Bodo Erdmann Jens Lang Rainer Roitzsch

KASKADE Manual

Version 2.0

FEM for 2 and 3 Space Dimensions

Wenn man arbeitet, um anderen zu gefallen, kann es mißlingen, die Dinge aber, die man gemacht hat, um selber zufrieden zu sein, haben stets Aussicht, irgendwen zu interessieren. Es ist unmöglich, daß es nicht Leute gäbe, die einiges Vergnügen an dem finden, was mir selber so viel Vergnügen bereitet hat. MP, I/2, 98

TR 93–5 (December 1993)

Contents

1 Introduction 1

2 KASKADE runtime interface 2 2.1 C basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2.2 Portability interface . . . . . . . . . . . . . . . . . . . . . . . . 2 2.3 Application frame . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.4 Fixed sized list management . . . . . . . . . . . . . . . . . . . 4 2.5 Application events . . . . . . . . . . . . . . . . . . . . . . . . 6 2.6 Access rights . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.7 Command language . . . . . . . . . . . . . . . . . . . . . . . . 10 2.8 Parameter handling . . . . . . . . . . . . . . . . . . . . . . . . 13 2.9 Minigraphic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3 Triangulation module 16 3.1 Triangulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2 Basic objects of a triangulation . . . . . . . . . . . . . . . . . 17 3.3 Organization of basic object lists . . . . . . . . . . . . . . . . 20 3.4 Global operations on a triangulation . . . . . . . . . . . . . . 21 3.5 Using a triangulation . . . . . . . . . . . . . . . . . . . . . . . 22 3.6 Procedures (Refinement/Deletion) . . . . . . . . . . . . . . . . 22 3.7 Customizing the module . . . . . . . . . . . . . . . . . . . . . 26 3.8 Command language interface . . . . . . . . . . . . . . . . . . . 26

4 Node module 28 4.1 Access management on basic objects . . . . . . . . . . . . . . 28 4.2 Node management . . . . . . . . . . . . . . . . . . . . . . . . 31 4.3 Sparse matrices . . . . . . . . . . . . . . . . . . . . . . . . . . 34 4.4 The matrix/vector multiplication method . . . . . . . . . . . . 35 4.5 Command language interface . . . . . . . . . . . . . . . . . . . 37

5 Adaptive computations 38

6 Assembling module 39 6.1 Defining the problem . . . . . . . . . . . . . . . . . . . . . . . 39

6.2 Shape functions . . . . . . . . . . . . . . . . . . . . . . . . . . 42 6.3 Local assembling . . . . . . . . . . . . . . . . . . . . . . . . . 44 7 Solve module 48 7.1 Interface for direct solvers . . . . . . . . . . . . . . . . . . . . 49 7.1.1 Direct methods and their duties . . . . . . . . . . . . . 49 7.1.2 Defining a direct method . . . . . . . . . . . . . . . . . 51 7.1.3 Command language interface . . . . . . . . . . . . . . 52 7.2 Interface for iterative solvers . . . . . . . . . . . . . . . . . . . 52 7.2.1 Iterative methods and their duties . . . . . . . . . . . . 52 7.2.2 Defining an iterative method . . . . . . . . . . . . . . . 53 7.2.3 The preconditioner method . . . . . . . . . . . . . . . 54 7.2.4 Command language interface . . . . . . . . . . . . . . 54 7.3 Interface for error estimators . . . . . . . . . . . . . . . . . . . 54 7.4 Interface for refinement strategies . . . . . . . . . . . . . . . . 55 7.5 Interface for a completely adaptive solution . . . . . . . . . . . 56 7.5.1 Break conditions . . . . . . . . . . . . . . . . . . . . . 56 7.5.2 Command language interface . . . . . . . . . . . . . . 56

8 Numerical methods 59 8.1 Direct solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 8.2 Iterative solvers . . . . . . . . . . . . . . . . . . . . . . . . . . 59 8.3 Estimator methods . . . . . . . . . . . . . . . . . . . . . . . . 59 8.4 Refinement methods . . . . . . . . . . . . . . . . . . . . . . . 60 8.5 Preconditioners . . . . . . . . . . . . . . . . . . . . . . . . . . 60 9 Graphic module 61 9.1 Handling graphical ports . . . . . . . . . . . . . . . . . . . . . 61 9.2 Drawing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 9.3 Command language interface . . . . . . . . . . . . . . . . . . . 62

10 KASKADE applications 64 10.1 ELLKASK 2D . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 10.2 ELLKASK 3D . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 10.3 KASTIO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

10.4 KARDOS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 References 66

A: Command Language Interface 68 A.1 Command language syntax . . . . . . . . . . . . . . . . . . . . 68 A.2 Command language survey . . . . . . . . . . . . . . . . . . . . 68 A.3 Alphabetical list of commands . . . . . . . . . . . . . . . . . . 69 A.4 Graphic parameters . . . . . . . . . . . . . . . . . . . . . . . . 85

B: File formats 87

C: Defining your own problem 90 C.1 User functions for the stationary heat transfer equation . . . . 90 C.2 Defining the new problem . . . . . . . . . . . . . . . . . . . . . 92 C.3 Invoking the new problem . . . . . . . . . . . . . . . . . . . . . 93

Index 95

List of Figures 1 Field of an edge . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2 Position in a triangle . . . . . . . . . . . . . . . . . . . . . . . 20 3 Red refinement . . . . . . . . . . . . . . . . . . . . . . . . . . 23 4 Blue refinement . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5 Middle triangle will be red refined . . . . . . . . . . . . . . . . 24 6 Right triangle will be refined red . . . . . . . . . . . . . . . . 25 7 Green closure . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 8 Node storage at points and edges . . . . . . . . . . . . . . . . 32 9 Main iteration loop of an adaptive solution . . . . . . . . . . . 58 10 Triangulation of the example ’Kreis mit Schlitz’ . . . . . . . . 89

List of Tables

1 KASKADE standard data types . . . . . . . . . . . . . . . . . 2

2 KASKADE standard constants . . . . . . . . . . . . . . . . . 3 3 Constants for fixed size list management . . . . . . . . . . . . 4 4 Error constants for fixed size list management . . . . . . . . . 5 5 Constants for application event management . . . . . . . . . . 6 6 Error constants for application event management . . . . . . . 7 7 Constants for access right management . . . . . . . . . . . . . 9 8 Error constants for access right management . . . . . . . . . . 9 9 command data structure . . . . . . . . . . . . . . . . . . . . . . 10 10 Modes read from the command definition file . . . . . . . . . . 11 11 Constants for the command language module . . . . . . . . . 12 12 Constants for parameter management . . . . . . . . . . . . . . 13 13 Error constants for parameter management . . . . . . . . . . . 13 14 Fields of the triangulation data structure TRIANGULATION, for more fields see Table 20 . . . . . . . . . . . . . . . . . . . . . 17 15 Fields of the point data structure PT . . . . . . . . . . . . . . 17 16 Values of boundP fields . . . . . . . . . . . . . . . . . . . . . . 18 17 Fields of the edge data structure EDG . . . . . . . . . . . . . . 18 18 Values of type fields . . . . . . . . . . . . . . . . . . . . . . . 19 19 Fields of the triangle data structure TR . . . . . . . . . . . . . 20 20 Additional fields of the TRIANGULATION data structure . . . . . 21 21 Apply procedures . . . . . . . . . . . . . . . . . . . . . . . . . 23 22 Selection codes . . . . . . . . . . . . . . . . . . . . . . . . . . 23 23 Application events of the triangulation module . . . . . . . . . 26 24 Fields of the nodes data structure (all type int) . . . . . . . . 29 25 Access macros, first letter: data type, second letter: object . . 30 26 Access macros for node storage . . . . . . . . . . . . . . . . . 31 27 Preset fields of nodes . . . . . . . . . . . . . . . . . . . . . . . 31 28 Macros to access sparse matrices . . . . . . . . . . . . . . . . 34 29 The matMulMethod data structure . . . . . . . . . . . . . . . . 36 30 Fields of the problemType data structure . . . . . . . . . . . . 39 31 Fields of the problem data structure . . . . . . . . . . . . . . 40 32 Return codes for the problem defining user routines . . . . . . 42 33 The integData data structure . . . . . . . . . . . . . . . . . . 44 34 The localData data structure . . . . . . . . . . . . . . . . . . 45

35 Sets of integration points (IPs) . . . . . . . . . . . . . . . . . 45 36 Some fields of the solve data structure . . . . . . . . . . . . . 48 37 The femAnsatz data type . . . . . . . . . . . . . . . . . . . . 48 38 Events of the solve module . . . . . . . . . . . . . . . . . . . . 49 39 The dirMethod data structure . . . . . . . . . . . . . . . . . . 50 40 The storeMethod data type . . . . . . . . . . . . . . . . . . . 51 41 The printMode data type . . . . . . . . . . . . . . . . . . . . 51 42 The iteMethod data structure . . . . . . . . . . . . . . . . . . 53 43 The preCondMethod data structure . . . . . . . . . . . . . . . 54 44 The estiMethod data structure . . . . . . . . . . . . . . . . . 55 45 The refMethod data structure . . . . . . . . . . . . . . . . . . 56 46 The break condition fields of the solve data structure . . . . 57 47 Values for the breakReason field . . . . . . . . . . . . . . . . 57 48 The Action data type . . . . . . . . . . . . . . . . . . . . . . 57 49 Available preconditioners . . . . . . . . . . . . . . . . . . . . . 60 50 The graphic data structure . . . . . . . . . . . . . . . . . . . 63 51 Numerical methods in ELLKASK . . . . . . . . . . . . . . . . 64

1 Introduction

The code version KASKADE to be presented here is written in ANSI style C. The modules of KASKADE are designed to allow reuse and extensions. Well–known software engineering techniques like

1. information hiding, 2. object oriented interfacing, 3. portability etc.

are used. Thus we hope to support rapid prototyping of non trivial applications.

KASKADE consists of a collection of modules (a library) and some prototype applications (main programs and extensions). The functionality of each module is specified by

1. a set of data types, 2. macro definitions, 3. a collection of procedures, and 4. specification of events generated.

If necessary, the modules are extended by

1. a command language interface and 2. internal/external test features.

The manual includes recipes to change and extend KASKADE and a “complete” interface description of the modules. We try to hide information which might change in the near future. The program is still under development, there will be changes.

Errors, problem reports, or any comments should be forwarded to the authors at the Konrad–Zuse–Zentrum (ZIB), e–mail addresses

roitzsch@sc.zib-berlin.de
lang@sc.zib-berlin.de
erdmann@sc.zib-berlin.de.

This manual contains a description of the KASKADE 2–D stuff. KASKADE will evolve to a 2D and 3D FEM tool box. Many routines described here are valid in both “worlds”.

2 KASKADE runtime interface

The following modules are basically independent of the KASKADE application. They can be used by other C programs, too.

2.1 C basics

The reader should know C, at least he should be familiar with the concept of pointers (addresses). Reading the KASKADE sources is recommended. We use the following naming conventions.

1. procedure names start with a capital letter, 2. variable names start with a small letter, 3. constant, type, and macro names should use only capital letters (with some exceptions).

Some standard types are used in all KASKADE sources (they are defined in zibutil.h), see Table 1. The use of the KASKADE runtime library is recommended to benefit of the non–KASKADE specific software which is used by the KASKADE modules.

real floating point numbers float or double
ptr pointers char*
proc procedure int(*)()
realproc real procedure real(*)()
ptrproc address procedure ptr(*)()

Table 1: KASKADE standard data types

These types should be used like the “popular” constants in Table 2.

2.2 Portability interface

It is good practice to use these routines to isolate system dependencies. Direct calls of malloc, standard input/output routines should be avoided to make the program more adaptable to different environments. All routines and global variables are declared in the zibutil.h header file.

nil nil pointer
true true
false false
ZERO 0.0
ONE 1.0
HALF 0.5
REALPI 3.14159265358979323846
REALPI2 1.57079632679489661923
SQRT2 1.41421356237309514547

Table 2: KASKADE standard constants

void *ZIBAlloc(long size)

substitutes the standard malloc routine. The size parameter is now of type long, thus allowing the handling of bigger chunks of memory. The implementation assumes a small number of calls. (Each call might be expensive.) For frequent calls with small sizes use the routines of the fixed size list management (see Section 2.4). The amount of memory allocated can be accessed via the variable allocMem of type long.

void *ZIBFree(void *buf)

is the counter part to free. In the current implementation allocMem is updated (reduced)! A nil is always returned.

real ZIBSeconds()

returns the cpu–time in seconds with a machine dependent precision.

int ZIBReadFile(char *name,char **buffer,char *extension)

reads the complete file name (optional with an extension extension) into buffer. The storage buffer is allocated automatically (through

     ZIBAlloc) and may be freed by the user with ZIBFree.

void ZIBStdOut(char *s)

should be used to write messages. It depends on the environment how the request is fulfilled. Output may go to a special window, standard output, or a file (see ZIBOutFile). The technique used to substitute calls of printf is:

printf(.......) =⇒

                      sprintf(globBuf,......);
                      ZIBStdOut(globBuf);

The buffer globBuf is externally defined and should be of sufficient size for standard text operations (actually 256 bytes).

void ZIBOutFile(char *s)

can be used to redirect standard output via ZIBStdOut to a file with name s.

char *ZIBStdLine(char *prompt)

reads a line from the standard input after prompting the user.

2.3 Application frame

We use the skeleton for application programs which is under development at ZIB. Documentation (in german) is available on request [8].

2.4 Fixed sized list management

The fixed sized list management includes routines to handle many memory blocks of fixed, small sizes as they are used to store the data for points, edges, triangles, boxes, etc. To reduce the overhead of direct calls to ZIBAlloc (which is in some implementations big), buckets (blocks of storage) are allocated. Each set of fixed size elements is identified by a positive integer. All messages are done through ZIBStdOut, all storage allocation through

ZIBAlloc.

The constants and routines are declared in the fixedsize.h header file. The constants are explained in the Tables 3 and 4. For complete documentation see the source listing fixedsize.tex.

MAX FIXED LISTS 100 maximum numbers of lists
BAD FIXED LISTS ID -1 wrong list id number
MAX SMALL SIZE 161 greatest small list size
SMALL BUCKET SIZE 100 minimal bucket size

Table 3: Constants for fixed size list management

These routines are used by the software managing triangulations, nodes, and sparse matrices. If the command line interface is used, a command informing on the usage of these routines is supported. The command language interface is the inffixed command.

EFS SECOND -1 second call of init routine
EFS TOO SHORT -2 bucket size to small
EFS BUCKETSIZE -3 impossible bucket size
EFS LENGTH -4 list length not allowed
EFS TOO MANY -5 too many lists
EFS BAD INDEX -6 undefined list id

Table 4: Error constants for fixed size list management

int InitFixedLists(int maxLists,void (*UserError)(int,char*))

initializes the module. It should only be called once at the start of the user program. Negative values of maxList reserve space for

MAX FIXED LISTS lists of fixed size elements. The user may supply a

routine to handle error messages. This routine is called with an error number (Table 4) and a string as parameters. If UserError==nil the string will be printed with ZIBStdOut.

int CreateList(int lng,int bucketSize,char *name)

creates a single list name with the fixed size lng and returns the list identifier. Each time when no elements are available in the free list,

     bucketSize elements will be newly allocated.

void ReturnList(int no)

frees all elements of list no. The memory is returned to the operating system. The user is responsible to keep no pointers to one of these elements alive!

ptr GetElem(int no)

gets a pointer to a new element of list no, i.e. it has the size common to all elements of this list.

void ReturnElem(int no,ptr *elem)

returns an element elem of list no into the internal free list. Note that no memory is returned to the operating system. The user is responsible to keep no reference to this element alive!

ptr GetSmallElem(int size)

This routine replaces the function of malloc. Small elements are collected in buckets by using GetElem for elements of the same size.

void ReturnSmallElem(int size,ptr *elem)

returns elem. The user must supply the correct size value.

void InformLists(void(*UserProc))(int no, int elemSize,
     int bucketSize, int noOfBuckets, int noOfFreeElems,
     char* name))

calls the user routine UserProc for each defined list with parameters

     no, elemSize, bucketSize, noOfBuckets, noOfFreeElems, and name.

int InfFixed(command* cmd)

prints all available information on existing lists in tabular form. The user can inform on the content of one list by supplying its name.

2.5 Application events

The application event routines include code to connect “loosely coupled” modules. Two methods are available to process events which are defined by the user program. One is the immediate processing of user routines at the occurrence of an event. The other is queuing of events leaving the user the task of writing a sort of main event loop.

The constants and routines are declared in the appevents.h header file. The constants are explained in Tables 5 and 6. For complete documentation see the source listing appevents.tex.

MAX EVENTS 100 maximum of events
MAX EVENT TYPES 100 maximum of event types
MAX EVENT PROCS 10 maximum of event procedures
POS BEFORE -1 insert procedure before
POS SUBSTITUTE 0 substitute procedure
POS AFTER 1 insert procedure after

Table 5: Constants for application event management

int InitAppEvents(int maxE,int maxT,
     void (*UserError)(int,char*))

initializes the module. It should only be called once at the start of the user program. maxE is the maximal number of events which will be held in the queue (default MAX EVENTS). Only maxT different event

EAE SECOND -1 second try to initialize
EAE UNKNOWN TYPE -2 unknown event type
EAE ALREADY DEFINED TYPE -3
EAE TOO MANY TYPES -4 too many event types
EAE TOO MANY PROCS -5 too many procs at event type
TAE TRACE SEND 1 trace of SendAppEvent
TAE TRACE GET 2 trace of GetAppEvent
TAE TRACE DEFINE 3 trace of DefineEventType
TAE TRACE PROC 4 trace of SetEventProc

Table 6: Error constants for application event management

types are allowed (default MAX EVENT TYPES). The user may supply a routine to handle error messages. This routine is called with an error number (Table 6) and a string as parameters. If UserError==nil the string will be printed with ZIBStdOut.

int DefineEventType(char *name,int immediateP)

defines a new application event type. An identifier for this type of event is returned. If immediateP==true new events getting in through

SendAppEvent are processed immediately and are not hold in the event

queue.

int SetEventProc(int type,int position,
     void (*RefProc)(ptr,int,char*),
     void (*UserProc)(ptr,int,char*),char *name)

adds the user procedure UserProc at the beginning (if position is

POS BEFORE) or end (if position is POS AFTER) of the procedure list

for event type type if RefProc==nil. RefProc!=nil can be used to substitute or insert (before or after) RefProc.

int SendAppEvent(int type,char *buffer,int lng,char *name)

processes an event of type type either by calling immediately the user procedures or by putting the event in the event queue. The event is described by (buffer,lng) and a name. The name can be used for debugging purposes.

int GetAppEvent(int *type,char **buffer,int *lng,char **name)

releases an event from the event queue. Returning false denotes an empty queue.

int InfEventTypes(void (*UserProc)(int,char*,char**,int,int))

calls UserProc for all defined event types with the parameters int

     type, char *typeName, char **procNames, int maxProcNames, and
     int noOfEvents.

int InfEvents(void(*UserProc)(int,char*,ptr,int,char*))

calls the procedure UserProc for all events in the event queue. Parameters for UserProc are int type, char *typeName, ptr value, int

     lng, char *EventName.

void CallProcs(int type, ptr value, int lng, char *name)

calls all procedures belonging to event type with parameters value,

     lng,and name.

int SetEventTrace(int tr)

switches an internal trace on/off.

int EventsCmd(command* cmd)

prints information on the defined event types and pending events. At the command language level, parameters pending and defined select these features. Additionally an internal trace can be toggled.

2.6 Access rights

These routines allow the management of access to a workspace of a fixed number of bytes. It is used by KASKADE to permit the access to the associated arrays stored in the data structure for points, edges, and triangles. To get positions in the associated arrays the access manager is asked for free fields. All modules using the access manager should return the local storage not used anymore by calls to the access manager.

The concept of an access list is rather simple. An access list consists of n consecutive fields which are set available by a call to CreateAccessList. Access rights to blocks of free fields are requested by the GetAccess routine. The implementation is done by a prototype array of integers. A value of −1 denotes a free byte. A block of used space contains in each field the index of the first byte. This sequence ends with a value different from the start value. All messages are done through ZIBStdOut or a user routine, all storage allocation through ZIBAlloc.

The constants and routines are declared in the access.h header file. The constants are explained in the Tables 7 and 8. For complete documentation see the source listing access.tex.

MAX ACCESS LIST 100 maximal number of access lists

Table 7: Constants for access right management

ACC SECOND -1 second call of init routine
ACC LNG NEG -2 list length negative
ACC ALL LISTS USED -3 all lists in use
ACC BAD INDEX -4 bad access list index
ACC NO INDEX -5 list not defined
ACC NO FIELD -6 field not in use
ACC MEMORY -7 not enough memory
ACC FULL -8 request for space failed

Table 8: Error constants for access right management

int InitAccess(int maxLists,void (*UserError)(int,char*))

initializes the access manager. The parameter maxLists defines the maximum number of access lists. This routine is called internally if necessary (with maxLists=MAX ACCESS LIST). The user may supply a routine to handle error messages. This routine is called with an error number (Table 8) and a string as parameters. If UserError==nil the string will be printed with ZIBStdOut.

int CreateAccessList(int lng,char *name)

initializes the access list name and returns an integer identifier for this list. The size of list will be lng. All its elements are free.

void ReturnAccessList(int listId)

frees the internal memory for the prototype array of listId.

int GetAccess(int listId,int lng,int alignment,char *elemName)

returns an identifier (the position) of a sequence of lng free elements in access list listId. The alignment parameter controls the alignment of the requested sequence of bytes. It should be set to the size of the type it will hold.

void ReturnAccess(int listId,int elemId)

frees element elemId in access list listId for future use.

void InformAccessLists(void(*UserProc)(int,char*,int,int,int*,
     char**),int listId)

calls the user routine UserProc for one or all (listId==-1) existing access lists with the parameters int listId, char *name, int

     accessLng, int maxUsed, int *protoTypes, and char **elemNames.

int AccessTrace(int mode)

switches the internal trace mode on/off.

int InfAccess(command *cmd)

prints all information about current access lists. Command language parameters traceon and traceoff can be used to toggle the internal trace on/off.

2.7 Command language

These routines are used to implement the interface between a user (at a terminal or writing a do–file, see Appendix A) and the application code. The interface uses the command data structure (see Table 9) to pass the information to application procedures.

int no command number
int noOfPars number of parameters
char** pars array of parameters
char** names predefined parameter names
char* results return string (used in tcl embedding)
int verbose level of verbosity (0=silent)

Table 9: command data structure

The “first” parameter cmd.pars[0] is always the actual command name, the parameter list ends with an additional nil pointer. Therefore the length of

cmd.pars is cmd.noOfPars+2. The user has to check the actual parameters

against the predefined parameters. The routine CheckName will ease this task.

The list of predefined commands is read from a command definition file. This file consists of information for setting modes (i.e the prompt), command names followed by the command number and short description, and lists of parameters of commands. A command definition file consists of two parts separated by a blank line. In the first part some modes (see Table 10) may be set. Each of these lines start with ’$’ and the mode name followed by the new value. The mode names are collected in Table 10.

$Prompt ’string’ command prompt
$MaxPar number maximal number of parameters
$Escape character escape character
$Comment character comment character
$Quote character additional quote character
$CmdDelim character additional command delimiting character
$ParDelim character additional parameter delimiting character

Table 10: Modes read from the command definition file

The second part defines the command names the runtime system should recognize. Each command name on a new line is followed by the command number and a string which will be used as a short description of the command. After the definition of the command names an optional list of keywords to given command numbers follows. Each list starts with a ’$’ and the command number on an extra line.

After calling the routine InitCommands (reading the command definition file) the linking between the unique command number and the address of the application procedure has to be done dynamically by calls to SetCommand. The constants and routines are declared in the commands.h header file. The constants are explained in Table 11. For complete documentation see the source listing commands.c.

int InitCommands(char *path,char *name)
     InitCommand returns true if the command file is read successfully.

int DoCommands(char *line,void(*UserProc)(char*))

puts the string line on the command stack. UserProc is called after the last command from line is executed. (Can be used to return the storage for line.)

int ExecCommand(command *cmd)

executes a command by calling the procedure identified by the command number in cmd.

MAX COM 1000 maximum number of commands
MAX PAR 100 maximum number of parameters
endClass 127 character class: file end
commandClass 10 character class: command end
parameterClass 5 character class: parameter end
nameClass 5 character class: name end
quoteClass 1 character class: string end

Table 11: Constants for the command language module

command* GetNextCommand()

extracts the next command from the command stack. This procedure does the syntax analysis and returns the result as a pointer to the

     command data structure.

void CmdMainLoop()

processes commands from some standard input.

void SetCommand(int no,int (*UserProc)(command*))

links the procedure address UserProc to the command number no.

int AddCmdPar(char *cmdName, char *parName)

adds parName to the list of parameters of the cmdName command. The position of the parameter in this list is returned.

int SetVerbose(int newVerbose)

sets the default value for the verbose field of the cmd data structure.

int CheckName(char **text,char **names,int charClass)

tests if a string is in a keyword list.

char *ConvertString(char **text, char *target, int max)

converts (substitutes escape sequences) string *text to *target. The pointers are updated. max is used to stop conversion.

int ParsCheck(command *cmd,int min,int max)

checks if min<=cmd->noOfPars<=max and prints an appropriate error message.

int ReadIntPar(command *cmd,int k,int *intVal)

converts an integer from (cmd->pars)[k] and stores the value to *intVal.

int ReadRealPar(command *cmd,int k,real *realVal)

converts a real from (cmd->pars)[k] and stores the value to *realVal.

void SetLibAddresses(int sel)

predefines the basic commands of the modules described in Chapter 2.

sel==-1 defines all commands.

2.8 Parameter handling

The parameter module includes routines to handle named parameter lists. A parameter list itself contains a list of parameter values of fixed size. A list of parameter names and a list of named values may be maintained. All messages are done through ZIBStdOut or a user output procedure (see

InitParams). All storage is allocated by ZIBAlloc.

The constants and routines are declared in the params.h header file. The constants are explained in the Tables 12 and 13. For complete documentation see the source listing params.tex.

MAX PARAMS LISTS 100 maximum number of parameter list
T INT 0 constant denoting type int
T REAL 1 constant denoting type real
T BOOL 2 constant denoting type bool

Table 12: Constants for parameter management

EPM DOUBLE INIT -1 second call of init routine
EPM MEMORY -2 not enough memory
EPM ALREADY USED -3 parameter list name already in use
EPM TOO MANY -4 too many parameter lists
EPM NOT DEFINED -5 parameter list not defined
EPM NOT FOUND -6 parameter name not defined

Table 13: Error constants for parameter management int InitParams(int maxParams,void (*UserError)(int,char*))

should be called once for initialization. The routine is called internally with maxParams=MAX PARAMS LISTS by some of the other routines (if the user did not initialize the module). The user may supply a routine to handle error messages. This routine is called with an error number (Table 13) and a string as parameters. If UserError==nil the string will be printed with ZIBStdOut.

ptr NewParamList(ptr buf,char *listName,int noOfParams,
     int valueSize,char **names,int type,int noOfValNames,
     char **valNames, ptr vals,
     int(*UserParamChanged)(char*,char*,int),
     int(*UserListChanged)(char*))

uses buf as storage for a parameter list or, if buf==nil allocates new storage. listName is checked for double definitions. The result of the routine is the address to an array of noOfParams blocks of valueSize bytes of memory.

Parameter values may be named to allow a user–friendly input via the

setpar command. A list of name–value pairs with length noOfValNames

is defined by valNames and vals.

If the user wants to be notified on changes of parameters or the complete list a user routine UserParamChanged or respectively UserListChanged may be supplied.

int ReturnParamList(char *listName)

releases the memory of a parameter list listName.

int GetParam(char *listName,char *name,ptr *value)

returns the address of the value of a parameter which is defined by the parameter listName and name.

GetParamList(char *listName,char ***names,ptr *values,
     int *noOfParams,int *type,int *noOfValNames,
     char ***valNames, ptr *vals)

returns the pointer to the arrays of parameter names, parameter values, and the pointers to information on named parameter values.

char **GetListNames(int *lng)

returns a pointer to an array of all list names.

int ChangeParam(char *listName,char *name,ptr value,
     char *valName)

calls UserParamChanged with parameters listName, name, value, and

valName. If valName!=nil the named parameter value is looked up in

the valNames table of the parameter list and is set to the new value

     value.

int ChangedParamList(char *listName)

notifies the parameter management module of a change of values. The routine UserListChanged is called.

int InfPar(command *cmd)

informs on parameter lists and parameter values on the command language level.

int SetPar(command *cmd)

sets parameter values on the command language level.

2.9 Minigraphic

See the report by Andreas Wendt, Rainer Roitzsch [14].

3 Triangulation module

The triangulation module of KASKADE handles all basic operations related to the data structures of a triangulation. It includes methods to operate on sets of points, edges or triangles too. These sets are defined internally by the module (like “all edges”) or may be defined by the user through list operations or by predicate functions. Furthermore, this module contains the procedures to refine a triangulation (including the generation of green refined triangles to preserve regularity) and the procedures to delete triangles. Triangulations are described by a global data type which allows the usage of more than one triangulation in a program. This includes the possibility to freeze a triangulation, working on a copy, or solving with different algorithms on a triangulation.

This document contains a description of the module, listing all relevant data types, constants, operations on these data structures, and procedures to use a triangulation. It should include all necessary information to use the module. The constants and routines are declared in the triang2.h header file. The module is initialized by a call of InitTriang. The data structures are developed by P. Leinen [11]. The following routines initialize the module.

int InitTriang()

initializes the module.

void SetTriAddresses(int sel)

makes the command language interface available (sel==-1).

3.1 Triangulations

A triangulation consists of sets of points, edges, and triangles which form a subdivision of a two–dimensional area. The triangles should not overlap. The data structure used to describe a triangulation contains many fields which should be hidden to the normal user. Such fields are needed to find the data for points, edges, and triangles. Other fields are open to the user and allow fast access to some descriptive data, see Table 14.

The data for the triangulation currently in use is defined via the global variable actTriang. All triangulations are linked, starting with firstTriang.

actTriang is changed by calls to the procedures which create, delete, or

select triangulations, see Section 3.4.

name char* name of the triangulation
fileName char* name of the input file
noOfPoints int number of points
noOfEdges int number of edges
noOfTriangles int number of triangles
refLevel int number of refinement steps
maxDepth int maximal number refinements of one triangle

Table 14: Fields of the triangulation data structure TRIANGULATION, for more fields see Table 20

The set of procedures to access the basic elements of a triangulation are described in Section 3.5. The handling of the adaptive refinement of an existing triangulation is presented in Section 3.6.

3.2 Basic objects of a triangulation

The data type for points includes at least the (x, y)-coordinates, a boundary type descriptor, some internal data, and a byte array (the associated array). The list of fields is collected in Table 15.

vec char* associated storage
boundP char boundary condition type, see Table 16
mark char marking field
classA char additional classification
indexP int number of point
x real x–coordinate
y real y–coordinate
next PT* pointer to the next point
last PT* pointer to the previous point

Table 15: Fields of the point data structure PT

The usage of the associated array vec is clarified in Chapter 4 on node management. The usage of the classA field allows the handling of geometrically dependent, problem specific information (like material constants). The mark field is free for (software) local use, but should be handled carefully to avoid multiple use.

INTERIOR 0 inner element
DIRICHLET 1 Dirichlet boundary
NEUMANN 2 Neumann boundary
CAUCHY 3 Cauchy boundary

Table 16: Values of boundP fields

The structural data next and last should not be used.

The data type for edges includes at least two pointers to the end points, a boundary type descriptor, refinement type descriptor, some internal data, and a byte array. The list of fields is collected in Table 17.

vec char* associated storage
boundP char boundary condition type, see Table 16
mark char marking field
type char type of edge, see Table 18
classA char additional classification
isBlueDiagonal char blue diagonal refined
depth short depth of edge
p1 PT* first point
p2 PT* second point
pm PT* midpoint
t1 PT* first neighbor triangle
t2 PT* second neighbor triangle
next EDG* pointer to the next edge
last EDG* pointer to the previous edge
father EDG* pointer to father edge
firstSon EDG* pointer to first son edge

Table 17: Fields of the edge data structure EDG

The geometric information of edges is depicted in Figure 1. The usage of the associated array vec is clarified in Chapter 4 on node management. The usage of the classA field allows the handling of geometrically dependent, problem specific information (like material constants). The mark field is free for (software) local use, but should be handled carefully to avoid multiple use. The type tag gives some information on the generation of the edge, see Table 18.

T WHITE 0
T GREEN 1
T RED 2
T BLUE 3
T NOTHING 4

Table 18: Values of type fields

ȷȷ ȷȷ ȷȷȷ QQ QQ QQQ QQ QQ QQQ ȷȷ ȷȷ ȷȷȷ_• •

•

   p2

   p1

     pm
t1 t2

Figure 1: Field of an edge

The structural data next, last, father, and firstSon should not be used. The midpoint of an edge should be accessed with the PM macro. The data type for triangles includes at least three pointers to the edges, refinement type descriptor, an integer number to specify the refinement depth, some internal data, and a byte array. For convenience the pointers to the vertices are stored too. The list of fields is collected in Table 19. The geometric information of triangles is depicted in Figure 2. The usage of the associated array vec is clarified in Chapter 4 on node management. The usage of the classA allows the handling of geometrically dependent, problem specific information (like material constants). The definition of depth is given in Section 3.6. The mark field is free for (software) local use, but should be handled carefully to avoid multiple use. The type tag gives some information on the generation of the triangle. The structural data next, last, father, and firstSon should not be used. The sons of a triangle should be accessed with the TREDxSON macros (x is 1, 2, 3, or 4).

vec char* associated storage
mark char marking field
type char type of triangle, see Table 18
classA char additional classification
depth short depth of triangle
p1 PT* first point
p2 PT* second point
p3 PT* third
e1 EDG* first edge
e2 EDG* second edge
e3 EDG* third edge
next TR* pointer to the next triangle
last TR* pointer to the previous triangle
father TR* pointer to father triangle
firstSon TR* pointer to first son triangle

Table 19: Fields of the triangle data structure TR

� � � � � � � �

A A A A A A A AA

• •

•

p1 p2

        p3

        e3

   e2 e1

Figure 2: Position in a triangle

3.3 Organization of basic object lists

Points, edges, and triangles are organized in double linked lists. New points are inserted at the end of the point list which can be accessed through the

firstPoint and lastPoint fields of the TRIANGULATION data structure (see

Table 20). The points of the coarse mesh are collected as an array in the

initPoints field.

The efficient implementation of hierarchical basis and bpx preconditioners yield a more sophisticated handling of edges and triangles. New edges and triangles are appended in sublists which correspond to their depth. These sublists start at the depthFirstEdges and depthFirstTriangles fields. All sublists for edges (and triangles) are linked to one list respectively. The beginning and end is stored in the firstEdge, lastEdge, firstTriangle, and lastTriangle fields.

maxDepthFirsts int max depth
noOfInitPoints int number of initial points
noOfInitEdges int number of initial edges
noOfInitTriangles int number of initial triangles
firstPoint PT* first point
lastPoint PT* last point
initPoints PT[] array of initial points
firstEdge EDG* first edge
lastEdge EDG* last edge
initEdges EDG[] array of initial edges
depthFirstEdges EDG** array of sublists
firstTriangle TR* first triangle
lastTriangle TR* last triangle
initTriangles TR[] array of initial triangles
depthFirstTriangles TR** array of sublists

Table 20: Additional fields of the TRIANGULATION data structure

3.4 Global operations on a triangulation

Procedures to create, delete, or select (via name) triangulations are available.

TRIANGULATION *CrTri(char *name)

creates a new TRIANGULATION data structure and initializes the fields. Additionally a list of triangulations is maintained.

int SelTri(char *name)

makes the triangulation name the current one, i.e. sets actTriang. If no triangulation is found false is returned. (Not yet implemented.)

int CloseTri(TRIANGULATION **trgul)

deletes the triangulation trgul, updates actTriang if necessary, and sets *trigul to nil. All data for point, edges, triangles and their associated byte arrays are returned.

3.5 Using a triangulation

The recommended way of working with the elements of a triangulation is the following:

• Write a procedure to handle one object.

• Apply this procedure to all objects of a specified set.

This method should be clarified by a simple example (counting all edges of a triangulation):

static int edgeCounter;
static int CountEdge(EDG *ed)
  {
    edgeCounter++;
    return true;
  }
...
...
    edgeCounter = 0;
    ApplyE(CountEdge,all);
    sprintf(globBuf,"’%s’ has %d edges\n",actTriang->name,edgeCounter);
ZIBStdOut(globBuf);
...
...

The ApplyE routine “knows” all about the internal linking of lists to find the edges of the current triangulation (defined through actTriang) and calls the procedure CountEdge with pointer to the corresponding edge data structure. The constant all defines some selection criteria, in this case all edges of the current triangulation.

Table 21 shows all apply procedures and Table 22 the selection codes.

3.6 Procedures (Refinement/Deletion)

The user can specify triangles to be refined. The “red” refinement method used in KASKADE was first introduced by R. Bank [3]. Triangles divide

ApplyP apply on points
ApplyE apply on edges
ApplyT apply on triangles
ApplyPDepth apply on points at triangles of depth d
ApplyEDepth apply on edges of depth d
ApplyTDepth apply on triangles of depth d

Table 21: Apply procedures

all select all
allBackward select all, backwards
allHist select all, include fathers
allHistBackward select all, backwards, include fathers
initial select initial
dirichlet select objects with Dirichlet condition
notDirichlet select objects with no Dirichlet condition
initialNotDirichlet select initial objects with no Dirichlet condition
boundInit select all initial boundary
allReds select all red refined triangles

Table 22: Selection codes

in four similar triangles, see Figure 3. This method preserves the numerical quality of the triangles, i.e. the new triangles have the same angles as the starting triangle. The depth field of the new triangles and edges gets the value of the father triangle increased by 1. The initial value is zero.

� � � � � � � �AA A A A A A AA

-

� � � � � � � �AA A A A A A AA AA AA A� � �

Figure 3: Red refinement

For anisotropic problems a different method [9] can be selected, see Figure 4.

We call this method “blue” in contrast to the “red” refinement of Bank. Note that a blue refinement is not always possible. An example is given in [12]. The new triangles have a different quality in respect to their angles which is hopefully the desired one. Two triangles generated by the triangulation of a rectangle (e.g. by the BOXES program) are tied together through their common edge, the “blue” diagonal. The field isBlueDiagonal denoting this inherits this attribute in case of (red and blue) refinement.

� � � � � � � �AA A A A A A AA� � � � � � � -

� � � � � � � �

� � � � � � � � !!!!

!!!! !!!

!!!!

!!!! !!!

Figure 4: Blue refinement

These methods will generate incompatible triangulation which have to be “closed” in some way. Triangles with two refined edges are refined red, see Figure 5.

� � � � � � � �AA A A A A A AA� � � � � � �AA A A A A A AA AA AA A � � � AA AA A � � �

Figure 5: Middle triangle will be red refined

Triangles having an edge twice refined are refined red too, see Figure 6. This leaves some triangles with just one edge refined once. These triangles are refined “green”, Figure 7. Consecutive green closures will generate arbitrary bad angles. Therefore, at the start of a refinement step, green triangles are always removed.

int OpenRef()

� � � � � � � �AA A A A A A AA� � � � � � �

AA AA A � � � AA �

Figure 6: Right triangle will be refined red

� � � � � � � �AA A A A A A AA� � � � � � � -

� � � � � � � �AA A A A A A AA� � � � � � � AA AA A� � �ȷ ȷȷ ȷȷ ȷȷ

Figure 7: Green closure

prepares a triangulation for refinement: all green triangles are removed. The refLevel counter is incremented.

int RefTr(TR *t)

marks a triangle for red refinement.

int RefBlue(TR *t, EDG *eInner, EDG *eRefine)

marks two triangles for blue refinement.

int CloseRef(int verboseP)

refines all marked triangles and generates the (green) closure.

int OpenDel()

prepares a triangulation for deletion: all green triangles are removed.

int DelTr(TR *t)

marks triangle t and its brothers for deletion.

int CloseDel(int verboseP)

deletes all marked triangles and generates the (green) closure.

3.7 Customizing the module

The triangulation module generates a set of events (Table 23), which allow the user to insert procedures at these events using the application event module (see Section 2.5).

Event name associated data reason

NewPoint (PT *p) new point
ReturnPoint (PT *p) obsolete point
NewEdge (EDG *ed) new edge
ReturnEdge (EDG *ed) obsolete edge
NewTriangle (TR *t) new triangle
ReturnTriangle (TR *t) obsolete triangle
RefineEdge (EDG *ed) refined edge
RefineTriangle (TR *t) refined triangle
TriCreate (TRIANGULATION *triang) new triangulation
TriSelect (TRIANGULATION *triang) select triangulation
TriClose (TRIANGULATION *triang) delete triangulation
TriRefined (TRIANGULATION *triang) refined triangles
TriRenumbered (TRIANGULATION *triang) renumbered
TriDeleted (TRIANGULATION *triang) deleted triangles
TriRead (TRIANGULATION *triang) read triangulation

Table 23: Application events of the triangulation module

The TriRefined and TriDeleted are used by the graphic module to update automatically pictures of changed triangulations. TriRenumbered signals a renumbered triangulation, i.e. sparse matrices have to be restructured.

3.8 Command language interface

Some of the global actions on triangulations are available on the command language level.

int TriInf(command*)

prints some data of the current triangulation and lists the names of other triangulations in core.

int TriSel(command*)

selects another triangulation which has to be in core.

int TriDel(command*)

deletes the current triangulation.

int TriChk(command*)

makes some consistency checks on the current triangulation and prints statistics about the refinement history.

4 Node module

In this section we describe the management of data for Finite Element computation on triangulations. The data is held at the basic objects (points, edges, triangles) via the associated arrays. The length of these arrays and the access to their components are controlled by the access management routines (see Section 2.6). The definition of the routines is held in the header file nodes.h.

The data of the current nodes structure is available via the global nodesState variable (see Table 24). The size of the array in the node data structure is defined by the constant MAX NODE GROUPS. The module has to be initialized.

int InitNodes()

initializes the node module

4.1 Access management on basic objects

The length of the associated arrays (in this KASKADE version) can only be defined prior to the creation of the first triangulation. Resizing is not implemented.

The node module creates access lists (accPoint, accEdge, accTriangle) for the basic objects (points,edges, triangles) when the first triangulation is created. These identifiers should be used (by calls to the access right routines) to get the allowance to read and write certain parts of the associated arrays. The actual access is implemented with macros, see Table 25. A typical part of a program using this feature is

static int triArea=-1;
 ...
 ... /* Getting access right before first use */
 ...
    if (triArea<0)
      triArea = GetAccess(nodesState->accTriangle,
                  sizeof(REAL),sizeof(REAL),"area");
 ...
 ... /* Accessing data via RT macro */
 ...
    RT(t,triArea) = ComputeArea(t);

ptVec storage id for point vector
edgVec storage id for edge vector
trVec storage id for triangle vector
ptWS length of associated point vector
edgWS length of associated edge vector
trWS length of associated triangle vector
accPoint access id for point vector
accEdge access id for edge vector
accTriangle access id for triangle vector
accNode access id for node storage
bytesOnNode length of node storage
noOfPointNodes number of nodes at point
noOfEdgeNodes number of nodes at edge
noOfTriangleNodes number of nodes at triangle
noOfEquations number of equations
startPointNodes array of first byte of nodes at point
startEdgeNodes array of first byte of nodes at edge
startTriangleNodes array of first byte of nodes at triangle
eqnPointNodes array of equation no of node
eqnEdgeNodes array of equation no of node
eqnTriangleNodes array equation no of node
iIndex access identifier for index at nodes
cBoundP access identifier for boundary type at nodes
cClassA access identifier for class at nodes
rX access x–coordinate
rY access y–coordinate
rSol access identifier for solution at nodes
rRhs access identifier for right–hand side at nodes
rDiag access identifier for diagonal at nodes
stiff access identifier for sparse matrix
compNormP ignore Dirichlet boundary conditions

Table 24: Fields of the nodes data structure (all type int)

...
... /* Freeing access right after use */
...
   ReturnAccess(nodesState->accTriangle,triArea);
   triArea = -1;

CP(p,id) access byte id from point p
IP(p,id) access integer id from point p
RP(p,id) access real id from point p
AP(p,id) access address id from point p
CE(ed,id) access byte id from edge ed
IE(ed,id) access integer id from edge ed
RE(ed,id) access real id from edge ed
AE(ed,id) access address id from edge ed
CT(t,id) access byte id from triangle t
IT(t,id) access integer id from triangle t
RT(t,id) access real id from triangle t
AT(t,id) access address id from triangle t

Table 25: Access macros, first letter: data type, second letter: object

The following routine can be used to change the default storage sizes.

int SetWS(int ptSize, int edgSize, int trSize, int ndSize)

initializes the sizes for the associated arrays. The usage of ndSize is explained in the next section.

int GetWS(int *ptSize, int *edgSize, int *trSize, int *ndSize)

returns the sizes for the associated arrays. The usage of ndSize is explained in the next Section.

Routines to print a string text followed by the values stored in the associated arrays exist.

void PrintPointValues(char *text, int maxVals)

prints data of the associated array for the first maxVals points.

void PrintEdgeValues(char *text, int maxVals)

prints data of the associated array for the first maxVals edges.

void PrintTriangleValues(char *text, int maxVals)

prints data of the associated array for the first maxVals triangles.

The actual usage of storage is displayed by the infaccess command. The default storage sizes can be changed with the workspace command.

4.2 Node management

Nodes are a further abstraction from our basic objects. The basic object is now “node storage” and not points, edges, or triangles. Nodes may exist on points, edges, or triangles. The access to nodes is organized in analogy to the handling of triangulations, i.e. it is possible to write routines which are applied by calls to ApplyNode to all nodes. These routines get a pointer to the node data as parameter. The node setup defines how many nodes are used at the basic objects. The routine GetNodeAddresses is used to implement the matrix–vector multiplication with the stiffness matrix (or to assemble the sparse matrix). The macros to access fields from a node storage are collected in Table 26. Some fields are automatically set, see Table 27. These values are taken from the basic objects, respectively are computed to fit into the ApplyNode routine.

CV(vec,id) access byte id from node vec
IV(vec,id) access integer id from node vec
RV(vec,id) access real id from node vec
AV(vec,id) access address id from node vec

Table 26: Access macros for node storage

access id macro explanation

iIndex IV(vec,iIndex) index of node vec
cClassA CV(vec,cClassA) index of node vec
cBoundP CV(vec,cBoundP) index of node vec
rX RV(vec,rX) x of node vec
rY RV(vec,rY) y of node vec
rSol RV(vec,rSol) solution at node vec

Table 27: Preset fields of nodes

int NodeSetUp(int nodeWorkSpace, int nodesAtPoint,
     int nodesAtEdge, int nodesAtTriangle, int noOfEquations)

defines the internal data structure of working space at nodes. The size

nodeWorkSpace is reserved for each equation through the access man-

agement nodesAtPoint times at points, nodesAtEdge times at edges,

NodesAtTriangle times at triangles. Figure 8 shows the local storage

setup at points and edges after a call of NodeSetUp(60,1,1,0,2).

(p->vec) - (ed->vec) -

node_2 node_1

node_4 node_3

Figure 8: Node storage at points and edges

The offsets of the individual nodes can be computed from the fields

startPointNodes, startEdgeNodes, and startTriangleNodes, of the
nodesState variable. Thus the first index of node 4 in the preceding

example will be nodesState->startEdgeNodes[1]. The corresponding equation numbers are stored in the eqnPointNodes, eqnEdgeNodes, and eqnTriangleNodes array. This means that in the array of equation numbers nodesState->eqnEdgeNodes[1] will have the value 1 (the second equation), at least in our example.

void ReturnNodes()

releases node setup, i.e. frees the node storage at the associated arrays for points, edges, and triangles.

int ApplyNode(int (*UserProc)(char*),int sel)

applies UserProc to all nodes, starting with the nodes at points, edges, and triangles. All nodes for one object (point, edge, or triangle) are always processed before advancing to the next object. That means that two nodes at a point have incremented indices. Nodes at different objects get indices far away. This routine is used to implement all the

NodeXxxx routines. The parameter to UserProc is a pointer to the

node storage. The selection code sel should be applicable to points, edges, and triangles.

int GetNodeAddresses(TR *t,char **nodes,int no)

returns the addresses of all nodes at the points, edges, and the triangle

t. The length of the array of address nodes is no . This allows the

association of nodes to the local stiffness matrix. The sequence is: all nodes for each equation. Thus we obtain a nice block structure of the local stiffness matrix.

int GetNoNodes()

returns the number of nodes in the current triangulation.

int AssRHS(int x, real *(*LocAssB)(TR*))

assembles the right–hand side to node field x. The routine LocAssB computes the local right–hand side.

int AssDiag(int x, real **(*LocAssA)(TR*))

assembles the diagonal of the stiffness matrix to vector x. The routine

     LocAssA computes the local stiffness matrix.

int NodeAssign(int a,int b)

assigns field b to a.

int NodeAssNeg(int a, int b)

assigns field -b to a.

int NodeLin(int a, int b, int c, real x)

assigns field b+x*c to a.

int NodeLinNeg(int a, int b, int c, real x)

assigns field -b+x*c to a.

int NodeAdd(int a, int b, int c)

assigns field b+c to y.

int NodeSub(int a, int b, int c)

assigns field b-c to a.

real NodeScalProd(int a,int b)

returns the scalar product of fields a and b.

int NodeSetZero(int a)

sets field a to 0.0.

int NodeSetBoundZero(int a)

sets field a to 0.0 for all nodes on the boundary.

int NodeSetBound(int a)

sets field a to the boundary values for all nodes on the Dirichlet boundary.

int PrintNodeValues(char *text,int max)

prints the node values for the first max nodes. The output starts with

text.

4.3 Sparse matrices

Sparse matrices are stored as lists of real numbers which correspond to a list of neighbor nodes. This list is generated when the first matrix is created. A sparse matrix is identified via an integer variable and a set of macros returning the length of these lists and the starting addresses of the corresponding arrays (see Table 28).

NO OF NODE NEIGHBORS(vec) retrieve the number of neighbors from
                           vec
NODE NEIGHBOR VEC(vec) retrieve the array of neighbor nodes

from vec

NODE SPARSE VEC(vec,index) retrieve from vec the line of sparse ma-

trix index

Table 28: Macros to access sparse matrices

The algorithm to generate the sparse matrix now implemented is straight forward:

• at each node, set the counter for the number of neighbors noOfNodeNeigh to zero;

• scan all triangles and increase noOfNodeNeigh according to the nodesetup;

• scan all edges and subtract the double entries; • allocate the array of neighbor nodes adrOfNodeNeigh; • scan all edges and store all neighbor nodes in adrOfNodeNeigh, sort them with respect to the node attribute iIndex.

int MakeSparseMatrix(int pos,char *name)

generates the frame of a sparse matrix. If not yet available the node neighborhood relationship is constructed and arrays to store the matrix lines are allocated. An integer identifying the matrix is returned, -1 denotes a failure.

int AssembleSparse(int index, char *name)

allocates storage for an additional sparse matrix and assembles without respecting Dirichlet boundary conditions.

int BoundSparse(int index)

forces Dirichlet boundary conditions on matrix index.

void ReturnSparseMatrix(int index)

returns the storage for the matrix index including the frame.

Set0MatSparse(int index, int n, int symP)

sets all matrix elements of index to 0.0. The parameters n and symP are ignored, they are just included for compatibility with the full and envelope matrix routines.

void PrintMatSparse(char *s, int index, int n, int symP)

prints the string s and all non–zero elements of the sparse matrix index. The parameters n and symP are ignored, they are just included for compatibility with the full and envelope matrix routines.

4.4 The matrix/vector multiplication method

The matMulMethod data structure contains a set of routines with some data, see Table 29.

The routines of the method have the following duties.

int InitMatMul(int stiff, real** (*NumAss)(TR*), int rhs,
     real* (*NumAssB)(TR*))

initializes the matrix/vector multiplication method with routines NumAss and NumAssB doing local assembling of the stiffness matrix and the right–hand side of the linear system. stiff and rhs identifies a path to the stiffness matrix, respectively the right–hand side vector which is computed if rhs!=-1.

name char* name of the method
rhs int identifier right–hand side
stiff int identifier sparse matrix
InitMatMul int(*)(int,real**(*)(TR*), initialize method
             int,real*(*)(TR*))
MatMul int(*)(int,int) multiply stiffness matrix
CloseMatMul int(*)() close method

Table 29: The matMulMethod data structure

int MatMul(int x, int y)

computes the product of stiffness matrix and the node field x and stores the result in y.

int CloseMatMul()

may return storage which is not used anymore.

A new method can be defined.

int DefMatMulMethod(char *name,
     int (*InitMatMul)(int,real**(*)(TR*),int,real*(*)(TR*)),
     int (*MatMul)(int,int),int (*CloseMatMul)())

defines a new matrix/vector multiplication method with name name.

The local matrix/vector multiplication implements the product by multiplying with local stiffness matrices and adding their contributions. No global stiffness matrix is used.

int InitMatMul(int index, real **(*LocAssA)(TR*), int rhs,
     real *(*LocAssB)(TR*)

prepares the computation of the multiplication of a vector with the stiffness matrix and assembles the right–hand side vector rhs. index is a dummy parameter. The routines LocAssA and LocAssB compute the local stiffness matrix and the right–hand side corresponding to a triangle. A negative value of rhs suppresses the computation of the right–hand side. true is always returned.

int AXMul(int x, int y) computes the product of node field x with the stiffness matrix and stores the result in y. Dirichlet conditions are ignored if compNormP in

nodesState is set.

The sparse matrix/vector multiplication assembles the complete stiffness matrix at the call of InitSparseMul and uses this matrix on the following calls of AXSparseMul. The sparse matrix is removed on events TriRefined,

TriRenumbered, and TriRefined. .

int InitSparseMul(int index, real **(*LocAssA)(TR*), int rhs,
     real *(*LocAssB)(TR*)

assembles the stiffness matrix index and the right–hand side rhs. The routines LocAssA and LocAssB compute the local stiffness matrix and the right–hand side corresponding to a triangle. The Dirichlet boundary conditions are fully integrated in the complete matrix. Negative values of index or rhs suppress the computation of the stiffness matrix or the right–hand side. The routine returns the index of the stiffness matrix. A negative value denotes a failure to collect the stiffness matrix.

int AXSparseMul(int x, int y)

computes the product of node field x with the stiffness matrix and stores the result in y.

4.5 Command language interface

The infaccess can be used to get information on the node structure. The structure of the sparse matrices can be displayed by functions of the graphic module.

int WorkSpace(command*)

changes the amount of memory allocated at points, edges, triangles, and nodes.

5 Adaptive computations

This chapter will contain information on the module which handles the adaptive computation of geometric (and other values) in KASKADE. The user can add his own code to the predefined procedures.

The design of the interface is still in discussion. The first version is documented in the source compadapt.tex.

6 Assembling module

6.1 Defining the problem

Let D^k_i be defined

D^k_i u^i := − div(P^{ik} grad u^i) + β^{ik}_1 u^i_x + β^{ik}_2 u^i_y + q^{ik}u^i with P^{ik} = ( p^{ik}_{11} p^{ik}_{12} p^{ik}_{21} p^{ik}_{22} )

then KASKADE variants handle (systems of n) partial differential equations of the type n−1∑ i=0 D^k_i u^i = g^k in Ω i = 0, . . . , n − 1

u^i = γ_i on Γ_0 ⊂ ∂Ω (P^{ik} grad u^i) · n + η^iu^i = ξ^i on Γ_1 ⊂ ∂Ω (P^{ik} grad u^i) · n = 0 on ∂Ω\(Γ_0 ∪ Γ_1) . (1)

p^{ik}_{jl} , q^{ik}, β^{ik}_1 , β^{ik}_2 , g^k, γ^i, η^i and ξ^i are piecewise continuous real valued functions on Ω, respectively the corresponding boundaries. Ω ⊂ R^2 is a bounded polygonal domain. Each KASKADE variant has its own assumptions on these functions. Here we describe the method to formulate the problem. Some information on the class of problems are collected in the problemType data structure (see Table 30).

char* name name of the problem class
int maxNoOfProblems max number of problems
int symP problems have to be symmetric?
int noOfEquations number of equations
int nodeEntries length of node memory

Table 30: Fields of the problemType data structure

int InitProblem(char *name,int noOfProblems,int noOfEquations,
     int nodeEntries, int symP)

defines a problemType data structure which can be accessed by the global variable theProblem. This routine should be called only once.

char* name name of the problem
char** varNames names of variables
IntProc Laplace local Laplace terms p^{ik}_{jl}
IntProc Convection local convection terms β^{ik}_1 , β^{ik}_2
IntProc Helmholtz local Helmholtz term q^{ik}
IntProc Source local load term g^k
IntProc Obstacle local obstacles
IntProc Cauchy local Cauchy boundary functions η^i, ξ^i
IntProc Dirichlet local Dirichlet function γ^i
IntProc Sol local solution (if known)
Real**Proc LocAss local assembling on a triangle
Real*Proc LocAssB local right–hand side on a triangle

Table 31: Fields of the problem data structure

A set of user functions defines a concrete problem. Such a problem is defined by a call to SetProblem which defines a problem data structure (see Table 31). An actual set for computation is selected by the command language function problem.

int SetProblem(char *name, char **varNames
     int (*Laplace)(real,real,int,real*,int,int),
     int (*Convection)(real,real,int,real*,int,int),
     int (*Helmholtz)(real,real,int,real*,int,int),
     int (*Source)(real,real,int,real*,int),
     int (*Obstacle)(real, real,int,real*,int),
     int (*Cauchy)(real,real,int,real*,int),
     int (*Dirichlet)(real,real,int,real*,int),
     int (*Sol)(real,real,int,real*,int),
     real** (*LocAss)(TR*),real* (*LocAssB)(TR*) )

defines a problem data structure which can be accessed by the global variable actProblem. The parameters are routine addresses which are specified in the following. The new problem is added to the array of available problems (problems). A special problem can be selected by the problem command.

void SetProblemAddresses()

initializes the command language interface, i.e. the problem and infproblem command.

void SetStdProblem()

predefines some example problems.

After initializing the problem class with InitProblems, the user has to define his version of the following functions to define the differential equations.

int Laplace(real x, real y, int classA, real fVals[4],
     int equation, int variable)

returns the coefficients p^{ik}_{jl} (x, y) in the array elements of fVals, i.e. p^{ik}_{11}(x, y) in fVals[0] etc. equation(index k) and variables(index i) are valid for systems of equations. classA gives additional information of the geometric subdomain which includes (x, y). That should be useful to implement material constants.

int Convection(real x, real y, int classA, real fVals[2],
     int equation, int variable)

returns the coefficients β^{ik}_1 (x, y) and β^{ik}_2 (x, y) in the array elements

     fVals[0] and fVals[1].
int Helmholtz(real x, real y, int classA, real *fVal,
     int equation, int variable)

returns the coefficient q^{ik}(x, y) in fVal.

int Source(real x, real y, int classA, real *fVal,
     int equation)

returns the source value g^i(x, y) in fVal.

int Obstacle(real x, real y, int classA, real fVals[2],
     int equation, int variable)

returns the upper and lower obstacle in the array elements fVals[0] and fVals[1].

int Cauchy(real x, real y, int classA, real fVals[2],
     int variable)

returns η^i(x, y) and ξ^i(x, y) in the array elements fVals[0] and fVals[1].

int Dirichlet(real x, real y, int classA, real *fVal,
     int variable)

returns the boundary values γ^i(x, y) in fVal.

int Sol(real x, real y, int classA, real fVals[3],
     int variable)

returns the solution u(x, y) and its derivatives u_x(x, y) and u_y(x, y) in the array elements fVals[0], fVals[1], and fVals[2]. This feature is used to test the computed solution against the real solution if it is known.

Each of these user routines may be missing (nil). The return code of these routines have to be one of the constants collected in Table 32.

F CONSTANT values are constant on a triangle or an edge
F VARIABLE values are not constant
F IGNORE no values supplied
F FAILED User failed to supply values

Table 32: Return codes for the problem defining user routines

The user can define his problem by supplying his own local discretization with the following routines.

real** LocAss(TR *t)

returns a pointer to the local stiffness matrix.

real* LocAssB(TR *t)

returns a pointer to the local right–hand side.

The problem and problemType data structures for the currently selected problem are accessed via the actProblem and theProblem pointers. A change of the current problem raises an event (ProblemChanged). Two commands are defined to select (and inform) on the current problem,

InfPrb and Problem.

6.2 Shape functions

Some subroutines to supply values of the shape functions and their derivatives at points in the standard triangle are predefined.

void StdShape(real x,real y,int no,real *f,
real *fx,real *fy, real *fxx,real *fxy,real *fyy)

defines the values of the standard shape functions at (x, y)−coordinates. The last three entries define the “hierarchical” extension of linear elements by quadratic “bump” functions. 1 − x − y x y 4xy 4y(1 − x − y) 4x(1 − x − y)

void StdQShape(real x,real y,int no,real *f,
     real *fx,real *fy, real *fxx,real *fxy,real *fyy)

defines the values of the standard quadratic shape functions at (x, y)−coordinates. 2(1 − x − y)(1/2 − x − y) x(2x − 1) y(2y − 1) 4xy 4y(1 − x − y) 4x(1 − x − y)

void StdCShape(real x,real y,int no,real *f,
     real *fx,real *fy, real *fxx,real *fxy,real *fyy)

defines the values of the standard cubic shape functions at (x, y)−coordinates.

(1 − x − y)(3(1 − x − y) − 1)(3(1 − x − y) − 2)/2 x(3x − 1)(3x − 2)/2 y(3y − 1)(3y − 2)/2 9xy(3x − 1)/2 9xy(3y − 1)/2 9y(1 − x − y)(3y − 1)/2 9(1 − x − y)y(3(1 − x − y) − 1)/2 9(1 − x − y)x(3(1 − x − y) − 1)/2 9x(1 − x − y)(3x − 1)/2 27xy(1 − x − y)

6.3 Local assembling

Two data structures integData and localData are used to ease local assembling over triangles. The first one (see Table 33) holds global information like precomputed function values of shape functions and is created by a call of the InitAss routine. The second one (see Table 34) holds the transformation data of a triangle to the reference triangle {0, 0), (0, 1), (1, 0)}.

integPointX real* x_k values of integration points
integPointY real* y_k values of integration points
integWeight real* weights at the integration points
lineIPX real** x_{ik} for edge i
lineIY real** y_{ik} for edge i
lineIW real** weights for line integration
shape real** values of shape functions ϕ^i
shapeX real** values of shape functions ϕ^i_x
shapeY real** values of shape functions ϕ^i_y
lineVals real*** values v_{ikm} of ϕ^i_y on edge k
noOfIPoints int number of integration points
noOfLineIP int number of integration points
noOfShapeFunc int number of shape functions
symP int true if symmetric

Table 33: The integData data structure

Pointers to the current data structures are held in the external variables

actIntegData and actLocalData. The following routine precomputes the

fields of an integData data structure.

integData *NewIData(int iFormula, int SF,
     void (*ShapeF)(real,real,int,real*,real*,real*,real*,
     real*,real*),
     real*,real*),int symP)

precomputes values of the shape functions and their derivatives at the integration points. The shape functions are defined by the routine ShapeF, examples are StdShape and StdQShape. The parameter

iFormula selects the set of integration points, see Table 35. The user

can supply his own set of integration points by changing the values of the variables userNoIP, userIPX, userIPY, and userIW.

x,y real* x_k, y_k values in triangle
p11,p12,p21,p22 real* p_{jl}(x_k, y_k) values
q real* q(x_k, y_k) values
g real* g(x_k, y_k) values
beta1,beta2 real* β_j(x_k, y_k) values
f11,f12,f21,f22 real transformation data
area real area of the triangle
classA int class identifier of the triangle
equation int number of equation
variable int number of variable
t TR* pointer to the triangle

Table 34: The localData data structure

int InitAss()

precomputes the values of the data structures for the integration routines, i.e. calls NewIData for a standard set of integData and localData data structures.

name #IPs x of IPs y of IPs weights of IP

BANKIP 3 1/6, 2/3, 1/6 1/6, 1/6, 2/3 1/6, 1/6, 1/6
LINIP 1 1/3 1/3 1/2
QUADIP 3 1/2, 1/2, 0 0, 1/2, 1/2 1/6, 1/6, 1/6
USERIP userNoIP userIPX userIPY userIW

Table 35: Sets of integration points (IPs)

The following routines can be used to construct a local stiffness matrix for a triangle.

int OpenAss(TR *t)

precomputes the data for the transformation from the triangle t to the reference triangle and prepares computations of the local integration of the stiffness matrix, mass matrix, right–hand side and more.

OpenAss initializes all data used by GetDomainVal((real x, real
y, int rIndex, real *fvals) routine, which interpolates variable
rIndex at (x,y) in the inner of the triangle t for all equations.

int CloseAss()

can be used to save the result of the local stiffness matrix.

int CompEllOp(real **locA)

computes the local stiffness matrix. The result is added to the array

locA[][]. The function actProblem->Laplace is used to compute

A_{ik} = ∫ T ( n∑ j,l=1 p_{jl} ∂ ∂x_j ϕ_i ∂ ∂x_l ϕ_k ) d(x, y) with the shape functions ϕ_k and x_1 = x, x_2 = y. The Cauchy boundary conditions are applied if necessary:

A_{ik} + = ∫ ∂T ∩Γ_1 ηϕ_iϕ_kds . The GetNodeAddresses routine returns the dimension (n) of the local stiffness matrix.

int CompMass(real **locA)

computes the local mass matrix. The result is added to the array

locA[][]. The function actProblem->Helmholtz is used to compute

A_{ik} = ∫ T qϕ_iϕ_kd(x, y) .

int CompConvTerm(real **locA)

computes the local convection matrix. The result is added to the array

locA[][]. The function actProblem->Convection is used to compute

A_{ik} = ∫ T ( β_1ϕ_k ∂ ∂x ϕ_i + β_2ϕ_k ∂ ∂y ϕ_i ) d(x, y) . (Not yet implemented.)

int CompRs(real *locB)

computes the local right–hand side. The result is added to the array

locB[]. The function actProblem->Source is used to compute

B_k = ∫ T qϕ_kd(x, y) . The Cauchy boundary conditions are applied by using actProblem->Cauchy routine. B_k + = ∫ ∂T ∩Γ_1 ξϕ_kds .

These routines can be used as prototypes for different discretizations. Standard NumAss and NumAssR functions are included which call these components in a loop over the equations and variables, and which return (in the case of linear shape functions) a (3n) × (3n) matrix (n the number of equations).

real **NumAss(TR *t)

assembles the local matrix of triangle t for a linear system of equations.

real *NumAssR(TR *t)

assembles the local right–hand side of triangle t for a linear system of equations.

Sometimes a user function needs access to interpolated values of other variables on the current triangle. In this case the function GetDomainVal should be used.

int GetDomainVal(real, real y,int rIndex,real *fvals)

interpolates the value rIndex on the current triangle (actLocalData->t) for point x,y. The result is stored in fvals[k], k varying over the number of equations.

7 Solve module

Global information (i.e. accumulated timing information, selection solution components for direct and iterate solvers, error estimators and refinement strategies) is collected in the solve data structure, see Table 36. The actual status can be accessed via the solveState variable of type solve*.

name char* name of the solver
verboseP int level of verbosity
totalTime real time (seconds)
assTime real time for assembly
dirTime real time for direct solving
iteTime real time for iterative solving
estiTime real time for error estimation
refTime real time for refining
drawTime real time for drawing
renumbTime real time for renumbering
eNorm real energy norm
Direct int(*)(dirMethod*,int) solves direct
Iterate int(*)(iteMethod*) solves iterative
Estimate int(*)(estiMethod*) estimates error
Refine int(*)(refMethod*) refines
Solve int(*)() adaptive solve
ansatz femAnsatz see Table 37
director dirMethod* direct data structure
itor dirMethod* iterative data structure
estor dirMethod* error estimate data structure
reftor refMethod* refine data structure

Table 36: Some fields of the solve data structure

linear linear ansatz
quadratic quadratic ansatz
cubic cubic ansatz

Table 37: The femAnsatz data type int SolSetUp(int bytesOnNode, femAnsatz ansatz)

prepares data structures to solve a problem. The node module is initialized with nodes at points, edges and triangles corresponding to

ansatz (see Table 37). The amount of bytes is given by bytesOnNode.
solveState is allocated and the fields of this solve data structure are

set. The event types of the solve module are defined, see Table 38.

NewSol solution computed
NewErrEsti error estimated
ProblemChanged the problem has changed

Table 38: Events of the solve module

7.1 Interface for direct solvers

Direct solvers are called by the Direct driver routine. This routine

• checks the applicability of the selected direct solver (i.e. only positive definite systems),

• renumbers the triangulation (calling Renumber),

• assembles the linear system with the appropriate matrix structures (calling Assemble),

• decomposes the system (calling Decomp),

• extracts the solution (calling FBSubst), and

• generates a NewSol event.

Additional timing information is assembled and a progress report is printed on request. The data structure controlling this process is dirMethod, see Table 39. The actual direct method is accessed via actDirector.

7.1.1 Direct methods and their duties

int Decomp()
name char* name of the direct solver
renumberName char* name of the renumbering method
verboseP int level of verbosity
onlyPosDef int only for positive definite systems
onlySym int only for symmetric systems
dim int dimension of the solution
env int* vector of envelope offsets
stiffSparse int id of sparse matrix
decompSparse int id of sparse matrix
stiff real** stiffness matrix
rhs real* right–hand side
decomp real** decomposed matrix
diagonal real* diagonal elements
solution real* solution
nodes char** array of node addresses
method storeMethod full, envelope, or sparse

(see Table 40)

Decomp int(*)() decomposition method
FBSubst int(*)() for/backward substitution method
CheckSol int(*)() check solution method
Assemble int(*)() assemble matrix method
Renumber int(*)() renumber triangulation
PrintLS int(*)(printMode) print matrix method

(see Table 41)

ReleaseAll int(*)() release matrix method

Table 39: The dirMethod data structure

factorizes the stiffness matrix A = LDL^T . The matrices and vectors are identified depending on the storeMethod selected.

int FBSubst()

computes the forward substitution Ly = b and the backward substitution DL^T x = y and stores the result in solveState->rSol.

int CheckSol()

checks the solution. This method is gracefully skipped, if not available.

int Assemble()

assembles the stiffness matrix and right–hand side according to storeMethod (see Table 40).

full full matrix
envelope envelope matrix
sparse sparse matrix

Table 40: The storeMethod data type

int PrintLS(printMode mode)

prints the matrices and vector corresponding to mode. The printMode data type defines the print selection (see Table 41).

printNothing print nothing
printLinSys print linear system Ax = b
printDecomp print decomposed matrix LDL^T
printSol print solution x

Table 41: The printMode data type

int ReleaseAll()

releases all data for matrices and vectors.

7.1.2 Defining a direct method

int DefDirMethod(char *name, char *renumberName,
     storeMethod method, int onlyPosDef, int onlySym,
     int (*Decomp)(), int (*FBSubst)(), int (*CheckSol)(),
int (*Assemble)(), int (*Renumber)(),
int (*PrintLS)(printMode), int (*ReleaseAll)())

defines a new direct method, i.e. generates a new dirMethod data structure which can be accessed via actDirector or solveState->director. All defined direct methods are collected in the array dirMethods[] of

dirMethod*. The current direct method may be called by Direct().

7.1.3 Command language interface

direct is the command language interface. The actual direct solver can be

changed with the seldirect command.

7.2 Interface for iterative solvers

Iterative solvers are called by the Iterate driver routine. This routine

• assembles the right–hand side of the linear system (calling directly

AssRHS),

• initializes the iterative solver (calling InitMethod),

• calls the iterative solver (calling Method),

• closes the iterative solver (calling CloseMethod), and

• generates a NewSol event.

The InitMethod is responsible for initializing a suitable matrix/vector multiplication. If needed preconditioners have to be initialized too. Additional timing information is assembled and a progress report is printed on request. The data structure controlling this process is iteMethod, see Table 42. The actual iterative method is accessed via actItor.

7.2.1 Iterative methods and their duties

int InitMethod()

initializes the iterative process, i.e. checks for correct application, initializes matrix/vector multiplication and preconditioner methods, performs onestep, etc.

name char* name of the iterative solver
verboseP int level of verbosity
needsMatrix int needs the sparse stiffness matrix
computesRes int computes the residue
onlyPosDef int only for positive definite systems
onlySym int useful only for symmetric systems
iteCount int number of iterations
minSteps int minimum of iteration steps
maxSteps int maximum of iteration steps
eps real requested iteration error
res real iteration error
iteFactor real safety factor
InitMethod int(*)(iteMethod*) initialization method
Method int(*)(iteMethod*) iteration method
CloseMethod int(*)(iteMethod*) closing method
matMul matMulMethod* selected matMul method
preCond preCondMethod* selected preCond method

Table 42: The iteMethod data structure

int Method()

performs the required iterative step and updates the data in solveState and actItor.

int CloseMethod()

closes the matrix/vector multiplication and preconditioner methods.

7.2.2 Defining an iterative method

int DefIteMethod(char *name, int needsMatrix, int computesRes,
     int onlyPosDef, int onlySym, int (*InitMethod)(iteMethod*),
     int (*Method)(iteMethod*), int (*CloseMethod)(iteMethod*))

defines a new iterative method, i.e. generates a new iteMethod data structure which can be accessed via actItor or solveState->itor. All defined iterative methods are collected in the array iteMethods[] of

iteMethod*. The current iterative method may be called by Iterate().

7.2.3 The preconditioner method The preCondMethod data structure contains a set of routines with some data, see Table 43.

name char* name of the preconditioner
InitPreCond int(*)() initialize
PreCond int(*)(int,int) preconditioning
ClosePreCond (*)() close

Table 43: The preCondMethod data structure

The routines of the method have the following duties.

int InitPreCond()

initializes the preconditioner.

int PreCond(int x,int y)

transforms x to y (preconditioning).

int ClosePreCond()

cleans everything up.

A new method can be defined.

int DefPreCondMethod(char *name,int (*InitPreCond)(),
     int (*PreCond)(int,int),int (*ClosePreCond)())

defines a new preconditioning method with name name.

7.2.4 Command language interface

iterate is the command language interface. The actual iterative solver can

be changed with the seliterate command. The selprecond commands is available too.

7.3 Interface for error estimators

Error estimators are called by the Estimate driver routine. This routine • initializes the error estimator (calling InitMethod),

• calls the error estimator (calling Method), and

• closes the error estimator (calling CloseMethod).

Additional timing information is assembled and a progress report is printed on request. The data structure controlling this process is estiMethod see Table 44.

name char* name of the error estimator
verboseP int level of verbosity
ed rq int storage for A_{QL}Ũ_L
ed diag int storage for d_Q
ed rhs int storage for b_Q
ed res int storage for r_Q
globError real estimated global error
mBar real weighted residual m̄
sFactor real need s(2.0) times new points
sigma real safety factor σ(0.95)
InitMethod int(*)(iteMethod*) initialization method
Method int(*)(iteMethod*) estimation method
CloseMethod int(*)(iteMethod*) closing method

Table 44: The estiMethod data structure

estimate is the command language interface. The actual estimator can be

changed with the selestimate command.

7.4 Interface for refinement strategies

Refinement strategies are called by the Refine driver routine. This routine

• initializes the refinement strategy (calling InitMethod),

• calls the refinement strategy (calling Method), and

• closes the refinement strategy (calling CloseMethod).

Additional timing information is assembled and a progress report is printed on request. The data structure controlling this process is refMethod, see Table 45.

name char* name of the refinement method
verboseP int level of verbosity
newFactor real n_{new}/n_{old}
InitMethod int(*)(iteMethod*) initialization method
Method int(*)(iteMethod*) refinement method
CloseMethod int(*)(iteMethod*) closing method

Table 45: The refMethod data structure

The available refinement strategies are based on [6] (mean value) and extrapolation.

refine is the command language interface. The actual refinement strategy

can be changed with the selrefine command.

7.5 Interface for a completely adaptive solution

The full–adaptive solution is computed the solveState->Solve routine. Figure 9 shows a flow diagram of steps taken by the Solve procedure.

7.5.1 Break conditions

The solve process calls the routine solveState->BreakCond to determine a stopping condition. The standard BreakCond routine checks the number of solve steps, number of unknowns, the estimated global errors, the failure of the substeps (Direct, Estimate, Refine and Iterate). The reason for a break is held in the breakReason of the solveState variable. A message explaining the reason can be printed with the solveState->PrintBreakCond routine.

7.5.2 Command language interface

The commands solve and setbreak constitute the command language interface.

breakReason int break reason, see Table 47
maxSteps int maximal number of steps
curStep int current step
maxDepth int maximal depth of triangulation
maxPoints int maximal number of points
dirFail int direct solver failed
estiFail int estimator failed
refFail int refinement failed
iteFail int iterative solve failed
reqGlobError real requested accuracy
BreakCond int(*)(action) check break condition
PrintBreakCond void(*)() print break reason
lastOp action see Table 48

Table 46: The break condition fields of the solve data structure

4 global requested error reached
3 max. nodes reached
2 max. depth reached
-1 direct solver failed
-2 iterative solver failed
-3 error estimator failed
-4 refinement failed

Table 47: Values for the breakReason field

opStart no last action
opDir last action Direct
opEsti last action Estimate
opRef last action Refine
opIte last action Iterate

Table 48: The Action data type

N Number of nodes ε_{tol} Requested global error (user supplied) ε_{est} Estimated global error ε^{new}_{est} Predicted global error on the new mesh ε_{req} Required accuracy for the PCG iteration s Factor for the number of new points (parameter) ρ Iteration safety factor (parameter)

Iterate

ε_{req} := ε^{new}_{est} ∗ ρ

œæ ß̧_{N < nold ∗ s}
œæ ß̧_{BreakCond?}^{Refine}
œæ ß̧_{εest < εtol}^{Estimate}

n_{old} = N

Direct

? ? ? ? ? ? ? œ œ

Y œæßœ¸^Y œæßœ¸^Y

Figure 9: Main iteration loop of an adaptive solution

8 Numerical methods

8.1 Direct solvers

Available direct solvers are rational Cholesky decomposition[15] in full and envelope mode. They are defined by DefFullChol() respectively DefEnvChol() calls. The envelope solver resorts the nodes internally with the Reverse Cuthill/McKee algorithm[7].

8.2 Iterative solvers

Available iterative solvers are the preconditioned conjugate gradient method ([1], page 49), the preconditioned bicgstab method ([13]), and symmetric Gauß–Seidel. They are defined by DefCGMethod(), DefBiCGStabMethod(), or DefGaussMethod() calls.

8.3 Estimator methods

The most simple method – doing nothing – is available. It is included in the KASKADE standard error estimator defined by DefEllErrMethod(). The actual KASKADE error estimator [6] uses the hierarchical basis for quadratic finite elements. The higher order system, whose solution should be compared with the linear solution (computed by the direct or iterative solver) is ( A_{LL} A_{LQ} A_{QL} A_{QQ} ) ( U^∗_L U^∗_Q ) = ( b_L b_Q ) . The difference to the linear solution ũ_L is given by ( d_L d_Q ) := ( U^∗_L U^∗_Q ) − ( Ũ_L 0 )

and satisfies ( A_{LL} A_{LQ} A_{QL} A_{QQ} ) ( d_L d_Q ) = ( b_L − A_{LL}Ũ_L b_Q − A_{QL}Ũ_L ) := ( r_L r_Q ) . Solving this system is too expensive, it is substituted by the reduced system ( D_{LL} 0 0 D_{QQ} ) ( d̃_L d̃_Q ) = ( r_L r_Q )

with D_{LL} the nearly diagonal matrix ( A_0 0 0 D )

which is used in context of the preconditioner, and D_{QQ} the diagonal part of A_{QQ}. A_0 is the inverse on the coarse grid. To measure the size of global error, the energy norm is chosen and the error is approximated by

|A^{1/2}d|^2 = (d, Ad) ≈ (d̃, Bd̃) = (D^{−1}_{LL}r_L, r_L) + (D^{−1}_{QQ}r_Q, r_Q) .

The term (D^{−1}_{LL}r_L, r_L) is computed by the iterative solver. (In case of the availability of a direct solution 0.0 is assumed.) The other term (D^{−1}_{QQ}r_Q, r_Q) is computed newly. The sum is stored to globEps.

As an additional result a weighted residual m̄ = (D^{−1}_{QQ}r_Q, r_Q)/n is computed to be used by the refinement process. The local residuals r_Q are stored at

ed res.

8.4 Refinement methods

The most simple refinement method – refining all – is available. It is included in the KASKADE standard error estimator definition DefEllErrMethod(). Additional to methods to use the error indicators computed by the error estimator for a refinement are defined. They meanvalue strategy is described in [6], for the extrapolation strategy see [2].

8.5 Preconditioners

Table 49 shows the preconditioners and how they are defined.

none DefNonePreCond() no preconditioner
diag DefDiagPreCond() the direct solution or 1/A_{kk}
hb DefHBPreCond() hierarchical bases
bpx DefBPXPreCond() BPX preconditioner (see [4])

Table 49: Available preconditioners

9 Graphic module

The graphic functions of KASKADE are implemented using the MiniGraphik routines. The higher level functions can be used to draw triangulations, solutions (level lines, temperature), sparse matrix structures, and simple distributions of numbers. Better graphics should be a part of an external graphic system.

9.1 Handling graphical ports

A graphical port in the KASKADE/MiniGraphik context can be a window or a file to which postscript output is written. Ports are identified by a driver identification and an additional driver specific number. All other data of a port are collected in the graphic data structure, see Table 50. The global variable graphStreams holds an array of pointers to all graphical ports. The length is MAX GRAPH. The following routines can be used to create and delete graphical ports.

graphic *NewKaskGraph()

creates a new graphic data structure. The parameter lists (see Subsection 2.8) selectxx, colorsxx, and clippingxx are created to raise the information of the graphic data structure to the command language level. (xx is an index into the graphStreams array.)

void UpdateKaskGraphs()

updates the information in all graphic data structures, i.e. computes the xMin etc. newly.

void CloseGraphic(int port)

closes port graphStreams[port] and returns the graphic data structures. All parameter lists are returned. If port<0 all ports are closed.

9.2 Drawing

The following high level graphic subroutines are available.

void DrawFrame(graphic *g)

draws a frame using graphic->xMin etc.

void DrawBound(graphic *g)

draws the boundary of the current triangulation.

void DrawTri(graphic *g)

draws the current triangulation.

void DrawIndex(graphic *g)

draws the point indices (p->indexP).

void DrawSol(graphic *g)

draws level lines. If graphic->levelsAt==nil, graphic->levels level lines are drawn, otherwise level lines at graphic->levelsAt[] are used.

void DrawTemp(graphic *g)

shows the solution by coloring the triangles.

void Draw3D(graphic *g)

shows the solution 3D.

void DrawMatStruct(graphic *g, int stiff, int rhs)

shows the structure of the sparse matrix stiff. Zero elements in the structure are shown in red.

void DrawDistr(graphic *distrGraph, int *distr, int lng)

draws a distribution.

9.3 Command language interface

The commands window, graphic, show, and todraw are defined by calling the following routine.

void SetGraphAddresses()

defines the graphic commands.

id int MiniGraphic driver identification
no int MiniGraphic port identification
noClear int used to suppress first zibcl call
boundary int draw boundary
level int draw level lines
triangulation int draw triangulation
index int draw point indices
temperature int draw (color) temperatures
ddd int draw solution 3D
noOfLevels int draw noOfLevels levels
percentage int start level line at zero
toDraw int selected variable
automatic int update at certain events
sparseMat int show sparse matrix
distr int show distribution
backCol int background color
triCoarseCol int used to draw coarse triangulation
triFineCol int used to draw refined triangulation
dirichletCol int used to draw Dirichlet boundary
cauchyCol int used to draw Cauchy boundary
neumannCol int used to draw Neumann boundary
levelCol int used to draw level lines
xMin real minimal x–coordinate of triangulation
xMax real maximal x–coordinate of triangulation
yMin real minimal y–coordinate of triangulation
yMax real maximal y–coordinate of triangulation
xSelMin real selected minimal x–coordinate
xSelMax real selected maximal x–coordinate
ySelMin real selected minimal y–coordinate
ySelMax real selected maximal y–coordinate
rotX real viewing angle
rotY real for
rotZ real 3D graphic
levelsAt real* array of values for level lines

Table 50: The graphic data structure

10 KASKADE applications

10.1 ELLKASK 2D

The ELLKASK application solves a linear scalar, second–order, elliptic equation in two dimensions:

−(p_{11}u_x)_x − (p_{12}u_x)_y − (p_{21}u_y)_x − (p_{22}u_y)_y + qu = g in Ω u = γ on Γ_0 ⊂ ∂Ω p_{11}u_xn_1 + p_{12}u_yn_1 + p_{21}u_xn_2 + p_{22}u_yn_2 + ηu = ξ on Γ_1 .

with Γ_0 ∪ Γ_1 = ∂Ω and q(x, y) ≥ 0 and 0 ≤ η(x, y), P = p_{ik}(x, y) positive definite. Here, Ω denotes a polygonal domain in R^2 and Γ_0 is composed of edges of ∂Ω. Furthermore n = (n_1, n_2) denotes the normal vector associated with Γ_1.

Table 51 shows the numerical methods included.

cholfull direct solver full matrix Cholesky decomposition
cholenv direct solver sparse/skyline Cholesky decomposition
pcg iterative solver preconditioned conjugated gradients
ssor iterative solver symmetric Gauß–Seidel
pbicgstab iterative solver preconditioned bicgstab
none preconditioner no preconditioner
diag preconditioner diagonal
hb preconditioner hierarchical bases
bpx preconditioner bpx
none estimator no estimator
dly estimator see [6]
all refinement refine all
meanval refinement refine with mean value threshold
extrapol refinement refine with extrapolated threshold

Table 51: Numerical methods in ELLKASK

To give the user a nice start some examples and command files are included.

10.2 ELLKASK 3D

This ELLKASK version uses a modified KASKADE toolbox to handle three– dimensional problems [5].

10.3 KASTIO

KASTIO solves a parabolic equation in two space dimensions [4].

10.4 KARDOS

The program KARDOS solves a system of semilinear, parabolic initial boundary value problems in one space dimension [10]. It uses a modified KASKADE toolbox to handle one–dimensional problems too.

Acknowledgments

The authors thank P. Leinen for the helpful discussions during the development of the program and R. Kornhuber for being the first user with many new requirements.

For version 2.0 additional support by F. Bornemann made the program much better. Thanks to Gerhard Zumbusch, Andreas Fischer, and all other early users (or converters).

References

[1] O. Axelsson, V.A. Barker: Finite Element Solution of Boundary Value

Problems: Theory and Computation. New York: Academic Press (1984)

[2] I. Babuška, W.C. Rheinbold: Estimates for Adaptive Finite Element

Computations SIAM J. Numer. Anal. 15, 736–754 (1978)

[3] R.E. Bank: PLTMG: A Software Package for Solving Elliptic Partial

Differential Equations – Users’ Guide 6.0. SIAM, Frontiers in Applied Mathematics (1990)

[4] F. Bornemann: An adaptive multilevel approach to parabolic equations

in two space dimensions Dissertation, FI Berlin (1991)

[5] F. Bornemann, B. Erdmann, R. Kornhuber: Adaptive Multilevel–

Methods in Three Space Dimensions. Numer. Math. (1993)

[6] P. Deuflhard, P. Leinen, H. Yserentant: Concepts of an Adaptive Hierarchical Finite Element Code. IMPACT of Computing in Science and Engineering, I, 3-35 (1989)

[7] A. George, J.W–H Liu: Computer Solution of Large Sparse Positive

Definite Systems. Englewood Cliffs: Prentice Hall (1981)

[8] B. Kirkorowicz, W. Maibauer, R. Roitzsch: ZIB–Rahmenbibliothek. Internal report.

[9] R. Kornhuber, R. Roitzsch: On Adaptive Grid Refinement in the 171034(),)(),)(3173173n(baolu1)p9functifunctif16787f0Ω73.thiQ)148l)(r)(rateateaFg(L)101E0078a7aFmint The(the)1line(the)hΩategategapFs(3direct)f(the)l(able)l(able)l357El184C37838010V660V660826b(on(p10820820iduiffne3neIP)16IP)16Ii(in)FIo(er)hFCiFs(F00FoV30000071V71V7ankso(Ø91Ωb(intY)1)i)i imbp1869Ωassassa16 b(e3a.)173E1e 4(y)htans(~)s(~)srittreconditiopΩ179ccs areed she dinatdinatd6 22¡�T

8 y Fn(8(1)(od)(od)(ßF(9umA)hΩ(a7 b(to)165216521ricon)p on)p oall0oΩg(iΩg(iΩ3 a Fn(eg(vction)f)345Ω6a Fn(leb(t5 y(wsΓen)o(t)gen)o(t)ge y Fs(v y Fs(v or)h(a0 1 a168o)e(m)e(m)error)g(error)g(eo(cnveloines)ph(reFn(solvShapi(asi(asia(Γ)q(olb)q(olb)Ωb(of)h(8) 1628 FΩor)hor)hoetho)q(d)p 0o78 y FsF4elv)o37toD621a)h(dvoiion)pΩ1ion)pΩ1i b Fs(cFi¯)448 448 4Ω(so.14on)gd)16 bd)16 bd97 b(Fd(righ)1 V 34can)1Qrenand)j Fs(4)MetMetM Fn(DefE Fn(DefE 9Ωb E 26 a 7973 y92asevoid)i�n)o(t)138berif tr ma ma int

′′′F∫⇐⊓↚⌊⊗{≀←F≀⇐⊇←F\⇐⌈⟩∈▽△←∈▽△←∈⇒∞▽←⌊⇐⌊⇒∞▽←⌊⇐⌊⇒←△⇐†⇒∞∞⇐†⇒∞∞⇐⇒√←∞∞⇒√←∞∞⇒\⊔⊒⊗F∫⇐∞∃⊗∞∃⊗∞⇒√←∞∀△′⊒∫ ↚F{⇐ℵ⇒∫⊗⊗∞∃⊔⌉⌈ ⊔⌉⌈ ⊔⌋‖⊔⊒⇐√∋⊗⌊⇐∋⊗⌊⇐∋∋←∀F∋↕⟩\⌉⇒P←∞∋\≀⊔F↕⊔≀⇒≀⇐⊔⌉∇{⊣⇐⊔⌉∇{⊣⇐←⊣···′←∈▽′·∘⟩\⊔⇒∈▽F⟩\⟩¬⇒∈∈∋\⇒≀⇐⊔⌉⟩∫⇒}⇐⌋⟩∫⇒}⇐⌋⟩⇒≀⇐⌉↕≀FC⟩∃∞∈←∃∞∈←∃⇐C⊓∃⇒√←⊣⊔⊣⇒∈⌉∐⊓⊣⊔⟩←V←∋∞▽←∈←V←∋∞▽←∈←←⌊←F∫⇐∇⌉←⌊←F∫⇐∇⌉←⌉⊣∫⇒⌊⇐≀∃←∃∇⌉⊣⌋∇⌉⊣⌋∇←F∫⇐⇒⇒⟨∫⌉∇∫⌉∇∫∈←†←∋∫√←F∫⇐⇐⇒∈∈∀⊗∈∈∀⊗∈⊣∫≀⊗∈∋∃←∞▽∞←⌊≀∞←⌊≀∞∞←⌊⇐√∇⇒∈∈∋←▽≺⇒△̸←∃∈∈△△▽←∃⇒∐⇐⌋⌊⇐S⇐∋▽⇐∋▽⇐∞▽←∈∋▽∀←⌊⇐§∀←⌊⇐§∀∌←∈∞△∃←⌊←F△∃←⌊←F△⌉⊑⌉↕√⊗F∫⇐⇐⇕⌉⊔⟨≀⇒∐⊗⇐⇐⇕⌉⊔⟨≀⇒∐⊗⇐⇐∀∀∀∀∀⊔L⟩⊔L⟩⊔⌉∐⊓⟩∇←F∫⇐⇔⇒⟨⇐⊔⟨⌉⇒}⇐⟩§⇒{←§⇒{←§∇⇒√B§∞̸△S⊔∇⊓∞∃∀△∫⇒∈∈∞∀△LL⇒O⇒∞⟨⊗F√∇≀⇒∐⇐⌋√∇≀⇒∐⇐⌋√⟩⊑⌉⟩⊑⌉⟩←⌊≀√←∈⊗⇐⌉∫⊗⇐⌉∫⊗⊗F\⇐{′⊗∇\⌉′′′∋⊗⊔⊔⊔⊔⊔∈∈⊗̸∈∈⊗̸∈⇒∋⇒∋⇒⊣←F\⇐N⊣←F\⇐N⊣∞⊗⌊⇐⊣∞⊗⌊⇐⊣∞∃←∞∋∞′∞{⇐−{⇐−{←∞△△∌∋≀⇐†⇒∋‖⇒∞∞⟩\⊔⌉⊗⇐⊔∞∃←⌊⇐⟩←⌊⇐∫∞↚⌊⇐C⊣∫‖√⟨∋∞←V↙⇒{∇⊣⊔⟩≀∇⊣⊔⟩≀∇⇕⇒≀⇐⌊⇒∞E∇▽△′←†⇒↚√∇≀⌉⌈⇒∞▽←⌋≀↖∈↚∀⊒⟩⊔⟨⇒}⇐⊔⟨⇐T⟨⟨⇐T⟨⟨⊣\}⊓⟩\}⇒⟨⊗⇐⌈⊣⊔⊣⇒⟩⊔P⊔P⊔⌈⇒≀⇐⇑⇒⌈⇒≀⇐⇑⇒⌈⊣\⌈⇒⌋⊣\⌈⇒⌋⊣⟩⇐⇑⌈⌈⇐−⊔⌉∫⇒∞⌈⇒}⇐⊔⇒⟨⇐⟩⊗F∫⇐↙⊗F∫⇐↙⊗BSE⊗⟨⌉⇒{←⊗BV←∈∀̸′⟨∃△←∃△←∈⊗∞△←⌊⇐}⊣\}↕⌉⊔⊓∇\≥⌉⇐B≀†⇔⟩\∋←V←∋⌉∫⇒∈∈∋←∃←∈△⊓⇒△⊓⇒△⊓√←F≀⇐D⇒\⇒⟨⇐⟩\⌋←F∫⌋←F∫⌋⊣↕⟩∞⌋⌉⇒√⊗∞⇐⇕⌉⊔⟨≀⇒∐⇐⊔⊓∇\⊔⊓∇\⊔∃∃←⌊←F∫⇐⊓⟨⇐⊑⇒⊔⇒}⊗⊔⇒}⊗⊔⇕⌉⇒∈⇕⌉⇒∈⇕⌊⇐⊣⌋⌊⇐⊣⌋⌊′←V←′←V←′←V←∋∃←V←∋∃←↚⌊⇐△⇐∇⌉⇐∇⌉⇐∫⌉⇕⇒≀∃∃←⌊←F∫⇐⊓⟩⊣⊔⟩≀\⇒⊣⊔⟩≀\⇒⊣↚⌊⇐△△←†←F↕⊔⟩\⌉∫⌉∫⇒}⇐∋⇒∇←F∫⇐⇒∇←F∫⇐⇒∇′←V←∋△′′←V←∋△′′′↙∀′←∉▽′△′|←≀⊓\⌈⊣▽⊗̸{⇐√×⊔⇒⊔⇒⊔∀′←∃⊗⊔⌉\⌉⟩⊔⟩⊣↕⟩⊔⟩⊣↕⟩†⇒∇←F∫⇐↙′⟩∞↚∈←F†∇⌉⊣↕⇒}⇐∇⌉⊣↕⇒}⇐∇⌈⟩⇕⌈⟩⇕⌈⌉⇒\⇐⊑≀⟩}⇐{⊓}⇐{⊓}≀⟩\}≀⟩\}≀′←†′←†↕⊓⌉⇒↕⊓⌉⇒↕←F≀⇐ℑ⇒√←FC′′′′′′′′↕⌉⇒∈∈∋⊗∞△←⌊⇐⊔∞△←⌊⇐⊔∞∇⇒≀⇐⟩↙∞̸L⇒∃∀←⌊⇐⟩A∪⊎▽←†⇐▽§S⊔⊗⌊⇐≀{⇒⟨⇐⊗⌊⇐≀{⇒⟨⇐⊗⊣↕⇒⊗⊣↕⇒⊗⊣√←F∫⇐⇒⇒∞C⊣↙∀←∞√′∃←′∈↙∇}√←F≀⌉⌋≀\⌈⟩⊔∈∞∉∞∉‖⇐≀{←F∫⇐⇐⇒⊑⌉⇒⇒≀⇐⊒∋△▽←∈△∞←V←∋△⌋⌉⇕⌉⌉⇕⌉⌉}⇒}FF⌉′←∋∇⌉⊣↕⇒∋⊓⌉⇒⟩⌈⌉⟩⌈⌉⟩←F}⇐L′⟩⊣∫⌉⌈∞←⌋‖⊣∫⇔△⇒▽△⇒▽△≤≤≤⇒⟩⇐⇑F⌉⇒⟩⇐⊣F≀⇐⌈⇒∞F≀⇐⌈⇒∞F⌊⇐S←⌊←F∫⇐⟩\⟩⌉I⌉I⌉⊣⊔∇⟩§⇒√⌉↕⌉⌋⊔⌉⌈⇒N⊓∞△∞∞←∞△∞∞←∞∈←∈←∋←†←F}⇐⟩‖F←∋∞∈⇒⇒△′⇒∞∈←⌊⊎⇒∈△⊗⌊⟩≀\⇒{⊗⟩≀\⇒{⊗⟩⌈⇒}⇐⌊⇒∐⌈⇒}⇐⌊⇒∐⌈⟨⇐←′̸′⌉⇒∞△∀▽∃∈←▽∃∈←▽∫⇐S⟩\⊔⇒⟨∫ ⌊↕⌉≀⇐⌊↕⌉≀∀∋←†←F∫≀⟩⊔M⌉≀⇐§†⇒}⇐⊣√←∞∀′′∋←V←∋▽′←†⇐−←†⇐⊙∃↙∃←′←V←△∀▽←†⇐≀\⊔A∫⟨≀⇒∫⟨≀⇒∫△∀∀̸∫⌉⌈↙⇒∈⌉⊔N⇒≀⇐⊓↕⊒⇒∞⟩≀\∫∗←∞∋←∞∋F∫⇐⊑⇒←∞∀∋←∈∌∞▽←⌊⇐≀{⇒∞▽←⌊⇐≀{⇒∞R⌉⊣∞√⇒∐⇐⌉⇒∃↕†† ⇐}∇∇⟩§↙∇⟩§↙∇⟩\⊔ ⊣∇⌉⟩·⟩·⟩∫⇐⇕↙⇒⊗⟨←∞▽′←∞▽′←⊣⌋⊔⟩⊣⌋⊔⟩⊣∋∞←⌊⇐⊣⊔T⟨⌉⇒{≀⇐⌉⇒⌉⇐⇐⊔⟨⌉⇒{⇐∫⇒⇐⇒≀\⊣⇒⟩⇐⊣⊔⟨⌉∇⇒ m(e)g(f83 183 18)o(bleE8intLH.9 V 379 V 379 18979 1479 147pli17847*)3c (0 arhaphaphcolΩhn(vaCcΩ112n(e)f(g(yf)j5925925827cFs(ofcFs(ofc)644yFfyFfy(fol00y315631563(ite0F3rix.r0ΨilΩ5017)2bFs(lructure)2V2)720)720)8.79a0816ag(yfg(yfgect)e(00gΩ1625EeeΦΩ(an119S26yFthiQDdΩ125finiΩ(ar6b(9b(esl)iCholCholCyFo(U)ΩaFΩaFΩ7bFn(n10707)(r“)(r“Fo(@)C´92392t)g(is)=)pFs(=)pFs(=p18195ΘyFfail249mputes149Ω(thiΩ(thiΩ1867Vi(DmAniabl�somΩ665Ω665Ω80yF125712571e)ites(eCLe)o(c)294erativ)oin)g(in)g(i.2Łi)h(u)h(u))p117)p117)bFs(le0)s)h(fcau16b(ud)223Q)6Methodf5249 syand iand ia0Ω735aberiLSΩNP0Ω((Ω((Ω37ΥΩ7y([(Γ)g542542564V2sursursb)q(o)b)q(o)bRenu7227227tDi77ra)o(ws)toto Ω372615tion ation atntLS2t @a(@av26(*fyc(ad(calleyFf(!l(able)ll(able)ll00)gFo(st.st.sm)f(m)f(mt)15hic)ohic)oh.)223h�y,i8bFsues)pe(arev)m(ail)hΩ(c)hΩ(c)pΩ120(grap22v2v32v3Ω(infoy.)10086yn s625h(the)ff0V0k(th(fol00(Fn(brthe)g2the)g2t8]M)o(92492495V29,)gΩ,)gΩ,2]2]2p1826146p1826146pisc�(it(it(1579ive9V3oFe(e)9479479d)24Ωd)24Ωd)g(bDBdtM)FC i())ey) p of↼of↼ar↽d03800070↼Cond⋆Cond⋆CΩ180↼umetho↽q↼ds↽↼it↽↽↼it↽ΘψbψF010ΘψyψFn↼ring249↼solc↽o↼h↽c↽o↼h↽cerarcof↽g↼t8.f↼m↽f↼m↽f332ψ332ψ3ionn3▷8ψ18iarraarraa↽d↼sth↼to↽at↽oat req↼diq↼diq6ψ181q▷↽26ψbc↼t16Ωb↼wαν↽g↼KlectψFo↼y↽↼of56ψa56ψa5nt↽1nt↽1nhψFl↼Γ↽hψFl↼Γ↽hC▷s↽h↼of↽ggs↽h↼of↽ggs0ψ240ψ240 c1F00000ψ1543ψVψ26canfunction49ψ6649ψ664s 9ψyψFo↼9ψ131o↼eth↽o↼eth↽oΩFl↼12o↽g↼are↽1218↽24ψb↼2↽24ψb↼2↽c y El26ψ1726ψ172⇀⇀ction . ¶⊓∇∇⌉\

⊔V←∈∀̸R⌉\⊓⊣∫≀⊣∫≀⊣M∇⊣⊒⌉∫⊔⟩⇕⇕⌉\⊔∞′∞̸′∞̸A⌈⌈⟩⊔⌊⟩⌋}⌊⟩⌋}⌊∇⟩⊑←V←V←∈∈′←∈∈′←▽∈←▽E←▽ {F▽†si4 a Fn(si4)i(o74 a Fn(mq(oufor0310310pΩ182091 291 29)o(thee)ee)e249(249(2f(sf(lntsntsnx))g(d324 Ψg(QQg(QQg1 y Fs(64Ω64Ω6)e(*)e(*)h(pa984al**t)15 hdra)o( Fs({c))s.)223 s.)223 sree{ree{rwS87ar(re(b(S162 Fo( 737E 737E p Fo()15 b(a975Ω36ge,Bre´07963 V 363 V 3615 b(max3)Ω22Ω150 1049 77unt4lp 18alin(rhn(rhnΩ42Ω42Ω10231023143 11E1i(sti(stitriangletrianglet91 2991 2991434 used)h20 y F20 y F2ΩFo(:8A0E2o(y)r 17 b(eb(ont)g(ist)g(iste)pΩ1(e)pΩ1(ep2erarc%23 25New)0)f r)f(2es)g(es)g(e79 1579 157he)i(F7rror)g(00tdata)k)o(y)7l(Γb)272 y v 24c)eΩ Fs())16379 1retretr b(int b(int inform)223 14a Fn(D135408Ω45 5045 504537Ω537Ω5ho)q(Fn(vrror)foul223 95l(able)ld)15d)15d16 b Fobicgbbicgbbb)o(y)4orara)o(wGeGeG)pΩ1749 i(the)339y(ofLp 1826 15n)o(um)o9 y(sy)o(ul)o(ul)c(Rk(th668a)id)223 usi Fs({c9 9g)g(ng(ansg(ansge)gL 14grintD Fs({c9lable)lable)lp Fs(,)p Fs(,)p(æ)1794 49 66149 66141 V 34rea,)h(c,)h(c,(wit1,737 y hΩFl223 y223 y2)f(F002(y)h(y)h(iterativ)o(e)somΩsomΩs17)2b0s)m(a,7.00 4v 883i(isi(isi63 V 263 V 26t)gΩtFF6Ω(*gΩ(*gΩhe)16 b)10054 5)o(h)i Fn(5 y(E y Fs((nest))fSEing)hΩhe)g(pis)h54 b(a y Fo(m263 293 a(93 a(9197 .)223 13.)223 13. Fs(4)M71 intar)1(413 180)177AnAnA)mp Fo(=)iduiduio(A)112 y Fo2 y Fo2n(ale)i(astepsteps%PMet)o(hollIteratIteratIy(i00I2 b FsFypf0024 129o(ersi;)8 b(y)r;)8 b(y)r;r)d 2(7 b Fn(7 b Fn(7b)q(ounes)ines)in b(no b(no )i Ff(T014nerixrixrV 263 4(co49 66)g(d79 1Ψree{1))))p)m(ai0F b(int har*)artor)b)q(ersb)q(ersb27252,rFg(x390Ω47Ωb(47Ωb(46Ω2295Ωs(eint(*int(*ib(of.iAMAMAtor)b y Fg345 22,)h(c{)3urrq(duF)l6 b(46 b(46ee)2g(R826 1826 18)Ω3C8=)h 263 293D)2pth)unt(anΩ85 2495 2495le)g(4le)g(4ld)dΩd)dΩd)oΩ(tg27f(to)ma)2(wi(wi(710(sho)Fs())as)507367367mand.F74 1434 1434)f(A)f(A))j(i(int(int(V 8VV 8VVata)2e5 y(n13 513 519)pF10 33y)i s(mngngn0 b(t10 y Fo(5 y(yn)o(t)fΩ.)10q(ou Fs(()�9 V locAlocAls)18 L)12)iΩ()iΩ()a(?)F)(A)448 b(DgPq(er)14q(er)14q8 2 6)g(r3539)p (anΩdirMedirMedFs(=79ΩD79ΩD79.4 L701 701 7043 1766Ω35 960 V 9 98 1948 1948pli1185 y(Eand)eand)eae)f(t7ausefCets)iCue)1770t304 Meth)o(Meth)o(M277¯ 15675Ω6Ω1uc(e)f(g17 b(sage: 6age: 6ah(D0a)15)15)ySyFbySyFbyd)o(d)o(don)gd8 a Fg(rea Fl( Fl( t)h(C00F0 a Fn(pri Fo(x)h b Fs(inid)15d)15de)14Ωo(er)ho(ersiy)345'V 315 15i(tho(elo354 6Ω222296 y Fm((of)i(of)i((ordi439 a439 a4tion)h(v)o(esv)o(esvqueY)l 186879879878Ωb 31 V.int)25 b(int)25 b(i.4 L 9ines.nes.nal)f(r8nl(Γ)16 b(s.)10086.)10086.(2)1)o(h)5)7)g(Vle)f(3 20.)5)d Fs(dat)345 4)345 4))f(v04)ethod)1(Γ)fΩ12511Ωb88 s)h(of)ggk)q)g(n84 y Ω(opoutioutiong)36Ω)e(l)151210 204720472)p Fo(x;7 2ΩΩ599 (1)8 1943853 V 263 V 41.3in)o(ts2174f(of)h(Ope)o(d))o(d) of c Fn(int) Fn(int) ndex

w
of (acc(acc(3 V 57(rintB.33 y Fg(Q3 y Fg(Q300)g Fo(s03 744 y p)q(end.nd.nhe)f 1FEn6856ha17785)1 v 26()pΩ10osDp Fo(8 y 8 y 8(t)fls)1yyying)i(E4 2 v 63 b(h831 2831 28Ω164s[)s[)scan)1Q223 950 V50 V5()o()l{10 g(acHSololo61 761 767 2386f(the)g(17f(of)hΩyn)g(b)q(n)g(b)q(nied35 9d F/)r 42niti3Ω2k(dv)o(e)1rogrogre)h(m80r47 b(80 1n(t(atL 84)2pplied)ndar24 bΩ24 bΩ2 b(int72ev)o(el)7287287m(6iv)p Fs(.)3 b(The)the)g(ithe)g(itll)ind9 b(prV 41)p 17dditib(the)gb(the)gb330Ωy,i8ry,i8ry)p 173794 7uage)000)000 ; rd(Γtce)fj(~ b(no7VFg(Fg(FRel˘m->precomprecompes)p izes)2 V 3h)o(od)ation)gΩ345 231434  b(The)ytessolvf(and) *b(Y) 3j(inestimato527 y5105 15 1524 b(Zdem0ddem0dd(61olv)o(er)gs)h(f0]b(ed21(i)ons)ons)o626 th 268 268 V 223 1)p Fs(),llE0Ω2ΩFo(y)8 b Fsun(Ino)17 ll)f01 y25 V tand(ranguable Fs(2)p7C(F6 18ym,)ym, dv09 5 y(e5 ve: 5)i(TCo)o(lh(fh(fh5 b(m.)24.)24.2617.48 462)o())P)o())P s1ed2solbe o "Kreis m[E(isc�5 ve)p 1180

             TSEi(7169C0e4 b(llE0Ω2)o(ts)1F0r)70Ωb(87)24 b(07 a26(756)isc�5 2495g(releasf(T08n45Ω2140 y(TSΨrg(t)o())P)n)f(˘mreis)h(7 Vi(depA(chlitz’)f(delete} tΩ2196al)g(s6i.)10086.g)223 2318 y Fp(direct)g Fs(assem)o(bling)15Ωb(and)i(direct)e(solu467F5 2457 y(TShapiFfect)g(Cholesky)f(lnoΩ(erintB.r)g(n8c)o(holfull’)f(and)j(’c)o(holen)o(v’)d(can)j(b)q(e)f(used)gΩ(explic-)345 2518 y(itly)l(.)isc�The)17 b(p(1)8int)25F79 1470F7t)h(will)Ωf(sho)o(wble.7)f(linearo)17 lstem,)g(the)h(LU)g(decom-)345Ω2578 y(p)q(ositi()p Fo(09f(and)g(the)f(solution.)21 b(Linear,)15Ωb(quadratic,)g(or)g(cubic)g(elemen)o(ts)d(can)k(b)q(e)345Ω2638 y(used,)g(but)g(the)g(necessary)g(k)114kspace)h(should)f(b)q(e)hΩ(a)o(v)m(ailable.)o Fe2C70and)ea(: 71 77Ω71 76 bo(y)h(5 197 a Fb)q(e)g(ona84g)isc�)o(h)5)g(direct)345Ω254 y()f(v04)pethod)1(direct)119 b(:=)h 2’assembling and direct solutionx,7 fullchol envchol sparse 3ψ20▷142ψb↼verbosep↽393ψ3e aslinear quadratic cubic ing

Direct 1 Y K▷ do eiv 149Ωh(ΓΩb(A.pe)345Ω812y(ssedEΩs)j(s(m.e(will)g(add)j(a)fe)f(t7e)f(name)g(extFo(x)hon)gΩFn(.ksk)379a)1584)h(ΓΩ4le)f((in)h(oen)o(t)ge345872y(example)cΩFn(makewindow)o(s)pFs())f(is)j(notb(S(und.)cG5956ΩyFb)q(e)g(onm[E(i3b(do)g(makewindows)3451013Fn(int).)10086.gnΩ27f11486yFo(AΩaskp)hFs()r)16b(ELLKASK)3451285yFn(end)fΩFs(stops)i(the)f(pk(dvm.g)g(ng(All)15b(8aFgs)h(are)g(closed.)cG5Ω135Fn(solb(K.o)g(mg)i(413nd)3451413y(End)g(of)h(ELLKASK)f(after)gΩ(0.05)g(secs)223153Fo((estimate)fFs(error)16b(estimation)345Ω1677y(TSe)11b(selected)e(error)i(estimator)f(computesV8VV80)iΩ(estimated)e(global)i(error)gFn(globError)3451737yΩFs(and)j(lo)q(cal)f(error)g(indicators.)20b(The)14b(mean)e(v)m(alue)s(Si)g(these)g(indicators)h(are)f(n(t(en)3451797y(in)jΩFn(mbar)pFs(.)3451881yFb)q(e)g(onmg)i(b(estimate)369Ω1937y(energy)g(norm�)h(Uh)95b(1.733713e+00(1.316705e+00))345Ω1994y(Solvndex)723b(globError=1.747e-01((data)it1791)o(38e-01))o(,)eΩ(mbar=1.mPe-02)h((CompEVals))3452050Fn(int).o)g(mgndex)7223Ω2185yFp(graphic)i91299052a0)5b(graphic)iY)lmeters)345Ω2326yd)o(d4311Efnd)f(selects)g(f3yFg(Q3the)f(curren)o(t)f(graphical)iΩ(o0)frt)g(stream)e(the)h(re-)3452386y(quests)d(for)g(the)g(actual)gΩ(dra)o(wing)g(h(D0hFo(d)1Fect)e(00eFn(show)gFs(3yFg(Q3the)gΩY)lm3V573)3452447yFn(aiamatic)eFs(of)kFn(window)pΩFs().)j(An)c(Fs((0ly)l(Fttiv)o(e)g(k)o(a)o(y)g(to)h(c))fFs)ngeV8VV80)hΩ(requests)f(will)3452507y(b)q(e)h(the)gFn(setpar)eΩFs(command.)10082725y(71and)ea(:mine7178Ω7277bo(y)h(5dinatdFb)q(e)g(onmgndex)723b()o(h)5)g(graphic)345Ω254y()f(v04)pethod)1(graphic)95b(:)isc�’select ge,BYp(1)8irs385388nestx,7 astemperatenlevels clear percentage list quo↼Rβ67ψb↼eψ10790Ωb↼cΩ1251int↽↼7do↽214ψb↼verbose↽488ψ1609ψy↼↽o↼h↽5↽167Ωb↼inffixed↽70ψb↼infaccess↽47ψb↼infpar↽118ψb↼setpar↽3ψVψ263ψ166s↼arCcnfevents↽47ψb↼f↽g↼i↼tri↽94ψb↼writetri6Ω229ψb↼ial1Ωite↽142Ωb↼inftri↽488ψ1722ψy↼seltri↽119ψb4ψVψ371fx↽ri↽46ψb↼c↽223ψ14a1354ri↽71Ωb↼infgeo↽118ψb↼1354ime↽393ψ1778ψy↼w↽↼dipace↽46ψb↼problem↽95Ωb↼infproblem↽22ψb↼renumber↽↼7direct↽488ψ1835ψy↼iterate↽AnA↼estimate↽70ψb↼refine↽119ψb↼solve↽142ψb↼graphic↽3ψVψ263ψ1891ψy↼infgraphic↽isc�show seldraw window infwindow

infsolve6Ω229ψb↼seldirect↽46ψb↼seliteratc8♯ME�3ΩV5ψ22704454454selectsselectss↽o↼hod↽8sd↼in↽sur737ψb↼usΩy↼b01Ωame↽158ψb↼rll↽f↽o↼c↽fc levelsat88ψsb↼ddd↽190030001F80u↼parsemat↽47ψb↼distr↽345ψ480ψy↼ing↽18ψii3Ωb↼geBYclear↽g↼boundary↽g↼soMaFf↼levels↽h↼16↽345Ω536ψψFn↼int↽ψ▷ona84gndex↽7g↼infpar↽g↼select00↽440ψ593ψy↼select00↽AnA↼bo↽↼rδψb↼1↽167ψb↼level↽262Fg↼x3↽775ψ649ψy↼triang↽f↼0↽167Ωb↼index↽262Fb↼0↽655ψ705ψy↼temperature↽f↼4ψb↼aψ39ψb↼3D↽262Ωb↼0↽679ψ762ψy↼noOfLevels↽237ψb↼16↽48ψb↼percentage↽261Ωb↼0↽775ψ818ψy↼toDraw↽237ψb↼1↽72ψb↼aiamatic↽261ψb↼0↽703Ω875ψy↼sparseMat↽g↼0↽167ψb↼distr↽262Fb↼0and↽ea431ψy↼Predefine40ψy2213Ωb↼true↽262ψb↼1↽167ψb↼false↽262ψb↼0and↽ea4y↼TS↼↼K▷ona84gnΩ27f11206ψyψFo↼AΩ↽o↼h↽5↽A5↽pri203ψb00cv↽o↼e↽12ψb↼↽o↼h↽5↽k↼feature↽345Ω1257ψyψFn↼⋆↽21ψbo↼xy↽15ψbψFn↼↽f↼v04↽p↽fψFs↼prin↽o↼tt↽h↼C00F0te↽g↼list↽f↼of↽iΩ↼149Ωd↼10ψyψ↽h↼if↽h↼used↽g↼kith↽g↼a↽h↼parameter↽345Ω13ψb↼intψ↼the↽g↼short↽i↼describ↽q↼eriLψSΩNPbn↽d↼of↽i↼the↽g↼149Ωd↼corresp↽qΩ↼onding↽k↼to↽f↼the↽f↼Fn↼solvfr↽345ψ1370ψy↼is↽g↼prin↽o↼ted▷↽k↼The↽dΩ↼list↽e↼of↽i↼predeβned↽e↼p↼1↽8ir↽g↼k↽o↼eyk↽114ds↽h↼is↽g↼prin↽oΩ↼ted↽g↼sho↽so▷↽345ψ1440ψyψFb↽q↼e↽g↼onmgnk↽q↽↽o↼h↽5↽345ψ1496Ω m0 lize4ψ2s mx on⇀fx▷ . .3ψVψ30Ω74onalm↼8m↼8m↼Dedra↽o↼w↽ΩgΩ9ψ12a9ψ12a9∂cΩ↽cl↼Γl↼Γlm▷g97ψb↼v↽m↼at498ψb↽q↼e↽i23ψ1423ψ142Ω180Ω180Ω▷2↽70ψ↽f↼T↽ho↽o↼w↽howee ring ri6ψ29ψFn↼IniShapeF607ψ2on↽oonp3843843l,l,l1254593raTψFg↼Tψv↽o↼elopstiΓes↽20g↼the↽f↼cgΩıoikikire↽dreoin↽8mdraint bDB Inigregregb↼Ifψb↼methΩϖ6oioundaeigϕϕ9ψ102r↽k8ψaψFg8ψaψFg86ψ296ψ296↼and↽i↼↼and↽i↼↼,↽8ψb↼60ψy97ψaψFnψb↼of↽ke↽pΩ1↼eΩpTFac53392ψcas38516ψbψFnibcibci408ψbψ45ψ197ψ1ψyψFs↼s7�498ψ↼er↽Ωb↼deΩb↼deΩ66ψy↼y03ψ61ψvψ34ψ1e↽p↼2↽i↽o▷↽pΩ▷↽pΩ▷4ψVψ7↽6ψpinesΩaψFn↼ΩaψFn↼ΩΩfi↼i↽345ψ252a↽o↼hecee↽1ee↽1e↽378ψ184e↽3451560m♭o↼Rβ6555↽o↼h↽5↽ktiesCond⋆Cond⋆Ce to toıFs↼ıF0↽60 i7ψFs↼daψFs↼daψ471ψy2ψvψ67↽e↼l↽int↽o76ψyψF88ΩocTidFl↼Γ↽Fl↼Γ↽F46Ωb↼46Ωb↼4ψyψFs↼vψordiordioed↽2ψb↼of↽j↼ψb↼of↽j↼ψted↽g↼s857↼in↽o↼tal↽9↽46phψb↼noψb↼noψq↼e↽22▷ψ1493▷7ψqψb↼g↼∂g↼∂g3ψy↼o84ψ2.↽pΩin↽iin↽iitem↽�⇀↽re↽3Fo↼y↽rFo↼y↽rF4▷5F433ψg↽223AMA1↽r↼1↽r↼18ψVψ6781o↼>IWraphicraphicrs↼S345ψ11↽o↼y↽7↽gΩψ3↽↽oactDs↼e17↽26ψ62Ωψ106ψ106ψaψFn↼dia00ψarra↽o↼y↽1↼y↽1↼bψFs↼fF↼elected↽gDfor↽g↼tfor↽g↼tf▷6ψ15flv↽o↼eψFn↼FErrorErrorEis↽i↼al↽iterativ↽o↼e3016ψ24535ψ17actualψFs↼drauctu3ψ70therthertg↼k↽↼7▷↼7▷↼826Ω223Ω223Ωs↽pψ184785ψ785ψ7862ψb↼Inb↼rey↽34curacuracnd1ψLψψ8cnoψn8ψy↼en0nMψ8↼Up↼Up↼↽h↼rLψ12↼99ψbψFs↼drx↽o4ψy↼xeps↽peps↽peg↼stgPhar⇀ha↽oha↽ohph↽o6ψ98↽hΩ↼c↽ation↽pation↽paaΩFa↽↽▷0a↽o↼y↽f0↽the↽h↼iPred64ψVψ▷2↽70ψy↽rψFs↼↽↽Fs↼↽↽Fs↼↽↽F T0ted4201a(@)e 93393392325ipipian *f. .

calversih(neΩV26576ΩV26576ΩFs(()�men)o(tsmaxifmaxifmmputes1h(ro31pf00p(),)13V.6Ł102gΩ(i9u9u9118(1)g14nittr)tr)t)17b(and)3Ω69. lgyervg(vganguile)g618ard

ne it2233223321Ωa1Ωa1Fs(n)Fs(n)FhiqQS0ψ90ψ90NPψ1650⇀cpΩϱϱPVψ63Vψ63V466ψreeı00951740140145V23774249(Me)an(1)hΩ132h((crrrces)d2y(nRtes)1�37Ω37Ω3ailed3D dbFo()h(an,)j(Ji(5MathdexPrucrucrWrFrn(R2V34.)223i.)223i.al)9ation.alie grr(3Je(JeV31511iΩ(tiΩ(ti[4]ytd(cad(cadricaFo(v7KASKADE)b(Come)Fn(FE130g(sg(sgh(the)3.gprecompthiQDd061q(d)203210T)l(oeopΩ%eopΩ%e(cΩFnT)l(a626(Had7Ωb17y)io(”)i45Ω285(co4o(y)f(o(y)f(oyFg(L)1yd(mFn(Ini51951(a4.łoseMet())())(Fs(28.(1241241eoeoe88391h(0)23111647g(5equesp118p118p(T01Ω)m(al1Ωb1Ωb1ra)o(wGF1(an4.ro(r)52047)o(Con(tn(tnf(U3Fnve))7b(reh(eh(eh880941Ω272Ω272Ωl(aba7l(aba7ls(ihic)1m014nibFbFi)o(ns(Si681(ts)2(ts)2(aFn(E3Ωb:)22b(T.)cΩ.)cΩ.iΩ4.(*Feuprograates)j(i(int)2(int)2((.))i(sxSe)o(on))o(on))ngnngnnb(ib(for)MA3yFs(etho)q(3bFs(ma725)p11)0i(y5V24918(12for)h(e.)33t.)33t.8aFn(m0007.ne.e(b992450d)g(offlfflfflh.9ffl971E0h486yE9or)f7(-)Ω)d()h(e)h(e)bFo(ybFo(yb8aFn(m0bcomp)q(0F8esemc(1)hΩeedseedse)o(t)f(8ee-020)w)gFeion)fΩi)345Ω24)o(()(t–hFs(v)Fs(v)Fs.)17s.)17sz)003l)20p138r)g(fi(3)peøo(y)f(o(y)f(oCol)17Col)17Cy)rFs((1lΔb(int)99b7277277hFs(,i)equationpFs(,sur7elds)gDefIu:Itog(sy253baFn(CloanguilyFg(L)8b04231555085085nccomp)nAnAn9100–ser–ser00y13.00Fs(soFs(so)f(v04on)ptotaFg(LQructu’a’a’LΩS’88418884188tempordin4)7ocAiden))g(thesedgesedgese7aΩ150s(1illgFn(acgFn(acgrefinerefiner5V24918(eΩ(991on)pon)poe)2046b(in14b(=92y92y97)24finit(strateo(e)fAr545)Fs(1�8688688Ω172g(dei)oΩbF[k[k[bFs(le8[r)9r)9r6n)hΩ7bF7bF7Co)o(lhpFs(277lable)lable)lng)in)g(twb)q(e)hra)o(wGFrh(2)1(rell)f)f(fr˘lecrma)ma)my(l847y)rFs(.-)-[10l)oΩb(Inigolutiolutio)h(sr(d)r(d)rstimatoE0rita1iita1ii0326p0326p0q)r5407)d((NaFs(2)pGR)354iness)16b(aAs)16b(aAs)8b(te)gre)g(ccneedeal*etho)o6youn)b58951)s)g(th977Fs(so8Ω149Πren)o(umȷyFg(x)333Fs(for)jon)Ωory103b4167416740245D.D.Ded)e(116r)i(986V)d(IΩ(intΩ(intΩ8Ωb(reh942))13Fs())ll)f)f0r(directna84gnof)h(43.43.4on)pon)po66y()g(t215e)ittho)rtime)1tanΓ)fpFo(pPreCoPreCoPf(con))2238311Ω172gΩ172gΩıyFg(x)direct)o(hodirect)up)q(112h(stry)16y)16y03L155y0V22200c)o(holec)o(holec1V1V101721991fl)89facfacf(refbFs(shocAj(Hip3aFn(e)h(Ef(and)241Fs(Δ(1)8irs2(1)8irs2(b(int)99briv)op1c)o(æe(e)9ssedo(n)7o(n)7o96yF0o109Ω109Ω1Fn(li(*fv(*fv(denotic)V313823119(The)14ic)de)f(eQ)9,)h(c–,)h(c–,(progg(otdra)op)o(1:)tat)(for)f(for)f(ue)iue)iu43Ω3VeopΩoul2g)faFnaFna706ΨΩFs(e*TfBon)f7b(T9Ωb9173atioitionerNaNaN)()oF(0Ne)gM54Λ1y(ofL5thod*IP)4IP)4I014)8917726yd26yd2a(Ta(Tror)fΩror)fΩr)o(nof)i911u¨gFl(int)25b(pFo(8A�int)j,r),r),l(Γ)faxim(ondi(3)p2(3)p2i)oΩ(e)f(g1(e)f(g1(8yFh((ondo(e)e((d)j(721)f(x)f(x)31212VΩFn(vpΩFs(ΔΩa1Ωa1ratuon)pon)po918for)h(in)g(b)q(n5g(the)g24b(Drner)ener)en)e(so04ytic,tic,t71VequatipFs(0.71m0.71m0n(terpFo(D)n81552aFs(v)byt637b(reh3D)2p3D)2p3ccewSewSe)18Ωeirect)4irect)4i)q(e)i10.preco�0yFnbytk(iFo(;)7yFo(dc(Λ99asit0b(t1Leinon)ooon)ooo84V2˘comm18491184910y(ΓyFo(´Vme)14.2)70185757))f(v)mV)f(v)mV)uage)00)gFo(s)i(n49661g(358b(in8b(in8(colo8114Ωb)fΩ(s)22383)22383)g(–00)V411gling)1EpFo(ye)e(o(no)(no)()345252a4Ω22319570b(i(prog(prog(j(stej(stej04econdecondeh(met(estiM7yFg(Lll)tines52a8y(Ad(anfor0s6]b(arb(arΩ(aFn(maFl(Γ)fg(rhotCond?1bb(no7V986O)1223Ω37Fs(spCd819labil)20p)17b(do(),s)f(gs)f(gs16agFo(x)ge)dmAninew)4DeΓDeΔ(metho)qngedis)h1)10�s,4umeumeumator80smator80sm151bx,)dubsthe)11.)26bc.e.)gy,i8Shape)w)o(oar)1(C0b165es)7b(to)1)l(able)1)l(able)1)Qr(In))h(ofSol97yFndez)pŁ)131579œ878781aFn(1aFn(1y)is9036Ωy006)6Ωy006)6(h(Thhh(of229erboak)o.)k.)k.)98Ω)98Ω)Ω220379y379y3ΩFs(ar)f(Γ)p1:)22Ωb(:T)l(able)hTablenIPIPIp1749– 699d T⟨⟩≀⇐§⇒√⌉⇐⟩∫⇒⟨⌉⇐⟩∫⇒⟨⌉△←∈▽ ⌉\⊔⟩⌉∫⊣⊔⟩≀\ ⇕⌉⊔⟨⟨≀⊑⊣⟨∈′∞←⌊√√↕⟩⌉⌈⌋⟨⊣∇⇑∞▽̸∈∞⌊⇐⟩\⊔⇒∃∃⊗⌊←←†←F≀⇐ℵ⇐∈⇒∞⇒⇕C∋←⊣←F\⇐∋←⊣←F\⇐∋†SFC∋∪‖∪⊗F∫⇐⌉▽←∞∌\≀⊔\≀⊔\⌉⇒∞§̸M\⊔⇒△∋↙⇒∈∈∋←|ℑ↙△⊣∫∫⌉⇕⌊⊣∫∫⌉⇕⌊⊣∞∞̸∞̸⌈ ⊒←⌊⇐\≀V∃′←|⇐⊑⇒⊗∋△√⌉∇⌋⌉√⌉∇⌋⌉√≀⇐⟨¬∞▽←∫⇒}⇐≀\⌉⊒⇒△D∞∞△∀⇐√∇⟩\⇒≀F}⇐F⌉⇒⌉⇐≀⇐M⊣⌋⌉C⇒⊑⇒≀⇐⌉∫⊑}⇒}⇐↙⇒∈∈∋←∞∈√←F≀⇐§⇒∞∞∀←∞∞∀←∞⇐⇑{⊑⇐⌈⇒∈△∫⇐⇕↙⌉∋∫\⇐⟩\\⇐⟩\\⌈⇐⇕′\⇒≀⇐C≀∋←†⊗C≀\⌈⊥⌉∇⊣⊔⌉⇒′∞△\⌉∇D⌉{⇒∞∞∞̸∞∞̸⊣⊔⟩⊑∞∀←∈⇕⇐⊣↕⊓{≀∇⇒⟩⊗↗↗≀√⌉⇒∈∈⊗⌊⇐N△∀∞⇒{⇐∫⌉⌉∇⇒}⇐⌊∫⇒⟨⇐≀{⇒}}‖⟩\⊔⇒⟨←†←F}⇐§⇒⇐∫⌉⇒∀∋←⌊⊣↕⇒⟩⇐⊣↕⇒⟩⇐⊣⌉\⇒≀⇐⊔⇒∞⊣̸▽↚▽⌉∞∞←⌊←∞∞←⌊←∞ℑ281ssem ap 1826 15np13 y Fg(Q3o(n)916 y 16 y 1on)22on?223Ω37 j(The 20o(*(2)p o(;))f(a)4Ωb 14net)d47 7Ely(a42 aisc971 3face.)(whatz23 25N{)h(1415me)g720 Varee{r(()powowoes6iψyψFg↼iψded▷f8ψ173o↼k↽or↽h↼↽o↼ras↽16Ωbaxima55ψb↼Cψ89ψcteing↽i↼E4345Ω1335105345Ω178345Ω1783146ψψ744ψyψpψ744ψyψpψ23ψ216ψψyψFh↼0ψyψFh↼0ψp↽q↼e↽97p↽q↼e↽97p▷↽223ψ10 tem⇀fxy↼ass↽o↼al↽al a47yc T4rb(rostrae)22hod i�i(the)(Γ)fΩctor Ab(Abata)g8b6.5a datfk(fkamo.8133k(y)rFs)pFs().es)h(o(er)h(()pΩ742)345Ω6Maxonalh(edia160.)31.sa(systal.3u))345587ΩV7ΩV731Ωg(–upsorsRenumΓ)1mpmpm.YdwiΩ4let(sthΩg*I(*FeuT: 10s(metho)qΩFn(v:2o)1ge T:459 wib(int)302yß

itsM1 b F p],1241xpbpbpb 1869 1869 b(int)99of rId b(2)(2)(15 b(of)te)hns the. C2umbeD1od07uΩb(nd)f(in)d(anFs(da(*n3bFs(maxn)o(to(LPageV4lmal)Ω)202rect)4rect)4rse)gΩrq(ouim)12373451410tiong)e m17b(m13bReasReasR)h(fu0R896command0ptempompor)�g(yfg%f(the)lbused)fusedto struc77rintB.(is)fis d7xtTmatxxF acvia 4/languagell cankvail d,ψyψFo↼d,ψ981ΓψVψ263ψ4Vψ263ψ4Vj↼TheirMmma07Ωf↼cont↽g↼is↽/t↽g↼is↽/t↽gψFn↼s7e↽o↼ecl↽15ψ6ψb↼6ψb↼63ψVψ27ing↽g↼riΩ↼ceΩ↼ceΩ↽115Ω4it↽o7ψVψ2rIn6396396the↽978065ψaψFn↼p2ψaψFn↼ma↽↽223↽↽223ψFs↼↽↽.↽223ψ227252ble caucg err0e↼ermhe↽g↼acψFs↼↽h54ψ6env↽cesd5ψb↼d5▷↽223Ω1F5nonenonen99ψasaan467F202ψb↼σ8ψ1795563ψi↼4i↼4i↽e↼sl↼able↽lΩ↼trianΩ↼trianΩintLWWWψFs↼↼↽pψE↽p↼7▷2▷33♯42ψa↽fψFn↼iip32Ωbnt↽43↽o↼h↽5↽ktg↼the↽gψ2Ωi↼re↼bfL12048ψy↼in8ψy↼in8ψFn↼y↽47ψ1leer↽pVψ88Ωb↼indly↽99ψet↽fn↼e↽j↽fΩ↼t1ψ12ram↽�ram↽�rb↼on310ψy↽iψsf↼con↼713Ω10↼⇀↽↼eΩFeΩFe↽345ψ2ψFs↼4↽2ψVψ352ψVψ3521ψyψFo↼A1ψyψFo↼A1pψ174pψ174p8ψ1678ψ1678↼tiacessa4and↽k↼0ψvB↽9tPtPt↽o↼w3l↽iC♮015γativ↽n▷⃗234ψψ65Δ↼↽o↼ζψ293coll↼of↽2cc430ψV1471see↽hstimator↽1stimator↽1s6396SKSKSf↼soluKASKADE↽terativepψ1749ψj3Ωw↼ra↽o↼y↽e↼soAssnveloMethod↽oIAσ8ψCG5Ω2yψFions▷mat35ψ235ψ23Ω180Ωfe7ψ4�ra1527ψh↼reof↽gψy↼b7↽24ψq↼diqble↽i8ψ1948ψ19482321ψyψFgcεεcan48684of

randφuteFs↼ıψvψ5ψFs↼Slable↽↽g↼tri↽g↼tri↽↼wha↼wha↼ψ90Metho↽o↼d↽943ψyψEsEsEL↽13ψFE19892ψ61ψd↽o↼d↽o↼dessFs↼↼0169C0e64ψVψ25stra12↽rep↽q000db114295ψ20ΨΨΨ0ψaψFn↼chto↽h↼k↼Ak↼Ak681led↽ψFs↼↽↽pfini↼ai↼aiπψF23ψ1DecoΩ832tion↽tion↽tAss↼T918ψ1011356ψb3345ψ13345ψ133k↽14C03408ψbψ▷kl↼o4Fn↼kyMethod↽pψre025↽223ψ89Fo↼∂Fo↼∂F↽l↼able↽1↽stimator↽1sp↼19stimator↽1sp↼19s↼↽↽34jψfjψfjq↼e↽22▷mntLS2nΩlinear↽1l↼ϵ↽24ψ1Ω11Ω11tıo↼tıoψbψFs↼is526ψBre↽WrFW73ψaK945ψ2xSψRefdraw↽9drawp1is↽sy↼tu25ψy↼6ψFo↼ϕ↽Stat↽Stat↽SrwiS9Ωb95ΓΩ87with99ψbψFs↼drMethod↽pψal16ψaψgdandsaFg↼Fg↼F↽1008ψs↽221GetDf↼sif↼sif↽pψ1840⇀⇀lof↽hΩrf5thodth0♮014ne tey↼tey33↽iΩ4lecUd(1ly(1lyons0yΩ(etattLittLittyFf()1g(con(Ini(T4r8hal**ap)q2Factv)m(alue)s17Ωb(“))pΩFs)h(746Ωb6266266llc022102210failFΩfailFΩf,rea,rea,Ω304374)22389149Videa72372372v9ilvr27VhowinyFs(i(the)Ωi(the)ΩiΘΘΘ[kFΘb(y)g)p18406235332905ngleFf(@Ff(@8ΩyFFn(solve)ˇˇfinite88Vram)�r97yFon)f(Ion)f(Ioint)25F7109ge n the t(Cu92D2D2dem0dd498Fs())aFs())aFa(T)l(ablSi(al(Γ)14(Γ)14(pFo(=)i0(a(T)laB.022qAlAlAym,p)q(ola2vΩ)g(a)hion)fΩi)nr)f(ffib([1785029askp)o(d))aM)o(d)T014ne rea elo4b(no7Vt)ofo(l)i(a)dem0dbop2(the)hΩa6526526s((s6244143020hy)h(dpFo(yen)o(um)on)o(um)onw d d Sn(tnommale)g(45a(T)l(ablSis)16b(aA1.344)g(d)(3.66738io0050)345Ω1(h5y(g)fm(18b(1)i(1)b(41)357b(5)72b(le530l6673-0a(@)ea23Ω1484480ΩmΩtime)11333Fs(used)16b(pro)q(cej(a0j)i(time)c(since)h(start)iΩ(and)g(last)f(c.)22310)516)g(d7(Additionally)f(the)h(allo)q(cIPI(me8w(d)d(is)j(Ω721td.)alu097yFn(time)dFs(prin)o(ttThey2Ω(time)f(and)i(mfor0s6ry)d(used)j(sinceV8VV80)g(stao(x)fvof)g(16ag(.)men)o(tsm752yFrb).b(time)3931808y(TimeeΩFe.82)g(secs,)S2inceVh(last)f(call)g(1.82)g(secs,)d)Ł1865y(acc.)h(assemb184LtimefailFΩΩ(0ter)Ω333)g(secs52551921y(acc.)h(iterat184Ltimee9713f.100)g(secs5255)s780Ω8y(acc.)h(estimat184Ltimeethod)1(0.367)g(sec�3203)231116acc.)h(ref184Ltimndex)7ges)7t067)g(secs)3932091y(Allocated)f(986Ory21672Ω(f(soluK363bytint)o7214the)h(vEt819482232252yis)g(problem)fΩFs(select)15b(acgscser)020hese3452375y6Ωb(Ø63Ωb(lize4problem)3452431y()f(v04)peV2634Vlem))o(d))aMi)23Ωpe(elect)g(a)h(user)f(problemonalmtLittrs3dra)o(w)Ω248ΩFo(y)8mma0k boΩddisc region circle st˝tΩ2544y(,rea,problem)enint t

78UsU;985Ω7984boquit stops the (a4..)21b(All)15Ωb(8aFgs)h(are)g(closed.)a45398y6Ωb(Ø8194823b()r) tlable - zibwcl385317*ru(36)nonennes kritten to 526BEndgpt file ELLKASK n8minigraph˙1.ps’ ! asEnd of ELLKASK after 1.82 secs

AΩf i↼↽hψFs↼f↽g↼i↼↽17Ωb↼tyψFsyf↼data↽345ψ8f↽g12jThe↽n↼vaCT�rL↽13ψis f i↼↽gΩ↼↽315 the 8ψaψFg name n↼t↼en↽g↼b↽o↼y↽g↼the↽h↼βrst↽m↼8maramg↼5es82ψy↼3ψVψ573▷↽cGψb↼If↽20ψb↼the↽h↼8ψaψFg↽up▷0notbg↼found↽gΩ↼s↽h↼areiecond↽g↼try↽g↼with↽f↼an↽i↼extension↽eψFn↼▷y↼a↽afΩFs↼is↽345ψ942L↽12↽ade▷↽h↼The↽c↼02ψyψπg↼of↽g↼the↽g↼βlo↼Rβ65↽gΩ↼describ↽q↼ed↽g↼in↽sem↽o9pp↽q↼endix↽f↼B▷↽2247ψA↽17ψy6Ωb↼χ8na84gnΩ↽23ΩpψFn↼Ini5↽g↼quadratide↽pc73ψyg↼di7eado↼ε↽o971ψ3fMethod↽pψreΩFIl 28 enes reh6 5ψ2495gψFn↼Ini5↽t is quadrati345ψ11bψ↼f↽g↼i↼tri↽fψFs↼f↽g↼i↼↽17ψb↼tyψFsyg↼data↽345Ω1395ψyd↽o↼d4f↼is↽g↼the↽g↼same↽gis↽h5gψFn↼f↽g↼i↼↽pψFs↼▷↽345Ω1469ψyψFrb↽▷ψb↼read↽g↼bam4↽345ψ1526ψydReado↼ε↽o9g↼46↽g↼p,↽8ψb↼y↽r,s↽Ωtat↽↼11↽ pri9u3D 66 read d3xp4 bam4 e ↼o↼ε↽o9g↼curren▷↽20Ωba�rLpψ↽g↼n8Bam1↽h↼BPreConψpiel▷↽g↼♭mm♯f↼cont↼frΔψh↽g↼n8bam491ψy↼t12ψ15ψ16↽p64ψVψ25sn↽o↼ts↽0,↽8ψb↼y↽r,s↽237s of 46 noOfrep 66512ψ1865ψy↼nstra1ψvψ5ψ,↽8ψb↼y↽r,s of

11 66f↼4103ψv↼111↽b↼6688↽g↼0VΩ325ψ2373Ωy5ψaψFn↼p2ψ24986ψyψFo↼AΩfeβne↽gψFs↼reβne↽15ψb↼tb↼of▷b345Ω2638ψy↼The↽h↼ΓΩ4rst↽h↼or↽nes▷nψst↽econd↽T�↽1584↽↽f↼canint↽95↼e↽g↼reβnell↽t↼directal⇀⇀t2Ωb↼8ψy↼79and↽ea↼.m80ψ86Ω80ψ8ψFo↼ψ↼f↼ψ34Fac5d↽g↼wψj↼stej3ψb↼help↽g↼refine↽345Ω254ψU↽gdpe↽g↼refine↽119ψb↼d↽g↼oϵorefine↽gts↽ttatt70ψb↼D7F7↼.↽80t8ψ310ψy↼all↽↼use↽first↽142ψb↼last↽n↼alethe↽h↼vEt8na84gnΩ↽↽pΩ184▷8↽↼refine↽g↼all↽005asteps480ΩmΩt↼j↼v↽ΩΩ180Ωfe7↼ΩeΩFIl↽70Ωb↼pψFn24ψb↼07ψa26↼o↼kgod↽o↼dd5ψ2495gψgenerao↼elo35Ω↼1↽8irs2↼isteps4↽381ψb↼0a24ψb↼0nes↽ins↽177A5ψb↼onlyPΞ5ψ2495gψfor↽g↼green↽hΩ↼closure↽345ψ53see↽gsB↽Method↽oI3ψ6n↽o↼to↼seldirect↽fΩFs↼select↽15ψb↼direct↽g↼solv↽o↼er↽345ψ815ψyψo↼x↽peχ63↽94Ωyelp↽g↼seldirect↽345ψ872ψy↼↽f↼v04↽peVg↼seldirect↽47ψb↼int↽ey↽g↼n8eMet.263ψ293cg↼solvΩ↼etq↼ouψiψ1868385388ψ928ψy↼fullchol↽b↼int↽99Ωbψψ↽↽p↽9pψFs↼27345ψ9↼o8reaseldirect↽345ψ1041Ωy↼981Γ9rrent↽g↼direct↽g↼solverthψ↽↽p↽9pe.ψT↽f↼aliert↽hΩ↼φ981Γ9thillMcKe↼In↽eide↽pc97ψy↼↽h↼cı↼seldirect↽f↼full↼e↽f↼g1↼↽dψFs↼dat↽blable↽l↽o↼h>↽↼seldir↼progg45ψ1210ψy↼981Γ9rren▷↽g↼dif↼sf↼solver4ψbo↽ΩΩ↽g↼n8fullc9ψ18f↽f↼aenuy↽rψytandψyψFf↼ωlψb↼The↽ybψbE267Ωϖ6Ωna84gnΩ↽↽23Ω1402ψyψFp↼seldra↽n↼w↽0ψ33yselect↽15ψb↼the↽h↼v↽m↼ariable↽g↼to↽g↼dra↽o↼w↽Ωh↼♭↽pψFo↼<↽pψFs↼equationNo↽pψFo↼>↽pψFs↼♯♭↽pψFo↼<↽pψFs↼name↽pΩFo↼>↽pψFs↼♯↽345ψ1528ψV96Ωb↼χ8n345ψ1410↽seldraw↽22ψb↼1↽345Ω16Col↽17Cing selestimate select error , error ing

c–,(E�timate)f(meanval4345Ω2220Ω$6Ωnng)fΩn9(sele�timate)34522014ne seliterate select iterative stej3b()e24bΩ21749Fs mx345Ω254Uand pldF1g(sels)g(mx(*fx.re)g(ac.119eMet:2on)f(s0o)g(soMΩ74o;)g488184i18683dra)o(w)Ωankvor li97 b(vg)[] isseliterate sL 6i345 53sQ sels selmatmul select matrix/vector method stiffness matrix multiplicationx,7

70ψb↼D7F7↼.↽488Ω1041ψy↼local↽er↽pψ sparse selmat737ψ matrix◁vector multiplication4ψbov04 selsur7ul multiplicationthψlocae.ψT

iMethodselect preconditionerhe24bΩ21g(sel8b(rl3451715yand)j(pldpe)g(sel8recond)(*fx.rΩg(’select)g(prepFs(,)pner)pFo(x;7)ftLittr(Ded788177264V25sne)167Ωb(diag)f(hbis)fi])24Ωbipx)3451828yj(stej3b(sel8b(rl3s)i(theC(F(o8981Γ9rr2nt)g(prepFs(,)pner47y([7bpxbE941052rhΩ(selprecond)f(hbiaFn(maF97y(,Ø81948h(sel8b(rl3s5Ω20lable)l949664oVg(preponditioneri41’hbTime)210y()Method)oI3Ω22,)e(p1ip(selrefine)hFs(select)15b(refinemen)o(t)f(strategy)oul2the.9o(x)peØ8na84gnΩ))3b()e25)7)(selrefinint)o72446345Ω263,dF1g(selrefini)Ω(par(=)h2’eMet:2refiniment)g(strategy)pFo(x;7)ft70b(D7F7(:)3V2632502y(all)15o5(meanvalue)46b(extrappFs(273G52559y(ing)18i1008ΩFs(1�Fs(81and)ea(:m8288Ω8287bop223dinatdis)g(seltri)23b0240ct)h(fh)i(tyFsy[])[41y6Ωb(Ø8n3,)gΩ3(seltri)g(Einheitsquadrating)18iD98Ω791ΨxtenΩ49664oVg(/UΩ4oon)f(set)i(to)f(’22Ω28nheitsquadratmatMu2454052ri35the.9op(setpar)hFs(s28)n)16b(of)h(aFn(opnt)e488184iQ)1483345727yFn(Setl,lpdFs(c)o(hanges)i(v)m(alues)g(in)f(the)Ωh(partes()e(list)h(defined)h(b)o(y)f(the)h(first)mY)lm-)345Ω783y(eter,b(S(etho)q(dso(wbo(ed)g(b)o(y)h(pairs)h(of)f(names)f(and)i(v)mΩ(aluesr)g(f5t55y6Ωb(Ø8n3,125((setpar)glanguagelor)g(ome7)24g(0.5)345Ω911052rg(infpar)glj(a0j)536968y(j(a0j)i(da(oare7a)47Ωb(5.0004aFn(s-0cal)fob(f(ts)1(evel)46b(he)g(er2(322)ble)g(49side)pc24Ω052ri3114l)o(s)(sho)n(w)26bFs(dra)o(w)16b(picture)2vΩ)y(TS((The)g(ubsth5245a(a)g(graphical)f(p)q(ortΩFs(e5ig(b)qΩ(e)f(u.2)70is)h5gtLittr29614bThey2(com-)3451348ram)�randtiesa1432yFrj(stej3b(show)g(1)34513V263of)g(the)c(metho)qΩ)g(computed)g(level)g(lines)g((-7.703e2239bB)f(-)iΩ(0t322)b00)8.559*)o(,1)3451545Ω$6Ωnn4b431680y1049(sho)n(wmatrix)fFs(sho)o(w)17b(sparsit)o(y)f(structure)345Ω1824yFrb).b(help)g()o(c)f)atrix)3451840y()f(v04)peVgΩ(showmatrix)g(.)31ehow)h(sparsi)gFn(s7)e(structure)pFo(x;7)h(partmeters385388Ω1937y(pequatipo5b(verbosep)70b(closeimp0b(print)f(direct)1al**a(mat737)726793y(nographic)3%2aphic)94b(p;stsWrFW7)23Ωppsquer)118b(pste6396Gaum49y(,rea,showmatrix)f(pste6x,)d)IM003F4)o(h¿)()r))452162y(MiniGraphic)f(-)i(zibwc25Vt)417Ω2219onalh(and)i((nonennes)g(g(the)g2Ωitten)g(to)h(526BEWrFW7)e(file)hΩ(’minigraph˙1.ps’)f(!)34522Ω125bEnd)s)f(gs(ELLKASK)f(afΩ12598)inesΩi53)gΩ(secs)22324162b00~:)22322(e)hFs(s617s)16b(,reatil)f(a)i(break)3Ω(condition)g(holdShapeF6251y(Some)22b(break)i(coaFn(mq1M)g(can)f(b)qΩ(e)h(c)o(hanged)g(with)f(the)h(70b(D7F7()eFn(5b(d5h)pΩFs(,)3452612yFn(poe(is)he)pFs(,)14b(or)iFn(globerror)pΩFs(.2Ωb(8*)o(,b2)perdiege:8389Ω838b(of)ke(y)h(5de)i(asE46Ωb(Ø8n3,1k)q))elp)g()1yFgc45Ω2lable)l)f(v04)peVg(solve6er)p)d)g(offlo�617s)g(alu09hl)g(a)h(break)fΩ(pFs(,)pn)g(holdf(cani);)488imee9eteps)er)p)5b(d5h)f(p;)8b(y)r;s)1al**a(globerror)46b(verbosint)o7DeΓ�j(stej3b(solve6)8b(t)g(d7(tic,t2b(1)120Fg(x3)f(41)34tor)b0y(EstiRef)b(Y)))i(2)AnA(137)h(new)Ω220347e2239bB)34553sy(g)fm(18b(n(p10(2)AnA(137)33e)dΩNP5e1)72b(l.550*)o(,1)345593y(EstiReftionalbb(3)i(3)AnA(453ASTi2b(T033(re(bf66y()9y(g)fm(18noneni(3)A5Ωb(453A333b(11)72b(1.727*)o(,1)345ing)i(E43EstiRef)118b(4)i(4ope)161Method)prhe)g(er2(76(re(bf645ic)o(holecg)fm(18nb(4)i(4)7Ω27f11s13)33e72771)72dia1AlA7e-04)333)i18y(s)16b(a)1isc�sFs(,)h5of)h(solution)fΩ(prh(causs)393875es)pth))h(r17nb(4ey0995b(a)g(n49397V000001Ωy(d17955on)46b(h613ey09AnA(15n(e)j)39y(TS((214t)pΩb(error)g(he)g(er2(76(re(bf2Ωbn9713f.(tiacs)g(r2931044y(Fn(y)4(strateo(fac498((s)h()99e4aFn(sble)g(49sig)fmbb(mi433g310yf(stf(con(cc4(*)(e9713f,)345265ΔΩ11)22L115iteration)f(factor)hinesΩi(tiacs65Δ12b(int(last):)22Ωb(:ation)gΩ(error:5.704e-0465Δ1270y(direct)g(solutL)13,for)g(411471ses)fΩ(amen)o(tsm786lable)g)fm32664V25soΩF.(a4ilures)g(yet)3451383y5aFn(p2Ω15b(intFp(oFeerb)r(ose)gFs(r)f(of6b(global)h(v)o(erb)q(osit)o(y)eΩ(lev)o(el)alu05g(rhohis3539s)h(onlyV8VV80)g(v)o(erb)q(osit)o(y)fΩ(lev)o(el)y(ofL(the)f(71a4(lan)o(w3Ω$6oaFn(mqq(cesle7@3516.3734yFrj(stej3b(verbosi)g(DecoΩ1790y(¿1)34tΩ184the)h(vEt8n0.3(ndar25)7)(s)g(mx(Es(0“4519633ob(int)99brg(verbose)g(1)7b(s1eIteratf¿4b(a232090yFp(st)esn(w))o(wib(op)q(en)17b((or)f(up)q(date))Ωh(a)g(graphic)f(windo)o(w)3452231y(The)eFn(file)fΩFs(amo8.81ag(definesThey2(pFo(8rix.rh(ΓΩ4le)e(name)g(for)iΩFn(postEndgpt)oFs(.)j(The)3452291yFn(name)fFs(amo8.81agΩ(definee)te)f(windo)o(wbi(head)nonenne)f(for)iFn(screen)pΩFs(.224bFn(aiamatic)34523)m(al1Fs(can)16b(b)q(e)h(used)8318(call)Ωe(dra)o(wing)i(routines)6b(9F)h(c.319Fn)e(evte.t(ts.)cG5Ω11429yFrb).b(lize4s)g(mx(Es(0“4524y(TS(()f(v04)peVg(window)119s)h(of)ggk)isc�’open)h((or)n(update))g(a)h(atrix)p(windowŒ)1114tLittr(3853882544)m(ai0Fiamatic)47b(freeze)118ge)iaose)t)o(ob(postEWrFW7)22b(screen)119b(new)4selectss600ybname)167Ωb(file)f(peland)119b(pste6xoΩF.(Fs(83)perdiege:8490Ω8489bopaFn(maF38iorj(stej3b(window)))3hw)g(autation)aly).Ωgraphic)3stsWripe(soA5254y(,œ8Cg(inftLittr(3“45310y(id)47Ωb(r)f/4b(526BEWripe)f(fro452xing)18iDe)i(asid)actual:)24Ωb(526BEWrnd5))f(aiamatic)005asing)18ii23539y1049(w)sers324se)iFs(define)16b(k)114kΩgΩg((should)h(b)q(e)fΩ(first)e(t)fg))345674y(,Fn(solve)ˇeΩ112Ωc(xten33D)2p)g(the)g(986Ory)e(for)iΩ(the)h826)al)f(computation)gis)h5h(asso)q(ci-)345i31Ωy(ated)f(arra)o(ys)g(at)h(9.2938Ω46retric)f(ob)s(7b(to)1)cts)i((p)q(oin)oΩ(=)pFstr)g(enes)ins),)gΩ0les).)20b(F)l(urther-)345787ram)�rore,)1Ope)torage)j()e(l)i)e(solution)i(Ω97Froblems)e(is)iΩ(organiw)o(oag(in)g(no)q(d0yFnby)is9aevel)2ß6)3458x)f(Ωma)o(y)e(b)q(e)iΩ(stored)h(at)f(the)g(Ω46repΩFs((e(o165e(j)l(able)1).)21bFn(WorkSpace)12Ωbon)f(se)forms)j(ab)q(ou9036the)345900y(default)d(sizes)h(and)g(can)gf(metp2637a(used)g(14xs(cior)h(to)g(f)g(i()g(the)g(firc)eΩ(triangulation)gΩ(14x345956y(to)i(c))fFs)n1434u1thesorsozestiesa1013ΩyFb((23)angua3V27iaskide)pc70y(Start)23b(of)h(ELLKASK)f((Version)fΩinesΩi91))i(March)8Ωb(reh993.)5)26yd¿o(A)112ldn’t)g(f)g(i()g(file)gΩ(”3V27iab(the1Ωa1up”i41No)h(such)h(file)f(or)g(directO)12345Ω1182y(,)h(c–,(lize4s422f512o(e)e(()f(v04)peVg(wyFg(x)’Ωb(d)g(offloe)14Ωoine)g(anguilΩgΩg((srror)f3d)g(be)g(first)h(command)es)pi88Ω1295y(ps)16b(aAs)er)p))h(e)i(da(ordin4(76446)345Ω1(101137,rea,anguilΩpace)34514q(diqb(Currentint)h324se)g(sizes:)8j(ine465y(at)g(tic,t2l9713f)g(3j)pFs(),l�g6at)g(p;)8b(y)r;s)AnA(1)g(3j)71578y(at)47Ωb(4nes)ins)182m0)4olv)o(er)gs634;)8b(y)r;s)AFt)23Ωb(triangles)47b(16)j(ine691;)8b(y)r;s)AFt=)h2tes)1�1181(al)i345Ω17hyCh,rea,ayFg(x)Ξ80ΩmΩt(jqbige)i(241(3451803Ω14xsS–-1)b(Y))00)h(-1)b(-1(*fx.rΩ5186)l(able)1)s81948712łe)g6ce)7b(s1e()o(Θ981Γ9rr2nt)g(anguilΩpNaNShape)wes3853171973;)8b(y)r;s)AFt=g(p;e(is)he)tat)()g(3j)7Ω20))p)9pemat)g(p;e(is)he)95b(106izes)22086y(at)4b)q(oun3D)2p)119s

at attheWriteo(”)o9g(62)g(lines)g(written)g(to)h(’a729()fΩ(for)h(5b(d5h)11Ω)3452600y(ing)18i10082725yFs(=)pFstpΩerq(e)22.mnge:8591Ω8590bop223de)i(asE46is)g(g(the)g2Ωitetr)23b0s(writeVm6b(tyFsy99bFs(tta)Ω345ksk6Ωb(Ø8n3,1k)isc�)elp)g(g(the)g2Ωitetri)345398y()f(v04)peVg(writetri)Ω71b()=thedata>M8ψ1943writetriaa1inghoh1 asWriteTSEierw iFs g↼the↽gψ2Ωitten to x,7 v525r ,

             nn a Fn(8) b Fs(is)g(the)h(n)o(um)olabler of the œ8Ω(w,))h(is)g(de↓ned.)31 b(The)20 b(user)f(can)h(prin)o(t)3843iΩ4l3 y(stream)c(n)o(um)olbers and look eai(i)(graphic)h(oetprix.rh(strea5 y(Ea(initialiw)o(oaeΩ(b)o(y)j(a)g Fn(window)(new)p Fs())f(com6Ω1uc)o(holecmand,)11Ωb(a)g(set)g(of)outio)e(l)o(ulwi(v)m(ariables)g(()pΩF448 4olors<nn>)o Fs(,)gPq)i F448 4 vardn8aa145 y(4or)g(depth)h(1)Ω345 624Ω$6Ωnn4ndex
newd7(,)h(c{,(window)(new)ggraphic

             , c{,(inftLittr(3\45 1336Ωyino47 b(r)f/ 4 b(Screen)119 b(fro4en)345 1392 yino4 {ser :)24 b(PostEWripe)ness)eprtwindow is

,œ8 C giΩ64ar18bing

The select variable 392ch(ΓΩ4elds)8318(c)oΩ(hangeVf(the)g(�ttic,t9f(normally)g(done)3451870Ωy(p1749–an)g(18491cropriate)hFn(graphic)dFs(command.)345Ω1954yFrj,rea,PageVr)g(select005255201DeΔ(elect00)A5Ωb(2132dary)261b(1)167b(level)262Fb(0)7752067y(triang)8Ωb(reh)167Ωb(index)262b(0a65521)g(d7(temperature3bRg2396b(46D)262Ωb(0a6792180y(Fs(da(ls)l(olf)h(a0percentage)26(111j)775Ω2236y(toDraw)237b(-1)72b(autamatic)261b(0)7032292Ωy(sparseMat)gg(358(67b(distr)26Ω359e6Ωb(Ø8ne49y(Predillg:)213Ωb(tLitt)262Fb(1)167b(f(lse)26Ωb(0a345247106igheisetpar)gljelect0!)16!Los)g(true)34524c)o(holec,)h(c–,(i65)6V4lΩ(sed(xtT52552518y(sed(xtT595b(2132dary)261b(1)167Ωb(level)262b(0)77525g)fm(18btriang)f(1)167b(index)26272772Ωb(8*Fs(85and)ea(:m8692Ω865o5op655e)i(asE46ia(temperature)261b(0)239b(3D)262Ωb(0)6792lable)lFs(da(ls)f(en)o(t)16e8b(percentage)26(111j)775Ω310y(toDraw)237b(-1)72db(aitomatic)261b(0)70376yF8Ωy(sparseMat)g(0)167b(distr)26Ωb(0)005asPredifine4:)213Ωb(true)262Fb(1)167b(f4Ω2)26Ωb(0aren)o(umȷ)l(able)1)s8na84gnΩ)Ga15yos(Note)13b(th�9–)h(d5425etpar)dFs(command)h(c))(han3D)2p)iΩ(the)f(v)m(alue)h(of)g(Los)e(f4)3)hdirect)uto)g(1493.7fGag)fm(18bThe)n(follo)o(wi(anΩdseb)q(oun3eo(e)e((dsets)h(the)f(bac)o(kground)iΩ(1olor)e(white)h(and)g(the)g(coarse)345735y(grid)h(ss)()g(to)h(blac)Ωo(k:)345819yFrj(stej3b(setp)pFo(=)pFs(lss)(s0n)cΩ)background)f(white)Ωh(coarse)g(black)345875y(,)h(c–,(i6fp)pFo(=)pFs(lsolors0n5255)932y(ss)(s01)47b(background)261b(1)18173ocoarse)2627b(0)8229y(TS((fine)g(0)72b(dirichlet)261b(4)7751anguaΩy(cauchy)g(h)o(od)apb(neumann262Fb(3)67ing)emdra)oplevellines)ommal9173a58y(Pree)14Ωoined:)189b(black)26Ωb(0)167b(white)2627b(1)84612b(int(redyFh(0)167b(green)26Ωb(3)8221271y(blue)g(4)1942ai)cyan)262Fb(5)751132000.agenta)f(477Eb(yΩ125ow)2627b(7)3451383y5ing)18i10=)pFstpL5yFs(86and)ea(:m8793Ω87911i223e)i(asE46iq(.81.l(Γbndix)27b(Bethod)1(FiCond?Cormats)223Ω3real)73u(The)18b(filo)g(srror)f3d)h(cofiniΩin)f(the)g(name)5245a(the)e)i(aFyFsyg(in)g(the)g(first)e(line.)26b(The)2467F39y(tr�rLpn)15b(can)g(b)q(e)f(referenceRenu7(y)h(this)gΩ(name)g(through)h(the)f(s(m.fFn(SelΩ27f11b)223439ΩyFs(and)22bFn(DeleteΩ27f11b)pFs(.)34b(This))f(Γv26((is)g(follo)o(w)Ωo(ed)g(b)o(y)gFn(D17955on:)29bFs(and)22b(the)g(n)o(um)o(b)q(er)eΩ(of)223499y(p)q(oin)o(ts,)c(enes)ins),g(t)iangles,)g(and)h(mi(sho)F)q(oin)oΩ(tces)d2f)j(arcs.)223d*)ody(F)l(or)g(e8184e64V2sp)q(oin)o(9036the)fΩ(Los,)f(the)h(co)q(ordinates)h(and)g(a)g(ly(TS(Fr)e(to)i(denote)f(the)gΩ(t)o(yp2637a(()pFn(DyFo(Θ(31yFs(Diric)o(hlet,)jΩFn(N)gFs(Neumann,)hFn(C)fFs(Cauc)o(h)o(y)l(,)h(or)hΩFn(I)fFs(d)o(*)d(terior))f(sholect15oe)g(n(t(enequirΩb()f(v525rΩ665Ωeai)o(h)223692yi)h(e)i5b(the)f(an(ex)Fn(solb(1he)f(askp)Ωg(p)q(oin)o(9s)h(and)g(the)f(t)o(yp)q(e)g(()pFn(D)pΩFs(,)gFn(N)pFs(,)fFn(C)pFs(,)h(or)hFn(I)pFs())f(of)g(the)gΩ15628s)h(are)2237526y(needed.)31b(u)1ve)20b(letterintB.r)0)15łable)gΩ(follo)o(wbo(ed)f(b)o(y)g(a)i(ubsthd(ath)h(is)h(stored)Ωg(as)g(the)223812yFn(classA)14bFs(field)i(in)g(the)g(p)q(oin)oΩ(t)g(resp)q(ectiv)o(ely)e(in)i(the)g(eu)4ig(data)h(structure.)223Ω884y(T)l(b(of.bi(are)g(d)83)g(b)o(y)f(t.)223jM)g(threef(3)3D)2p,)iΩ(ath)e(srror)f3d)h(alw)o(a)o(ys)g(b2637a(ordered223Ω9x)f(Ωin)f(the)g(mathematicall)o(y)d()o())P)n1finiΩtion.)27Ωb(If)17b(edges)h(are)h(arcs,)f(the)g(1o)q(ordinates)h(of)f(the)223Ω1004y(mi(p)q(oin)o(9�Lpe(n)o(um)o(b)q(ers�))g(pri9u3es)gΩ(with)f(a)i(0)p1:e(of)h(the(i)(edges)h(follo)827tis)h5gtthe)223Ω10es)2239last)d(group)h(of)g(ΩFo(rΩies.)j(E8184e6)c(PreConpVse)e(threefhΩ((four))g(lists)g(askps)g(gith)g)720)ffih(extra)f(line)223Ω1125y(c1yFs(s7aining)gFn(END)pFs(.)2231197y(The)g(elemen)o(ts)d()f)9yFg9((the)h(0)p1:f(of)h(p)q(oin)o(9s)g(ma)o(y)e(b)q(e)i(follo)8(w)o(ed)e(b)Ωo(y)h(an)i(initial)d(v)m(alueb(S(r)h(the)22312)22L115solution.)223Ω1358yFsomΩsreis=)h27Vi(shlitz)2231415yaDimFo(x)hon:(1379117,8=)pFstpL51))Ω22314uadr(GR)b1bF)996195402ter)Ω3871557),D)2ionnitd28yΩ(1:1bF)707106781402t707106781ao(),D)2i315)g(rwi)2:(0=)pFstpL51ter

-0.707106781,0.707106781),D 4:(-(0ar(402),D)Ω2231754y(5:(-0.707106781,-0.7071067)o(81),D)2i31810Ωy(6:(0=-1ter)Ω3),D)2i31867y(7:1bF)7071067814-0.707106781),D

8:1bF 9402),D

1,9),I2=holec

0=0): int(1)22)elo4rixND

8;