t would not be contained in M; by construction of M;. This means that
one of the following cases holds for every arc a;,i = 1,...,n:
Case (3.11a) and (3.12a) do not apply: Node potentlal loss estimation derived as (3.11a) and
(3.12a) do not apply, hence:

o, (77) =y, (07) Z 7 (7) — 7, (F).

Case (3.11b) and (3.12b) do not apply: In this case we differentiate between the orientation of
arc a;.

— If arc a; = (v;, vi41) then, as (3.11b) does not apply, there exists an index k € {1,...,v,,}
such that [Aflz (qai’ﬁ7)i7ﬁvi+l)]k 2 [ba7]k holds with (Aai)(k,l) (qZ, - qNCli) 2 07 (A(lq,)(k),2) < 0’
(Aa;)(k,3) > 0. We rewrite this inequality as a1qa, — a3 > Py, — a2Py, ., With az € R>¢ and
a1,a3 € R. Then we derive the estimation

~ ~ ~ * * *
p’l)i - a?pvi+1 S alQai —as S a’qu,i —as S pvi - a2pvi+1'

— If arc a; = (vi41,v;) then, as (3.12b) does not apply, there exists an index k € {1,...,v,,}
such that [Aﬂi (qawﬁv1,+1vﬁvi)]k > [bai,]k holds with (Aai)(k,l)(qzj - q~a1’,) > 0, (Allq‘,)(k,2) > 0,
(Aa,)(k,3) < 0. We rewrite this inequality as a1, — a3 > Py, — a2Py, ., With az € R>¢ and
a1,as € R. Again we derive the estimation

ﬁvi - a2ﬁvi+1 S al(jai —as S a’lqzi —as S p;'; - a2pzi+1'
Because of the coupling constraint p,|p,| = 7, relating the pressure and node potential variables for

each node v € V, by using the previous estimations, we obtain:

- " - %
Ty, > Ty, = Tyy > Myyy - 7Tvn+1 > ﬂ-vn+17

~ *
7rvn+1<7r = Ty, < Ty oees 7Tv1<7rv1

Un+1
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The path P is chosen such that the start node v; violates its upper node potential bound, i.e.,
Ty, > Ty, and for the end node vy,4q it holds 7, ., < m, . Hence the first of the above cases
applies. We conclude that 7* violates a node potential bound in v, 1 which is a contradiction to the
assumption that (¢*, 7*, p*,y*) is feasible for the active transmission problem.

2. In a second step we initially set M3 := {v € V | m, < m,}. We now concentrate on the graph
(V \ My, A'[V \ Mi]). Again we iteratively consider each arc a = (v,w) € &, (Ms) U dy,(Ms). If
neither (3.11) applies for an ingoing arc nor (3.12) applies for an outgoing arc, then we add v to M3
if v ¢ Mg and w if w ¢ Ms. By definition it follows M; N M3 = &. By a similar reasoning as in the
previous item we conclude

Msn{veV|r,>7,}=0.

3. In a third step we define My := {v € V | v ¢ M; U M3}. The previously defined sets then have the
property V = My U My U Ms.

O

Lemma 2. Let (q,7,p, ) be a solution for the active transmission problem (3.1) fulfilling at least con-

straint (3.1b) and (3.1e). Furthermore let (¢*, 7*,p*,y*) be a feasible solution for (3.1) and 0 < z* < 1.

There exists a vector x* = (.}, 2y, %y, Ta) ey gear With 237,257 € Rsg,a,2% € R forv € V and

vy ,

a € A" with x* # 0 which is feasible for (3.8¢)—(3.8f) and (3.81)—(3.8n).

Proof: Let (G, 7,p,y) be a solution for the active transmission problem (3.1) fulfilling at least con-
straint (3.1b) and (3.1e). Furthermore let (¢*, 7*, p*, y*) be a feasible solution for the active transmission
problem (3.1). For 0 < 2* < 1 we describe how to define * = (., 74);cy 4c 4 Which is feasible for
(3.84)(3.8f) and (3.81).

By Lemma, 1 there exists a partition V = M; U Ms U M3 such that the following holds:

— Va = (v,w) €5, (M) Udy (Ms):
(o (77) — oy (7)) < (70, (%) — 0, (7)),
Pee{1,...,va} i [Aa (Gas Do Pu)lk > [balk, with (3.13)
(Aa)k,1)(22—Ga) > 0, (Aa) (k,2) <0, (Aa)(r,3) > 0.
— Va= (v,w) € 5, (M) U} (Ms):
(my (7)) — oy (77)) > (i (7) — 7, (7)),
ﬂk € {17 . ~7Va} : [Aa (qaaﬁvaﬁw)]k > [ba]kv with (314)
(Aa)(1,1)(@5—=Ga) > 0, (Aa) (k,2) > 0, (Aa) (r,3) <O.
From this we obtain an estimation which is needed in the following:
a= (v,w) €5 (My) UG, (Ms)
= ay| sl = Bayy = o (7 (77) — 7, (7)) (3.15a)
< 77:1%(7712(7?) - Wlu;(ﬁ)) = O‘aqama‘ka — Baba
a=(v,w) €4 (My)Udh (Ms)
= aaly| g = Bayy = o (7 (77) = 7, (7)) (3.15b)
> Yo (T, (7) = 7, (7)) = @aaldal* — BaFa
We use the sets My, My, M3 to define the values 2%, v € V and z*,a = (v,w) € A’ as follows:

-1 ifve My,
xp =40 ifveE M,, (3.16a)
if v e M3,
0 if a €68, (M) Udy (Ms): Ralg: —Ga) <0,
zi:=40 if a €0y, (M) USh (Ms): &o(q: — Ga) > 0, (3.16b)

* *

xy, —xy  else.
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We proceed by showing that this definition is feasible for constraints (3.8d)—(3.8f) and (3.81). We have

*

J— *
Ty = Ty

and 2% = 0 for all arcs a = (v,w) € A'(My : My) U A (My : M) U A'(Ms : Ms). Thus

(3.8d)—(3.8f) and (3.81) are fulfilled for these arcs. Let us now turn to the remaining arcs. At first we

observe:

— For every arc a € A'(My : My) U A'(My : M3) U A’'(My : M3) it holds a € 63, (My) U85, (Ms).
— For every arc a € A'(Ma : My) U A'(Ms : M) U A’'(Ms : My) it holds a € 6, (My) U 84, (Ms).

These are the two cases that we distinguish in the following:

Case q; < G, : We distinguish two cases.
Case a = (v,w) € 6}, (M) Ud,,(Ms) : In this case we have x} — 27, < —1.

— By (3.8f) &4 # 0 means x, — &, + 2, < 0 must be fulﬁlled by z*. We have &, # 0 = Ry >

0= Ro(q} —Ga) < 0=z} =0Dby (3.16b). Hence it holds z} —z¥ +z* <0 and z, < 2} <7Z,.

— By (3.8¢) & = 0 means x, —x,,+, = 0 must be fulfilled by «*. We have z} = —(a}—2%) >0

by (3.16b). Hence it holds z} — z} + 2% = 0. &, = 0 means a, = 0 by (3.9i). This in
combination with (3.15a) implies B,y% > Ba¥.. By (3.13) there exists no index k so that
[Aa (daaﬁvaﬁw)]k > [ba]Iw with (Aa)(k,l)(qzz - da) > Oy(Aa)(k,Z) < 0, (Aa)(k,3) > 0. This
and the conclusions that there exists no index k such that [Aq (Ga,Pv, Pw)]k = [balk, With
(Aa)k,1) # 0 (because of &, = 0) especially implies that there exists no index k such that
[Aa ((jaa]su,ﬁw)]k > [ba]ka with (Aa)(k,l) > O,(Aa)(k,g) < 0 and (Aa)(k,B) > 0. From this we
conclude T, = oo by (3.9¢). This yields z, <0 < z¥ < T, = 0.

Case a = (v,w) € 6,,(M;) U}, (Ms) : In this case we have z} — x%, > 1.

— From &, > 0 it follows %4 (¢} —ga) < 0. Hence we obtain from (3 16b) that x} = — (2} —xf,) <

—1 < 0 holds. By (3.8¢) and (3 8f) vy —Tw+xo <0o0r Ty — T+, =0 must be fulfilled by
a*, which is obviously true. By (3.15b) we have B,y* < B.9q. By (3.14) there exists no index
k such that [Aa (q~a7ﬁv7ﬁw)lk¢ > [ba]k7 with (Aa)(k,l) (q;i _qa) >0, (Aa)(k,2) > 0, (Aa)(k,3) <0.
This especially means that there exists no index k such that [A, (Ga, Dus Dw)]k = [ba]i, With
(Aa) (k1) <0, (Aa)(k,2) > 0,(Aa)(k,3) < 0. Hence we have z, = —oo by (3.9d). This yields
z, <z; <0<7Z,.

Case ¢ = ¢, : We distinguish two cases.
Case a = (v,w) € 61, (M) Ud,,(Ms) : In this case we have z} — z¥ < —1. By (3.15a) we have
BaYa > Bala-

w

— By (3.8¢) x, — x4 + 2, = 0 must be fulfilled by z*. Because of %,(q} — G.) = 0 we have

xf = —(zX—2a%) > 1> 0by (3.16b). Hence z — 2% +z* = 0. By (3.13) there exists no index
k such that [A, (Gas Do, Pw)lk = [balk, With (Aa)r,1)(05 —Ga) = 0, (Aa)(k2) < 0, (Aa)(x,3) > 0.
This especially implies that there exists no index k such that [As (Ga, Dus Dw)]k > [Da]k, With
(Aa) (k1) = 0, (Aa)k,2) <0, (Aa)k,3) > 0. Hence T, = oo by (3.9¢). So we obtain z, <0 <

.
Ty < Tq-

Case a = (v,w) € §,,(M;) U4, (Ms) : In this case we have x} — %, > 1. By (3.15b) we have B,y <
ﬁaﬂa'

— By (3.8¢) &, — 2y + x4, = 0 must be fulfilled by z*. Because of %,(q} — G.) = 0 we have

xh = —(zf—2a}) < —1<0by (3.16b). Hence =} —z} +z = 0. By (3.14) there exists no index
k such that [A, (Gas Pos Puw)lk = [balk, With (Aa),1)(25 —Ga) = 0, (Aa)(k2) > 0, (Aa)(r,3) < 0.
This especially implies that there exists no index k such that [A, (Ga, Doy Dw)]k > [Da]k, With
(Aa) (k1) £0, (Aa) (k,2) > 0, (Aa)(k,3) < 0. Hence z, = —oo by (3.9d). This yields z, < z; <
0<7,.

Case ¢ > g, : We distinguish two cases:
Case a = (v,w) € §},(M;) U, (M3) : In this case we have z — 2, < —1. By (3.15a) we have
BaYa > Bala-

w

— From &, > 0 it follows &4 (¢} —da) > 0. Hence we obtain from (3.16b) that z} = —(x} —a) >

1 > 0 holds. By (3.8d) and (3.8e) x, — x, + 24 > 0 or 2, — 2, + 2, = 0 must be fulfilled by z*,
which is obviously true. By (3.13) there exists no index k such that [Ag (Ga, Dvs Pw )|k > [Dalk,
with (Aa)k,1)(¢ — Ga) > 0, (Aa)k,2) < 0, (Aa)(k,3) > 0. This especially implies that there
exists no index k such that [Ag (Ga,Pos Pw)lk > [balr, With (Aa)k,1) > 0, (Aa)@k2) < 0,

(Aa)(k,3) > 0. Hence T, = oo by (3.9c). This yields z, <0 < 2}, < 0o = Tg.

Case a = (v,w) € 6,,(M;) U}, (Ms) : In this case we have z} — x%, > 1.
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— By (3.8d) R, # 0 means x, — x, + 2, > 0 must be fulfilled by z*. We have &, # 0 = &, >
0= %a(¢F — Gu) > 0= 2% =0 by (3.16b). Hence it holds o —z¥ + 2 =zF —zX >1>0
and z, < 2} <T,.

— By (3.8¢) R, = 0 means x, — x,, + x, = 0 must be fulfilled by z*. By (3.16b) we have

xh = —(z} —2¥) < 0 which implies z} — 2z}, + 2} = 0. K, = 0 means a, = 0. This implies

in combination with (3.15b) that 8.y} < 849, holds. By (3.14) there exists no index k such

that [Ay (Ga, Do, Puw)le > [balk, With (Aa) k1) (@ — Ga) > 0, (Aa)k2) > 0, (Aa)k,s) < 0.
Additionally %, = 0 yields that 3k : [A4 (Ga, Pu> Puw)]k > [ba)r with (Aa)(k,1) # 0 by (3.91).
This especially implies that there exists no index k such that [A, (Ga, Do, Pw)]k > [ba]k, With
(Aa) (k1) <0, (Aa)k,2) > 0, (Aa)k,3) < 0. Hence z, = —oo by (3.9d). This yields z, < z};, <

0<7,.
This case discussion proves that (z}, z%),cv,ocar is feasible for (3.8d)—(3.8f) and (3.81). We set

*+

Ly

:= max{0, z} + K, 2" YoeV,
X ; (3.17)

*«—

xp = max{0, —x) — ky2z"} Yo eV.

From this definition it follows that (3.8¢c) is fulfilled. We prove that this definition is feasible for (3.8m)
and (3.8n). Therefor we make use of

{veV |m,>7,} C M {veV|m, <m,}NM =0, (3.18a)
{veV |7, <m,} C M {veV |7, >T,}NM; =2, (3.18Db)

which holds by Lemma 1. We consider the bound constraints (3.8m) and (3.8n) separately:

— We show that it holds z:" < ;" for every node v € V: Let v € V. According to (3.9¢) we have to
show a:jj+ =0 if 7, > T,. In this case it holds v € M; U My by (3.18b). We distinguish two cases:

Ty =Ty = Ky =0

(3.16a),(3.18b) N
= ) + Kp2* =T, < 0=z, =max{0,z] + Ky2,} = 0.

~ _ (3.9g),(3.18a),(3.16a
fo o, GGG .
2" €[0,1]

S af bRt =142 < 0=az7

= max{0, z; + ky2"} = 0.

— We show that it holds z}~ < T, for every node v € V: Let v € V. According to (3.9f) we have to
show z}~ =0 if 7, < m,. In this case it holds v € M3 U M by (3.18a). We distinguish two cases:

- 3.9
Ty = T, (:>g) Ky =0
(3.16a),(3.18a) B
=)+ K2t =), > 0=z, =min{0, 2} + k,2"} = 0.
_ 3.9),(3.18b),(3.16
Fop < m, COEPEEDEI0 o

z*€[0,1] B
=ay+ K2 =1—2" > 0=z, =min{0,z + K,2"} =0.

We conclude that the definition (3.16a), (3.16b), and (3.17) yield a vector z* which is feasible for (3.8¢)—
(3.8f) and (3.81)—(3.8n). |

4 Interpretation of the Infeasibility Detection MILP

In this section we give an illustrative explanation of the formulation of the infeasibility detection MILP (3.8).
Therefor we look at the dual problem of (3.8) for a fixed flow vector ¢ € R4 which fulfills the flow
conservation and bound constraints (3.10), i.e.,

>oodi— Y qy=d, YveV, ¢ <q,<q, YacA

a€st, (v) a€s, (v)
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Let (4,7, P, ) be a solution of the active transmission problem (3.1) fulfilling at least constraint (3.1b),
(3.1c) and (3.1e). Assume that the MILP (3.8) has optimal objective value zero. By Theorem 1 we
conclude that there do not exist vectors 7/ € RV, p’ € RV, v/ € R4 such that (¢',7',p',y) is feasible for
the active transmission problem (3.1). In the following we show an example demonstrating that especially
7' € RV with 7 < 7/ < 7 cannot exist. Therefor we assume that (¢’,7’,p’,y’) is a feasible solution for
(3.1) and derive a contradiction by comparing (¢', 7', p’,y’') and (g, 7, p, 7).

As mentioned before we assume that MILP (3.8) has optimal objective value zero. This implies that
the following linear optimization problem is bounded because the feasible solution space forms a cone
(recall that ¢’ and ¢ are fixed):

max z (4.1)
[)\U] s. t. xj—x;—xv—mzz(} Yo eV,
[,ua] Ty — Ty + 2o — T Ro (¢, — Ga) =0 Va=(v,w) e A,

[Va]  Su—Sw+Sa— 5§ aq (¢ — Ga) — Kaz =0 Va=(v,w) €A,

5, < 50 <3, Vae A,

T, <3y < Ty Vae A,

r <zt YveV,

z, <7, YoeV,

Ty, Sy €ER YveV,

zl, 2, € Ry YoeV,

Za,5¢ €ER Yaec A,

), st € Rxg Vae A,

z ERE().

In this notation we associated dual variables A, for each node v € V and g, v, for each arc a € A’. As
(4.1) is bounded it follows that its dual is feasible. This dual is as follows:

I p,v (4.2a)
S. t. Z Vg — Z ve=0 VYvey, (4.2b)
aest, (v) aes’y, (v)
Z o — Z e —Ap=0 VYovevV, (4.2¢)
a€dt, (v) a€s, (v)
D= D> A+ Y Kava =1, (4.2d)
VEV 7, >, VeV, <, acA’
fa(qh — Ga) ta >0  Vae A, (4.2e)
aa(q), — Ga)va >0 VYae A, (4.2f)
A, <A <A, Yoevy, (4.2g)
B, < e <, YVaeA, (4.2h)
Vy, <y <V, VaeA, (4.21)
ta, Vg ER Vaec A, (4.2)
A ER  VoveW (4.2k)
Here the variable bounds are defined as

X = {Oo 7, 2 o, Voev, (4.32)

0 else
A, = {OO 7, <, Voev, (4.3b)

0 else
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oo if Balla = max{ﬂayaa 5&@(1}
ﬁ L S8 if 3k : [Aa (Cja;ﬁv7ﬁw)]k Z [ba]ka with Va S A/a (4 30)
“ (Aa) k1) >0, (Aa)(k2) <0, (Aa)(k3) >0, a=(v,w), '
0 else

—oo if Bafia = min{ﬂagaa ﬁaya}
—oo if 3k : [Ag (Gas Doy Pw)]k > [Dalk, with Vae A,

o= (4.3d)
— (Aa) (k1) <0, (Aa),2) > 0, (Aa) 3 <0, a=(v,w),
0 else
: ~ = /
T, = oo if Bafe = max{Bay . BV} Vae A, (4.30)
0 else a = (v,w),
- e _ ,
Za = o0 lf ﬁaya mln{ﬁayavﬁaya} \V/a € A ) (43f)
0 else a = (v,w).

Now let (A*, u*,v*) be a feasible solution for (4.2). The vectors v* and p* form a network flow by
constraints (4.2b) and (4.2c). For the following discussion we focus on the case that either p* > 0 if
A* #£ 0 or v* > 0 holds. The case where these assumptions are not fulfilled can be led back to the
case fulfilling the assumptions by changing the orientation of some arcs. Our initial motivation for the
definition of MILP (3.8) was to look either for a path or a circuit as discussed in the following two cases:

Case \* # 0: We split the network flow p* into sets of flow along paths P, ..., P, and flow along circuits
C1,...,Cy. This way we obtain from p* > 0 that there exist flow values up, > 0,¢ =1,...,m and
e, > 0,2 =1,...,n such that

Mg = Z e, + Z pe, Vae A
i=1 i=1 n:

wcAl () acA(C;)
Consider a path Py that starts in node v and ends in node w. Because of constraint (4.2d) the index
¢ can be chosen such that either 7, > 7, and 7, < «,, or 7, > 7, and 7, < 7, holds. Let the nodes
of Py be given by v1,...,v,+1 where v1 = v and v,41 = w and connecting arcs by aq,...,a,.
In order to show that (¢’,7’,p’,y’) is not feasible for the active transmission problem (3.1) we dis-
tinguish two cases for each arc a; of the path Py:
1. In the case that 5,,7a, = max{ﬁaiyai,ﬁaiyai} we obtain the following estimation from ., < ¢,

if oy, # 0 (by (4.2¢)) and Ba, 9, < Ba;Ja;:

o, = Ya; Tvigr = QYa; Ga, |Ga; |kai — Ba;Yas
< aq, @, |, 1 = B, = T — Vai T, -

2. In the case that [Aq, (Ga, > Do, > Poiyr )]k = [ba,]x holds for an index k with (Aq,) (k1) > 0, (Aa, ) k,2) <
0, (Aq;)(k,3) > 0 we rewrite this inequality as a1qa, —az > po, — a2pu,,, With a1 € Rxg, az € Ryg
and ag € R. Then we derive the estimation (using (4.2¢) and (3.91), which yields a1 > 0= G,, <

/
9o, ):

_ _ - / / /
Pu; = @2Pv; s < A1Ga; — A3 < A1, — A3 < Py, — Q2P -

We note that at least one of the previous cases applies because of 0 < p; <7, and (4.3c). Because
of the coupling constraints p,|p,| = 7, and p)|p,| = 7, relating the pressure and node potential
variables for each node v € V', we obtain:

~ / ~ / ~ /

Toy > My = Ty > Moy ey gy > Ty (4.4a)
~ / ~ ! ~ /
Toppr < Ty = Moy <Tys ooy Ty < Ty (4.4b)

The path P, is chosen such that either the start node v; or the end node v,,41 of path P, violates its
node potential bound, i.e., one of the following cases applies:

! <7

_ ’ (4.4a)
and T,, > m,, = Ty < Tirs

Ty, > Ty, and Ty, <7,
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> = d 7 d <qp @
Tyy 2 My ANA Ty, g <@, and T, ST, Ty, = Moy -

Hence 7’ violates the node potential bounds which implies that (¢’,7’,p’,y’) is not feasible for the
active transmission problem (3.1).

Case v* # 0, \* = 0: Similar as in the previous case we split the network flow v* into sets of flow along
circuits C1, . .., Cy,. By constraint (4.2d) there exists an arc a € A" with v} # 0 and o, > 0 by (3.9h).
From our assumption we obtain v} > 0 for this arc. Let ¢ be chosen such that C; contains this arc.
Let the nodes of Cy be given by v1,...,v,+1 where v; = v,41 and connecting arcs by ai,...,a,.
We note that S840, = max{Ba,y, ,Ba;¥a,} holds because of 0 < v < 7y, and (4.3e). From this
observation we derive the followingl contradiction from g,, < ¢, if o, # 0 (by (4.2f)):

n i—1
0= Z H fyaj (ﬁvi - ,)/aiﬁvi+1)
: is1

Foi — 56&1‘ gai)

Ga;

n i—1
=2 117 | (ca da,
: =1

kal - 5azyl/ll)

/
QG,i

n i—1
< (T | o
: =1

n i—1
= Z H ’V(lj (7'[-;1 - ’7ai7r:)i+1) = 0’
. j=1

The inequality is strict because kv, > 0 by (4.2d) and ¢, < q, < q., by (3.9h) and the fea51b111ty of
¢’'. This contradiction implies that our assumption was wrong and hence the solution (¢, 7',p,y) is
not feasible for the active transmission problem (3.1).

We note that at least one of the above cases applies because of constraint (4.2d). This contradicts our
assumption that (¢, 7’,p’,y’) is feasible for the active transmission problem (3.1) and shows that this
assumption was wrong.

5 Integration and Computational Results

Below we present our strategy for solving the topology optimization problem (2.6) as outlined in Section 3.
Furthermore we present computational results that demonstrate the benefits of this solution approach.

5.1 Integration

Our solution approach is to solve the model (2.6) by SCIP [23] in combination with a specially tailored
adaptation: Whenever the active transmission problem (3.1) arises from branching on integral variables
we compute a local optimal solution for a relaxation of the active transmission problem. This relaxation
is denoted as domain relazation. It is defined as follows:

min > A, + Y (Ag+ (AL (5.1a)

veV acA’
s. t. a Galqal® = Bava — (Ty — YaTw) = 0 Va=(v,w) €A, (5.1b)
Z Qo — Z o =dy, VvEYV, (5.1¢)
a€st, (v) a€s, (v)
Au (Gaspospw)” — AL <b,  Va=(v,w) € A, (5.1d)
PolPo] — T =0 Vvev, (5.1e)
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A, €Rsy Vv eV, (5.1n
A, €R>p Vae A, (5.10

Ty — Ay <7 VvEYV, (5.1f)
T+ Ay >2m, VoveV, (5.1g)
Ga—Aa<q, Vacd, (5.1h)
GatAs>q, VaecA, (5.1i)
Yo <P, Vaed, (5.15)

Yo >y, VaeA, (5.1k)
Pu, T € R Yv eV, (5.11)
GasYa ER Vae A, (5.1m)

)

)

)

A, eRYy Vae Al (5.1p

This relaxation is a non-convex optimization problem due to the constraints (5.1b). We not that, if
Y, = Yar A, = 0 and b, = 0 holds for every arc a € A’, then the domain relaxation turns into a convex
optimization problem, see [13]. Nevertheless, we do not restrict to this special case.

For a feasible solution (¢, 7, p, A, ) to the domain relaxation we differentiate between three cases:

Case 1: If (¢, 7, p,7) is feasible for the active transmission problem (3.1) then this solution is globally
optimal. We add this feasible solution to the solution pool of SCIP. In this sense, solving the domain
relaxation (5.1) is a primal heuristic for the active transmission problem.

Case 2: Otherwise, if (¢,7,p,7) is not feasible for the active transmission problem, then the solution
violates at most the constraints (3.1d) and (3.1f)-(3.1i). The next step is to solve the infeasibility
detection MILP (3.8). If this problem turns out to be infeasible or has optimal objective value zero,
then the infeasibility of the active transmission problem (3.1) is certified, see Theorem 1. In this case
we manually prune the corresponding node of the branch-and-bound tree.

Case 3: Otherwise, if we cannot decide that the current active transmission problem is infeasible, we
cannot interfere with the branching process. Neither a primal feasible solution can be provided nor
a node of the branch-and-bound tree can be manually pruned.

We note that exactly one of the above cases applies. After having completed the above steps the solver
continues with the branching process.

5.2 Computational Results
We compare four strategies for solving the topology optimization problem (2.6):

1. The first strategy is to use SCIP without any adaptations on the solver settings.

2. The second strategy is to enforce a certain branching priority rule, so that SCIP first branches
on binary and discrete decision variables. Only after all discrete variables are fixed it is allowed to
perform spatial branching on continuous variables.

3. The third strategy implements the domain relaxation (5.1) for computing a primal feasible solution
for the active transmission problem (3.1). We apply SCIP as described for the second strategy.
Whenever the active transmission problem arises from branching on integral variables we use the
domain relaxation (5.1) as a heuristic for computing a feasible solution. For this computation we
apply the nonlinear solver IPOpt [29]. If we obtain a primal feasible solution then we add it to
the solution pool of the solver. Otherwise we cannot detect infeasibility of the active transmission
problem and thus do not manually prune any node of the branch-and-bound tree.

4. The fourth strategy implements the solution process as described in Section 5.1. We use the nonlinear
solver IPOpt [29] for solving the domain relaxation (5.1) and SCIP for solving the infeasibility
detection MILP (3.8) in advance. For solving this MILP we impose a time limit of 15s. Additionally
we set branching priorities according to the second strategy.
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(a) Original test network. (b) Extended test network.

Fig. 5.1: The test network net1. It is an approximation of parts of the German gas network in the Rhine-
Main-Ruhr area. More precisely the length and the diameters of the pipelines are real-world data while
other parameters like roughness or compressor data are set to realistic mean values. Altered data of
network net1 with similar characteristic is publicly available at URL http://gaslib.zib.de under the
name gaslib-40. The additional arcs were obtained manually. They represent each a pipeline in series
with a valve. The length of these additional pipelines is set to the geographical distance between the end
nodes. Costs associated with these pipelines reflect the building costs.

L -t " o, -t "
(a) Original test network. (b) Extended test network.

Fig.5.2: The test network net2. This network is an approximation of the German gas network for the
high calorific gas. More precisely the length and the diameters of the pipelines are real-world data while
other parameters like roughness or compressor data are set to realistic mean values. Altered data of the
underlying network, which contains no extensions, is publicly available at URL http://gaslib.zib.de
under the name gaslib-135. The additional arcs were obtained manually. They represent each a pipeline
in series with a valve. The length of these additional pipelines is set to the geographical distance between
the end nodes. Costs associated with these pipelines reflect the building costs.
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We implemented the algorithm above in C, i.e., solving the domain relaxation (5.1) and the infea-
sibility detection MILP (3.8). We used a cluster of 64bit Intel Xeon X5672 CPUs at 3.20 GHz with
12 MByte cache and 48 GB main memory, running OpenSuse 12.1 Linux with a gcc 4.6.2 compiler. Fur-
thermore, we used the following software packages: SCIP 3.0.1 [23] as mixed-integer nonlinear branch-
and-cut framework, CPLEX 12.1 [8] as linear programming solver, IPOpt 3.10 [29] as nonlinear solver,
and Lamatto++ [12] as framework for handling the input data. Hyperthreading and Turboboost were
disabled. In all experiments, we only ran one job per node.

We consider the networks net1l and net2 shown in Figure 5.1 and 5.2. For obtaining the extended
networks we manually added pipelines in series with a valve. Network net1 consists of 40 nodes, 6 com-
pressors, 39 pipes and 103 extension pipes in series with a valve. Network net2 consists of 135 nodes,
29 compressors, 141 pipes and 261 extension pipes in series with a valve. A summary of the computa-
tional results is shown in Tables 1-2 while the original results are available in Tables 3-4. The summary
shows the number of globally solved instances and the shifted geometric mean of runtime and number
of branch-and-bound nodes.

strategy 1 2 3 4‘ all

solved instances 25 26 26 39‘ 52
Table 1: Summary of the Tables 3 and 4 showing the globally solved instances out of 52 nominations in
total. The fourth strategy globally solves all instances which are solved to global optimality by the other
strategies.

(AB)=(23) (AB)=(24)

solved(24) solved(26)
time [s] nodes time [s] nodes
strategy A 9.3 191 17.1 343
strategy B 17.2 212 16.3 192
shifted geom. mean +86 % +11 % —5% —44%

Table 2: Runtime and number of branch-and-bound nodes for the strategies 2 and 3 and additionally 2
and 4 (aggregated results). The columns contain mean values for those instances globally solved by both
strategies A and B. The underlying data are available in Tables 3 and 4.

Table 1 shows that the fourth strategy clearly outperforms the other strategies in terms of number of
solved instances. All instances that are globally solved by strategies 1 or 2 or 3 are also globally solved
by the fourth strategy. Approximately 25 % more instances of the test set (13 out of 52) are solved by
the fourth strategy compared to the second one. The second strategy performs better than the first one
because it solves one more instance within the time limit. Furthermore it shows better gap values, see
Table 3. We conclude that branching priorities as imposed by the second strategy are a first step to
improve the solving performance of SCIP.

The summary in Table 2 shows that approximately 50 % of the instances of the test set (26 out of 52)
are globally solved by the second strategy. Here the runtime decreases by approximately 5% on average
following strategy 4 while the number of branch-and-bound nodes is decreased by approximately 44 %.
Clearly the reduction of nodes does not pay off compared to the comparatively slight decrease in runtime.

Comparing strategy 3 and 4 we observe that the third strategy allows to solve 50 % of the instances of
the test set (26 out of 52). Hence it performs nearly similar as the second strategy in terms of the number
of globally solved instances. But the runtime increases by approximately 86 % and the number of nodes by
approximately 11 %. We conclude that the primal heuristic (solving the domain relaxation (5.1)) as well
as the verification of the infeasibility conditions (represented by the infeasibility detection MILP (3.8))
are both important for the performance of the fourth strategy.
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SCIP (strat. 1)

SCIP with priorities (strat. 2)

domain relaxation heuristic (strat. 3)

domain relaxation and check (strat. 4)

nom| gap primal dual time nodes| gap primal dual time nodes| gap primal dual  time nodes| gap primal dual time nodes
1 996 0 limit 332,054 1,999 0 limit 251,088 1,556 0 limit 142,814 1,239 0 limit 116,281
215,499 2,270 40 limit 739,421 40 limit 100,414 40 limit  102,524|14,755 6,024 40 limit 110,307
3[1,972 1,908 92 limit 1,918,145(1,181 1,180 92 limit 888,972|4,725 4,444 92 limit 1,568,040 92 limit 1,871,730
4 63 1,148 701 limit 342,856 63 1,148 701 limit 376,552 873 6,832 701 limit 145,366 228 2,306 701 limit 134,085
5 726 limit 2,646,703 728 limit 3,192,607 727 limit 2,843,775 726 limit 2,423,993
6 772 limit 2,955,237 759 limit 3,787,138(1,070 8,890 759 limit 2,158,999 833 7,071 757 limit 2,422,856
7 1,038 limit 3,004,645 987 limit 2,446,627 1,038 limit 3,059,269 970 limit 3,024,349
8 1,019 limit 3,700,692 994 limit 3,242,856 959 12,660* 995,717 994 limit 3,243,034
9 1,099 limit 3,520,812 1,099 limit 3,522,377 1,099 limit 3,519,282 1,099 limit 3,530,143
10 1,252 limit 2,552,061 1,250 limit 2,887,158 1,257 limit 2,598,481 1,266 limit 2,774,184
11 1,187 limit 3,153,578 1,187 limit 3,160,494 1,187 limit 3,142,580 1,187 limit 3,162,582

Table 4: Results on network net2 and 11 nominations. The instance marked with * had numerical troubles due to a CPLEX LP error. The time limit was
set to 11 hours.
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We observe from Table 4 that very few primal feasible solutions are computed for instances on
network net2. For 6 out of 11 instances none of the strategies 1-4 terminated with a feasible solution
available after 11 hours. Here primal heuristics are first choice for further investigations. Therefor we
applied other state-of-the-art MINLP solvers than SCIP. More precisely, we used ANTIGONE [17] and
BARON [26] for solving the topology optimization problem (2.6). Results for these solvers without any
adaptations on the implementation are available in Tables 5-6. For net2 we observe that ANTIGONE
detects infeasibility for all instances while BARON does not compute any primal feasible solution. We
conclude that ANTIGONE and BARON show even worse solving performances compared to SCIP (without
any adaptations, strategy 1).

nom ANTIGONE BARON nom ANTIGONE BARON
1 limit 39 21 limit 1,143
2 limit 115 22 limit 35,611
3 limit 76 23 limit 7,655
4 limit 46 24 limit limit
5 limit 71 25 limit limit
6 limit 78 26 limit limit
7 37,098 21 27 limit limit
8 limit 118 28 limit limit
9 limit 22 29 limit limit
10 limit 35 30 limit limit
11 limit limit 31 limit limit
12 limit  *limit 32 limit limit
13 limit 1,713 33 limit limit
14 limit 4,433 34 limit limit
15 limit 6,340 35 limit limit
16 limit 85 36 limit limit
17 limit limit 37 limit limit
18 limit limit 38 limit limit
19 limit  *limit 39 limit limit
20 limit 32,072 40 limit limit
41 limit limit

Table 5: Runtime results in seconds using ANTIGONE and BARON to solve the topology optimization
problem (2.6) on 41 nominations on the network net1. The time limit was set to 11 hours. Those instances
with a finite runtime were solved to global optimality. No primal solution was available for the other
instances except those ones that are marked by *. Here a primal feasible solution was available.

6 Conclusions and Outlook

Regarding the literature known to the author, mainly various heuristic and local optimization methods
are in use to solve network design problems in gas transport. This paper presents a mixed-integer non-
linear programming formulation, which allows, at least in principle, to compute global optimal solutions.
Using state-of-the-art solvers such as ANTIGONE, BARON or SCIP in their default modes, i.e., without
any adaptions on the solver setting or implementation, about half of the instances of our test instances
can be solved to global optimality. Using the proposed solution method we were able to solve about
25 % more instances of our test set to global optimality. Furthermore the runtime is decreased by 5% on
average.

So far, our method was applied to the case of a single nomination. In practice, however, one has to
deal with a whole set of different infeasible nominations and needs to determine a topology extension
that can cope with all of them simultaneously.
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Table 6: Runtime results in seconds using ANTIGONE and BARON to solve the topology optimization
problem (2.6) on 11 nominations on the network net2. The time limit was set to 11 hours. Those
instances with a finite runtime were detected to be infeasible. No primal solution was available for the
other instances.
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