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Artur Walter

Improvement of Incomplete Factorizations

by a Sparse Secant Method

Abstract

In the present paper, the improvement of an incomplete factoriza-
tion of a non-symmetric matrix A is discussed. Starting from the
1deas of sparsity preserving quasi-Newton methods, an algorithm is
developed which improves the approximation of A by the incomplete
factorization maintaining the sparsity struture of the matrices. No
renumbering of the unknowns or the admittance of additional fill-in
1s necessary. The linear convergence of the algorithm is proved un-
der the assumption, that L and U* have the same sparsity structure
and an incomplete factorization with some reasonable approxima-
tion property exits. In combination with this algorithm, the method
of incomplete factorization and its several modifications are applica-
ble to a wider class of problems with improved convergence qualities.
This is shown by a numerical example.

Key Words: non-symmetric linear system, sparse secant method,
incomplete factorization.
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1. Introduction

The solution of large sparse systems of linear equations
Az =b (1.1)

is one of the most difficult tasks during the computation of finite difference or
finite element approximations to partial differential equations. In the case of
a selfadjoint differential operator a positive definite coefficient matrix A arises.
For such matrices very powerful iterative techniques for solving (1.1) exist, e.g.
conjugate gradient type methods and multi-grid methods.

However, solving non-selfadjoint problems, e.g. convection diffusion equations
result in non-symmetric matrices A. For those matrices, it is, in general, by far
more difficult to solve (1.1). In a recent paper [1] secant methods were proposed
to treat these non-symmetric problems.

For positive definit coefficient matrices A incomplete factorizations introduced
in [8] have been proved to be a good preconditioner for conjugate gradient
type methods as well as smoother in multi-grid methods,[9], [10]. In the non-
symmetric case the incomplete factorization was less successful, in convergence
theory and in applications. So, many modification were introduced, [10]. Most
of them try to order the unknowns in an appropriate manner, e.g. in stream-
line direction for convection dominated problems. The major drawbacks are,
that it seems difficult to find a renumber algorithm for general situations on
anisotropic grids generated by adaptive solution algorithms, [6]. For machines
with special hardware tailored to regular grids, as the Connection Machine,
such a renumbering will slow down the overall perfomance dramatically.

With the approache introduced in [1], we try to modify the matrices L and U of
the incomplete factorization during the iteration. In this way, the factorization
1s improved without altering the structure of the matrix A. The linear system
(1.1) is looked at as a special case of a nonlinear system. For such systems with
the sparse Jacobian A, sparsity presvering secant methods are known for long
[4]. Starting from this basis we develope an algorithm for updating the product
LU maintaining the sparsity structure imposed by the incomplete factorization
on these matrices.

The paper is organized as follows. In Section 2, the incomplete factorization
and the notation to describe sparse matrices is introduced. Some properties
of this matrices are shown. In Sections 3, we repeat the sparse secant update.
These results are applied in Section 4 to obtain a sparsity preserving update
of the product LU. Convergence results for the new algorithm are presented



in Section 5. In Section 6 the implementation of the
a numerical example which proves the advantage of

algorithm is shown and
the modified incomplete

factorization is given. Finally, we make some concluding remarks.

Throughout this paper, M* = (my;) denotes the transposed of the matrix
M = (mjx) . The vector norm ||z|| = v/z*z is alwdys the Euclidean norm
and || M| = supj,= [|Mz|| the corresponding matrix jnorm. In addition, the

Frobenius norm || M||r = (T,  |m;x|?)"/? will be used.




2. The Incomplete Factorization

For the matrix A € L(IR™) nonsingular we assume throughout the paper that
the factorization algorithm of Gauss without pivoting is possible. During this
factorization process lower unit triangular matrices Ly and matrices A(*) are

constructed such that

Ly - A®) = Ak+D)

(2.1)

and A™ =: U is an upper triangular matrix. The matrices L are given by

Ly =1 le;
with
le:=(0...0,ley1py -y o)™ and Lgt =1 + lgej .
At the end of the algorithm we obtain

L-A=L, - Lpo-...- L1 - A=U

1

and have to invert L. For the construction of (L)~! we assume that

k
Lt Lt =14 e
i=1
Since €l =0for 1 <2< kitis
k+1
Li.l L;lL;}_l:I+lee:
C =1

and so

n—1
L= (L) =1+ ke,
=1

(2.2)

(2.3)

(2.4)

This shows, that the factorization can be done row by row, with no coupling
between the former modified rows. This is one reason which leads to the in-
complete factorization introduced by MenseriNk /VaNDERVORST [8]. The idea

3



is, to construct matrices L and A+ according to

elements (L;;), and (A:;)**Y for which A;; =0 . Of

general for the matrices L and U constructed in this wa

approximate factorization is, that there is no fill-in as
This is very important for sparse matrices arising in the
methods.

A representation similar to (2.4) is not possible for the

start from (2.3)

k
Li-Lici-.-Li=1—3 kel
i=1

we obtain for

Lk+1 . Lk LIPS Ll (I - lk+162+1) ([

k k
] — Zl,’&f — Zlk
1==1 =1

Since ex, i # 0 for 1 <1 < k there is a coupling 4

means especially, that if we require a sparsity structur

ence all subsequent rows. The algorithm developed 11
each row of a given pair of matrices L and U separately
maintain a prescribed sparsity structure during the alg
considerations it seems recommended to us to start frd

form A = LU instead of LA = U.

We should mention here, that the most succesful spai

nonlinear problems, the algorithm of Jounson/Aus
version recently analyzed by M arTiNEZ [2] start from
But for (2.3) we will focus on another algorithm.

For a description of the sparsity structure of a matrix

and definitions. The sparsity structure of a row of A i

VA i={veR": e;v = 0V such that e]

If X is a subspace of IR", we define by SX the ortho
subspace. The prescription of the sparsity pattern of]
arbitrary vector s € IR" is

(2.1) but ignoring such
course, it is LU # A in
y. The advantage of this
with Gauss’s algorithm.
context of finite element

matrix L in (2.2). If we

k
¥
-2 ke
1=1
* x
1€ lie] -

This

e in row 7 this will influ-

o all former rows.

| the sequel operates on
. Our main interest is to
orithm. With the above
m a factorization of the

se update algorithm for
Tria [5] and its sparse
the representation (2.2).

we need some notations

Aej = 0} .

ponal projection on this
a vector v € VA on an




SV‘A(S) — SJ' lf ’Uj?éo
0 if v;=0.

The indices of nonzero elements of a vector v € V4 is

JVAY:={1<i<n:JveVA:v#0}. (2.5)

It is always assumed, that the indices in (2.5) are ordered. This means, if

J(VAY = {iy,45,...,im} with m = dim(V;*) (2.6)
it is 1; < i, < ... < 1,,. With this notation, we define a restriction operator
SR - RT
v = (vinviz)"')vim) :

(2.7)

In our considerations often matrix-vector-products occur and we need the same
operators for matrices. The cancellation of rows of a matrix M € IR™" with
respect to VA is

TV-'A : |Rn>(n - IRnxn

. if g A 2.8
mi; mi it i€ J(VF) 1<y, 5<n. (2:8)
0  otherwise
The corresponding columns are set to zero by
TV R RRXT
. T ; A 2.9
g o m;; if ¢ and 5 € J(V*) 1<i j<n. (2.9)
0 otherwise .
The analogue of (2.7) for matrices is
% R o R
i1 e My n
i 5 (2.10)
M -
Mg oo Miim



where the indices are given by (2.6).

In the development of the algorithm below, often a special matrix occurs which

is defined here:

m;_ 14i-1 ... Mi_1in . (2'11)

Remark. In our applications, the matrix A steems from a finite elemnt dis-
cretization of a non-selfadjoint partial differential equation, KorRNHUBER
/Rorrzscu  [6]. The resulting matrix A is in gerneral non-symmetric but
has a symmetric sparsity structure. This means, that A and A* have the same
position of non-zero elements. The structure is maintained during the incom-
plete factorization process and so L and U* have the same sparsity pattern.
This fact is very important for the subsequent considerations and we will re-
strict ourselves to such matrices A. The special structure of the matrix (2.11)
1s analyzed in the following

Lemma 1 Assume that U is given by an incomplete LU-factorization process
of A and z € R". Then it is

SV UWVz) = TV (UD)SY (2) (2.12)

_V‘A(

S U0y = T (@S (1) . (2.13)
Proof. From (2.8) we get
SV UY) = TV (UD)g .

The fact that L* and U have the same sparsity structure yields



Uy =T (UY).
From this we obtain (2.12)
SW(U9z) = TV (U = TV (U) S (2) .

The elemination of zero rows and columns j for j ¢ J(V4) with the operator
(2.10) gives (2.13)

5 W) =TV (U5 (2) .

Remark. The proof of Lemma (1) shows, that it is enough to assume, that
L* and U have the same sparsity structure. This fact may be advantageous in
some circumstances. All considerations here are also applicable to variants of
incomplete factorizations introduced in {10].



3. Broyden’s Method for Linear Problems

The application of Broyden’s good method , see e.g. [7] to a linear problem

Az =b (3.1)

with A € L(IR™) nonsingular and b € IR™ results in the following algorithm for
k=1,... knaz:

a) solution step : Bys, =7
b) updatestep : mpy; = T + sk (3.2)
c) Biy1 = B + (yx — BkSk)éﬁz .
Here the notation
rri=b—Axy , er:=x—1x; and y:= Asy

is used. The line search parameter t; can be calculated due to [1] or set to one,
as it is done in the following. An initial approximation z¢ of the solution and
By of A is needed to start the algorithm. The update formula (3.2.c) for the
matrix By is constructed by satisfying the two demands

Biyise =y (3.3)

the secant condition and the least change condition

min || Bgy1 — Bil|F subject to Biyr € Q(y, ) (3.4)
where Q(y,s) := {M € L(R") : Ms =y} .

The initial approximation By of A should have the same sparsity structure as A.
With the update (3.2.c), this structure is destroyed. So, one looks for sparsity
preserving updates, as was first done by ScuuBerT [4]. It seems worthwhile to

repeat the derivation to illuminate the problems in the derivation of the new
algorithm.

The set of all matrices with the same sparsity structure of A is

SP(A):={M € L(R*) : M*e;, e VA, 1<i<n)}



The sparse update is derived by obeying (3.3) and (3.4) at each row of Byy;
separately, motivated by the fact that

1Besr = Belly = D_llei (Bisr — B)lI* - (3.5)

i=1

Lemma 2 Let € R, v € R"\{0} and I C {1,...,n} be given such that

Y v? # 0. Then the unique solution to
1€l

: . .
in, lz]| subject to vz = a
is

z=av/y vl. (3.6)

iel

Proof. If a = 0 the lemma is true. Otherwise, we introduce on the space

Z:={r€R":2;,=0 VigI} the scalar product
(@,y) = Y @i (3.7)
1€J(2)=1
Now (3.6) follows from the fact that
v

(w,v) ’

where [ |t denotes the Moore-Penrose pseudoinverse with respect to the norm
introduced by the scalar product (3.7) . ]

With this Lemma, it is possible to derive a sparsity preserving update.

Theorem 3 Let By € L(IR") N SP(A) be given. Then the unique solution to

min || Bxy1 — Bi||p  subject to By € Q(y,s) N SP(A) (3.8)
is
Bipr = B + Y [S% (s)" S ()] Feiei(y — Brs)S™(s)".  (3.9)
=1



Proof. Define C := By, — B;. With (3.5), we can rewrite (3.8) as
i 1 bject s = € (y — Bgs) .
cenin L ; |Ci||> subject to C;s = €}(y — Bs)
where C; := efC . This is equivalent to n disjoint problems

ni Cil|? subject to C;s = ef(y — Bxs) .
C‘_G{g;,rrlwll ill* subject to C; (y — Bxs)

By the construction of (3.9) it is C; € VA . This yields

||ci||2=210%= > Cf

JeJ(VA)

and

Cis = ZC,'J'S]' = Z Cijs; = Z CijS‘/‘A(S)J' :

i=1 j€I(vH) jeI(vh)
In the case 5% (s) # 0 we can apply Lemma 2 and obtain

C; = [S%'(5)"S™" ()" e} (y — Bis)S™"(s)" .

(3.10)

If S%*(s) = 0 no modification of By is possible since [S%"(s)*S%"(s)]* = 0.
The sparsity structure is kept and it remains to show that the secant condition

is fulfilled for the t—th row of Bj,y.

€ By1s = (€ Biy1)S" (s) = 0 = (e7A)S% ' (s) = efAs = y; .

Note, that it is essential that the 1-th row of A and Byy1 have the same sparsity

structure to show the secant condition .

Remark. One can also fix any element of B;. We only have to set the corre-
sponding element of A to zero and incorporate it in the sparsity structure. This

is done e.g. for the diagonal elements of L below.

In some circumstances it is appropriate to use a weighted Frobenius norm. The

update corresponding to (3.2.c) is given by the

10



Corollary 4 With the same notation as in Theorem 3 and the nonsingular
matrices M, N € L(IR") the unique solution of

min [|M(By4+1 — By)N||r  subject to Byy1 € Q(y, ) (3.11)
s

(N(—l)s)*N—-l

Biy1 =B+ (y - BkS)m :

(3.12)

Proof. Define C := MCN for C € L(IR™). Then (3.11) can be rewritten as
min ||Bry1 — Bi||r subject to Biy1 € Q(Ny,M™'s) .

The solution is given by Theorem 3. ]

In a recent paper [11] another sparsity preserving update was proposed. There,
the matrix A is used as a weight in (3.11). The zero elements of A annihilate the
corresponding contributions in (3.12). The analysis of the resulting algorithm
is possible in the same way as done below and will be given elsewhere.

11



4. Least Change Secant Updates for Matrix
Products

4.1 The dense case

During the realization of Broyden’s method it is necessary to solve the linear
equation in (3.2). This should be easier than to solve (3.1) directly. There are,
in principle, two possibilities. First, we can start with an approximation By
of A, e.g. the diagonal part of A. Then we can update Hy := By' with the
Sherman-Morrison-Lemma, as it is done in [1]. Here we want to start with an
approximate factorization of A, the incomplete LU-factorization, introduced
above. The question arises, how can such a factorization be updated in the
framework presented in the previous chapter.

In this situation, the solution step of Broyden’s method is
LiUgsp =7 .

We seek an updated of L, and Uy subject to the secant condition

Lk+1Uk+15k =Yk (4-1)

and the least change condition

min “Lk+1Uk+1 e LkUk”F . (42)

The matrices L and U don’t have any prescribed sparsity structure yet. As
a first step, we look at the "dense case”. An additional unknown w € IR" is
introduced to make the problem more treatable. The approach is presented for
different choices of w for completeness. All iteration indices k are dropped and
the abbreviations L := L4y, U := Uy are used. In this notation (4.1) is

Lw=y and Us=w. (4.3)
The least change condition (4.2) is split into
min||L — L||r and min||U - U||p (4.4)

The combination of (4.3) and (4.4) provides an U-update of the form

12



_ s*

U=U+(w-Us)

s*s
and similar for the matrix L

*

L="L+(y~-Lw)—

ww
For every w the secant condition (4.1) is guaranteed.

Now, we want to determine w so that (4.2) is fulfilled. From (4.5) and (4.6) we
have for the product

LU:LU(I—38>+ys + (y — Lw) wa(I—ss>. (4.7)

8*5 s*s w*

With any matrix M € Q(y, s) the difference in (4.2) is

LT — LU||p = “ (M C LU+ (y - Lw)2 U) (1 o ) (4.8)
w*w s*s/lF
The first outstanding choice for w is
Lw=y. (4.9)

The insertion in (4.8) gives |[LU — LU||p < |M — LU||r forall M € Q(y,s).
This means with (4.6), that L is fixed. The resulting algorithm was proposed
and analyzed by Dennis/M arwiL [3]. Note, that from (4.7)

ILU - Allr = |](LU—A+(y—Lw) 2 U) (I— SS*)HF

w*w 8*s

and with the choice (4.9)

ILU — Allp S |LU - Allr (4.10)

a better approximation of the matrix A is obtained.

The second choice suggested by (4.8) is

Us=w. (4.11)

With this setting (4.8) is

13



sw*U

LT - LU|# “ M - LU) (I—

-
okl

I

I

“M LU)U- (1_

w*

F

IA

M — LU|Ip [U U] -
The analogue of (4.10) is
ILU — Allp < ||LU = AfpIIUTHIU]] -
The choice (4.11) implies with (4.5) that no U-update is possible.
A third possibility, proposed by (4.8) is
U'w=s

since s*(1 — ss*/s*s) = 0. This directly yields

ILU — LU||p < |IM — LU||F
and

ILU — Allr < |ILU — Allr

which seems to be the best choice.

(4.12)

(4.13)

In multi-grid applications often the L-D-U-Gauss decomposition, where D is
a diagonal matrix and B = LDU is used. In this context all information should
be contained in D. Therefor the matrices L and U are fixed. The secanat

condition is
LDUs =y .
The least change condition reads now

min |[|[LDU — LDU || = min ||L(D - D)U||F -
Corollary 4 gives the solution of (4.14):

D=D+ (L 'y -

(4.14)

It is worth noticing that the vector w = (s*U~!)* from (4.13) also occurs here.

14
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4.2 The sparse case

To take advantage of the different updates development above, it should be
possible to construct sparsity preserving versions of these formulas which also
satisfy the secant condition.

In Theorem 3 the intersection SP(A) N Q(y,s) may be empty. In this case, we
obtain from the update formula (3.9) a matrix out of SP(A) which is closest to
all matrices in Q(y,s) in the Frobenius norm. This is reasonable in the context
of optimization. Since our aim is to solve the linear system (3.1), we claim that
the secant condition is more important. With this argument, formulas violating
the secant condition, used in optimization, are rejected.

The update proposed in the previous section was

U'w=s , Us=w , Lw=y. (4.15)
_ * _ w*
_ _ .y _ 4,
U=U+(w Us)s*s , L + (y Lw)w*w (4.16)
LU = LU + (y — LUs)~> (4.17)

s*s
The application of Schubert’s sparse update developed on the previous chapter
provides the U-update

U=U+Y[S% () 8% (s)Teier(w — Us)S¥ (s)* (4.18)
=1
and in the same manner the L-update
L =1L+ [S%(w) 8% (w)]eier(y — LUs)S™ (w)* . (4.19)
=1

This gives by construction (4.15), if

SV (w)#£0 and SY(s)£0 1<i<n. (4.20)

Any other case needs special consideration.

If w and s have at least one non—zero component, e.g. w at the position ¢, it is
always possible to achieve (4.20) . Set

15



Jw)={1<j<n:w; =0}
and construct a transformation matrix
N7Vi= I + ej€f) -
j€J

The vector v := N~'w has no zero component and the update (4.18) is given
by Corollary 4

U=U+ Xn:[S‘/*U(v)*SViU(v)]+e;ef(w —Us)SY(v)*N~?

i=1

with the weights N = [] (I — e;ef) and M = I. The same is possible for the

jeJ
update (4.19).
The difficulty steems from the fact that the product LU and A have different

sparsity structures. Assume S%' (w) = 0 in equation (4.19) and hence for the
1—th row

erLw = el LS" (w) = 0 = ;U S% (w) . (4.21)

It is S% < §% and S¥% c SY%" , but there is no matrix at hand with the
prescribed sparsity structure to show that (4.21) is equal y;.

Our aim is to construct a method for updating the factorization LU in the
way shown above and maintaining the sparsity structure. This is achieved by
splitting (4.1) and (4.2) in n disjoint problems corresponding to the rows of LU.
The i~th row of (4.1) is

where

and
w® = W

16



with U1 defined above.

Since the update is row by row, the rows 1,2,...,7 — 1 are already updated.
This allows to rewrite (4.2) as

ILU - LU|[F = Y llef(LU — LU)|P?
=1
= Y JIRU® - RUD|? (4.22)
=1
= S |I(R: — RYUW.
i=1

The problem corresponding to (4.2) is now to find a solution of

min ||(R; — R)U®||? subject to (R; — R)UWs = eX(y — Riw®) .

R;evA

The solution in the case S%*(w()) # 0 is given by Lemma 2

Ri = Ri + [S%" (w®)* % ()] (y; = Raw®)w®" (4.23)

Broyden’s good method (4.17) reads, with the introduced notation, for the i-th
row

SV (UOs)”
SVAUOs)SVH(UDs)
The equation (4.22) suggests to look for a least change condition in a weighted
Frobenius norm. With the weight N®) = (U®)~1, the update given by Corollary
4 is just (4.23). This shows that our proposed method is Broyden’s good update

with some special weighting functions. Summing up the above considerations,
we have the following

R; = Ri + (y; — RiUYs)

(4.24)

Theorem 5 The unique solution of

: R. _ R. bject to R;w = v;
R?él‘gfﬂ |R; — Ri|]| subject to Ryw Yy (4.25)
15 grven by
Ri = R + [SV" (w®)*$¥ (w)]* (3 — Rw®)S%* (w) . (4.26)

17



Proof. The case %" (w(®) # 0 was discussed above. It remains to show that
in the case S¥%* (w) = 0 the secant condition is fulfilled.
Assume S¥* (w!) = 0. This implies

5% () =0 =% (0e) = TV (W95 (s)

VA .
by Lemma 2. Since T" (U®) is an upper triangular matrix with non-zero
diagonal elements, it follows that

3% (s)=0 and §%'(s)=0.
This gives for the secant condition
yi = e As = ] ASY (s) = 0 = Ryw(®

and the Theorem is true. ]

18



5. Convergence Analysis

The interpretation of the algorithm (4.26) as a weighted update makes it nec-
cessary to control this variable weights during the iteration. Throughout this
chapter it is assumed that

10O —uO| <a for 1<i<n, (5.1)

with a determined below. The matrices £ and U are given by a regular Gauss
factorization process such that LU = A. Therefor £ ¢ SP(A) and U ¢ SP(A).
In the following the notations R and M correspond to these matrices in an
obvious way.

The reduced matrix T (U)) is nonsingular for all ;. There are constants 8 > 0
and « > 0 such that

V.‘A(

T @) <p (5-2)

and

IEl<w, Ul <x. (5:3)

Lemma 6 Under the assumptions (5.1) and (5.2) there is a constant v > 0
with

— ifaf <1 (5.4)

such that
8% (W) > 5% (s)]] - (5.5)
Proof. The assumption (5.1) implies
=VA =VA . )
T (09) =T+ UY)|<a, 1<i<n

and with the Banach perturbation lemma

1T (OO <

l—ozﬂ::%7 - =

19



Let v := max {~i}. Lemma 1 yields

T ) = T (09)5 (s)
This implies

—VA

) = T 09T ()
and

15" ()l < A3 () (56)
Since ||§V‘A(s)|| = ||S%*(s)|| equation (5.5) is true. [

For the convergence proof we need another technical Lemma. Let the matrix
M € IR™*" be defined by

Ry
R,

R,

Lemma 7 Under the assumptions (5.1) to (5.4) there is a constant ¢ > 0 de-
pending on the dimension n of A such that

1M~ Mllp<c|M—-Mlr (5-8)

Proof. For shortness of the presentation let v := %" (w®). In view of (3)
we can restrict ourselves to the case v() # 0. The update formula (4.26) gives

()

Ri —R; = (R,‘ — Ri) <I - m) + (yi — R,‘v(i))

i

U(i)*v(i) (59)

and by orthogonality of the vectors on the right-hand side

2 2

'U(i)*

= v(i)v(i)*
”Ri - Rinz = ”(R1 - R,‘) (I - ———-—)

v(D*p(d)

+ H(yi - Rivl)

v(i)*v(i)

20



The first term on the right-hand side of (5.9) is an orthogonal projection and
S0

NOMOE
o= (1)
Note that A; = R;U/® and hence the second term on the right hand side of
equation (5.9) is with Lemma 6

|

Summing up these results provides

<R —Rill - (5.10)

Nor

yi — Rivt) | A:S¥ (s) = LTSV ()] - ()| S¥" (w)]))

< AllLil® - oo

U(")*v(")

1R~ Rl < IR = RAP + SO0~
S ”R1 —_— 'R,'”2 + TYRQ .
For the above defined matrix M it is
19, = M7 = L4 - LEDE 4 06 g (5.2
Let
o= 3 IR — RyllP = 1M — MO (5.13)

i=1

The assumption (5.1) implies ||[U) — UW|| < a for j < i. With the definition
(5.13) and (5.12) it is for €;_,

i1 = 1Ry = Ryal[F = 1O — LOJ 4 09— UO |2 > 00 ~ U
Hence from (5.11)
€, —€jo1 S 6 +yKEj
where
8 =Ry — Ryl|* -
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This gives
i _ i
€, <6+ (1 +76)ei1 S L+ k)6 < (1 +96)' Y6,
1=0 7=0

and

1M = MIT < (1 +98)" DIR; - RlI* < 1+ v6)" M = M][E -

§=0

So, the Lemma is true. [

Theorem 8 With the assumptions of Lemma 7 and in addition a form (5.1)
such that

(2ak + K)2ak - ||A7Y| < 1 (5.14)

the algorithm is linear convergent, i.e. there is a constant ¢ € (0,1) such that

eks1]| < €llex|| forall k (5.15)

Proof. Equation (5.15) is shown in the usual way by an induction over k. The
update formula (4.26) gives for the error ej4q

€k+1 = (I — (LkUk)_lA)ek = (LkUk)_l(LkUk — A)ek . (5.16)

So, we have to control the two factors on the right-hand side.
It 1s

(LeUs = A) = Le(Up —U) + (Lx — L)U
= (Le = L)+ L)(Ux = U) + (L = LU

and

1 LkUx — Al < (1 Lk = LIl + &)IUx = U|| + || Lk = L] - & - (5.17)

From Lemma 7 it follows that
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Lk = LI + Uk = U|? = [M* — M|]? < || M*1 — M]P?
= (L5 = LI+ JUS = U|J?) < 2ca

from the induction hypothesis. This yields for (5.17)
LUk — A|| £ (2ac+ £)2¢ca =: & .

With the asumption (5.14) on a we obtain from the Banach perturbation lemma

1 A~

Inserting these results in (5.16) and taking norms yields

fevnll € ATy = el

- A&

with € € (0,1). This proves (5.15). ]
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6. Numerical Experiment

6.1 Implementation

The starting point of the above developed algorithm is an incomplete factoriza-
tion of A. So, the matrices L, U and an initial approximation zg of the solution
z should be given. In the first step of the iteration loop the residual vector is
calculated

re 1= b— Axy
Next, the linear sytem

LkUkSk =Tk

1s solved with one forward and one backward substitution and the solution is
updated.

Ty1 1= Tk + Sk (6.18)

Now, the matrices L and U are modified according to (4.26). This is done in a
loop over the rows i. To this end, we need a storage vector w and set

W= Sk

If i > 1 the vector w(®) in (4.26) is given by

sum=0
for k=i-1:n

sum=sum+U(i-1,k)*s(k) (6.19)
end

w(i-1)=sum

With this vector, the difference (y; — Ryw(") is
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corr=0
for k=1:1-1
corr=corr+L(i,k)*w(k)
end (6.20)
for k=i:n
corr=corr+U(i,k)*w(k)
end
corr=y(i)-corr
After imposing the sparsity pattern of row i of A the scalar product in (4.26)
can be calculated and we set corr = corr/scalp or corr = 0 according to the

value of the scalar product scalp. Finally the i-th row of L and U is modified
with respect to (4.26).

for k=1:-1

L(i,k)=L(i,k)+corr*w(k)
end
for k=i:n

U(i,k)=U(i,k)+corr*w(k)
end

In many program packages the spares matrix A is described by an array of
pointers to the non-zero elements of A. The loops (6.19) and (6.20) have to be
changed accordingly. This was not done here for clearness of presentation.

6.2 Example

The algorithm was tested with a 100 x 100 regular matrix generated by ran-
dom. The elements range from -1 to 1 and a symmetric sparsity structure was
imposed also by random. The resulting matrix had 3906 non-zero elements and
a condition number of approximately 3000. The incomplete factorization with
Richardson iteration is known to work well in the case of symmetric diagonal
dominant matrices. This iteration is algorithm (3.2) since both L and U are
fixed. Since we want to compare this to algorithms, the matrix A was succes-
sively altered. The new matrices were obtained by adding 1, 3, 5 and 9 to all
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diagonal elements of A. Then a new incomplete factorization was made and
the two algorithms were applied again. The porperties of the resulting matrices
are given in tabel 1. There NDD denotes the number of lines which were not
diagonal dominant. The greatest difference between the diagonal element and
the sum of all other elements in this row was 9.3. The abbriviation DIFF means
the differenece between the matrix A and the product LU in the matrix norm.

Matrix | NDD | DIFF | with update | without update
1 100 18 85 -
2 95 8.0 16 -
3 69 3.5 9 128
4 35 2.0 6 13
5 3 1.3 5 9

Table 6.1: Results of numerical example

The next two columns show the number of iterations needed to achieve an
relative error of 107° for algorithm (4.26) and the Richardson iteration. The
corresponding iteration history is shown in the subsequent figures. There, the
number of iterations is plotted against the norm of the error.

10° _ Matrix 1 _ 103 o _ Matix2_
100 £ 100 [ E
103 E 103 E
F ] C ]
106 . L 10-6 "
10 20 30 10 20 30
103 ¢ _ Marrix 3 10° _ Mamrix 4 _
E E E 3
100 E 100 .
102 E 102} E
10-6 ; . 106 . \
10 20 30 10 20 30
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103 . Marrix 5 103 Update with line search

100 E 100 b E
103 E 10-3 E
E 3 E 3
r . ] N ]
106 t 1 10-6 L L
10 20 30 10 20 30

Figure 6.1: Convergence history for different matrices

It is possible to avoid the oscillations in the iteration history for the worst matrix
1 which was the starting matrix A if one uses the update (3.2) with the line
search parameter proposed by [1]. The value of t; is obtained by

ty 1= S’isk with LUz = Asy .

The result is shown in the last figure. Unfortunatley, there is no sound theoret-
ical basis for this line search for the algorithm presented here.
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7. Conclusion

Starting from the assumption, that an incomplete factorization of a given ma-
trix A is possible, a new algorithm is developed. It maintains the given sparsity
structure and don’t takes positive definiteness into account. This makes the
algorithm appropriate as a sovler for non-symmetric linear problems and as a
smoother in multi-grid methods. The convergence analysis presented here seems
to be a basis for further theoretical investigations of incomplete factorizations
for non-symmetric matrices. With our approach, the applicability of the incom-
plete factorization method and its variants is spread to a wider class of problems,
e.g. convection diffusion problems or problems arising in computational fluid
mechanics. Especially the numerical results are convincing. This impression is
backed not only by the given example, but also by further more extensive tests
which will be published. Further testing and theoretical investigations should
be done.

Acknowledgement I want to thank Prof. P. Deuflhard, who directed my
attention to the sparse secant updates. During this work he encouraged me in
several useful discussions.
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