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Adam Nielsen*and Konstantin Fackeldey'and Marcus Weber?,
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Abstract We introduce a generalized operator for arbitrary stochastic pro-
cesses by using a pre-kernel, which is a generalization of the Markov kernel. For
deterministic processes, such an operator is already known as the Frobenius-
Perron operator, which is defined for a large class of measures. For Markov
processes, there exists transfer operators being only well defined for stationary
measures in L2, Our novel generalized transfer operator is well defined for ar-
bitrary stochastic processes, in particular also for deterministic ones. We can
show that this operator is acting on L!. For stationary measures, this operator
is also an endomorphism of L? and, therefore, allows for a mathematical analysis
in Hilbert spaces.
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1 Introduction

In the last decades, operators which propagate probability densities of a dynam-
ical system have been extensively studied [6, 13, 9]. In particular the transfer
operator for deterministic systems, also called the Perron Forbenius operator,
has been analyzed [11, 8, 7, 9]. For an exhaustive overview of transfer operators
and stochastic aspects we refer to [1]. Inspired by the work of Dellnitz and Junge
in [10] where the Perron-Frobenius operator for small random perturbations was
analyzed with the aim to gain a numerical approximation of complicated dy-
namical behavior, Schiitte considered a transfer operator for applications in the
simulation of bio molecules [16]. More precisely, he introduced a transfer op-
erator in a weighted L? space which projects the dynamics of the phase space
onto the conformational state space. This operator can be interpreted as a mo-
mentum weighted Perron-Frobenius operator on the state space. A Galerkin
discretization of this projection combined with the weighting allows for describ-
ing the dynamics of a bio molecule in terms of transition probabilities between
subsets of the state space. Since then, much progress has been done. In the
dissertation of Huisinga [14], the spectrum of a general class of Markov transfer
operators was analyzed, and in the dissertation of Sarich [15], the projection of
Markov transfer operators onto committor functions was investigated. In the
habilitation thesis of Weber [17], a class of transfer operators that derives from
averaging a Markov kernel was analyzed.

In this article, we construct a generalized transfer operator that propagates
probability densities of a dynamical system. For this, we need some prepara-
tions. Firstly, we have to define in which sense we can get hold of a dynamical
system. Secondly, we need to define in which space this transfer operator should
act, and if it is well defined. Finally, we need to show that it has the property
of propagating the according probability densities.

| Operator || Process | Kernel | Ch.-Kolmog. |
Frobenius [1] deterministic Dirac delta | in a discrete
sense
Markov [5, 14] || stochastic Markov yes
Schiitte [16] special projection pre-kernel no
of a deterministic
system
Dellnitz [10] deterministic system | pre-kernel no
with stochastic
perturbation
Weber [17] special projection pre-kernel not in general
of a Markov process

Table 1: Table of different operators mentioned in literature that can be seen as
a special case of the general operator defined in this article. The bold printed
entries represent the special qualifications of the given operator compared to
the general case.



1.1 The essence of a dynamical system

In the following, let (E, X g, pt) define a o-finite measure space on some set E,
i.e. there is a sequence (A;);en, 4; € X g, satisfying

E = U A; and p(A;) < oo for all i € N,
ieN
and let us denote the corresponding Lebesgue space! by L'(E, X g, u). Here, we
define the Lebesgue spaces for K € {R,C} and 1 < p < oo by

LP(E,Xg,p) :=={f: E— K| f is measurable, ||f]|, < co}/N,

17l = [ 1@l utdo)
L™(E,Xg,p) :={f: E — K| f is measurable, ||f]|c < cc}/N,
[flloo = SHPA|f($)|a

inf
A€Xp,u(A)=0 zeE\
where N is given by
N ={f: £ —K|3A € Xg with u(A) =0 and f|g 4 = 0}.
In the following - if possible - we neglect E and X and write only LP(u).

Deterministic System

A deterministic system is given by a map S: E — FE. The system moves
any point x € E to S(x). The operator that propagates the corresponding
probability densities is known as the Frobenius-Perron Operator 7 [1]. Let
now S be a p-non singular map, i.e. for all A € X with p(A) = 0 it follows
u(S71(A)) = 0 where S7Y(A) := {z € E | S(z) € A}, then the Frobenius-
Perron Operator is acting on functions f € LY(E, X g, i), and is uniquely given
by

/ T f(x) lde) = / f(@)u(de) (1)
A S—

for all A € X . To see this, consider some random variable X on E which gives
rise to a probability density f on E through

PX € ) = [ 1o uldo),
for any A € ¥p. We want T to propagate the probability density according to
S, i.e.
PS(X) € 4) = [ T utao)

for any A € ¥, but we also have that
PS(X) € 4) =P(X €57 () = [ flou(do)
S-1(4)

which gives rise to (1). The Frobenius-Perron operator T by (1) is well-defined,
continuous and unique [1]. Later on, we show that 7 derives as a special case
from our here introduced transfer operator.

1See section 2.2.



Markov chain

Consider a time-homogeneous Markov chain (X}, )ren on a finite set E = {1,...,n},
ie.

P(Xk+1 = ik+1 | Xk = ika v 7X0 = ZO) - IED()(k-|-1 = ik-‘,—l | Xk = ’Lk)
foralli; e E,l=1,...,k, k € N. For a given transition matrix P, i.e.
Pj=PX1=j|Xo=1), i,je{l,...n}

we can say that the according Markov chain (Xj)reny with starting density
feR" ie. f(i)=P(Xy=1) fori=1,...,n, evolve as

P(Xp =1i) = (f" P*)(i).

Therefore, the propagation of probability densities of a Markov chain is deter-
mined by the transition matrix P and a start density f.

Markov process

Let (2, %, P) be a probability space and A C ¥ a o-algebra. A function ¢: Q —
R is called conditional expectation of a P-integrable function Y : 2 — R under
condition A, if

(i) ¢ is A-measurable,
(ii) and for all A € A it holds

AY@W@M=AM@MM)

One can show that ¢ is almost surely unique, and we denote it in the following
by E[Y | A]. For a stochastic process (X;);>0, we denote with

ftza(Xs_1|s§t)

the standard filtration. A stochastic process (X;)i>0, X¢: 2 — R” is called a
Markov process if we have for any Borel-set A € B(R™):

Ellx,ea | Fi] =E[lx,ea | o(X:)]

for all s < t. For the context of a Markov process on a infinite state space E, the
transition matrix as given by a Markov chain becomes replaced by a transition
function p: [0,00) x E x ¥ — R, where for some 2 € E, A € X the term
p(t,z, A) can be seen as the probability to move from state x to some state of
A after time t > 0. A transition function is called Markov kernel if it meets:

1. A p(t,x, A) is a probability measure on Xg for all t > 0, z € E,

2. x> p(t,z, A) is measurable on E for all A € ¥p and t > 0,

1 ifzxeA,

0 else,

3. p(0,z,A) = {



4. p(t+s,z,A) = pr(s,y,A)p(t,:c,dy) forallz € £, A€ ¥g and t,s > 0.
It can be shown that a Markov process X; in F of p exists, i.e.
E[]lxt+sef4 | ‘7:] = p(SaXtaA)a (2)

for all s,t > 0, A € Y. In particular, all finite dimensional densities are
uniquely determined by p (see [12] chapter 4.1 Markov processes and transition
functions, Theorem 1.1). It can also be shown that for any Markov process
X, there exists a unique Markov kernel that meets (2). Therefore, the Markov
kernel can be seen as a characterization of Markov processes. It has been sug-
gested that the transfer operator for Markov processes can be introduced as
follows [5, 14]. First, define the operator

Z/[tiX‘)X

fe <z - /Ef(y)p(t,x,dy))

on some space X = L"(E,Xg,u) for 1 < r < co. In [4], it has been shown
that for the case of a stationary density pu of X; and the corresponding Markov
kernel p, i.e.

[ ) = [ plt.z, ) utao)

for all A € ¥, the operator U; is well-defined for any 1 < r < oco. If we define
the p-weighted L? scalar product:

(g = [ )5 utdo)

for f € LYE,Xp,u) and g € LP(E, X g, 1) with % + L1 =1, then it is known
that for each 1 < r < oo there exists an adjoint operator 7; with

<utf7 g>ﬂ = <fa 7;g>ua

for all f € LY(E,Xg,u), g € LP(E, X g, n). Unfortunately, there are two strong
restrictions:

1. We only know that U, is well-defined if u is a stationary measure.

2. For L°°(u) we do not know if the operator T;: L'(u) — L(u) exists. In
general, for an arbitrary operator S: L° — L there does not exist an
adjoint operator. This is a very strong restriction, because L' contains all
possible probability densities, and it seems natural to define the transfer
operator on such a space.

This shows already that even in the case of Markov processes we have some
difficulties to define the transfer operator. In addition, a formal proof that 7
does indeed propagate probability densities of the corresponding dynamics is
still missing. We now show that we can abandon these restrictions, and that
there is no need to confine to Markov processes, in particular with regard to
item 4.



1.2 Structure of this article

We present a transfer operator for a general dynamical system in the following
stages:

1. In Section 2.1, we introduce a pre-kernel which is a generalization of a
Markov kernel, and show that for each stochastic process there exists
a pre-kernel p, such that the density of the process is captured by p.
Therefore, it always can be assumed that for a given dynamical system
there exists a corresponding pre-kernel.

2. In Section 2.2, we introduce the operator U; as mentioned above, but with
the difference that we replace the Markov kernel with the here defined
pre-kernel without being restricted on stationary measures. After that,
we prove that the adjoint 7; in the case of L™ exists.

3. At the end of Section 2.2, we prove that T propagates probability densities
according to the dynamical system.

4. In Section 2.3, we show that when y is a stationary density we have
T(L*(w)) € L*(n)

which allows us to use the projection machinery of L?. The projection
theory for Markov processes on committor functions has been recently
investigated in [15].

5. In Section 3, we end the article by showing some basic properties of the
transfer operator, and we prove that the here defined transfer operator is a
generalization of the Frobenius-Perron Operator and the transfer operator
considered by Schiitte [16].

2 Transfer operator

Let (E,X g, 1) be a o-finite measuring space where X is the o-algebra on some
set F, and p is a o-finite measure defined on F. For a set A € X we denote

with
1 ifzed
Ta(z) = ’
A@) {0 else,

the characteristic function of A. Furthermore, we define the probability space
(Q,%,P) with the o-algebra ¥ on a set { and the probability measure P, i.e.
P(Q) = 1.
2.1 Pre-kernel

We denote
p:[0,00) x Ex Y =R

as a pre-kernel iff
1. A~ p(t,x, A) is a probability measure on X for all t >0, x € E,

2. x+ p(t,z, A) is measurable on F for all A € ¥ and t > 0,



3. and p(0,z, A) = 1 o(x) holds for all A € Xg and z € E.

We say that the pre-kernel corresponds to a stochastic process (X¢)i>o,
X Q= E|iff

P(X; € B,Xp€ A) = /Ap(t,:c,B) v(dx) (3)

holds for all A, B € X, t > 0, where v denotes the probability measure v(A) :=
P(X, € A) for A € ¥. The following lemma shows, that this definition of a
pre-kernel is reasonable.

Proposition 1. Let us given a stochastic process (X¢);>0, and denote with v
the measure
v(A) :=P[Xo € A] for all A€ X.

Then, there exist a r-almost surely unique corresponding pre-kernel.

Proof. To see uniqueness according to v, let us assume that we have two pre-
kernel p; and ps corresponding to (X;);>o. It follows, that

/ p1(t,x, B)v(dx) =P(X; € B, Xg € A) = / pa2(t,x, B) v(dx)
A A

holds for all A, B € ¥ and, therefore, p; = po v—almost surely.
To see existence, take t > 0 and B € X arbitrarily. Let us consider the
following measure
PBt: Y—=R
A—P(X, € B, Xy € A).

Note that for A € ¥ with v(A) = 0 it follows pp(A) = 0. Therefore, due to
the Radon-Nikodym theorem, this measure has a density according to v that
we denote by p(t,-, B). By definition, it corresponds to (X¢)i>0. We now show
that p is actually a pre-kernel v-almost surely. Therefore, we have to show that

(i) p(t,z’E) = ]‘,

(ii) p(t,z,B) >0 for all B € X,

(iil) p(t,z,U;en Ai) = D2;enp(t,z, A;) for each sequence (4;)ien of disjoint,
measurable sets,

(iv) p(0,2, A) = 1 4(x),

holds v-almost surely.
We show these items by making use of the fact that for any f,g € L'(v) we can
derive from

/ flz)v(dr) = / g(x)v(dr) for all A € X
A A

that f = g holds v-almost surely. The point (i) and (iz) follow from

/ pt,z, B)v(de) =P(X: € E,Xo€ A) =P(Xy€ A) = / 1v(dr) for all A € Xp
A A



and
/ ot 2, B) v(dz) = P(X, € B, Xo € A) > 0 for all A, B € X
A

To meet (i), let us given some sequence (A;);en of disjoint, measurable sets.
From

P(X; € | JAi,Xo € A) =D P(X; € A;, Xo € A) for all A € X

€N €N
we obtain
/ p(t, x, U A v(dz) = Z/ p(t,x, A;) v(dx) for all A € ¥,
A i€N ien /A

and due to the lemma from Beppo Levi we obtain
/ p(t, z, U A v(dx) = / Zp(t,:z:,Ai) v(dx) for all A € ¥p.
A ieN A jeN
It remains to show (iv):
p(O,l‘, A) = ]lA(:L')
v-almost surely for all A € ¥ g and € E. This follows from

[ p05A) vl =Py € B.Xo € 4) = [
B ANB

v(dx) = /B Ta(x)v(de)

forall A,B € ¥ andz € FE. O

The main statement of Theorem 1 is that for each stochastic process we
find a corresponding pre-kernel. We show vice versa that for each pre-kernel a
stochastic process exists. To do so, some preparations are necessary:

Forn € Nlet I = {1,...,n} be an index set and «(I) the set of all non-empty
subsets of I. For J € a(I) we define for any set A

AJ = {(-Ti)ieJ | T € A, 1€ J},

and denote by B, the smallest o-algebra that contains ¥%. For J,H € «a([)
with J C H, we denote with pf;[ the projection

p.I]{: ET EJ,
(zi)iem ¥ (Ti)ier

A family (Pj)jeq(r) of probability measures on (E”,By) is called projective
family iff

P;(A) =Pu((p}) " (A)) (4)

holds for all J € H C I, A € B;. One can show that it is sufficient to demand
(4) only for all A € ¥7. The following lemma be needed for the next proposition.



Lemma 1. [/3] 62.4 Corollary] For any projective family (Py) jca(r) on (E7,By)
there exists a stochastic process (X;)icr with state space E such that for J =
{ir,..., 44} €T and Ay,...,A; € X we have

P.](Al X oo X Al) = P(le S Al, R ,Xil S Al)
Now we are able to announce the following proposition.

Proposition 2. For each pre-kernel p and probability density v there exists a
stochastic process (X;);>0 which meets (3).

Proof. For arbitrary ¢t > 0, let us consider the measures

Piy(A) = u(A), Peoy(B) = /E p(t, x, B)v(dz)

and

P12y(A X B) = /Ap(t,z,B)V(dz)

for all A, B € ¥. Then the measures (P;);c({1y,{2},{1,2}}
P{l}(A) = P{LQ}(A X E) and P{Q}(B) = P{LQ}(E X B)

form a projective family, where A, B € ¥. Because of Lemma 1, we obtain for
each t > 0 the existence of two stochastic processes (X}, X?) with P21 (A x

B) =P(X]} € A, X? € B). Define X; := X?2. It remains to show that

P(Xoe A, X, € B) = / p(t, z, B) v(dz),
A

which holds iff th = Xg is true. This follows from

P(X} € A) :/ v(dx)

= /Ep(O,ac,A) v(dx)
=P(X2 € A).
O

This motivates the following definition. A measure p: ¥ — [0,1] is called a
stationary density of p if

[ ) = [ ptt.z, ) utao)

holds for all A € 3.
Note, if (X}");>0 is the process that evolves according to p with stationary
density p as the starting density, then

P(X}) e A) = / pu(dr) = / p(t,z, A)p(de) =P(X}' € A, X' e E) =P(X}' € A)
A E
holds, which legitimizes to name it stationary density.
The following definition is crucial for the introduction of the transfer operator

below.



Definition 3 (u-compatible). A pre-kernel p is called p-compatible if and only
if for each ¢t > 0 and A € X with pu(A) = 0 there exists a set B € X with
u(B) =0 and

p(t,z, A) =0 for all z € F\B.

One may notice that this condition is a weaker demand than absolutely
continuity. To see that, consider the measurable space (R, B(R™),\) and a
pre-kernel for time ¢t =0

1 ifzxeA,

0 else.

p(0,2,A) = {

Then, for each @ € E the measure p(0,z,-) is a Dirac delta measure, and,
therefore, not absolutely continuous. However, p is A-compatible.

2.2 Connection between operator and pre-kernel

Consider for some ¢t > 0 the following operator

Up: L= () = L*™(u)

fe (w — /Ef(?J)P(t,x,dy)). (5)

Let us show that this operator is not necessarily well-defined. For example, if
we fix some zg € F, and consider the following pre-kernel

1 ifzg € A,

0 else,

p(t,x, A) = {

for all x € E, A € 3, t > 0. Note that p depends only on the set A for ¢t > 0,
and that it is independent of z. Then (U, f)(x) = f(x) holds, but f € L>(u)
is only well defined up to a null set, so f(zp) could be arbitrary. In fact, in this
example U, is only well-defined if and only if u({x0}) > 0 holds.

Fortunately, we are able to show that the operator is well defined as long as
p is p-compatible. To see that, consider f,g € L>(u) such that

flx)=g(x) forallxze E\A
for a null set A. From the p-compatibility, we obtain a null set B with
p(t,z, A) =0 for all z € E\B.
For x € E\ B, we obtain
/ 9(y) p(t,z,dy) = / 9(y) p(t,x, dy)
E E\A
= f(y)p(t, =, dy) (6)
E\A

= | fly)p(t,z,dy).
E

10



It only remains to show that U, f € L (u). From f € L>(u), we find a constant
M > 0 and a null-set A € ¥ such that |f(x)] < M for all z € E\A. If p is p-
compatible, we have a null-set B such that p(¢, 2, A) = 0 holds for all z € F\B.
Therefore, we have for all z € F\ B that

/E fw)pte.dy) = [ fw)p(t.x dy)

E\A

< M p(t,z,dy)
E\A

— M.

Thus Uy f € L>(u). Analogous one can see that |[Us f|| g () < || f[£oe () holds.
We are now in a position to sum up the results to obtain

Proposition 4. The operator U; from (5) is well-defined and continuous if p is
p-compatible.

Due to Holder’s inequality, the term
(g = [ £ )

is well-defined for f € LP(u) and g € L(p) with % + % =1, for 1 <p,q < o0,

where + := 0. We define the transfer operator 7;: L'(1) — L'(u) as the unique
operator that satisfies

<utfvg>uz <fa7;g>ua (7>

for all f € L™, g € L*(n). In general, for an arbitrary operator R: L>(u) —
L°°(p) an adjoint operator in the sense of (7) does not exist. However, we can
show that for an operator of the special form as in (5) it does exist. Consider a
sequence of measurable functions (1 4, )nen which converges point-wise to some
measurable function 1,4. Because of 1 € L'(p), it follows from Lebesgue’s
dominated convergence theorem that {1 4, converges point wise to Uil 4. In
the following theorem this is the key to show the existence of the transfer oper-
ator.

Theorem 5. Let (E,X g, p) be a o-finite measurable space and

R: L™(p) — L>(p)

a continuous Operator such that for any sequence of measurable functions of the
form (14, )nen which converges point wise to some measurable function 14 we
have that R1 4, converges point wise to R14 and that (R1 4, )nen is bounded.
Furthermore, assume that for f > 0 we have Rf > 0, then it exists a unique
adjoint operator R*, i.e.

(Rf,9),=(f.Rg),

forall f € L*, g € L'(u).

11



Proof. To see uniqueness, assume there exists two adjoint operators Rj,R;.
Then we have

/A((R*{ ~ RY)g)(@) p(dz) = 0 for all A€ Sp,g e L ().

Therefore, R} = R5. To see existence, let us first restrict to the case K = R.
For f € L'(u), consider the functional
y': L¥() > R
h+— (Rh, f) i

We show now the existence of a function g € L!(u) with the property y'(h) =
Jo h(x)g(x)pu(dz). If we define the operator S as Sf := g, then

(Rh. f), = (h,Sf), VheL>),feL (),

and it remains to show that S is linear and continuous.
We start with showing the existence of a function g. Define v: ¥ — R by
v(A):=19y'(14) for A € ¥. We show now that v is a signed measure, i.e.

e (D) =0,

o v(Ujen Ai) = D ;env(A;) for each sequence (4;)ien of disjoint, measur-
able sets.

First, we have v(()) = 0 since 3’ is linear. To see the second property, let us given
a sequence (A;);en of disjoint, measurable sets, and denote with B := U;enA4;
and B,, := U}, A; the corresponding union of sets. Since 1, converges point
wise towards 1p, we obtain that Rlp, converges point wise towards R1p.
Because of |R1p, (x)f(x)] < M |f(x)| for some M € R* we obtain from the
Lebesgue’s dominated convergence theorem that

y'(Ip,) = (Rlg,, f), = (Rlp, f), =y'(1p) forn— oo
holds. Therefore, we get
. N1 /
Ji, 2 V(A = Jim D o/ (La)

— 3 /
=g,y ()
=y (1p)
= v(Uien4i),

which shows that v is indeed a measure. For A € 3 with pu(A4) = 0, we have
14 = 0 p-almost surely and, therefore, v(A) = y'(14) = 0. Due to the Radon-
Nikodym theorem, we obtain a function g € L*(pu) with

v = [ ha)gle) utdo)

If we define S: L'(pn) — L'(p) as Sf := g, it only remains to show that S
is linear and continuous. To see linearity, consider some fi, fo € L*(u) and
a1, a9 € R, From

(R, f), = (h,Sf:), YheL™®(u),i=1,2,

12



we obtain
(Rh,aifi + azfa), = (h,a1Sfi + a2Sfa),  Vh € L=(p).
Because of the uniqueness from the Radon-Nikodym theorem, we have
a1Sfi+asSfa = S(anfi + azfa).

To see continuity, consider for some f € L'(u) the function S t given by

S1(x) = {% if (S)(x) # 0.

0 else.

Because of [Sy(x)| < 1 for all z € E, we have Sy € L°(u). Therefore, we have

18l = [ 165)@)l (o)
- [E (S1)(x) §() ulde)
- [E £(2) (RSy)(2) p(da)

(*) -
< N llzrw R zoe (uy 1S £l Lo ()
< [IfHIRIl,

where we have used the Holder’s inequality in ().

Let us now consider the case K = C. Since Rf > 0 for f > 0, we know that
R maps real-valued functions onto real-valued functions. Therefore, we already
have the existence of S acting on all real-valued functions. We continue S on
L°°(u) over the field C in the following way: For a function f: Q — C set

Sf = S(Re(f)) +iS(Im(f)),

then S inherits continuity, linearity , by standard results from analysis. More-
over it is the adjoint of R. O

It was the essential part of the above proof to find for a special functional
y': L*°(u) — R a function g € L' (i) with

Y (h) = /E h(z) g(x) u(de). (8)

In general, the existence of a function g as described in (8) is only granted for
functionals y': LP(u) — R where 1 < p < oo (p.15 Theorem I1.2.4). We can
now define the transfer operator as follows:

Definition 6. Given a u-compatible pre-kernel p and the operator U; by (5),
then we define the (generalized) transfer operator T; by

7; = ut*a

where U, is the adjoint of U;.

13



We show now that the interpretation as explained in the introduction coin-
cides with the transfer operator defined here. To see this, consider an arbitrary
starting density f, i.e. [, f(z)pu(dz) =1 and f > 0 p-almost surely. From

Proposition 2, we know the existence of a process (X )t>0 such that

P(X{ € 4) = /A f(@)u(dr)

and

]P’(th €A = / p(t,x, A) f(z) p(dx) forallA € X, t > 0. (9)

We can then state the following

Theorem 7. Let (X])i>o be given as stated above, then
P(X] € A) = / Tif (2) p(dx) forallA € S, t > 0,
A

where Ty denotes the corresponding transfer operator given by Definition 6.

Proof.

P(X{ € 4) = [E £(2) p(t, 2, A) p(dr)

~ [ s [ pitco,an) i
= [ 5@ ([ 1atmtt.a.an ) o

~ [ @) @)@ (o
- [E (T F)(@) La(2) p(de) = /A (T2 ) () ().

2.3 Preparation for projection theory

Since our transfer operator propagates probability densities it seems natural
to use L'(u) as the underlying space. However, for a projection onto finite
dimensional space for numerical reasons the space L?(y) is favorable. In general
an embedding is not possible, since neither L?(y) € L'(u) nor L(u) C L%(p)
holds. But if we confine our considerations to the case of a stationary measure
w, we have

L®(p) € L*(p) € LY ().

When now restricting the transfer operator 7; to L?(u), we have to deal with
the question, weather

Te(L? (1)) € L*(p) (10)

holds, which would be obligatory to make use of the projection machinery in
L?(u). For stationary measure p we now show (10) by extending U; onto L?(u).
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The corresponding unique adjoint is then equal to the transfer operator on L?(u)
and, therefore, we get (10).

Assume that we have a stationary density p of a given pre-kernel p. Consider
then the extended operator

Uy: L (p) — L%(p)

e (z »—)/ fly)p(t :c,dy)) . (1)

Lemma 2. The operator U, from (11) is well-defined if u is a stationary density
of p.

We show:

Proof. Let [f] € L?(i1) and consider two representative functions f and g of [f].
We prove the following properties:

1. It holds that [, |f ()| p(t, z,dy) < oo for all t > 0, z € E p-almost surely.
Therefore, f is p(t, x, ) -integrable.

2. It holds that [, f(y)p(t,z, dy) = [ 9() p(t, z,dy) p-almost surely.

3. It holds that U, f € L?() and U, is continuous.

First, one may notice that

[ ta@ntan) = [ pit.. ) p(aa

//11,4 p(t, . dy) p(dz).

Proof of 1. One may consider a non-negative monotonic increasing sequence
of simple? functions (f,)nen that converges point-wise towards |f|. Due
to the lemma of Beppo Levi, we get

(12)

n—oo

iim [ ot = /E F @) p(t, z, dy).

Using the lemma of Beppo Levi again yields

Jm [ st utin) = [ [ (Fwlpttadg) ptas)

Finally, applying (12) to the simple functions leads us to

[ 1i@lutdn) = [ [ 1wl ot dy) i)

Since f is p-integrable, we have [, [ |f(y)|p(t, =, dy) u(dz) < oo and,
therefore,

/ F@) pt, 7, dy) < oo
E

p-almost surely.

2A simple function is a measurable function that can be written as a sum of indicator
functions.
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Proof of 2. Since p is a stationary density of p, we have

0= [ utdo) = [ plt.z, ) utao)

Since p is by definition non-negative, we obtain a set B € X with u(B) =
0 and
p(t,z, A)=0forallt € [ ,x € F\B.

This shows that p is ;1 compatible, and the property follows then from (6).

Proof of 3. Baxter and Rosenthal have shown this property for Markov kernels
already in [4]. The proof does not change for the pre-kernel and is given
by:

G 112,y = /E 0, () P ()
- /E ( / F@)| plt, @, dy))? p(de)
< [ [P .o,y o)
= /E @) pu(dz)

= 1£11Z2():

where we have used Jensen’s inequality in step (x).

Consider now the weighted scalar product

(g, = [ Fe) 5 uldo).
then (L?(p), (-, -),,) is a Hilbert space, and, therefore, the adjoint Uy of Uy exists,

ie.
Uf,g) = {f,U;
< v f 9>M <f tg>ﬂ
for all f,g € L?(p), and is well-defined.

We denote the adjoint of U, by T; = I;{t* It follows for all f € L°(u) and
g € L*(p) that

<L~ltf,g># = <f, 7~Eg># = (f,Tig),, -

In particular, we have

/A ((F; — To)g) (@) p(da) = 0 for all A€ Sp, g€ L2().

Thus, T;g = Tig for all g € L?(u) which implies (10).
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3 Basic properties and examples

In this section, we show some basic properties of the transfer operator. First,
we show that the transfer operator of a Markov kernel® has a certain property,
which is also known as the Chapman-Kolmogorov property.

Proposition 8. Let (7;);>0 be the family of a transfer operator for a given
p-compatible Markov kernel p. Then, it holds

7;7;:7;+t fOI‘ all s,tZO

Proof. Since p is a Markov kernel, we have that for all A € ¥p
p(t+s,z,A) = / p(s,y, A) p(t,z,dy) for all s,t > 0.
E
Therefore, it follows that for f € L>(u)

/f p(t + s, x,dy) = //f p(s,y,dy’) p(t,z,dy) for AeXp. (13)

To prove the claim, it is only necessary to show (75 Tzg, f>u = (g,Z/lSHf)u for
all g € L'(u), f € L> (1) because the adjoint is unique.

(TsT2g, 1), = (Teg, Us f),
= (g, Uy Us f)),,

9(@) (U Us f)) (z) p(d)

o) [ @erpteadn )uiae)

o) [ [ 161005, ptt..0) )t
:3/ (/f t—i—sxdy))u(dac)

= <gaus+tf>u

I
m\m\m\

O

The next statement shows how to extract essential probability information
from the transfer operator.

Proposition 9. Let i be a probability density. Let us given a u-compatible
pre-kernel p and the according transfer operator T;. Let denote by (X;);>o the
according process from Proposition 2 with initial probability density u. For any
sets A, B € ¥ with pu(A) # 0, we have, then, that

(Tila,15),

=P(X; € B| Xg€ A).
<]1A,]1A>M (t | 0 )

3See Section 1.1
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Proof. We have
(Tt a1n), = [ Tila(o) ta(o) uldo)
E

__/;nA@mLangwﬁu@m)

— [ (14 [ 100 p(t.2.00) ) i

= /Ap(t,x,B) p(dx)
=P(X; € B, X, € A),

and

(Lt = [ 140 Lala) )

- [ utdo)

= P(XO S A)

We now conclude this paper with some examples for application.

3.1 Deterministic process

Let S : E — FE measurable transformation on the phase space E which is
non-singular according to y. Define then

1 S(z) e A,

fort >0,z € E, and A € Sp.
0 S(m)%A, or T an E

p(t,x, A) = {

Note that p is p-compatible if and only if S is non-singular according to p. For
a given initial density f according to a random variable X, we get

P(S(X) € A) =P(X € S7'(A))

— [ f@)utin)
s-1(4)
Z/Ep(f,QC,A)f(iﬂ)u(dx).

Therefore, the constructed pre-kernel meets (9). This implies that the trans-
fer operator 7; defined by p and p propagates the densities according to the
transformation S.

To see why the transfer operator coincides with the Frobenius-Perron Oper-
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ator, note that for A € ¥ and f € L'(u) we have:

/A (T; ) () pldr) = /E (Tof) (&) La(x) pu(de)
- / £(2) W10 () (k)

= [ 1@ [ 1aptt.2.dy) (e

= [ f@ptt.a, ) utao)
= [ 1@ 1510 ) )

which agrees (1). Therefore, the Frobenius-Perron operator is a special case of
our transfer operator defined in (6).

3.2 Markov process

Since any Markov process can be described by a Markov kernel*, and since each
Markov kernel is a pre-kernel, our scheme also covers Markov processes. One is
often interested in a stochastic differential equation of the form

dXt == V(Xt, t)dt + Gth, (14)

on the interval I = [to, T], where € can be interpreted as temperature. Further,
assume that a unique stochastic process exists for each a € R™, denoted by
(X)ier, that solves

t t
X{=a+ f(u,Xu)dqu/gqu,togsgth.

It follows from [2], Theorem 9.2.3, that each solution of (14) is a Markov process,
and its Markov kernel, in particular also its pre-kernel, is given by

p(t,x, A) :=P(X] € A).

3.3 Classical Mechanics

Let us consider a molecule with N atoms, then in classical molecular dynamics
its Hamiltonian is given by

1 _
H(q,p) = 5pTM '+ V(q),

where ¢ € R3V denotes the conformational state and p € R3*Y denotes the mo-
mentum state, M € R3V>3N the mass matrix, and V a differentiable potential.

4See Section 1.1
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If the initial values ¢ and pg are known, we can solve the differential equation

0= gy = MO B = g =IVa)

q(0)=qo  p(0) = po.

We denote the new state (¢, p;) by the Hamiltonian flow ¢!(qo,po) = (q¢,pt)-
If Q. = R3Y is the conformational space and €,,, = R3" the momentum space,
then the phase space I' is given as I' = Q. x €,,,. Let us denote by my: ' = Q.
the projection onto state space (¢,p) — ¢. In molecular dynamics one is often
interested on metastable sets according to the state space, i.e. one is interested
in the process m¢t. Let fo: I' — [0,00) be a probability density on the phase
space, which is absolute continuous according to the Lebesgue measure, and
consider F(q) = fﬂm folg,p) dp, then F is a probability density on the config-
uration space. In particular, consider the probability space (T, B(T"), fo) and
(Qe, B(2), F), where B(T'), B(£2.) denotes the corresponding Borel-o-algebra.
If we assume that I is always positive, then

Xy ' — Qc;
z = molx
is a stochastic process according to the pre-kernel

1

p(t, q, A) = W

/ p1(t, (@0, 4) fola, p) dp, (16)

Qm,

with
1 ifmelzc A

0 else.

pi(t,z, A) = {

This is due to the fact, that
fo(Xo€ A) = / Lx,ea(z) fo(x)dx

N
_ / 1.4(g) folg, p) dpdq
Qe J QU

:/AF((J)dq

fo(Xi € B, Xo € A) = / Lyoen(z) Lx,ep(®) folx) dx

:/A (/gmllB(mfbt(q,p))fo(q,p)dp) dg
:/Ap(taqu)F(q>dq.

and

From Theorem 7 we know that the transfer operator according to the pre-kernel
p from (16) propagates probability densities in the conformational space. In
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particular, if fo is stationary according to ¢', i.e. [, fo(z)dx = fdrt(A) fo(z)dx,
then the transfer operator is given as

Ti: LY(Q) — LY(Q,),
f= (q = ﬁ /Qm f(ﬂmﬁ_t(q,p))fo(q,p)dp) ,

which is the operator that has been introduced and analyzed by Schiitte [16].
This can be shown by verifying

<utfvg>F = <fa 7;g>F
for any f € L>=(F), g € L*(F), which follows from Lemma 3.10 in [16].

Conclusion

In this article, we derived a generalized transfer operator for an arbitrary dy-
namical system. We have proven that the here defined transfer operator exists,
is well-defined, posses the propagation property and can be restricted to the
subspace L?(p) if u is stationary.

In particular, this article provides the justification to consider transfer op-
erators on Markov kernels as it has been done in [14, 15, 17]. Furthermore,
this transfer operator includes the transfer Operator considered by Schiitte [16],
which does not provide the Chapman Kolmogorov property, and, therefore, does
not derive from a Markov kernel.

All in all, the main achievement is that we have extended the Frobenius-
Perron Operator from deterministic systems to stochastic systems.
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