
Takustraße 7
D-14195 Berlin-Dahlem

Germany
Konrad-Zuse-Zentrum
für Informationstechnik Berlin

DETLEV STALLING

FastTexture-BasedAlgorithms for
Vector Field Visualization

Dissertation am Fachbereich Mathematik und Informatik der Freien Universität Berlin

Preprint SC 98-40 (December 1998)



Acknowledgements

Thework describedin this thesishasbeencarriedout from 1995to 1998at thedepart-
mentof ScientificVisualizationat Konrad-Zuse-ZentrumBerlin (ZIB). I would like to
thankmy tutorsProf.Dr. PeterDeuflhardandHans-ChristianHegewho encouragedme
to investigatean interestingnew areabetweenmathematics,computerscience,andart,
namelyscientificvisualization.I deeplyappreciatedthecreative atmosphereat ZIB and
enjoyedmany fruitful andinspiringdiscussions.Malte Zöcklerdeservesspecialthanks
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Chapter 1

Intr oduction

1.1 ProblemFormulation

Vectorfields provide an importantconceptin scienceandengineering.They allow us
to describea wide varietyof phenomenalike fluid flow, electromagneticfields,or, more
generally, thedynamicevolution of arbitrarysystemsin phasespace.Oftenvectorfields
exhibit complex structuresof greatdiversity. Therefore,it is nosurprisethatvisualmeth-
odshave beenappliedto investigatethesestructuresfor a very long time. Today, when
powerful graphicscomputersareavailable,visualmethodsplay anevengreaterrole. In
thefield of scientificvisualizationnumerousmethodshavebeendevelopedto depictvec-
torfieldsgraphically. Amongthequestionsonehopesto answerby meansof visualization
aretheidentificationof featureslike sourcesor sinks,vortices,or periodicorbits. With-
outanintuitive imageof a vectorfield thedynamicalbehaviour of theunderlyingsystem
cannotbeunderstoodin full detail.

Despitethevarietyof applicationareasandtypesof vectorfields,thereareanumberof
generalrequirementswhichideallyhavetobemetbyavisualizationmethod.In particular
wewantto focuson thefollowing issues:� Accuracy. The structureof a vector field shouldbe faithfully representedin an

image.Otherwise,misleadingconclusionscanbedrawn. Besidethevisualization
approachitself, on a computerthe underlyingnumericalmethodsare of crucial
importance.In many existing algorithmsnumericalquality still is sacrified. For
example,whentrajectoriesareto becomputedandapoorintegratoris used,severe
errorscanoccuror singularitiescanbe overlooked. Likewise,often vectorfields
areresampledon a regulargrid beforevisualizingthem,or improperinterpolation
methodsareusedfor discretedata.This mayleadto artifacts,e.g. periodicorbits
maynotappearclosedor conservationlawsmayseemto beviolated.� Performance. The visualizationmethodshouldbe reasonablyfast to allow inter-
active explorationof the data. On the onehand,this requiresthe useof suitable
data-structuresandefficientalgorithms.If possible,modern3D graphicshardware
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shouldbe exploited. On the otherhand,the dependenceon user-definedparame-
tersalsoinfluencesthe overall performanceof a visualizationmethod. For many
existing techniquessuitableparametershave to befoundby trial anderror. Thus,a
considerableamountof timecanbenecessaryuntil ameaningfulimageof avector
field is obtained.� Cognition. This point aims at the designof the visualizationmethoditself. It
is highly desirableto depict important information in an intuitive and easy-to-
understandway. A severedrawbackof many existing techniquesis that they re-
quire a significantamountof interpretationor brain-work in order to understand
therelevantstructuresof avectorfield from its visualrepresentation.For example,
continuousobjectslike trajectoriesareoftendecomposedinto discretearrow-style
symbols,whichthenhaveto beintegratedmentally. Wheneverpossible,thedisplay
shouldbeadaptedto thehumanvisualsystem.This includesproperuseof color,
texture,andshading.

In this thesiswedevelopnew methodsfor visualizingvectorfieldswhichspecifically
addressthesethreedesigngoals: accuracy, performance,andcognition. Our methods
will be general-purposeandcanbe appliedto arbitraryvectorfields in two- andthree-
dimensionalspace.Themethodologybehindourapproachis texture-basedvisualization.
Texture-basedvisualizationmethodsimitate techniquesknown from experimentalflow
visualization,namely, the observation of randomlydispersedparticlesor dye injection
patterns.Insteadof depictingindividual lines or symbols,a contiguoushigh-resolution
imageor textureis generated.This textureclearlyrevealsthedirectionalstructureof the
field. In this way intuitive insight canbe obtainedand even small detailsof the field
becomevisible.

The taskis to elaboratethegeneralideaof texture-basedvisualizationinto practical
algorithms. What kind of texturesarebestsuitedfor our purpose?How do we gener-
ate them? Canwe apply thesemethodsin three-dimensionalspace?In this work, we
focuson a techniqueknown as line integral convolutionor LIC. This methodturnsout
to be quite versatileandwell-suitedfor visualizingmany interestingvectorfields. LIC
imagesdisplaytheintegralcurvesor field linesof avectorfield athighspatialresolution.
Althoughconceptuallyquitesimple,line integral convolution impliesa numberof inter-
estingmathematicalandalgorithmicquestions.For thesewe shall find innovative and
fruitful answers.

1.2 Vector Fields in Scienceand Engineering

At this point we want to presentexamplesof vectorfieldsfrom variousdisciplines.Our
intention is to point out that vectorfield visualizationplaysan importantrole in many
applicationareas.Thefiguresin thissectionillustratesomeof thevisualizationtechniques
developedlaterin thiswork.
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Figure1.1: Vectorfieldsin fluid
mechanics.Abovetheinstation-
ary flow around a cylinder is
shown. TheLIC patterndepicts
streamlines at a particular in-
stanceof time. Ontheleft asur-
faceLIC techniqueis appliedto
visualizevortex structuresin a
flow aroundanairfoil.

Fluid Mechanics. A vector field can be thoughtof as describingthe path of a little
particlein spaceandtime. This intuitiveinterpretationis mostevidentlyadequatein fluid
mechanics,wherethemotionof someliquid or gaseousmaterialis describedby means
of a velocity field �������
	�� . The equationsgoverningfluid motion canbe derived from
somefundamentalprinciplessuchasconservationof mass,momentum,andenergy [13].
Underthemostsimpleassumptions,thevelocity field of a perfectnon-viscuousfluid is
determinedby Euler’sequations.Takinginto accountviscosityleadsto theNavier-Stokes
equations.In contrastto many othervectorfields the flow of an incompressiblefluid is
characterizedby vanishingdivergence.Besidevelocity itself in fluid mechanicsthereis
anotherimportantvectorfield, namelyvorticity or 
���� .

Thenumericalsimulationof fluid flow hasbeenan importantareaof researchsince
theearlydaysof computing.Likewise,thegraphicaldisplayof fluid flowshasinfluenced
scientificvisualizationfrom its very beginnings. Todaystill the vastmajority of vector
field visualizationmethodsaretargetedto fluid mechanics.
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a) dipoleantenna b) E-field from hyperthermiaplanning

Figure1.2: Vectorfieldsin electricalengineering.Ontheleft theelectricfield of aradiatingdipoleantenna
is shown. The imageson the right comefrom a medicalapplicationcalledhyperthermiaplanning. The
simulatedelectricfield in a cross-sectionof a humanbodyis visualized.Note,how vectorfield direction
changesabruptlyat tissueboundaries.

In Figure1.1thesimulatedflow aroundacylinderis depictedby meansof line integral
convolution. Theimageshows instantaneousstreamlinesof thevelocityfield. Fromthe
physicalpoint of view the formation of vorticesand recirculationareasis interesting.
Thesefeaturescanbe clearly identifiedin the image. The samefigure alsocontainsa
three-dimensionalexample,namelythe flow aroundan airfoil. In this casea texture
generatedby line integral convolution hasbeenmappedontoa so-calledstreamsurface
of thevectorfield. This surfacetogetherwith thedirectionalLIC textureclearlyreveals
theformationof vorticeson topof thewing.

Electromagnetism. Like fluid mechanicseletromagnetismhasa long tradition in sci-
ence.Electromagnetictheoryhasalreadybeendevelopedin the19thcentury, whenthe
fundamentallaws for theelectricfield � andthemagneticfield � werefound. Histori-
cally, theinvestigationof electricandmagneticphenomenainspiredFaradayto introduce
theconceptof a field in science[64]. Electromagneticfieldsareof abstractnature,since
they do not describethemotionof realmatter. Instead,anelectricfield � givesriseto a
force ������� on a small testparticleof charge � . Similarly, a magneticfield � gives
riseto a torqueor moment-of-force� ��� ��� ona smallmagneticdipole � . This is
thereasonwhy compassneedlesalignalongthelinesof amagneticfield.

The lines of an electricfield canbe thoughtof asoriginatingfrom positive electric
chargesandterminatingat negativeones.In particular, thedivergenceof anelectricfield
is proportionalto chargedensity. In contrast,thereis nomagneticanalogonto anelectric
charge. Consequently, the divergenceof a magneticfield is alwayszero,i.e., magnetic
field linesarealwaysclosed.A time-varyingmagneticfield givesriseto anelectricfield,
while a time-varyingelectricfield or electriccurrentgivesrise to a magneticfield. This
mutualdependenceallows the formationof electromagneticwaves. The full theoryof
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Figure1.3: Solutionof the2D-and3D-Brusselatormodel.Thesedynamicalsystemsdescribeanoscillating
chemicalreaction.All solutioncurvesapproachthehighlightedlimit cycles.In the2D casecolor illustrates
samplingdensityin phasespace.Red(dark)regionsarecoveredby a largenumberof integralcurves.

electromagnetismis summarizedby Maxwell’sequations[46].
Figure1.2 a) illustratesan electromageticwave phenomenon.It shows the electric

field radiatedby anoscillatingdipoleantennaat oneinstanceof time. As time proceeds,
thewave frontsmove in outwarddirection.Thesolutionof this problemhasbeenfound
analyticallyby Hertz in 1897. In Figure1.2 b) a numericallysimulatedfield insidea
humanbody is shown. This examplecomesfrom an applicationcalled hyperthermia
planning[23]. Thegoalis to heatcertainpartsof thebodyby meansof radiowaves.Note,
thatfield directionabruptlychangesat tissueboundaries.This is dueto differentelectric
propertiesof thetissuecompartments.

Dynamical Systems. Freefrom any physicalinterpretationthe right handsideof any
systemof first-orderordinary differential equationscan be regardedas a vector field.
Sucha set of equationsis commonlyusedto describethe evolution of statevariables
in time. Thereforethe differentialequationsarealsocalleda dynamicalsystem. The
statevariablesmightbeconcentrationratesin a chemicalreaction,populationratesin an
ecologicalmodel, ratesin stockmarket, or many more. The equationsof motion of a
mechanicalsystem,e.g.a pendulum,canbe interpretedasa dynamicalsystem,too. In
this casethestatevariablescompriseof positionandmomentumof thedifferentdegrees
of freedom. The statevariablesaresaidto form the phasespaceof the system.When
analysingtheevolutionof adynamicalsystemoneis interestedin theexistenceof periodic
solutions,in theasymptoticbehaviour, or in thestabilityof thesolutions.

In caseof low-dimensionalsystems,i.e., two- or three-dimensionalones,methodsfor
vectorfield visualizationcanbe directly usedto depictthe flow of the systemin phase
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space.For example,Figure1.3 a) shows thesolutionof a 2D chemicalreactionmodel,
called the Brusselator[52]. The two axes denoteconcentrationratesof two different
substances.It canbe observed that irrespectively of the initial situationthe systemap-
proachesa limiting cycle. This meansthat the concentrationrateschangeperiodically.
An extendedthree-dimensionalversionof thesameBrusselatormodelis shown in Figure
1.3b). In this casethestructureof thesystemis visualizedby meansof texture-mapped
streamsurfaces.Again, it canbeobservedthatthesystemrunsinto a limit cycle.

Differential Geometry. Vector fields can not

Figure 1.4: Principal lines of curvatureof a
triangulatedtorus. Color denotesmagnitude
of meancurvature.

only be defined in Euclideanspace,but also
on non-planarmanifolds. Differentialgeometry
providesarichsetof examplesfor this. In partic-
ular, varioustypesof tangentcurvesdefinedon
surfacesin E+F areamenablefor straight-forward
visualization. The mostobvious exampleis di-
rectionof curvature.For eachpoint ona surface
therearetwo directionsof principalcurvature.In
Figure 1.4 the directionsof maximal curvature
are shown for a triangulatedtorus. Note, how
thisdirectionchangesabruptelyat certainpoints
of thesurface. At thesepointstherearetwo di-
rectionsof equalcurvature.Anotherexampleare
so-calledisophotes,lineswhichalwaysmakeup
equalanglesto view directionandthesurface’snormalvector. Theselinesarecommonly
usedin computeraidedmodellingasa tool for surfaceinterrogation[68].

Image Processing. Interestingvectorfieldsalsooccurin imageprocessingor computer
vision. For example,givena motionseriesof arbitraryimages,displacementvectorscan
be computedstatingwherea point in oneimagemovesto in the next. This type of in-
formationallowsoneto trackobjectsin amovie. Of course,displacementvectorscannot
alwaysbe definedexactly. A featurevisible in one imagemight not be presentin the
next one. Suddenchangesin visibility leadto discontinuities.Methodsto computedis-
placementvectorscanbedividedinto differentialapproaches(opticalflow) or correlation
approaches[47].

Sometimesvectorfields arealsocreatedsyntheticallyin orderto achieve digital art
effects. For example,Figure1.5 shows variationsof a paintingof Henri Matisse. The
directionaltexturesin this figure arealignedperpendicular, respectively parallel, to the
contourlinesof thedistancemapof thebluepartsof theimage.

Of course,the list of vector fields we mentionedcertainly is not complete. There
are many more interestingapplicationareas. However, our intention was to illustrate
the diversity of different typesof vector fields. It is clear, that adequatemethodsfor
visualizingdirectionaldataareof generalsignificancefor many disciplines.
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Figure 1.5: Variationsof a painting of Henri Matisse. The original imageis shown on the left. The
directionaltexturein themiddleimagehasbeencomputedfrom thegradientof thedistancemapof theblue
partsof theimage.For theimageon theright gradientvectorshavebeenrotatedby G.H.I .
1.3 Outline of the Thesis

This work containsfour majorpartsexcludingtheintroductorychapter. Thefirst two of
themcover necessarybackgroundinformation,while the othertwo describeour vector
field visualizationalgorithmsin detail.

Chapter2, Conceptsand PreviousWork, startswith a formal introductionof vector
fields.Wefix ournotationanddefinemathematicalobjectslike trajectories,streamlines,
or streaklines. We thenconsiderthe specialcaseof linear fields. Linear fields areof
particularinterestsincethey canbe integratedanalytically. Moveover, most topologi-
cal featuresoccuringin generalvectorfields canalreadybe studiedin the linear case.
Thus,a shortclassificationof topologicalfeaturesis presentedto supplementour further
work. After thenecessarytheoreticalbackgroundhasbeendiscussed,wereview previous
approachesto vectorfield visualizationin Section2.3.

Chapter3, UnderlyingNumericalMethods, providesthe technicalgroundon which
wecanformulateourvisualizationalgorithms.Thischapteris dividedinto two parts.The
first part describesmethodsfor numericallycomputingintegral curvesin a vectorfield.
We focus on a particulartype of numericalintegrationmethods,namelyRunge-Kutta
methodswith error monitoringandadaptive stepsizecontrol. This classof integrators
canbeeasilyequippedwith efficient interpolationmethods,allowing densesamplingof
solutioncurvesasrequiredby ourvisualizationalgorithms.Thesecondpartof Chapter3
is devotedto therepresentationandevaluationof vectorfieldson a computer. We intro-
ducedifferentgrid typesandinterpolationmethods.Fastevaluationof fieldsat arbitrary
locationsin a non-uniformgrid is non-trivial. It requirestheefficient useof spatialdata
structuresandefficient rootfinding techniques.
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In Chapter4, Line Integral Convolutionin EKJ , visualizationof planarvectorfields is
considered.Wemotivatetexture-basedvisualizationmethodsby analyzingparticlestreak
experimentsin fluid mechanics.We outline the principlesof line integral convolution
(LIC), our favouredmethodfor vector field visualizationin 2D. A fast algorithm for
computingLIC imageswill be developed. A soundanalysisof the involved statistical
processesturns out to be the key for computinghigh-quality imagesof vector fields.
Theseimagescanalsobeanimatedin orderto emphasizesignor magnitudeof theflow.
Techniquesfor computingsuchanimationsconcludethischapter.

Finally, in Chapter5, Applicationto 3D VectorFields, we discusshow to generalize
LIC for visualizingthree-dimensionalfields.Actually, wedon’t coverdirectvolumeren-
deringbut concentrateon the developmentof surfaceLIC algorithms. It turnsout, that
streamsurfacesprovideanexcellenttool for extractingrelevantstructuresfrom a3D vec-
tor field. Thereforein Section5.1 we first discusshow to constructsuchsurfaces.We
review existingalgorithmsandproposeimprovementswhichallow usto processnotonly
flow fieldsbutalsogeneralvectorfieldscontainingsinksandsources.In orderto visualize
the flow structureon a streamsurface,in Section5.2 we first investigatethegeneration
of surfaceLIC texturesin parameterspace. A techniquefor compensatingdistortions
causedby non-isometrictexture mappingis presented.Alternatively, surfaceLIC tex-
turescanalsobecomputedin physicalspace.Algorithmic detailsof suchanapproachare
treatedin Section5.3. Amongotherthings,in this sectionwe discussintegrationof field
lines on triangulardomains,comparedifferentwaysof defininglocal triangletextures,
andfinally presentstrategiesto optimzetheuseof texturememory.

Key ideaspresentedin this work have beenpublishedandpresentedat international
conferencesduring the last threeyears. In particular, the “f ast” algorithmfor comput-
ing LIC imageshasbeendescribedin a joint paperwith Hans-ChristianHegepresented
at SIGGRAPH’95[81]. A first implementationof a surfaceLIC techniquewasdevel-
opedtogetherwith HenrikBattkeandHans-ChristianHegein 1996[3]. In thefollowing,
thesealgorithmswereappliedto particulartypesof vectorfieldsandfurtheralgorithmic
improvementswereachieved [82, 96]. All thesetechniqueswerepresentedin a tuto-
rial courseat SIGGRAPH’97[40, 80]. Finally, an extensionof the fastLIC algorithm
to higher-orderfilter kernelswasfirst describedin [41]. New andunpublishedresults
presentedhereafterinclude the comparisonof LIC and particle streakexperimentsin
fluid mechanics,the formulationof a numericalstableevaluationschemefor fastLIC
with higher-orderfilter kernels,statisticalanalysisof LIC images,designof anti-aliasing
strategies,developmentof animprovedstreamsurfacealgorithm,noisesynthesisfor sur-
faceLIC in parameterspace,aswell asthedesignof a texture-blendingtechniqueto be
usedfor surfaceLIC in physicalspace.
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Chapter 2

Conceptsand PreviousWork

2.1 BasicNotation

In thissectionwewantto introducevectorfieldsformally. Werecalltheimportantconcept
of integralcurvesandstate,underwhichconditionsthesecurvesexist. Foramoredetailed
discussionandfor proofswereferto standardtextbookssuchas[66].

2.1.1 Vector Fields

A vectorfield L definedon an openset M of EuclideanspaceEKN canbe regardedasa
mappingL2�O�+�QPRMTSU EKN . This mappingassignseachpoint of M a directionalquantity
suchasa forceor velocity vector. In this paperwe restrictourselvesto the casesVW�YX
and V8�[Z , sincetheseareamenableto visualizationin an intuitive way. In additionto
stationaryfields L=���@� , wewill alsoconsidertime-dependentfields L=���=�
	��\P]M^�3_`SUaE N ,
whereJ is sometime interval bdce	 cgf . Continuityaswell asthederivativeof a vector
field aredefinedin theusualwayasfollows.

Definition 1. SupposehKi and h J arenormedlinearspaceswith norms jkjmlnj:joi and jkj4lpjkj J .
Thena mapping LqP@hKirSU h J is continuousat �?sutvhKi if for all w>xzy thereexists a{ x|y suchthat �}t~hKi and j:j��"�^�Ks4jkjoi+� { impliesthatjkj�L=���K���}L2����s1��j:j J �|w�� (2.1)

Thefield L is saidto becontinuouson the set M�tvh@i if it is continuousat eachpoint��t�M . In thiscasewewrite L�t�� s �OMr� .
For vectorfieldsdefinedin E N weusuallyapplytheEuclideannormof �}t�E N ,j���j4��� � J iA� ����� � � JN � (2.2)

Definition 2. SupposehKi and h J arenormedlinearspaceswith norms jkjml�jkj�i and jkjDl�jkj J .
Thena mappingL[Pph@i�SU h J is differentiableat �?s�t^hKi if thereis a lineartransforma-
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tion L����O�Ks1�\t`� ��hKi1�.h J � thatsatisfies�k�k���� �]��� ��� s jkj�L��O�KsK���K���}L��O��s1���YL�� ���?s¡�p��jkj Jj:j���j:joi �¢y£� (2.3)

ThelineartransformationL � �O��s1� is calledthederivativeof L at �?s .
Thederivative of a mapping L¤PAE N SU EK¥ canbeexpressedin a particularcoordinate
systemby the V"�`¦ JacobianmatrixL��§�©¨«ªn¬<­ª �¯®]° � (2.4)

Higher-order derivativesare definedin a similar way. For example,the second-order
derivative L � � canexpressedby thetensorL�� �§� ¨Tª J ¬<­ª �¯® ª ��± ° (2.5)

The conceptof continuitymay be appliedto the derivativesof L by makinguseof the
operatornorm j:j³²Yj:j4� �µ´m¶� ·]� ¸ i j³²3�O�K��j¹� (2.6)

If the V -th orderderivativeof L existsandis continuousin anopenset M of hKi we writeLqte��Np�OMr� . A mapping L�P�MºSU E@N belongsto ��Np�OMr� if andonly if the V -th order
partialderivatives ª N ¬»­ ¼'ª �¯® � ���:� ª �¯®¾½ exist andarecontinuouson M .

2.1.2 Integral Curves

Theinterestof vectorfieldsmainly originatesfrom thefact that they canbeusedto de-
scribethe dynamicalevolution of a systemin phasespace,i.e., they give rise to a set
of integral curves ����	�� . Thesecurvesaredefinedby an ordinarydifferentialequation
suppliedwith someproperinitial valuecondition,¿ �¿ 	 �vL2�O�2��	��1� ��� 	5s1�?�¢��s with ���?sD�
	5s1�\t�MÀ�Á_ (2.7)

Sinceat any point thecurve �2� 	�� is tangentto thevectorfield L integral curvesarealso
calledtangentcurvesof L . Yet two othernamesaretrajectoriesor pathlines. Thesetwo
namesaremotivatedby the interpretationof a vectorfield asa flow field. In this case�2� 	�� describesthepathof a particlein theflow. Sometimeswe maywant to considera
vectorfield at a particularinstanceof time. Thecurvesobtainedby integratingEq. (2.7)
with fixed right handside L��O���
	5s1� arecommonlycalledfield linesor streamlines. For
stationaryvectorfieldsstreamlinesandpathlinescoincide.

A point �?s with L2����s1�\�vy is calleda critical point of a vectorfield. At sucha point
any particlewill beat restandEq.(2.7)hasthetrivial solution ����	��?�¢�?s .
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In general,if thevectorfield L is continuousthentherewill beat leastonesolution
of the initial valueproblem(2.7). This is statedby Peano’s theorem.A uniquesolution
exists,if L satisfiesaso-calledLipschitzcondition.

Definition 3. ThemappingL=���=�
	��\P]MÀ�Á_�SU©E N is saidto satisfyaLipschitzcondition
on Me�d_ with respectto � if thereis apositiveconstantÂ suchthatfor all �=��ÃÄt`M and	\tÁ_ j�L2�O�=�
	����YL���Ã+��	���j]c[ÂÅj)�"�ÄÃ�j¹� (2.8)

ThemappingL is saidto be locally Lipschitzwith respectto � if for eachpoint �O�?sD�
	���tMÆ�|_ thereis an Ç -neighborhoodÈÊÉD���?sD�
	��ËtgMÌ�|_ so that a Lipschitz condition is
satisfiedin ÈQÉ����?sD�
	�� .
In particular, it can be shown that any continuouslydifferentiablemapping,i.e., L�t� i ��M��Í_Î� , satisfiesa Lipschitzcondition.Thefundamentalexistence-uniquenesstheo-
remstates:

Theorem 1. Supposethe mapping L2���=�
	��`P2MÏ�[_qSU EKN is continuousand locally
Lipschitzwith respectto � for all ���=�
	��3t}M���_ . Thenthe initial valueproblem(2.7)
hasa uniquesolution �2� 	�� whichcanbecontinuedup to theboundaryof MÀ�Á_ .

Finally, we want to introducea usefulquantityto denotethe solutionof a given initial
valueproblemformally, namelythepropagatoror evolutionor flowof avectorfield.

Definition 4. SupposeL��O���
	�� to be locally Lipschitz on MÅ�}_ andlet ���§l<ÐÑ��s��
	5s1�8t� i �5_ max ���?sD��	5s1�1�
E N � bethesolutionof theinitial valueproblem(2.7),where _ max �O��s<�
	5s¡�
denotesthe maximal time interval for which this solution is defined. Then the two-
parametricfamily of mappings ÒpÓÕÔ Ó×Ö �Ks\�Ø��� 	¡ÐÑ�?sD�
	5s¡� (2.9)

is calledthepropagatorof a vectorfield.

If the vectorfield L doesnot explicitely dependon time, the solutioncurveswill only
dependon thedifference	K�Ä	5s , i.e., it doesn’t matterwhena curve hasstarted,but only
how long it hasevolved. Thus, in this casewe may omit the secondparameterof the
propagatorandwrite

Ò ÓÕÙ]Ó×Ö
insteadof

Ò ÓÕÔ Ó×Ö
.

2.1.3 Other Curvesand Surfaces

In the previous sectionwe introducedthe notionof streamlinesandpathlines. Beside
theselinestherearealsoothermathematicalobjectswhich canbeusedto analysevector
fields.

First of all, streaklines play an importantrole in fluid mechanics.Theselines can
be imaginedasthe traceof dyeparticlescontinuouslybeingreleasedinto a fluid. Thus,
streaklinescanbedirectly observedin anexperimentalset-up.Mathematicallya streak
line ÚÛ��	¡��Ü�� with fixed 	 and yÝc ÜÞc 	 is definedas the locus of particlesreleased
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from a fixedpoint ��s duringthetime interval 	 , compareFigure2.1a). It is obtainedby
integrating ¿¿ 	 ÚÛ��	¡��Ü��K�gL=�¾Ún��	��1� Ú$��Ü§�
Ü��K�¢��s<� (2.10)

In asteadyflow streaklinescoincidewith streamlinesandpathlines.
Anothertypeof curveamenableto experimentalmeasurementsin fluid mechanicsare

material lines or time lines. A time line �À��	¡�
ßÎ� with fixed 	 is the imageof an initial
curve �Øs»�OßÎ� after propagationby the flow for a time 	 , compareFigure2.1 b). Each
pointona time line is transportedin theusualway, i.e.,¿¿ 	 �À� 	¡��ßÎ�K�vL2�O�¤�
	��1� �À��y£��ßÎ�?���Øsm�OßÎ�¡� (2.11)

Thevisualizationof a singlecurve doesonly reveala limited amountof information
aboutthevectorfield. Thereforein E F oftensurfacesor volumesareinvestigatedinstead
of lines. For example,streamsurfacesareobtainedby integratinga continuoussetof
streamlinesat once.Similarly, streaklinescouldbereleasedfrom a line or areasource
insteadof justasinglepoint. While thesetechniquesarecommonlyusedfor visualization,
theanalysisof pathlinesor evenpathsurfacesdoesnot revealmuchinsight,sincethese
objectsreadilybecomeenourmouslycomplex. However, a conceptsimilar to time lines,
namelythe tracingof individual particlesor whole volumesof particles,can be quite
usefulfor analysinginstationarydata.

All curvesandsurfacesmentionedsofarwererelatedto thepathof individualparticles
in theflow, i.e., they couldbeconstructedby computingintegral curvesin a vectorfield.
Besidetheseobjectsthereareothermathematicalentitieswhichareof relevancein certain
applications.Theseincludevorticity lines,vortex sheets,critical points,separatrices,or
periodicorbits. While the first two arecommonlystudiedin fluid dynamics,the latter
arerelatedto vectorfield topology. Althoughwe cannotdiscussall detailsof vectorfield
topologyin this paper, in the following sectionwe want to illustratesomegeneralideas
by consideringthespecialcaseof linearvectorfieldsin E@J and E@F .

a)

à£á ��âm7�ã³äOãO;
â47×ã³ä�åm;

â47×ã³ä H ; b)

æ0á 7�ç]; æ 7×ã³ä�ç];
Figure 2.1: A streakline is definedasthelocusof particlescontinouslybeingreleasedfrom a fixedpointà§á (a). A time line is theimageof aninitial curve æËá 7:ç]; afterpropagatedby theflow.
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2.2 Linear Systems

Theintegralcurvesof a linearvectorfield canbefoundanalytically. Analysingtheshape
of thesecurvesgivesusanexcellentsummaryaboutthepossibletopologicalconfigura-
tions in generalvectorfields. In fact, in many casesthesolutionof a non-linearsystem
aroundacritical point is topologicallyequivalentto thesolutionof thecorrespondinglin-
earizedsystemat thatpoint. Mathematicallythis statementis expressedby theHartman-
GrobmanTheorem[66].

After summarizingthe generalsolutionof a linearsystem,we will specificallycon-
sidervectorfieldsin E J andE F . Examplesof differenttopologicalcaseswill bepresented,
again,by makinguseof thevisualizationtechniquesdevelopedlaterin thiswork.

2.2.1 GeneralSolution

A homogenuouslinearstationaryvectorfield is definedby aconstantVè�-V matrix é , i.e.,L=���@�?�Øé"� . Sincefor any suchfield theLipschitzcondition(2.8)holds,thecorrespond-
ing linearsystemalwayshasa unqiuesolutionfor every �|t"E N . In orderto specifythis
solutionanalytically, theexponentialof thelinearoperatoré needto bedefined.This is
doneby êDë Ó � ìí ±�î�s é ± 	 ±ï$ð � 	�tdE � (2.12)

It turnsout thattheexponentialof a linearoperatorcanbedifferentiatedin thesameway
astheexpontentialof a realnumber, i.e.,¿¿ 	

êDë Ó ��é êDë Ó � (2.13)

With thisbackgroundwecanstatethefundamentaltheoremfor linearsystems.

Theorem2. Let é bean Vr�QV matrix. Thenfor agiven �?s tdE N theinitial valueproblem¿ �¿ 	 �[é"�=� ����yñ�?�Ø��s (2.14)

hastheuniquesolution � � 	��K� ê ë Ó �?sD� (2.15)

In orderto specifythissolutionmorepreciselywenotethatif é canbedecomposedintoòÊ�rò Ù i with aninvertablelinearoperator
ò

, thenê ë Ó � ìí ±Ñî�s � òÊ�rò
Ù i � ± 	 ±ï$ð � ò ê<ó Ó ò Ù i � (2.16)
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Consequently, if é canbediagonalizedthesolutionis givenby��� 	��@� ò diagô êDõ¡ö Ók÷ ò Ù i �?sD� (2.17)

whereø ­ arethe(real)eigenvaluesof é andthematrix
ò

is build from thecorresponding
eigenvectors ù ­ , i.e.,

ò � ô�ù�i$l<l<l
ù N ÷ . However, in generalé may not only have real
eigenvaluesbut alsopairsof complex conjugateones.Moreover, thematrixmayevenbe
defective, i.e., theremaynot exist a setof V orthonormaleigenvectors.In bothcases,é
cannotbediagonalized.In this case,it is convenientto convert é into Jordancanonical
form, ò Ù i é ò � úûü � i ... � ý þ ÿ� � (2.18)

TheelementaryJordanblocks
� ® areassociatedwith the eigenvalues ø]® of é . For real

eigenvalues ø and for pairsof complex conjugateeigenvalues b����¾f respectively, the
Jordanblocks

� ® areof theform

úûûûü ø � y
... ...ø �y ø

þ ÿÿÿ� and
úûûûü � � y

... ...� �y �
þ ÿÿÿ� � (2.19)

with � � ¨ b � ff b ° and
� � ¨ � yy � ° � (2.20)

Thematrix
ò

in Eq.(2.18)is built from thegeneralizedeigenvectorsof é . A generalized
eigenvector ù of é is a solutionof ��éØ�}ø � � ± ùÄ� y with �Wc ï cg¦ , where ¦ denotes
themultiplicity of theeigenvalue ø .

Insteadof Eq.(2.17)thegeneralsolutionof a linearsystemnow canbewrittenas��� 	��K� ò diagô ê ó
	 Ó ÷ ò Ù i ��s<� (2.21)

By analysingtheexponentialsof theelementaryJordanblocksonefindsthatthesolution
will bea linearcombinationof functionsof theform	 ± ê�� Ó�
���� f�	 or 	 ± ê�� Ó�� ��� f�	¡� (2.22)

where øe��b � ��f is an eigenvalueof the matrix é and y c ï c VÁ��� . If the ma-
trix possessesa full setof ordinaryorthonormaleigenvectors,all

ï
will bezeroandthe

polynomialstermsin 	 vanish.
An importantconceptis the subdivision of E N into stable,unstable,andcentersub-

spacesof the linear system. Stablesubspacesarespannedby generalizedeigenvectors
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correspondingto realnegativeeigenvalues.In thesesubspacesthesolutiondecaysexpo-
nentiallyandapproachesthe origin. Similarly, unstablesubspacesarespannedby gen-
eralizedeigenvectorscorrespondingto realpositive eigenvalues,while centersubspaces
arespannedby generalizedeigenvectorscorrespondingto complex eigenvalues.In center
subspacesthesolutionspiralsaroundtheorigin assuggestedby thesinesandcosinesin
Eq. (2.22).Thesignof therealpartof a correspondingeigenvaluedetermineswhetherit
movestowardstheorigin or away from it.

2.2.2 TopologicalClassificationin 2D

Wenow wantto considerthespecialcaseof 2D linearsystems:����Ri�� J�� � � b§i³iºb§i Jb J iºb J³J�� � �Ri� J�� � (2.23)

Herethedot denotesdifferentiationwith respectto 	 . Theeigenvaluesof a V~��V matrixé areobtainedby solvingthecharacteristicequationdet�Oé �dø � �@�Øy . For a X �WX matrix
this is aquadraticequationandthesolutionsaregivenbyøÛi Ô J � �X�� Ü��! Ü J �#" {%$ � (2.24)

with Ü>�Øb§i³i � b J³J � tr é and
{ �¢b§i³i�b J³J �Äb§i J b J iK� deté3� (2.25)

Dependingonthevaluesof Ü and
{

theeigenvaluesof é mayberealor complex, leading
to a particular type of integral curves. In the following we shall dicussthe different
topologicalcasesin detail.Figure2.2presentsa summaryof thisdiscussion.

Saddles. If
{ ��y the matrix é hastwo real eigenvaluesof oppositesign. This means

that thesolutionis exponentiallydecayingin thedirectionof oneeigenvectorwhile it is
exponentiallyincreasingin the directionof the other. The situationis shown in Figure
2.2 (f) and (g). The systemis said to have a saddleat the origin. In the directionof
the eigenvectorstherearefour trajectoriesapproachingthe origin as 	µU �'& . These
trajectoriesarecalledseparatricesof thesystem.

Nodes. If yÍ�(" { �ÀÜ§J the matrix é eitherhastwo real negative eigenvalues( Ü �Þy )
or two real positive eigenvalues( Ü|x�y ). Theorigin is saidto bea node. Thesolution
curvesareeitherexponentiallyapproachingit or aremoving away from it, c.f. Figure2.2
(e). In thefirst casethenodeis calledasinkwhile in thesecondcaseit is calledasource.
Moreover, acritical pointwhichhasonly realeigenvalues,i.e.,which is eitherasaddleor
anode,is calleda hyperboliccritical point.

If " { ��Ü�J thesystemhastwo identicaleigenvalues.If thematrixcanbediagonalized,
this correspondsto a symmetricstar-shapednode,c.f. Figure2.2 (d). However, if the
matrix is defective, in onedirectiona termproportionalto 	 ê õ Ó arises.Theflow pattern
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thenbecomestwistedasillustratedin Figure2.2 (c). Theorigin is calleda logarithmic
critical point.

Foci. If " { x�Ü�J thematrix é hasapairof complex conjugateeigenvalues,i.e., ø>�¢b)�*��f .
If therealpart b doesn’t vanishthesystemis saidto havea focusat theorigin, c.f. Figure
2.2 (b). If b~�qy thesolutionapproachestheorigin on a spiralpath. If b~xqy it moves
away from it. Therefore,like for nodestheline Ü0�gy separatesfoci into stableonesand
unstableones.

Centers. In thespecialcaseÜ`� y and
{ xey thematrix é hasa pair of pureimaginary

eigenvalues.Thesolutionof thecorrespondinglinearsystemis comprisedby closedpe-
riodic orbits. Thesystemis saidto haveacenterat theorigin. Thissituationis illustrated
in Figure2.2(a).

2.2.3 TopologicalClassificationin 3D

In its individualsubspacesthesolutionof a higher-dimensionalhomogeneouslinearsys-
temwill exhibit thesametopologicalbehaviour we alreadyknow from E J . For example,
thevectorfield might show a circularmotionin a planedefinedby two eigenvectorsbe-
longingto apairof pureimaginaryeigenvalues.Perpendicularto thisplanetheflow might
beexponentiallydecayingor increasing.In this sectionwe wantto classifythesolutions
for theimportantclassof 3D homogeneouslinearvectorfields. As outlinedin [12] such
aclassificationhelpsto interpretethestructureof morecomplex general3D vectorfields.
Let usconsiderthefollowing linearsystem+, ��Ri�� J�� F -. � +, b§i³iºb§i J b§i Fb J iºb J³J b J³Fb F iºb F³J b F³F

-. +, �Ri� J� F -. � (2.26)

Thecharacteristicequationdet��é ��ø � �?�¢y canbewrittenasø F � ò ø J �0/ ø �01 �¢y§� (2.27)

with ò �Ý�r�Ob�i³i � b J³J � b F³F �K�¤� tr é3� (2.28)

/ �32222 b�i³i b§i Jb J i b J³J 2222 � 2222 b�i³i b§i Fb F i b F³F 2222 � 2222 b J³J b J³Fb F³J b F³F 2222 � (2.29)

1 �g� 222222 b§i³iºb§i J b§i Fb J iºb J³J b J³Fb F iºb F³J b F³F 222222 �¤� det é3� (2.30)
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Figure2.2: Solutionsof ahomogeneouslinearsystem ��6�54�� in 6 & canbeclassifiedinto saddles,nodes,
foci, andcenters.The topologyof a solutionis determinedby the eigenvaluesof 4 . For example,real
eigenvaluesof oppositesign correspondto a saddle(g,f). Differentsolutionclassescanbe depictedin a
diagramdefinedby tr 4 anddet 4 .

20



a b c
d

e

Q

RP

S0

S1

symmetric star-nodes

unstable
star-nodes

stable
star-nodes

saddle-nodes

stable foci

unstable foci

center-nodes

Figure 2.3: Configurationdiagramfor homogeneouslinear systemsin 687 . The axescorrespondto the
coefficients 9 , : , and ; of thecharacteristicequation(2.27).Thepoints < to = indicatethepositionof the
topologicalconfigurationsshown in Figure2.4.

The roots of the cubic equation(2.27) can be expressedin closedform by meansof
Cardano’s formula[7]. Thesignof thediscriminationnumber� �¢X�> 1 J � �?" ò F �@�BA ò / � 1�� �?" / F � ò J / J � (2.31)

determineswhethertherootsareall realor whethercomplex rootsoccur. If
� xØy there

are threereal distinct roots. If
� ��y therearealso threereal roots,but at leasttwo

of themareequal. Finally, if
� � y therewill be onereal root anda conjugatepair

of complex roots. Thecondition
� ��y definesa surface CÛs in

ò /'1 -spaceseparating
therealsolutionsfrom thecomplex ones.This surfaceis shown in Figure2.3,whereall
possibleconfigurationsaresummarized.

Symmetric Star-Nodes. The surface CÛs exhibits a cuspfor Z / � ò J and X
> 1 � ò F .
On this curve therearethreeidenticalrealroots ø ��� ò ¼ Z . Providedthematrix canbe
diagonalized,this correspondsto a symmetricstar-shapednode.An exampleis shown in
Figure2.4d).

Star-Nodes. If
� xzy , / xzy , and

ò 1 x�y therearethreereal eigenvaluesof equal
sign.Thusfield linesareeitherapproachingtheorigin from all directions(

ò ��y ) or are
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a) b) c)

d) e)

Figure2.4: Typical topologiesof homogeneouslinearvectorfieldsin 687 areastablefocus(a),acenter(b),
anunstablefocus(c), astarnode(d), andasaddlenode(e). In eachcasestreamsurfacesin acorresponding
vectorfield aredisplayed.Theflow onasurfaceis visualizedby meansof a LIC texture.

moving away from it (
ò xvy ). Thetwo regionsin configurationspacecorrespondingto

stableandunstablestar-nodesareindicatedin Figure2.3.

Saddle-Nodes.If
� x�y , but / ��y or

ò 1 �Øy , thentherearethreerealeigenvaluesof
oppositesign,i.e.,two positiveonesandanegativeoneor viceversa.Theflow exhibitsa
node-typetopologyin theplanespannedby thetwo eigenvectorscorrespondingto equal
sign. In the planesspannedby the other two eigenvector combinationsa saddle-type
topologyarises.An exampleis shown in 2.4e).

Foci. If
� �Ày a conjugatepair of complex eigenvaluesøÄ�zbD�E��f occurs.Therefore

in the planespannedby thecorrespondingeigenvectorsthe flow is spiralingaroundthe
origin. Thesignof therealpart b determineswhetherit approachestheorigin or whether
it movesaway from it. Bothcasesareseparatedby thesurface

ò / � 1 �ey , denotedC i
in Figure2.3.Two examplesfor positiveandnegativerealpartareshown in Figure2.4a)
andc).

Center-Node. If
� �gy and

ò / � 1 �qy therealpartof thetwo complex eigenvalues
vanishes.In this casetheflow exhibits a truecenter-type topologyin thecorresponding
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eigenvectorplane,c.f. Figure2.4b). Perpendicularto thisplanetheflow mayeitherdecay
or increaseexponentially.

DegenerateCases.If 1 �Ty at leastoneeigenvaluewill bezero. We thenobtainjust
thesameconfigurationsasin the2D case.In fact,we caninterpretea 2D matrixasa 3D
matrixwith b ­ F �eb F ® �ey . Then

ò � �2Ü and / � { asdefinedin Eq. (2.25).Therefore
the curve " / � ò J , 1 � y is equivalent to the parabolafrom Figure2.2, separating
real-valuedsolutionsfrom complex onesin E@J .
2.3 Surveyof Vector Field Visualization Methods

Sofar we introducedvarioustypesof curvesandsurfacesin a vectorfield andwegained
insight into the topologyof two- andthree-dimensionalfields. We arenow in a position
to review severalexisting approachesto vectorfield visualization.Primiarily we distin-
guishbetweenlocal andglobal methods.While in local methodsdirectionalproperties
atdifferentlocationsarevisualizeddirectlyandindependentlyfrom eachother, in global
methodssomekind of field line integrationprocessis performed.Globalmethodsdiffer
in whatkind of mathematicalcurvesor surfacesarecomputedandhow theseobjectsare
representedgraphically. After considering“standard”visualizationmethodswe focuson
texture-basedtechniques.Suchmethodsmayeitherbe local or globalones.Finally we
shortly addressvisualizationof instationarydatain a separatesection. We try to judge
differentapproacheswith respectto thethreedesigngoalsmentionedin theintroduction,
accuracy, performance,andcognition.

2.3.1 Local Methods

Arr ow Plots. Arrowsprobablyprovidethemostsimplewayfor vectorfield visualization.
An arrow can be usedto depict field direction at a uniquepoint. Properscalingand
coloringallowsoneto encodea scalarquantity, e.g.vectormagnitude,aswell. Themain
advantagesof arrow plots are that they are easyto implementand easyto interprete.
On the otherhand,they arerestrictedto a rathercoarsespatialresolution. If individual
symbolsoverlapeachothertheimagerapidlygetscluttered.Evenmorethanin 2D in 3D
it is importantto restricttheplacementof arrows to certainregions.For examples,often
a setof two-dimensionalslicesof a 3D field is extracted.In generalarrows arenot well
suitedto resolvesmalldetailsof afield.

Anotherpotentialproblemwith arrows areartifactsintroducedby a regulararange-
mentof theindividualsymbols.Patternscausedby suchanarangementmaydistractfrom
thestructureof thevectorfield itself, thusmakingtheimagequiteunintuitive. In orderto
avoid suchproblemsDovey proposedto distributesymbolsin a jitteredway [25]. Turk
andBanks[87] suggesta similar strategy. By meansof a relaxationalgorithmthey even
try to find anoptimizedplacementof arrows. Thusoverlappingsymbolsaswell aslarge
emptyregionsareeffectively avoided.
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Vector Field Probes.A straight-forwardextensionof simplearrows hasbeenproposed
by deLeeuwandvanWijk [19]. Their vectorfield probenot only indicatesfield direc-
tion andmagnitude,but alsopropertiesobtainedfrom a first orderfield expansion.At a
particularpoint thefirst derivative ªn¬»­O¼'ª �¯® is computed.This matrix is decomposedinto
characteristiccomponentslike curvatureandtorsion,which arethenrepresentedby a set
of geometricsymbols.

An exampleof thedeLueew–vanWijk probe
Velocity

Curvature

Torsion

Reference

Shear

Convergence
Divergence

Acceleration

Figure 2.5: The vector field probe of de
Lueew and van Wijk depicts characteristic
componentsof thefirst derivative FHGJILKMF �ON .

is shown in Figure2.5. Becauseof its sizeand
geometriccomplexity only few iconscanbedis-
playedin a singleimage.In orderto investigate
global featuresof thefield somekind of mental
field line integrationor extrapolationhasto be
performed.Thismakesthemethodquiteunintu-
itive andinaccurate.Like with standardarrows
problemscanoccurif geometricscalingis used
to indicatevector field magnitude. For exam-
ple,electrostaticfieldsmaycontainpointcharges
wheremagnitudediverges.In this caselogarith-
mic scalingmightbeusedor field strengthmight
beencodedby color.

Anothertypeof vectorfield iconhasbeendesignedby RumpfandHappe[72]. They
determinecritical pointsin avectorfield automaticallyandindicatepositionandtopolog-
ical typeof thesepointsby meansof specificallydesignedsymbols.

Color Coding. Color coding is a standardtechniquefor visualizingscalarquantities.
However, color canalsobeusedto depictdirectionalinformation. This is mostobvious
for vectorfieldsin E J . It is awell-known matterof factthatcolorspacehasthreedimen-
sions.Onewayto parametrizethisspaceis to decomposecolorsinto hue,saturation,and
luminance.For constantsaturationandluminancecolorscanbearrangedonacolorcircle
(red-yellow-green-cyan-blue-magenta-red).Thuseachcoloruniquelydefinesanangleor
vectordirection.In addition,themagnitudeof avectorcanbeencodedby varyingsatura-
tion or luminance.Color-codeddirectionalimagesarefastto computeandcanbeusedto
resolvefinedetailsof afield. However, they arenotveryintuitiveandareusuallydifficult
to interprete.

A similartechniquehasbeenproposedfor visualizingthree-dimensionalvectorfields.
A standardway for visualizingthree-dimensionalscalarfieldsis so-calleddirectvolume
rendering[39]. Eachpoint in spaceis assignedsomelight emissionandlight absorption
coefficient. Thenlight transportinsidethevolumeis simulated.Thoughcomputationally
expensive,theresultingcloudyimagecanrevealsomeinsightinto thedata.Uselton[88]
mappedthe � -, P -, and Q -componentsof a vectorfield to thered,green,andbluecompo-
nentsof color. However, oftenthecolorsaccumulateto mediumgrey andthedirectional
structuresof thefield is hardto understand.Frühaufuseda reflective illuminationmodel
for raycastingvectorfields [33]. He mappedthe anglebetweenthe tangentvectorand
somelight vectorto color. Its is arguedthat vectorspointing towardsor away from the
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light sourcecanbeidentifiedby rotatingthewholevolumeandobservingthecorrespond-
ing colorchanges.

Yet anothervectorfield visualizationtechniquebasedon color codinghasbeenpro-
posedby Theisel[86]. He showed that a vectorfield in E J or on a 2D manifold can
beexpressedby two scalarcurvaturefieldswhich canbefoundanalytically. Visualizing
bothof thesescalarfieldsby meansof pseudo-coloringrevealsinformationaboutthevec-
tor field itself. For example,discontinuitiesin thefield’s first derivative becomereadily
visible. However, againtheoverall flow structureof thefield is hardto understand.

2.3.2 Global Methods

Stream Lines. While arrows or iconsas well asall color coding techniquesonly re-
veal local informationof a vectorfield streamlinesencodeglobal information. Integral
curveslike streamlineshave beenusedto analysevectorfieldssincetheintroductionof
thefield conceptin scienceby Faradaymorethanhundredyearsago. Not surprisingly,
many computer-basedvisualizationtechniquesfor stationaryvectorfieldsalsorely onthe
displayof streamlines. In particularthis is true if fields in E@F areto be depicted.The
varioustechniquesmainly differ in the way how individual curvesarerenderedor how
seedpointsfor thecurvesaredetermined.

High quality imagescanbe obtainedif individual curves are representedby small
cylindrical tubes.Thesetubescanbeilluminatedby takinginto accountambient,diffuse,
andspecularlight reflection.In thiswayspatialimpressionof theresultingimagescanbe
improvedsignificantly. Usuallytubesarecreatedby extrudingan V -sidedpolygonalong
the path[17]. The polygonsmight alsobescaledor rotatedin orderto depictthe local
deformationcharacteristicsof thevectorfield [76]. Streamribbonsarea variationof this
concept.Brill et.al. [6] positionedso-calledstreamballsalonga streamline. Thestream
ballsdefineanimplicit functionwhichcanbeusedto approximatestreamtubes.Individ-
ual streamballsmaymergeor split alonga curve. In this way velocity informationcan
bedepictedin anintuitiveway. Althoughniceimagescanbeobtained,representingfield
linespolygonallyis computationallyquiteexpensive.Thereforeonly avery limited num-
berof linescanbedisplayedat interactiveframeratesonastandardgraphicsworkstation.
As analternativesimplescan-convertedlines,i.e.,truelyone-dimensionalprimitives,can
be drawn. In orderto combinethe efficiency of simpleline renderingwith the percep-
tional benefitsof an illuminatedpolygonalscenewe developeda hardware-accelerated
techniquefor illuminatingone-dimensionallinescorrectly[83].

As the term “streamline” alreadyindicatesmany visualizationtechniquesbasedon
thedisplayof integral curvesweredevelopedin thecontext of flow visualization.How-
ever, mostof thesemethodscanbe appliedto generalvectorfields aswell. For exam-
ple,MacLeod,Johnson,andMatheson[58] reportaboutthevisualizationof bioelectrical
fields.In thegeneralcasestreamlinesbettershouldbecalledfield lines.

Stream Surfaces. Streamsurfacesaresimilar to streamribbons. They aredefinedby
a densesetof neighbouringstreamlines. In contrastto streamribbonsstreamsurfaces
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usuallyhave a largerextentperpendicularto theflow. They provide intuitive meansfor
revealingstructuresin a 3D vectorfield, but aremoredifficult to computecomparedto
simplestreamlines.

Hultquist [44] describedan advancingfront algorithm basedon tracing inidvidual
streamlinesin a vectorfield. Betweenneighbouringlinestrianglesarecreatedasneces-
sary. Thealgorithmkeepstrackof diverging andconverging surfaceparts. If necessary,
additionalstreamlinesareinsertedor streamlinesareterminated.Wewill investigatethis
algorithmin detail in Section5.1.

If a vectorfield hasvanishingdivergencethena scalar-valuedstreamfunctioncanbe
defined.Thegradientof this functionis alwaysperpendicularto theflow. An iso-contour
of a streamfunction representsa streamsurface. Noting that any linear combination
of two streamfunctionsis againa streamfunction, van Wijk [89] proposedto gener-
ate streamsurfacesby determininga dual pair of streamfunctions,superposingthese
functionsin a suitableway, andfinally extractingstreamsurfacesby meansof a stan-
dardisosurfacealgorithmsuchasmarchingcubes[54]. Moreover, for certainkinds of
incompressibleflows principal streamsurfacescanbe defined[11]. Suchsurfacesare
perpendicularto thecurvaturevectorof a streamline at every point. They aresupposed
to beespeciallyniceandinformative. Thusthey canbeusedto simplify theproblemof
definingsuitableconstraintsor initial valuesfor streamsurfacegeneration.Often such
constraintshadto bedefinedmanually. Wereconsiderthispoint in Section5.1,too.

Eventually, Löffelmannet. al. [53] suggestedto improve displayof ordinarystream
surfacesby makingarrow-shapedpartsof the surfacesemi-transparent.In this way the
directionof theflow within thesurfacebecomesmoreclear. In additionit is possibleto
investiagteinnerpartsof a curly shapedstreamsurfacewhich would beoccludedother-
wise.

TopologicalAnalysis. An alternative globalapproachto vectorfield visualizationrelies
on the extractionof topologicalfeaturessuchascritical pointsandseparatrices.Recall
that a separatrixis a line (in 2D) or a surface(in 3D) separatingdifferent hyperbolic
sectorsof a saddle-typecritical point. Separatricesconnectcritical pointsaswell asat-
tachmentanddetachmentpointsonboundaries.They definetheskeletonof avectorfield,
thus summarizingthe topology of the field. For example,recirculationareasare eas-
ily identifiedby closedseparatrices.HelmanandHesselink[43, 42] describemethods
for automaticallyextractingthe topologyof 2D and3D flow fields. Globus,Levit, and
Lasinskidevelopeda tool for identifying andclassifyingcritical points in vectorfields
[35]. Scheuermannet. al. [74] extendedthesemethodsfor the analysisof higherorder
critical points. At thesepointslinear termsin a field expansionvanish,i.e., oneor more
eigenvaluesof thelinearizedfield will bezero.

Another importanttopologicalfeatureof flow fields arevorticesor vortex lines. A
vortex line is looselydefinedasthecenterof aswirlingflow region. A numberof different
algorithmshavebeendevelopedto detectsuchfeaturesin avectorfield. Amongthemore
popularapproachesis a methoddue to Banksand Singerwhich relies on integrating
streamlines in a vortex core[2]. In orderto make streamline tracingmorestableafter
eachstepthe currentposition is correctedby determininga local pressureminimum.
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SujudiandHaimesidentify vortex linesby determiningflow regionswherejust onereal
eigenvalueoccursandtheassociatedeigenvectoris orientedparallelto theflow [84].

Visualizationmethodsbasedon the extraction of topologicalfeaturescan be very
powerful. However, they requirea soundunderstandingof thenatureof thevectorfield
being investigated.Not all critical pointsor vortex lines are relevant in practice. For
example,many of themsimply arenoiseartifacts.Probablyit is a goodideato combine
topologicalmethodswith visualizationapproachesaimingon a moreintuitivedisplayof
flow structures.

2.3.3 Texture-basedMethods

Standardmethodsfor vector field visualizationare basedon the displayof arrow-like
symbolsor streamlines. We alreadypointedout that a commonproblemwith these
methods,both local andglobal ones,is limited spatialresolution. In orderto obtainan
intuitiveimagerevealingasmuchinformationof avectorfield aspossiblemany symbols
or many streamlines shouldbeused.However, if theseobjectsareplacedtoo densely,
theimagerapidly getsclutteredandno informationat all is revealedanymore.To tackle
thisproblemso-calledtexture-basedvisualizationmethodshavebeenproposed.Theidea
is to synthesizea textureor a texturedsurfacein orderto denselyrepresentthedirectional
informationcontainedin avectorfield. In principletheresolutionof adirectionaltexture
is only limited by thesizeof asinglepixel.

The first texture-basedmethoddesignedfor vector field visualizationwas the spot
noisetechniqueconceivedby vanWijk in 1991[90]. Themethodgeneratesa directional
textureby superposingindividualspotsorientedaccordingto local vectorfield direction.
Sinceno integral curvesarecomputedspotnoiseis a local visualizationmethod.How-
ever, for texture-basedmethodsthedistinctionbetweenlocalandglobalmethodsis notas
significantasfor othermethods.In fact,enhancementsof spotnoisehave beenproposed
which actuallydo computeintegral curves[20]. In this paperwe focuson a technique
calledline integral convolution or LIC. First introducedby CabralandLeedomin 1993
[9], LIC is closelyrelatedto spotnoise.Detailswill bediscussedin Chapter4. In contrast
to original spotnoiseLIC relieson computingstreamlines of a vectorfield, thusmak-
ing the visual resultsmoreaccurate.Although from the cognitive point of view LIC is
very favourablethemethodis computationallyquiteexpensive. Thereforetechniquesfor
efficiently synthezisingdirectionaltexturesasdescribedin this paperarevery important.
They make texture-basedmethodsalmostanidealtool for vectorfield visualization.

Sinceits introductionin 1993LIC hasbeenextendedin a numberof ways. These
extensionsincludeanimationof LIC texturesin orderto reveal the sign of vectorfield
directionaswell asvectormagnitude[9, 81, 31, 48], designof parallelimplementations
[10, 96], applicationof LIC on surfaces[31, 85, 3, 59], or direct volumerenderingof
3D LIC textures[78, 45]. Someof theseissueswill bediscussedin detail lateron. For a
review of theothertopicswereferto theSIGGRAPH’97coursenotesonTextureSynthesis
with Line Integral Convolution.

Besidespotnoiseandline integral convolution therearea numberof othervisual-
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ization techniqueswhich alsoproducesomekind of directionaltexture. In a technique
calledFROLIC [93] individual strokesor dropletsarerenderedlike in spotnoise.How-
ever, thesestrokesarenotsymmetricandthereforeallow oneto recognizethesignof vec-
tor field directionmoreeasily. Max et. al. [61] encoded3D directionalinformationnear
contoursurfacesby renderingstochasticallydistributedline bundlesor semi-transparent
ellipses. The texture splatstechniqueby Crawfis andMax [16] canbe usedfor direct
volumerenderingof vectorfields. The methodworks by renderinga large numberof
orientednon-isotropicsemi-transparentpolygons.Comparedto line integral convolution
in all thesemethodsthe correlationlengthof the directionaltexturesbeingproducedis
limited. This makesthesemethodssomewhat lessaccuratesinceit is harderto visually
traceindividualstreamlinesalonga largerdistance.

2.3.4 Instationary Visualization Methods

Visualizationmethodsbasedon the displayof streamlines or streamsurfacesarehard
to applyfor instationarydata.This is alsotruefor texture-basedtechniquessuchasLIC.
The reasonis thatcorrelationbetweenstreamlines in two successive time stepsis lost.
Smallchangesof thevectorfield resultin big displacementsof a streamline. Therefore,
in orderto analysetime-dependentdataeitherstreaklinesor pathlinesarecomputed.The
displayof streaklines is quite intuitive andvery similar to dye injectionexperimentsin
flow visualization.In contrast,pathline patternsaremuchharderto interprete.Therefore,
oftenindividualparticlesaresimply tracedin timeratherthanshowing theiraccumulated
trajectory. By releasingparticlescontinuouslyessentiallya streakline visualizationis
obtained.

Particletracingsystemshave a numberof applicationsin computergraphicsandan-
imation. Reevesdiscribesanearlysystemfor geneatingtheillusion of fire or waterfalls
[71]. Similar techniquescanalsobe usedin scientificvisualization. Many computer-
basedflow visualizationsystemslike NASA’s virtual windtunnelsoftware[8], theFlow
AnalysisSoftwareToolset(FAST) [1], or the pv3 system[36] provide particle tracing
modules.Usually, individualparticlesarerenderedaspointsor arrows.

VanWijk [91] describesan interestingvariationof a particlesystem.Insteadof ren-
deringpoint primitivesheuseslittle trianglesalignedin flow direction.Thetrianglesare
illuminatedby alight source.In thiswayfor stationaryvectorfieldstheillusion of stream
surfacescanbeobtainedat low computationalcosts.

In anotherclassof pathtracingalgorithmsindividual streaklines or particlesaren’t
renderedatall. Instead,densevolumesarebeingdisplayedusingdirectvolumerendering
methods.ExamplesareVolumeSeeds[56], Virtual Smoke[57], or Flow Volumes[60,4].
It is arguedthatmethodsbasedon volumerenderingcannotmissinterestingfeaturesof
a vectorfield aseasilyasif singlestreaklines arebeingdisplayed.Anotheradvantage
is, thatanadditionalscalarquantitylike pressurecanbedisplayedin anintuitiveway by
adjustingtheopacityof thevolume.
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Chapter 3

Underlying Numerical Methods

In this chapterwe want to discusssomebasicnumericalalgorithmswhich we will uti-
lize lateron. In particular, we will considertheproblemof numericallyintegratingfield
lines in a vectorfield, aswell asmethodsfor representingandevaluatingvectorfields
on a computer. Specialemphasiswill beput on requirementsimposedby our particular
visualizationalgorithms.For example,thecomputationof continuouslydefinedsolutions
of an ordinarydifferentialequationwill be an issue(denseoutput),aswell asstraight
line approximations,treatmentof discontinuousvectorfields,or fastevaluationof vector
fieldsdefinedondiscretegrids.

3.1 Field Line Integration

Givenan initial value ����	5s¡�è�Æ�Ks , how canwe numericallycomputean integral curve�2� 	�� in a vectorfield? In theliteraturea greatvarietyof algorithmsis known for solving
this kind of problem. Many of the advancedmethodseithermake specialassumptions
aboutthefield, e.g.,assumethattheintegrandcanbecontinuouslydifferentiatedseveral
times,or aredevotedto specialcaseslike for examplestiff problems.For an overview
we refer to standardtextbookslike DeuflhardandBornemann[21] or Hairer, Nørsett,
andWanner[37]. In our context vectorfields areoften definedon a discretegrid with
somelow-order(often linear) interpolationschemebeingappliedinside the grid cells.
In this situationmany high-ordermethodsdo not really pay. For this reasonwe have
chosento utilize simpleandrobustintegratorsof Runge-Kuttatype.Equippedwith error
monitoringandadaptivestepsizecontrolthesemethodsturnoutto beanexcellentchoice
for ourpurposes.In addition,they allow usto constructcontinuouslydefinedinterpolants
in a simpleway. Beforewe discussspecificmethodsin detail, let us introducethebasic
conceptof adiscretenumericalintegrator.
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3.1.1 DiscreteApproximations

Ourgoalis to find asolution �2� 	�� of theinitial valueproblem¿ �¿ 	 �vL2�����
	��¡� �2��	5s1�K�Ø�?sD� with �O��s<�
	5s¡��t�MÀ�~_£� (3.1)

In orderto simplify thenotationlet usassume	5s��Ýy . We furtherwantto to remove the
explicit timedependenceof L=���=�
	�� ontheright handside.Formally, thiscanbeachieved
by turningEq.(3.1) into thefollowing system:¿¿ 	 � � R � � � L����=� R �� � � � ����y«�R ��y«� � � � �?sy � (3.2)

In contrastto Eq.(3.1)thisequationrepresentsanautonomoussystemof ODE’s. Silently
incorporatingthevariable

R
into thestatevector � andintroducingSe�¤M��Í_ , we may

denoteit for shortby ¿ �¿ 	 �gL=���@�1� � �Oyñ�?�¢��s<� with �?s�tTS�� (3.3)

FromSection2.1.2recallthatthesolutionof Eq.(3.3)canbeexpressedby theevolution
Ò Ó

. Thisoperatordescribeshow apoint �?s evolvesin time:ÒpÓ �?s��¢�2� 	��1� ¿¿ 	 ÒpÓ �U2222 Ó î�s �gL2�O�?s1�1� (3.4)

In general,it is not possibleto determine

Ò Ó
exactly. However, givensomelocal approx-

imation VÒ Ó we cantry to find an approximatesolution V� iteratively. Usually, V� will be
definedona discretegrid W<	 ­YX , i.e.,V��P8W<	 ­YX SUaE N � V����	 ­ �[Ze� ­]\ �2��	 ­ �¡� (3.5)

In thefollowingwewantto concentrateonone-stepmethods.For thesemethodsthevalue� ­_^ i solelydependson � ­ . Consequentlyweobtaina two-termrecursive relationship:� ­_^ iK� VÒa` ö � ­ � ���Øy§���«�¡X¯�D�:�����ÑÈd� (3.6)

As indicatedby thesubscript,thetime incrementb ­ ��	 ­c^ iÎ� 	 ­ betweensucessivepoints� ­_^ i and � ­ mayvary.
Thelocalerrorof adiscreteevolution is definedbyw ­ � Ò)` � ­ � VÒa` � ­ � (3.7)

An integrationmethodis saidto beof order d if its local error is of order e>�fbHg ^ i � . The
Taylorseriesexpansionof theexactsolutionaround� is givenbyÒa` �Í�Ø� � b$L � iJ b J L � L � ih b F �³L � � L>L � L � L � LK� � e8�Ybji1�1� (3.8)
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Here,theelementarydifferentialsof L areto beevaluatedat � . Themostsimplediscrete
evolution is givenby Euler’smethod,VÒ ` �Á�¢� � bÛL=���@�¡� (3.9)

Comparingthis expressionwith theTaylor seriesexpansionof theexactsolutionreveals
thattheleadingerrortermis of order e8�Yb J � . Therefore,Euler’smethodis of order1.

Beforewe discusshow to constructmethodsof higherorder, let us shortlymention
an importanttheoremregardingthe convergenceof a discreteevolution. For a detailed
discussionwereferto [21].

Theorem 3. Assumethe initial valueproblem(3.3) hasa uniquesolution �2��	�� andthe
discreteevolution VÒ ` � canbeexpressedin termsof anincrementfunction k ,VÒ ` �Ä��� � blk6���=�Mb��¡� (3.10)

If k6���Î�Jbn� is locally Lipschitz with respectto the statevector � , then for b¤U y the
sequenceof points Wm� ­mX definedby Eq. (3.6) convergesto �2��	�� , i.e., the discretization
error jkj)w�jkj ì � �8´»¶ j)w ­ j approacheszero.

FromEq.(3.10)it followsthatthediscreteevolutionobeys¿¿ b VÒ ` �n2222 ` î�s �gL=���?s¡�1� (3.11)

Of course,thesameexpressionis alsotruefor theexactevolution,compareEq. (3.4). A
discreteevolution is saidto beconsistentif it fullfills thiskind of minimal requirement.

3.1.2 Runge-Kutta Methods

In order to improve the orderof a singleEuler stepwe can take an intermediatestep,
evaluatetheright handsideat this intermediatelocation,andcomputea solutionasVÒ ` �Í�¢� � b$L��O� � iJ b�L2�O�+���1� (3.12)

This method,proposedby Rungein 1895 [73], is known asmidpoint rule. Its Taylor
seriesexpansionis VÒa` �Í�Ø� � b$L � iJ b J L � L � FJ i b F L � � L@L � e8�Ybji1�1� (3.13)

Comparingthiswith Eq.(3.8)showsthatthemethodis of order2. In particular, thelocal
erroris givenby w+� Òa` � � VÒa` �Á� iJ i b F ��L � � L+L � "£L � L � L@� � e>�Ybji1� (3.14)

31



By takingmoreintermediatestepsandcombiningall theseto obtainthefinal solution,
methodsof higherordercanbe constructed.This is the basicideaof so-calledexplicit
Runge-Kuttamethods[51]. Givena setof coefficients b ­ ® , R derivativesarecomputed,o ­ �pb$L=��� � ­ Ù ií ®
î$i b ­ ® o ®.�1� �����'�D�:����� R � (3.15)

Theintermediate
o ­ arecombinedto give thefinal solution,i.e.,VÒa` �Í�Ø� � qí ­ î$i f ­ o ­ � (3.16)

Note,thatthecoefficients f ­ mustsatisfy r ­ f ­ ��� in orderfor Eq.(3.10)to befulfilled.
Similarly, thereareotherso-calledorderconditions,which mustalsobefulfilled if error
termsof higherorderareto vanish.

A well-known exampleestablishedin this way is the classicalfourth-orderRunge-
Kuttaformula,whichrequiresfour evaluationsof theright handside:o iK�pb$L2���K�o J �pb$L2��� � iJ o i)�o F �pb$L2��� � iJ o J �o i �pb$L2��� � o F �

sutttvtttw VÒ ` �Á�¢� � o ix � o JZ � o FZ � o ix � e>�Yb8y¡� (3.17)

For higherorderformulasmore L -evaluationsareneeded.In many caseshigherorder
formulasare advantageousbecausethe additionalcomputationalexpensecanbe more
thancompensatedby a correspondinglybiggerstepsize. Note,however, that this is not
necessarilythecase.Especially, if theright handsideis not very smooth,thestepsizeis
limited andlowerordermethodsarefavourable.

For non-autonomousODE’sit is oftenconvenientto treatthetimevariableseparately.
Insteadof (3.15)we thenhaveo ­ �pb$L�� 	 �{z ­ bR�Ñ� � ­ Ù ií ®
î$i b ­ ® o ®1�1� with z ­ � qí ®�î$i b ­ ®m� �����«�D���:��� R � (3.18)

It becamecustomaryto summarizethecoefficientsof aparticularRunge-Kuttamethodin
aso-calledButchertableau, yz J b J iz F b F iºb F³JP P P Pz q b q i�b q J �D���vb q Ô q Ù iVÒ f�i f J �D��� f q Ù i f q

(3.19)
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Using this notationthe fourth-orderRunge-Kutta formula (3.17)canbe summarizedin
thefollowing way: s iJ iJiJ s iJi s s iVÒ ih iF iF ih (3.20)

3.1.3 Err or Estimation and StepSizeControl

Adaptive stepsizecontrol is an importantissuefor seriousnumericalintegration. In the
following supposethatweareableto estimatethelocal integrationerrorby somenumber|

. In orderto maximizeperformancewe would like to choosethe stepsize b aslarge
aspossible.On the otherhand,to guaranteethe quality of the approximationthe error
estimateshouldnotexceeda user-definedlimit

|~}
.

For a d -th orderintegrationmethodweknow thattheleadingerrortermscalesas b�g ^ i .
Therefore,if astepsize b resultsin someerror

|
, wecancomputeanoptimizedstepsizeb } correspondingto theuser-definederrorlimit
| }

byb } ��b���� �� � l | }| � (3.21)

Herewe have introduceda safetyfactor
� ��� . Also, since

|
may becomearbitrarily

small, b } shouldbelimited by anupperbound.Eq. (3.21)canbeexploitedfor stepsize
control as follows: If in the currentstep

|
was lessthan

| }
, then b } computedfrom

Eq. (3.21) is usedduring the next iteration. Otherwisethe currentstepis repeatedwithbÍ��b } . It shouldbenotedthat the realdiscretizationerrornot only consistsof a local
componentdueto theevolution VÒ ` � N , but alsoof theaccumulatederrorfrom all previous
steps.However, controllingtheaccumulatederrormayrequirerecomputationof theentire
field line. Therefore,usuallyonly thelocalerroris considered.

A straight-forwardway to obtainsomelocal errorestimate
|

is to comparetwo dis-
creteevolutionsof differentorder, anaccurateone VÒ ` � anda lessacurateone �Ò ` � . The
differencebetweenthetwo solutions, VÒ ` �è���Ò ` �Á� Vwp� �w , is anapproximationof theerror
of thelessaccurateevolution. However, it canbeshown [21] thatthisapproximationcan
safelybeusedto controlthestepsizeof themoreaccurateevolutionvia equation(3.21).
Consequently, it hasbecomecommonpracticeto proceedwith VÒ ` � in thenext iteration
insteadof �Ò ` � , anapproachknown aslocal extrapolation.

Note, that the quantity Vw�� �w representsan error vector, while in Eq. (3.21)a single
scalarvalue

|
is required.Thisvalueis obtainedby computingthemagnitudeof theerror

vector– preferablyusinga smoothnorm like the Euclideandistance,i.e.,
| � j Vw�� �w4j

[70]. In many applicationsthe individual error componentshave to be scaledproperly
beforecomputingthe norm. However, in visualizationusuallyall componentsrefer to
spacedimensionsandthusareof sameorderof magnitude.Thespatialinterpretationof
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thesolutioncurvesalsoimplies that it is adequateto considerabsoluteerrorsinsteadof
relativeones.

Insteadof computingtwo completelydifferentdiscretesolutionssomeof the inter-
mediatesteps

o ­ in a Runge-Kutta methodmay be reused.Correspondingmethodsare
known asembeddedRunge-Kutta formulas.Anothertrick dueto Fehlberg is to usethe
derivative L��O� ­c^ i�� in boththecurrentandthefollowing step.In this way from theclas-
sical fourth-orderRunge-Kutta formula (3.17)a third-orderapproximationcanbe con-
structed, �Ò ` �Ä��� � o ix � o JZ � o FZ � L���VÒ ` �@�x � e8�Yb i �¡� (3.22)

Theerrorestimateis givenbyVÒ ` �~� �Ò ` �Í� �x � o i �}L2��VÒ ` �K�
�¡� (3.23)

The resultingadaptive integrator, denotedRK4(3), turnsout to be very robust andwell
suited for many general-purposeapplications. We took this integrator as the default
methodfor mostfield line integrationtasksin thiswork.

BesideRK4(3) we have alsoimplementeda third-ordermethoddueto Bogackiand
Shampine[5] andafifth-ordermethodduetoDormandandPrince[24]. Wewill call these
methodsRK3(2) andRK5(4), respectively. Both methodsmake useof local extrapola-
tion, i.e., they computeanerrorestimateby meansof a second-,respectively forth-order
approximation,but proceedwith thehigherordersolution.Thethird-ordermethodis ad-
vantageousfor roughvectorfieldsasthey mayoccurfor examplein caseof coarsecom-
putationalgrids (c.f. Sec.3.2). Thefifth-ordermethodis advantageousfor very smooth
data,e.g.,for analyticallydefinedvectorfieldsor dynamicalsystems.Althoughof fifth-
order, this methodrequiressix intermediateL -evaluation,including the oneat the final
position. It canbe shown that this is the minimum numberof stagesfor a fifth-order
method.In general,higherordermethodsrequirea rapidly increasingnumberof stages.
Sincethisoverheadusuallycannotbecompensatedby alargerstepsize,many high-order
methodsareof limited practicalimportance.

The Butchertableausof RK3(2), RK4(3), and RK5(4) are listed in Table 3.1. Of
course,thesemethodsarenottheonly onesof thatorder. However, it is arguedthatpartic-
ularsetsof coefficientsliketheonesin Table3.1areoptimalwith respectto certaindesign
criteria. Usually, thesedesigncriteria includethingslike magnitudeof thecoefficient of
theleadingerrortermor ratio of this coefficient andthecoefficient of thesecond-largest
errorterm.However, thesignificanceof thesecriteriawith respectto praticalapplications
is notalwaysclear.

3.1.4 Inter polation and DenseOutput

AdaptiveRunge-Kuttamethodsliketheonesdiscussedaboveallow ustoquicklycompute
anODEonadiscretegrid W<	 ­YX atguaranteedhighaccuracy. However, in many situations
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RK3(2)

RK4(3)

RK5(4)
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s iy iyFiOs Fi s �i si y i�ii y Ù y hi y F³J�� � i � F � Jh y h i Ù J y F h sJ i � � h i�i�i �h y h i Ù J i J� J �i � s
i �F i h�� Ù F y�yF³F i h � F³Jy J i � i �i � h Ù y iOs Fi ��h y hi F yF � i s y s³si³i³i F i J yi � J Ù J i � �h � � i i³i� iVÒ F yF � i s y s³si³i³i F i J yi � J Ù J i � �h � � i i³i� i s�Ò y i � �y � h s³s s � y � ii h�h � y F � Fh i s Ù � J s � �F³F � J s³s i � �J iOs³s ii s
Table3.1: ThistablesummarizestheButchertableausof somepartic-
ularly “good” embeddedRunge-Kuttamethodswe usedfor field line
integration. The methodsareof order three,four, and five, respec-
tively. They all make useof theFehlberg trick, i.e., they evaluatethe
right handsideat thefinal pointof a step.

solutionvalueshave to be evaluatedat prescribedlocationsÜ , which in generalarenot
partof theset W<	 ­YX . In particualar, this is truefor many visualizationmethodssuchasthe
onesdiscussedbelow. Restrictingthestepsizeof theintegratorto thedesiredvaluewould
resultin a tremendousoverheadof work. Therefore,specialinterpolationstrategieshave
beendevelopedallowing oneto approximatethe solutionanywherebetweentwo break
points � ­ and � ­_^ i .In this sectionwe will concentrateon local methods,i.e., methodswherean inter-
polationpolynomial �?� 	�� is constructedfrom the informationof a singlesteponly. The
polynomial �K��	�� is saidto beof order ¦ (or degree¦Þ��� ) if it hastheform�K� 	��@�E�«s � �§i¯	 � � J 	 J � �:��� � � ¥ Ù i¯	 ¥ Ù i � (3.24)

Theorder ¦ of aninterpolationpolynomialshouldberelatedto theorderd of theRunge-
Kuttamethodbeingused.Any continuousinterpolantmustsufficeat least�?��	 ­ �?�Ø� ­ and�?� 	 ­_^ i
�?�¢� ­_^ i .Let ��K��	�� be a polynomialof the sameorderas �K��	�� interpolatingthe exact solution�2� 	�� insteadof the discreteone. We may thensplit the local error ��� 	��\�!�?��	�� into the
following two terms:�2� 	������K��	��?�q�O�2��	�������K� 	��
� � �M��?��	����#�K� 	��
�¡� 	 ­ c|	�c|	 ­_^ i (3.25)

Thefirst termcanberegardedasan interpolationerror. It doesn’t dependon theintegra-
tion formulabeingused.It isastandardresultof interpolationtheorythattheinterpolation
error is of order e>�fb ¥ � , where ¦ denotestheorderof the interpolantand b �¤	 ­c^ iK�Y	 ­
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[18]. Thesecondtermin Eq.(3.25)canberegardedasadataerror. Shampine[77] shows
thatthis termis of order e>�fb�g ^ i � provideda d th-orderintegrationformulahasbeenused.

Fromtheseresultsit follows that theorderof the integrationformula is preserved if
wechoose¦Ïx�d . While for ¦Ïx�d � � thedataerrordominates,for ¦���d � � theinter-
polationerrorbecomesequallyimportant.Unfortunately, in many situationsinterpolants
with ¦�x0d cannotbeobtainedfor free,i.e.,without requiringadditional L -evaluations.
Instead,oftentheorderof theinterpolationpolynomialis chosento beequalto theorder
of theintegrationformula.In thiscasewehave��� 	������?��	��[��b g � e>�fb g ^ i �1� (3.26)

Thereasonwhy this approachis still acceptableis thattheinterpolantis usedto produce
singleoutputvaluesonly, i.e., interpolationerrorsdon’t accumulatelike local errorsof
theintegrator. Therefore,it is reasonableto allow theinterpolationerrorto beof thesame
orderof magnitudeastheglobalerror of theintegrator, namelye8�Yb g � . Moreover, if local
extrapolationis usedthenumericalerrorestimate

|
will alsobeof order e>�Yb g � . Thus,

by controlling
|

alsotheinterpolationerror(3.26)will becontrolled.
An elegantway of establishingan interpolationpolynomial �K� 	�� is provided by so-

calledcontinuousRunge-Kuttaformulas.In theseformulasthecoefficients f ­ arereplaced
by functionsf ­ ���Û� , sothattheresultingapproximation�?��	 ­ � �]b��?�¢� ­ � b qí ­ î$i f ­ �?�$� o ­ � y%c@�dc��«� (3.27)

smoothlyinterpolatesbetween� ­ and� ­_^ i . Althoughit isnotobvioushow tofindsuitable
functions f ­ �?�$� in general,for some d th-orderformulasa d th-orderinterpolantcanbe
constructed.In particular, theRK5(4) methodof DormandandPrincelistedin Table3.1
canbeextendedin thefollowing way [37]:fDi����$� � �8� i F³F �i � s ��J � iOs F �F h s ��FK� i³i h Fi³i y J � if J ���$� � yf F ���$� � iOs³sF ��J�� iOs y i� J � y � i h�� JJ � � J y � � F � �y�y h y ��JJ�f i ���$� � � yJ ��J � J �i s � �y �µ� � F� h ��J �f y ���$� � i � J³J y� i � ��J��Ñ� FJ y s � J³JF � y �W� F �h s³s ��JJ�f h ���$� � � J³J� ��J � � FiOs � J �F s �W� i �J i ��J �

(3.28)

A simpleandelegantway to obtaina fourth-order� i -continuousinterpolantis pro-
vided by cubic Hermiteinterpolation. In additionto the locations � ­ and � ­_^ i alsothe
derivatives L ­ ZÄL��O� ­ � and L ­_^ i ZÄL2��� ­_^ i�� areinterpolated.As canbeverifiedby New-
ton’s interpolationformula,thecorrespondinginterpolationpolynomialis givenby�?��	 ­ � �]b��?� � ­ � ��bÛL ­ � � J �O� ­c^ im�r� ­ �*bÛL ­ �� � J �?�@���<�A�Yb$L ­_^ i �%X��O� ­_^ im�r� ­ � � b$L ­ �¡� y%c!�����'� (3.29)

We use this interpolantfor both the fourth-ordermethodRK4(3) and the third-order
methodRK3(2) listedin Table3.1.
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3.1.5 Forward Differenceson Equidistant Grids

ThefastLIC algorithmdiscussedin Chapter4 requiresfield linesto besampledata large
numberof intermediatepoints,i.e., interpolationpolynomialsneedto beevaluatedquite
often.In thiscaseefficiency becomesanimportantissue.

Consideran ¦ th-orderinterpolationpolynomial �K�?�$� . Of course,we neednot to
computeeverypower in � separately, but mayapplyHorner’s rule, i.e.,�?�?�$�º� �«s � �§i�� � � J � J � ���:� � � ¥ Ù ij� ¥ Ù i� �«s � �r�Y�£i � �%�f� J � �%�5�:��� � ��� ¥ Ù i
�¡�:��� �
�1� (3.30)

However, thisapproachstill requires¦ ��� additionsand ¦ ��� multiplicationspervector
component.Substantialspeed-upscanbeachieved if the polynomialis to be evaluated
at evenly spacedlocationsonly. This will exactly bethecasein our fastLIC algorithm.
Evenlyspacedsamplescanbeefficiently computedusinga forwarddifferencingscheme,
reducingthecostto just ¦z�@� additionsandnomultiplicationatall afterinitialization.

Assumewewantto evaluatetheinterpolationpolynomial��±��E��s � ï { , ï �Øy§���'�¡X£�D��� ,
where

{
denotesthe samplingdistance.We thenmay defineforward differencesin the

following way | i �?�?��±���� �K�?��± ^ i)�������?��±D�| ­c^ i �?�?��±���� | ­ �K�?��± ^ i5��� | ­ �K�?��±��1� �Kxp�'� (3.31)

Likefor ordinaryderivatives,it turnsoutthatfor any polynomialof order¦ thedifference| ¥ Ù i �?�?��±�� will beconstantfor all
ï
. Higherorderdifferencesvanishcompletely. Thus,

after initially computing
| ­ �?�?��s¡� , yd�����v¦ , at location ��s we mayobtainsubsequent

valuesby meansof thefollowing updatescheme:�K�?��± ^ i)�º� ���?��±D� � | i �?��±D�| ­ �K�?��± ^ i)�º� | ­ �K�?��±D� � | ­_^ i �?�?��±��1� �?x��«� (3.32)

In the particularcaseof a fourth-orderpolynomial like the cubic Hermite interpolant
definedin Eq.(3.29)theinitial differencesaregivenby| i �K�?��s¡�º� ��Z { � Js � Z { J ��s � { F �l� F � ��X { �ns � { J �l� J � { F �£i| JM�K�?��s¡�º� � x { JJ��s � x { F¡�l� F � X { JM� J| FM�K�?��s¡�º� x { F�� F (3.33)

For a fifth-order polynomial like the interpolant of the RK5(4) method defined by
Eq.(3.27)and(3.28)wehave to addthefollowing terms:| i � i � i s � ��" { � Fs�� x { J � Js�� " { F ��s � { i �l� i| J�� i � i s � ���»X { J ��Js � X¡" { F ��s � ��" { i �l� i| F�� i � i s � ��X¡" { F ��s � Z x { i �l� i| i � i � i s � X¡" { i � i (3.34)
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a) b)

Figure 3.1: Intermediatepoints on a field line can be efficiently computedusing an appropriateinter-
polationpolynomial. In Figure(a) a cubic Hermitepolynomialhasbeenusedto interpolateequi-distant
samplesfrom the resultsof the RK4(3) integrator. Figure(b) illustratesa curvature-adaptedstraightline
approximationof afield line.

Note,that theseexpressionsbecomemuchsimplerif we take ��sQ�qy . However, our
goal is to samplemultiple integrationintervalswith equalincrements.Sincethe length
of a single interval in generalwill not be an integer multiple of the samplingdistance,
theremainingfractionaldistance(whichjustdoesn’t fit into thecurrentinterval anymore)
hasto betakenasanoffsetfor thenext interval. Therefore,non-vanishinginital values�ns
arise.

An exampleof an evenly sampledfield line is shown in Figure3.1 a). The points� ­ computedby the integratoritself areconnectedby straightline segments.Thefigure
clearlyindicatesthatwithout a properinterpolanthigher-orderintegratorsareunsuitable
for graphicaloutput.

3.1.6 Straight Line Approximations

Besidethe samplingof a field line at many equi-distantlocations,anothercommonre-
quirementin visualizationis theapproximationof acurvebyaminimalnumberof straight
line segments.Theseline segmentsneednot to beof equallength. Insteadthey should
approximatetheshapeof thecurve ascloseaspossible.Obviously, this requiresthatthe
samplingdistanceis somehow relatedto thecurve’scurvature.

Sometimescurvature-adaptedstraightline approximationsare computedin a post-
processingstepby simplifying a denselysampledintermediatepolyline. However, this
is clearly not anoptimalapproachwith respectto both performanceandquality. Other
authorstried to modify the stepsize control mechanismof the integrator, so that step
size is adaptedto curvature[17, 49]. This may lead to a highly increasednumberof
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L -evaluations. In addition, the accuracy of the approximationis not optimal if simple
error criteria areusedsuchasthe anglebetweentwo sucessive line segments.A better
approachwould beto usethefull informationprovidedby thepolynomials�?��	�� in order
to computeastraightline approximation.

Thedifferencebetweenanarbitraryfunction ¢Û� 	�� andan ¦ th-orderinterpolantd N ��	��
constructedfrom ¦ points Ü.± suchthat ¢R� Ü�±��K��d N ��Ü.±<� canbeexpressedby¢R� 	��?��d N ��	�� � ��	��ÁÜmi
�¡�:���k��	��~Ü ¥ �Aô�Ü»i1�D���:���
Ü ¥ �
	 ÷ ¢n� (3.35)

where ô�Ü»i1�D���:���
Ü ¥ �
	 ÷ ¢ denotesthe ¦ th divideddifferenceof ¢ [18]. Furthermore,it canbe
shown that thedivideddifferenceis relatedto the ¦ th derivative of ¢ evaluatedat some
intermediatelocation Ü�t^ô Ü»i1�
Ü ¥ ÷ :ô Ümi1���:���:��Ü ¥ �
	 ÷ ¢%�!¢l£ ¥�¤ ��Üp� ¼ ¦ ð (3.36)

In thefollowingwewantto createapiecewiselinearapproximation��K��	�� to thehigher-
orderinterpolant�K� 	�� of the integrationformula. Introducinga setof breakpointsW<Ü�± X(differentfrom thediscretemeshW<	 ­YX usedby theintegratoritself), this approximationis
givenby ��?� 	��K���?��Ü.±<� � 	��ÁÜ.±Ü�± ^ i��ÁÜ.± �f�K� Ü�± ^ i)�����?��Ü.±<���Û� Ü.±Êc|	\�YÜ.± ^ i1� (3.37)

Accordingto Eq. (3.35) the differencebetween� and �� involvesa seconddivided dif-
ference. Applying Eq. (3.36) in every interval ô�Ü.±'��Ü�± ^ i ÷ we obtain the following error
estimate:j �?��	���� ��?� 	���j]c � Ü.± ^ i��ÍÜ�±X � J �8´»¶¥f¦ ¸ Ó¨§ ¥f¦ � � 2222 � � � ��	��X 2222 � Ü�±�c|	\�}Ü�± ^ i (3.38)

Givenanarbitrarypoint Ü.± our goal is to find the next point Ü.± ^ i suchthat thedistanceÜ.± ^ iÛ�"Ü.± is aslargeaspossiblebut, at thesametime,thetotalerrorof theapproximation
given by (3.38)doesnot exceeda user-definedlimit. Given an analyticexpressionfor
thesecondderivative � � � ��	�� then,in principal,we couldfind sucha point directly. How-
ever, since � � � � 	�� itself is a piecewisepolynomialfunctionandbecauseof themaximum
operationin (3.38)this is nota trivial task.

As analternativewe mayrely on steppingalongthefield line with smallequi-distant
increments

{
. This canbeefficiently achievedusingthe forwarddifferenceschemede-

scribedin theprevioussection.At eachstepwecomputeanestimateof � � � andkeeptrack
of the maximumvalue j � � � jmax. Eventually, after V stepsthe expression��V { �)J«j � � � jmax¼ Awill exceeda predefinederror limit. We thenacceptthe currentsampleasa breakpoint
for thestraightline approximation,resetV aswell as j � � � jmax, andcontinuesteppingalong
thefield line.

The only remainingquestionis how to computethe valueof � � � at a samplepoint.
However, since � is a polynomialfunctionof order ¦ , � ��� will bea polynomialof order
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¦ �eX . In particluar, in caseof the cubic Hermite interpolant � � � is a linear function,
while for the RK5(4) interpolantit is a qudraticfunction. In any case,like for � itself
we canapplytheforwarddifferencestechniqueto evaluate� � � efficiently for equi-distant
samples.

Figure3.1 b) shows anexampleof a field line approximatedby straightlines. Note,
how the distancebetweensubsequentbreakpointsnicely adaptsto the curvatureof the
curve. Of course,onecanaskwhy the integrator itself couldn’t be modifiedso that it
directlycomputesthecorrectbreakpoints.Thedifferencebetweenthetrueintegralcurve
anda straightline approximationis of order e>�Yb�J¡� . An appropriateerrorestimatewould
be obtainedby comparingthe result of Eq. (3.12) (midpoint rule) with the result of a
simpleEuler step. Indeed,the RK2(1) formula establishedin this way canbe usedto
producea similar resultasin Figure3.1 b). However, this methodof courseaffectsthe
globalerror of thesolutionbecausefairly largelocalerrorsareaccumulated.

3.1.7 DiscontinuousProblems

Fromthediscussionin theprevioussectionswe learnedthatsmoothlocal interpolantsof
a numericalintegrationformula area valuableandversatiletool. They canbe usedto
producea largenumberof sampleson a field line aswell asto easetheconstructionof
curvature-adaptedstraightline approximations.Yet anotherimportantapplicationis the
integrationof discontinuousvectorfields. For example,discontinuitiesfrequentlyoccur
atdomainboundaries,e.g.,at theboundriesof anunderlyingcomputationalgrid. Another
exampleareelectricfieldsasshown in Figure1.2b). Thesefieldsexhibit discontinuities
at theboundaryof materialswith differentdielectricproperties.

Whenencounteringa discontinuityon the right handsideany robust numericalin-
tegratorwill automaticallyreduceits stepsizein orderto ensurethe user-definederror
limit. While in this way the quality of the approximationis guaranteed,performance
heavily breaksdown dueto a large numberof small steps. In addition,discontinuities
usually leadto a hugenumberof rejectedsteps. Typically, after every sucessfulsmall
stepjustbeforeadiscontinuityamuchbiggerstepwill besuggestedfor thenext iteration.
Thebiggerstepis likely to crossthediscontinuity, andthuswill berejectedagain.

Interpolantsprovide anelegantway to circumvent theseproblems.Thegeneralidea
is basedon theobservationthataninterpolantnot only approximatesthetruesolutionin
theinterval ô 	 ­ �
	 ­ � b ÷ but alsoin theinterval ô 	 ­ � bR�
	 ­ � X�b ÷ . In fact,it canbeshown that
theorderof theapproximationremainsthesame,althoughtheassociatederrorconstants
arelargerin general[27]. Thismeansthatwecanusetheinterpolantof thelastsucessful
stepin orderto locateadiscontinuityaheadandto restartintegrationafterwards.

Enright et. al. [28] proposedan algorithm wherethe occurenceof a discontinuity
is detectedfully automatically. Evaluationof the right handsideof the ODE cantake
placein a standardway, i.e., the occurenceof a discontinuityneednot to be indicated
explicitely. Instead,it is suposedthatthereexistsa discontinuitysomewherein therangeô 	 ­ � bR�
	 ­ � X�b ÷ if thestepfrom 	 ­ to 	 ­ � b wasimmediatelyprecededbyarejectedattempted
stepandthe proposedstepsizefor the next stepis b }�© X�b . Theauthorsreportedthis
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automaticcriteriumto bequitereliable. After theoccurenceof a discontinuityhasbeen
signaledits exactlocationisdeterminedbysamplingtheinterpolant�K� 	�� in ô 	 ­ � bR�
	 ­ � X�b ÷ .In particular, a bracketingstrategy is applied,assumingthata location 	 is right from the
discontinuityif theratio of theso-calleddefect

{ � 	�� of theinterpolantat 	 andthedefect{ ��	 } � ataspeciallychosenlocation 	 } t^ô�	 ­ �
	 ­ � b ÷ exceedsacertainvalue.Thedefectof
theinterpolantis definedby { � 	��@�E� � � 	��?��L��f����	��
�¡� (3.39)

After the locationof thediscontinuityhasbeendeterminedup to therequiredtolerance,
integrationis restartedusingthe samestepsizeasin the last successfulstepbeforethe
discontinuityevent.

The main advantageof the describedautomaticalgorithmis its simplicity from the
user’spointof view. It isarguedthatit mightbedifficult toprovideusercodewhichisable
to signaldiscontinuitiesunderall circumstances.However, in ourcasediscontinuitiesare
usuallyassociatedwith certaindomainboundariesin acomputationalgrid. Eachdomain
canbeidentifiedbyauniquelabel.Therefore,weneednottoapplyanautomaticcriterium
to identify discontinuities,but maymerelycomparedomainIDs. Wheneveranew domain
is encountered,we rejecta stepandsampletheinterpolantlike in Enright’s algorithmin
orderto determinetheexactlocationof theboundary. Of course,insteadof analysingthe
defectof theinterpolantwe againlook at thedomainID to decidewhetherwe areleft or
right from theboundary. In someraresituationsit might occurthat the interpolantdoes
notcrossadomainboundary, althoughsuchaboundarywasseenbefore.Similar to [28],
in this casewe simply continuewith a reducedstepsizeassuggestedby the stepsize
controlmechanism.

The resultingalgorithmturnsout to be quite efficient for integratingdiscontinuous
vector fields. If a vector field is definedon a discretegrid, we commonlyapply this
techniqueto tracefield linesexactlyup to theboundaryof thegrid.

3.2 Data Representationand Evaluation

In the following we want to discusshow to representandevaluatethe right handside
of anODE.Usually in scientificvisualizationa vectorfield L��O�K� will not begivenby a
mathematicalexpressionwhich canbeevaluatedfor anarbitrarylocation � . Instead,the
datais commonlydefinedon a discretegrid. In thefollowing we shortlysummarizedif-
ferentgrid typesandsketchassociatedinterpolationmethods.In addition,point location
techniqueswill bedescribed.Thesetechniquesarenecessaryfor evaluatingfields on a
discretegrid atarbitrarylocations.

3.2.1 Computational Grids

A discretecomputationalgrid or meshsubdividesthe domain S on which a field L=���@�
is definedinto elementarygrid cells. Computationalgrids canbe classifiedaccording
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Figure3.2: Regulartwo-dimensionalgrid with curvilinearcoordinates.Thegrid smoothlybendsarounda
wing profilewith two boundarysidesbeinggluedtogetherbehindthewing.

to the shapeof the elementarycells. The most commoncell typesare triangularand
quadrilateralcells in two dimensionsaswell astetrahedralandhexahedralcells in three
dimensions.Othercell typeslikeprismscanbeusedaswell. It is alsopossibleto combine
cellsof differenttypesin a singlegrid. For anoverview we refer to standardtext books
on finite elementanalysis,e.g. [95]. Conceptually, at least regular, block-structured,
irr egular and hybrid grids can be distinguished. In our discussionwe concentrateon
simpleregularandirregularexamples.

Regular Grids. A regulargrid consistssolelyof quadrilateralcells in 2D or hexahedral
cells in 3D. Thesecellsarelogically arrangedin anarray, so that they canbeaddressed
via an index pair �?����ª¯� in 2D or via an index triple ���
��ª«� ï � in 3D, respectively. Regular
gridsarefurtherdistinguishedaccordingto thekind of coordinatesbeingused.Themost
simplecasecomprisesso-calleduniformcoordinates,whereall cells areassumedto be
rectangularandaxis-aligned.Moreover, thegrid spacingis constantalongeachaxis. In
caseof rectilinearcoordinatesthecellsarestill alignedto theaxes,but thegrid spacing
may vary from cell to cell. Finally, in caseof curvilinear coordinateseachnodeof the
grid mayhave arbitrarycoordinates.Gridswith curvilinearcoordinatesareoftenusedin
fluid dynamicsbecausethey havea simplestructurebut still allow for accuratemodeling
of complex shapeslike rotor bladesor airfoils. A 2D exampleof a regular grid with
curvilinearcoordinatesis shown in Figure3.2.

Irr egular Grids. In contrastto regular grids irregular grids areusuallybuilt from tri-
anglesor tetrahedrons.This providesa muchgreaterflexibility , allowing oneto model
almostany type of geometricobject. The cells arenot arrangedin an arrayanymore,
but aremoreor lessirregularlydistributed.A big advantageof triangularandtetrahedral
cells is that they canbe refinedeasilyin a consistentway without changingthe overall
structureof thegrid. This makesit possibleto adapttheresolutionof thegrid locally. In
addition,simplelinearinterpolantscanbedefinedinsidetriangularandtetrahedralcells.
An exampleof a triangulargrid with locally varyingresolutionis shown in Figure3.3.
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Figure 3.3: Triangulargrid arounda circle. Irregular grids are well suitedto representcomputational
domainsof arbitrarytopology. In addition,thegrid resolutioncanbeadaptedlocally.

3.2.2 Inter polation and Local Coordinates

In orderto definea function L2�O�+� on a discretegrid, datavalueshave to bespecifiedat
certainpointsof thegrid. In addition,an interpolationrule hasto beprovidedallowing
oneto evaluatethe functionat any point insidea givengrid cell. Often the interpolated
functionshouldat leastbecontinuousacrosstheboundariesof adjacentcells.Therefore,
datavaluesarecommonlyspecifiedat thecornersof a cell. In caseof triangularor tetra-
hedralcellsthena linearinterpolantcanbedefined,while for quadrilateralor hexahedral
cellsusuallybilinearor trilinear interpolantsareapplied.

In thefollowing, let usfirst considerthespecialcaseof quadrilateralcellsto pointout
somegeneralconcepts.Thefour datavaluesat thecornersof a quadrilateralcell provide
justenoughinformationto determineabilinearinterpolant,i.e.,aninterpolantof theformL2�¬«@�?�p­�s � ­-i5� � ­ J P � ­ F �)P$� «Í�q� �Î� P§��®Î� (3.40)

The coefficients ­ ­ have to be chosensuchthat the datavalues L ­ at the cell’s corners
arereproduced.This canbe achievedby solvinga "u�¯" linear systemfor eachvector
component.Higher-orderinterpolationmethodscanbeestablishedby providing deriva-
tiveinformationor by definingdatavaluesatadditionalpointsinsideacell or at thecell’s
boundaries.

It turnsout,thatdirectevaluationof thecoefficients ­ ­ of aninterpolationpolynomial
is numericallyquiteunfavourable.Especially, for non-linearinterpolantsthesolutionof
the associatedlinear systemmay not be trivial. A morerobust andstablealternative is
basedon the introductionof local coordinatesinsidea cell. The interpolantcanthenbe
expresseddirectly asa linear combinationof the orginal datavalues L ­ with the corre-
spondingweightsbeingcomputedasa functionof thelocal coordinates.For example,in
caseof a quadrilateralcell local coordinates� and ° canbedefinedasshown in Figure
3.4.By meansof thesevariablesthebilinearinterpolantcanbewrittenasLÁ�¤�±�p�D�Û�.�±�p�D°§�nL s � �����p��°£�nL i � °$���p���$�nL J � �)°2L F � (3.41)
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Figure 3.4: Local coordinates² ä?³ in a quadrilateralcell (left) or ² ä?³'ä?´ in a hexahedralcell (right) vary
from 0 to 1 alongthe cell’s edges.Thesecoordinatesarealsodefinedfor distortedcells,e.g., in caseof
curvilinearcoordinates.

It shouldbementionedthatsuitablelocalcoordinatescanbedefinedfor virtually any
typeof grid cell. While hexahedralcellsareparametrizedsimilarly to quadrilateralcells
in 2D, in caseof triangularand tetrahedralcells so-calledbarycentriccoordinatesare
used.Thesewill bediscussedin Section3.2.5. Of course,higher-orderinterpolantscan
beexpressedin termsof localcoordinatesaswell. In finite elementanalysistheparticular
combinationsof localcoordinateslike µ�¶¸·[¹»º¸µ±¶�·[¼jº , ¹½µ�¶¸·[¼�º , ¼]µ�¶¸·[¹»º , and ¹)¼ in Eq.(3.41)
arecalledshapefunctions. A gridcell togetherwith agivensetof shapefunctionsiscalled
anelement.

3.2.3 TensorProduct Inter polants

Bilinear interpolationas definedin the previous sectioncan be regardedas the tensor
productof two linearinterpolations.Fromacomputationalpointof view it is advantagous
to exploit thisstructure.Thus,insteadof Eq.3.41wehave:¾À¿ÂÁÄÃÅ¾�¿�Æ ¹�µ ¾[Á · ¾�¿ º¾ÀÇ�ÈnÃÅ¾�Ç�Æ ¹�µ ¾½È · ¾�Ç ºÊÉ ¾�Ã�¾�¿ÂÁËÆ ¼�µ ¾ Ç�È · ¾�¿ÂÁ º (3.42)

Thesameresult
¾

wouldbeobtainedif theorderof thelinearinterpolationsin ¹ and ¼ is
reversed,i.e., intermediatevalues

¾ ¿ Ç
and

¾ Á È
instead

¾ ¿ÂÁ
and

¾ÀÇ�È
arecomputed.

Thethree-dimensionalanalogonto bilinearinterpolationis trilinearinterpolation.Us-
ing the local coordinates¹ , ¼ , and Ì of a hexahedralcell a trilinear interpolantcanbe
computedin thefollowing way:¾ ¿ÂÁ ÃÅ¾ ¿ Æ ¹*µ ¾ Á · ¾ ¿ º¾�Ç�È�ÃÅ¾�ÇÀÆ ¹*µ ¾½È · ¾�Ç º¾�Í�Î�ÃÅ¾ÀÍ�Æ ¹*µ ¾½Î · ¾ÀÍ º¾�Ï�ÐÑÃÅ¾�ÏÀÆ ¹*µ ¾ÀÐ · ¾�Ï º

ÒuÓÓÔÓÓÕ ¾ ¿ÂÁÇ�È Ã(¾ ¿ÂÁ Æ ¼�µ ¾ Ç�È · ¾ ¿ÂÁ º¾ Í�ÎÏ�Ð Ã(¾ Í�Î Æ ¼�µ ¾ Ï�Ð · ¾ Í�Î ºÄÖ ¾�Ã×¾ ¿ÂÁÇ�È Æ Ì#µ ¾ Í�ÎÏ�Ð · ¾ ¿ÂÁÇ�È º
(3.43)
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Although linear tensorproductinterpolantsare by far the most popularchoicefor
regular grids, in somecasessmootherresultsarerequired. In particular, this might be
necessaryfor low resolutioninputgrids.In orderto constructa Ø Á -continuousinterpolant
an estimateof the partial derivativesof

¾
at the cell boundariesis required. Thenfor

examplethe tensorproductof multiple one-dimensionalcubicHermiteinterpolantscan
becomputed.However, often thepartialderivativeswill not beprovidedexplicitely but
have to be approximatedby centraldifferences.Suppose,we want to computea cubic
interpolantbetweenÙ�Ú andÙ�Ú_Û Á ona one-dimensionalgrid. Then¾ÀÜÚ]ÝÞµ ¾ Ú_Û Á · ¾ ÚLß Á ºáà�â�ã and

¾�ÜÚcÛ Á ÝÞµ ¾ Ú_Û Ç · ¾ Ú ºÂà�â�ä (3.44)

Computinga cubic Hermite interpolantusing thesetwo expressionsyields a so-called
Catmull-Romspline.It canbewritten in matrix form as¾ µ?¹»º Ãæå ¹ È ¹ Ç ¹Ê¶¸çÑèééê ·'¶Oà�â ëHà�â ·ìëHà�â ¶Oà
â¶ ·�í�à
â â ·'¶Oà�â·'¶Oà�â î ¶Oà�â îî ¶ î î

ïcððñ èééê ¾ ÚLß Á¾ Ú¾ Ú_Û Á¾ Ú_Û Ç
ïcððñ (3.45)

In orderto constructa bicubictensorproductinterpolantin a regular2D grid we first
applytheCatmull-Romsplineto four rows in thegrid. We theninterpolatetheobtained
intermediatevaluesagainin columndirectiontogetthefinal result.Likein thelinearcase,
theorderof interpolationdoesn’t matter, i.e., rowsandcolumnsmaybeinterchanged.

The samemethodcanbe appliedto 3D hexahedralcells in a straight-forward way.
In this casethe one-dimensionalinterpolant(3.45)hasto beevaluated¶Bò Æ�óËÆ ¶ times.
Thoughtheresultsof tricubicinterpolationareof highquality, it is clearthattheapproach
is computationallymuchmoreexpensivecomparedto simpletrilinear interpolation.

Finally, it shouldbementionedthat in finite elementanalysisanotherclassof inter-
polantsis commonlyusedfor quadrilateralandhexahedralelements.Insteadof ôöõ input
valuesasfor an ô th-ordertensorproductin ÷ dimensionstheseso-calledSerendipityel-
ements[95] arebuilt from fewer datavalues,all of which arelocatedat the boundaries
of a cell. The interpolantsdo not containso-calledspuriouspowersof high order likeµ�¹a¼øÌ�º�ù ß Á , but at most ¹)¼úÌÄù ß Á , ¹)¼Hù ß Á Ì , and ¹lù ß Á ¼øÌ . However, unlessall required
datais directly available,e.g. from a finite elementsimulation,in our casethe tensor
productapproachis usuallypreferable.It requireslessmemory(derivativesarecomputed
on thefly) andcanbeimplementedmoreeasily.

A generaldrawbackof all tensorproductinterpolantsincludingthelinearonesis that
they arenotrotationallyinvariant.For example,alongthediagonalof agrid cell theorder
of theinterpolationpolynomialis higherthenalongits edges.Therefore,certainartefacts
canbeintroduceddependingon how thegrid is oriented.Theeffect is lessdominantfor
thementionedSerendipityelements,althoughthesearenot fully isotropic,too.

3.2.4 Point Location in Regular Grids

In orderto evaluatea field definedon a discretegrid at anarbitrarypoint Ù first thegrid
cell containingÙ hasto befoundandsecondthe local coordinatesof Ù in this cell have
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to becomputed.In thefollowing we illustratehow thiscanbedonefor regulargridswith
varioustypesof coordinates.

Uniform coordinates. For a regulargrid with uniform coordinatesthe taskof locating
an arbitrarypoint, i.e., determiningthe grid cell it is containedin, is very simple. In
eachdimensionthecorrespondingindex û of thegrid cell aswell astheassociatedlocal
coordinate¹ canbecomputedasindicatedin thefollowing figure:

ü ¿ ü Á ÷ ü Ú ü ü8ý û Ãÿþ ü · ü ¿÷ � ã ¹ Ã ü · ü Ú÷
Rectilinear coordinates.In caseof rectilinearcoordinatescomputationsstill canbeper-
formed indepentendlyin eachdimension. However, sincethe grid spacingalong the
majoraxesneednot to beconstant,the index of thegrid cell containingü cannotbede-
terminedby simpledivisonanymore. Instead,a morecomplex searchstrategy hasto be
applied. In our implementationwe utilized a bisectionapproachcharacterizedby com-
plexity ��µ������	� º , where� denotesthenumberof grid cellsin therelevantdimension.Letü Ú bethecoordinatesof thegrid’sverticesandassumeü ¿�
 ü 
 ü8ý , i.e.,thesearchedpoint
lies insidethegrid. Startingwith û Ã
� � à�â�� , we replaceû by

� ûmà�â�� if ü��¯ü Ú_Û Á . If ü��#ü Ú
wereplaceû by � · � µ�� ·�ûmºÂà�â�� . Thisprocedureis repeateduntil ü Ú 
 ü 
 ü ÚcÛ Á , i.e.,until
thecorrectcell index is found.Thelocalcoordinate¹ is thengivenby µ ü · ü Ú ºÂàjµ ü Ú_Û Á · ü Ú º .

The outlinedbisectionalgorithmperformsa global search in the grid. Thus,it can
be usedto locatean arbitrarypoint Ù . However, often the desiredpoint Ù will not be
too far away from someother point � the cell index of which is alreadyknown. For
example,duringfield line integrationthelocationsat which thefield hasto beevaluated
will becloselycorrelated.In this situationit maybe favourableto applya local search
insteadof a global one. For rectilinearcoordinatesthis canbe implementedby testing
whethercellsin thevicinity of aseedcell containthedesiredpointor not. In oursoftware
implementationweprovidedbothglobalandlocalsearchstrategieswheneverappropriate.

Curvilinear coordinates. Point locationin a regular grid with curvilinearcoordinates
is muchmoredifficult thanfor axis-aligneduniform or rectilinearcoordinates.At least
in 3D hexahedralcells even the test whethera point is containedin a particulargrid
cell or not is not trivial. This is becausethe cell’s facesneednot to beplanar. Instead,
they areusuallydefinedby bilinear patches.However, if we wereableto computethe
local coordinatesof a point with respectto an arbitrarygrid cell thenof coursewe can
alsodecidewhetherthe point lies in the cell or not. For a point insidethe cell all local
coordinatesmustbe in the range îjä¬ä�ä¬¶ . In the following, we first presenta methodfor
computinglocalcoordinates.Afterwardsweoutline,how efficientglobalandlocalsearch
strategiescanbeestablished.

Considera point Ù������ Ç . We arelooking for thelocal coordinates¹ and ¼ of Ù�� in
a quadrilateralgrid cell formedby the four verticesÙ ¿ , Ù Á , Ù Ç , and Ù È (c.f. Figure3.4).
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Suppose,thephysicalcoordinatesof thecell dependbilinearlyon ¹ and ¼ . ThenÙ µ?¹Ëã ¼�º Ã µ�¶ ·#¹»º¸µ±¶ ·#¼�º
Ù ¿ Æ ¹½µ�¶ ·#¼jº
Ù Á Æ µ±¶ ·#¹»º±¼ Ù Ç½Æ ¹)¼½Ù È ä (3.46)

We needto determine¹ and ¼ suchthat ÙÄµ?¹Ëã ¼�º Ã Ù � . Insteadof solving the resulting
non-linearsystemexplicitly, it is usuallymucheasierandoftenmoreaccurateto compute
a solutionby meansof numericaltechniques.In particular, Newton’s methodprovides
a suitableiterative algorithmwith excellentconvergence.Givensomeinitial guessof ¹
and ¼ we look for increments�O¹ and �%¼ to improve theapproximation.A Taylor series
expansionof (3.46)yieldsÙÄµ�¹ Æ �O¹ ãÂ¼ Æ �O¼jº Ã ÙÄµ�¹ ãÂ¼jº Æ�� Ù� ¹ �O¹ Æ�� Ù� ¼ �O¼ Æ ��µ �O¹ Ç º Æ ��µ �O¼ Ç º�ã (3.47)

with � Ù� ¹ Ã µ±¶ ·¯¼�º¸µ_Ù Á ·TÙ ¿ º Æ ¼�µ¬Ù È ·TÙ Ç º (3.48)

and � Ù� ¼ Ã µ±¶ ·#¹»º¸µ¬Ù Ç · Ù ¿ º Æ ¹�µ_Ù È ·TÙ Á º�ä (3.49)

Consequently, thedesiredincrements�O¹ and �O¼ canbecomputedby solvingthefollowingâ"!Tâ linearsystem: � Ù� ¹ �%¹ Æ � Ù� ¼ �%¼ Ã Ù � · Ù ä (3.50)

Usually, only 2-4 iterationsarerequiredto obtaina sufficiently accuratesolution. The
resultingalgorithmsometimesis calledstencilwalk. The choiceof the initial values¹
and ¼ is arbitrary. We maysimply take ¹ Ã ¼ Ã ¶Oà�â . A moreaccurateinitial guesscould
beobtainedfor exampleby computingtheprojectionof Ù � ·5Ù ¿ on Ù Á ·�Ù ¿ andÙ Ç ·�Ù ¿ ,
respectively. Thestencilwalk methodcanbeeasilygeneralizedto 3D hexahedralcells.
Thenin eachiterationa ë#!�ë linearsystemhasto besolvedin orderto find increments�O¹ , �%¼ , and �OÌ . It is alsopossibleto apply it in caseswherethe cell coordinatesare
higher-orderfunctionsof thelocalcoordinates,e.g.tensorproductsof cubicsplines.

In orderto implementa globalpoint searchin a regulargrid with curvilinearcoordi-
natesin principal for all grid cells it hasto be testedwhethera cell containsÙ � or not.
This canonly be doneefficiently if the cells areinsertedinto somekind of spatialdata
structure. By meansof sucha datastructurea small numberof candidatecells in the
neighbourhoodof thegivenpoint canbeextracted.For thesecandidatecells local coor-
dinatesarecomputedby meansof theoutlinedstencilwalk approach.If all coordinates
arein therangeîjä¬ä�ä¬¶ thecorrectcell hasbeenfound. Thedesignof suitablespatialdata
structureswill bediscussedin Section3.2.6.

A local point searchcanbe implementedby applyingthestencilwalk methodto all
cellsintersectedby astraightline connectingpoint Ù andsomeotherknown point � . The
cellscanbeaccessedsucessively by tracingtheline throughthecell’s faces,determining
entryandexit pointsin eachcase.
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3.2.5 Triangular and Tetrahedral Grids

In theprevioustwo sectionswediscussedinterpolationmethodsfor regulargridsaswell
asmeansof computinglocal coordinatesin quadrilateralandhexahedralcells. We know
wantto consideranotherimportantclassof grids,namelyirregulargridsbuilt from trian-
gularandtetrahedralcells.

In atriangularcell it is mostconvenientto introducearedundantsetof threeso-called
barycentriccoordinates$ ¿ ã%$ Á ã%$ Ç . Thesearedefinedin thefollowing way:

Ù ¿ Ù Á
Ù È

Ù Ù Ã Ù ¿ Æ $ Á µ¬Ù Á ·ÑÙ ¿ º Æ $ Ç µ¬Ù Ç ·ÑÙ ¿ ºÃ $ ¿ Ù ¿ Æ $ Á Ù Á Æ $ Ç Ù Ç , $ ¿ Ã ¶l·&$ Á ·&$ Ç (3.51)

It is easyto seethat the $ Ú are proportionalto the areaof the subtrianglesdefinedby
point Ù andan edgeoppositeto Ù�Ú . Therefore,barycentriccoordinatesaresometimes
alsocalledareacoordinates. In particular, wehave$ ¿ Ã Area Ù Ù Á Ù Ç

Area Ù ¿ Ù Á Ù Ç ã $ Á Ã Area Ù ¿ Ù Ù Ç
Area Ù ¿ Ù Á Ù Ç ã $ Ç Ã Area Ù ¿ Ù Á Ù

Area Ù ¿ Ù Á Ù Ç ä (3.52)

Givendatavalues
¾ ¿

,
¾ Á

, and
¾�Ç

at theverticesof a triangle,a linear interpolantcanbe
definedby meansof barycentriccoordinatesin a straight-forwardway. Thedatavalues
arejust combinedin thesamewayasthecoordinatesitself, i.e.,¾ µ_Ù º Ã $ ¿ ¾ ¿ Æ $ Á ¾ Á Æ $ Ç ¾ Ç ä (3.53)

Barycentriccoordinatesof apoint Ù Ã µ�'Ëã)(jº+* canbecomputedvia Eq.(3.51).Writ-
ing ÙÀÚ Ã µ�' Ú ã)( Ú º+* andnotingthattheareaof aplanartrianglecanbeexpressedby means
of acrossproductweobtain$ Á Ã µáµ�'�·�' ¿ º¸µ�( Ç ·�( ¿ ºÀ·�µ�(�·,( ¿ º¸µ-' Ç ·.' ¿ ºáºlà0/$ Ç Ã µáµ�(�·,( ¿ º¸µ-' Á ·�' ¿ ºÀ·�µ�'�·�' ¿ º¸µ�( Á ·�( ¿ ºáºlà0/ (3.54)

with / Ã µ�' Á ·.' ¿ º�µ�( Ç ·,( ¿ ºÀ·�µ�( Á ·.( ¿ º�µ�' Ç ·�' ¿ º Ã â Area Ù ¿ Ù Á Ù Ç ä (3.55)

The third coordinate$ ¿ is given by ¶Ë·#$ Á ·1$ Ç . Whenever oneof the threebarycentric
coordinates$ Ú is negativepoint Ù liesoutsidethetriangle.Thus,computingthesevariables
providesanefficientwayof performingapoint-in-triangletest.
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Theconceptof barycentriccoordinatescanbeeasilygeneralizedto three-dimensional
tetrahedralcells. In this casea fourth coordinate$ È is required.The $ Ú areproportional
to the volumeof the subtetrahedradefinedby point Ù andthe faceoppositeto a vertexÙ Ú . Therefore,barycentriccoordinatesof a tetrahedronaresometimesalsocalledvol-
umecoordinates. Moreover, of coursealsohigher-order interpolationpolynomialscan
bedefinedfor both trianglesandtetrahedrons.As with regular cells this requiressome
additionalinformation,e.g.valuesprovidedatedgesor facesof thecells[95].

Globalandlocal point locationstrategiesin triangularandtetrahedralgridsarequite
similar to the strategiesdescribedfor regular grids with curvilinearcoordinates.For a
globalmethodit is importantto insertall cells into a suitablespatialdatastructure.This
allows oneto extracta smallnumberof candidatecells in theneighbourhoodof anarbi-
trary point. Thenfor all thesecandidatecellsbarycentriccoordinatesarecomputeduntil
thecorrectcell is found.If theexactlocationof someothernearbypoint is known a local
searchstrategy canbe implementedby testingcells in the neighbourhoodof the given
cell. In particular, thenext cell to betestedcanbefoundby computingwhich faceof the
currentcell a line segmentconnectingbothpointsintersects.

3.2.6 Spatial Data Structures

At this point we shortly want to sketchdatastructureswhich canbe usedto speedup
globalpoint locationin anunstructuredor curvilineargrid. We alreadydescribedhow to
checkwhetheran arbitrarypoint Ù is containedin a givengrid cell or not. The taskof
spatialdatastructuresis to provideasmallsetof candidatecellsin theneighbourhoodofÙ , thusacceleratingpoint locationsignificantly.

A large numberof spatialdatastructureshave beendescribedin the literature[69].
Popularchoicescomprisequadtreesor octrees,2�÷ -trees,or binaryspacepartioningtrees
(BSP-trees).Oftenthesedatastructuresaredesignedto storea setof points.Thegeneral
ideais tosubdivideacontiguousspacedomainintosmallerhierarchicallyorderedregions.
Regionswhich arenot subdividedanymorearecalledleafs. Usuallypointsareinserted
into exactly one leaf. However, in our casewe needto processgrid cells ratherthan

a) triangulargrid b) quadtree c) 354 -tree

Figure 3.5: Elementsof an irregularor unstructuredgrid shouldbe insertedinto spatialdatastructureto
speeduppoint location.In two dimensionsfor examplequadtreesor 354 -treescanbeused.
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points. Thereforewe inserta cell into all leafswhich possiblyintersecta cell. For an
arbitrarypoint Ù thereis exactly oneleaf Ù is containedin. Thegrid cellsstoredin this
leafprovide thedesiredsetof candidatecellsfor point location.

In our implementationwe decidedto insertgrid cells into quadtreesor octrees,re-
spectively. Thesedatastructuresaresimpleandrequirelittle memory. They work by
dividing a quadrilateralor hexahedraldomaininto four respectively eightsubdomainsof
equalsize. Whenever the numberof cells storedin a particulardomainexceedsa cer-
tain numberthis domainis subdividedfurther, causingthecellsto bedistributedinto the
newly createdsubdomains.Of course,subdivisononly makessenseif theaveragesizeof
thegrid cellsis muchsmallerthanthesizeof thequadtreeor octreedomains.An example
of a resulting2D spacepartioningis shown in Figure3.5 b). In this exampleat most10
grid cellswereallowedto becontainedin a leaf. For caseof simplicity we considerthe
boundingbox of a grid cell in orderto decidewhetherthecell shouldbe insertedinto a
leaf or not. This makestestingmuchsimplerbut implies that somecells actuallydon’t
intersecttheleaf’s domain.Themethodis usedfor bothtriangularor curvilinearcells.

Insteadof aquadtreeor anoctreealsoabinary 2j÷ -tree,i.e.,a â
÷ -tree,canbeused.In
thiscasea leaf is merelydividedinto two subregionsinsteadof four or eight.Subdivison
is performedperpendicularto thelargestsideof thesubregion. 2j÷ -treesareadvantagous
if thesizeof the original domainalongthe majoraxesis very different. Moreover, 2j÷ -
treesusuallyrequireslightly lessmemorysincefewerleafsareproduced.However, depth
of thetreeaswell asaveragenumberof cellscontainedin a leafareincreased.Therefore
point locationis somewhatmoreexpensive. An exampleof a â
÷ -treeis shown in 3.5 c).
While the domainsof a quadtree,octree,or a 2j÷ -treearealignedalongthe major axes
for BSP-treesthis is not the case. Instead,subregionsaredivided into two partsalong
anarbitraryplane.Becausedetermininggoodbisectionsplanesis not a simpletaskand
becausethe memoryrequiredto explicitely storetheseplanesis quite large we didn’t
investigateBSP-treesfurther.
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Chapter 4

Line Integral Convolution in 2D

In this chapterwe aregoing to discussoneparticularkind of texture-basedvectorfield
visualizationmethod,namelyline integral convolution. We areusingtheterm texture to
indicatethat directionalinformation is not encodedby individual symbols– arrows or
contourlines – but is inherentlybeingcontainedin a patterngeneratedby somesort of
stochasticprocess.Texture-basedvisualizationmethodsarecloselyrelatedto experimen-
tal techniquesin flow visualization.We will investigatethis relationshipin moredetail
below. In contrastto aphysicalexperiment,onacomputermuchmoreparameterscanbe
changedyielding to a largevarietyof visualeffectsandconcretealgorithms.Thediscus-
sionof theseconceptsandthedevelopmentof particularefficient algorithmswill be the
mainsubjectof thischapter.

4.1 Experimental Techniquesin Flow Visualization

Althoughdirectionalquantitiesplayanimportantrole in many areasof scienceandengi-
neering,theimagingof vectorfieldsis of particularinterestin thedomainof experimental
fluid mechanics.VanDyck’s Albumof Fluid Motionpresentsanimpressivecollectionof
photographsandresults[26]. In fact, flow visualizationhasa long tradition in physics.
Pioneerslike Prandtlalreadytook photographsof flow patternsat the beginning of the
centuryand usedthemfor both qualitative and quantitative investigations.Sincethen
the experimentalsetupsbecamemoresophisticated,andmoreaccurateresultscould be
obtained.However, theprincipal techniquesremainedthesameuntil today[15]. In this
sectionwe will briefly sketch thesemethods,sincethey provide valuablebackground
informationfor thedevelopmentof computer-basedvisualizationmethods.

4.1.1 Randomly DispersedParticles

Mostexperimentaltechniquesin flow visualizationarebasedon theinsertionof external
tracersinto the fluid, i.e., particlesor evenmolecules.A particularlyusefulmethodfor
studyinglaminarflows andwakesconsistsin recordinglit solid particlesrandomlydis-
persedin thefluid. Typically tiny aluminiumor magnesiumcuttingsaretaken,but other
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Figure4.1: Comparativephotographsof thestartingflow pastanairfoil. Theleft imageshowsstreaksfrom
smallmagnesiumcuttingsdispersedin theflow. Theright imageshowsstreaklinesfromanelectrochemical
dyecontinuouslyreleasedinto theflow (Imagesby P. MeyerandG. Pineau).

tracerslike air or hydrogenbubblescanbeusedaswell. Themotionof the particlesis
capturedduring a shortamountof time. If the flow field doesn’t changetoo rapidly, a
particlestreakimageis obtainedwhich representsthe velocity field of the flow at one
particularinstanceof time. From this imagethe field’s streamline patterncanbe re-
constructedby visual or numericalintegration. The left part of Fig. 4.1 illustratesthis
approach.The imageshows theflow arounda wing profile renderedvisible by individ-
ual particlestreaks.It shouldbenoted,that for morerapidly changingor eventurbulent
flows particlestreakimagesaremuchharderto interpret. In this casean instantaneous
streamline patterncannotbeobtainedanymore.Insteadof streamlines,actuallyparticle
trajectoriesarerecordedwhichmaycrosseachotherin acomplex way.

4.1.2 ContinuousDye Injection

A secondcommonlyusedtechniquein experimentalflow visualizationis basedupon
the continuousreleaseof tracermaterialinto the flow. Possibletracersarefor example
dye,electrochemicalmaterial,or smoke. In this way imagesof streaklinesareobtained.
While particlestreakvisualizationyieldsaninstananeousimageof theflow, dyeinjection
methodsinform us aboutthe convective transferof vorticity occuringin the flow. The
underlyingreasonsaregivenby Helmholtz’slawsof vortex motionof 1858.In particular,
the secondof theselaws statesthat – for an ideal inviscid fluid – particleson a vortex
line at any instantwill stayon a vortex linesat all subsequenttimes[13]. Thus,vorticity
is convectedin the sameway asa materialelementin the fluid. In orderto reveal the
vortex structureof a flow, thegeneralmethodologyis to ensurethat the tracersbecome
associatedor entrainedinto thevorticity-bearingpartsof theflow. Theright partof Figure
4.1illustratesthedyeinjectiontechnique.

Even morethanwith particlestreakimages,muchcarehasto be taken whenactu-
ally analysingstreakline photographs.Thereareseveralcomplicationswhich may lead
to a misinterpretation.First of all, real fluids arenot, in general,inviscid. Therefore,
therateof diffusionof vorticity maybedifferentfrom therateof diffusionof thetracer.
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Consequently, thepresenceor absenceof vorticity cannotalwaysbeconcludedfrom the
distribution of tracermaterial.A secondproblemis, that theconcentrationof tracerma-
terialcannotcancel,whereasvorticesof oppositesigncould.Moreover, evenif thereis a
positionalcorrelationof vorticity andtracermaterial,in generaltherewill beno correla-
tion betweentheamountof vorticity andtheconcentrationof tracermaterial.

4.1.3 Other Methods

Besideparticlestreakvisualization,i.e., the imagingof streamlines,anddye injection,
i.e., the imagingof streaklines, thereareothertechniquesin flow visualization,which
shouldbementioned,too. Thedevelopmentof so-calledmateriallinesor time linescan
beinvestigatedby releasingtracerparticlesinstantaneouslyfrom aline source,e.g.awire,
andtakingphotographsat regularintervals.Thismethodis particularlyusefulfor obtain-
ing velocity profilesof theflow. In principle,by takingphotographswith long exposure
times also pathlinesor trajectoriesof individual particlesmay be recorded. However,
for unsteadyflows this methodis rarely appliedbecausethe resultingimagesarevery
complex anddifficult to understand.

In additionto thevolumetricmethodsmentionedabove, theanalysisof surfaceflow
patternsrepresentsa valueablesourceof information,too. Suchpatternscanberecorded
by coatingthe surfaceof a solid body in the flow with a thin layer of material,e.g.an
oil film. In this way separationlines andreattachmentpointsbecomevisible, and the
transitionfrom laminarflow to turbulencecanbestudied.In Chapter5 we discuss,how
surfaceflow visualizationtechniquescanbesimulatedonacomputer.

While all of the techniquesdiscussedso far rely on the insertionof forgein material
into the flow, optical flow visualizationmethodsexploit variationsof optical properties
of thefluid itself. Thesemethodsaremainly appliedfor studyinghigh-speedcompress-
ible flows. In particular, the refractive index in suchflows is correlatedto massden-
sity, andthuscanbeusedto obtaininformationaboutpressureandvelocity. Variations
of the refractive index canbe detectedeitherby so-calledshadow graphs,by analysing
schlierenpatterns,or by usinginterferometricmethods.Shockwavesin thesupercritical
flow regimearenicelyshown by thesemethods.

Finally, we would like to point out that not all vectorfields areflow fields andthat
therearealsoexperimentalimagingtechniquesoutsidethedomainof flow visualization.
Perhapsthefirst visualizationexperimentshave beenperformedto explorethenatureof
electricity. Fromthephysicslessonsin schoolwe know thatsmallgrainparticleson an
oil film arrangein characteristicline patternsin the neighbourhoodof chargedmetallic
objects.In fact,experimentslike this inspiredFaradayto introducetheconceptof a field
in science[64].
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4.2 Particle StreakVisualization

In this sectionwe want to look at particlestreakexperimentsin fluid mechanicsfrom a
mathematicalpointof view. Fromall theexperimentaltechniquesoutlinedabove,particle
streakvisualizationgivesthemostintuitiveunderstandingof field structure.In particular,
it is well suitedto reveal topologicalinformation abouta vector field. By looking at
particlestreakimageswewill find amotivationfor two importantclassesof digital vector
field visualizationalgorithms,namelyspotnoiseandline integralconvolution.

4.2.1 ImageFormation

Let usconsiderasingleparticledispersedin afluid flow. For aninfinitesimalsmallexpo-
suretime ÷�6 theparticlewill produceanimageof intensity7�µ�8Ñ·98 ¿ º8÷:6 onaphotographic
film. Here 8 ¿ denotesthe positionof the particleat that time instance.Noting, that in-
tensity is measuredper areathe function 7 musthave the dimensionof a flux densityå
m
ß Ç

sec
ß Á ç . We call 7 a particle spreadfunction, sinceit is very similar to the point

spreadfunctionusedin microscopy []. In our notationwe neglect,thatthis functionmay
alsodependonparametersotherthantheparticle’sposition,e.g.orientationor velocity.

A camerawill capturea particlewhile it is moving on a path 8 Ú µ-6áº�ã%6&� å 6 Á ã%6 Ç ç . The
time difference6 Ç ·;6 Á just correspondsto thetotal exposuretime. Thus,the imageof a
singleparticlecanbewrittenas< Ú µ�8[º Ã>=@?BA?DC 7�µ�8 ·;8 Ú µ-6áºÂº8÷�6Mä (4.1)

Ignoringocclusioneffects,the imageintensityobtainedby recordingmany particlessi-
multaneouslyis simplygivenby thesuperpositionof theindividual intensities,i.e.,E µ�8 º Ã>F Ú < Ú µ�8[º�ä (4.2)

4.2.2 SpotNoise

Of course,thetotal imageintensity(4.2) is proportionalto thenumberof particlesin the
fluid. In practice,we would ratherlike to considera normalizedintensity independent
from this number, but scaledso that theresultingimagehascertaincontrast.Physically
suchascalingcanbeimplementedby adjustingtheamountof incominglight, thecamera
aperture,thefilm sensitivity, or thekind of film processing.ThuswehaveGE µ�8 º Ã E ¿ Æ@H F Ú µ < Ú µ 8[ºÀ·JI <LK º�ã (4.3)

where
E ¿

denotesthemeanimageintensity,
H

is a constantfactorcontrollingthecontrast
of theresultingimage,and I <MK

is themeanvalueof

< Ú over all particles.Assumingthat
theparticlesaredistributedequallyin space,I <MK

doesnotdependon 8 . Furtherassuming
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that thevalues

< Ú µ�8[º for differentparticlesarestatisticallyindependent,it follows from
thecentrallimit theoremof statisticsthattheintensitydistributionatagivenlocation 8 is
aGaussianone.ThesamedistributioncanalsobeobtainedbyGE µ 8 º Ã E ¿ Æ F ÚON Ú < Ú µ�8 º Ã E ¿ Æ F ÚON Ú =@?BA?DC 7*µ 8 ¿ ·;8 Ú µ�6áºáº8÷�6Mã (4.4)

where N Ú denotesa particleweightingfactorobeying I N
K Ã î . Sincetheseweighting

factorsdo not dependon 8 thecorrelationof thefinal intensityvalueswill becontrolled
by

< Ú µ�8[º alone.Thus,from astatisticalpointof view (4.3)and(4.4)areequivalent.
Eq. (4.4) canbeusedto synthesizeartifical particlestreakimageson a computer. In

vectorfield visualizationthis approachis known asspotnoise[90]. Thetermspotrefers
to theimageor streak

< Ú of anindividualparticle.Spotsfrom many particlesdistributed
in arandomwayarecombinedusingpositiveor negativeweightsN Ú . Thefunction

< Ú may
beapproximatedin differentways,giving riseto a largevarietyof slightly differentspot
noisealgorithms.With moregeneralfunctions

< Ú themethodcanbeusedto synthesize
generalstochastictextures,e.g.cloudsor marblepatterns.

4.2.3 Line Integral Convolution

In the following we want to derive a differentalgorithmwhich canalsobe usedto ap-
proximateparticlestreakimages,namelyline integralconvolution. Westartfrom theob-
servationthat if many particlesarepresentthediscretesetof weights N Ú canbereplaced
by a function N µ 8 º definedona2D domainP . Insteadof Eq.(4.4)we thushaveE µ�8 ¿ º ÃQ=SR N µ�T�º =U?BA?DC 7*µ 8 ¿ ·,8WVaµ�6áºáº8÷:6j÷:T[ä (4.5)

Here 8XVaµ-6áº denotesthepathof a particleinitially beinglocatedat T , i.e., 8WVlµfîHº Ã T . In
orderto simplify this equationlet us assumethat the flow field doesn’t changein time.
In this casetheparticlepathsdon’t intersect.In fact, thesetof integral curves Y of the
flow field completelycovers P in a disjunctmanner. We maythereforeintroducea local
coordinatesystemalignedwith theintegralcurvesandparametrizearegionof interestbyT Ã YDµ?¹[Z ¼�º . Here ¹ representsordinarytime, while ¼ parametrizesthe domainin the
directionperpendicularto theflow. Usingthisparametrization,wehave8 ¿ ÃJ\ µ?¹ ¿ Z ¼ ¿ º and 8XVaµ�6áº Ã YDµ?¹ Æ 65Z ¼�ºMä (4.6)

In themostsimplecasetheparticlespreadfunction 7 is justadeltafunction.Thisyields
to 7�µ 8 ¿ ·;8WV)µ-6áºÂº Ã 7*µ Y*µ�¹ ¿ Z ¼ ¿ º¡·]Y'µ�¹ Æ 65ZÂ¼jºáº Ã ��µ?¹ ¿ ·�¹ ·&6áº^��µ?¼ ¿ ·D¼jºMä
Weinsertthisexpressioninto Eq.(4.5)andobtainE µ�8 ¿ º Ã>=_= N µ YDµ?¹[Z ¼�ºáº = ?BA?DC �jµ�¹ ¿ ·�¹ ·&6áº^��µ?¼ ¿ ·�¼�º8÷�6j÷ø¼ ÷H¼)ä (4.7)
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IntroducingYDµ?¹»º�`QYDµ?¹[Z ¼ ¿ º , thisexpressioncanbesimplifiedtoE µ�8 ¿ º Ã>=@a µ?¹ ¿ ·�¹»º N µ Y'µ�¹]ºáº8÷H¹ ã with
a µ?¹ ¿ ·�¹»º Ã>=@?BA?DC �jµ�¹ ¿ ·�¹ ·&6áº8÷�6Mä (4.8)

This equationstatesthat the intensity
E µ�8 ¿ º in a particlestreakimageis givenby a one-

dimensionalconvolution of two functions
a

and N alongan integral curve of the field
passingthrough8 ¿ . Moreprecisely,

a
turnsout to beabox-shapedfilter kernel,while the

function N µ 8 º describestheparticledistribution within thefluid. This functionhasbeen
definedasthecontinuousversionof thediscreteparticleweights N Ú occuringin thespot
noise.Usually, N µ 8[º will besomesortof randomnoisefunction.Again,Eq.(4.8)canbe
usedto generatesyntheticparticlestreakimagesonacomputer. In scientificvisualization
thisapproachis known asline integral convolution(LIC).

Line integral convolution canbeinterpretedasa specialkind of spotnoisetechnique
associatedwith a � -shapedparticlespreadfunction. In effect, the imageintensityat a
given locationcanbe computedby a one-dimensionalconvolution insteadof a general
two-dimensionalone,which would becomputationallymuchmoreexpensive. Lateron
we describehow to designefficient algorithmsfor computingLIC imagevery quickly.
While the � -characterof the particlespreadfunctionperpendicularto the flow is an in-
herentfeatureof line integral convolution, the methodmay well handlemore general
functionsparallelto theflow. As a result,thebox-filter

a
in Eq. (4.8)will bereplacedby

morecomplex kernelshapes.

4.3 LIC asan ImageOperator

In theprevioussectionweintroducedline integralconvolution(LIC) asamethodfor gen-
eratingartificial particlestreakimagesonacomputer. However, LIC is notonly restricted
to flow visualizationbut canbeusedto synthesizedirectionaltexturesin general.In this
respect,it is of interestin areaslike imageprocessingor digital art. Therefore,we now
wantto reconsiderLIC underamoregeneralpointof view.

4.3.1 Definition

Formally, LIC maybedefinedasanoperatorwhichtakesaninput imageb , avectorfield¾
, anda filter kernel

a
asinputandproducesanoutputimage

E
. It doessoby computing

theone-dimensionalconvolutionof b and
a

alongtheintegralcurves Y of
¾

:E µ 8 ¿ º Ã = a µ?¹ ¿ ·�¹»ºcb�µ Y'µ�¹]ºáº8÷H¹ Ãda�e b�µ Yìº�ã 8 ¿ Ã YDµ?¹ ¿ º (4.9)

Of course,this definitionrequiresthat the integral curves YDµ?¹»º exist andcanbedefined
in an unambiguousway. If this is not the case,somespecialtreatmentis necessary.
For example,at singularitieswe maysimply truncatetheconvolution interval or we may
extendtheintegralcurvesartificially. Noticealso,thatin generaltheintegralcurves YDµ?¹»º
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a) timeparametrization b) arc-lengthparametrization

Figure 4.2: On theleft a LIC imagewith field linesparametrizedby time is shown. Theresultresembles
a photographfrom a realparticlestreakexperiment.However, thedirectionalstructureof thefield in areas
of low velocity remainsunclear. This disadvantagecanbecircumventedif field linesareparametrizedby
arc-length,asshown on theright.

will leavethedomainP onwhichtheoutputimageis tobecomputed.Therefore,theinput
image b andthevectorfield f needto bedefinedon a biggerdomain P Û . In practice,
we will usuallydetermineb and f outsideP by somekind of continuationmethod,for
exampleperiodictiling, clamping,or bilinearextrapolation.

Line integral convolution wasproposedfor the first time by CabralandLeedomin
1993[9]. Althoughtheirpioneeringwork did not containageneralequationlike (4.9), it
showedhow to applyLIC in scientificvisualizationanddigital painting. TheLIC algo-
rithm describedby CabralandLeedomreliedon a simplenumericalintegrationmethod
andwasratherslow andinflexible. We will review this approachin Section4.3.4before
developingamoreefficientway to computeLIC images.

In orderto simulateparticlestreakimages,theinput image b shouldcomprisesome
sortof randomnoiseimage.Duedo theconvolution process,in thefinal LIC imagethe
pixelcorrelationin field linedirectionwill bemuchhigherthanin perpendiculardirection.
Thus,thedirectionalstructureof thefield becomesvisible. However, otherinput images
maybeprocessedaswell. In this case,LIC maybeusedfor exampleto simulatemotion
blur effects. Becauseof thevarietyof possibleeffectsandthegeneralityof the input b
and

¾
LIC canbe interpretedasa generalimageproessingoperatorinsteadof a special

flow visualizationtechnique.

4.3.2 Parametrization

An importantaspectof line integral convolution is theway how theintegral curves YDµ?¹»º
are parametrized.If we want to imitate real world particle streakimagesthe natural
parametrizationis adequatewhere ¹ equalstime 6 andthevectorvalue

¾ µ 8 º denotesthe
velocity of a particleat location 8 . This naturalparametrizationmeansthat the spatial
extent of the convolution interval getslarger in areaswith large vectormagnitude,i.e.,
highvelocity. Thisisevidentsincefastparticlesproducelongstreaks,whileslow particles
produceshortstreaks.However, asaconsequencethedirectionalstructureof aflow field
isoftenhardtounderstandin regionsof low velocity. In realexperimentsthisshortcoming
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Figure 4.3: This figureillustratestheeffect of varyingthelengthof theLIC filter kernel. In the left-most
imagetheoriginal inputnoiseimageis shown. Thelargerthefilter lengththemorecoherentthestructures
in thefinal LIC image.Contrasthasbeenadjustedsothatthevarianceof theinput noiseis maintained.In
all examplesarc-lengthparametrizationhasbeenused.

canhardly be overcome. However, on a computerwe may simply choosea different
parametrization.For many purposesit is convenientto choosearc-lengtht asaparameter.
Arc-lengthof acurve is definedbyt Ã = ÷ct�ã with ÷ut Ã v ÷�'÷�6Lw Ç Æxv ÷y(÷�6^w Ç Æzv ÷y{÷:6Sw Ç ÷�6Mä (4.10)

Sincethis is astrictly monotonouslyincreasingfunction,thereparametrizationof YDµ�6áº is
well-defined,exceptin areasof vanishingvelocity. Noting that ÷�6áà
÷ut Ã}| ¾�| ß Á

wehave÷÷ut Y�µ tOº Ã ÷yY÷�6 ÷�6÷ut Ã ¾| ¾~| ä (4.11)

Usingthisparametrizationthespatialextentof theconvolution interval is constantacross
thewhole image.In Figure4.2 theeffectsof usingtime 6 or arc-lengtht asa parameter
arecompared.While in the first casethe imagecloselyresemblesa real particlestreak
photograph,in caseof arc-lengthparametrizationthestructureof thefield in areasof low
velocity becomesmoreobvious. In orderto visualizevectormagnitudesimultaneously
othertechniqueslike color codingor textureanimationcanbeemployed. Detailswill be
discussedbelow.

4.3.3 Additional Remarks

Line integral convolution canbe usedto producea variety of differenteffects. At this
point we want to give anoverview of how theseeffectscanby obtained,eitherby some
sortof pre-or post-processing,or by changingparametersof theLIC operatordirectly.

Filter Length. Asumethat we computeLIC imageswith arc-lengthparametrization.
Thecharacteristicfeaturesizein theresultingimagesis directlyproportionalto thespatial
extentof thefilter kernelbeingused.For vectorfield visualizationusuallyarandomnoise
imageis takenasinput. Very smallfilter lengthsmodify thenoiseimageonly little. The
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Figure4.4: Theappearanceof raw LIC imagescanbeimprovedin apost-processingstep.In thefirst three
examplesdirectionalderivativesalongapredefineddirectionhavebeencomputed.In theimageonthevery
right thisdirectionhasbeenlocally adaptedsothatit is alwaysperpendicularto thevectorfield.

directionalstructureof thefield becomesmoreevident if a largerfilter lengthis chosen.
However, in thiscasealsocontrastof theresultingLIC imageis reduced.Moreprecisely,
thestandarddeviationof thegreylevel histogramis decreased.In thelimit of aninfinitely
large filter kernela constantgrey imagewould be obtained. For large but finite filter
lengthscontrastof thefinal LIC imagecanbepreservedby scalingtheintensityvaluesin
therightway. Detailsaboutcontrastadjustmentaswell asanintensitycorrelationanalysis
arepresentedin thefollowing sections.Examplesof LIC imagescomputedusingvarying
filter lengthsareshown in Figure4.3.

Embossing. LIC imagescomputedfrom randomnoiseinput texturesclearly reveal the
structureof theunderlyingvectorfield. However, theappearanceof theseresultscanbe
significantlyimprovedby applyingadditionaldigital filters in a post-processingstep. In
particular, so-calledrelieffiltering or embossingprovidesgoodresults.Embossingessen-
tially reliesoncomputingdirectionalderivativesof imagegrey valuesalongapredefined
direction.A fastandsimpleimplementationof anembossfilter is describedin [75]. Ex-
amplesof embossedLIC imagesareshown in Figure4.4. Onedisadvantageof relief
filtering is thatthedirectionalstructureof theLIC imagegetssuppressedin areasaligned
parallelto thedirectionof theembossoperator. To preventthisdrawbackderivativescan
alwaysbecomputedperpendicularto vectorfield direction.This is illustratedin theright-
mostimageshown in Figure4.4. Notice,that this imagedoesn’t look three-dimensional
anymore.Instead,contrastof theoriginalLIC imageis emphasizedin all areas.

Color Images. The LIC operatorcanbe easilydefinedfor color images,too. In this
casetheconvolution operation(4.9)simply hasto beappliedseparatelyto eachchannel
of a color image.Insteadof a singlevalue

E
threeindependentintensitiesarecomputed,

representingthered,green,andbluecomponentsof acolorpixel, respectively. In orderto
emphasizethedirectionalstructureof theresultingcolor LIC image,noisecanbeadded
to theinput image.Examplesareshown in Figure4.5.

Anotherway to computecoloredLIC imagesis to combinea three-componentRGB
imagewith a standardgrey valueLIC texturein apost-processingstep.For example,the
color imagecanbe usedto visualizean additionalscalarquantityvia pseudo-coloring.
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a) original image b) LIC vectorfield derivedfrom 2 point charges

c) original imagewith noiseadded d) LIC vectorfield derivedfrom imagegradient

Figure 4.5: Insteadof a randomnoiseimagealsoarbitrarycolor imagescanbe processedusngthe LIC
operator. Suitablevectorfieldsmayeitherbedesignedmanuallyor maybecomputedfrom theinput image
itself. If noiseis addedto theinput imagetheresultingimagelooksmorelike conventionalLIC images.

Exampleshave alreadybeenshown in the introductorychapter. In orderto combinea
color imageanda simpleLIC texture it is usuallysufficent to multiply eachcomponent
of the color imagewith a factorproportionalto the intensityof the singlecomponent
LIC texture.ModernpaintboxprogramslikeAdobePhotoshopprovidemany alternative
methodsof combiningtwo suchinputs in a meaningfulway. However, for scientific
visualizationthesemethodsareusuallynotadequate.

Vector Field Design.Our lastremarkis concernedto thetypeof vectorfield beingused
for the LIC operation.In scientificvisualizationthis field is obtainedfrom a numerical
simulationor ameasurement.However, if LIC is appliedin digital art,usuallyinteresting
vectorfieldshave to bedesignedmanually. For example,in Figure4.5b) thevectorfield
hasbeencomputedfrom point chargesplacedmanuallyin the image.Thechargesgave
riseto aCoulombfield, which thenhasbeenrotatedby a predefinedangle.

Anotherapproachis to extract the vectorfield from the input image b itself. For
example,thegradientof theimagefunction b might becomputed.Thegradientvectors
canagainbe rotatedby somearbitraryangle � . A rotationof ��î degreesmeansthat b
canbeinterpretedasastreamfunctionor Hamiltonianfunction.Theresultingvectorfield
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thencontainsclosedorbits.Figure4.5d) showsaLIC imagewith avectorfield computed
from thegradientof ablurredversionof theinput imageb . Blurring is necessarybecause
otherwiseaverynoisydiscontinuousvectorfield would result.

4.3.4 The Algorithm of Cabral and Leedom

Beforediscussingour own algorithmfor computingLIC images,let usbriefly sketchthe
original approachof CabralandLeedom.Their algorithmrequiresthevectorfield f to
bedefinedon thesameuniform grid astheinput image b . Consequently, for eachpixelü of theinput imagebothanintensity

E%�
aswell asavector

¾ �
arestored.Both, intensity

andvectorfield areassumedto beconstantwithin a pixel. LIC intensitiesarecomputed
separatelyfor all pixels.Startingfrom thecenterof apixel,streamlines YDµ�tOº arefollowed
upto adistance� in positiveandnegativedirection.Eachcurve YDµ�tOº is decomposedinto
a numberof straightline segmentsof length /lt Ú . The breakpointsof the straightline
segmentsaredeterminedsuchthatthey arelocatedexactlyat thepixel boundaries.

For eachstraightline segmentthe correspondingcontribution to the convolution in-
tegral is computed.Sinceintensityis constantwithin a pixel, merelythe integral of the
filter kernelalongtheline segmenthasto bedetermined,i.e.,a Ú ` � � Û^� ���=

���
a µ tOº8÷ct�ã with t ¿ Ã î and t ÚcÛ Á Ã t Ú Æ /1t Ú ä (4.12)

Let ��� bethenumberof segmentsin backwarddirection, �&� thenumberof segmentsin
forwarddirection,and b Ú theinput intensitycorrespondingto the û -th segment.Thenthe
final normalizedLIC intensityfor a pixel is givenbyE

LIC
Ã �ßc�M���øÚ��c�M� a Ú b Ú�ßc�����øÚ��c�M� a Ú ä (4.13)

While thisalgorithmis conceptuallyveryeasy, CabralandLeedompointedout thatsome
carehasto betakenin theactualimplementation.In particular, thecomputationof entry
andexit pointsof astreamline throughapixel hasto beperformedin arobustandconsis-
tentway. Likewise,thedetectionof singularities,i.e., sinksandsources,requiresspecial
caresincethevectorfield is assumedto beconstantinsidea pixel. Anotherrestrictionof
theoutlinedalgorithmis thatvectorfield andinput imagehave to bedefinedon thesame
grid. Finally, from thealgorithmicpoint of view it shouldbenotedthatprocessingeach
pixel separatelyimpliesa largeamountof redundantwork. Typical computingtimesof
thealgorithmarein therangeof tensof secondsandmore.

4.3.5 Exploiting Intensity Coherences

Comparedto othervectorfield visualizationtechniquesline integralconvolutionproduces
highly intuitiveresultswell suitedto beprocessedby thehumanvisualsystem.However,
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in order to be really competitive to othermethodsit is very desireableto improve the
performanceof CabralandLeedoms’s original algorithm. This canbe doneby strictly
avoiding redundantwork whencomputingLIC images. In the original algorithmthere
aretwo typesof redundancies.First, for neighbouringpixelsvery similar field linesare
computed.Second,almostidenticalconvolution sumsarerecomputedagainandagain.
Both typesof redundanciesarecloselyrelated.

The basicideaof the fastLIC algorithmpresentedbelow is to exploit intensityco-
herencesalonga field line. This canbeachievedmosteasilyfor a simplebox filter. In
this caseLIC intensitycanbe simply approximatedby an averageof â0� Æ ¶ different
samplesof theinput imagelocatedon a commonfield line. Now LIC intensity

E��
at one

samplelocationis almostidentical to LIC intensity
E�� Û Á at a neighbouringsample. In

orderto obtainthecorrectvaluewe may simply update
E��

insteadof recomputing
E�� Û Á

from scratch.Thiscanbedonein thefollowing way:E�� Ã ¶OàjµYâ0� Æ ¶Oº Fßc���øÚ��c� b ÚE�� Û Á Ã E�� Æ µ-b � Û��ÀÛ Á ·.b � ßc� ºáà8µYâ�� Æ ¶Oº�y�%�0�
�y�+�y���c ¡¢�+�c  ¡¢�

Intensityupdatefor a box filter involvesjust oneadditionandonesubtraction,ignoring
normalizationof LIC intensity. In the following we first show how similar intensityup-
datescanbe performedfor moregeneralfilter kernels. In order to computea full 2D
LIC imagewe will thencomputea densesetof field lines distributedhomogeneously
throughoutthewhole input image. Detailsof this approachwill bepresentedbelow. In
summary, by exploiting intensitycoherences,i.e.,by performingintensityupdates,a fast
LIC algorithmcanbeformulatedwhichturnsout to beoneorderof magnitudefasterthan
theoriginalapproachof CabralandLeedom[81].

4.4 Rewriting the Convolution Integral

In orderto derive a generalmethodfor performingintensityupdateswe needto rewrite
theconvolution integral (4.9). A particularefficient updateschemecanbedesignedfor
theclassof piecewisepolynomialfilter kernels.Piecewisepolynomialfunctionsprovide
averygeneralfunctionclass,allowing usto representa widevarietyof kernelshapes.In
thefollowing wewill first briefly introducepiecewisepolynomialfunctionsformally and
introducea basisof thecorrespondinglinearspace.In our discussionwe closelyfollow
the onepresentedin [18]. Afterwardswe statean importantconvolution theoremand
considerparticularfilter kernelsin detail.
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4.4.1 PiecewisePolynomial Functions

Givena strictly increasingsequence$�`�µ-$ Ú º Ú¤£ Á+¥§¦§¦§¦§¥ ¨ of knots $ Ú �"� andpolynomials© Ú ,û Ã ¶
ã�ä�ä¬ä¬ã«ª , of order 2 (i.e., of degree � 2 ), a piecewisepolynomialfunctionof order 2
canbedefinedby¬ µ-'»º®­ Ã ¯Ó° Ó± îjã ' � $ Á© Ú µ-'»º�ã $ Ú 
 ' � $ ÚcÛ Á ã û Ã ¶[ä�ä�ä%ª»·@¶© ¨ µ�'»ºMã 'p²³$ ¨ ä (4.14)

Thefunctionandits derivativesmayor maynot becontinuousat theknots $ Ú . Thedef-
inition is illustratedin Figure4.6. It is easyto seethat thesetof piecewisepolynomial
functionsof order 2 for a fixed knot sequence$ generatesa linear space.We will call
this spacé

� ¥ µ
. In orderto simplify further discussionwe allow the function

¬
to take

non-vanishingvaluesright from the last knot $ ¨ , while it vanishesidentically left from
thefirst knot $ Á . Later, whenusingpiecewisepolynomialfunctionsasfilter kernels,we
requiretheright-mostpolynomial © ¨

(dashedin Figure4.6) to bezero,sincethekernels
musthavefinite support.

A basisfor the spaceof piecewisepolynomialfunctionscanbebuilt from so-called
truncatedpowerfunctions.Thesefunctionsareordinarymonomialsfor 'p²!î , but vanish
for negative ' . We denotethembyµ�'»º+¶ Û Ã}· îjã ' � î' ¶ ã '¸²!î for ¹"²!îjä (4.15)

Thetruncatedpowerbasisof ´ � ¥ µ
is givenby thedoublesequenceof functions� Ú»º µ�'»º Ã µ-'�·.$ Ú ºu¼ ºMß Á ½Ûµ�¾'·�¶OºÀ¿ ã û Ã ¶�ã¸ä�ä¬ä�ã)ª and¾ Ã ¶�ã¸ä�ä¬ä�ã«2»ä (4.16)

The � Ú»º arepiecewisepolynomialfunctionsof order ¾ with just oneknot $ Ú . Obviously
they areelementsof ´ � ¥ µ

. Note,that this would not bethecaseif we hadrequired© ¨ µ�'»º
to bezeroin Eq.(4.14).Plotsof some� Ú»º areshown in Figure4.7.Thederivativesof � Ú»º
obey therelation ÷÷:' � Ú§º Ã � Ú ¥ ºMß Á ã ¾ � ¶
ä (4.17)
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Figure4.6: Piecewisepolynomialfunctionsaredefinedby a setof Á knots Â¢Ã and Á polynomialsÄSÃ . When
constructingLIC filter kernelswerequiretheright-mostpolynomial ÄuÅ to bezero.
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For later usewe notethat the derivative of the stepfunctions � Ú ¥ Á canbe definedin the
senseof distributiontheoryby meansof Dirac’s deltafunction.Keepingthis in mindand
applyingEq.(4.17)recursively, wefind thefollowing importantrelationship:÷ º÷�' º � Ú ¥ º µ�'»º Ã �jµ-'�·�$ Ú ºMã ¾1²×¶ (4.18)

Beforewe continue,let us prove that thesetof functions � Ú§º really formsa basisof´ � ¥ µ
. We first look at the linear functionals Æ Ú»º that take the differenceof the µ�¾ ·Ê¶Oº th

derivativeof

¬
ata breakpoint$ Ú :Æ Ú»º ¬ Ã jump

µ �
¬ ¼ ºMß Á ½ Ã ¬ ¼ ºJß Á ½ µ�$ ÛÚ º�· ¬ ¼ ºMß Á ½ µ�$ ßÚ º�ã (4.19)

with û Ã ¶�ã�ä¬ä¬ä�ã«ª and ¾ Ã ¶�ã�ä¬ä¬ä�ã52 . Applying Æ Ú»º to � Ú»º yieldsÆ Ú»º � ¶ � Ã jump
µ � ÷ ¼ ºMß Á ½÷�' ¼ ºJß Á ½ µ-'�·�$ ¶ ºu¼ � ß Á ½Ûµ tÄ·@¶OºÀ¿ Ã � Ú ¶ � º � ä (4.20)

As is obviousfrom Figure4.7 this expressionvanishesalwaysexceptif theknot indicesû and ¹ aswell astheexponents¾ and t areequal.Wecanusethis resultto show thatthe� Ú»º arelinear independent.Linear independencemeansthat the equation� H Ú»º � Ú»º Ã î
must imply

H Ú»º Ã î . In fact, this canbe shown by applying Æ Ú»º to an arbitrary linear
combination, Æ Ú»º F H ¶ � � ¶ � ÃQF H ¶ � Æ Ú»º � ¶ � Ã>F H ¶ � � Ú ¶ � º � ÃJH Ú§º Ã îjä (4.21)

The dimensionof the spacé
� ¥ µ

is 2Sª , which is equalto the numberof functions � Ú»º .
Togetherwith thelinearindependencethisdimensionalargumentshowsthatthe � Ú»º really
compriseabasisfor piecewisepolynomialfunctions.Consequently, every

¬ �¸´ � ¥ µ
hasa

uniquerepresentationof theform
¬ Ã F Ú»º µ�Æ Ú»º ¬ º�� Ú§º Ã F Ú»º µ jump

µ �
¬ ¼ ºJß Á ½ º µ�'�·�$ Ú ºu¼ ºJß Á ½Ûµ�¾D·@¶BºÀ¿ ä (4.22)

For many applicationsa moresuitableandnumericallyadvantageousbasisof ´ � ¥ µ
is

givenby so-calledÇ -splines[18, 22]. However, aswewill see,thetruncatedpowerbasis
allowsusto rewrite convolutionintegralsin anelegantway, thusfacilitatingthedesignof
a generalfastLIC algorithm.Thereforewe will expandall filter kernels,even Ç -splines,
in thetruncatedpowerbasis.
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Figure 4.7: The truncatedpower basis
� Ã»Ê consistsof oridinarymonomialsclippedto bezeroleft from a

breakpointÂ Ã . Note,thatthederivativeof
� Ã»Ê is justgivenby

� ÃBË Ê �: 
.
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4.4.2 A Convolution Theorem

Thesingleimportanttheoremwhich allowsusto formulateour fastLIC algorithmis the
following. Theconvolutionof two functions

¬
and

<
, where

<
hasfinite support,is equal

to theconvolutionof theintegral Ì of

¬
andthederivative

< Ü
of

<
, i.e.,¬ e < Ã Í=ß Í

¬ µ�(jº < µ�'�·,(8º8÷:( Ã Í=ß Í Ì�µ�(8º < Ü µ�'�·�(8º8÷:( Ã Ì e < Ü ã (4.23)

for all 'Î�.� . To show this we considera definiteintegral with finite boundsfirst, apply
integrationby parts,let theintegrationboundsmoveto infinity, andthenusethefactthat
thefilter kernel

<
hasfinite support:Ï=ß Ï Ì�µ�(jº

< Ü µ-' ·&(8º8÷:( Ã Ì�µ�(jº < µ-' ·Ð(jºWÑÑÑ Ò £ Ï
Ò £»ß Ï Æ

Ï=ß Ï
¬ µ�(jº < µ�' ·Ð(jº8÷:( ·LÓÏ¢Ô Í

¬ e <
(4.24)

This is valid for every finite ' . Assumingthat

¬
is at least � timesintegrableandthat

<
is at least � timesdifferentiable,we mayapply theabove theorem� timesrepeatedly.

In orderto simplify notationwe introduceÌ ¼ ¿Õ½ ` ¬
anddefinerepeatedintegrals of

¬
recursively by Ì ¼ ý ½ µ�'»º Ã =@ÖÍ Ì ¼ ý ß Á ½ µ�(jº8÷y(aã for ��²�¶
ä (4.25)

Usingthisnotationwefind theimportantrelation
¬ e < Ã Ì ¼ ý ½ e < ¼ ý ½ ä (4.26)

By meansof suitabletestfunctionsit canbeshown thatthisexpressionis alsovalid if the� th derivative

< ¼ ý ½ is adeltadistribution.
Supposethe filter kernel

<
is a piecewise polynomial function written in truncated

powers,i.e.,

< Ã � Ú§º H Ú»º � Ú»º . Recall from Eq. (4.18) that the ¾ -th derivative of � Ú»º is a
deltafunction.Thus,by applyingequation(4.26)with � Ã ¾ theconvolution integral can
beexpressedin termsof repeatedintegralsasfollows:

¬ e < Ã = Íß Í
¬ µ�(jº < µ�' ·Ð(jº8÷:( Ã F Ú»º H Ú§º = Íß Í

¬ µ�(jº�� Ú§º µ�' ·Ð(jº8÷:(Ã F Ú§º H Ú»º = Íß Í Ì ¼ º ½ µ�(8º^��µ�' ·�$ Ú ·Ð(jº8÷y( Ã F Ú§º H Ú»º Ì ¼ º ½ µ�' ·&$ Ú º (4.27)

4.4.3 Filter Kernelsof × -SplineType

Beforewediscusshow to build afastLIC algorithmby discretizingEq.(4.27),let usfirst
look at someparticularfilter kernels. In principle we may apply our techniqueto any
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piecewisepolynomialfilter kernel.However, for line integralconvolutionthefilter kernel
shouldbeassimpleaspossible.Thereis noreasonwhy to considerunsymmetrickernels.
Furthermore,smootherresultsareobtainedif thekernelis lessweightedat its boundaries.
Wewill make thenotionof “smoothness”morepreciseby analysingintensitycorrelation
lateron.

A nice classof filter kernelsfulfilling theseconditionsarecenteredÇ -splineswith
uniform knot sequences.The mostsimpleelementof this classis a box filter Ø Á with
just two knotsat ·�� and � , normalizedsuchthat Ù1Ø Á ÷:' Ã ¶ . Higherorderfilters can
beobtainedby repeatedlyconvolving box filters. Convolving two box filters resultsin a
triangleor hatfilter Ø Ç Ã Ø Á e Ø Á . In contrastto thebox thetrianglefilter is continuousbut
still hasdiscontinuousderivative. Evensmootherfilters areobtainedby convolving the
trianglewith aboxagain,andsoon. In thiswaywegetfilter kernelsof Ç -splinetype.In
particular, an � -th order Ç -splinefilter is givenbyØ ý Ã ¶µYâ0� º ý ýF Ú¤£ ¿ µ±·'¶Oº Ú v � û�w}Ú ' Æ µ��ö·{â¡ûmºÛ��Ü ý ß ÁÛµ��ö·@¶OºÀ¿ ã ��²×¶�ä (4.28)

Let usprove thisexpressionby induction.For � Ã ¶ weobtaintheboxfilter itself:Ø Á Ã ¶â0� Ú µ-' Æ � º ¿ Û ·@µ�'�·�� º ¿ Û Ü (4.29)

AssumingthatEq.(4.28)is valid for � wegetfor Ø ý Û Á Ã Ø ý e Ø Á :Ý+Þ �S ßh oà 3 gâá Þ �c  Þã Ãåä:æ à�ç o)á ÃMèêé ë%ì&í1î� îðïBñ®ò à é ç 3 ë á�gÀó Þ �: �à é ç o)á�ô ï à ñ ç	õ ò gâá æ� çöà ñ ç	õSç gÀá æ� ó 4 õh oà 3 gâá Þ �c  Þã Ãåä:æ à�ç o)á Ã èêé ë ì&è ç ï ñ÷ò g ò à é ç 3 ë á�g ó Þ�é ô ò ï ñ ç g ò à é ç 3 ë á�g ó Þ�é ô ìh oà 3 gâá Þ �c  Þã Ãåä:æ à�ç o)á Ã è é ë ì&è ç ï ñ÷ò à é ò o ç 3 à ë ò o)á�á�g ó Þ�é ô ò ï ñ÷ò à é ò o ç 3 ë á�g ó Þ�é ô ì
Herewe have usedtheoremEq. (4.23) to replacethe box filter by a deltadistribution.
Relabelingtheindex in thefirst termof thesumandusingtheequality Ú ýÚ�ß Á Ü Æ Ú ý Ú Ü Ã Ú ý Û ÁÚ Ü
weobtain Ø ý Û Á Ã ¶µfâ0� º ý Û Á ý Û ÁF Ú¤£ ¿ µ±·'¶Oº Ú v � Æ ¶û w Ú ' Æ µ�� Æ ¶l·�â%û�ºÛ� Ü ý Û�ø¿ ã (4.30)

in accordancewith Eq. (4.28). All filters Ø ý arenormalizedsince Ù ¬ ÷�' Ã Ù a ÷�' Ã ¶
implies Ù ¬ eua ÷�' Ã ¶ , and Ù1Ø Á ÷�' Ã ¶ . ThefunctionsØ ý havesupport

å ·��À� ã%����ç ascan
beseenby inspectionof Eq.(4.28).

In Table4.1 somefilter kernelsof Ç -splinetype arelisted. Thesefilters have been
rescaledin orderto achieve t�¹ ü�ü < Ã�å ·�� ã«��ç . They arestill normalizedto unity. The
tablealsocontainsan expressionfor

¬ e <
. The convolution hasbeendecomposedin

termsof repeatedintegralsusingEq.(4.27).
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Filter kernel ù Definition Convolution ú®û�ù
ßuü ü ý C £ ÁÇ ü ÁÇ ü�þ ÿ ¼ Ö ÛÀü ½ ß ÿ ¼ Ö ßMü ½ �
ßuü ü ý C £ Áü A ¼ Ö Ûâü ½

ý A £ Áü A ¼ ülß Ö ½ Áü A þ ÿ A ¼ Ö ÛÀü ½ ß Ç ÿ A ¼ Ö ½ Û ÿ A ¼ Ö ßMü ½ �
ßuü ßuü�� È ü�� È ü ý C £ Ç ÐÁ?Ï ü�� ¼ Ö ÛÀü ½ Aý A £ �� ü ß Ç Ð� ü � Ö Aý � £ Ç ÐÁ?Ï ü � ¼ ü)ß Ö ½ A

Ç Ð� ü �Sþ ÿ � ¼ Ö ÛÀü ½ ß È ÿ � ¼ Ö ÛÀü�� È ½Û È ÿ � ¼ Ö ß�ü�� È ½ Û ÿ � ¼ Ö ßMü ½ �ý £ Í
ßuü ßuü�� Ç ¿ ü�� Ç ü

General
ý

th-order � -Spline:� �
	 £�� ýÇ ü�
�� �� � ��� ¼ ß Á ½ � � ý Ú�
^ÿ � þ Ö Û ý ß Úý ü �
Table 4.1: Filter kernelsof � -splinetype. Thefilter of order é ç o

canbeobtainedby convolving the é th
orderfilter with aboxfilter. Thefilters in this tablehavesupport� ç g�� g��

andarenormalizedto one.

Theconstructionof Ç -splinesfrom repeatedconvolutionshasfirst beendescribedby
CurryandSchoenberg in 1947.In modernsplinetheory Ç -splinesareusuallydefinedin a
moregeneralcontext asdivideddifferencesfor anarbitrarynondecreasingknotsequence.
For moreinformationwe referto deBoor[18].

A nice propertyof a � th order filter kernel of Ç -spline type is that all derivatives
exceptof the �½·U¶ th onearecontinuous,i.e. thefilter is built from exactly � Æ ¶ truncated
powerfunctionsof degree�*·�¶ . Consequently, theevaluationof

¬ e <
involves � th order

integralsonly. For generalpiecewisepolynomialfilter kernelsusuallyintegralsof mixed
ordershave to beconsidered.Thismakesthecomputationof

¬ e <
moreexpensive.

4.5 The FastLIC Algorithm

We arenow in a positionto formulateanalgorithmfor fastcomputationof LIC images.
The key idea of this algorithm is to exploit the coherenceof pixel intensitiesin flow
direction. More precisely, this meansthat the LIC intensityfor a givenpoint on a field
line is updatedto obtainthe intensityof a neighbouringpoint. Suchan intensityupdate
turnsout to bemuchlessexpensivethanevaluatingtheconvolution integral from scratch.
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4.5.1 Discretization

We starttheconstructionof thefastLIC algorithmby distributingdiscretesamplepoints� t ��� on a field line Y�µ t%º . The samplepointsshouldbe equidistantin parameterspace,
i.e., t � Ã 2c/1t�ã 2n����ä (4.31)

Wearelooking for adiscreteapproximationof therepeatedintegrals Ì ¼ º ½ on thediscrete
mesh

� t ��� . The approximationitself shouldbe constructedonly from samplestaken
at
� t ��� . This is an importantrequirement,which facilitatesthe recursive evaluationof

repatedintegralsof increasingorderandwhich allows usto computeÌ ¼ º ½ efficiently for
many samples.Themostsimplesolutionis to chooseleft-handedRiemannsums,yielding

Ì ¼ º ½ µ�t � º Ã � � �= ¿ Ì ¼ ºMß Á ½ µ-'»º8÷:'öÝ ¯ÓÓÓÓ° ÓÓÓÓ± /lt � ß Á�Ú¤£ ¿ Ì ¼ ºJß Á ½ µ t Ú º�ã 2 � îîjã 2 Ã î/lt ß Á�Ú¤£ � Ì ¼ ºJß Á ½ µ�t Ú ºMã 2 � î (4.32)

for ¾�²�¶ . For conveniencewe introducethe abbreviation Ì"¼ º ½� ` Ì ¼ º ½ µ�t � º . Using this
notation,therelationof Ì ¼ º ½ betweenneighbouringsamplepointsis givenbyÌ]¼ º ½� Û Á Ã Ì]¼ º ½� Æ /lt Ì"¼ ºMß Á ½� ã ¾1²�¶�ä (4.33)

On thefirst sightit might seemthattheuseof left-handedRiemannsumsin Eq.(4.32)is
a very crudeapproximation.However, therelative errorof theapproximationdecreases
with ¶Oà�� , where � is the numberof samplepoints. The final convolution integral is
typically approximatedby about50-200samples. It turns out that the corresponding
intensitydeviationsdohardlyproduceany visualartifacts.

Nevertheless,in principle more accurateintegration formulasmay be applied,too.
CenteredRiemannsumsarenot suitable,becausethey areconstructedfrom sampleslo-
catedat µ 2 Æ ¶Oà
â�ºÛ/lt . Therefore,they prevent recursive evaluationof Ì ¼ º ½ . However,
trapezoidrule is a valid alternative. In this casetheintegral Ì]¼ º ½� would beapproximated
by

| 2 |%Æ ¶ symmetricallydistributedsamples,wherethe first oneandthe last one– lo-
catedat theboundariesof theintegrationinterval – arebeingweightedwith a factor1/2.
Insteadof Eq.(4.33)therelationof Ì ¼ º ½ betweenneighbouringsamplepointsturnsout to
begivenby a slightly morecomplex formula,namelyÌ"¼ º ½� Û Á Ã Ì]¼ º ½� Æ /ltâ  Ì]¼ ºMß Á ½� Æ Ì"¼ ºMß Á ½� Û Á"! ã ¾l²�¶
ä (4.34)

After discreteapproximationsof therepeatedintegrals Ì ¼ º ½ have beencomputed,we
canimmediatelyexpressthefinal LIC intensity

E��
at a samplepoint t � usingEq. (4.27).

In order to avoid any computationaloverheadwe just have to ensurethat the knots $ Ú
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of the piecewise polynomialfilter kernelcoincidewith samplepoints t � . We therefore
introducediscreteoffsets� Ú andrequire$ Ú Ã � Ú /lt . Thefinal LIC intensityis thengiven
by E�� Ã FÚ¤£ Á+¥§¦§¦§¦-¥ ¨º%£ Á+¥§¦§¦§¦-¥ ù H Ú»º Ì"¼ º ½� Û ý � ä (4.35)

Recall,that thenumbersª and ô areusuallyquitesmall. For example,in caseof a box
filter wehave ª Ã ¶ and ô Ã â . Thesum(4.35)thereforeincludesonly a few terms.

4.5.2 Intensity Updates

The basicideaof the proposedalgorithmis to computeintensities
E��

for many sample
points t � on a singlefield line in onepass.It shouldbeclearthat this goalcanbeeasily
achieved by usingupdateformulaslike Eq. (4.33) or Eq. (4.34). Let us suppose,that
the LIC filter kernel is of order ô andhasan extent of � samplesin both directions.
In orderto obtainthe initial intensity

E ¿
, the valuesof the repeatedintegrals Ì"¼ º ½� with2 Ã ·���ã�ä¬ä�ä¬ã«� and ¾ Ã ¶
ã�ä�ä¬ä¬ã ô have to becomputedandstoredin anappropriatearray.

Fromthesevalues
E ¿

canbedetermineddirectlyusingEq.(4.35).
To obtainadditionalintensityvalues

E�� Û Á , a straight-forward algorithmicapproach
would beto computeÌ ¼ º ½� Û�� for ¾ Ã ¶�ã�ä�ä¸ä ã ô via Eq. (4.33)or Eq. (4.34)andto append
thesevaluesto thearrayof repeatedintegrals.Thentheintensityat thenext samplepoint
canagainbedetermineddirectlyusingEq. (4.35).Of course,thesamestrategy mightbe
appliedto stepalongthefield line in negativedirectionby computing

E�� ß Á .
However, theexplicit computationof repeatedintegrals Ì"¼ º ½� for largerandlargerval-

uesof 2 is numericallynot favourable,becauseit maycauseoverflow problems.Usually,
the input imagecontainsby 8-bit integervaluesin therangeof 0 to 255. For theactual
computationwe make useof 32-bit integerarithmetic. Assumingconstantinput values

¬ Ã ¶Oâ�# , for examplethe
ó
-th orderintegral Ì ¼ Í ½ would causeanoverflow at 2 Ý�¶Bî�î .

Sincesuchdistancesmightwell occurin practice,theLIC intensitiesshouldbeevaluated
in anumericallystableway.

In orderto find astableevaluationscheme,werewrite Eq.(4.35)asE�� Ã Fº%£ Á+¥§¦§¦§¦-¥ ù E%$ º'&� ã with
E($ º)&� Ã FÚ £ Á+¥§¦§¦§¦-¥ ¨ H Ú§º Ì]¼ º ½� Û ý � ä (4.36)

Let usfirst considerthecaseof left-handedRiemannsums.We useEq. (4.33)to obtain
anupdateformulafor thecomponents

E($ º'&�
, namelyE%$ º'&� Û Á Ã FÚ¤£ Á+¥§¦§¦§¦-¥ ¨ H Ú»º  Ì]¼ º ½� Û ý � Æ /ltêÌ]¼ ºJß Á ½� Û ý � ! Ã E($ º)&� Æ / E($ º'&� ã (4.37)
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wherewehave introducedintensitydifferences/ E $ º'&� Ã /1t FÚ¤£ Á+¥§¦§¦§¦�¥ ¨ H Ú»º Ì ¼ ºMß Á ½� Û ý � ä (4.38)

While for ¾ Ã ¶ the correspondingintensitydifferenceis a linear combinationof the
original function values Ì"¼ ¿Õ½� Û ý � ` ¬ � Û ý � , higher-orderdifferencesstill involve repeated
integrals,namelyintegralsof order¾�·5¶ . Theseintegralscanbeeliminatedusinganested
evaluationscheme.WegeneralizeEq.(4.38)anddefinerepeatedintensitydifferencesby/ � E($ º'&� Ã µ /ltOº � FÚ £ Á+¥§¦§¦§¦-¥ ¨ H Ú»º Ì]¼ ºJß � ½� Û ý � ã ü Ã îjã�ä�ä�ä]ã+¾�ä (4.39)

Note,that / ¿ E%$ º'&� ` E($ º)&� . It is easyto seethattherepeatedintensitydifferencesobey the
relation / � E($ º)&� Û Á Ã / � E($ º'&� Æ / � Û Á E%$ º'&� ä (4.40)

We arenow ableto updatetheintensity
E��

by maintaininga setof
ÁÇ ôæµ�ô Æ ¶Oº interme-

diatevariables/ � E%$ º'&� , which arebeingupdatedaccordingto Eq. (4.40). The resulting
evaluationschemecanbesumarizedin thefollowing way:E $ Á &� * / E $ Á &�E $ Ç &� * / E $ Ç &� * / Ç E $ Ç &�ä�ä�äE($ ù &� * / E($ ù &� * / Ç E($ ù &� ä�ä�ä * /*ù E%$ ù &�E�� (4.41)

The rightmostexpressionsin this schemesrepresentlinearcombinationsof the original
function values

¬ � Û ý � . Theseexpressionsareaddedto the secondlast intensitydiffer-
encein eachrow in orderto performtheupdatefor 2 Æ ¶ . Similarly, theotherintensity
differencesareupdatedby addingtheexpressionto the right. Finally, the resultingLIC
intensityis givenasthe sumof the termsin the left-mostcolumnof the table. The ad-
vantageof the above evaluationschemeis, that repeatedintensitydifferencesarebeing
updatedinsteadof repeatedintegrals. In contrastto integralsdifferencesdonotgetlarger
asthesampleindex 2 increases.Thus,theschemeis robustandnot harmedby numeri-
cal overflow problems.At thesametime, thenumberof operationsis identicalfor both
approaches,sincetheupdateformulasEq.(4.33)and(4.40)areof identicalstructure.

It shouldbenotedthattheevaluationschemeEq.(4.41)is notrestrictedto left-handed
Riemannsums. In orderto usemoresophisticatedintegrationrules,merelythe update
formulaEq.(4.40)hasto bemodified.For example,trapezoidrulewouldyield/ � E $ º'&� Û Á Ã / � E $ º)&� Æ ¶â  / � Û Á E $ º)&� Æ / � Û Á E $ º)&� Û Á+! ä (4.42)

In contrastto Eq.(4.40)thisexpressionis symmetricin 2 and 2 Æ ¶ . Thismeans,thatthe
updateformulain backwarddirectionlooksthesameasin forwarddirection.
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4.5.3 SpecialFilter Kernels

We now want to apply the intensityupdateschemeoutlined in the previous sectionto
somesimplefilter kernelsof practicalinterest. In this way, alsothe generalprocedure
shouldbecomemoreclear.

Box Filter. The mostsimplefilter kernelfor LIC is definitely a box filter. It is of first
orderandhastwo knots,i.e., ô Ã ¶ and ª Ã â . Let usassumethefilter width is � /lt in
bothdirections.Applying Eq. (4.35)we find thatthenormalizedLIC intensityfor a box
filter is E ¿ Ã ¶â0� µ�Ì � ·,Ì ßc� º Ã ¶â�� �[ß ÁFÚ £»ßc�

¬ Ú ä (4.43)

The last expressionhasbeenderived by approximatingÌ � and Ì ßc� by meansof left-
handedRiemannsums.Additional intensitiesin forwarddirectioncanbeobtainedviaE�� Û Á Ã E�� Æ / E($ Á &� Ã E�� Æ /ltâ0� µ ¬ � Û�� · ¬ � ßc� º�ä (4.44)

In contrast,theupdateformulain backwarddirectionisE�� ß Á Ã E�� ·,/ E $ Á &� ß Á Ã E�� · /1tâ0� µ ¬ � Û��[ß Á · ¬ � ßc�[ß Á ºMä (4.45)

Thebox filter hasminimal computationalcosts.Theupdateessentiallyinvolvesjust two
additions.An additionalmultiplicationis necessaryto ensurepropernormalization.The
unsymmetryof theupdateformulasis causedby the useof left-handedRiemannsums.
Trapezoidrule yieldssymmetricexpressions.However, theseexpressionswould contain
samplesof theinput function

¬
at four differentlocationsinsteadof just two. An alterna-

tive is to computetheLIC intensityfrom â0� Æ ¶ samplesinsteadof â0� . In thiscasethe
width of theboxfilter actuallyis µ�� Æ ¶Oà�â�º¢/lt , andwehaveE ¿ Ã ¶â0� Æ ¶ �FÚ¤£»ßc�

¬ Ú ã (4.46)

which is accompaniedby a symmetricupdateformulaE��-, Á Ã E�� Æ /ltâ0� Æ ¶ µ
¬ �., � , Á · ¬ �./ � / Á ºMä (4.47)

In fact,this typeof discretizationis commonlyusedfor implementingconvolutionswith
symmetricfilter kernels.In our introductorypaperaboutthefastLIC algorithm[81] we
usedthiskind of discretization,too.

Triangle Filter. Thenext simplefilter kernelafterabox is a triangleor hat.Thetriangle
filter is of secondorderandhasthreeknots, i.e., ô Ã â and ª Ã ë . Sincethe filter is
continuous,the first-ordercontributionsvanishandwe have

E ` E $ Ç & . From Table4.1
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we find that the secondordercoefficientsare
H Á Ç Ã H È�Ç Ã ¶Oà�� Ç and

H Ç�Ç Ã ·Ñâ�à�� Ç .
In additionto the intensityitself we needto maintainan additionalintensitydifference/ E ` / E $ Ç & . Initially, thesevaluesaregivenbyE ¿ Ã ¶� Ç  Ì"¼ Ç ½� ·{â0Ì]¼ Ç ½¿ Æ Ì]¼ Ç ½ßc� ! (4.48)/ E ¿ Ã /lt� Ç  Ì]¼ Á ½� ·{â0Ì"¼ Á ½¿ Æ Ì"¼ Á ½ßc� ! ä (4.49)

Using left-handedRiemannsums,additionalsamplesin forward directioncanbe com-
putedvia E�� Û Á Ã E�� Æ / E��

(4.50)/ E�� Û Á Ã / E�� Æ /1t� Ç µ
¬ � Û�� ·{â ¬ � Æ ¬ � ßc� ºaä (4.51)

Thecorrespondingupdateformulaein backwarddirectionareE�� ß Á Ã E�� ·;/ E�� ß Á (4.52)/ E�� ß Á Ã / E�� · /1t� Ç µ
¬ � Û��[ß Á ·�â ¬ � ß Á Æ ¬ � ßc�[ß Á º]ä (4.53)

Higher-order Filter Kernels. Higher-orderfilter kernelscanbe evaluatedin a similar
way. Onceagainwe pointout, thatkernelsof Ç -splinetypeareparticularlynicebecause
they involve termsof fixedorderonly. This means,thatonly a singlerow of thegeneral
updateschemein Eq. (4.41) needto be considered.For example,the cubic Ç -spline
filter listed in Table 4.1 requiresto updatethreevalues

E ` E $ È & , / E ` / E $ È & , and/ Ç E ` / Ç E $ È & . Usingleft-handedRiemannsums,thecorrespondingupdateformulaein
forwarddirectionaregivenbyE�� Û Á Ã E�� Æ / E�� ã / E�� Û Á Ã / E�� Æ / Ç E�� (4.54)/ Ç E�� Û Á Ã / Ç E�� Æ â�0	/lt#�� È Ú

¬ � Û�� ·#ë ¬ � Û��1� È Æ ¬ � ßc�2� È · ¬ � Û�� Ü (4.55)

Thebackward formulaecanbederived in ananalogousway. Note, that in this casethe
total number� of samplesusedto approximatethefilter needto bea multiple of three.
Otherwise,the samples

¬ �-, �1� È would not be available. This is a generalconstraintof
thetechnique,gettingmoredominantif morecomplex filter kernelsareused.However,
usuallywewanttoapplysimplefilters. In addition,quitelargenumbersof � will beused.
Therefore,in practiceit is alwayspossibleto choosefilter lengthswhich arecompatible
with thebreakpointsof thepiecewisepolynomialfilter kernel.
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4.5.4 Hit Count and Accumulation Buffer

In order to producean actualLIC image,we needto computeLIC intensitiesin a 2D
domain P , andnot just for individual sampleson a singlefield line. We cansolve this
problemby distributing manyfield lineshomegeneouslyin theoutputimage P . In prac-
tice, P is subdividedinto anumberpixels ü with non-overlappingdomainsP �

, i.e.,P Ã43 � P � ä (4.56)

For eachpixel ü anassociatedLIC intensity
E%�

hasto bedetermined.Ideally, thisintensity
shouldbecomputedasanaverageover thewholepixel area,EÛ� Ã ¶7 = R�5 E µ-'»º8÷:7�ä (4.57)

A standardmethodin computergraphicsis to approximatesuchintegralsby asufficiently
high numberof point samplesin P �

. In the simplestcasejust one samplelocatedin
thecenterof P �

would beevaluated.For example,this is donein the LIC algorithmof
CabralandLeedom,c.f. Sect.4.3.4.Thefastconvolutionmethodoutlinedin theprevious
sectionscanbeusedto producemany sampleslocatedon commonfield lines. Although
we have only limited control of how the samplesaredistributedin a particularpixel, a
naturalapproachwouldbeto averageall samplesfalling into acommonpixel.

In our implementationwe maintaintwo variablesfor eachpixel ü , hitcount[ ü ]
andaccum[ ü ] . We referto thesevariablesashitcountandaccumulationbuffer. Instead
of computingonly oneintensityvaluefrom a singlefield line YDµ�tOº , �76 intensityupdates
areperformedon thatcurve in forwardandbackwarddirection,yieldingadditionalsam-
ples

E��
with

| 2 | Ã ¶�ã�ä¬ä�ä¬ã«� � . Theseadditionalsampleswill be addedto accum[ ü � ] ,
whereü � denotesthe pixel of the outputimagethe samplefalls into. At the sametime
hitcount[ ü � ] is increasedby one.Traversingall pixelsonce,wecomputeanew field
line Y�µ tOº whenever the numberof hits for a pixel is lessthana user-definedminimum
minHit . At theend,asecondpassis necessaryto normalizetheaccumulatedintensities
accordingto thetotalnumberof hitsperpixel. In summary, thefastLIC algorithmcanbe
describedby thefollowing pseudocode:

for all pixels 8
sethitcount[ 8 ]=0 andaccum[ 8 ]=0

for all pixels 8
if (hitcount[ 8 ] 9 minHit ) then

computefield line startingfrom centerof 8
computeinitial intensity : ¿ anddifferences; � : $ º'&¿
setaccum[ 8 ] = accum[ 8 ] + : ¿
sethitcount[ 8 ] = hitcount[ 8 ] + <
for = >�=@?A<CB-DEDEDEB+F 6 do

compute: � and ; � : $ º'&�
by applyingupdatescheme

determinepixel 8 � containingG�HJI �LK
setaccum[ 8 � ] = accum[ 8 � ] + : �
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Figure 4.8: ThefastLIC algorithmrelieson samplingtheinput textureat evenlyspacedlocationsalonga
field line M . Intensityvalues

¡ �
areaddedto thepixelscontainingthesamplelocation N � . New field lines

arecomputedonly for pixelswhich arenot yet coveredby a sufficiently high numberof samples.Field
linesandsamplepointsshouldbedistributedmoreor lessevenlyacrossthewholeimage.

sethitcount[ 8 � ] = hitcount[ 8 � ] + <
for all pixels 8

set : � = accum[ 8 ] /hitcount[ 8 ]

A typicalpatternof field linesandsamplepointsgeneratedby thealgorithmis shown
in Figure4.8. In order to minimize the computationalcosts,field lines shouldbe dis-
tributedasevenly aspossiblethroughoutthe image. In this way theaveragenumberof
hits perpixel is minimized. Therearea numberof algorithmicparameterswhich influ-
encetheperformanceof thealgorithmaswell asthequality of theresultingimages.We
shalldiscusstheseissuesin detail lateron. For themomentwe just make the following
remarks:O

In contrastto the LIC algorithmof CabralandLeedom,the computationof field
lines is performedwithout referencinginput imageor outputimage. This allows
us to utilize any of thenumericalintegrationmethodsdiscussedin Chapter3. An
integratorwith adaptivestepsizecontrolanderrormonitoringensuresaccuracy and
acceleratesfield line computationsignificantlyin homogeneousregions.O
As alreadymentionedin Section4.3.1,specialtreatmentis necessarywhenfield
lines leave the computationaldomain P , or when singularitiesare encountered.
In any case,we may simply continuethe pathin the currentdirectionin orderto
providea full-sizedconvolution interval. Of course,no intensityupdatesshouldbe
performedfor extendedpathsegments.O
In theabovepseudocodethenumberof additionalsamples�76 on a field line com-
putedby meansof intensityupdatesappearsasauser-definedparameter. However,
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thisparametercanbeadjustedautomatically. In fact,in Section4.6.2weshow, that
theoptimalvalueof this parametergraduallychangesasmoreandmorefield lines
arecomputed.O
Thenumberof sampleswithin a pixel aswell astheir relativedistributiondepends
on theorderin which thepixelsof theoutputimageareprocessed.Therefore,the
traversalschemecan be usedto optimize the algorithm. The effect of different
traversalschemeswill alsobediscussedin Section4.6.3.O
The algorithminvolvestwo samplingprocesses,one for approximatingthe one-
dimensionalconvolution integral, the otherfor averagingLIC intensitieswithin a
pixel. The choiceof parameterslike samplingdistance,numberof samplesper
pixel, or spatialdistributionof samplesdependson thekind of input imageaswell
asthedesiredqualityof theoutputimage.Improperchoiceof theseparameterswill
resultin aliasingeffects,cf. Section4.6.4.O
Finally, the resolutionof input imageandoutputimage,i.e., the sizesof the cor-
respondingpixels, are not requiredto be equal. The ability to choosedifferent
resolutionsfor both imagesfacilitatesapplicationslike continuouszoomingand
magnificationof details.Thiswill bediscussedin Secton4.6.5.

Dependingonthevectorfield beingvisualized,thetypeof filter kernelbeingused,aswell
asthe lengthof thefilter kernel,thenew methodturnsout to beaboutanorderof mag-
nitudefasterthanthealgorithmproposedby CabralandLeedom,cf. [81]. Performance
gainsincreaseaslargerfilter lengthsarechosen.For example,many LIC imagesshown
in this work werecomputedusing(one-sided)filter lengthsof 40, 80, or even 120 and
morepixels.Computingsuchimagesessentiallyis not feasibleusingtheoriginalmethod
while it takesonly a few secondsusingthenew approach.

4.6 Algorithmic Details

In theprevioussectionwe describedhow to evaluateLIC integralsfor piecewisepolyno-
mial filter kernelsefficiently for many pointson a commonfield line. We outlinedhow
this ideacouldbeusedto generate2D LIC images.In this sectionwe want to work out
theproposedfastLIC algorithmanddiscusshow theperformanceof thealgorithmcanbe
optimized.

4.6.1 SamplingDistanceand Input Image

The fastLIC algorithmapproximatesthe continuousone-dimensionalconvolution inte-
gralEq.(4.9)by aweightedsumof evenlyspacedsamplesb�µ t � º . In thissectionwewant
to investigatehow to choosethe samplingdistance/lt in an optimalway. It shouldbe
notedthatirrespectivelyof theactualvalueof /lt theconvolutionsumis well-definedand
might beevaluatedat any point within a pixel. However, if thesamplingdistanceis too
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largethecontinuousLIC integral will not beapproximatedwell andartifactsmayoccur.
On theotherhand,if the samplingdistanceis too small unnecessarywork will bedone
andtheperformanceof thealgorithmsdropsoff.

In orderto simplify thenotationwerewrite thecontinuousLIC integralasE µ�tOº Ã>= Íß Í b�µ�t ·¯¹»º a µ?¹»º8÷H¹ ä (4.58)

Here,b representstheinput imagealongafield line and
a

is acontinuouslydefinedfilter
kernel.Wecanexpressthediscreteapproximationof this integralascomputedin thefast
LIC algorithmbyPE µ tOº ÃQ= Íß Í b*µ tÄ·#¹»º a µ?¹»º E-E-E µ?¹»º8÷H¹ ã with

E-E-E µ�tOº Ã F Ú ��µ�tÄ·#û�/lt%ºMä (4.59)

Notice,thatthecontinuousfilter kernel
a

hasbeenmodulatedby acombor shahfunctionE-E-E
, i.e., by a setof evenly spaced� -impulses.For

PE
to bea closeto

E
the distance/lt

shouldnot exceedthecharacteristicfeaturesizeof theinput image b . For randomnoise
imagesthis is aboutthewidth of onepixel, which we will denoteby / . If thesampling
distance/lt doesn’t matchthis criterium,high frequency componentswill beobserved.
Intuitively, it is clearthat intensities

PE µ t%º and
PE µ�t Æ /1tOº arestronglycorrelatedbecause

they arecomputedfrom almostthesamesamples.However, thevalueof
PE µ�t Æ /1tOà�â
º may

becompletelydifferentif b changessignificantlyoverhalf a samplingwidth. Therefore,
intensitycorrelationalongafield line will startto oscillateif thesamplingdistanceis too
large.

Fourier analysisprovidesan excellenttool to understandthe occurenceof high fre-
quenciescomponentsin detail. First of all, let usrecall that theanalogueof convolution
in spatialdomainis modulation(i.e., multiplication) in Fourier space,and vice versa.
Therefore,from Eq.(4.59)weobtainthefollowing Fouriertransformpair,PE µ-'»º Ã b�µ�'»º e µ a µ�'»º E-E-E µ-'»ºÂº QSR PE µ�2jº Ã b�µ�28º µ�T�µ 28º e E-E-E µ 28ºÂºMä (4.60)

TheFourier transformof thecombfunction
E-E-E µ�'»º is anothercombfunction

E-E-E µ�28º with
reciprocalspacingâ@U à0/lt . Therefore,discretesamplingcausesthe function T�µ�28º to be
replicatedat higherfrequenciesin Fourierspace.Correspondingfrequency components
of theinput imagearecopieddirectly into theoutputimage.

At thispointwenotethattheFouriertransformof abox is asincfunction.Therefore,
we have

| T |øÃx|+V)WYX µ 28ºÂà02 |
. Thegraphof this functionis depictedin Figure4.9a). Note,

that Z T[Z vanishesexactlyat integermultiplesof \@U^]`_ , where _ denotesthewidth of the
box. Thebiggerthespatialextentof a function a themorelocalizedit is in Fourierspace.
For example,thetrianglefilter in Figure4.9b) hasanextentof \�b�_ . Its powerspectrum
is almostadeltafunction.

Now, let us considerparticularchoicesof input images.For LIC we areespecially
interestedin noiseimages.In themostsimplecasefor eachpixel a randomvalueis gen-
erated,yielding a piecewiseconstantinput image.Extractingverticalor horizontallines
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a)

spatialdomain frequency domain

Figure4.9: Theplotson theright arethepowerspectraof thefunctionson theleft. TheFouriertransform
of a box is a sinc function(a). Thewider a function in physicalspace,themorelocalizedit is in Fourier
space(b). The averagepower spectrumof a regular noisefunction againis a sinc (c). In contrast,the
piecewiseconstantregionsof a2D noiseimagecoveredby afield line areof variablewidth, thusproducing
a spectrumasshown in (d). If theinput imageis interpolatedbilinearlyhigh-frequency componentsof the
powerspectrumaresuppressed(e).
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of pixelsweobtainalinearfunction cedgf1h exactlymadeupof evenlyspacedandrandomly
weightedboxes.Theaveragepowerspectrumof sucha functionis thesameasfor a sin-
gle box, exceptfor anadditionaldeltapeakat theorigin, c.f. Figure4.9 c). This peakis
causedby a non-vanishingmeanvalueof cidJf1h . It is clearthatsucha regularinput func-
tion shouldbesampledusinganincrementof exactly _ . However, in generalfield lines
of anarbitraryvectorfield will crosspixelsof the input imageat arbitraryangles.Thus,
the regular structureof the 1D noisefunction cedgf1h is destroyed. The power spectrumced�jkh doesn’t vanishat multiplesof \@l^]�_ anymore. Instead,a spectrumlike in Figure
4.9 d) is obtained.In the samefigure we superimposedthe spectrumof mSd�j(honqpJpJp2d�j(h ,
with m beingthetrianglefilter shown in Figure4.9b). As statedin Eq.(4.60)theFourier
transformof theconvolvedsignalis obtainedby modulatingced�jkh and mSd�j(hrnspJpJp2d�jkh . In
orderto getthesameresultasin thecontinuouscasethereshouldbenocontributionfrom
higher-orderaliasesof m�dtj(h , i.e., the input function shouldbe band-limited. However,
in caseof piecewise constantnoisethe bestwe cando is to chosea samplingdistance
matchingsthe minima of the power spectrum.From 4.9 d) we find that this is still _ ,
thewidth of a singlepixel. Notealso,thatchoosinga samplingdistanceof _u]�\ doesn’t
improve thingsmuch,sincehigh-frequency componentsof the power spectrumarestil
quitelarge.

A simpleway to eliminatehigh-frequency componentsof the power spectrumis to
interpolatethe input imagebilinearly. In this casewe obtainan averagespectrumlike
in Figure4.9 e). Again, we have a minima at integer multiplesof \@l�]�_ . Therefore,a
samplingdistanceof _ againis favourable.Notehowever, thatbilinearinterpolationalso
impliesthat thefinal LIC imagehaslesscontrast.Therefore,we can’t directly compare
bothtypesof inputnoise.Thiswill bedonein Section4.6.4.Fromourdiscussionhereit
merelyfollowsthatasamplingdistance_uvqwx_ providesagoodchoicefor approximat-
ing theone-dimensionalconvolution integral.

4.6.2 Adjusting the Number of Intensity Updates

Suppose,the extent of the LIC filter kernel is yz_Sv in both directions. Then, in order
to evaluatethe LIC intensityfor the first point on a field line \�y samplepointson that
line have to becomputed.After this start-upphasetheupdateschemeEq. (4.41)canbe
applied.Thenideally every additionalpoint on a field line yieldsa new intensityvalue.
Therefore,thenumbery|{ of intensityupdatesshouldbetakenaslargeaspossible.How-
ever, therearesomelimiting factors.First of all, field linesmayleave thecomputational
domain } , or they mayendup in a singularity. In this caseno moreintensityvaluescan
becomputed.Anotheroptionis, thatfield linesrun into regionswhereall pixelsalready
have beentouched. For example,in vectorfields containingvortices,a field line may
turn aroundforever without hitting a singlenew pixel. In this case,it alsodoesn’t make
senseto performmoreintensityupdateson that line. In consequencean optimal value
for the numberof intensityupdatesy7{ exists. This valuedependson the vectorfield
characteristicsandtheactualpixel coverage.

In the following we will outlinea simpleadaptive strategy to determineanestimate
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for the optimal valueof y7{ . In our discussionlet us assumethat every pixel mustbe
touchedat leastonce.Furthermore,weassumethatthecomputationalcostsperfield line
aredirectly proportionalto thetotal numberof sampleson that line. In particular, cache
effectsandnon-linearcostsfor thenumericalintegratorareignored.Thetotalnumberof
samplesperfield line consistsof two terms,thenumberof samplesrequiredto compute
the initial convolution integral andthenumberof intensityupdates.Thereforethecosts
perfield line are ~

field line dty��'h�w���dty���y7{`h�� (4.61)

with a constantfactor � . Computing� additionalsampleswill causesa certainnumber� d���h of previously untouchedpixels to be hit. It is obvious that the function
� d���h is

monotonouslyincreasing.However, in generalit will not beproportionalto � . Instead,
the graphof

� dg��h will becomeflatter asmoresamplesaregenerated.Sincefield lines
arestartedalwayson untouchedpixels, at leastonepixel is hit, i.e.,

� dtb
how � . For a
field line with y7{ additionalsamplestheeffectivecostsper pixel dependon thenumber
of previously untouchedpixelsbeinghit. Consideringevery additionalhit on a pixel as
beingwasted,thesecostscanbeexpressedby~

pixel d�y|{`h�w costsperfield line
numberof previouslyuntouchedpixels

w ��dty���y|{�h� d�y|{`h � (4.62)

In general,this functionwill have a
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Figure4.10: Effectivecostsperpixel versusnumberof
intensityupdates��� on a field line. The threecurves
correspondto differentdegreesof pixel coverage.

minimum indicating the optimal value
of y|{ . In orderto locatethis minimum
we measure

� dg��h for a certain num-
ber of field lines – often enoughto get
reliable statistics. Then Eq. (4.62) is
evaluatedanda new value y|{ is deter-
mined.

� dg��h is measuredby keeping
trackof thenumberof new hitsobtained
per intensityupdateat a particulardis-
tance. Normalizationagainstthe num-
ber of attemptedupdatesis necessary,
becausefield lines may be terminated
prematurely. As alreadystated,thishap-
penswhenever thedomain } is left or a
singularityis encountered.

Figure4.10 depictsthe effective costsper pixel for threedifferentdegreesof pixel
coverageon a samplevectorfield. As expected,

~
pixel dty|{`h increasesasmorepixelsare

covered.In otherwords,theprobabilityto find apreviouslyuntouchedpixel getssmaller.
At thesametime theoptimalfield line lengthbecomesshorter. Comparingthe fastLIC
algorithmwith and without adaptive samplingcontrol gave the following resultsfor a� �L\i� � ��\ image:
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� { Numberof field lines Numberof hits
�

hit Totalcosts

150(fixed) 5200 1,300,000 (100%) 100%
200�-�-� 10 (adaptive) 6670 901,000 (69.3%) 80.7%

Thevalue y hit listed in the third columnof the tabledenotesthe total numberof inten-
sity valuescomputedby thealgorithm. Taking into accountthesizeof the image,these
numberscorrespondto 5.0and3.5hits perpixel, respectively. Note,thatfor theadaptive
strategy thetotal numberof field lineshasincreaseddueto their reducedaveragelength.
Nevertheless,thetotal costsestimatedby

~
total � y hit �iy��sy field lines areonly about80%

of the costsof the fixed lengthstrategy. This is, becausethe numberof hits hasbeen
reduceddrastically.

4.6.3 SeedPoint SelectionStrategies

In this sectionwe want to discussdifferentwaysof traversingthe outputimage. Obvi-
ously, the orderin which the pixels of the outputimageareprocesseddetermineswhat
seedpointsarechosenfor field line computation.Our objective is to achieve a very uni-
form distributionof hitsperpixel. Givenauser-definedminimalnumberof hits,thishelps
to improve theperformanceof thealgorithm,sincesuperfluoushits areavoided. More-
over, a uniformdistributionof hitsaswell asagradualincreaseof pixel coveragewill be
of advantagefor theadaptivesamplingstrategy discussedin theprevioussection.

Let usfirst discusspixel traversalin scanlineorder. Obviously, if two field linesare
startedfrom neighbouringlocations,thenthey arelikely to hit thesamepixels. In gen-
eral,this is not desireable.Instead,field linesshouldbedistributedmorehomogenously
throughouttheimage.For maximalperformance,all pixelsof theoutputimageshouldbe
coveredwith a minimal numberof lines. Unfortunately, theoptimaldistribution of field
linesfor aparticularvectorfield is verydifficult to compute.

Instead,comparedto scanlineorder, betterresultscanbeobtainedby asimpleheuris-
tic approach.Theimageis subdividedinto smallrectangularblocksof ����� pixels. In
a first passa first pixel out of eachblock is tested,in a secondpassa secondone,and
soon. This approachhastheadvantagethat thealgorithmquickly proceedsinto regions
which have not yet beencoveredwith field linesat all. Lateron, only thegapsbetween
thepixelshave to befilled. As aconsequence,pixel coverageincreasesmoregradually.

The idea of the blocking approachcan be exploited even further with the help of
so-calledSobolquasi-randomsequences[70, 79]. On the first sight sucha sequenceis
just a permutation��� �¢¡ f%£ with �)�'f%£¢¤�¥¦��� �§�¨� �.�ª© , so all integersup to a given size
appearexactly once. However, theorderin which thesenumbersarearrangedis quasi-
randomlike. In contrastto a truerandomsetthediscrepancy of thesamplesis reduced,
i.e. clusteringis avoided. Sobolquasi-randomsequencescanbe generatedby number
theoreticmethods.In its original form thelengthof a Sobolsequenceis a power of two.
However, sequencesof arbitrarylengthcanbe obtainedsimply by discardingnumbers.
Giventwo suchsequences�¬« and �¬­ of equallength �zw�� , all pixelsof asquareimage
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Figure4.11: Pixel coveragefor differentseedpointselectionstrategies.Grey levelsencodenumberof hits
perpixel. For givennumberof field lines,theSobol-basedstrategy yieldshighestpixel coverage.Likewise,
it producesthesmallestnumberof hitsperpixel for a completeLIC image.
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canbeaccessedin quasi-randomorderusingthefollowing index schemedgf�®¯�.°¦®±h��²dJf�³L�.°�³-h�� �§�¨� � dJf%´(�.°@µ¬h¶�dgf�®¯�.°`³-h��²dJf�³L�.°�·-h�� �§�¨� � dJf%´k�'°¸®)h¶��§�¨� �dJf�®¯�.°`µ¹h���dJf�³L�.°¸®±h�� �§�¨� ��dgf%´ �.°@µ(º»®'h (4.63)

For non-squareimageswith �S¼�� a similar numberingcanbeobtainedby utilizing an
extendedsequence�|½ « with f%½£ w¾f%£�¿�À±Áª´ �¦��¤Â¥¦��� �§�¨� �'��© . If �SÃ�� then �¹­ is extended
insteadof �¬« . For betterperformancebothsequencescanbetabulated.

In Figure4.11pixel coveragesareshown thatareobtainedafter120,240and360field
lineshavebeencomputedaccordingto oneof thethreestrategies.Grey levelsencodethe
numberof hits perpixel. TheSoboltechniqueobviously achieveshigherpixel coverage
for a givennumberof field lines. Thetotal numberof samplesis usuallyabout10-20%
lesscomparedto the block iteration method. On different computerarchitectureswe
obtainedthefollowing resultsfor computinga testimageof size

� �L\ ³ pixels:

SGI IndigoÄ R4400150MHz SGI Indy R4600PC100MHz CrayT3D (1 processor)

work computingtime work computingtime work computingtime

block 100% 4.83sec 100% 7.30sec 100% 11.42sec
sobol 88% 5.59sec(115%) 88% 6.95sec(95%) 88% 10.87sec(95%)

This shows that the Sobol schemeonly payson machineswithout secondlevel cache
(here: Cray T3D, SGI Indy R4600PC).Accessinglarge blocks of memory in quasi-
randomorderon secondlevel cachemachinesapparentlycausestoo many cachemisses,
whichmaycompletelyoutweighthebenefitsof theselectionstrategy.

4.6.4 Anti-Aliasing

The one-dimensionalnatureof line integral convolution causeshigh-frequency compo-
nentsof the input imagein directionsperpendicularto the flow to be retainedwithout
attenuationin theoutputimage. On theonehand,this is the reasonfor thehigh spatial
resolutionof LIC. In fact,this resolutionis only limited by thesizeof a singlepixel. On
theotherhand,severealiasingproblemsmayoccurif high-frequency input is processed
andsamplingparametersarenotchosencorrectly. In thissectionwewantto discusswhy
theseproblemsoccurandhow they canbeavoided.

It hasalreadybeenpointedoutthatfastLIC actuallyinvolvestwo samplingprocesses.
First,thecontinuousconvolutionintegralEq.(4.9)is approximatedby samplingtheinput
imagec atanumberof evenly-spacedlocations.Thissamplingprocesshasalreadybeen
discussedin Section4.6.1. Second,the final LIC intensityof a pixel is determinedby
computinganareaaverage,i.e.,

p'ÅÆw �ÇÉÈ(Ê�Ë p1dtÌ¢h(Í ÇÏÎ ��ÏÐÑ@ÒÔÓ Ê Ë p�d�ÌÕ£gh � (4.64)
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Although the function p�d�Ì�h is constructedfrom a finite setof point samples,it canbe
evaluatedat any point inside a pixel. Thus it representsa continuouslydefinedinput
signal. Often, this input signalcontainsfrequency componentslarger thanthe Nyquist
rate Ö×wØ��]�\`_ definedby the resolutionof the output image. According to sampling
theorythesehigh-frequency componentsaretransformedinto the low-frequency range,
a phenomenoncalledaliasing[65]. An observer will not beableto visually reconstruct
the true LIC signal from a sampledoutput image. Instead,jaggiesand otherartifacts
occur. Often,theresultingLIC imagestendto look somewhatnoisy. To avoid aliasingthe
LIC signalhasto be low-passfiltered. Computingpixel averageslike in Eq. (4.64) is a
particularlysimpleway of low-passfiltering. This approach,alsocalledsuper-sampling,
is acommonstrategy in computergraphics.

An interestingpointof fastLIC is thatthesamplesproducedby thealgorithmaremore
or lessirregularly distributedin a pixel. Oftena certainkind of randomnessor jittering
of thesamplingpositionsis quite favourable.This so-calledstochasticsamplingbreaks
up aliasingby replacingdistinct low-frequency aliasesby multi-frequency noise,which
turnsout to bemuchlessdisturbingto ourvisualsystem[14].

Now thequestionis, how many samplesperpixel arenecessaryin orderto approxi-
mateEq.(4.64)accurately?To answerthisquestionwemeasuredaveragestandarddevia-
tion of p'Å perpixel for variouskindsof inputnoise.In particular, wecomparedbinaryand
grey noise,bothwith constantandbilinear interpolation.We alsoinvestigatedbandlim-
itednoisewith a cutoff frequency of Öow���]`Ù�_ , compareFigure4.12.Of course,to geta
reliableestimateof intensitydeviationquitealargenumberof homogeneouslydistributed
samplesperpixel is necessary. Thereforewe modifiedtheSobol-basedseedpoint selec-
tion strategy outlinedin Section4.6.3andappliedit to asetof Ú¬�|Ú subpixels.In thisway
we obtainedaveragenumbersof well over20 samplesperpixel. Theestimatedintensity
deviations Û
Å obtainedfrom this experimentare listed in columntwo of Table4.2. Of
course,thevaluesÛ
Å dependon thevarianceof the input images.Thebiggestdeviation
occursfor binary noisewith constantinterpolation,while the smallestvaluebelongsto
bandlimitedgrey noisewith bilinearinterpolation.In orderto comparethesenumberswe
normalizedthemsuchthatcontrastof thefinal LIC imagewasthesame.Note,thatafter

(1) (2) (3) (4) (5) (6) (7) (8)

Figure 4.12: Input noisefor LIC. Pixels may eitherbe black andwhite or may take valuesbetween0
and255 (grey noise). Moreover, point samplingmay be used(1,2,5,6)or imagesmight be interpolated
bilinearly (3,4,6,8).Images5-8 arebandlimitedwith a cutoff frequency of Ü.Ý-Þ»ß . In 5 and7 theoriginal
signalwasblackandwhite,while in 6 and8 grey noisehasbeenused.
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Typeof input image contrastof LIC
image

unnormalized
pixel average

normalized
pixel average

requirednumberof samples
( à
áªâ'ã ä )å-æ å Ë ®�ç å Ë-è å-æ é áÕê ® é áÕê ç

1) constantbinary 16.76 11.47 10.26 45.7 12.9
2) constantgrey 9.59 6.62 10.35 46.4 13.1
3) bilinearbinary 14.99 5.91 5.91 16.5 5.6
4) bilineargrey 8.59 3.41 5.95 16.7 5.7
5) constantbinarybandlimited 12.00 3.40 4.25 9.5 3.9
6) constantgrey bandlimited 6.98 1.99 4.27 9.5 3.9
7) bilinearbinarybandlimited 11.58 2.53 3.28 6.5 3.2
8) bilineargrey bandlimited 6.73 1.53 3.40 6.8 3.3

Table4.2: Thefirst columncontainsmeasuredintensitydeviations ë�ì in aLIC imagefor differenttypesof
inputnoise(trianglefilter, íSî×ï¯ð ). In thesecondcolumntheaveragedeviationsperpixel arelisted.After
normalizationwith respectto ë@ì thesevaluesdeterminehow many samplesperpixel arerequiredin order
to estimatethetruepixel intensitywith a toleranceof ñ ata confidencelevel of ò .

normalizationbinaryandgrey noiseessentiallyhaveequalproperties.
The estimatesof normalizedstandardintensitydeviation allow us to determinethe

numberof samples� requiredto determinepixel intensities p)Å with certainaccuracy.
Assumingthat pixel intensitiesareGaussiandistributed,we have to considerStudent’só
-distribution ô�´`º%®õd�ö»h [62]. Moreprecisely, for giventoleranceÍ andconfidencevalue ÷ ,

thenumberof samples� hasto bedeterminedfrom

Íiwxö Ûø � � with ö�� sothat ô^´`º%®»d�ö»h�w �¹�ù÷\ � (4.65)

This equationcannotbe solved for � in a simple way. Thereforewe computedsolu-
tions numericallyby meansof a bracketing approach.The last two columnsof Table
4.2containthenumberof samplesrequiredto determinep)Å with tolerancesÍÂw¾úû� andÍew4ú � ataconfidencelevel of ÷[wxb �ýü , respectively. Herewechosep)Å to bein therange
0...255.Note, that for Ízwþúû� the requirednumberof samplesis muchhigherthanthe
averagenumberof hits perpixel obtainedby applyingtheseedpoint selectionstrategies
presentedin Section4.6.3.This meansthatLIC imagescomputedusingthesestrategies
exhibit relatively largeintensityerrors.Fortunately, intensityerrorsof neighbouringpix-
els usuallyarecorrelated. In this casewe may still obtainvisually acceptableresults.
However, in order to computehigh-qualityLIC imageswithout any aliasingeffectsat
all, eithermuchmoresampleshave to becomputedor bandlimitedinput imageshave to
be used. Of course,the useof bandlimitednoiseimpairsspatialresolutionof the LIC
texture. It dependson theapplicationif this is acceptableor not. In practicewe usually
didn’t takebandlimitednoisebut merelyusedbilinearinterpolation.Thisseemedto bea
goodcompromisebetweencomputationalcosts,imagequality, andspatialresolution.

4.6.5 ResolutionIndependenceand ContinuousZooms

A key featureof the proposedLIC algorithmis that field line integrationis completely
separatedfrom the actualconvolution operation.In contrastto the algorithmof Cabral
andLeedom,this allows us to processarbitraryvectorfields, for examplefields which
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aredefinedin a proceduralway. In particular, if the vectorfield is definedon a regular
uniform grid theresolutionof this grid maybechosencompletelyindependentfrom the
resolutionof input imageandoutputimage.

Up to now, we silently assumedthat input imageandoutputimagehadequalsizes.
However, this neednot necessarilybe the casebecausethe input imageis interpolated
andsampledat non-integer locationsanyway. In the following we want to discussthe
effectsof changingsizeandresolutionof bothimagesrelativeto eachother. Wepointout
possibleapplicationsandconsider, how thesamplingstrategiesmustbemodifiedin the
particularcases.

Lar geLIC Images,FineDetails. Asalreadymentioned,thestandardcasein line integral
convolution is thatinput imageandoutputimageareof equalsize.Takinga largerinput
imagewill producea correspondinglylarger output image. Sincethe featuresizeof a
randomnoiseimageis relatedto thesizeof asinglepixel, moredetailswill becontained
in largerLIC images.This is illustratedin Figure4.13a),wherethesamevectorfield was
visualizedusingLIC imagesof increasingsize.Filter lengthremainedconstantin terms
of pixel width, but getssmallercomparedto thetotal sizeof theimages.

Lar geLIC Images,Constant Detail. In orderto produceexactly thesameLIC image
at higherresolutions,first of all LIC filter lengthhasto be increasedrelative to thesize
of a pixel of the output image. Onemight be temptedto zoomup the input imagein
order to reflect the desiredsizeof the output image. However, explicite resamplingis
not necessary, sinceinput imagesof arbitraryresolutioncanbe processedin fastLIC.
This is possible,sincethe input imageis never accessedon a perpixel basis.Instead,a
suitableinterpolationmethod(e.g.constantor bilinear interpolation)is usedto evaluate
the input imageat arbitraryinter-pixel locations.Theeffect of enlarging thesizeof the
outputimagerelative to thesizeof theinput imageis illustratedin Figure4.13b).

Low-resolutioninput imagesessentiallyprovide low-frequency signals. Therefore,
suchimagesmight be usedin favour of explicitely blurred or filtered high-resolution
images.Theuseof low-frequency input imagesis important,if theresultingLIC textures
areto beprocessedby somelowerbandwidthdevicelikeavideorecorderor certainimage
compressionalgorithms.

For optimalperformancedifferentsamplingwidthsshouldbeusedwhencomputing
LIC intensitiesalonga singlefield line. Initially, whencomputingintensityof the seed
pointof afield line,wemaytakelargesteps,justsufficientto detectall relevantstructures
of theinput image.Accordingto thediscussionin Section4.6.1this is usuallyaboutthe
sizeof a pixel of the input image.Afterwards,whenproducingadditionalsampleson a
field line by meansof intensityupdateswe choosea smallersamplingdistanceequalto
thesizeof a pixel of theoutputimage. This ensuresthatmany outputimagepixelsare
touchedandthatno intensityinformationis discarded.

Magnification of Detail Structures.Detailsof a vectorfield canbeeasilyvisualizedby
applyingtheLIC algorithmto subregionsof thefield only. Obviously, if thesamefilter
lengthandthesameinput imageis used,thentheimageof themagnifiedpartof thefield
hasthe samecharacteristicsasthe imageof the orginal field. In particular, featuresize
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a) b)

Figure 4.13: LIC imagesof differentsize. In a) sizesof input andoutputimagewerechangedsimultane-
ousely( Ü.ÿ¶ðõÄ , ÿ-ÞõðõÄ , and Þ��õð¯Ä pixels). Filter lengthremainedconstantin termsof pixel widths. In b) only
theoutputimagewasenlargedwhile theinput imageremainedthesame.In thiswayhigh-resolutioncopies
of exactly thesameLIC imageareobtained.Filter lengthincreasesrelative to thesizeof anoutputpixel.
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a)Detail viewsbuilt from similar input images.

b) Detail viewswith scaledfilter lengthandinput image.

Figure4.14: Visualizationof avectorfield atdifferentscales.In a)only thevectorfield itself waszoomed,
while input imageand filter length remainedconstant. In b) input imageand filter length were scaled
togetherwith the vectorfield. The different featuresizesof the LIC texture clearly reveal the different
magnificationfactors.

andgranularityof the LIC texture remainthe same,as is illustratedin Figure4.14 a).
In this exampledetailsof a vectorfield werevisualizedat threedifferentresolutions.A
betterway to reflecttherelativescaleof theview is to adjustfilter lengthandinput image
accordingto thecurrentmagnificationfactor. Lookingat Figure4.14b) we immediately
understandthat the imagesencodethe vectorfield at differentscales.In this particular
examplethezoomfactorsin a lineardimensionwere1:5:25.

4.7 Evaluation of the Algorithm

After the technicalaspectsof computingLIC imageshave beendiscussedwe now want
to analysesomepropertiesof line integral convolution in generalandof thefastLIC al-
gorithmin particular. We will first look at somestatisticalpropertiesof LIC images,like
distribution of intensityvaluesor correlationof thesevaluesalongfield lines. We will
make useof theseresultsto comparethe effect of usingdifferentfilter kernelsqualita-
tively.
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4.7.1 Global Intensity Distribution

In Section4.3.3wealreadymentionedthatthecontrastof aLIC imagedecreasesaslarger
filter kernelsareused.To describethisphenomenonmorepreciselywe notethattheLIC
intensityof a pixel is computedasa weightedsumof essentiallyindependentsamplesof
theinput image.In particular, theassumptionof statisticalindependenceis well fulfilled
for randomnoiseinput images.Assumingfurtherthatall samplesof theinput imagehave
constantmeanvalue� â andconstantvarianceÛ ³â , meanvalueandvarianceof theresulting
LIC imagearegivenby � w Ð £ a@£�� â � and Û ³ w Ð £ a ³£ Û â � (4.66)

Theweightsa@£ areobtainedby evaluatingtheLIC filter kernel a�dgf1h at discretelocations.
For our further considerationsit is convenientto rewrite theseequationsin continuous
form. Thenthesumshave to replacedby integralsandwehave�zw�� â È �º � a�dgf1h(Í�f and Û ³ w Û ³â È �º � a ³ dgf1h(Í�f � (4.67)

Sincethe filter kernel a is normalizedto unity the averageintensityof a LIC imageis
equalto the meanvalue � â of the input image. However, varianceÛ ³ will dependon
theparticularfilter beingused.For thespecialcaseof a scaledfilter � º%® a�d���f1h , notethat
variancechangesasfollows:Û ³� w Û ³â� ³ È �º � a ³ d	��f1h(Í�f[w �� Û ³ � (4.68)

This equationmeansthat the varianceof a LIC imagedecreasesas the extent of the
filter kernel is enlarged, i.e., asmoresamplesarebeingaveraged.Sincevariancejust
controlstheglobalcontrastof animageit is clearthatlongerfilter kernelsproduceflatter
LIC images. We alreadymentionedthis phenomenonin Section4.3.3. Moreover, the
statisticalindependenceof the input samplesalso allows us to apply the central limit
theoremof statistics,statingthat regardlessof the exact distribution the input samples
thedistributionof thefinal LIC intensitiesapproachesa Gaussiandistributionwith mean
value � andvarianceÛ ³ , i.e., 
 dgp h�w �ø \@l�Û ³ � º
�������������� � � (4.69)

OftenLIC imagesaregeneratedusingdifferentfilter kernelsor differentinput noise. In
thesecases,in order to produceimagesof equalcontrastintensitiessimply have to be
rescaled,sothatthecorrespondingintensityhistogramshaveequalwidth.

4.7.2 Intensity Corr elation Along a Field Line

Besidetheglobalintensitydistributionof aLIC imageanotherinterestingfunctionis the
correlationof intensityvaluesalongafield line. Thecorrelationof two functions� and �
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is closelyrelatedto convolution itself. It is definedby

ö������(d	�2�'akhrw È �º � �rdJfû� °(h a�dg°(h(Í
° � (4.70)

Notice,thatif either � or a is symmetric,i.e., �rd! f1h�w"�rdJf1h , thencorrelationandconvo-
lution areidentical. Theauto-correlationof a function is definedasthecorrelationwith
itself. In asense,auto-correlationmeasureshow muchfunctionvaluesseparatedby given
distancearerelatedto eachother. For statisticaldataanalysisthe functions � and a are
commonlynormalizedto zeromeanvalue. The correspondingfunction is thencalled
covarianceor auto-covariance,if � and a areidentical,i.e.,

ö#��$1d%���'akh�w È �º � d	�rdgfû��°kh& ('��*)'h�dga�d�°kh+ ,'�°-))h(Í¦° � (4.71)

For zeroshift f auto-covarianceis equalto varianceÛ ³ . If functionvaluesseparatedby a
distancef arecompletelyuncorrelatedauto-covariancedropsto zero.

TheWiener-KhinchintheoremstatesthattheFouriertransformof theauto-covariance
of asignalis givenby thepower-spectrumof thesignalitself,ö���$1d%���.��h
/10 2 ôSd�j(h�2 ³ � (4.72)

In caseof LIC the signal is the convolution of an input texture c anda filter kernel a ,
i.e., p[w cAn a . By applyingtheconvolution theorem,we thereforeobtainthefollowing
Fouriertransformpair: ö#��$1d�p��.p h
/30 2 cidtj(h�2 ³ 2 mSd�j(h�2 ³ � (4.73)

In thespecialcaseof truely randomnoiseinput wehave 2 cedtj(h�2 ³ w � , andintensityauto-
varianceis just equalto the auto-correlation of the filter kernel. For symmetricfilter
kernels,correlationcanbereplacedby convolution,yieldingö#��$�dgp��.p h�w a�noa � (4.74)

Remember, thatfilter kernelsof 4 -splinetypearegivenby repeatedconvolutionof abox
filter with itself. Therefore,in this caseauto-covariancewill alsobeof 4 -splinetype. In
particular, for a box filter we expect ö#��$�dgp��.p h to beof triangleshape,for a trianglefilter
auto-covariancewill bea third-order 4 -spline,andsoon. We will take a closerlook at
auto-covarianceof differentfilter kernelswhendiscussinghow to animateLIC textures,
seeFigure4.17.

4.7.3 EffectiveFilter Length

For a meaningfulcomparisonbetweendifferentfilter kernelssomecarehasto be taken
aboutthefilter lengths.We showedthatlargerfilter lengthsyield largerfeaturesizesand
lesscontrastin theresultingLIC images.Similarly, whencomparinge.g.a boxfilter and
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atrianglefilter of equallength,it is clearthatthetrianglefilter producesasmallerfeature
sizeanda highercontrast.The reasonis, thatpixelsat the boundariesget lessandless
weighted.Thereforetheeffectivefilter lengthis smallerfor thetrianglefilter.

In acomparativestudywewantto chooseequaleffectivefilter lengths.Wedetermine
thesefilter lengthssuchthatthevarianceof theresultingintensitydistribution is equalto
theoneof acorrespondingboxfilter. To actuallycomputethesesvariancesweagainmake
useof the simplifying assumptionthat all intensitiesbeingaveragedin the convolution
integral arestatisticallyindependent.Thenwe may apply Eq. (4.67) which statesthat
varianceusingafilter kernel a essentiallydependsonthevalueof theintegral 5 a ³ dJf1h(Í�f .
By taking the ratio of the varianceof a higher-orderfilter and a box filter we get the
following resultsfor thefilter kernelslistedin Table4.1:

Trianglefilter: 6 eff w87 · 6 box

3th-orderfilter: 6 eff w · ·³ â 6 box

Figure4.15ilustratestheeffectof differentfilters kernelson LIC images.All images
have beencomputedusingthe fastLIC techniquedescribedabove. Thedifferencesbe-
tweentheboxfilter andhigher-orderfilter kernelsaresubtile,but well noticeable(at least
onacomputermonitor). In orderto makethesesdifferencesvisible in aprintedhardcopy,
the imagesareshown usinga relatively large magnification.It turnsout that a triangle
filter producesvisually morepleasantresultthana simplebox filter. On theotherhand,
thereis almostno differencebetweena trianglefilter anda third-order 4 -spline. This
meansthatit usuallydoesn’t payto usethird- or evenhigher-orderfilter kernels.In fact,
mostof theexamplesshown in this work have beenproducedusinga trianglefilter (this
includesall surfaceLIC textures,cf. Chapter5). Recallfrom Section4.5.3thata triangle
filter implies only minor additionalcostscomparedto a box. Sincefield line integra-
tion, interpolation,andsamplingof the input texturearethemostexpensive partsof the
algorithmwefoundthatoverallcostsonly increaseby about10-15ofabox.

In principle,convolutionby a trianglefilter canalsobeachievedby convolving twice
with a box filter. The reasonis that the ordermultiple convolutionscanbe exchanged.
However, in practicesomedifferencesoccursincetheresultof thefirst box filter convo-
lution is storedin anintermediateimage.This impliesthatpixel averagesarecomputed.
Thus,theeffectivefilter kernelis nottruelyone-dimensionalanymore.Theresultsappear
to be somewhat moreblurry. At the sametime spatialresolutionof the LIC imageis
decreaseda little bit. An exampleobtainedby applyinga box filter twice is shown in the
lowerpartof Figure4.15.

4.8 Animating LIC Textures

AlthoughstaticLIC imagesclearly reveal the directionalstructureof a vectorfield, the
actualsign of the field still remainsambiguous. Without further hints we cannotsay
whethervectorsare pointing in forward or backward direction along a field line. An
interestingapproachto resolve this ambiguityis basedon theanimationof LIC textures.
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1. Box filter

2. Triangle filter

3. Third−order filter

4. Box filter convoled twice

Difference image 19 2
Difference image 29 3

Difference image 29 4
Figure4.15: LIC imagesobtainedwith differentfilter kernels.Thecontrastof thethreedifferenceimages
hasbeenincreasedfor bettervisibility. A triangle filter is visually superiorto a box filter, while there
is not muchdifferencebetweena trainglefilter anda third-order : -spline,providedequaleffective filter
lengthshave beenchosen.In principal,convolving the resultof a box-filter convolution with a box filter
againshouldyield the sameresult as a singleconvolution using a triangle filter. However, storing the
intermediateresultalreadyinvolvespatialaveraging.Thereforeamoreblurry resultis obatined.
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The techniquerelieson a well-known perceptualphenomenon,namelythat local phase
changesin convolutionfiltersmaycausetheimpressionof globalmotion.Thiseffectcan
be exploited in computergraphics[32] andscientificvisualization[34]. Its application
to LIC hasalreadybeendiscussedin [9]. Although the speedof the motion effect can
becontrolledlocally, onemustkeepin mind that theanimationdoesnot reflectthe true
physicalmotion of particlesin an instationaryflow field. Nevertheless,it providesan
intuitiveway for decodingsignandmagnitudeof avectorfield.

4.8.1 Frame Blending

In orderto generateananimatedsequenceof LIC imagesaperiodicallyvaryingfilter ker-
nel needto bedesigned.In orderto facilitatepracticalcomputationstheoverall support
of the filter shouldbe limited. The mostsimplesolutionto this problemis to cycle an
arbitraryfilter of length ;<6 periodicallythroughsomebiggerinterval of length ;<6 � . In
Fig. 4.16a) andb) this is illustratedfor a box filter andfor a trianglefilter, respectively.
However, thestraight-forwardcycling approachhasa numberof drawbacks.First of all,
althoughinitially asmoothfilter kernelmighthavebeenchosen,discontinuitiesinevitably
occurwhenthefilter is shiftedacrosstheboundariesof theanimationinterval. Usually,
thecorrespondingchangesin thefilter characteristicsarewell noticeable,disturbingthe
visualimpressionof themotioneffect. Moreover, thediscontinuitiesalsocomplicatethe
useof thefastLIC algorithm.Althoughcycledfilter kernelsremainpiecewise-polynomial
functions,in generaladditionalbreakpointsandcoefficientsareintroducedwhenexpress-
ing thekernelin termsof truncatedpower functions.This increasesthenumberof arith-
meticoperationsneeded.

In orderto avoid discontinuitiesat the boundariesof the animationinterval, Cabral
and Leedom[9] suggestedto multiply the shifted kernel with a window function. In
particular, they proposedto useaso-calledHannfilter for bothdatawindowing aswell as
for theshiftedpartitself. TheresultingperiodicLIC filter withoutnormalizationis= dgf�� ó h�w d±�o��ö��`v¦d%>kf1h'h�d+�¹��ö��`v¦d��*>(fû�@? ó h)h¯� ó ¤BA bk�C�DC � (4.75)

with >Âw lFE<6 . Theparameter� controlsthenumberof ripplesof thefilter. For �zwG; the
correspondingfunction is depictedin Figure4.16(c). At any point of a periodthefilter
remainsasmoothfunction.It alwaysvanishesat theboundariesof theanimationinterval.
Unfortunately, Eq. 4.75is not a piecewise-polynomialfunctionandthereforecannotbe
usedtogetherwith thefastLIC algorithmat all. Whatwe needis a simpleperiodicfilter
madeup of piecewise-polynomialfunctions,which shouldnot changetheir functional
form within thewholeperiod.

It turnsout thatsuchafilter canbeconstructedby smoothlyblendingtwo shiftednon-
periodicfilter kernels.Theindividual filters arenever movedacrosstheboundaryof the
animationinterval. Instead,they getlessandlessweightedasthey approachtheboundary.
As soonasthey receivezeroweightthey areinstantaneouslysetbackto thebeginningof
the interval. Figure4.16d), e), andf) illustratehow in this way a periodicfunctioncan
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beconstructedfrom differentnon-periodicinputfilters. Denotingtheoriginalfilter = dgf1h ,
theresultingperiodicfilter H= dJf�� ó h is givenbyH= dgf�� ó h¢w¾d+�I ó h = dgfJ Âd	6 �  K6�h ó h�� ó = dgfÕ�zd�6 �  K6�h»d+�I ó h'h¶� ó ¤LA bk�»�DC � (4.76)

Hereweassumedtheextentof = dgf1h to be ;<6 , while thelengthof theanimationinterval is;<6 � . Theblendingtechniquecaneasilybecombinedwith thefastLIC algorithm.Since
convolutionis a linearoperationit is possibleto performtheblendingoperationin apost-
processingstep. In this casefirst a non-periodicmotion sequencewould be generated
usinga standardpiecewisepolynomialfilter kernel = moving from  M6 � �N6 to 6 �  O6 .
The imagesof this sequencewould thenbe combinedsimilar to Eq. (4.76). Note, that
in orderto generatea periodicsequenceof y frames,theoriginalnon-periodicsequence
mustcontain ;�y images.

4.8.2 Exploiting Temporal Coherence

Of course,it is not very efficient to compute;�y LIC imageswith slightly shiftedfilter
kernelsseparately. A muchbetterapproachwouldbeto modify thefastLIC algorithmso
thatnot only spatialcoherenceis exploitedbut alsotemporalone.Note,that in caseof a
shiftedfilter kernel P= w = dJfJ �d	6 �  K6�h ó h wehavep1d�Ìs� ó h�w�p1dtÌQ �d�6 �  K6�h ó �-b�h � (4.77)

Therefore,pixel intensityat a given locationin oneframeis equalto pixel intensityat
anotherlocationin anotherframe.In principalintensitiesfor all framescanbecomputed
in onepass,thusavoiding repeatedcomputationof field linesandconvolutionsums.

For practicalpurposeswe proceedas follows. In addition to the usualnumberof
intensityupdatesy|{ performedona field line 2R6 �  S6T2 additionalsamplesarecomputed
on thatline. Thesesamplesprovide justenoughinformationto determineLIC intensities
for all standardsamplelocationsfor all time steps

ó
. For every time stepa separate

accumulationbuffer needto be maintained.All LIC intensitiesfor a particularsample
locationareaddedto theassociatedbuffers.Afterwards,for eachpixel accumulatedLIC
intensitieshave to benormalizedandframeshave to beblendedsimilar to Eq.(4.76).

An obviousdrawbackof this methodis, thata largeamountof memoryis neededto
holdaseparateaccumulationbuffer for eachframe.For examplewhenusinganaccumu-
lation buffer of 4-byteintegers,a sequenceof 25 video frames, UWVYX[� � U<V pixels each,
wouldneedabout85MB of memory(recallthatdueto themandatoryblending50frames
areneededto createa periodicsequenceof 25 frames). The situationcanbe improved
somewhatby performingtheblendingoperationfor eachsampleindividually just before
intensityvaluesareaddedto a buffer. In this caseonly y insteadof ;�y buffersneedto
bestored.

Onemight think thatthereis aperformancepenaltyassociatedwith thisapproachbe-
causeeverysamplehasto beblendedindividually insteadof just thefinal LIC intensities.
However, notethatusuallytheaveragenumberof samplesperpixel is quitesmall. Also
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a)Cycledboxfilter.

b) Cycledtrianglefilter.

c) WindowedHannfilter.

d) Blendedboxfilter.

e) Blendedtrianglefilter.

f) Blendedthird-order: -splinewith overlap.

Figure4.16: AnimatedLIC filter kernels.

note,thatafinal passoverall bufferswhichotherwisewouldbeneededto performframe
blendingis not neccessaryanymore. In practiceit turnsout that due to cacheeffects
on many computerarchitecturesthis morethancompensatesthecostsfor theadditional
blendingoperations.

For very largeimagesmemoryrequirementsfor maintainingy full-sizedaccumula-
tion buffersmaystill beprohibitive. In this caseLIC animationsequencescanbecom-
putedona parallelcomputerwith distributedmemory. We describeda parallelextension
of thefastLIC algorithmin [96].

4.8.3 Contrast Adjustment

In this sectionwe want to point out a subtlepeculiarityof LIC animationsequences.
It turnsout that auto-covarianceof all periodicLIC filter kernelspresentedin the pre-
vious sectiondoesn’t stayconstantduring the animationbut osciallates.Plotsof auto-
covariancefor differentfilter kernelsaredepictedin Figure4.17.For thecycledboxfilter
(a) aswell asfor the cycled trianglefilter (b) auto-covarianceexhibits distinctive peaks
in themiddleof theanimationinterval. Thesepeaksarecausedby filter kernelsreenter-
ing the animationinterval at the beginning. The peaksaremuchlessdominantin case
of a windowedHannfilter (c) aswell asfor our favourite blendedfilter kernels(d,e,f).
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However, for thesefilters varianceÛ ³ of the final LIC imagechanges.Remember, that
varianceis equalto auto-covariancefor fuw"b . Thus,thesechangescanbedirectly ob-
served in Figure4.17. Sincevariancedirectly controlscontrastof a LIC image,images
appearto getflatterduringtheanimation.

In orderto eliminatethis visuallydisturbingartifactintensitieshave to berescaledso
thatcontrastremainsconstant.In every frametheresultingvariancecanbecomputedvia
Eq. (4.67). In caseof a blendedfilter kernel this equationhasquite a simplesolution,
providedtheindividualfilters beingblendeddon’t overlap.This means,thatthesamples
beingaveragedarestatisticallyindependent.In particular, we have

Û ³ d ó h¢w�Û ³â È �º � H= ³ dgf�� ó h(Í�f�w[Z¶d±�I ó h ³ � ó ³.\ Û ³â È �º � = ³ dJf1h(Í
f�� (4.78)

where Û ³â denotesvarianceof the input image. This expressionstatesthat varianceis a
parabolicfunctionof

ó
with aminimumat

ó w[b � � . In orderto achieveaconstantintensity
distributionwith meanvalue � andvarainceÛ ³ w4Û ³ dtb
h theblendedLIC imageshave to
berescaledasfollows: p^] pS _�` d±�I ó h ³ � ó ³ �[� (4.79)

The situationgetsmore involved if both partsof the blendedfilter H= dgf�� ó h overlap.
Then the integral 5aH= ³ dJf�� ó h(Í�f is more difficult to compute. Analysing Eq. (4.76) or
inspectingFigure4.16 revealsthat an overlapoccursif 6 � ¼�ÚY6 . Let us considerthe
specialcaseof ablendedboxfilter Hb dgf�� ó h . Assume,thatbothfilter boxes b beingblended
overlapby a factor c , with c ¤dA bk�»�DC . The contribution dueto the overlapequalsthe
integralovera squaredboxfilter with length ce6 . Thusweobtain

Û ³ d ó �fc1h�w Z d+�I ó h ³ � ó ³ �O; d+�I ó h ó c \ Û ³â È �º � b ³ dgf1h(Í�f � (4.80)

If thereis nooverlap,i.e, cswzb , this resultis equivalentto Eq.(4.78).On theotherhand,
if both filters fully overlap, i.e., c w¾� , the precedingfactorequalsoneandwe obtain
the samevarianceasfor a singlebox filter b . In caseof higher-orderfilters Û ³ d ó �fc1h is
quitetediousto computeanalytically. Thus,in practicewedeterminetherequiredscaling
factorsfor contrastadjustmentnumerically.

4.8.4 Variable SpeedAnimation

Finally, wewould like to mentionthatit is of coursealsopossibleto adaptthevelocityof
LIC filter animationlocally. Suchanapproachcanbeusedto emphasizevectormagnitude
in additionto directionalsign.

Note,thatif speedof filter animationis variedbut length 6 � of theanimationinterval
is kept constantthe resultingLIC sequencewill not be periodicanymore. Forsell [30]
describeda simpletechniquefor generatingnon-periodicvariablespeedLIC animations.
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a)

g h
b)

g h
c)

g h
d)

g h
e)

g h
f)

g h
Figure 4.17: Auto-covariancefor different animatedLIC filter kernels: a) cycled box filter, b) cycled
trianglefilter, c) windowed Hannfilter, d) blendedbox filter, e) blendedtrianglefilter, f) blendedthird-
order : -Splinewith overlap.Auto-covarianceat g î ð turnsout to beequalto varianceof theresultingLIC
image.Thecycledfilters arecharacterizedby constantvariance,but auto-covarianceexhibits sharppeaks
in themiddleof theanimationinterval. Theotherfilters producelesssignificantchanges,but requirethe
overallcontrastto beadjusted.
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Shefirst computedaperiodicconstantspeedanimationsequence.In orderto createvari-
ablespeedanimationsintensityof a pixel wasinterpolatedfrom thosetwo framesof the
constantspeedsequence,whichmostcloselyresembletheactualphaseshift of thatpixel.
However, therestill remainsa majorproblem.With ongoingtime,filter kernelphasesof
neighbouringpixelswill loseany correlation.Severespatio-temporalaliasingeffectsare
introduced.For examplethetexturemayappearto movein theoppositedirectionin some
areas.

A betteralternativeis to usethesamephaseshift for all pixelsbut to changethelength
of the animationinterval accordingly. A filter moving throughan interval just slightly
biggerthanthelengthof thefilter itself appearsto movevery slow. On theotherhand,a
filter moving througha large interval in thesametime appearsto move very fast. Using
theframeblendingtechniquedescribedabove thelengthof theanimationinterval canbe
locally adaptedin anaturalway. However, notethatin thiscasetheamountof overlapof
thetwo filter kernelsbeingblendedvarieslocally. In regionsof very low velocity thereis
almostcompleteoverlap,while in regionsof largevelocitythereis nooverlapatall. Thus,
in orderto adjustcontrastof the resultingLIC imagesanequationlike (4.79)cannotbe
appliedglobally. Instead,intensitieshave to berescaledlocally usinga factordetermined
by theactualamountof overlapat thatlocation.

Besidecontrastadjustmentgenerationof variablespeedanimationsequencesalsohas
someminor impacton the fastLIC algorithmitself. Like for constantspeedsequences
LIC intensitiesonafield line canbecomputedfor all framesoncetheintensitydifferencesi Å p-jlk�mn havebeendeterminedfor sufficiently many samples.Of course,thesesamplescan
be obtainedusing fast LIC intensity updates. However, in contrastto constantspeed
animationsthetotal numberof samplesrequiredon a field line is not known in advance.
It dependson velocity how muchfilter kernelsareshiftedandhow many sampleson a
field line arerequired.Likewise,morethanoneadditionalupdatemight benecessaryin
orderto computeLIC intensityfor aneigbouringlocationonafield line. Thisis thecaseif
velocityat theneighbouringlocationis biggerandthusfilter kernelsneedto beshiftedby
somelargerdistance.In practiceit is mostconvenientto stepa long a field line, evaluate
the input texture at asmany locationsasnecessary, thencomputeintensitydifferences,
andfinally combinethesedifferencesto generateLIC intensitiesfor y|{ pointson the
field line.
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Chapter 5

Application to 3D Vector Fields

In thepreviouschapterwediscussedthevisualizationof two-dimensionalvectorfieldsby
meansof line integralconvolution(LIC). Wenow wantto exploremethodsfor visualizing
three-dimensionalfields. Obviously, this is muchmoredifficult. Volumetricinformation
cannotbedepicteddirectly. Instead,somesortof projectionhasto beperformedin order
to obtaina2D image.Dependingontheparticularpointof view somepartsof thevolume
will alwaysbeoccludedby others.Therefore,anessentialrequirementfor 3D visualiza-
tion comprisesthe identificationof therelevantstructuresin a volume. Thesestructures
have to beemphasizedwhile lessinterestinginformationhasto besuppressed.

LIC hasproven to be a powerful methodin 2D becauseit is ableto depicta planar
vectorfield atwholewithoutsuppressingany informationatall. In principle,themethod
canalsobe usedto synthesize3D directionaltexturesinsteadof 2D ones. However, it
is not clearhow to project these3D texturesinto a 2D image. Onepossibility would
be to performsomekind of direct volumerendering.In fact, someresearchersinvesti-
gatedthis approach[78, 45]. Unfortunately, directvolumerenderingis quiteslow, and–
evenworse– it is not clearhow to highlight essentialinformationin a volumetricfield.
In addition,often unsatisfactoryresultsareobtainedbecausethe humaneye is usedto
perceive surfacesinsteadof diffusecloudyobjectsasgeneratedby many volumerender-
ing algorithms.Therefore,the extractionof surfacesfrom 3D vectorfieldsseemsto be
morepromising. In orderto visualizedirectionalstructureson a surface,of courseline
integral convolution againis anexcellenttool. For this reason,we want to considerthe
implementationof LIC onsurfacesin thefollowing sections.

However, beforewe do so we want to investigatehow to computesuitablesurfaces
on which LIC texturescanbemappedon afterwards. A very naturaltool for analysing
3D vectorfields areso-calledstreamsurfaces. Built from a whole bunchof individual
streamlines,thesesurfacesarewell suitedto revealessentialinformationin avectorfield.
Therefore,we first look at streamsurfacesin moredetail anddicusshow well-shaped
triangularapproximationscanbeconstructed.In Sections5.2and5.3wetheninvestigate
algorithmsfor computingLIC textureson parametricaswell ason moregeneralnon-
parametricsurfaces.Both approacheshave specificprosandconswhich will bepointed
outduringthepresentation.
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5.1 StreamSurfaces

As many othervectorfield visualizationtechniquesstreamsurfaceshavebeenutilized in
fluid mechanicsfirst. In fact, they arequitea populartool supportedby many standard
flow visualizationpackages.Of course,streamsurfacescanbeappliedto generalvector
fields,too. However, in this casecarehasto betakenbecausegeneralvectorfieldsmay
bearstronglydivergenttermsor evenmaycontainsinksandsources.Thesefeaturesmay
causeproblemsfor standardstreamsurfacealgorithms.After reviewing streamsurfaces
in fluid mechanicswe thereforepresentanimprovedalgorithmfor constructingaccurate
andwell-shapedtriangularstreamsurfacesin arbitrary3D vectorfields.Wealsomention
waysof definingproperinitial seedlinesfor streamsurfacesautomatically.

5.1.1 Background

Recallfrom Section2.1.3thata streamsurface Ì d ó �fc1h is mathematicallydefinedasa set
of infinitely many streamlinesreleasedfrom acommonseedline o d�c1h ,ÍÍ ó Ì d ó �fc1h�wqp dtÌ�h¯� Ì d�bk�fc1hrw�o¾d�c1h � (5.1)

A streamsurfaceis naturallyparametrizedby thetwo variables
ó

and c . Linesof constantc arejustordinarystreamlineswhile linesof constant
ó

arecommonlycalledtime lines.
In caseof incompressibleflow fields, i.e., vectorfieldswith vanishingdivergence,a

streamsurfacecanberepresentedby aso-calledstreamfunction r . A streamfunctionis a
scalarfield thegradientof whichis alwaysperpendicularto thedirectionof theassociated
flow field, pas�t1r w b � (5.2)

For asinglevectorfield thereexist infinitely many streamfunctions.It canbeshown [94]
thatanincompressiblevectorfield canbeexpressedasthecrossproductof thegradients
of two dualstreamfunctions r^® and r�³ ,p wGt3r^®¹�ut1r�³ � (5.3)

Any linear combinationof two streamfunctionswill againbe a streamfunction. On a
streamsurfacethevalueof thecorrespondingstreamfunctionis constant:r�wx�r®�r^®����^³vr�³¬w const. (5.4)

Theuseof scalar-valuedstreamfunctionsis quitepopularin fluid mechanics,sincemass
flux andmany flow fieldsareassumedto beincompressible.

The representationof a streamsurfaceasan isosurfaceof a streamfunction canbe
exploitedalgorithmically. VanWijk [89] describedmethodsfor computinga pair of dual
streamfunctions.With thesefunctionshewasableto constructstreamsurfacesby means
of a standardisosurfacealgorithm. However, this methodcannotbe appliedto vector
fieldswith non-zerodivergence.Therefore,in thefollowing we wantto investigatealter-
nativemethodsfor creatingstreamsurfaces.
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Figure 5.1: In Hultquist’s algorithmtrianglesbetweenneighbouringstreamlinesarecreatedrecursively.
The methodadvanceribbon() analyzesquadrilateralsas shown above. It createsleft- or right-aligned
trianglesdependingon whichof thetwo diagonalsof a quadrilateralis shorter. Theblackarrows in b) and
d) indicaterecursive invocationof advanceribbon().

5.1.2 Hultquist’ s Algorithm

Thestandardapproachfor constructingstreamsurfacesrelieson tracinga setof � indi-
vidual streamlinesreleasedfrom a predefinedseedline. Neighbouringstreamlinesare
connectedby trianglesin orderto obtaina polygonalapproximationof the surface. In
the mostsimplecasea regular triangulationschemeis applied,i.e., eachstreamline is
approximatedby � pointsandtheresultingmeshof dg�w ��h ��dg�[ ��h quadrilateralsis
triangulatedregularlyby pairsof triangles.

Obviously, this naive approachproducesill-shapedtrianglesif neighbouringstream
linesmove away from eachotheror if theflow exhibits strongshear. Betterresultscan
beobtainedusinganadvancingfrontalgorithmproposedby Hultquistin 1992[44]. The
generalideaof this algorithmis to propagatetheinitial seedline moreor lessperpendic-
ular to theflow by meansof a recursive triangulationmethod.Along a singlestreamline
equi-distantstepsare taken. Whenever the distancebetweentwo neighbouringstream
linesgetstoo large,a new line is inserted.Likewise,a streamline is removedwhenever
thedistancebetweenits two neighbouringlinesgetstoosmall.

In Hultquist’s algorithm every streamline is representedby a so-calledtracer. A
traceris ableto computethenext point on its associatedcurve. It alsotemporarilystores
thelastthreepointsof thecurve. Two of thesepointsarealreadypartof thetriangulation,
while thethird andfront-mostpoint doesnot yet belongto any triangle.Theheartof the
algorithmis a recursive methodadvanceribbon(). This methodproducestrianglesright
from a given tracerandpropagtesneigbouringstreamlines asnecessary. It is assumed
thattheinitial seedline is not closed.At thebeginningtheleft-mosttracerof thestream
surfaceis propagatedby onestepandadvanceribbon() is calledfor this tracer. Thesteps
performedby advanceribbon()areillustratedin Figure5.1. Let uslook at thesestepsin
moredetail,ignoringinsertionanddeletionof tracersfor themoment.x Themethodtries to createtrianglesright from theedgey ® y · shown in Figure5.1

a). Thequadrilateralformedby thepoints y ® y ³ y 7 y · is considered.Dependingon
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Figure5.2: If thedistancez|{~}v��{~��z betweentwo neighbouringstreamlinesgettoo largeanew tracerneed
to beinserted.In Hultquist’salgorithmtheresultingpatchof five pointsis triangulatedasshown in a). If a
traceris to bedeleted,thetriangulationschemeshown in b) is applied.

whetherthedistance2�y ®  �y 7 2 or 2�y ³  �y · 2 is shortereithera trianglealignedto the
left streamline or to theright oneis created.x If the triangle y ® y ³ y 7 hasbeenselectedtheright traceris propagatedby onestep
andadvanceribbon() is calledrecursively in orderto generatetrianglesright from
thenewly createdface.This is indicatedby theblackarrow in Figure5.1b).x Next, a propagatedquadrilateralis considered.Again, thelengthsof thediagonals
arecomparedandeithera left- or right-alignedtriangleis created.If a left-aligned
triangle hasbeenchosenthe methoddoesn’t terminateimmediatelybut tries to
createmoretrianglesalignedto theright. However, a right-alignedtriangleis only
acceptedif thedistance2�y ®  &y 7 2 is shorterthanthelengthof thepreviousdiagonal,
i.e.,shorterthan 2�y ®  �y ³ 2 in Figure5.1c).x Themethodterminatesafterexactly oneleft-alignedtrianglehasbeencreatedand
no moreright-alignedtrianglesareaccepted.Streamsurfacegenerationis contin-
uedby propagatingtheveryfirst traceronemorestepandcallingadvanceribbon()
for this traceragain.

Note,that it might happenthatno right-alignedtriangleat all will becreated.This is the
caseif initially 2�y ·  �y 7 2¹Ã 2�y ³  �y · 2 . On the otherhand,two or moreright-aligned
trianglesarealsopossible.In thisway thealgorithmtriesto keepthecurrentfront always
perpendicularto theflow. Consequently, thetotal numberof stepstakenby a tracerneed
not to beconstant.

It hasalreadybeenmentionedthat it might be necessaryto insertnew tracersinto
the currentfront if the distancebetweentwo neighbouringstreamlines getstoo large.
Also, if streamlinesconvergeit is favourableto remove tracersfrom thefront. Hultquist
proposedto triangulatepatchesof five points eachas shown in Figure 5.2 a) and b),
respectively. Right from thesepatches,streamsurfacegenerationis continuedusingthe
ordinaryadvanceribbon()methoddescribedabove.
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5.1.3 A 2D CaseStudy

In order to evaluatethe outlined streamsur-

Figure 5.3: Vector field containinga sink
andasaddle.Thisfield wasusedto evaluate
streamsurfacealgorithms.

facealgorithmandto identify possibleproblems
we appliedit to computea streamsurfacefor the
2D vector field shown in Figure 5.3. The field
containstwo critical points,a sink anda saddle.
Streamlineswerestartedalonga vertical line on
the left sideof the field. The resultingtriangula-
tion is shown in Figure5.4a). Greenpatchesindi-
catethata new tracerhasbeeninserted,while red
patchesindicatethat a tracerhasbeenremoved.
Other trianglesare shown either in white or in
light grey, illustrating the outer loop of the ad-
vancingfront method.Along thetop-moststream
line white andgrey trianglesalternateafterevery
step. This is becauseadvanceribbon() was al-
wayscalledfor this line first.

Originally, Hultquist’sstreamsurfacealgorithmwasdesignedspecificallyto visualize
flow fields from fluid mechanics.In suchfieldsnode-typesingularitieslike sinksdon’t
occur. Consequently, the impactof thesesingularitieson the algorithmwasn’t dicussed
in the original paper. In our implementationwe simply didn’t generateany triangles
whenevera tracerterminatedin asink. Notice,thatin thevicinity of thesink thin peaked
trianglesareproduced.

In contrastto nodes,saddle-typesingularitiesoccurquite frequentlyin flow fields.
Saddlesrepresenta severeproblemfor tracingalgorithmsbecausestreamlines started
in differentsectorsof a saddlediverge moreandmore. At the beginning well-shaped
trianglescanstill be obtainedby addingadditionaltracers.However, in the vicinity of
thesaddleinevitably very thin, almostdegeneratedtrianglesoccur. Hultquistdetecteda
saddleby computingtheaveragelengthandheightof a qudrilateral.Whenever this ratio
exceededacertainthresholdthefront of tracerswassplit andbothpartswerepropagated
separatelyin oppositedirections.Of course,thismeantthatthesaddlepoint itself aswell
asthe two divergentseparatricesweren’t locatedexactly. Therefore,the triangulationin
Figure5.4a)doesn’t fill theareaaroundthesaddlepointcompletely.

Anotherproblemof theoutlinedalgorithmconcernspropagationof thefront in casea
tracerhasbeeninserted.In orderto keepthefront perpendicularto theflow, thenumber
of right-alignedtrianglesproducedby advanceribbon() isn’t fixedbut is adaptedlocally.
This ensuresthat moreor lessequi-lateraltrianglesaregenerated.However, a similar
adapative startetgyisn’t appliedwhena traceris insertedor deleted. As illustratedin
Figure5.2,in thesecasesexactlyoneright-alignedtriangleis generatedandtriangulation
is alwayscontinuedat the correspondingedge. Thereforein Figure5.4 a) a numberof
thin trianglesoccurin theareabetweenthesinkandthesaddle.
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Figure 5.4: Streamsurfacesfor the 2D vectorfield shown in Figure5.3. Hultquist’s original algorithm
(upperpart)producesbadtrianglesin thevicinity of thesingularity. Thesaddlepoint isn’t containedin the
triangulationat all. Betterresultsareobtainedusinganimprovedmethod(lowerpart). In this casecritical
pointsarelocatedexplicitely andinsertionanddeletionof tracersis handledslightly different.
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5.1.4 Determining Critical Points

To improve thequalityof streamsurfacetriangulationfor generalvectorfieldsfirst of all
critical pointsof thefield haveto beidentifiedcorrectlyandthetriangulationstrategy has
to bemodifiedin theneighbourhoodof thesepoints.Two typesof critical pointshave to
bedistinguished,sinksandsaddles.For bothcaseswedevelopeddifferentstrategies.We
will discussthesestrategiesseparatelybelow. Theresultof themodifiedstreamsurface
algorithmappliedto our testcaseis shown in Figure5.4b).

Sinks. Streamsurfacesare constructedby taking equi-distantstepsalong individual
streamlines. However, often the last stepbeforea sink will to be shortersincestream
linesterminate.Consequently, a numberof small ill-shapedtrianglesaregeneratednear
a sink. Betterresultcanbeobtainedby takinga longerstepprior to a sink insteadof a
shorterone. To achieve this not only the next but the next two pointson a streamline
have to beprecomputedandstoredby a tracer. Whenever computationof thefront-most
point fails becausea singularityhasbeendetected,thenext point (which is not yet part
of thetriangulation)canbeshiftedaheadexactly into thesink. Usually, thelocationof a
sink cannotbedeterminedexactly by a numericalintegrator. Therefore,differenttracers
will terminateat slightly differentlocations.To obtaina consistenttriangulationin spite
of that,all singularitiesarestoredin a globallist. Whena tracerdetecteda sink, it is first
testedwhetherthesink is only a smalldistanceapartfrom a previously encounteredsin-
gularity. If this is thecase,thecoordinatesof previoussingularityareused.Theresulting
triangulationthenwill notcontaincracksor wholes.

Moreover, for streamlinesendingin acommonsink thelastpatchbetweenbothlines
will bedegenerated.In thissituationthepatchis filled by justasingletriangle,insteadof
trying to generatemultiple facesby meansof thestandardadvanceribbon() method.A
similarstrategy is appliedif a tracerhasto bedeletedandthefront-mostpointsof apatch
coincide.

Saddles.Insteadof comparingwidth andheightof a quadrilateral,we detectsaddlesby
computingthe anglebetweenthe flow vectorsat point y · and y 7 of a quadrilateral.If
this angleexceedsa certainthreshold,e.g.150 degrees,a saddleis assumed.A saddle
is a critical point of the vectorfield p , i.e., vectormagnitudewill be zeroat this point.
Therefore,wecanlocatethesaddleby minimizing p ³ . Ourvisualizationsoftwareis able
to computethederivative p ½ of anarbitraryvectorfield. We thereforedecidedto applya
conjugategradientmethodfor minimization. In particular, we make useof thestandard
library routinefrprmn()describedin [70]. Thegradientof p ³ canbeexpressedby means
of p ½ asfollows: t�p ³ w";�p ½ p w"; � Ð £�� ��£� f k �L£�� (5.5)

After the coordinatesof the saddlehave beendetermined,the next stepcomprises
the computationof the eigenvectorsof p ½ at the critical point. Thesevectorsdetermine
thedirectionof theseparatricesof thesaddle.Again, for computingtheeigenvectorsof
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Figure 5.5: Improved triangulationschemefor tracerinsertion. Like in the ordinaryadvanceribbon()
methoddistancesbetweencertainpointsof a patchareconsideredin orderto determinewhattrianglesare
to be generated.The black arrows indicatethat triangulationis continuedrecursiveley right from these
edges.

thegeneralrealmatrix p ½ we applystandardlibrary routines(LAPACK). Fromthethree
differenteigenvectorsof p ½ we chosetheonemostparallelto thequadrilateralwhich in-
dicatedthe saddle.Using the directionof this vectorwe inserttwo new tracersa small
distanceaboveandbelow thecritical point. With thehelpof thesetracersa triangulation
canbeobtainedwhich exactly includesthesaddlepoint. Thenewly insertedtracersrep-
resentthedivergentseparatricesof thesaddle.If thedistancebetweena newly inserted
tracerandits right or left neighboursis toosmall,theneighbouringtracersaredeleted.In
this way, in total either3, 4, or 5 trianglesareproduced.The trianglesproducedin the
neighbourhoodof asaddlearedrawn in yellow in Figure5.4b). Sincein thisexamplethe
surfaceapproachesthesaddlefrom two sides,actuallyfour separatriceswerefound. To
ensurethatexactly thesamecoordinatesareusedon thesecurves,againsaddlescanbe
storedin a globallist.

5.1.5 Further Impr ovements

Besidethe modificationsrequiredto handlesinks and saddlescorrectly, we employed
someotherstrategieswhichalsohelpedto improve thequalityof streamsurfacetriangu-
lation. In thissectionwewantto summarizethesechangesbriefly.

Tracer Insertion. Whenatraceris insertedinto thefront triangulationshouldbeadapted
to theshapeof thepatch.Similarly to theordinaryadvanceribbon()method,thiscanbe
achievedby consideringdistancesbetweendifferentpointsof thepatch.In particular, we
first comparethedistances2 y ®  �y ç 2 and 2 y ³  �y · 2 asshown in Figure5.5. If 2 y ®  �y ç 2��2 y ³  �y · 2 thenasingletriangley ® y ç y · is created.Trianglesright from theedgey ® y ç are
createdby recursive invocationof advanceribbon(). In addition,it is checked if more
right-alignedtrianglesattachedto y · shouldbecreated.Again,this is doneusingexactly
thesamestrategy asin the regularcase.On theotherhand,if 2 y ®  �y ç 2�¼�2 y ³  �y · 2 at
leastthreetrianglesarecreated.As indicatedby theblackarrow in Figure5.5 triangles
right from y ³ y 7 aregeneratedby recursive invocationof advanceribbon(). If necessary,

105



moretrianglesattachedto y · arecreatedin theusualway.
Note, that if the tracerfront is moreor lessperpendicularto the flow just the stan-

dardtriangulationshown in Figure5.5a) is obtained.However, in caseof moredistorted
patchesbetterresultsareobtained.Propagationof the front might be terminatedor ad-
ditional rows of trianglesmight be started.As a result, the tendency of the front to be
alignedperpendicularto theflow is improved.

It shouldbepointedout thatthenew insertion
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Figure 5.6: New tracersare insertedsuch
that the distances {-}	{-� and {���{-� are
roughlythesame.

schemerequiressomecareneara saddlepoint or
nearan obstacle. In this casequite degenerate
patchesmay occur. Thesemay causeill-shaped
trianglesto be producedif the location y ç of the
new tracer isn’t chosenproperly. In particular,
problemsoccur if the distancebetweenthe next
point y
� computedby a newly insertedtracerandy · or y 7 getstoosmall. In orderto preventthissit-
uationwe chosethelocationof a new tracersuch
that thesedistancesare roughly the same,com-
pareFigure 5.6. This is donevia a bracketing
approach,i.e.,by iteratively adjustingthetracer’s
initial position. Insteadof chosingthis positionalongthe line y · y 7 it is favourableto
placethetraceralong y ® y ³ andto performanadditionalstepafterwards.Thenew tracer
will thenstaycloserto thetruestreamsurface.

Tracer Removal. Letusnow discusstheremovalof atracer. Usually, thedistance2 y ·  �y ç 2
shownin Figure5.7will besmallerthan 2 y ®  Iy 7 2 . Thenthetriangley ® y ç y · will becreated
likein thestandardtriangulationscheme.However, theremainingquadrilateraly ç y ³ y 7 y ·
will be processedby meansof the ordinaryadvanceribbon() method. Therefore,it is
possiblethat thesecondtrianglegetsattachedto y · insteadof y ç . Also, a third triangle
will notnecessarilybecreated.Ontheotherhand,if 2 y ·  �y ç 2¦Ã 2 y ®  �y 7 2 thenalwaysthree
triangleswill becreated,c.f. Figure5.7 b). Afterwards,triangulationwill becontinued
right from y ³ y 7 . In addtion,it is checkedwhethermoretrianglesattachedto y · should
becreatedor not.

While theinsertionof a tracercanbedetected“on thefly” deletionshouldbehandled
separately. We would like to remove the mostnarrow ribbon of the currentfront first.
This canbeachievedby deletingeitherthetracerto theleft or to theright of thatribbon.
Weusuallyselecttheonewith thesmallestdistanceto theoppositestreamline. Insteadof
simplycomputingpointdistancesonly contributionsperpendicularto theflow areconsid-
ered.This ensuresthattracersgetalsoremovedin distortedsituations.After theoptimal
setof obsoletestreamlineshasbeendeterminedall selectedtracersaremarkedandwill
be deletedassoonas they areencounteredby advanceribbon(). The detectionof the
tracersto bedeletedis performedjustbeforeanew row of trianglesis started,i.e.,before
theinvocationof advanceribbon() for theveryfirst tracerandbeforerecursiveinvocation
of thismethodfor all right-alignedtrianglesexceptfor thefirst oneoneachlevel.
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Figure 5.7: A streamline is removed from the currentfront if the distancebetweenits two neighbours
getstoo small. Insteadof always using a standardtriangulationschemetriangulationbettershouldbe
adaptedto theshapeof thepatch. Trianglesright from {(ï¢{~£ , respectively {(ÿR{kÞ arecreatedby meansof
advanceribbon().

Themodifiedstreamsurfacealgorithmperformedverywell in practice.Examplesof
streamsurfacescomputedusingthenew methodarefor exampleshown in Figure1.1on
page6, Figure1.3 on page8 andFigure5.12on page124. The lastexamplecontainsa
3D versionof thevectorfield weusedin our2D casestudy. Like in the2D casesinksand
saddleswerepreciselylocatedby thealgorithm.

5.1.6 SeedLine Selection

An importantissuefor streamsurfacegenerationcomprisesthechoiceof theinitial seed
line o¾d�c1h alongwhich tracersarestarted.For caseof simplicity this line is oftencho-
senparallelto oneof themajorcoordinateaxesor it is evendefinedcompletelyby hand.
While thefirst approachoftenresultsin unsatisfactorysurfacesthe lattermethodobviu-
ouslyis very time-consuming.

A goodautomaticseedline selectorshouldassurethat o¾d�c1h is orientedperpendicular
or nearlyperpendicularto the flow. However, at eachpoint in a vectorfield thereare
infinitely many suchdirections.Fromthesedirectionstwo of themareprominent,namely
thecurvaturevector ¤ aswell asthebinormalvector ¥ at eachpoint. Togetherwith the
tangentvector ¦ thesevectorsform theso-calledFrenetframeof a field line [7]. Cai and
Heng[11] pointedout thatespeciallymeaningfulstreamsurfacescanbeconstructedby
choosingtheinitial seedline alongthebinormalvectorsof thelocalFrenetframe.If this
is done,surfacenormalswill coincidewith the curvaturevectorsof the streamlines,at
leastinitially. In orderto determinea local Frenetframethefirst andsecondderivatives
of astreamline Ìsd�v�h with respectto arc-lengthv have to becomputed:¦sw Í¦ÌÍ¸v w p2§p�2 � ¤Aw Í ³ ÌÍ¸v ³ w p ½ p2§p�2 ³  psd�p ½ p¢h2¨pM2 7 p (5.6)

The binormal vector is given by ¥ w©¦��ª¤ . Suitableseedlines can be obtainedby
integratingalongthedirectionof ¥ startingfrom a predefinedcenterpoint. Thelocation
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of this point canbe convenientlychangedinteractively, for exampleby meansof a 3D
cross-hairdragger. All streamsurfacesin this work have beenconstructedin this way.
Straightinitial seedlinesareobtainedby merelyconsideringthebinormaldirectionat the
centerpoint insteadof updatingthisvectorlocally.

5.2 SurfaceLIC in Parameter Space

Streamsurfacesprovideanexcellenttool to gaininsightinto thestructureof a 3D vector
field. However, while we know thattheflow of a vectorfield is constrainedto its stream
surfacestheexactstructureof theflow within sucha surfaceoftenremainsunclear. One
possiblesolution to this problemis to mapa directionalLIC texture onto the surface.
Topologically, a streamsurfaceis not different from an ordinary two-dimensionalEu-
clideanplane. Therefore,thegeneralizationof 2D visualizationtechniquessuchasLIC
seemsto befeasible.

In thissectionwe first wantto investigatethegenerationof LIC texturesfor paramet-
ric surfaces. In this case,line integral convolution canbe performedcompletelyin 2D
parameterspace.TheresultingLIC texturecanbemappedontothesurfaceafterwardsin
a straight-forwardway. In orderto preciselyunderstandthe transformationbetween3D
physicalspaceand2D parameterspacewe startour discussionintroducingparametric
surfacesformally. Lateron,we consideralgorithmicissuesandoutlinehow to copewith
theproblemof texturedistortion.

5.2.1 Parametric Surfaces

A parametricsurfaceor manifold « is definedby

Ì d�c��f$ hrw ¬­ fªd�c��f$ h°�d�c��f$ h® d�c^�¢$kh°¯± � ²�w�³ c$&´ ¤�µ ³ � (5.7)
∂u
∂x

u

∂v
∂x

v

The cartesiancoordinates¶+·f¸�· ® of a surfacepoint Ì areassumedto be differentiable
functionsof theparametersc and $ . Thederivatives ¹�Ì�EW¹�c and ¹�Ì�EW¹�$ arealwaystan-
gentialto thesurface.A parametrizationis saidto be regular if bothvectorsarelinearly
independent,i.e., if they form a basisof the tangentspaceº�»�¼ of » at ½ . Note, that
streamsurfacesareparametricsurfacesby definition. In this caselinesof constant¾ and¿ correspondto streamlinesandtime lines,respectively. While parametricsurfacescan
beparametrizedgloballyusing2D Euclideancoordinates,generalmanifoldsusuallycan
only beparametrizedlocally.

Suppose,ÀQÁ�Â�Ã is anintegral curve of a 2D vectorfield Ä definedin parameterspace.
By meansof Eq. (5.7) we obtaina 3D curve ½ÅÁ�À�Á�Â�Ã¢Ã on » . Differentiatingthis curve
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with respectto Â yieldsthetangentialvectorÆ ½Æ ÂuÇ ¹�½¹I¾ Æ ¾Æ Â^È ¹�½¹ ¿ Æ ¿Æ Â3Ç ¹�½¹IÀ ÄÊÉ (5.8)

By mappingthe whole2D vectorfield Ä onto the surfacewe obtaina tangentialvector
field Ë on » : ËLÌ�½OÍu» ÎÏ©º�»�¼�· Ë Ç ¹�½¹IÀ Ä (5.9)

In orderto computea2D vectorfield Ä from its correspondingtangentialfield Ë weneed
to invert this equation.In particular, we have to solve a linearsystemconsistingof three
equations,onefor eachcomponentof Ë , but only two unknowns,

Æ ¾�Ð Æ Â and
Æ ¿ Ð Æ Â . In

order to obtaina ÑaÒªÑ systemwe considera third linearly independentparameterÓ ,
introduceanew component

Æ ÓQÐ Æ Â anddefine¹�½¹�ÓÕÔ ¹�½¹I¾ Ò ¹�½¹ ¿ É (5.10)

Theresultingregularsystemmaybesolvedfor exampleusingCramer’s rule. Thecom-
ponentsof the2D vectorfield Ä arethengivenbyÆ ¾Æ Â Ç det Ö!× ¼×�Ø ·<Ù ¼ÙvÚ ·ÛÙ ¼ÙvÜ°Ý

det Ö Ù ¼ÙvÞ · Ù ¼Ù.Ú · Ù ¼ÙvÜFÝ · Æ ¿Æ Â Ç det Ö�Ù ¼ÙvÞ ·<× ¼×!Ø ·ÛÙ ¼ÙvÜFÝ
det Ö Ù ¼ÙvÞ · Ù ¼ÙvÚ · Ù ¼ÙvÜ°Ý É (5.11)

If the3D vector
Æ ½�Ð Æ Â is not tangentialto » therewill alsobea non-vanishingcompo-

nent
Æ ÓQÐ Æ Â . The2D parameterspacevectorcomputedby Eq. (5.11)thencorrespondsto

theprojectionof the3D vectorontothesurface.
Parametricsurfacesareeasilyextractedfrom 3D curvilineargridsby keepingonegrid

index fixed.Suchgridsareoftenusedin CFDsimulations,conformingto shapeof abody
in theflow. The2D vectorfield correspondingto theprojectionof the3D flow field ontoa
grid planecanbeobtainedfrom Eq.(5.11).However, in thiscaseanon-tangentialvector¹�½JÐ Æ Ó neednot to becomputedvia Eq. (5.10). Insteadit canbetakendirectly from the
curvilineargrid itself. Thematrix ß Ç©à ¹�½¹I¾ · ¹�½¹ ¿ · ¹�½¹IÓâá (5.12)

is justtheJacobianmatrixwhichtransformsbetweenphysicalspaceandparameterspace.
It shouldbementioned,thatthemappingbetweenphysicalspaceandparameterspace

mayintroducenumericalerrors.First, in parameterspaceusuallythevectorsareinterpo-
latedlinearly, althoughthemappingitself is non-linear. Second,oftentheJacobianmatrix
hasto beapproximatedby takingfinite differences.Bothtypesof errorscanbecontrolled
by choosingtheresolutionof thesurfacegrid to besufficiently fine.
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5.2.2 The SurfaceLIC Algorithm

In theprevioussectionwesketchedhow to transform3D vectorsdefinedonaparametric
surfaceinto 2D parameterspace.Discreteapproximationsof parametricsurfacesmay
eitherexhibit regularstructure,e.g.,if surfacesareextractedfrom a 3D curvilineargrid,
or may be given by an unstructuredtriangularmesh,e.g., if Hultquist’s streamsurface
algorithm is applied. Usually, 3D vectorsare storedat the verticesof sucha surface
mesh.After transformingthesevectorsinto parameterspacewe obtaina 2D vectorfield
definedat thenodesof a2D uniformor triangulargrid.

For the 2D vector field a conventionalLIC texture can be computedby meansof
an arbitrary LIC algorithm. Existing 2D codecan be usedwithout any modification.
AfterwardstheresultingLIC texturehasto bemappedbackontothesurfaceagain.This
taskis commonlycalledtexture mappingin computergraphics.Today, it is supportedby
many 3D graphicslibrariessuchasOpenGL[63] and,in fact,is implementedin hardware
on moderngraphicsworkstations.The final texturedsurfacecanbe displayedat truely
interactive framerateson suchcomputers.This is animportantfeaturefor analyzingthe
structureof 3D surfaceflows.

Theoutlinedalgorithmhasbeenproposedfor thefirst time by Lisa Forssellin 1994
[30]. ShecomputedLIC imagesin parameterspaceto visualizetheflow over thesurface
of aspaceshuttle.Actually, ForssellevengeneratedanimatedLIC sequencesin parameter
space. Theseanimationsequenceswere againmappedonto the surfaceand could be
playedbackin real-timeona fastgraphicscomputer.

5.2.3 CompensatingTextureDistortions

ThemainproblembehindthesurfaceLIC approachdescribedabovearedistortionsintro-
ducedby the non-isometricmappingbetweenparameterspaceandphysicalspace.The
cell sizesof theparametricsurfacemightdiffer significantly. Therefore,in someareasof
thesurfacethemappedLIC textureis compressedwhile in othersit is stretched.For visu-
alizationpurposesit is oftendesireablethatthetexturehasequalcharacteristicsacrossthe
wholesurface. For thesamereasonwe preferedusingarc-lengthparametrizationwhen
computing2D LIC images.This ensuresthat the featuresin a LIC textureareof equal
sizethroughoutthe whole image,compareSection4.3.2. Anotherpoint is that varying
resolutionof surfacetexturemight interferewith thedepthperceptionof anobject.Usu-
ally, partsof anobjectwith high frequency textureappearto be furtheraway thenparts
with low frequency texture.

As a first remedyForssellsuggestedto adjustthe lengthof the LIC filter kernelso
that it is constantin physicalspace[30, 31]. Recall that filter length determinesthe
characteristicsizeof featuresalongastreamline in LIC images.Therefore,if filter length
is scaledproperlyin parameterspacethedistortionsof themappinginto physicalspace
canbecompensated– at leastpartially. Themethodalsohelpsto compensateerrorsin the
perceived texturespeedin surfaceLIC animations.The filter lengthformulasuggested
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by Forssellwas ã Á	½JÃ Ç"ä�ÈOå�æ Á	½çÃ.· with æ Á�½çÃ Çéè Æ ÀêÐ Æ Â èè Æ ½çÐ Æ Â è É (5.13)

The quantity æ just denotesthe ratio betweenvectormagnitudein parameterspaceand
vectormagnitudein physicalspace.This ratio is low in sparseareasof thegrid andhigh
in denseareas.Theconstantcontribution ä is a non-vanishingminimumfilter length.

Of course,betterresultscanbe obtainedif not only filter lengthsarescaled,but if
alsothe characteristicsof the input texture wereadaptedlocally accordingto the reso-
lution of thesurfacemesh.Thegoal is to createinput noisewhich hasequalproperties
everywhereafterbeingmappedontothesurface.Consequently, featuresof thenoiseim-
ageshouldbelargerin areaswhicharemappedinto a smallregion in physicalspaceand
vice versa.Sincedistortionsin ¾ and ¿ directionmight bedifferentsucha noiseimage
neednot to beisotropicanymore.Nevertheless,someattemptshavebeenmadeto reduce
texture distortionby meansof isotropicallyscaledinput noise. For example,Thomas
Loser[55] applieda techniqueoriginally developedby Kiu andBanks[50] to generate
multi-frequency input noisefor LIC. In orderto determinenoisefrequency at a particu-
lar locationLosercomputedhow mucha unit vectorperpendicularto theflow would be
scaledby themapping.

It seemsthatmoreaccuratetechniquesfor compensatingtexturedistortionshave not
yetbeenappliedfor surfaceLIC. However, suchtechniquesarenot toohardto design.In
thefollowing we describea simplealgorithmfor generatinginput noisewith thedesired
properties. The basic idea is to createa noise imageby drawing a set of irregularly
distributedellipsesontopof ablackbackground.Theaxesof theellipsesarechosensuch
thatcirclesareobtainedif theimageis mappedinto physicalspace.This is illustratedin
thefollowing figure:

physicalspace parameterspace

ë�ìêíLîYïî<ðë�ñ
í@îYïî<òóô ë�õìë�õñ
In physicalspacetheradiusvectorsö and ÷ have unit length.While thefirst vector ö is
alignedto oneof thecoordinateaxes,thesecondorthonormalvector ÷ canbecomputed
by takingthecrossproductof thesurfacenormaland ö . Of course,theparameterspace
componentsof ö and ÷ couldbecomputedvia Eq.(5.11).However, insteadof evaluating
matrixdeterminantsit is easierto computetherequireddotproductsdirectly:ä Þ Ç è�ø Þ è§ùIú å Þ Çüû ø Þ ø Úèlø Þ è ý

ã
ùIúä Ú Ç�þ å Ú Ç ã

ùIú with

ã Ç èlø Ú ûqø Þ ø Úèlø Þ è ý ø Þ è (5.14)
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d)

b)

a)

e)

c)

Figure 5.8: LIC imagescomputedin parameter
spaceappearto be distortedwhen mappedonto a
surface(d). Thesedistortionsaredue to the non-
isometrictransformationbetweenparameterspace
andphysicalspace.However, they canbecompen-
satedby usingsuitablychoseninput noiseandby
locally adaptingLIC filter lengths(e). The noise
imagein (c) consistsof irregularlydistributedspots,
whichareof equalsizewhenprojectedontothesur-
face.
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Oncetheradiusvectorsö and ÷ havebeendetermined,thecorrespondingellipsescanbe
drawn in parameterspace.In practice,theellipsesareapproximatedby simplepolygons
anda conventionalscanconversionalgorithmsuchas[38] is applied.Thedensityof the
ellipsesshouldbeadaptedto thesizeof a grid cell in physicalspace,ÿ Ç úý è�ø Þ Ò ø Ú è .Thiscanbeachievedby generatingapseudorandomnumberof eachcell. If thisnumber
is smallerthan �.ÿ anellipsisis drawn for thatcell. Here � is a scalingfactordetermined
by theoverallareaof thesurfaceandthedesiredsizeof thespotsin physicalspace.

Resultsof theoutlinedalgorithmareshownin Figure5.8.LIC textureswerecomputed
from aconstantvectorfield andaremappedontoaperiodicparametricsurface(Enneper’s
surface). The surfacemeshis getshighly squeezedarroundthe centerof the model.
Nevertheless,auniformsurfaceLIC texturecanbeobtainedif inputnoiseandfilter length
are chosencorrectly. Variationsin texture size are now solely due to the perspective
viewing transformation.

5.3 LIC in PhysicalSpace

ComputingsurfaceLIC imagesin parameterspaceis asimpleandelegantapproach.Un-
fortunately, many surfacesarenot or at leastnot easilyparametrizablein a globalsense.
Examplesincludeisosurfacesor otherimplicite surfaces.For thesesurfacesusuallytrian-
gularapproximationsarecomputedby meansof a marching-cubes-stylealgorithm[54].
Thetopologyof suchtriangulationsmaybecomearbitrarily complex. Surfacesoccuring
in CAGD (ComputerAidedGeometricDesign)oftenconsistof smoothlyjoinedparamet-
ric patches,but thecombinedsurfacemayaswell exhibit complex topologyandtherefore
in generalcan’t beparametrizedglobally. In all theseexamplesthesurfaceLIC technique
describedin theprevioussectioncannotbeapplied.Moreover, evenin caseof parametric
surfaces(e.g.streamsurfaces)thecomputationof LIC texturesin parameterspacemight
beunfavourable.To maintaina high imagequality theresolutionof theparameterspace
LIC textureshouldbecorrelatedto thebiggestcell of thesurfacemeshin physicalspace.
Therefore,oftenlargepartsof aLIC texturegetmappedinto smallregionsof thesurface.
This limits theefficiency of thealgorithm.

Alternatively, LIC texturesmight be computedon a triangulatedsurfacedirectly in
physicalspace. Suchanapproachcanbeappliedto surfacesof arbitrarytopology. In ad-
dition, texturedistortionsareavoidedsincenonon-isometrictexturemappingis involved.
In thefollowing we first give anoverview of physicalspacesurfaceLIC algorithms.We
thenconsiderfield line integrationon a triangulardomain,discussthedefinitionof input
noise,comparethe layout of local triangletextures,andfinally discusshow the useof
texturememorycanbeoptimized.

5.3.1 Overview

PerformingsurfaceLIC in physicalspaceimplies thatfield lineshave to be tracedon a
triangulardomainin

���
. First of all this meansthat the integratorneedto detectwhen
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a field line is leaving the currenttriangle. If this is the case,the exit point needto be
determinedandfield line integrationneedto becontinuedin theoppositetriangle.While
this taskis commonto all physicalspacesurfaceLIC algorithms,methodsmaydiffer in
respectto thefollowing points,namely

� definitionof thetangentialvectorfield Ë ,
� choiceof pointsfor whichLIC intensitiesarecomputed,
� methodusedto renderof thefinal texturedsurface,
� applicationof thefastLIC technique,and
� typeof inputnoisebeingused.

Let us look at thesepointsin moredetail. We alreadypointedout that surfaceLIC
canonly beusedto visualizethedirectionof tangentialvectorsona2D manifoldinstead
of arbitrary3D vectors.Nevertheless,thesetangentialvectorsusuallyaredefinedin 3D
physicalcoordinates.However, two situationsmustbe distinguished.Either the vector
field maybedefinedon thesurfacemeshitself, preferablyat theverticesof thetriangles.
Vectorsinsidethetrianglescanthenbeobtainedby interpolation.Alternatively, aninde-
pendent3D vectorfield might beevaluatedat every point in a triangle. Samplinga 3D
vectorfield at theverticesof thesurfacemeshandinterpolatingthevertex valuesafter-
wardsusuallyis inadequatebecauseit impairstheaccuracy of visualization.It turnsout
thatthekind of inputdatainfluencesthechoiceof localcoordinateswhichshouldbeused
for field line integration.

Next, we mustdecidefor which pointsof a surfaceLIC intensitiesshouldbe com-
puted.This questionis closelyrelatedto theway how thefinal LIC surfaceis rendered.
For example,Maoet.al. [59] proposedamethodbasedona ray-castingapproach.Given
a fixed viewpoint, for eachpixel of the outputimagea ray is shotonto the surface. At
thefirst ray-surfaceintersectiontheLIC integral is evaluated.Combinedwith someaddi-
tionalsurfaceshading,theLIC intensitydeterminesthecolorof thepixel. Obviously, the
maindrawbackof this methodis thatonly a still imageis producedandnot a 3D model
whichcanbeviewedfrom arbitrarydirections.

Teitzelet. al. [85] usedlocal texturesfor all surfacetriangles.For all pixelsof a tri-
angletexture LIC intensitieswerecomputed.During renderingthe local textureswere
mappedontotheir correspondingtriangles.This allows to exploit moderngraphicshard-
ware like in caseof parameterspacemethods. In fact, the algorithmproposedin [85]
is quite similar to our own onedescribedbelow andpublishedin a first versionin [3].
However, it doesnot adapttheresolutionof local texturesto theactualsizeof a triangle.
In addition,it doesn’t employ thefastLIC techniquedevelopedin Chapter4.

Finally, differenttypesof input noisecanbeusedwhenperformingLIC in physical
space.Thenoisemayeitherbedefinedon thesurfaceitself, and,for example,storedin
local 2D texturessimilar to thetexturesusedto hold thefinal LIC values.Alternatively,
a procedural3D noisefunctionmight be used. As will be pointedout below, the latter
approachhasa numberof advantages.
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5.3.2 Field Line Integration on Triangular Surfaces

Let usnow considerintegrationof field linesonatriangulardomain.Werestrictour treat-
mentto piecewise linear ��� continuoustriangularsurfaces.This meansthatall vectors
arelocally projectedinto planartriangles.As waspointedout in [85] this resultsin adis-
continuoustangentialvectorfield on » . However, in practicediscontinuitiesrarelycause
problemssincefield line integrationis restartedat triangleboundariesanyway. Only if
3D vectorsorientedalmostperpendicularto thesurfaceareprojectedinto neighbouring
triangles,it might happenthatprojectedvectorspoint into oppositedirectionsat triangle
edges.If this is thecase,a field line terminates.We don’t careaboutthis situationsince
surfaceLIC shouldonly beappliedto visualizetruely tangentialvectorfields,e.g.flow
patternson streamsurfaces.Nevertheless,in principleit is possibleto strictly avoid dis-
continuities.This requiresto constructa � ú continuoussurface,e.g.a surfaceconsisting
of cubicBeziertriangles[29].

It hasalreadybeenmentionedthattangentialvectorsusuallyareeitherdefinedat the
verticesof thesurfacemeshor areobtainedby evaluatinganindependent3D vectorfield.
In the first casewe apply linear interpolationinsidethe triangles. Although field lines
thenin principlecanbefoundanalytically(c.f. Section2.2),useof anumericalintegrator
is faster, morerobust,andmuchsimpler. Like in the2D casein principleany numerical
integrationschemecanbe applied. However, usuallyfield lines quickly run out of the
currenttriangle. Therefore,higher-orderintegrationmethodstaking large stepsusually
arenotasefficientasin theflat case.

In order to checkwhethera point on a field line is

p� 0 p� 1

p� 2

q	
p�

ξ0

ξ2

ξ1

still containedin the currenttriangle or not it is conve-
nientto make useof barycentriccoordinates.Thesecoor-
dinateshavealreadybeenintroducedin Section3.2.5.The
barycentriccoordinates
FÁ��JÃ of a 2D point � sumup to 1,
i.e., 
 � È 
 ú È 
 ý Ç �

. Whenever at leastoneof the 
�� is
negative,we know that � is outsidethetriangle. If this is
thecase,we needto determinethepreciseexit positionof
thefield line. Suppose,� is thelastpoint containedin thetriangle.Thenwe arelooking
for anumber� suchthat � È �êÁ�� û ��Ã liesexactlyonatriangleedge.If the � -th component
of 
+Á��JÃ wasnegative,thenthedesiredvalueof � canbefoundby evaluating


���Á��JÃ È ��Á�
���Á��eÃ û 
��!Á��çÃ¢Ã Ç�þ · or � Ç 
���Á��JÃ�Ð-Á�
���Á��JÃ û 
���Á���Ã¢Ã.É (5.15)

It mayhappenthat two componentsof 
FÁ��
Ã arenegative. In this caseEq. (5.15)hasto
beevaluatedfor bothcomponents,yielding two candidatevaluesof � . Thesmallerof the
two correspondsto theactuallocationof theexit point.

Althoughthepoint-in-triangletestcanbeperformedefficiently by meansof barycen-
tric coordinates,it is not clearwhich coordinatesshouldbeusedfor numericalfield line
integration.Thereareat leastthreepossiblechoices,namely3D Euclideancoordinates½ ,
barycentriccoordinates
 , aswell as2D EuclideancoordinatesÀ . Let usconsiderthese
choicesin detail.

115



3D Euclidean coordinates. Although field line integrationin a triangleinherentlyis a
2D problem,notethat the3D Euclideancoordinates½ of a point on a field line usually
needto be computedanyway. Thesecoordinatesarerequiredto evaluatea procedural
noisefunction aswell asan independent3D vectorfield. In addition,vectorvalues Ë
arecommonlyspecifiedin 3D Euclideancoordinates,too. If we want to integratethis
vectorwe first have to projectit ontothetriangle.This canbeachievedby Ë�� Ë û�� Ë ,
where� denotesthenormalvectorof thetriangle.Themainproblemis to determinethe
barycentriccoordinates
 of a3D point ½ . This requiresto solvethelinearsystem½ Ç � � È Á�� ú û � � Ã�
 ú È Á�� ý û � � Ã�
 ý É (5.16)

Sincewe aredealingwith 3D vectors,we have 3 equationsand2 unknowns. Similar to
Eq.(5.11)wemaycomputeasolutionby meansof Cramer’s rule,yielding


 ú Ç det �|Á	½ û � � Ã.·�Á�� ý û � � Ã#·�Á�� ú û � � Ã ÒBÁ�� ý û � � Ã �
det �|Á�� ú û � � Ã#·�Á�� ý û � � Ã.·�Á�� ú û � � Ã~ÒSÁ�� ý û � � Ã � · (5.17)


 ý Ç det �|Á�� ú û � � Ã#·�Á�½ û � � Ã.·�Á�� ú û � � Ã ÒBÁ�� ý û � � Ã �
det �|Á�� ú û � � Ã#·�Á�� ý û � � Ã#·�Á�� ú û � � Ã~ÒSÁ�� ý û � � Ã � É (5.17! )

Thethird coordinateis 
 � Ç � û 
 ú û 
 ý . AlthoughEq.(5.17)is notthemostefficientwayto
solve thelinearsystem,it is clearthatseveralarithmeticoperationsarerequiredin order
to obtaina solution. Moreover, updating3D vectorswhenintegratingin a 2D domain
necessarilyimpliesredundantwork. Thereforelet usinvestigatealternativeapproaches.

Barycentric coordinates.Sincewe needto computebarycentriccoordinatesanyway to
performthepoint-in-triangletest,it might make senseto usethemfor field line integra-
tion too. Like 3D Euclideancoordinatesthe vector 
 hasthreecomponents.However,
only two of themare linearly independent.In orderto integratefield lines we needto
expressthevectorfield Ë in barycentriccoordinates.While barycentriccoordinates
�� of
a positionvector � sumup to 1, barycentriccoordinates"#� of a directionalvector Ë sum
up to 0. This canbeprovenby writing $ Á�ËJÃ Ç 
FÁ�Ë È � � Ã û 
+Á�� � Ã . Similar to Eq. (5.17)
wenow have

" ú Ç det � Ë ·�Á�� ý û � � Ã#·�Á�� ú û � � Ã ÒBÁ�� ý û � � Ã%�
det �|Á�� ú û � � Ã#·�Á�� ý û � � Ã#·�Á�� ú û � � Ã�ÒKÁ�� ý û � � Ã � · (5.18)

" ý Ç det �|Á�� ú û � � Ã#·�Ëê·�Á�� ú û � � Ã ÒBÁ�� ý û � � Ã%�
det �|Á�� ú û � � Ã#·�Á�� ý û � � Ã#·�Á�� ú û � � Ã�ÒKÁ�� ý û � � Ã � · (5.18! )

aswell as " � Ç û " ú û " ý . Therefore,if a 3D vectorfield hasto be evaluatedat every
point in a triangle,useof barycentriccoordinatesis not muchcheapercomparedto 3D
Euclideancoordinates.Theintegratormerelyneedto updatetwo componentsinsteadof
three.On theotherhand,if thevectorfield canbe linearly interpolatedwithin a triangle,
thenEq. (5.18)needto beevaluatedonly at theverticesof the triangle,but not in every
integrationstep.Instead,therequiredcomponents" ú and" ý canbeinterpolatedfrom their
correspondingvertex valuesby meansof 
 � , 
 ú , and 
 ý . In fact, in this casebarycentric
coordinatesprovide a very efficient choice. For example,a simpleEuler integratorjust
requiresthefollowing operations:
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determineinitial valueof &
while point is in triangle,i.e.,all ' �)(+*-,

interpolatevectorfield, . * ' � .0/21 �4365 ' ú .7/21 ú 365 ' ý .8/21 ý 3performEulerstep,&�9:& 5<; .
end

2D Euclidean coordinates. Barycentric coordinates

(0,0) (u1,0)

(u2,v2)

eu

evaren’t orthonormalcoordinates.This is thereasonwhy the
projectionof anarbitrary3D vectorinto atrianglewasdif-
ficult to compute.However, if weuseorthonormalcoordi-
natesÀ within atriangle,thentheprojectedvectorcompo-
nentsaresimply givenby thedot productsË ø Þ and Ë ø Ú ,where ø Þ and ø Ú denotetheaxesof the2D Euclideanco-
ordinatesystem.Whatremainsis to computethebarycentriccoordinates
 of a2D pointÀ Ç Á�¾>= ¿ Ã%? . However, thiscanbedonevia Eq.(3.54).Let ¾@� and ¿ � bethe2D Euclidean
coordinatesof thetrianglevertices.By choosingthe2D systemsothat ¾ � Ç ¿ � Ç ¿ ú Ç�þwesimplyobtain


 � Ç � û 
 ú û 
 ý = 
 ú Ç Á�¾ ¿ ý û ¿ ¾ ý Ã¢Ð�¾ ú ¿ ý = 
 ý Ç ¿ Ð ¿ ý É (5.19)

Theuseof 2D Eulideancoordinatesrequiresto storetwo 3D vectorsø Þ and ø Ú for each
triangle,aswell asthethreevertex components¾ ú , ¾ ý , and ¿ ý . Comparedto theoverall
amountof memoryneededby a surfaceLIC algorithm(which is mainlydueto acumula-
tion andhitcountbuffer) this is usuallyonly a small fraction. To illustratetheuseof 2D
Euclideancoordinatesagainwe list thepseudo-codeof asimpleEulerintegrator:

determineinitial valueof & and A
while point is in triangle,i.e.,all ' �)(+*-,

compute3D coordinates,B * ' � 1 � 5 ' ú 1 ú 5 ' ý 1 ýevaluate3D vectorfield, C * C�/DB 3
projectvectorinto triangle,E * /�C>F ÞHG C>F Ú 3 ?
performEulerstep,AI9JA 5<; E
updatebarycentriccoordinates& via Eq.(5.19)

end

5.3.3 Solid Noise

In orderto performsurfaceLIC in physicalspaceat every point on thesurfacean input
noisefunction needto be defined. Of courseit would be possibleto definea 2D noise
imagefor every trianglesimilar to the texture beingusedto storethe final LIC values.
At every point insidea trianglethecorresponding2D noiseimagecouldbesampled.In
fact,this approachwaschosenin [85]. Alternatively, a 3D noisefunctioncouldbeused.
Oneadvantageof suchanapproachis thatnoartifactsdueto partiallycoveredpixelscan
occurat triangleedges.Of course,it is not really feasibleto samplea 3D noisefunction
on a discretemeshlike we did in the 2D case.This would requirean immenseamount
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Figure 5.9: Theresolutionof the input noisedetermineshow muchdetail is containedin thefinal surface
texture.In bothimagestheLIC filter kernelshadthesamelengthin physicalspaceunits.

of memory. Instead,a proceduralnoisefunctionsuchastheoneproposedby Perlin[67]
shouldbeused.

An efficient implementationof thePerlinnoisefunctionis givenin [92]. Themethod
worksby mappingfloatingpoint coordinatesto anintegergrid. Fromtheintegerindices
apseudo-randomvalueis generatedusingarithmeticandbinaryoperations.To getacon-
tinuousnoisefunction,randomvaluesof neighbouringgrid pointshaveto beinterpolated.
However, inputnoisefor LIC neednot to becontinuous.Thereforetheinterpolationstep
canbe discarded,andthe implementationbecomesvery simple. In particular, we used
thefollowing C-function:

int noise(float x, float y, float z) {
int random;
x = (int) noise_scale*x;
y = (int) noise_scale*y;
z = (int) noise_scale*z;
float r1 = -x*67.0 + y*59.0 + z*71.0;
float r2 = x*73.0 + y*79.0 - z*83.0;
float r3 = x*89.0 - y*97.0 + z*101.0;
random = *((int*)(&r1))<<12ˆ*((int*)(&r1)) ;
random ˆ= *((int*)(&r2))<<12ˆ*((int*)(&r2)) ;
random ˆ= *((int*)(&r3))<<12ˆ*((int*)(&r3)) ;
return (random&0x7fffffff)%GREY_LEVELS;

}

An importantparameteris thegranularityof theinputnoise,i.e., theresolutionof the
integergrid of pseudo-randomnumbers.This parameter, specifiedby noise scale in
theabovecodefragment,determineshow muchdetailis containedin thefinalLIC texture.
Figure5.9comparestwo surfaceLIC imagesobtainedby convolving asolidnoiseof low
and high granularity, respectively. In both cases,equalLIC filter lengths(in physical
spaceunits) have beenused. The optimal choiceof noisegranularityalsodependson
how thesurfaceis projectedontothescreen.If thesurfaceis to smallin screenspace,the
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directionalinformationof theLIC texturecannotberesolvedanymoreandaliasingeffects
occur. Moreover, the resolutionof the local triangletexturesusedto storethefinal LIC
intensitiesshouldmatchthe resolutionof the input noise. If this resolutionis to coarse,
the input noisecannotbe sampledproperly. If it is too fine, texture memorywould be
wastedandcomputingtimewouldbeincreasedunnecessarily.

5.3.4 Layout of Triangle Textures

In this sectionwe wantto considerthelayoutof local texturemapsusedto storesurface
LIC intensitiesfor a singletriangle. Moderngraphicscomputersareableto mapthese
texturesontothesurfaceby meansof hardwareacceleration.Thus,thefinal surfacecan
bedisplayedat truely interactive framerates.In particular, we investigatethreedifferent
layouts,namelyiso-parametrictextures,uniform textures,andblendedones. All three
approachesareillustratedin Figure5.10. During renderingtexturemapsmay eitherbe
interpolatedbilinearly, or point samplingmaybeused(constantinterpolation).Usually,
bilinearinterpolationyieldsbetterresults.In Figure5.10bothinterpolationmethodsare
compared.

Iso-parametric Textures. In the mostsimplecaseidentical texture mapsareusedfor
all trianglesof thesurface. Suchanapproachhasbeenusedby Teitzelet. al. [85]. The
sizeof the triangletexturesneedto bespecifiedin advance.The threeverticesof a tri-
angleareassociatedwith thetexturecoordinates(0,0), (1,0),and(0,1). This means,that
texturesappearshearedwhenmappedonto the surface. In addition,the resolutionof a
texturein physicalspaceunitsis notconstant.In fact,non-isotropicdistortionsmayoccur.
Therefore,whenapplyingthefastLIC algorithmit is difficult to find a suitablesampling
distance.Theoptimalstepsizedependson sizeandshapeof a particulartriangleaswell
ason the directionof the vectorfield. Anotherproblemcomprisesartifactsat triangle
boundaries.Theseartifactsarisebecausetexturemapsof neighbouringtrianglesdon’t fit
togetherseamlessly. However, in practiceedgeartifactsarehardlyvisibleunlesstheuser
zoomsup thesurfacemodelverymuch.

Uniform Textures. In orderto achieve uniform textureresolutionin physicalspacethe
sizeof alocaltexturemapneedto reflectthesizeof thecorrespondingtriangle.Moreover,
in order to avoid distortionsthe texture coordinatesof the triangleverticesneedto be
chosenso that the texture grid remainsuniform in physicalspace. In contrastto iso-
parametrictexturesuniform texturescanbeusedtogetherwith thefastLIC algorithmin
a straight-forwardway. Resultsareshown in themiddlecolumnof Figure5.10a, b and
c). Note,thattherestill remainartifactsatboundariesof triangles.

BlendedTextures. Althoughedgeartifactsarehardlyvisible unlessa trianglegetsvery
large in screenspace,in somesituationsit might be desirableto displaya surfaceLIC
modelwith noedgeartifactsatall. Suchamodelcanbeobtainedby computingaseparate
texture for every vertex patch of a surface,i.e., for all trianglessurroundinga common
point. Sinceevery triangle belongsto exactly threevertex patches,aboutthreetimes
moretexture memoryis neededcomparedto the simpleuniform approach.2D texture
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iso-parametric uniform blended
a)differentlayoutsof local triangletextures

iso-parametric uniform blended
b) LIC texturesrenderedwith pointsampling

iso-parametric uniform blended
c) LIC texturesrenderedwith bilinearinterpolation

1. pass 2. pass 3. pass

d) additiverenderingof blendedtextures

Figure 5.10: This figure illustratesdifferentlayoutsof local triangletexturesfor surfaceLIC in physical
space.Iso-parametrictexturesaremostsimpleto use.However, textureresolutionin physicalspaceis not
fixed.Piecewiseuniformtexturesprovideequalresolution,but thereremainartifactsat triangleboundaries.
Bestresultsareobtainedusingblendeduniform textures.In orderto renderthefinal surfacein this casea
multipassalgorithmhasto beapplied.
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coordinatesareobtainedby projectingthe outerpointsof a vertex patchinto the plane
definedby thenormalvectorof thecenterpoint.

To producean imageof the final surfacea three-passrenderingstrategy is required.
This strategy is illustratedin Figure5.10 d). In the first passwe rendereachtriangle
with the first of its threetexturesbeingmappedonto it. However, we modulatetexture
color sothatonly thevertex thetexturemapbelongsto getsfull intensity. Theothertwo
verticesaredrawn in black.In OpenGLsuchamodulationcanbeeasilyachievedwithout
changingthetextureitself [63]. Theremainingtwo texturesof a trainglearerenderedin
a similar way. However, we now turn on so-calledcolor blending. More precisely, we
specifya blendingfunctionwhich justsaddsthecolor of a fragmentto thecolor already
beingpresentin the framebuffer. In this way the final intensityof a pixel is a weighted
averageof the threetriangletextures. Like for barycentriccoordinatesweightsalways
sum up to one. At a vertex intensity is determinedby the correspndingvertex patch
texture alone. The other two texturesreceive zeroweight. In the middle of a triangle
themeanof all threetexturesis used. In this way discontinuitiesat triangleboundaries
areavoided. If bilinearinterpolationis used,a truely continuousintensitydistribution is
obtained,c.f. right imageof Figure5.10 c). However, dueto the multi-passalgorithm
renderingperformanceis decreasedby a factorthree.

5.3.5 Triangle Packing

In this sectionwe wantto consideranimportantpracticalaspectof surfaceLIC, namely
how to organizeindividual triangletexturesin memory. Althoughmoderngraphicscom-
putersprovide fasthardware-supportedtexturemapping,the total sizeof the texturesis
limited. Moreover, width andheightof individualtexturesarerestrictedto powersof two,
i.e., textureshave to be K � ÒLK�M pixelslargein orderto beusedwith OpenGL.

Obviously, undertheseconstraintsit is not a goodideato allocatea separateblock
of texturememoryfor every triangleof a surface. A large amountof expensive texture
memorywouldbewasted.In additionusingmany smalltexturesinsteadof afew big ones
canaffect renderingspeedsignificantly. Thereforewewould liketo placemany smalltri-
angularLIC texturesinto few biggersquareblocks. Thepackingshouldbeasdenseas
possible.Note,thatsucha packingcanbefoundveryeasilyin caseof iso-parametrictri-
angletextures.Sinceall texturesareof equalsize,everytwo of themcanbegroupedinto
arectangularshape,andtheserectanglescanbearrangedin rowsandcolumnswithin one
big block. However, for the two othertypesof texture layoutsdescribedin theprevious
sectionasuitablepackingis muchharderto compute.

For simpleuniform textureswe developeda simplifiedheuristicsolutionstrategy in
[3]. Themethodreliesonarrangingsimilartrianglesin rows. Onlyalimitedsetof triangle
orientationsis considered.The longestsideof a triangleis eitheralignedto the bottom
or to thetop of a row. If necessary, thetriangleis flippedsothatthesecondlargestangle
lies either in the lower left or in the upperright. In total, thereareonly two possible
orientations:
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At thebeginningtheheighesttriangleis put in thelower left cornerof aquadratictexture
region. Thenthealgorithmproceedsin a greedyway, i.e., it triesto find a trianglewhich
optimally fits to theendof a row. Thecriteriumis to minimizethewastedareabetween
two successive triangles.Thewastedareacanbedeterminedat a discretelevel, i.e., by
countingthenumberof unusedpixels. Alternatively, the“most similar” trianglemaybe
foundby comparinga weightedsumof thesquaredangleandheightdifferences.In this
case,thenext triangleis theonewhichminimizesÆ ý Ç �ONeÁ�P � û PÊÃ ý È �4QÛÁ�R � û R�Ã ý É (5.20)

Here P � is the angleof the last triangleand R � is the heightof the row. If onerow of
texturememoryis filled, anew oneis started.

This heuristicapproachproducesquite efficient packings. Typically 85-95%of all
pixels in a quadratictextureblock arecovered.Examplesof resultingarrangementsare
shown in the upperpart of Figure5.13. The tilings belongto the surfaceLIC models
shown in thelowerpartof thesamefigure.Theefficiency of thepackingalgorithmcould
befurtherimprovedby filling theemptyregionsat thefront andbackof a row. For this it
wouldbenecessaryto allow S þ T rotationsof thetrianglesaswell.

5.3.6 Outline of the Algorithm

So far we discussedfield line integrationon triangulardomains,definition of 3D input
noise,layoutsof local triangletextures,aswell asefficientpackingof thesetextures.Let
us now summarizehow a completefastsurfaceLIC algorithmin physicalspacelooks
like.

Oncethe layout of the triangletextureshasbeenchosenandtexture coordinatesof
thetriangleverticeshave beendeterminedmemoryneedto beallocatedin orderto store
numberof hits andaccumulatedLIC intensitiesfor every pixel of the triangletextures.
Thenall pixelshaveto betraversedonce.For thispurposewemakeuseascan-conversion
algorithm[38]. Scan-conversionallows us to quickly determineall pixels the centerof
which is containedin a triangle. Note, that this operationis performedin texturespace.
Thebarycentriccoordinatesof pixel centersalonga scanline canbecomputedby linear
interpolation. If a particularpixel hasa hit countsmallerthana user-definedthreshold
a field line is computedstartingfrom thecenterof thatpixel. Like in 2D fastLIC many
additionalsamplesareproducedon a field line by performingintensityupdates.Field
lines aretracedaccrossneighbouringtrianglesasnecessary. The pixel a samplehasto
beaddedto canbecomputedby interpolatingandquantizingthetexturecoordinatesof a
triangleatthesampleposition.Finally, accumulatedLIC intensitieshavetobenormalized
accordingto theactualnumberof hitsperpixel.
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Somespecialtreatmentis requiredfor pixels
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Figure 5.11: Bilinear texture interpola-
tion requirestocomputeLIC intensitiesfor
somepixelsoutsidea triangle,too.

beingcoveredpartially by a triangle. If thecenter
of thesepixelsdoesn’t fall insidethetrianglethenit
mighthappenthatnoLIC intensitiesarecomputed,
i.e.,thepixelsaren’t hit atall. Moreover, if bilinear
interpolationis usedevenLIC intensitiesfor pixels
completelyoutsideof a triangleneedto be deter-
mined. Figure5.11 illustrateswhat pixels areac-
tually accessedduringbilinearinterpolation.Note,
thattheproblemis lessseverefor blendeduniform
textures,sincein thiscaseacontiguoustexturefor acompletevertex patchis used.Pixels
beingcoveredpartiallyby a vertex patchonly receivesmallweightsduringrendering.In
pratcicewetry to determineintensitiesfor boundarypixelsby evaluatingtheLIC textures
of neighbouringtriangles.If this fails, for examplebecausethepixel centerdoesn’t fall
into adirectneighbourtriangle,wesimplyusea constantgrey valuefor thatpixel.

Note,thatmostof thetechniquesdescribedfor 2D fastLIC canbeappliedto surface
LIC aswell. For examples,arbitrarypiecewise-polynomialfilter kernelscanbe used,
the filter kernelscan be animated,or the optimal numberof intensity updatescan be
determinedadaptively asdescribedin Section4.6.2.However, only advancedseedpoint
selectionstrategiesasdescribedin section4.6.3aremoredifficult to implement.In order
to quickly find pixelscontainedin atrianglewehadto applyascan-conversionalgorithm.
In orderto changethis scanlineorientedtraversalschemeall pixels found during scan-
conversioncouldbestoredin anintermediatearray. Thenthisarraycouldbetraversedfor
exampleby meansof a Sobolquasi-randomiterator. Althoughsuchanapproachwould
bepossibleweactuallydidn’t implementit.

5.3.7 Resultsand FutureExtensions

An exampleof a surfaceLIC modelcomputedusingtheoutlinedalgorithmis shown is
Figure5.12. Although uniform triangletextureshave beenused,no edgeartefactsare
noticeble.Thesurfacecontains2011triangles.Triangletextureshave beenpacked into
threesquareblocksof U � K°ÒVU � K pixelseach.Thefinalmodelcanbedisplayedinteratively
evenon a smallSGI O2 workstation.Computationof thecompletesurfaceLIC texture
took about12 secondson a MIPS R10000195MHz processor. However, the codehas
not beenoptimizedseriously. We expect that a performancegain of up to a factorof
two couldstill beachieved.Sincea 3D vectorfield wasevaluatedwe used2D Euclidean
coordinatesfor field line integration.TheLIC texturehasbeencomputedusinga triangle
filter with

ã Ç W þ .More examplesof surfaceLIC imagesareshown in Figures1.1 on page6, Figure
1.3 on page8, andFigure2.4 on page22. In all casesparametersandcomputingtimes
werenotverydifferentfrom theonesmentionedabove. In summary, it turnedout thatthe
surfaceLIC algorithmis very robust,computingtimesareacceptable,andthe resulting
surfacemodelsareof high quality. Resultscould be further improved by applyingan
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Figure 5.12: SurfaceLIC texturecomputedin physicalspace.Themodelrepresentsa streamsurfacein
a 3D vectorfield. In principle a LIC texture could have beencomputedin parameterspace. However,
choosinga physicalspacealgorithmensuresthat theLIC texturehasequalresolutionevery whereon the
surface.In a) theunderlyingsurfacetriangulationis shown.

embossfilter like in the 2D case,c.f. Section4.3.3. For surfaces,suchan approachis
known asbumpmapping.However, bumpmappingdependon thecurrentview andlight
directions.Thereforeit can’t becomputedin advancetogetherwith theLIC texture.Since
bumpmappingis currentlynot supportedin OpenGLthe techniqueis not amenablefor
interactive applications.An exampleof a bump-mappedsurfaceLIC imagegenerated
usinganexternalsoftwarerenderer(Alias/Wavefront)is shown in Figure5.13.

All texture-basedvisualizationmethodswedescribedin thiswork, the2D algorithms
aswell astheonesoperatingonsurfaces,focusedonstationaryvectorfields.Visualization
of instationarydataremainsa challengingproblem.Probablyinsteadof streamlinesand
streamsurfacesbetterstreaklines and equivalentstreaksurfacesshouldbe computed.
However, it is not quiteclearhow LIC texturesshouldbegeneratedon suchsurfacesso
that interframecorrelationsarepreserved. Nevertheless,thealgorithmspresentedin this
work provideasoundbasisonwhich furtherwork canbebuilt on.
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Figure5.13: SurfaceLIC imagerenderedin softwareusingbumpmapping.Thesurfaceis not smoothbut
exhibits a certainroughness.This relief structurecanhelp to emphasizedirectionalinformation. In the
upperpart it is shown how individual triangletexturesarearrangedin biggertextureblocks. Thesurface
itself shows theelectrostaticfield of a benzenemolecule.
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Chapter 6

Summary and Concluding Remarks

In this work we developedalgorithmsfor visualizingvectorfields in
� ý and

���
using

line integral convolution (LIC). The main principal of LIC is to computea directional
texturealignedto theintegral curvesof a vectorfield. Themethodproduceshighly intu-
itive imagesmediatinga globalunderstandingof a vectorfield. This wasdemonstrated
in a numberof casesincludingexamplesfrom fluid mechanics,electricalengineering,or
appliedmathematics.It wasshown thatLIC is relatedto particlestreakexperimentsper-
formedin flow visualization.However, LIC allows oneto achieve a muchlargervariety
of effectsthana real-world experiment.Thereforethemethodcannotonly beappliedin
scientificvisualizationbut alsoin areaslike imageprocessingor digital art.

Line integral convolution was first conceived by Cabraland Leedomin 1993 [9].
While the original algorithmimplied a significantamountof redundantwork we devel-
opedanew LIC algorithmcharacterizedby significantlyimprovedperformance,flexibil-
ity, andquality. Performancegainsof anorderof magnitudecouldbeachievedby exploit-
ing coherenceof LIC intensitiesalongthe field linesof a vectorfield. In particular, we
developedanefficientupdatemethodfor computingone-dimensionalconvolutionsusing
piecewisepolynomialfilter kernelsfor a largenumberof equi-distantsamples.In order
to compute2D LIC imagesfield lineswerehomogeneouslydistributedandmultiplesam-
pleswereaccumulatedfor eachpixel of theoutputimage.We discussedhow to choose
optimalvaluesfor samplingdistance,numberof intensityupdatesto beperformed,and
selectionof the field line’s seedpoints. The flexibility of the new algorithmis evident
from theability to choosedifferentresolutionsfor input textureandoutputimage.This
facilitatesapplicationslikecontinuouszooms.Weinvestigatedthestatisticalpropertiesof
theresultingLIC imagesandshowedhow anti-aliasingcanbeimplementedby increasing
thenumberof samplesperpixel. It turnedout thata trianglefilter is visually superiorto
a box filter, but thathigher-orderfilter kernelsdo not producesignificantlybetterresults.
Finally, a frameblendingtechniquefor animatingLIC textureswasdeveloped.Provided
contrastis adjustedcorrectlythistechniqueallowsoneto computeahigh-qualityperiodic
motionseries.Sucha seriescanbeusedto revealthedirectionalsignof a vectorfield as
well asits magnitude.

After investigatingimaging of 2D vector fields we consideredvisualizationof 3D
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fields. Insteadof pursueinganapproachbasedon directvolumerenderingwe decidedto
extractstreamsurfacesfrom a3D vectorfield. In orderto revealtherelevantstructuresof
thefield moreclearlyLIC texturesweremappedontothesesurfaces.For thispurposewe
first reviewedalgorithmsfor generatingstreamsurfaces.A methoddueto Hultquist[44]
wasimproved,sothatit couldbeappliednotonly to flow fieldsbut alsoto generalvector
fields. In particular, the methodautomaticallydeterminessinksandsaddlesof a vector
field andadaptssurfacetriangulationaccordingly. SurfaceLIC texturecaneitherbecom-
putedin the surface’s parameterspaceor in physicalspace.Parameterspacemethods
requirecompensationof non-isometrictexture-mapping.This canbeachievedby means
of a specialnoisegenerationmethod.Physicalspacemethodsprovide greaterflexibility
andcanalsobeappliedif parameterspaceis highly strechtedor if noglobalparametriza-
tion is availableatall. In thiscasefield linesneedto betracedonatriangulardomain.We
demostratedhow this canbeachievedefficiently by usingsuitablelocal coordinates.To
beableto interactively manipulatesurfaceLIC modelson a moderngraphicscomputer
texturemappingshouldbeapplied.Weinvestigateddifferentlayoutsof localLIC textures
andproposeda three-passrenderingmethodwhich canbeusedto avoid artifactswhich
otherwisewould bevisibleat triangleedges.Wealsoproposedaheuristicmethodwhich
canbe usedto combinemultiple triangulartexturesin biggersquareblocksof texture
memory. TheresultingphysicalspacesurfaceLIC algorithmturnedout to bequiterobust
andeffcient.

For all our methodswe madeuseof accurateandwell-provednumericaltechniques,
both for integrating field lines as well as for evaluatingvector fields definedon vari-
oustypesof grids. In particularwe appliedrobust Runge-Kutta integratorswith error-
monitoringand adaptive stepsize control. An importantfeaturewas the existenceof
smoothpolynomial interpolants,which we usedfor denseoutput, for straight-lineap-
proximations,aswell asfor processingdiscontinuousvectorfields.For fastevaluationof
the interpolationpolynomialswe appliedanefficient forwarddifferencingscheme.The
combinationof accuratenumericalmethods,an intuitive visualizationapproachandan
efficient algorithmicimplementationmadeLIC a valueabletool for scientificvisualiza-
tion.
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Zusammenfassung

Die Linienintegral-Faltungsmethode(LIC) ist ein leistungsf̈ahigesVerfahrenzur Visua-
lisierungvon Vektorfeldern,dasauf derSynthesevon richtungsabḧangigenTexturenbe-
ruht. Wie anhandvon zahlreichenBeispielenbelegt wurde,liefert die Methodeintuitive,
leicht interpretierbareErgebnisse,die ein gutesVersẗandnisder globalenStruktureines
Vektorfeldesvermitteln. Ziel der vorliegendenArbeit war es,schnelleAlgorithmenzur
BerechnungvonLIC-Bildern zuentwickeln,einbesseresVersẗandnisfür diestatistischen
EigenschaftendieserAlgorithmenzugewinnensowie schließlichErweiterungenzurDar-
stellungdreidimensionalerVektorfelderzuuntersuchen.

Die Grundideefür dieeffizienteBerechnungvonLIC-Bildern liegt in derVermeidung
redundanterRechenschritte.KonkretwurdeeinAnsatzentwickelt, mit demeindimensio-
naleFaltungenmit stückweisepolynomialenFilterkernenschnellfür viele Stützpunkte
gleichzeitigberechnetwerdenkönnen. Zur SynthesezweidimensionalerBilder wurden
Faltungenentlangvieler, gleichm̈aßigüberdasBild verteilterIntegralkurveneinesVek-
torfeldesberechnet.DasVerfahrenwurdeunteranderemhinsichtlichder Schrittweite,
derZahl derStützpunkteundderVerteilungder Integralkurvenoptimiert. Mit Hilfe ge-
eigneterErweiterungenkonntenanimierteTexturenerzeugtwerden,die dasRichtungs-
vorzeichensowie denBetrageinesVektorfeldesdarzustellenerlauben.

Um Einblick in die Struktur dreidimensionalerVektorfelderzu gewinnen, wurden
zun̈acht Algorithmenzu Berechnungvon Stromfl̈achenin solchenFeldernuntersucht.
Auf diesenFlächenwurdendannrichtungsabḧangigeLIC-Texturen berechnet. Dabei
kanndie Textursyntheseeinerseitsim Parameterraumder Flächeerfolgen,was jedoch
spezielleVorkehrungenzur Vermeidungvon Verzerrungenerforderlichmacht.Anderer-
seitswurdenMethodenzurBerechnungvonLIC in Weltkoordinatenvorgestellt.Eswurde
unteranderemgezeigt,wie Integralkurveneffizient auf trianguliertenFlächenberechnet
werdenkönnenundwie LIC-Texturenfür einzelneDreiecke gespeichertundartefaktfrei
aufeinFlächenmodellprojeziertwerdenkönnen.

Allen Verfahrenliegenrobusteund zuverlässigenumerischeAlgorithmenzugrunde.
Dies betrifft sowohl die Auswertungund Interpolationvon Vektorfeldernauf verschie-
denenGittertypen,wie auchdie Integrationvon Integralkurven. Für letztereswurden
Runge-Kutta-Verfahrenmit geeignetenInterpolationspolynomenherangezogen.Dadurch
konntenIntegralkurveneffizient anvielenPunktenausgewertetwerdenunddie Integra-
tion unstetigerFelderverbessertwerden.Die Interpolationspolynomeselbstwurdenmit
einemschnellenDifferenzenverfahrenausgewertet. Die VerwendungdieserTechniken
ermöglichtees,LIC zu einemschnellenundzuverlässigenWerkzeugzur Visualisierung
vonVektorfeldernzumachen.
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