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Abstract: A class of sparse polynomial systems is investigated which is defined by a
weighted directed graph and a weighted bipartite graph. They arise in the model of
mass action kinetics for chemical reaction systems. In this application the number of
real positive solutions within a certain affine subspace is of particular interest. We show
that the simplest cases are equivalent to binomial systems while in general the solution
structure is highly determined by the properties of the two graphs. First we recall results
by Feinberg and give rigorous proofs. Secondly, we explain how the graphs determine the
Newton polytopes of the system of sparse polynomials and thus determine the solution
structure. The results on positive solutions from real algebraic geometry are applied to
this particular situation. Examples illustrate the theoretical results.

1 Introduction

We investigate a class of sparse polynomial systems which arise in applications. These
systems arise in the modelling of chemical reaction systems by the so-called mass action
kinetics. The polynomials in the system are defined by two graphs, a weighted directed
graph for the chemical reactions and a weighted bipartite graph for the involved chemicals.

In the chemical engineering literature [3, 8, 9, 10, 11, 14, 16, 23] there have been several
attempts to study the number of real positive solutions depending on the structure of the
graphs.

The investigation of real positive solutions of the sparse polynomial system f(z) = 0 is
very important for the application since this are the steady state solutions of a dynamical
system & = f(x) which in turn is just the reaction part of a partial differential equation
of reaction-diffusion type. The dependence of the steady states on the parameter e.g. a
coefficient of a monomial influences the existence of time- and space-dependent solutions
of the reaction diffusion system. Secondly, singular perturbation theory of & = f(z)
exploits the knowledge of the real variety for the investigation of properties of periodic
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orbits. The decomposition into slow and fast variables is done in cases where a periodic
orbit is close to the real variety. Dynamic phenomena of systems of mass action type have
been studied a lot by numerical mathematicians, see e.g. [6].

The studies by engineers are completely independent of the literature on sparse poly-
nomial systems in algebraic geometry. There are at least four methods for dealing with
sparse polynomial systems, Grobner bases, characteristic sets, sparse resultants, and ho-
motopy methods. In [21] Grébner basis computation for systems of mass action type
have been performed. We do not follow this approach. The homotopy method [18] is
a mixed discrete-numeric algorithm in order to find all complex solutions of the sparse
polynomial system. It is based on subdivisions of the Newton polytopes associated to the
sparse equations. Based on this a wide range of articles appeared e.g. [19, 30, 31]. Other
homotopy methods are suggested in [17].

Related to this approach there are results on the number of real and of positive real
solutions [20, 27, 28]. In [29] Sturmfels gives an easy to read summary of these approaches.
In the last section we apply these results to our particular application.

The aim of this paper is to build a bridge between the two areas, the chemical engi-
neering literature and the algebraic literature on sparse polynomial systems. We give a
mathematical introduction into the model and rigorous proofs of the results in the en-
gineering literature. The application of the results of sparse polynomial systems gives a
deeper understanding and transparence. Our main result is that cycles and paths in the
directed graph are closely related to the existence of positive solutions.

The outline of the paper is as follows. In Section 2 we give a detailed description of the
problem, the sparse polynomial system Y AU (z) = 0. Since the coefficients are heavily
determined by the structure of the kinetic matrix A this is investigated in Section 3. In
Sections 4, 5, and 6 the simple cases with rank(A) = rank(Y A) or rank(A) = rank(Y A)+1
are treated. The previous results by Feinberg! are proved rigorously. The binomial
systems are solved with Smith normal form or Hermite normal form while the dimension
of the generated lattice and toric varieties are exploited in other cases.

Finally, the last section applies the theory of sparse polynomial systems.

Examples illustrating the theoretical results have been computed with the help of Maple.

2 The model of mass action kinetics

Chemical reactions are determined by the reacting chemicals and some rules for possible
reactions which transfer one group of chemicals into another group of chemicals.

The data are given by two graphs. First there is a weighted directed graph R with
oriented edges C; — C; for some 4,5 € {1,...,n} linking the complezes C;. Each oriented
edge C; — C; has a weight k¢, .o, = ki; € Ry. This defines the weighted adjacency
matrix K = (k;;) € (Rso)™" with k;; = 0 if C; — C; is not an arrow. The second graph

'Feinberg writes in [11]: Charlie Conley was very enthusiastic about chemical reaction network theory,
and, for me, his enthusiasm was a source of encouragement when encouragement was very much needed.
At the time, I did not know that Charlie was enthusiastic about everything.
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Figure 1: A reaction network with six complexes as a weighted directed graph and a
weighted bipartite graph for the composition of complexes as sums of species.

is a weighted bipartite graph encoding the occurence of species in the complexes. The two
sets consists of the chemical species S;, i = 1,...,m and the complexes C;, j = 1,...,n.
Each edge {C;S;} has a weight y;; € N. This defines the weighted adjacency matrix
whose relevat part is Y = (vij)i=1,..mj=1,..n- 1t is called stoichiometric matriz since the
complexes are given as C; = > /%, v;;5;, 7 = 1,...,n with stoichiometric coefficients y;;.
We call the columns of Y by y1,...,yn € (Z>o)™.

There are some restrictions on the directed graph R in order to be non-degenerate.
For example each C; appears at least once on the left or the right of an oriented edge.
But a forward reaction C; — C; and an anti-reaction C; — C; with two different associ-
ated constants are simultaneously possible. But there are no parallel edges. Also some
complexes only appear as results and thus are called product compleres. The number of
the reactant complexes is denoted by r. Obviously, » < n. In the bipartite graph it may
happen that one complex C; is not linked to the species \S; and thus the associated column
is y; = 0 since this corresponds to the fact that a chemical substance is constantly poured
into the chemical reactor. But we assume that every vertex S; is linked to a complex C;.

The model of mass action kinetics is built from three mappings resulting in a system of
differential equations consisting of sparse polynomials.

1.) The directed graph R defines a linear mapping A which encodes the information
about the reaction probabilities. The amout of reaction C'; — C; taking place depends
on the presence of the species in C;. This is measured by the quantity u;. Then the
chance that the reaction C; — C; actually happens is k;;u; where k;; is the associated
positive constant. The reaction will decrease the amount of all species in C'; and increase
the species in C;. So let the unit vectors of R™ denote by wi,...,w,. Then

A:C"— Cn, u — Z kijuj(wi — wj) ,
(Cj%Ci)GR



is a linear mapping measuring the changes. Since

n n

Au = Z kij Uj Wy — Z kji U; W; = Ku— Z(Z kﬂ)uz Wi,
j=

(Cj-)Ci)ER (Ci%C]')ER i=1 j=1

the representing matrix of the mapping A with respect to the standard basis w1, ..., w, of
C™ is the kinetic matriv A = (K — diag(K'e)), where e = (1,...,1)" € R™. Observe that
n — r columns of A corresponding to product complexes are zero. Often we will restrict
to the non-negative orthant (Rs()" or to the positive orthant (R;)" where R, denotes
the positive real numbers and R~ denotes the non-negative real numbers. The rank of
the linear mapping A depends of course on the values of k;;. But it strongly depends on
the structure of the graph as the following example shows.

Example 2.1 The network in Figure 1 contains n = r = 6 complexes. The mapping
A C% — C° is given by

Alu) = kojug(wy — wr) + ksga(ws — wa) + koguz(we — ws)
+k41u1 ((JJ4 — UJl) + k54U4(UJ5 — OJ4) + k65u5(w6 — ws,) + k46u6(w4 — 0J6)

= kyuy(wy — wy) + (ksgua — kagus)(ws — wa) + kayug (wg — wy)+
(ksaty — kague)(ws — wy) + (kesus — kasts) (we — ws)

(—k21 - k41)U1

koruy — ksgug + kozus
ksouo — kozus

kaur — ksqug + kagug
kssus — kesus

kesus — ke

— (ko1 + kar)
kor  —ksa  +kos
_ k3o —kas u
ku —ks4 ka6 '
ksy  —kes
kes  —kag

The rank of the matriz is 4 for generic choice of k;; since (0,1,1,0,0,0)4 = 0 and
(0,0,0,1,1,1)A = 0. In Section 3 it will be explained that this is due to the special
structure of the directed graph.

2.) For each complex there is a monomial in the variables x1, ..., z,, which are the
concentrations of the species. Then

v:ChCt, W) =| |,



comes in whenever something depends on the concentrations x of the species.

Since concentrations are non-negative one often restricts ¥ to (R;)™ or (R>o)™. Ob-
viously, im(W¥ R, y)m) C (Rx0)" and im(¥ R, )m) C (Ry)".
3.) The third mapping is the linear mapping

Y.C'— C™, z—>2yizi,
i=1

associated to the relevant part Y = (y1,...,yn) € (Z>0)™" of the weighted adjacency
matrix of the bipartite graph. z; = (Au); means the change of the i-th complex. The
chemical substance S; appears in some of these complexes with quantity (y;); = v
Thus (Y z); gives the change of species S; according to the changes of the complexes. The
composition is
YAu) = > kiju(yi — y5) -
(y;—yi)ER

Altogether we get the differential equations
T =Y AV(z). (1)

An obvious property is that the monomials corresponding to pure product complexes do
not appear in (1) because of the structure of A.

Example 2.2 (Ezample 2.1 continued). From Figure 1 we read from the bipartite graph
the stoichiometric matriz

010000
000100
002000

Y=looo0oo01o0
00003 2
000001

This gives the following differential equations

T1 = koy — kzoxy + k2,3$32,

Ty = ka1 — ksawe + k4,6$52$67

i3 = 2kzory — 2ko313%,

iy = ksars — kesraxs’,

i = 3kyaro — kesTa75° — 2 kyg25°T6,
Te = k6,5$4$53 - k4,6$52$6

Problem: For a given directed graph R with non-negative constant weights k;; €
R>o, 7,7 = 1,...,n and complexes y; € (Z>)™,i = 1,...,n we have the sparse polyno-
mial equations

(Cj—)Ci)ER
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The task is to discuss the structure of the solutions in (R4 )™ and (Rx()™.

Due to the structure arising from chemical reactions the systems often will be un-
derdetermined. Thus one is allowed to add additional linear restrictions and still gets a
solvable system. A natural choice are the affine linear subspaces zo + im(Y A) since they
are flow-invariant by the following lemma.

Lemma 2.3 A trajectory x : R — R™ of the differential equations
T =YAV(z)

starting at x(ty) = xo € (Rxo)™ for t = to stays for all t > ty within the affine space
xo +im(Y A). If the trajectory x(t) stays within (Rso)™ for all t € [to, t1] then it stays in
the cone o+ {>X; a;Ya;|a; > 0,5 =1,...,n} where a; denote the columns of A.

Proof: The first statement is equivalent to the fact that for any ¢; < t, the vector
x(t1) — z(t2) is an element of the image of Y’ A. Simple integration along the solution z(t)
yields
to
z(ty) = z(t1) + | YAU(x(t))dt.
t1
This is equivalent to
to
x(ty) —x(t1)) = YA U(x(t))dt,
t1
which shows that the difference z(t3) — z(¢1) is a linear combination of the columns of
Y A with coefficients a; = [/2 U;(x(t))dt = [ ¥ (t)dL.
If z(t) is non-negative then the monomials z% are non-negative and so are the coeffi-
cients «;. O
A trajectory staying in (R>)™ and in the cone x4+ 3°; ;Y a; stays in particular in
(xo +1m(Y'A)) N (R>0)™. In [9] im(Y A) is called kinetic subspace.
Since the columns of A are linear combinations of w; —w; where C; — C; are elements
of the directed graph R Feinberg [8] p. 2-15 defines the so-called stoichiometric space

S = span({y; — y; | (C; — C;) € R}).

In [8] the space S is a natural choice since more general models which are not given by
polynomial functions are considered. Obviously, im(Y A) C S. In Section 3 we will give
a sufficient condition for im(Y' A) = S. Choosing different sets of constants {k;; | (C; —
C;) € R} in general the linear space im(Y A) will vary with the choices of k;; since the
matrix A depends on these constants. But it is clear that the variation is a variation of
subvector spaces of the stoichiometric space S. In the engineering literature Lemma 2.3
is formulated with S instead of im(Y A). Additionally, one finds conditions under which
(xo+5) N (Rxp)™ is a bounded region. Observe that S is related to the incidence matriz
W = (wu) € {—1,0,1}™* of the directed graph with

I p=q,
Wyk = —1 2 :j7
0 else

6
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Figure 2: A trajectory within an affine subspace.

where C; — C; is the oriented edge (arrow) of index k£ and a is the number of arrows.
Then S = im(YW).

It should be understood that the weighted directed graph and the weighted bipartite
graph are often the result of modifications of the original chemical reaction system.

- The edge 0 — S; modells pouring liquid into the reactor and S; — 0 taking some
substance out: A steady state of the equations corresponds to a constant flow of
the actual system where each chemical species given into the reactor immediately
reacts to something else.

- Several oriented edges are often summarized as one edge by experience by insight
into the chemical process by chemical engineers. In the elementary reactions the
complexes consists most of the time of two species only.

- Often the model of mass action kinetics is modified by taking more general functions
into account.

- A special modelling of the graphs is necessary for catalytic surface reactions where
the chemical reaction only happens on the surface of a catalyst.

The main properties of the system of sparse polynomial equations are summarized as
follows.

- The coefficients of the system are determined by the sparse structure of the directed
graph by the mapping A and by the bipartite graph by its stoichiometric matrix Y.

- The coeficients y;; of the complexes enter twice, as exponents in the monomials and
in the coefficients.

- The system is a sparse system, but moreover sparse monomials appear only since
the y; have sparse support.



- Last not least the signs of the coefficients are (partially) restricted since k;; > 0 and
(yi)i > 0.

There are two tasks: studying the coefficient matrix and secondly to study the lattice
generated by the exponents of the monomials. Since the coefficient matrix Y’ A determines
how the monomials are distributed over the polynomials both tasks are closely related.
The first distinction is made whether the property rank(Ya) = rank(A) is satisfied.
Obviously, one first needs to investigate the non-genericity of the coefficients. This is
simply linear algebra. One has to distinguish the two cases
a.) Rank(Y};y4)) = Rank(A) or

b.) Rank(Yj;4)) < Rank(A).

In the engineering literature [8, 14] either case a.) is assumed where solving Y AV (z) = 0
is equivalent to solving AV(z) = 0 or other conditions hold which imply case b.). In many
situations these assumptions are well justified by the application.

3 The structure of the kinetic matrix A

Since the kinetic matrix A depends on the structure of the directed graph the basic
properties of a directed graph are recalled first.

Ignoring the orientation of the edges we have a multigraph. A standard notion of a
graph is that of its connected components which are called in the engineering literature
linkage classes. We refer to them as £, C {1,...,n},A = 1,...,1 collecting the indices
of connected vertices. Thus {1,...,n} = L;UL,U---UL;. Since the graph R is directed
the connected components may be even further decomposed.

Definition 3.1 (/8] p. 4-7) Two complezes C;, C; are called strongly linked, if a sequence
of complezes ewists such that C; — C,, — C,, — --- = C; and a path exists with
c; —C, —C,, — - — C;. This equivalence relations decomposes the set of complezes
into the strong connected components or strong linkage classes. If no complex in a strong
linkage class reacts to a complex not in this class, this class 1s called terminal strong
linkage class or terminal strong connected component. We denote these terminal classes
by TAC{l,....,r},v=1,... ty where t; +---+t;, =t is their total number.

These definitions are illustrated in the following example. It shows the consequences
for their structure of the mapping A.

Example 3.2 The chemical reaction in Figure 3 includes n = r = 12 complezes.

There are three connected components L1 = {1,2,3},Ls = {4,5,6,7,8,9}, L3 =
{10,11,12}. The first class Ly includes the strong linkage class {1,2} and the terminal
strong linkage class T;* = {3} while the second class subdivides into two terminal strong
linkage classes, T2 = {5,6,7},T% = {8,9} and one strong linkage class equal to {4}. The
fourth terminal strong linkage class is T{> = L3. The rests Ry = £, \ T = {1,2} and
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Figure 3: A reaction network with three connected components (linkage classes), four
terminal strong linkage classes and two strong linkage classes which are not terminal.

Ro = Lo\ (TEUTE) = {4} are strong linkage classes. In general the rest (connected com-
ponent minus terminal strong linkage classes) may decompose into several strong linkage
classes.

It is worth to look at the kinetic matrix A since it has a particular structure.

Al 0 0 —kgl klg 0
A= 0 AQ 0 with A1 = k21 —lﬁz — k32 0 and
0 0 As 0 Eso ‘ 0

—kss — kga 0 0 0 0
ksa | —kes 0 sy 0

0 kes —kve 0 0

0 0 kre —ksy 0

0 0 0 0 kogs —ksg

o O OO

—ki1,10 0  Fki210
, A= k11,00 —kiz 1 0 1.

0 k21 —ki210

FEach connected component corresponds to an invariant subspace of A which further de-
composes into invariant subspaces corresponding to terminal strong linkage classes and
a non-invariant rest. Observe that the four submatrices corresponding to the terminal
strong linkage classes have rank defect one each.

Lemma 3.3 The vector space C" decomposes into vector spaces according to the con-
nected components which are invariant under A, i.e. 3 Ly = span({wy | pn € L)}) with

Cn:Ll@@Ll and AL)\CL)\, )\:1,,l

Each Ly further decomposes according to the terminal strong linkage classes, i.e. for each
A=1,...,1 one defines T} := span({w;|i € T}}) for v =1,...,t\ and the rest Ry :=
span({w; |1 € Ry = La\ UL, TrY). Then for all X =1,...,1

Ly=T'@& --aT)®R, with AT} CT), v=1,..1,.



Especially, each pure product complex forms one terminal strong linkage class. Thus
each index ¢ corresponding to a pure product complex gives a unit vector w; in the kernel
of A and consequently an invariant space T} =span(w;).

Theorem 3.4 ([1}], Prop. 4.1 in [8]) The kernel of the kinetic mapping A decomposes
as

It
ker(A) = P P (ker(A) N Ty)‘) .
A=1v=1
Moreover, dim(ker(A) NT}) =1, v=1,...,tx, A = 1,...,1 and the generating vectors
vy € (R)™ are non-negative and have support T, that means
() >0 forieT),
()i =0 forie{l,...,n}\T)

Remark 3.5 This theorem is heavily based on the fact that the rate constants k;; associ-
ated to an oriented edge in the directed graph R are positive.

For convenience we recall the proof in the Appendix.

Decomposing the kinetic matrix A according to the connected components and termi-
nal strong linkage classes by

B 0 0
A By Ay 0
A= ) A)\ — ) A= 17 7l7
A : .
: B, O Axg,

the theorem states that each block A, has rank defect one and each block A, has rank

defect ty, the number of terminal strong linkage classes within the connected component .

Thus rank(A) = n — ¢t where ¢ is the total number of terminal strong linkage classes.
The following defines a case with the most simplest structure of A.

Definition 3.6 (/8/) The directed graph R is called weakly reversible, if for each path
¢; —Cy — Cyy = -+ — Cj there is a path C; — C,, — Cyy — -+ — Cj.

In a weakly reversible graph each connected component equals its terminal strong
linkage class. Chemists report that almost all relevant chemical reaction systems have
this property. For weakly reversible graphs we have rank(A) = n — [ where [ is the
number of connected components. But rank(A) = n — [ may be true for graphs which are
not weakly reversible. It is sufficient that each connected component contains precisely
one terminal strong linkage class (ty =1, A =1,...,1).

Now we return to the coefficient matrix Y A of our sparse polynomial system. im(Y A)
equals span(Yays,...,Ya,) where the a; are the columns of A. On the other hand each
a; is a vector in W = span(w; — w; |C; = C; € R), the image of the incidence matrix
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of the directed graph. If the graph is weakly reversible then im(A) = W. The relation
of the stoichiometric space S = YW = span(y; — y; | C; — C; € R) to W is analogous
to the relation of im(Y'A) to span(ay,...,a,) = im(A). Since im(A) C W it follows
im(YA) C S. If dim(S) = dim(W) then dim(im(Y A)) = dim(im(A)) by the same
argumentation. Secondly,

dim(W) — dim(S) > dim(im(A)) — dim(im(Y A)).

Feinberg [8] shows that dim(W) = n — [ where [ is the number of connected compo-
nents. Then he calls § = dim(W) — dim(S) = n — [ — dim(S) the deficiency. It is simply
the rank defect between W and YW = S. But we need to know the rank defect between
im(A) and im(Y A). If the graph is weakly reversible then im(Y A) = S and the deficiency
measures the correct rank defect. Analogously, if each connected component contains
precisely one terminal strong linkage class only then im(A) = W implies im(YA) = S
and the deficiency is useful.

4 A first result

We give results for a special class of chemical reaction systems of mass action type. The
first is our version of the deficiency zero theorem ([9]). The theorem uses the Smith
normal form which may be found in the text books [1] p. 307 and [22] Section 1.4. For
efficient computations of Smith normal forms for sparse integer matrices see [24]. For
practical computations one often uses the Hermite normal form, see [1] p. 301. For its
efficient implementation see [25, 26].

Theorem 4.1 Consider the system YAV(z) = 0 with A = K — diag(K'e) with e =
(1,...,1) defined by the weighted adjacency matriz K of a directed graph and the relevant
partY of an adjacency matriz of a weighted bipartite graph. If the directed graph is weakly

reversible and
rank(A) = rank(Y A),

then each space (xo + im(YA)) N (R4)™ with xy € (Ry)™ contains precisely one real
positive solution of Y A¥(x) = 0.

Proof: Since rank(A) = rank(Y A) solving YAU(z) = 0 is equivalent to solving
AU(x) = 0. Since the directed graph is weakly reversible the kinetic matrix A has block
diagonal form where each block has rank defect 1. Since the graph is weakly reversible
im(Y' A) equals the stoichiometric space S. Its dimension is rank(YA) = rank(A) =
dim(S) and we denote it by s. By linear algebra and Theorem 3.4 the system AV(X) =0
is equivalent to solving a system of s binomial equations

Y

¥ —cx¥ =0, ... 2% —ca? =0.

In each equation the exponents of the two binomials correspond to two complexes in the
same connected component. Moreover, the constants cq, . .., ¢, are positive since the diag-
onal elements of A are negative dominant (a;; < —32,;as,j = 1,...,n). This property

11



is preserved under Gaussian elimination. Since only positive solutions are interesting we
may divide by one monomial

VY =, ... oYY =,

we receive exponents which generate the stoichiometric space S. Systems of binomial type
may be solved by Smith normal form. The exponent vectors y; — y; form the columns of
a matrix IT € Z"™*. There exists invertible integer matrices U € GL(m,Z),V € GL(s,Z)
and dl, e ,ds € N with dj‘dj+1,j = ]_, ey S — 1 such that

d 0
UV = :

ds
0

All invariant factors d; are unequal zero since span(Il) = S. The nonlinear change of
coordinates

T = Z’fll 2321 ... ZgLM17 e Ty = Z’flngam .. Zglmm7

and exponentiation with entries of V' and multiplication of equations yields

di ds __ ./
21 =01 e 528 =Cy,
. v . . o e o
with ¢; = [[jo;¢;/" > 0,i = 1,...,s. Since the constants ¢; are positive there is pre-
cisely one positive solution (Zi,...,Z2,). Positive values z correspond to positive z. For
Zsi1,- - -, Zm there is no restriction giving a parametrization (2441, . . ., 2z,) of the solution
variety. The linearization d%x(zsﬂ, ..y Zm) 18 given by
ox; o g
J _ Uiy u2j uij—1 Umj __ ;o N
7 = Uz 29 2 EEF-fiic —uij;xj j=1L...om,i=s+1,....m
(] (]
92 js a modification of the i-th row of U which for i = s + 1,...,m is orthogonal to

im(YA) = S = span(Il). If z is positive diag(1/z1,...,1/x,) defines a weighted inner

T

product. With respect to this locally defined inner product 8—Z is orthogonal to S. This
shows that the real positive variety is always transversal to the affine spaces z +im(Y A).
O

Remark: Let the graph R be weakly reversible so that S = im(YA) and assume
rank(Y A) = rank(A). For positive solutions =,z € (R, )™ we have

In(z) — In(3) — Lﬁﬂn@)—hﬁ@)z(Uﬂl@)((ﬁﬁZ%)——(ﬁﬁ%%))
— Ul (In(z) — In(3).

Here the logarithm of a vector is meant to be taken for each component and the indices
1 and 2 refer to two blocks of components corresponding to free and fixed variables. The

12



zst+l...zm

XO+Hm(YA)

Figure 4: Nonlinear parametrization derived from Smith normal form.

last expression shows that the difference In(z) — In(Z) is a linear combination of the last
rows of U which in turn is a basis of S*. In other words the free variables zyi1, ..., Zm
give a nonlinear parametrization of im(Y A)+. This agrees with the results in [8] p. 5-6
Prop. 5.3.

The technique using the logarithm in [8] is closely related to the techniques used in
the algebraic geometry literature, especially [20] where the logarithm is used to solve a
binomial system instead of using the Smith normal form as above.

Example 4.2 (simple cycle) Consider the chemical reaction system in Figure 5. The
matrix A is given by

—koy 0 0 k14
ko1 —ksa — kuo 0 koa
0 Eao kys —kig — ko

Assume Y A has the same rank than A then we only need to consider Ay(x) = 0 which is
by Gaussian elimination equivalent to the binomaial system

[Byl —kl_’4 xy4 — 0
ka1 ’
Y2 + k1,atkoa 29— 0
—k32—kao ’
ys 4 (Kiatkoa)kss o yy _
v (—k32—kap2)ks3 X 0.
This is equivalent to
— k1,4
Yi1—Y4 — >
. T ko ?
TY2—Ys — ki,a+k2,4
k3,2+ks2
gys—ys — (krathkoalks,

(k3,2+ka2)kas *

13
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Figure 5: A Simple cycle with four complexes.

Choosing the bipartite graph as in Figure 5 with
0

Yg =

W OO
— O = O

1
3 0

Yy = 0|’ Yo = 1 ,y Y3 =
0 0

we have rank(Y A) =rank(A) = 3. Thus I1 = (ys — y1, Y2 — Y3, Y4 — Y2) has mazximal rank 3
and its Smith norm form is

1 0 0 0 1 0 1 Lo 1 100
0 0 1 0 2 -1 -1 010
VIV =1 o 4 1 ¢ 0 1 0 8(1)(1):003
-1 1 2 1 1 -1 2 000

Using the nonlinear change of coordinates 1 = zlzgzjl, Tog = z§124, T3 = 2225123 and
1

o . . _ k1a o k1,4+k24 _ [ (k1at+koa)ks 2k 13
Ty = 24 deﬁned by U zmplzes 21 = Fo1’ 29 = T Thso—kio’ 23 = (m and thus

the solution

2
21— 2t k1,4 ((k‘l,4+k2,4)k3,2/€2,1)§
1 4 ka1 \(kzo+kao)kask:a

J— (M)W
2 4\ (k3,2+Fka,2)ka,3k1,4

1
I = 2 2 (k1,a+k2,4) ((k1,4+k2,4)k3,2k‘2,1)7§
3 4 (kzotkaz) \(k32+ke2)kazks s

Ty = 24
18 obtained where z4 1s an arbitrary compler number. The parametrization is in the direc-
tion of the last row of U being (—1,1,2,1) which is orthogonal to im(Y A) = S = im(II).
Precisely one of the three roots is real and positive since all constants k;; are positive.

Choosing z4 = x4 € Ry gqwves a family of positive solutions which intersects each space
(zo + im(Y A)) N (R,)* once.

The following proposition uses the sparseness of the bipartite graph. For a vector
y € R™ we define the support supp(y) = {i € {1,...,m}|y; # 0}.
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Proposition 4.3 Let a chemical reaction system be given by its directed graph R, the
weighted adjacency matriz K and the complexes y1, ...,y € (Z>o)™ as vertices forming
the stoichiometric matriz Y € (Zso)™". The kinetic matric A = K — diag(K'e) to-
gether with the monomial mapping ¥ : C™ — C", x — (2¥',...,2%) defines the system
YAU(z) = 0. Let L, C {1,...,n}, A =1,...,1 be the connected components of R and
T v=1,... t\ ti+- -+t =t its terminal strong linkage classes. Let T = J\_, U, T
be the terminal part and R = {1,...,n} \ T the rest. Assume

rank(Y A) = rank(A).

If y; # 0 for all i € R then the complexr solutions x € C™ of YAV (x) = 0 are of the
following form

a.) There exists an index set I with x; # 0 fori € {1,...,m}\ I and z; = 0 for all
i €I and an index set A ={(\,v) | X e {l,...,l},v e {l,...,t\},} such that

i.) supp(y;) NI # 0 forall j € R,
ii.) supp(y;) NI =10 for all j € T} for all (\,v) € A,
iii.) supp(y;) N1 # 0 for all j € T for all (\,v) € A.

b.) The solutions with m—|I| remaining coordinates x; come in families, each depending
on m — |I| — q free parameters where ¢ = |B| — |A| is the rank of the matriz
(o) 1,0 € B where B = U yea T,

c.) Define J = span(w;,i ¢ I) € C™, PP : C™ — C™, (PPy); = 0,i € I, (PPy); =
yii & I, and V. = span({PP(y; — y;) | i,5 € T}, (\,v) € A}). Each family
intersects within J N (Rxo)™ for each xy € J the space (xo+ V)N (Rso)™ except of
some coordinate hyperplanes. The intersection is transversal.

In particular, if the graph is not weakly reversible then there are no positive solutions.

Proof: Because rank(Y A) =rank(A) it is sufficient to solve A¥(x) = 0. By Theorem 3.4
rank(A) = n — t which yields m > n — ¢. The linear mapping A : C" — C" splits into
Ar:R— C"and Ay : T — C" (with R = span({w;,i € R}), T = span({w;,i € T}) )
since C" = R@®T. Demanding Ajru = 0 is equivalent to demanding u; = 0 for all j € R
since A|g has maximal rank due to the positivity of the constants k;;. This shows that
the solutions have necessarily the property described in i.). We start with a minimal set [
of indices with this property. Of course there may be several choices. By the minimality
we have |I| < |R]|. Define A = {(\,v)|A € {1,...,i},v e {l,...,t,}}. For the m — |I|
remaining variables X; = x;,,j; € {1,...,m}\ I the system A¥U(PX) = 0 is a smaller
system of equations where X = (zy,..., %, ), i1, im-jz € {1,...,m} \ [ and P
fills up with zeros. Here X = Pz and P denotes the projection from C™ to C™ Ul
while P is the embedding of C™ 1l into C™. Since the monomials % for j € R and for
j € T with supp(y;) NI # () are zero the equations are restricted to QA|B@(I5X) =0
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with B = {i € T |supp(y;) N I = 0} and B = span({w;,i € B}) and Q : C™ —» T
a projection onto 7" and ¥ : C™ — CIBl the collection of monomials associated to B.
Recall from Lemma 3.3 that A is invariant on each terminal strong linkage class 7 or
its corresponding vector space T2, respectively. Moreover, by Theorem 3.4 we deduce
that 2% = 0 for all j € T} or supp(y;) NI = O for all j € T*. In order to satisfy
the first condition one might need to enlarge I. Redefine A, B, P, P,Q, ¥ and consider
QA B@(PX ) = 0 again. After a finite number of repetitions this process terminates. This
gives the index sets A and [ such that x; = 0,Vi € I,a% = 0,5 € T}, (\,v) € A Tt

remains to solve

: U(PX) =0,

Akl

where only block A,, with (A,v) € A appear. By Theorem 3.4 linear transformation gives
a system
X =¢, ... ,X™ =g, (3)

with constants ¢; € R and m, = P(y; —y;) for some oriented edge C; — C; in a terminal
strong linkage class 7} with (\,v) € A and thus supp(y;) N I = 0, supp(y;) N I = 0.
As in the proof of Theorem 4.1 we use the Smith normal form. A matrix I € (Z)?9 is
formed by the 7 as columns where p := m — |I| and ¢ is the rank of II. Observe that ¢
is as well the rank of the remaining coefficient matrix (a,,)uceg. We know p =m — || >
n—t—|R|—Xounea|T —1) = |B| — |A| = ¢. Thus all invariant factors s; € N in the
Smith normal form

S1 0

UV = 0 , UeGL(p,Z),V € GL(¢.Z) sj|sj41,7=1,...,q—1,
Sq
0O 0 O

are non-zero. System (3) is then solved by a nonlinear change of coordinates
_ u1n Up,1 — ULp ., Lup,
Xy=z2"grt, o Xp=2 Pl (4)

Substitution into (3) and manipulation involving V' results in a system

s1 ! Sqg __
o=, o Lzt = (5)
o) . . Viq . .
The constants ¢, € R. are positive since ¢, = [[?_, ¢,”*. This determines z;,..., 2
i + i j=1%j ’ ) ~q
and zgy1,..., %, remain arbitrary complex numbers. The number of solution families is
q _
Now we proof part c.). Since s1,..., s, are the invariant factors the variables 21, ..., 2,

form a nonlinear parametrization of im(II). Given a solution z € (R )? the perturbation

(215 oy Zgs Zg1 + 0241, - -, 2p + 02p)
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Figure 6: Enzyme synthesis in a bacteriell cell (Heinmets).

is in a direction transversal to Xy + im(II). The corresponding families within (R ()™
are transversal to (PX, + Pim(II)) N (Rxo)™. The number of parameters equals p — ¢ =
m— |I|—|B|+|.A|. All classes are intersected except of some coordinate hyperplanes. The
exception is due to the fact that some exponents in (4) are positive and some are negative
such that a limit z; — 0 for some i € {¢+ 1,...,p} results in some limit X; — oo and
some X3 — 0. O

Part of the statement of Proposition 4.3 can be formulated more general.

Lemma 4.4 Consider the system Y AV (x) = 0 as in Proposition 4.3 and the notations
therein. Assume that the directed graph is not weakly reversible and there exist an index
i € R such that Ya; is linear independent of the other columns Ya;,j € {1,...,m}\ {i}.
If y; # 0 then the system Y AV(x) = 0 has no solutions in (C*)™. Especially, it has no
positive real solutions. If y; = 0 then Y AU (x) = 0 has no solution at all.

Proof: The assumptions are such that an equation x¥ = 0 has to be satisfied. If y; # 0
this can be only satisfied if some component x; = 0 where j € supp(y;). The case y; =0

yields the unsolvable equation 1 = 0. O

Example 4.5 A model introduced by Heinmets (see also [2] and [21]) describes the syn-
thesis of an enzyme in a bacterial cell. Here S1g denotes the enzyme and S5 is a regulator

17



gene. In the beginning of the reaction only this inducer Ss and a functional gene S7 and a
ribosome Sy are present. Since in [2] and [21] only the differential equations are given we
constructed a directed graph and a bipartite graph as in Figure 6 such that these equations
result. The stoichiometric matrix is

(1 000000000O0O0O0O0O0GO0 O]
01 00000O0OO0OO0OO0OO0OO0OGO0OO0O®O0O®O0
0011000O0O0O0O0O0O0O0OO0O0®O0O®O0
0000O0O1O0O0O0OO0OO0OO0OO0ODGO0OO0®O0OQ 0
0000O0OO0OO0OT1TO0O0OO0OOSODOO® 0O
0001100O0O0O0O0O0O0O0ODO0OT1TO0O®O0
Y= 0 000101O01O0O0O0O0OO0OO0TO0OO®O
0000O0OO0OO0OO0OO0O1TO0OO0OO0OT11O0®O0OQO0
00000OO0OO0OO0O1T1O0O0O0OO0OO0OT1P®O0
0000O0OO0OO0OO0OOOOOT1TO0OO0® OO
0000O0OO0OO0OO0OO0OO0O1O0O0O0OO0OT®O0OQO0
0000O0OO0OO0OO0OO0OOOT1TT1O0O0T®O0OOQ 0
and the kinetic mah:m’ 15 _
Aq 0
A= A A, with
0 Ay
[ —pa—p3 O D1 0 Pz 0 ! "0
0 —D4 D15 0 pe mpr 0 oY
A= , A= Pr —Pe 01,
D2 Pa —p1—pi5 |0 s —ps |0
LB 0 K 0 0 0 ps |0
—piz 0 0 0]0
0  —pn P10 0(0 [ —ps 0 |0
Az = | p13 0 —po—pua |00 |, Ay= 0 —po|0
0 pn 0 00 L ps po |0
0 0 D14 010

The index sets are of the connected components and the terminal strong linkage classes of
the weighted directed graph R are

L1 =1{1,2,3,4}, T! = {4}, Ly =1{5,6,7,89}, T2=1{9},
Ly ={10,11,12,13,14}, T = {13}, 77 = {14}, L4 ={15,16,17}, T*={17}.
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The described differential equations are

&1 = (—=p2 —ps) >+ 1o

Ty = —paTa+ pP15T3

T3 = (p2+p3) T+ paxas + (—p1 — p15) T3
Ty = PpraTelr — Priy

Ty = pely — Psls

Tg = Pp3T1 — P12¥el7 — Psle

Ty = —P1aleX7 + Pr¥y — PeX7 + PsTs

Tg = —Pp13TeTy + P12

Tg = pss — P13T3Tg — Poly
Tip = puTn
Ty = —pui + Prori2
Tig = p13TgTy + P11y + (—plo - p14) T12 -

Since rank(Az) = rank(Y3Az) = 3 and rank(Y' A) = 9, but rank(Y'1A;,Y2A5,Y,A4)) = 6
with Y = (Y1, Ys,Y3,Ys) we deduce that A3V (x) = 0 must be satisfied. This is equivalent
to the equations

210 =axgx9g =0, a2 =x11=0, 22 =2x1=0.

Obuviously, we need to consider two cases.
1. Case (xg = x11 = 119 = 0): Substitution gives the remaining equations

(—p2 —ps) x1 +pras =

—PaZ2 + D153

(p2 + p3) T1 + paz2 + (—p1 — P15) T3
P12ZeX7 — Prly =

PeT7 — P85

P3T1 — P12%Tex7 — Psle

—P12T6T7 + P74 — P67 + P3Ts
bsTs — Poxg =

Il I
coococoococoo

This are 7 linear equations in 9 monomials. A solution is obviously

__ wze(p12x7+ps) __ x6(p2p1227+psp2+pi227p3+psp3) __ pexr
= p3 ’ L3 = p3p1 v s = ps

__ p1s5z6(p2p12274+p5p2+p1227p3+psps) _ piamexy _ pexy
L2 = PaP1P3 o Ta =T Lo = Tpg

2. Case (vg = x11 = w12 = 0): Substituting this restriction into the polynomial equations
yields the equations psxs = 0. Subsitution of x5 = 0 gives the equation x7 = 0 and then
x4 = 0. The remaining equations are

(—p2 —ps3) x1 + 1 =
—PaZ2 + P15T3 =

(p2 + p3) x1 + paxe + (—p1 — p15) T3
P3T1 — PsTe =

cococo
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A solutions is obviously

P5T6 P15P5%6 (P2 + D3) D56 (P2 + P3)
T = ——, Ty= , IT3= —————°2
D3 P4ap1p3 P3P1

These solutions have been computed in [21] using Gébner bases in the ring Q(p)[z]. But
this deriwation shows that nothing complicated is necessary. Already pour linear algebra
gives the result.

5 Exploiting the sublattice

The result of the last section heavily depends on the fact that the exponents of the
monomials are y; — y; with ¢,7 € £, in the same connected component. The following
lemma is similiarly based on the structure of the sublattice induced by the two graphs.
A hint to this lemma may be found in [9] p. 2262.

Lemma 5.1 Consider the system Y AWU(x) = 0 induced by the two graphs. Assume that
the directed graph is weakly reversible and

rank(Y A) = zl: rank(Y \A,) , (6)

A=1

where | denotes the number of connected components, A = (a;j)i j=1,..n and

Ay = (@ij)izl,jeﬁA ., Y= (yij)izl,...,m,jGLA

are collection of columns and rows corresponding to connected components, respectively.
Then each (xo+ im(Y A)) N (R4)™ contains the same number of real positive solutions of

YA¥(z) =0.
Proof: Because of (6) the system Y AW (x) = 0 is equivalent to

Sagat =0, i€, CLy, A=1,...,1,

JELN

for some index set I, C L, with cardinality rank(Y,A4,). In order to see this build for
each A = 1,...,1 the orthogonal complement of span(Y14; --- Y Ay --- Y1 4;)) in im(Y' A)
and multiply a vector space basis of the complement with Y A. Here Y, A, means to leave
out this matrix.

For each equation with index i we choose a monomial y*

) and get

Y aya¥TO = —aup, 1€, A=1,...,1
JEL\{v(9)}

Since y; —y,(;) are generators of the stoichiometric space S and S = im(Y A) because of the
weak reversibility of the directed graph the lattice generated by the monomials in the equa-
tions has dimension rank(Y A) = dim(S) = s. By Smith normal form (see [1] p. 325) we
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may find generators ', ..., x% and 27, ..., 27" such that a,..., s Y1,...,Vm_s are

linear independent over C and such that o4, ..., a, generate a lattice of dimension s and
) Y S

Y1, .-, Ym_s give transversal directions. A coordinate transformation z; = ..., z, =

x* vy =27, ..., Uyp_s = 27 results in a polynomial system

b ai; 2% = —ap@, €L, A=1,...1,
JeL\\{r(9)}

with some 0; € (Zs¢)®. Also the number of equations equals the number of variables s.
The polynomial system is independent of the variables v, ..., v,,_s which gives a nonlinear
parametrization of the space transversal to im(Y A).

This transformation is performed in the following way: Collect the y;—y, ;) as columns
of a matrix B and compute the Smith normal form UBV'.

Then U™ = (g, -+, Qsy Y1, - -+, Ym—s) and

0 .

contains the exponents d; as columns plus additional zeros.

A solution x is positive if and only if z, v are positive. An argumentation analogous to
the proof of the deficiency zero theorem yields that each affine space z¢+im(Y A) contains
exactly the same number of real positive solutions. O

In the lemma the sublattice has a very nice property. If the directed graph is not
weakly reversible or the rank condition (6) is violated then the sublattice has dimension
larger than dim(im(Y A)). Most likely the dimension is m. But in some special cases it is
still possible to make statements about directions transversal to the variety.

Lemma 5.2 Let the connected component Ly equal its terminal strong linkage class for
some A € {1,...,1} and assume rank(A,) = rank(Y A,), rank(YA) = rank(Y A)) +
rank(YiA; - - YaAy -+ YiA)). If the variety of Y AU(xz) = 0 intersects (zo + im(YyAy)) N
(R4)™ for some xy € R™ then it intersects transversally. Each (xo+im(Y \Ay)) N (R4)™
contains at most one positive solution.

Proof: Y, A ,¥(z) = 0 is equivalent to a binomial system 2% %) =¢;,j =1,...,|L5|—1
with positive constants ¢; and 4,v(j) € L£5. The exponents y; — y,(;) are elements of
im(Y)A,). Then the argumentation is analogous to the deficiency zero theorem. a

Lemma 5.3 Let the connected component Ly equal its terminal strong linkage class for
one A € {1,...,l} and assume

rank(Y A) = rank(Y)\Ay) + rank((Y1 A; - - YAy - Y A)).
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Then the system Y AU(z) = 0 decouples into two polynomial systems. If the variety of so-
lutions of Y AU (x) = 0 intersects (xog+im(Y \Ax))N(R4)™ then it intersects transversally.
FEach solution in

(xo + My + My + im(YA)) N (Ry)™  where

My = spandy; —y;| i€ L,j €Ly, u#NvF#NuFv,
rank(Y,A,, Y, A))) < rank(Y,A,) + rank(Y, A,) },

My = spandy; —y;| i€ LyjE L, u#N\vF#N\uFv,
rank(Y,A,, Y, A))) = rank(Y,A,) + rank(Y, A,)
rank(Y A) < rank(YiAy, ..., Y, A, .. Y, A,, ... Y A))+
rank(Y,A,) + rank(Y, A,) }

belongs to a family of positive solutions of YAV (x) = 0 which intersects transversally
xo+ My + My +im(Y A). Each family intersects each (xg+ My + Mo+ im(Y A)) N (RL)™.

Proof: Because of the rank condition Y A¥(z) = 0 is equivalent to YA, ¥(x) = 0 and
YiA;---0---Y,A)¥(xz) = 0. The first is equivalent to

Yoo aga¥hiTeO = aua, i€ Iy C Ly,
JeLX\{v(1)}

for some index set Iy, C L, with cardinality |I)| = rank(Y),A,) and some v(i) € I,.
Since the connected component is a terminal strong linkage class the occuring exponents
generate a lattice of dimension rank(Y),A,) = |I,| = r. Let’s assume that the sublattice
is generated by aq,...,q, € Z™. The second group of equations give raise to a lattice
genrated by vectors My, My and im(Y A). So complete the a; by 1, .. ., 84 to a basis of this
second lattice of dimension d = dim(M;+ My+im(Y A). Then 7, ..., Ym—r_q complete to a

basis of Z™. A change of coordinates z; = 2™, ..., 2, = 2%, uy = 27, ..., ug = 2%, v, =
. Uy, = xVm—r—d gives r polynomials in r variables zq, ..., z. only. Additionally,
there are rank(Y A) — r polynomials in r + d variables zy,...,u4. For each solution z

of the first system there may be several families of solutions of the second system. The
remaing statements of the theorem follow analogous to the argumentation in the proof of
the deficiency zero theorem. O

6 More binomial cases

Feinberg formulates in [8, 9, 10] a theorem which he calls the deficiency one theorem. The
assumptions in [10] are more restrictive then in [8]. We give here our version.

Theorem 6.1 Consider the system Y AV(x) = 0 of polynomial equations defined by a
directed graph with weighted adjacency matrix K and a bipartite graph with relevant part
Y of the weighted adjacency matriz and A = K — diag(K'e). Assume that each connected
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components Ly of the directed graph contains only one terminal strong linkage class T.
Assume l
rank(Y A) =) rank(Y)A,),
A=1

where A = (ai;), Ax = (aij)iz1jecss Ya = (Yij)iet...njecy- Assume rank(span(Y a;,i €
TN) = |T} = 1 for each X € {1,...,1} and for the rests Ry = Ly \ T either Ya; €
span(Yaj,j € T) for all i € Ry or rank(Ya;,i € Ry) = |R,| — 1 and none of the Ya; is
linear independent of the other Ya;,j € Ry\{i}. Then each class (xo+im(Y A))N(R4)™
contains precisely one positive real solution.

Proof: The conditions on the ranks and components assure that Y AU (z) = 0 is equiv-
alent to a binomial system. Since each component contains only one terminal strong
linkage class this yields im(Y A) = S. Using the Smith normal form the argumentation is
analogous to the deficiency zero theorem. a

Theorem 6.2 (Deficiency One Theorem, Feinberg [9] p. 2259, proof in [12]) Let the
graph be weakly reversible and rank(Y\Ayx) > |Lx| — 2 for each connected component for
A=1,...,1l. Moreover, assume

rank(Y A) =) rank(Y)A,). (7)
A=l

Then each space (o + S) N (Ry)™ contains precisely one real positive solution.

Proof: Because of the assumption (7) on the rank the polynomial system decouples as
stated in Lemma 5.3. Thus we may assume that the graph has one connected component
only with rank(Y'A) = rank(A) — 1 = n — 2. By Lemma 5.1 it is clear that each space
xo +im(Y A) contains the same number of positive solutions. It remains to show the
existence of precisely one solution.

First we consider the Hermite normal form of Y. Since rank(Y A) = rank(A) — 1 we
may assume the shape

hia c hiia ha hiivi - hin
0 hgg cor hoir hey o hoipr o hap
0 0 h373 : : : :
H=UY = hivi-1 hicig ,
' 0 0 hn
0 - 0 hn—l,n
0 . 0

where U € GL(TL, Z) and diagonal elements h117 hgg, ey hi—l,i—lu hi,i+17 N hn—l,n e N
are integer numbers and hy € Zso, hyy < hy for 1 =2,...,0—1,1 < k <l or hy4 €
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Zso, hygr1 < hygpq for l =4,...,n — 1,1 < k < [. The ¢-th column simply consists of
integer numbers. We may perform a nonlinear change of coordinates z = 2V such that

the exponents of the monomials are Uyy, Uys, ..., Uy,. Then the system reads
2?1,1
h h
2 1,2 A 2,2
hi13 ho3s h3,3
g1 k2t 3
_ hii-1_hoi—1 _h3i-1 hi—1,i-1 _
HAm(z)=HA 21T 2y T 2y oz =0.
hi; _hai h3; ha; hi_1,;
<1 Zzh z3 h24 h "Ri—1 .
1,i+1 _h2i+1 _h3it+1 iyit1
21 29 Z3 %
hl,nfl hQ,n hS,n hn72,n hnfl,n
<1 Rg Rz "t Zp—2 “n—1
We have n—1 variables 2, ..., z,_1, but n monomials. The monomials satisfy the relation

(ma(2))* (ma(z))? - - (my(2))" =1,

with an element ¢ = (g1,...,9;,0) € kernel(Y) N Z". So each u € kernel(YA) with
uftud® - - -uf* = 1 gives a solution since m(z) = w is easily solved by backward substitution.
If w is positiv this gives a positiv solution z which is equivalent to a positiv x in the original
coordinates.

Thus we study positive kernel vectors of HA. The first part is kernel(A) which is gen-
erated by one a € (R)™ because of the special structure of A. Since dim(kernel(Y' A)) = 2
we choose a second linear independent vector b in kernel(Y A). Since a is strictly positiv
we choose one b € (R>()" such that at least one component b; is zero. Secondly, we may
find a vector ¢ € (R>0)" in the kernel of kernel(Y A) with at least one component ¢ = 0.

Now we study all \b + pc with A > 0, x > 0 which satisfy
(/\bl + MCl)gl (/\bg + MCQ)92 cee (/\bZ -+ Mci)gi —1=0.

The goal is to show that for each given positiv A there exists precisely one positiv pu
fullfilling the equation. In order to do so we investigate the degrees in A and p of the
Laurent polynomial (Ab+ pc)9. For this we need take into account that some components
of b,c are zero. Let wguppp) = Yicsuppv) Wi ANd Wsupp(e) = Dicsupp(c) Wi be vectors with
entry one for each index of the support. Then

deg, ((Ab + pc)?) = Wsupp(b) " 9>
degu((/\b + 1€)?) = Weupp(e) * 9-

On the other hand there exist &, &, with &g = Ab and &.g = Ac. By construction of ¢
the values &, and &. have opposite sign. Now

fb deg)\(()\b + ,Uc)g) = gb Wsupp(b) * 9 = wsupp(b)Aba
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which yields
Wsupp(p) Ab = (= -+ — x5 — ==+ =) b <0,

because A is negativ diagonal dominant. Analogously,
6. deg, (AD + uc)?) <0,

which shows that A and p have different degrees in (Ab 4 pc)? of opposite sign (see [12]
Lemma 8.1.4).

It is convenient to collect the positiv and negativ parts of g and to investigate the
equivalent polynomial equation

PO ) = b+ pe)® — (Ab-+ e =0, ®)
where supp(g4)U supp(g_) C {1,...,4}. By the previous considerations we may assume

deg((Ab + pc)+) > deg,y((Ab + pc)?-),
deg,((Ab + pc)?+) < deg, ((Ab+ pc)?-).

For given \g > 0,9 > 0 with f(Xo, o) > 0 we may find a large puq with f(Xo, 1) < 0
because of the degree in the second monomial is larger. Obviously, there exists py €
(o, p1) with f(Xg, p2) = 0. If we start with f(Xo,0) < 0 we find a large \; with
f(A1, o) > 0 since the degree of the first monomial in \ is larger. Then Ay € (Ao, A1) with
f(A1, 10) = 0 exists. The real variety also passes through (0,0). Since the derivatives
% f(A ), g—i f(A, pw)are nonzero there exists a solution for each A. Because f consists of
two monoton functions there is precisely one component of solutions.

If ¢ = (1,...,1) is a linear combination of the rows of Y, then eg = 0. Then f is
homogeneous and the solutions \b + pc form half of a line. a

This proof reflects nicely the standard techniques for investigation of sparse polynomial
systems. Usually, a system of linear equations is investigated on a toric variety. Our case
is especially simple since the toric variety is defined by one polynomial u 9+ — u9-.

Example 6.3 In [8] Feinberg illustrates the theorem with Example 3D1 on page 3-29.
We recall the directed graph and the complexes in Figure 7. The equations are

1 = —2ko1x1® 4+ (2k1o + k3o) xo + (—kas — kag) 2123 + k3 axs®
+ (kg6 — kse) 1124 + ko725 + ke sT6
Ty = k2,1$12 + (—k12 — k3o — kao) o + kogai23 + k2,4$32

3 = (kso+2ks2)xo + (—kos + kas) v1203 + (—ksa — 2koy — 2 k5,4) 3
+2 ka4 — k1092325 + kg 10277

Ty = k5,4$32 — kysry + (—kre — ksg) v124 + ko 75 + ke 36

5 = kreriwa+ (—key — ks7) x5 + krste — k109235 + ko 1077
te = kser1T4+ ksrxs + (—kes — krs) o

Tr = 2 k10,9$3$5 -2 k9,10$72-
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Figure 7: Example by Feinberg illustrating the assumptions in the Deciciency One The-
orem.

C9 C10 C10

The weakly reversible graph has three connected components such that the blocks of Y A do
not interact and rank(Y1A1) = 3 < 4 = rank(A;), rank(Y2As) = 2, and rank(Y3A3) = 1.

After computing the Hermite normal form of Y and some linear algebra on HA we
receive the polynomaial system

H1A1 0 ‘?1(;1:)
H2A2 \IJQ(ZE) = 0, with
0 H3 A3 Ws(z)
[ —k'271 ]{31,2 0 0 0 1
20 0 -2 0
koi  —Fkio — kao 0 Fo.4 0
010 0 O
H1A1 - 0 O —k'473 k'374 O
001 2 0
0 k4o kag  —koa—Fksa—ksa kus
000 0 1
| 0 0 0 ) —Fkas |
\ijl = [17512, Ta, T1X3, 17532, 'T4:|7
kre —ker— ksz kg ~ L1%q
H2A2 = s \112 = Ts )
3,6 ks,7 —keg — kg Tg
~ 3T
H3As = { 2ki09 —2kg10 } , Uy= [ ;725 ]
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The Hermite normal form suggests the change of coordinates yielding the new monomials

2
. 2 <3 <3%5 2
m(Z) — (Zl , R2, 23, 5 2 24, R1%4, R5, %6, e s AT )
1 1

The last equation H3Asms(z) = 0 gives

i \/k9,10212325/€10,9

k9,1021

27

The second block s easily solved as well

2124 (ke skr e + krskre + ksgkrs) P 2124 (ke ks e + ksrkre + ks7kse)
) 6 — .
ke ske,7 + ke sks 7 + k7 gke 7 ke ske,7 + ke sks7 + k7 ske 7

5 =

The last equation of HiAymq(z) =0 gives

2
/f5,423

= 212164,5'
Now we proceed analogous to the proof of the deficiency one theorem. The kernels of Hy
and Ay are generated by

koy ksakoikao koikao ksako ik

=11,0,-2,1,0], a=[1,2, : : :
g [ ] [ kl,? k4,3k2,4k1,2 k2,4k1,2 k4,5k2,4k1,2

respectively. Of course the monomials satisfy the relation
m? = (27)(22)" (25) (21 723) " (20)’ = 1 = 0.
A second kernel vector of Hi Ay is given by

ksakio 4 ksakao +2koakio Kkio+ kao ksa(kio+ kap)

b= 07 17 ) ) )
| ko,aka3 k2,4 koakas

which has positive components, too. The system Aa + pub = mq(z) has a positive solution
z(A\, ) for each positive A if the equation

fvn) = (@A + pb) - (ash + pby) — (azA + pbs)”
= X (ag\ + pby) — (az\ + pbs)? = 0,

has a solution p € R such that all components of Aa + pub are positive. For positive
all components of Aa + ub are positive. For p = —agA\/bs we have f(A p) > 0. Since
lim, .+ = —oo there are two real solutions p. But they are distinguished by the sign
of asA + pbs. The solution with negative sign is not valid. For the other solution also
agA+pby > 0 since f(\, pu) = 0 implies ash+pby = (azA+ubz)?/X. Symbolic manipolation
with Maple has shown that asA + pbs > 0 and asA + pubs > 0 as well.

Finally, we receive

zZ1 = \/X, Z9 = )\ag +u, z3= )\ag + ,Ubg
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7 The general case

In this section we will attack the system Y AU(z) = 0 in general form in contrast to the
previous sections where we made restrictive assumptions. In order to do so we will make
use of the theory based on Newton polytopes. Consequently, we suggest to transform by
linear algebra to an equivalent system such that the Newton polytopes of the equations
are as simple as possible.

We restrict to directed graphs which are weakly reversible and as in the previous
sections we use the decompositions Y\ = (¥ij)i=1,..mjec, and Ay = (a;;)ijec,- If the
conditions of Lemma 5.3 are fulfilled the system decouples. So we may assume we already
have performed the decoupling and assume

rank(YyA,) < rank(Y A) — rank(Yi 4 - - - Y3 A, - - - Y A)),

for all A = 1,...,[. For each connected component £y, A = 1,...,] we may choose k)
equations
S oeya¥i =0, i=1,...k, A=1...1, (9)
JELA

where k) < rank(Y)A,) is the maximal number of columns of Y,A, which are linear
independent of im(Y; A4, .. ., Y;ZA, ..., YjA4;). The coefficients ¢;; are given by some linear
independent rows of Y\ A,.

By linear algebra we obtain from Y AV(z) = 0 the mixed equations containing all
monomials

ZCijZEyj =0, 1= 17“‘7kl+17 (10)
j=1

where kjy; = rank(Y A) — Y4 _, kx. The coefficients (c;;)jec, are linear combinations of
rows of Y, A, which are linear independent of the rows appearing as coefficients in (9).
Additionally, the restrictions to (zo 4+ im(Y A)) N (Ry)™

viz—a; =0, i=1,... ko (11)

where kj;2 = m — rank(Y A) and the vectors v; € R™ form an orthonormal basis of the
orthogonal complement of im(Y'A) in R™. The vizy = a; € R are arbitrary but fixed
numbers, such that (xo +im(YA)) N (R4)™ # 0. We may even assume that the first
v1,...,v form an orthogonal basis of S+ and v, ... Vkie €SN (im(Y A))*.

Studying the solutions of YAV (z) = 0 in zy + im(Y A) is equivalent to studying the
system (9,10,11).

Remark 7.1 i.) The number of equations in the secondary group (10) is usually small,
gust 1,2 or 3. The support is the collection of supports in (9). Sometimes one may
even further distinguish the supports of the ki11 equations in (10). i.) The Newton
polytopes are of particular structure. Partially, they are simplices. But the Minkowsk:
sum can not be expected to have full dimension m. If the graph is weakly reversible the
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dimension of the Newton polytope associated to Ly is dim(im(YyAy)). There is a chance
that | L] —rank(YyAy) —1 points are inner points. But most likely all points y; with i € L)
are vertices since the points y; lie on coordinate hyperplanes. iii.) The supports of (11)
are the vertices of simplices of dimension m or less.

The results on the number of complex or real solutions of a sparse polynomial system
are based on a homotopy H(t, ).

Ht, o) = > eit9a¥ =0, i=1,...k, A=1,...1, (12)
JELA
H(t, x)l+17i = Z Cij tw§+l.’ﬂyj = 0, 9, = 1, ey kl+1, (13)
j=1
H(t, x)lJrQ’i = Z(’Ui)j tw§+2$j — ait“’éH =0. 2= 1, ey kl+2 (14)
j=1

The exponents w;-‘ are randomly chosen integer numbers. By this construction the sup-
ports of the original polynomials A = (Ay,..., A19), Ay = {y;,7 € LA}, A = 1,...,1,
A = {1, -, yn}, Az = {0,e1,...,e,} are lifted in one additional direction giving
the new supports of H

AA={<y&>,je£A}, A=1,....1,

Wi

A= %) i=1,..nY, A= U G, ). i=1,...m
141 w;Jrl ) PRI ) 142 w(l)+2 ) w;JrZ ) PRI .

The lower facets of the Minkowski sum of the lifted Newton polytopes have a special
meaning. They give raise to a mixed subdivision.

Definition 7.2 ([18], [30], [31]) A subdivision of A is a collection S = {C,...,C,} of r
cells C; = (Cj(»l), ce CJ(HQ)) such that
(a) dim(conv(C;)) =m forj=1,...,r,
(b) C; N Cy is a common face of C; and of Cy, for all pairs C;,Cy, € S,
(c) Uj_yconv(Cy) = conv(A).
The subdivision is called mixed if the additional property
(d) Y52 dim(conv(C’](-)‘))) =m for all cells C; € S holds.
The subdivision is called fine mixed if
(e) Zf\il(#(C’j(»A)) — 1) =m for all cells C; € S.
A mized subdivision is called simple mixed, if all mized cells C;, i.e. dim(comj(C’](-)‘))) = k)
(1) SEEFC) = 1) =m
holds.
The definition of mixed subdivision is important since 3 ; vol(C};) is the BKK bound
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Figure 8: Example of a chemical reaction network by Feinberg due to Edelstein.

for the number of complex solutions in (C*)™ (Theorem by Bernstein, see [4]). The proof
in [18] gives some insight into the number of real solutions. But first we need another
definition.

Definition 7.3 A cell C' is called alternating if the associated small initial system

Yoot =0, A=1,...,1+2 i=1..k,

yeCc )

has exactly one positive solution.

This definition was introduced in [20] and [29] in the case that each equation has
different support since then the small initial systems consists of binomials which obviously
have one real solution if the signs of the coefficients are alternating in each equation.

Theorem 7.4 [29] There is a polynomial P(t) € RI[t] with the following property: if P(t)
has no solution in [0, 1] and the initial systems associated to the facets F' of the Newton
polytopes have not infinitely many solutions for somet € |0, 1] then the number of solutions
of YAV (z) = 0 in (X; a;v; + im(Y A)) N (Ry)™ equals the number of alternating cells in
a mized subdivision.

The theoretical background may be found in [27], [29].

Remark 7.5 i.) The polynomial P(t) is the sparse resultant Resg(t;k,a) where B is
gien by the supports Ay, ..., Aiie and the support of the determinant of the toric Jaco-
bian. ii.) The second assumption on infinitely many solutions of the small initial system
associated to a facet is the condition from toric geometry that the original system has
a solution at infinity or with zero components. Here it guarantees that no real negative
solution turns positive along the path. iii.) The condition whether a cell is alternating is
easily chequed with Smith normal form or Hermite normal form for the mixed cells in a
simple mized subdivision. iv.) One expects that for generic lifting values w]’-\ the induced
subdivision is simple mixzed. Since the Newton polytopes are not in general position in our
particular application this cannot be expected for the chemical reaction systems.
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Figure 9: Newton Polytopes of system by Edelstein.

Example 7.6 We illustrate Theorem 7.4 with the example by Edelstein presented in Fein-
berg [8] p.2-26 with 3 variables, 5 complezes and two connected components, see Figure 8.

12100
Y=|00101],
00010

18 the stoichiometric matriz and the kinetic matrix is

[ ko1 kip O 0 0 ]
koy —kia O 0 0
A= 0 0 —kys k3 4 0
0 0 kas —ksa—ksa kas

0 0 0 ks 4 —kys |

The differential equations are

L 2

T1 = ko1wy — kiow1® — kasxi20 + k3,
Ty = —kasr1To+ (ksa+ ksa) 3 — kapxo,
3 = kysr1m2+ (—ksa — ksa) T3 + kasTo.

The polynomial system & = 0 on a subspace is equivalent to

0 = —kasviwo+ (ksa+ ksa) 3 — kasxo, A=2,i=1)
ko1x1 — k1,2$12 — ky3r179 + k3 473 + 0 - 29, A=l+1=3,i=1)
= 0-21+ 29 +123—a, A=1+2=4,i=1)

with vy = (0,1,1). For positive a the space (avy + im(Y A)) NR3 is nonempty.
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Figure 10: Mixed subdivision of Newton Polytopes of system by Edelstein.

The lifting

A= {},

A, ={(1,1,0,8),(0,0,1,0),(0,1,0,2)},
23 ={(1,0,0,0),(2,0,0,5),(1,1,0,4), (0,0, 1,0), (0,1,0,9)},
,11 ={(0,0,0,5),(1,0,0,20),(0,1,0,0), (0,0,1,—1)},

gives a mixed subdivision with three cells

0(2) — {g3,g4}7 0(3) = {g%gg}, 0(4) = {éQ, é?)}u Y= (_77 _67 _57 1)7
Cc® = {04, U5} c® = {91,921, CW = {é1, 63}, v =(7,5,-5,1),
C® = {44, 55}, O = {g1,94}, CW ={é1,82}, ~v=(57,7,1),

as shown in Figure 10. Obviously, there is one alternating cell for a > 0 and none for
a < 0. So we expect for some region of the parameters k;; one positive solution within a
space (avy + 1m(Y A)) NR>. The alternating cell is part of the Newton polytopes which
i turn are given by the directed graph and the bipartite graph. Figure 11 shows the parts
of the graphs which correspond to the alternating cell and thus to the positive solution.
There might be the chance for a subdivision with three cells as well. This example has
1 — 3 positive solutions.

The condition in Theorem 7.4 tells us that we have to expect as many real positive
solutions as there are alternating cells in the subdivision if the coefficients of the alter-
nating cells are dominat against the rest of the coefficients. In this context of chemical
reaction systems the coefficients are of very different magnitude since the rate constant
of a forward reaction is much larger than the rate constant of the associated backward
reaction. We conclude that for chemical reaction systems Theorem 7.4 gives a realistic
estimate for the number of positive solutions. The alternating cells as parts of the Newton
polytopes correspond to
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Figure 11: Parts of the directed graph of the example by Edelstein which corresponds to
the alternating cell which is responsible for the positive solution.

parts of the directed graph. We conclude that we can identify parts of the directed
graph or chemical reaction network which are responsible for positive solutions for some
parameter region.
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Appendix

Proof of Theorem 3.4: The classification into connected components yields a decom-
position C" = L1 & --- ® L; into invariant subspaces. Thus

!
ker(A @ LyNker(A)).

Also T corresponding to terminal strong linkage classes are invariant. Thus

ker(A) c GA}(TV)‘ Nker(A)).

A=1v=1

In order to show equality one needs to show that Ap, has full rank for all A =1,..., [
This is equivalent to the following: if v € ker(A) \ {0} then v; = 0 for all i € U\_, R
corresponding to rests Ry := £y \ (U, 7,)). This is shown in three steps.

First we need to show that with v € ker(A) also v € ker(A) where v; := |v;| for
1=1,...,n. Recall

Av = Z Z kijvu; — ( Z kij) v; = Kv— diag(Kte)v

=1 y]-—>yi€R yi—>y]-€R
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The components of Av are (Av); = 3, kijjv; — (Zj ka-) v, i =1,...,n. This yields

)

veker(d) = Vi (Av);=0 = Vi

n
> kv
j=1

Summation over all indices and the rules for norms give

Do kigluil =) (Z ’sz‘) |vil.
i=1 j=1 j=1

i=1

Since both sides are equal we must have

> kijlvi| = (Z@) loil, i=1,...,n. (15)
Jj=1 j=1

With |v;| = 9; this means Ao = 0.
Secondly, if v € ker(A) with v; = 0 and (C; — C;) € R then v; = 0. This is an
immediate consequence of 3, k;;|v;| = (X, kj;)|vi| as in the previous part of the proof.
Consequently, if C; — C,, — C,, = --- = C; and v; = 0 then v; = 0.
The third statement is that

v;=0, VieR U...URy,

for all v €ker(A). Since the connected components are invariant it suffices to consider one
connected component £y. Then the summation in (15) is over j € £ only. Summation
over i € Tx := TP U...UT,) yields

Z Z kijlvs| = Z Z Kjilvil -

€T\ JEL 1€TN JEL

The sum in the left hand side is decomposed by £, = 7, U R, and the right hand is
simplified since kj; = ko, sc, = 0 for j € Ry and ¢ € Ty because members of terminal
strong linkage classes do not react to the rest:

DD kilogl+ X0 D kil = D0 D kalul -
€T JETA €T JERA €T JETA
Thus the second sum on the left is zero. This implies v; = 0 for all j € R such that
C; — C; for some ¢ € T,. Since L, is a connected component all other y € R, are
strongly linked by some path C, — --- — Cj}. By the previous argument v; = 0 implies
v, = 0. Altogether v; = 0 for all i € R,. This means ker(4) C @, @, T,
Since the T are invariant under A this yields the first statement

ker(A) = EZB éé ker(A) NT2.

A=1v=1
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Obviously, ker(A) NT # {0} since im(A ;) is generated by differences w; — w;.

The last statement dim(ker(A) NT.) = 1 is shown by contradiction.

Assume dim(ker(A) N T) > 2 and let v and w be two linear independent vectors in
ker(A) N'T}. Then there is a nontrivial linear combination av + Sw and i € T,} such
that (v + pw); = 0. By the considerations above this implies av + fw = 0 which is a

contradiction. O
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