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Chapter 1

Intr oduction

1.1 ProblemFormulation

Vectorfields provide an importantconceptin scienceand engineering.They allow us
to describea wide variety of phenomendik e fluid flow, electromagnetiéields, or, more
generallythe dynamicevolution of arbitrarysystemsn phasespace.Oftenvectorfields
exhibit complec structureof greatdiversity Thereforejt is no surprisethatvisualmeth-
odshave beenappliedto investigatehesestructuredor a very long time. Today when
powerful graphicscomputersareavailable,visualmethodsplay an evengreatermole. In
thefield of scientificvisualizationnumerousnethodshave beendevelopedto depictvec-
torfieldsgraphically Amongthequestion®nehopego answelby meansf visualization
aretheidentificationof featuredik e sourcesor sinks,vortices,or periodicorbits. With-
outanintuitive imageof a vectorfield thedynamicalbehaiour of theunderlyingsystem
cannotbe understoodn full detail.

Despitethevarietyof applicatiorareasandtypesof vectorfields,thereareanumberof
generalequirementsvhichideally haveto bemetby avisualizatiormethod.In particular
we wantto focuson thefollowing issues:

e Accumacy The structureof a vectorfield shouldbe faithfully representedn an
image. Otherwise misleadingconclusionsanbe dravn. Besidethe visualization
approachitself, on a computerthe underlyingnumericalmethodsare of crucial
importance. In mary existing algorithmsnumericalquality still is sacrified. For
example whentrajectoriesareto be computedanda poorintegratoris used severe
errorscanoccuror singularitiescanbe overlooked. Likewise, often vectorfields
areresampledn aregular grid beforevisualizingthem,or improperinterpolation
methodsareusedfor discretedata. This mayleadto artifacts,e.g. periodicorbits
may not appeaiclosedor conserationlaws mayseemto beviolated.

e Performance The visualizationmethodshouldbe reasonablyfastto allow inter
active explorationof the data. On the one hand,this requiresthe useof suitable
data-structureandefficient algorithms.If possiblemodern3D graphicshardware



shouldbe exploited. On the otherhand,the dependencen userdefinedparame-
tersalsoinfluencesthe overall performanceof a visualizationmethod. For mary

existing techniquesuitableparametersiave to befoundby trial anderror Thus,a

considerableamountof time canbenecessaryntil ameaningfulimageof avector
field is obtained.

e Caognition. This point aims at the designof the visualizationmethoditself. It
Is highly desirableto depictimportantinformationin an intuitive and easy-to-
understandvay. A sereredravbackof mary existing techniquess thatthey re-
quire a significantamountof interpretationor brain-work in orderto understand
therelevantstructuresf avectorfield from its visualrepresentationf-or example,
continuousobjectslik e trajectoriesare oftendecomposethto discretearrav-style
symbolswhichthenhaveto beintegratedmentally Wheneerpossiblethedisplay
shouldbe adaptedo the humanvisual system.This includesproperuseof color,
texture,andshading.

In thisthesiswe developnen methoddor visualizingvectorfieldswhich specifically
addresghesethreedesigngoals: accurag, performanceand cognition. Our methods
will be general-purposandcanbe appliedto arbitraryvectorfieldsin two- andthree-
dimensionakpace Themethodologybehindour approachs texture-basedsisualization
Texture-basedrisualizationmethodsimitate techniquesknown from experimentalflow
visualization,namely the obsenration of randomlydispersedparticlesor dye injection
patterns.Insteadof depictingindividual lines or symbols,a contiguoushigh-resolution
Imageor textureis generatedThis texture clearly revealsthe directionalstructureof the
field. In this way intuitive insight can be obtainedand even small detailsof the field
becomevisible.

Thetaskis to elaboratehe generalideaof texture-basedisualizationinto practical
algorithms. Whatkind of texturesare bestsuitedfor our purpose?How do we gener
atethem? Canwe apply thesemethodsin three-dimensionadpace?In this work, we
focuson a techniqueknown asline integral convolutionor LIC. This methodturnsout
to be quite versatileandwell-suitedfor visualizingmary interestingvectorfields. LIC
imageddisplaytheintegral curvesor field linesof avectorfield at high spatialresolution.
Although conceptuallyquite simple,line integral corvolution impliesa numberof inter-
estingmathematicabnd algorithmic questions. For thesewe shall find innovative and
fruitful answers.

1.2 Vector Fieldsin Scienceand Engineering

At this point we wantto preseniexamplesof vectorfieldsfrom variousdisciplines.Our
intentionis to point out that vectorfield visualizationplays an importantrole in mary
applicationareasThefiguresin thissectionllustratesomeof thevisualizationtechniques
developedaterin this work.



Figurel.1l: Vectorfieldsin fluid
mechanicsAbovetheinstation-
ary flow arounda cylinder is
shavn. TheLIC patterndepicts
streamlines at a particularin-
stanceof time. Ontheleft asur
faceLIC techniqueas appliedto
visualizevortex structuresin a
flow aroundanairfoil.

Fluid Mechanics. A vectorfield can be thoughtof as describingthe path of a little
particlein spaceandtime. Thisintuitiveinterpretatioris mostevidently adequaten fluid
mechanicswherethe motion of someliquid or gaseousnaterialis describedby means
of a velocity field u(x,t). The equationggoverningfluid motion canbe derived from
somefundamentaprinciplessuchasconserationof massmomentumandenegy [13].
Underthe mostsimpleassumptionsthe velocity field of a perfectnon-viscuoudluid is
determinedy Euler'sequationsTakinginto accountiscosityleadsto theNavier-Stokes
equations.In contrastto mary othervectorfieldsthe flow of anincompressibldluid is
characterizedby vanishingdivergence.Besidevelocity itself in fluid mechanicghereis
anothelimportantvectorfield, namelyvorticity or V x wu.

The numericalsimulationof fluid flow hasbeenanimportantareaof researctsince
theearlydaysof computing.Lik ewise,thegraphicaldisplayof fluid flows hasinfluenced
scientificvisualizationfrom its very beginnings. Today still the vastmajority of vector
field visualizationrmethodsaretargetedto fluid mechanics.



a)dipoleantenna b) E-field from hyperthermiglanning

Figure 1.2 Vectorfieldsin electricalengineeringOntheleft theelectricfield of aradiatingdipoleantenna
is shavn. Theimageson the right comefrom a medicalapplicationcalled hyperthermigplanning. The
simulatedelectricfield in a cross-sectiomf a humanbodyis visualized. Note, how vectorfield direction
changesbruptlyat tissueboundaries.

In Figurel.1thesimulatedlow aroundacylinderis depictedby meansf line integral
convolution. Theimageshows instantaneoustreamlines of the velocity field. Fromthe
physicalpoint of view the formation of vorticesand recirculationareasis interesting.
Thesefeaturescan be clearly identifiedin the image. The samefigure also containsa
three-dimensionagxample, namelythe flow aroundan airfoil. In this casea texture
generatedy line integral convolution hasbeenmappedonto a so-calledstreamsurface
of thevectorfield. This surfacetogetherwith the directionalLIC texture clearlyreveals
theformationof vorticeson top of thewing.

Electromagnetism. Like fluid mechaniceletromagnetisnmasa long tradition in sci-
ence. Electromagnetitheoryhasalreadybeendevelopedin the 19th century whenthe
fundamentalaws for the electricfield E andthe magneticfield B werefound. Histori-
cally, theinvestigatiorof electricandmagnetigphenomenaspiredFaradayto introduce
theconceptof afield in sciencd64]. Electromagnetid¢ieldsareof abstrachature since
they do not describehe motion of realmatter Insteadanelectricfield E givesriseto a
force F = ¢ E onasmalltestparticleof chageq. Similarly, a magneticfield B gives
riseto atorqueor moment-of-forceN = m x B onasmallmagnetiadipolem. Thisis
thereasonwhy compassieedlesalign alongthelinesof amagnetidield.

Thelines of an electricfield canbe thoughtof asoriginatingfrom positive electric
chagesandterminatingat negative ones.In particulay the divergenceof anelectricfield
is proportionalto chage density In contrastthereis no magneticanalogorto anelectric
chage. Consequentlythe divergenceof a magneticfield is alwayszero,i.e., magnetic
field linesarealwaysclosed.A time-varyingmagnetidield givesriseto anelectricfield,
while a time-varying electricfield or electriccurrentgivesrise to a magneticfield. This
mutual dependencallows the formationof electromagnetievaves. The full theory of
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a) & =1+ %y — 4z, §y =3z — 2%y b) =1+2%— (2+1)z, y =2z — 2%y
z=—xz+145

Figurel.3: Solutionof the2D-and3D-Brusselatomodel. Thesedynamicakystemslescribeanoscillating
chemicakeaction.All solutioncurvesapproactihehighlightedlimit cycles.In the2D casecolorillustrates
samplingdensityin phasespace Red(dark)regionsarecoveredby alarge numberof integral curves.

electromagnetisns summarizedy Maxwell's equationg46].

Figure 1.2 a) illustratesan electromagetiavave phenomenonlt shaws the electric
field radiatedby an oscillatingdipole antennaat oneinstanceof time. As time proceeds,
thewave frontsmove in outward direction. The solutionof this problemhasbeenfound
analyticallyby Hertz in 1897. In Figure 1.2 b) a numericallysimulatedfield inside a
humanbody is shovn. This example comesfrom an applicationcalled hyperthermia
planning[23]. Thegoalis to heatcertainpartsof thebodyby meansf radiovaves.Note,
thatfield directionabruptlychangesttissueboundariesThis is dueto differentelectric
propertief thetissuecompartments.

Dynamical Systems. Freefrom ary physicalinterpretationthe right handside of ary
systemof first-orderordinary differential equationscan be regardedas a vector field.
Sucha setof equationss commonlyusedto describethe evolution of statevariables
in time. Thereforethe differential equationsare also called a dynamicalsystem. The
statevariablesmight be concentratiomatesin a chemicalreaction populationratesin an
ecologicalmodel, ratesin stock market, or mary more. The equationsof motion of a
mechanicabystem,e.g.a pendulumcanbe interpretedasa dynamicalsystem,too. In
this casethe statevariablescompriseof positionandmomentunof the differentdegrees
of freedom. The statevariablesare saidto form the phasespaceof the system. When
analysingheevolutionof adynamicakystenoneis interestedn theexistenceof periodic
solutions,in theasymptotidoehaiour, or in the stability of the solutions.

In caseof low-dimensionabkystemsi.e., two- or three-dimensionanes methoddor
vectorfield visualizationcan be directly usedto depictthe flow of the systemin phase



space.For example,Figure 1.3 a) shavs the solutionof a 2D chemicalreactionmodel,
called the Brusselatoff52]. The two axes denoteconcentratiorratesof two different
substanceslt canbe obsered thatirrespectiely of the initial situationthe systemap-
proaches limiting cycle. This meansthatthe concentratiormateschangeperiodically
An extendedhree-dimensionalersionof thesameBrusselatomodelis shavn in Figure
1.3Db). In this casethe structureof the systemis visualizedby meansof texture-mapped
streamsurfaces.Again, it canbeobseredthatthe systemrunsinto alimit cycle.

Differential Geometry. Vector fields can not

only be definedin Euclideanspace,but also
on non-planamanifolds. Differentialgeometry
providesarich setof exampledor this. In partic-
ular, varioustypesof tangentcurvesdefinedon

surfacesn R?* areamenabldor straight-forvard

visualization. The mostobvious exampleis di-

rectionof cunature.For eachpointon a surface
therearetwo directionsof principalcurvature.In

Figure 1.4 the directionsof maximal cunature
are shawn for a triangulatedtorus. Note, how

this directionchangesbruptelyat certainpoints
of the surface. At thesepointstherearetwo di- Figure 1.4: Principallines of curvatureof a
rectionsof equalcurvature.Anotherexampleare gﬁgg;'ﬁjﬁg’tﬁi Color denotesmagnitude
so-calledsophoteslineswhich alwaysmake up '

equalangledo view directionandthe surfaces normalvector Thesdinesarecommonly
usedin computeraidedmodellingasatool for surfaceinterrogation68].

Image Processing Interestingvectorfieldsalsooccurin imageprocessingr computer
vision. For example,givena motion seriesof arbitraryimagesdisplacementectorscan
be computedstatingwherea point in oneimagemovesto in the next. This type of in-
formationallows oneto trackobjectsin amaovie. Of course displacemenvectorscannot
always be definedexactly. A featurevisible in oneimagemight not be presentin the
next one. Suddenchangesn visibility leadto discontinuities.Methodsto computedis-
placementectorscanbedividedinto differentialapproachegopticalflow) or correlation
approacheft7].

Sometimesrectorfields are alsocreatedsyntheticallyin orderto achieve digital art
effects. For example,Figure 1.5 shaws variationsof a paintingof Henri Matisse. The
directionaltexturesin this figure are alignedperpendicularrespectiely parallel,to the
contourlinesof thedistancenapof the blue partsof theimage.

Of course,the list of vectorfields we mentionedcertainlyis not complete. There
are mary more interestingapplicationareas. However, our intentionwasto illustrate
the diversity of differenttypesof vectorfields. It is clear that adequatanethodsfor
visualizingdirectionaldataareof generakignificanceor mary disciplines.



Figure 1.5 Variationsof a painting of Henri Matisse. The original imageis shavn on the left. The
directionaltexturein themiddleimagehasheencomputedrom thegradientof thedistancemapof theblue
partsof theimage.For theimageon theright gradientvectorshave beenrotatedby 90°.

1.3 Outline of the Thesis

This work containsfour major partsexcludingthe introductorychapter Thefirst two of
themcover necessarpackgroundnformation, while the othertwo describeour vector
field visualizationalgorithmsin detail.

Chapter2, Conceptsand PreviousWork, startswith a formal introductionof vector
fields. We fix our notationanddefinemathematicabbjectslik e trajectoriesstreamlines,
or streaklines. We then considerthe specialcaseof linear fields. Linear fields are of
particularinterestsincethey canbe integratedanalytically Moveover, mosttopologi-
cal featuresoccuringin generalvectorfields can alreadybe studiedin the linear case.
Thus,a shortclassificatiorof topologicalfeaturess presentedo supplemenour further
work. After thenecessaryheoreticabackgroundasbeendiscussedye review previous
approacheto vectorfield visualizationin Section2.3.

Chapter3, UnderlyingNumericalMethods providesthe technicalgroundon which
we canformulateour visualizationalgorithms.This chapteiis dividedinto two parts.The
first partdescribesnethodsfor numericallycomputingintegral curvesin a vectorfield.
We focus on a particulartype of numericalintegration methods,namely Runge-Kitta
methodswith error monitoringandadaptve stepsize control. This classof integrators
canbe easilyequippedwith efficient interpolationmethodsallowing densesamplingof
solutioncurvesasrequiredby our visualizationalgorithms.Thesecondartof Chapter3
Is devotedto therepresentatioandevaluationof vectorfields on a computer We intro-
ducedifferentgrid typesandinterpolationmethods.Fastevaluationof fields at arbitrary
locationsin a non-uniformgrid is non-trivial. It requiresthe efficient useof spatialdata
structuresandefficientrootfinding techniques.
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In Chapterd, Line Integral Corvolutionin R?, visualizationof planarvectorfieldsis
consideredWe motivatetexture-basedisualizationmethod<y analyzingparticlestreak
experimentsin fluid mechanics.We outline the principlesof line integral convolution
(LIC), our favoured methodfor vector field visualizationin 2D. A fastalgorithm for
computingLIC imageswill be developed. A soundanalysisof the involved statistical
processesurns out to be the key for computinghigh-quality imagesof vector fields.
Theseimagescanalsobe animatedn orderto emphasizesign or magnitudeof the flow.
Techniquegor computingsuchanimationsconcludethis chapter

Finally, in Chapter5, Applicationto 3D Vector Fields we discusshow to generalize
LIC for visualizingthree-dimensiondlelds. Actually, we don't cover directvolumeren-
deringbut concentraten the developmentof surfaceLIC algorithms. It turnsout, that
streamsurfacesprovide anexcellenttool for extractingrelevantstructuregrom a 3D vec-
tor field. Thereforein Section5.1 we first discusshow to constructsuchsurfaces. We
review existing algorithmsandproposamprovementswvhich allow usto processiotonly
flow fieldsbut alsogeneralectorfieldscontainingsinksandsourcesin orderto visualize
the flow structureon a streamsurface,in Section5.2 we first investigatethe generation
of surfaceLIC texturesin parametespace. A techniquefor compensatinglistortions
causedby non-isometrictexture mappingis presented.Alternatively, surfaceLIC tex-
turescanalsobecomputedn physicalspace Algorithmic detailsof suchanapproactare
treatedn Section5.3. Amongotherthings,in this sectionwe discussntegrationof field
lines on triangulardomains,comparedifferentways of defininglocal triangletextures,
andfinally presenstratgiesto optimzethe useof texturememory

Key ideaspresentedn this work have beenpublishedandpresentedt international
conferencesluring the last threeyears. In particular the “fast” algorithmfor comput-
ing LIC imageshasbeendescribedn a joint paperwith Hans-ChristiarHege presented
at SIGGRAPH9581]. A first implementatiorof a surfaceLIC techniquewas devel-
opedtogethemwith Henrik Battke andHans-ChristiarHegein 1996(3]. In thefollowing,
thesealgorithmswereappliedto particulartypesof vectorfields andfurtheralgorithmic
improvementswere achiered [82, 96]. All thesetechniqueswvere presentedn a tuto-
rial courseat SIGGRAPH’'97[40, 80]. Finally, an extensionof the fastLIC algorithm
to higherorderfilter kernelswasfirst describedn [41]. New and unpublishedesults
presentechereafterinclude the comparisonof LIC and particle streakexperimentsin
fluid mechanicsthe formulation of a numericalstableevaluationschemefor fastLIC
with higherorderfilter kernels statisticalanalysisof LIC imagesdesignof anti-aliasing
stratgjies,developmenbf animprovedstreamsurfacealgorithm,noisesynthesigor sur
faceLIC in parametespaceaswell asthe designof a texture-blendingechniqueto be
usedfor surfaceLIC in physicalspace.
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Chapter 2

Conceptsand Previous Work

2.1 BasicNotation

In thissectionrwe wantto introducevectorfieldsformally. Werecalltheimportantconcept
of integral curvesandstate underwhich conditionghesecurvesexist. Foramoredetailed
discussiorandfor proofswe referto standardextbookssuchas[66].

2.1.1 VectorFields

A vectorfield f definedon anopenset E of EuclideanspaceR" canberegardedasa
mappingf(x) : £ — R". This mappingassignsachpointof £ adirectionalquantity
suchasa force or velocity vector In this paperwe restrictourselhesto the cases: = 2
andn = 3, sincetheseare amenabldo visualizationin anintuitive way. In additionto
stationarnyfields f(x), wewill alsoconsidetime-dependeritelds f(z,t) : Ex J — R",
wherelJis sometime internval a < ¢ < b. Continuityaswell asthe dervative of avector
field aredefinedin theusualway asfollows.

Definition 1. Supposd/; andU, arenormedlinearspacewith norms|| - ||; and|| - ||z.
Thena mappingf : U; — U, is continuousat z, € U if for all e > 0 thereexistsa
d > 0 suchthatz € U, and||z — x||; < 6 impliesthat

1 f(2) — f(=o) |l <. (2.1)

Thefield f is saidto be continuousonthesetE € U if it is continuousat eachpoint
x € E. In thiscasewewrite f € C°(E).

For vectorfieldsdefinedin R* we usuallyapplythe Euclideamormof ¢ € R”,

le| = /22 + ... + 22. (2.2)

Definition 2. Supposd/; andU, arenormedlinearspacesith norms|| - ||; and|| - |2.
Thenamappingf : U; — U, is differentiableat x, € U; if thereis alineartransforma-

12



tion f'(zy) € L(Uy, Us) thatsatisfies
| f(zo — h) — f(z0) — f' () B |2

|hl[1—0 [| k]

= 0. (2.3)

Thelineartransformationf’(z,) is calledthederiative of f atx,.

The derwvative of amappingf : R* — R™ canbeexpressedn a particularcoordinate
systenmby then x m Jacobiamatrix

f = [gﬂ : (2.4)

Higherorder derivatives are definedin a similar way. For example, the second-order
derivative £ canexpressedy thetensor

" __ 82fi

The conceptof continuity may be appliedto the dervativesof f by makinguseof the
operatomorm

1Tl =max|T(x)]. (2.6)
If then-th orderdervative of f existsandis continuousn anopensetE of U; we write
f € C*(E). A mappingf : E — R belongsto C"(E) if andonly if the n-th order
partialderivativeso” f;/0x;, ...0x, existandarecontinuouson E.

2.1.2 Integral Curves

The interestof vectorfields mainly originatesfrom the factthatthey canbe usedto de-
scribethe dynamicalevolution of a systemin phasespace,.e., they give rise to a set
of integral curvesz(t). Thesecurvesare definedby an ordinary differentialequation
suppliedwith someproperinitial valuecondition,

= f(a;’t)’ m(to) = &y with (wo,to) e ExJ (27)

Sinceat ary pointthe curve z(t) is tangento the vectorfield f integral curvesarealso
calledtangentcurvesof f. Yettwo othernamesaretrajectoriesor pathlines Thesetwo
namesare motivatedby the interpretationof a vectorfield asa flow field. In this case
x(t) describeghe pathof a particlein the flow. Sometimesve maywantto considera
vectorfield at a particularinstanceof time. The curvesobtainedoy integratingEq. (2.7)
with fixedright handside f(x, t,) arecommonlycalledfield lines or streamlines. For
stationaryvectorfieldsstreaminesandpathlinescoincide.

A pointz, with f(x,) = 0 is calledacritical pointof avectorfield. At sucha point
ary particlewill beatrestandEg. (2.7) hasthetrivial solutionz(t) = x,.

13



In general,jf thevectorfield f is continuoughentherewill be atleastonesolution
of theinitial valueproblem(2.7). This is statedby Peancs theorem.A uniquesolution
exists,if f satisfiesa so-calledLipschitzcondition.

Definition 3. Themappingf(z,t) : E x J — R" is saidto satisfya Lipschitzcondition
on E x J with respecto « if thereis apositive constantk” suchthatfor all z,y € E and
teld

[ flzt) - Fly,t) [ < K[|z -yl (2.8)

Themappingf is saidto belocally Lipschitz with respecto « if for eachpoint (xo, t) €
E x J thereis ane-neighborhoodV,(zy,t) € E x J sothata Lipschitz conditionis
satisfiedn N, (xo,1).

In particular it canbe shavn that any continuouslydifferentiablemapping,i.e., f €
C'(E x J), satisfiesa Lipschitzcondition. The fundamentagxistence-uniqueneskeo-
remstates:

Theorem 1. Supposehe mappingf(x,t) : E x J — R" is continuousandlocally
Lipschitzwith respecto « for all (z,t) € E x J. Thentheinitial valueproblem(2.7)
hasa uniquesolutionz(t) which canbe continuedup to theboundaryof £ x J.

Finally, we wantto introducea usefulquantityto denotethe solutionof a giveninitial
valueproblemformally, namelythe propagator or evolutionor flow of a vectorfield.

Definition 4. Supposef(x,t) to belocally Lipschitzon £ x J andlet z(-;x, ) €
C'(Jmax(xo, o), R*) bethesolutionof theinitial valueproblem(2.7),whereJmax(xo, to)
denotesthe maximal time interval for which this solutionis defined. Then the two-
parametridamily of mappings

¢t’t0 Ty = a:(t, Lo, t()) (29)

is calledthe propagatonf a vectorfield.

If the vectorfield f doesnot explicitely dependon time, the solutioncurveswill only
dependon thedifferencet — ,, i.e., it doesnt matterwhena curve hasstarted but only
how long it hasevolved. Thus,in this casewe may omit the secondparametef the
propagatoandwrite ¢!~ insteadof ¢,

2.1.3 Other Curvesand Surfaces

In the previous sectionwe introducedthe notion of streamlines andpathlines. Beside
thesdinestherearealsoothermathematicabbjectswhich canbe usedto analysevector
fields.

First of all, streaklines play animportantrole in fluid mechanics.Theselines can
be imaginedasthe traceof dye particlescontinuouslybeingreleasednto a fluid. Thus,
streaklines canbe directly obseredin anexperimentalset-up.Mathematicallya streak
line s(¢,7) with fixedt and0 < 7 < t is definedas the locus of particlesreleased
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from afixedpoint zy duringthetime interval £, compareFigure2.1a). It is obtainedby
integrating

%s(t, 2= f(s,1), s(r.7) = o, (2.10)
In a steadyflow streaklinescoincidewith streamlinesandpathlines.

Anothertypeof curve amenabléo experimentameasuremenis fluid mechanicsire
material lines or timelines A time line m(t, o) with fixedt is theimageof aninitial
curve my(o) after propagatiorby the flow for a time ¢, compareFigure2.1 b). Each
pointonatimeline is transportedn theusualway, i.e.,

S mit,0) = f(m,1), m(0,0) = my(o). (2.11)

Thevisualizationof a singlecurve doesonly reveal a limited amountof information
aboutthevectorfield. Thereforein R?* oftensurfacesor volumesareinvestigatednstead
of lines. For example,streamsurfacesare obtainedby integratinga continuousset of
streamlines at once. Similarly, streaklines could be releasedrom aline or areasource
insteaddf justasinglepoint. While thesaechniquesirecommonlyusedfor visualization,
theanalysisof pathlinesor even pathsurfacesdoesnot revealmuchinsight, sincethese
objectsreadilybecomesnourmouslycomplex. However, a conceptsimilar to time lines,
namelythe tracing of individual particlesor whole volumesof particles,can be quite
usefulfor analysingnstationarydata.

All curvesandsurfacesmentionedsofarwererelatedo thepathof individualparticles
in theflow, i.e., they couldbe constructedy computingintegral curvesin a vectorfield.
Besidetheseobjectshereareothermathematica¢ntitieswhich areof relevancen certain
applications.Theseincludevorticity lines, vortex sheetsgritical points,separatricespr
periodicorbits. While the first two are commonlystudiedin fluid dynamics,the latter
arerelatedto vectorfield topology Althoughwe cannotdiscussall detailsof vectorfield
topologyin this paper in the following sectionwe wantto illustrate somegeneralideas
by consideringhe specialcaseof linearvectorfieldsin R? andR3.

a) S(t, 0) b)

s(t,7)

zo=3s(t,t) mo (o) m(t,o)

Figure 2.1 A streakline is definedasthelocusof particlescontinouslybeingreleasedrom afixed point
xo (a). A timeline is theimageof aninitial curve mg (o) afterpropagatedby theflow.
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2.2 Linear Systems

Theintegral curvesof alinearvectorfield canbefoundanalytically Analysingtheshape
of thesecurvesgivesus an excellentsummaryaboutthe possibletopologicalconfigura-
tionsin generalvectorfields. In fact,in mary caseghe solutionof a non-linearsystem
arounda critical pointis topologicallyequivalentto the solutionof the correspondingjn-
earizedsystemat thatpoint. Mathematicallythis statemenis expressedy the Hartman-
GrobmanTheorem66].

After summarizinghe generalsolutionof a linear systemwe will specificallycon-
sidervectorfieldsin R? andR?. Exampleof differenttopologicalcasesvill bepresented,
again,by makinguseof thevisualizationtechniqueslevelopediaterin this work.

2.2.1 General Solution

A homogenuoubnearstationarywectorfield is definedby aconstant. x n matrix A, i.e.,
f(x) = Az. Sincefor ary suchfield theLipschitzcondition(2.8) holds,the correspond-
ing linear systemalwayshasa ungiuesolutionfor every x € R". In orderto specifythis
solutionanalytically the exponentialof the linearoperatorA needto be defined.Thisis
doneby

Ar o0 Ak ¢k

M=) - teR (2.12)
k=0

It turnsoutthatthe exponentialof alinearoperatorcanbe differentiatedn the sameway
astheexpontentialof arealnumberi.e.,

d At At
T e (2.13)

With this backgroundve canstatethe fundamentatheorenfor linearsystems.
Theorem2. Let A beann x n matrix. Thenfor agivenz, € R" theinitial valueproblem

dx
e Az, z(0)==x (2.14)
hasthe uniquesolution

x(t) = e’ . (2.15)

In orderto specifythis solutionmorepreciselywe notethatif A canbedecomposehto
PBP~! with aninvertablelinearoperatorP, then

— (PBP 1)k ¢k -
eAt:Z%:PeBtP L (2.16)
k=0
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Consequentlyif A canbediagonalizedhe solutionis givenby
z(t) = Pdiage’] P! x, (2.17)

where)\; arethe(real)eigevaluesof A andthematrix P is build from the corresponding
eigervectorsv,, i.e., P = [v; ---v,|. However, in generalA may not only have real
eigervaluesbut alsopairsof complex conjugateones.Moreover, the matrix may evenbe
defectve, i.e., theremay not exist a setof n orthonormaleigervectors.In bothcases A
cannotbe diagonalized.In this case|t is corvenientto corvert A into Jordancanonical
form,

B,
PlAP = : (2.18)
B,
The elementarylordanblocks B; areassociateavith the eigervalues); of A. For real

eigervalues)\ andfor pairsof comple« conjugateeigervaluesa + ib respectrely, the
Jordarblocks B; areof theform

Al 0 D I 0
and , (2.19)
Al D I
0 A 0 D
with
a —b 10
D_[b a} and I_[Ol}' (2.20)

Thematrix P in Eq.(2.18)is built from thegeneralizeaigervectorsof A. A generalized
eigevectorv of A is asolutionof (A — A\ )*v = 0 with 1 < k < m, wherem denotes
themultiplicity of theeigervalue\.

Insteadof EqQ. (2.17)thegenerakolutionof alinearsysternow canbewritten as

z(t) = Pdiage® '] P~' x. (2.21)

By analysinghe exponentialof the elementarylordanblocksonefindsthatthe solution
will bealinearcombinationof functionsof theform

thF e cosbt  or  t"e™ sinbt, (2.22)

where\ = a + ib is an eigervalue of the matrix A and0 < k£ < n — 1. If the ma-
trix possessea full setof ordinaryorthonormaleigervectors,all £ will be zeroandthe
polynomialstermsin ¢ vanish.

An importantconcepts the subdvision of R* into stable,unstable andcentersub-
spacesf the linear system. Stablesubspaceare spannedy generalizeceigervectors
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correspondingo real negative eigervalues.In thesesubspacethe solutiondecaysxpo-
nentially andapproacheshe origin. Similarly, unstablesubspaceare spannedy gen-
eralizedeigervectorscorrespondingo real positive eigervalues,while centersubspaces
arespannedby generalizeeigervectorscorrespondingo comple eigervalues.In center
subspacethe solutionspiralsaroundthe origin assuggestedby the sinesandcosinesn
Eq. (2.22). Thesignof therealpartof a correspondingigervaluedeterminesvhetherit
movestowardstheorigin or away from it.

2.2.2 TopologicalClassificationin 2D

We now wantto considerthe specialcaseof 2D linearsystems:

< i ) = ( i 2 ) ( o ) . (2.23)
To a21 Q22 T2
Herethe dot denotedifferentiationwith respecto ¢. Theeigermvaluesof an x n matrix

A areobtainedoby solvingthecharacteristiequatiordet A — AI) = 0. Fora2 x 2 matrix
thisis aquadraticequationandthe solutionsaregivenby

1
M2:§(Ti«ﬂ—4@, (2.24)
with
T = a11 + Qg9 = trA and § = 11099 — Q12091 = detA. (225)

Dependingnthevaluesof 7 andj theeigervaluesof A mayberealor comple, leading
to a particulartype of integral curves. In the following we shall dicussthe different
topologicalcasesn detail. Figure2.2 present& summaryof this discussion.

Saddles.If § < 0 the matrix A hastwo real eigervaluesof oppositesign. This means
thatthe solutionis exponentiallydecayingn the directionof oneeigervectorwhile it is

exponentiallyincreasingn the directionof the other The situationis shawn in Figure
2.2 (f) and(g). The systemis saidto have a saddleat the origin. In the direction of

the eigervectorsthereare four trajectoriesapproachinghe origin ast — +oo. These
trajectoriesarecalledsepaatricesof the system.

Nodes. If 0 < 46 < 72 the matrix A eitherhastwo real negative eigervalues( < 0)
or two real positive eigervalues(r > 0). Theorigin is saidto be a node The solution
curvesareeitherexponentiallyapproachingt or aremoving away fromit, c.f. Figure2.2
(e). In thefirst casethenodeis calleda sinkwhile in thesecondcaseit is calleda source
Moreover, acritical pointwhich hasonly realeigervaluesj.e.,whichis eitherasaddleor
anode,is calleda hyperboliccritical point

If 46 = 72 thesystemhastwo identicaleigervalues.If thematrixcanbediagonalized,
this correspondso a symmetricstarshapednode,c.f. Figure2.2 (d). However, if the
matrix is defectie, in onedirectiona term proportionalto ¢ e} arises.The flow pattern
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thenbecomeswistedasillustratedin Figure2.2 (c). Theorigin is calleda logarithmic
critical point

Foci. If 46 > 72 thematrix A hasapairof comple conjugateeigervaluesj.e., A = a+ib.
If therealparta doesnt vanishthe systemis saidto have afocusattheorigin, c.f. Figure
2.2(b). If a < 0 the solutionapproacheghe origin on a spiral path. If ¢ > 0 it moves
away from it. Thereforelike for nodestheline = = 0 separatefoci into stableonesand
unstableones.

Centers. In thespecialcaser = 0 andd > 0 thematrix A hasa pair of pureimaginary
eigervalues.Thesolutionof the correspondindinear systemis comprisedy closedpe-
riodic orbits. Thesystemis saidto have acenterattheorigin. This situationis illustrated
in Figure2.2(a).

2.2.3 TopologicalClassificationin 3D

In its individual subspacethe solutionof a higherdimensionahomogeneouknearsys-
temwill exhibit the sametopologicalbehaiour we alreadyknow from R2. For example,
the vectorfield might shav a circularmotionin a planedefinedby two eigervectorsbe-
longingto apairof pureimaginaryeigervalues.Perpendiculato this planetheflow might
be exponentiallydecayingor increasing.n this sectionwe wantto classifythe solutions
for theimportantclassof 3D homogeneouknearvectorfields. As outlinedin [12] such
aclassificatiorhelpsto interpretethe structureof morecomplex generaBBD vectorfields.
Let usconsiderthefollowing linearsystem

I 11 a1z Az T
) = Q21 Q22 Q23 T2 . (2-26)
xs3 31 Aazz a3z3 xs3

Thecharacteristiequationdef A — A\I) = 0 canbewrittenas

N+PX4+QA+R=0, (2.27)
with
P = —(a11 + as + as3) = —tr A, (2.28)
Q _ Q11 Qa12 ai; aiz Qg2 Q23 : (2_29)
Q21 Q22 a3; a33 a3z (33

a1 G122 13
R=—1 a0 a9 ao3 = —detA. (230)

az1 asz2 ass
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A deta

stable unstable

Y

N

saddles

Figure 2.2 Solutionsof ahomogeneoukinearsystem: = Az in R? canbeclassifiednto saddlesnodes,
foci, andcenters. The topology of a solutionis determinecby the eigervaluesof A. For example,real
eigervaluesof oppositesign correspondo a saddle(g,f). Differentsolutionclassecanbe depictedin a
diagramdefinedby tr A anddetA.
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stable foci

symmetric starode

Figure 2.3 Configurationdiagramfor homogeneousinear systemsn R3. The axescorrespondo the
coeficientsP, (), andR of thecharacteristiequation(2.27). Thepointsa to e indicatethe positionof the
topologicalconfigurationshavn in Figure2.4.

The roots of the cubic equation(2.27) can be expressedn closedform by meansof
Cardancs formula[7]. Thesignof thediscriminationnumber

D =27TR? + (4P — 18PQ)R + (4Q* — P*Q?) (2.31)

determinesvhethertherootsareall realor whethercomplex rootsoccur If D > 0 there
arethreereal distinctroots. If D = 0 therearealsothreereal roots, but at leasttwo

of themareequal. Finally, if D < 0 therewill be onereal root and a conjugatepair

of comple roots. The condition D = 0 definesa surfaceS, in PQ R-spaceseparating
thereal solutionsfrom the complex ones. This surfaceis shavn in Figure2.3, whereall

possibleconfigurationgaresummarized.

Symmetric Star-Nodes. The surface S, exhibits a cuspfor 3Q = P? and27R = P3.
Onthis curve therearethreeidenticalrealroots\ = —P/3. Providedthe matrix canbe
diagonalizedthis correspond$o a symmetricstarshapeciode.An exampleis shavn in
Figure2.4d).

Star-Nodes. If D > 0, Q > 0, and PR > 0 therearethreereal eigervaluesof equal
sign. Thusfield linesareeitherapproachinghe origin from all directions(P < 0) or are
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e)

Figure 2.4 Typicaltopologiesof homogeneoulnearvectorfieldsin R? areastablefocus(a), acenter(b),
anunstablgocus(c), astarnode(d), anda saddlenode(e). In eachcasestreansurfacesn acorresponding
vectorfield aredisplayed.Theflow on asurfaceis visualizedby meanf aLIC texture.

moving away from it (P > 0). Thetwo regionsin configurationspacecorrespondindgo
stableandunstablestarnodesareindicatedin Figure2.3.

Saddle-NodesIf D > 0, but@ < 0 or PR < 0, thentherearethreereal eigervaluesof
oppositesign,i.e.,two positive onesanda negative oneor vice versa.Theflow exhibitsa
node-typetopologyin the planespannedy thetwo eigervectorscorrespondingo equal
sign. In the planesspannedy the othertwo eigervector combinationsa saddle-type
topologyarises An exampleis shavnin 2.4e).

Foci. If D < 0 aconjugatepair of complec eigervalues\ = a + ib occurs. Therefore
in the planespannedy the correspondingpigervectorsthe flow is spiralingaroundthe
origin. Thesignof thereal parta determinesvhetherit approachetheorigin or whether
it movesaway fromit. Both casesareseparatetby thesurfacePQ — R = 0, denotedS;

in Figure2.3. Two exampledor positve andnegative realpartareshavn in Figure2.4a)
andc).

Center-Node. If D < 0 andPQ@ — R = 0 therealpartof thetwo complec eigervalues
vanishes.In this casethe flow exhibits a true centertype topologyin the corresponding

22



eigervectorplanec.f. Figure2.4b). Perpendiculato this planetheflow mayeitherdecay
or increasexponentially

DegenerateCases.If R = 0 atleastoneeigervaluewill be zero. We thenobtainjust
thesameconfigurationsasin the 2D case.In fact,we caninterpretea 2D matrixasa 3D
matrixwith a;; = as; = 0. ThenP = —7 and( = ¢ asdefinedin Eq.(2.25). Therefore
the cure 4Q = P?, R = 0 is equivalentto the parabolafrom Figure 2.2, separating
real-valuedsolutionsfrom complex onesin R?.

2.3 Surveyof Vector Field Visualization Methods

Sofarwe introducedvarioustypesof curvesandsurfacesn avectorfield andwe gained
insightinto the topologyof two- andthree-dimensiondlelds. We arenow in a position

to review several existing approacheso vectorfield visualization. Primiarily we distin-

guishbetweenlocal andglobal methods.While in local methodsdirectionalproperties
atdifferentlocationsarevisualizeddirectly andindependentlyrom eachother in global

methodssomekind of field line integrationprocesss performed.Global methodgliffer

in whatkind of mathematicaturvesor surfacesarecomputecandhow theseobjectsare

representedraphically After considering'standard’visualizationmethodsve focuson

texture-basedechniques.Suchmethodsmay eitherbe local or global ones. Finally we

shortly addressvisualizationof instationarydatain a separatesection. We try to judge
differentapproachewith respecto thethreedesigngoalsmentionedn theintroduction,
accurag, performanceandcognition.

2.3.1 Local Methods

Arr ow Plots. Arrows probablyprovide themostsimpleway for vectorfield visualization.
An arronv canbe usedto depictfield direction at a unique point. Properscalingand
coloringallows oneto encodea scalarquantity e.g.vectormagnitudeaswell. Themain
advantagesof arrov plots are that they are easyto implementand easyto interprete.
On the otherhand,they arerestrictedto a rathercoarsespatialresolution. If individual
symbolsoverlapeachothertheimagerapidly getscluttered.Evenmorethanin 2D in 3D

it is importantto restrictthe placemenbf arravs to certainregions. For examples pften
a setof two-dimensionaslicesof a 3D field is extracted.In generalarrons arenot well

suitedto resole smalldetailsof afield.

Anotherpotentialproblemwith arrovs are artifactsintroducedby a regular arange-
mentof theindividualsymbols.Patternscausedy suchanarangemennaydistractfrom
thestructureof thevectorfield itself, thusmakingtheimagequite unintuitive. In orderto
avoid suchproblemsDovey proposedo distribute symbolsin a jittered way [25]. Turk
andBanks[87] suggest similar stratgy. By meansof a relaxationalgorithmthey even
try to find anoptimizedplacemenbf arravs. Thusoverlappingsymbolsaswell aslarge
emptyregionsareeffectively avoided.
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Vector Field Probes. A straight-forvard extensionof simplearronvs hasbeenproposed
by de LeeuwandvanWijk [19]. Their vectorfield probenot only indicatesfield direc-
tion andmagnitude put alsopropertiesobtainedfrom a first orderfield expansion.At a
particularpointthefirst derivative 0 f;/0x; is computed.This matrix is decomposethto
characteristicomponentdik e curvatureandtorsion,which arethenrepresentety a set
of geometricsymbols.

An exampleof thedeLueev—vanWijk probe
is shawvn in Figure2.5. Becauseof its sizeand
geometriccompleity only few iconscanbedis-
playedin a singleimage.In orderto investigate
globalfeaturesof the field somekind of mental
field line integrationor extrapolationhasto be Sheal_
performed.This makesthe methodquite unintu-
itive andinaccurate.Like with standardarrons
problemscanoccurif geometricscalingis used e
to indicate vector field magnitude. For exam-
pIe,eIectros‘Fatidie!dsmayconta}inpointchages Figure 2.5 The vector field probe of de
wheremagnitudediverges. In this caselogarith- | yeay and van Wijk depicts characteristic
mic scalingmightbe usedor field strengthmight  componentsf thefirst derivative 8 f;/9z;.
beencodedy color.

Anothertype of vectorfield icon hasbeendesignedy RumpfandHappe[72]. They
determinecritical pointsin avectorfield automaticallyandindicatepositionandtopolog-
ical type of thesepointsby meansf specificallydesignedsymbols.

Velocity

Yy

Curvature

Torsion

Referenct

Acceleratior

Color Coding. Color codingis a standardechniquefor visualizing scalarquantities.
However, color canalsobe usedto depictdirectionalinformation. This is mostobvious
for vectorfieldsin R?. It is awell-known matterof factthatcolor spacenasthreedimen-
sions.Oneway to parametrizehis spacds to decomposeolorsinto hue,saturationand
luminance For constansaturatiorandluminancecolorscanbearrangednacolorcircle
(red-yellav-green-gan-blue-magenta-redyhuseachcolor uniquelydefinesanangleor
vectordirection.In addition,themagnitudeof avectorcanbeencodedy varyingsatura-
tion or luminance.Color-codeddirectionalimagesarefastto computeandcanbeusedto
resohefine detailsof afield. However, they arenotveryintuitive andareusuallydifficult
to interprete.

A similartechniquehasbeenproposedor visualizingthree-dimensionalectorfields.
A standardvay for visualizingthree-dimensionacalarfieldsis so-calleddirectvolume
rendering[39]. Eachpointin spaces assignedgomelight emissionandlight absorption
coeficient. Thenlight transportinsidethe volumeis simulated Thoughcomputationally
expensve,theresultingcloudyimagecanrevealsomeinsightinto the data.Uselton[88]
mappedhez-, y-, andz-component®f avectorfield to thered,green,andblue compo-
nentsof color. However, oftenthe colorsaccumulatéo mediumgrey andthe directional
structureof thefield is hardto understandFrihaufuseda reflectve illumination model
for raycastingvectorfields [33]. He mappedthe anglebetweenthe tangentvectorand
somelight vectorto color. Its is amguedthat vectorspointing towardsor away from the
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light sourcecanbeidentifiedby rotatingthewholevolumeandobservinghecorrespond-
ing color changes.

Yet anothervectorfield visualizationtechniquebasedon color codinghasbeenpro-
posedby Theisel[86]. He showved that a vectorfield in R? or on a 2D manifold can
be expressedy two scalarcurvaturefieldswhich canbe foundanalytically Visualizing
bothof thesescalarfieldsby meansf pseudo-coloringevealsinformationaboutthevec-
tor field itself. For example,discontinuitiesn the field’s first derivative becomereadily
visible. However, againthe overall flow structureof thefield is hardto understand.

2.3.2 Global Methods

Stream Lines. While arraws or iconsaswell asall color codingtechniquesonly re-
veallocal informationof a vectorfield streamlines encodeglobalinformation. Integral
curveslike streamlines have beenusedto analysevectorfields sincethe introductionof
thefield conceptin scienceby Faradaymorethanhundredyearsago. Not surprisingly
mary computerbasediisualizationtechniquedor stationaryectorfieldsalsorely onthe
displayof streamlines. In particularthis is trueif fieldsin R?* areto be depicted. The
varioustechniquesnainly differ in the way how individual curvesare renderedor how
seedpointsfor the curvesaredetermined.

High quality imagescan be obtainedif individual curves are representedby small
cylindrical tubes.Thesetubescanbeilluminatedby takinginto accounambientdiffuse,
andspeculatight reflection.In thisway spatialimpressiorof theresultingimagescanbe
improvedsignificantly Usuallytubesarecreatedoy extrudingann-sidedpolygonalong
the path[17]. The polygonsmight alsobe scaledor rotatedin orderto depictthe local
deformationcharacteristicsf the vectorfield [76]. Streamribbonsarea variationof this
conceptBrill et.al. [6] positionedso-calledstreamballsalonga streamline. Thestream
ballsdefineanimplicit functionwhich canbe usedto approximatestreamubes.Individ-
ual streamballs may mege or split alonga curwe. In this way velocity informationcan
bedepictedn anintuitive way. Althoughniceimagescanbe obtainedrepresentingdield
linespolygonallyis computationallyquite expensve. Thereforeonly avery limited num-
berof linescanbedisplayedatinteractve framerateson astandardyraphicswvorkstation.
As analternatve simplescan-cowertedlines,i.e.,truely one-dimensiongprimitives,can
be dravn. In orderto combinethe efficiengy of simpleline renderingwith the percep-
tional benefitsof an illuminated polygonalscenewe developeda hardware-accelerated
techniqudor illuminating one-dimensiondlnescorrectly[83].

As the term “streamline” alreadyindicatesmary visualizationtechniquesasedon
thedisplayof integral curvesweredevelopedin the context of flow visualization.How-
ever, mostof thesemethodscanbe appliedto generalvectorfields aswell. For exam-
ple, MacLeod,JohnsonandMathesor{58] reportaboutthe visualizationof bioelectrical
fields. In thegenerakasestreaminesbettershouldbe calledfield lines.

Stream Surfaces. Streamsurfacesare similar to streamribbons. They are definedby
a densesetof neighbouringstreamlines. In contrastto streamribbonsstreamsurfaces
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usuallyhave a larger extent perpendiculato the flow. They provide intuitive meansor
revealingstructuresn a 3D vectorfield, but are moredifficult to computecomparedo
simplestreamlines.

Hultquist [44] describedan advancingfront algorithm basedon tracing inidvidual
streamlinesin avectorfield. Betweenneighbourindinestrianglesarecreatedasneces-
sary Thealgorithmkeepstrack of diverging andcorveming surfaceparts. If necessary
additionalstreaminesareinsertedor streaminesareterminated We will investigatehis
algorithmin detailin Section5.1.

If avectorfield hasvanishingdivergencethena scalarvaluedstreamfunctioncanbe
defined.Thegradientof this functionis alwaysperpendiculato theflow. An iso-contour
of a streamfunction representsa streamsurface. Noting that ary linear combination
of two streamfunctionsis againa streamfunction, van Wijk [89] proposedo gener
ate streamsurfacesby determininga dual pair of streamfunctions, superposinghese
functionsin a suitableway, andfinally extracting streamsurfacesby meansof a stan-
dardisosurficealgorithm suchas marchingcubes[54]. Moreover, for certainkinds of
incompressibldlows principal streamsurfacescan be defined[11]. Suchsurfacesare
perpendiculato the cunaturevectorof a streamline at every point. They aresupposed
to be especiallynice andinformative. Thusthey canbe usedto simplify the problemof
defining suitableconstraintsor initial valuesfor streamsurfacegeneration.Often such
constraintdadto be definedmanually We reconsidethis pointin Section5.1,too.

Eventually Loffelmannet. al. [53] suggestedo improve displayof ordinarystream
surfacesby makingarrov-shapedoartsof the surfacesemi-transparentin this way the
directionof the flow within the surfacebecomesnoreclear In additionit is possibleto
investiagtanner partsof a curly shapedstreamsurfacewhich would be occludedother
wise.

Topological Analysis. An alternatve globalapproacto vectorfield visualizationrelies
on the extraction of topologicalfeaturessuchascritical pointsandseparatricesRecall
that a separatrixis a line (in 2D) or a surface (in 3D) separatingdifferent hyperbolic
sectorsof a saddle-typeritical point. Separatricesonnecicritical pointsaswell asat-

tachmenanddetachmenpointson boundariesThey definethe skeletonof a vectorfield,

thus summarizingthe topology of the field. For example,recirculationareasare eas-
ily identified by closedseparatricesHelmanandHesselink[43, 42] describemethods
for automaticallyextractingthe topologyof 2D and 3D flow fields. Globus, Levit, and
Lasinskidevelopeda tool for identifying and classifyingcritical pointsin vectorfields
[35]. Scheuermanet. al. [74] extendedthesemethodsfor the analysisof higherorder
critical points. At thesepointslineartermsin afield expansionvanish,i.e., oneor more
eigervaluesof thelinearizedfield will bezero.

Anotherimportanttopologicalfeatureof flow fields arevorticesor vortex lines. A
vortex line is looselydefinedasthecenterof aswirling flow region. A numberof different
algorithmshave beendevelopedio detectsuchfeaturesn avectorfield. Amongthemore
popularapproachess a methoddue to Banksand Singerwhich relies on integrating
streamlinesin a vortex core[2]. In orderto make streamline tracingmorestableafter
eachstepthe currentpositionis correctedby determininga local pressureminimum.
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SujudiandHaimesidentify vortex lines by determiningflow regionswherejust onereal
eigervalueoccursandthe associate@igervectoris orientedparallelto the flow [84].

Visualizationmethodsbasedon the extraction of topologicalfeaturescan be very
powerful. However, they requirea soundunderstandin@f the natureof the vectorfield
beinginvestigated. Not all critical pointsor vortex lines arerelevantin practice. For
example,mary of themsimply arenoiseartifacts. Probablyit is a goodideato combine
topologicalmethodswith visualizationapproacheaimingon a moreintuitive displayof
flow structures.

2.3.3 Texture-basedVethods

Standardmethodsfor vector field visualizationare basedon the display of arrow-like
symbolsor streamlines. We alreadypointed out that a commonproblemwith these
methods poth local andglobal ones,is limited spatialresolution. In orderto obtainan
intuitive imagerevealingasmuchinformationof a vectorfield aspossiblemary symbols
or mary streamlines shouldbe used. However, if theseobjectsare placedtoo densely
theimagerapidly getsclutteredandno informationat all is revealedarymore. To tackle
this problemso-calledexture-basedisualizationmethodshave beenproposedTheidea
is to synthesizeatextureor atexturedsurfacein orderto denselyrepresenthedirectional
informationcontainedn avectorfield. In principletheresolutionof a directionaltexture
is only limited by the sizeof a singlepixel.

The first texture-basednethoddesignedor vectorfield visualizationwas the spot
noisetechniqueconcevedby vanWijk in 1991[90]. The methodgenerates directional
texture by superposingndividual spotsorientedaccordingto local vectorfield direction.
Sinceno integral curvesarecomputedspotnoiseis a local visualizationmethod. How-
ever, for texture-basedanethodghedistinctionbetweerocal andglobalmethodds notas
significantasfor othermethods.In fact,enhancementsf spotnoisehave beenproposed
which actuallydo computeintegral curves[20]. In this paperwe focuson a technique
calledline integral corvolution or LIC. Firstintroducedby CabralandLeedomin 1993
[9], LIC is closelyrelatedto spotnoise.Detailswill bediscussedh Chapte#. In contrast
to original spotnoiseLIC relieson computingstreamlines of a vectorfield, thusmak-
ing the visual resultsmore accurate.Although from the cognitive point of view LIC is
very favourablethe methodis computationallyquite expensve. Thereforetechniquegor
efficiently synthezisinglirectionaltexturesasdescribedn this paperarevery important.
They make texture-basednethodsalmostanidealtool for vectorfield visualization.

Sinceits introductionin 1993LIC hasbeenextendedin a numberof ways. These
extensionsinclude animationof LIC texturesin orderto reveal the sign of vectorfield
directionaswell asvectormagnitudd9, 81, 31, 48], designof parallelimplementations
[10, 96], applicationof LIC on surfaces[31, 85, 3, 59], or direct volume renderingof
3D LIC textures[78, 45]. Someof theseissueswill bediscussedn detaillateron. For a
review of theothertopicswereferto the SIGGRAPH’97coursenoteson Texture Synthesis
with Line Integral Corvolution

Besidespotnoiseandline integral convolution thereare a numberof othervisual-
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ization techniquesvhich alsoproducesomekind of directionaltexture. In a technique
calledFROLIC [93] individual strokesor dropletsarerenderedik e in spotnoise. How-
ever, thesestrolkesarenotsymmetricandthereforeallow oneto recognizehesignof vec-
tor field directionmoreeasily Max et. al. [61] encoded3D directionalinformationnear
contoursurfacesby renderingstochasticallydistributedline bundlesor semi-transparent
ellipses. The texture splatstechniqueby Crawnfis and Max [16] canbe usedfor direct
volumerenderingof vectorfields. The methodworks by renderinga large numberof
orientednon-isotropicsemi-transparergolygons.Comparedo line integral corvolution
in all thesemethodsthe correlationlength of the directionaltexturesbeing produceds
limited. This makesthesemethodssomavhatlessaccuratesinceit is harderto visually
traceindividual streamlinesalongalargerdistance.

2.3.4 Instationary Visualization Methods

Visualizationmethodsbasedon the display of streamlines or streamsurfacesare hard
to applyfor instationarydata. This is alsotruefor texture-basedechniquesuchasLIC.
Thereasonis that correlationbetweenstreamlinesin two successie time stepsis lost.
Smallchange®f the vectorfield resultin big displacementsf a streamline. Therefore,
in orderto analysdime-dependerdataeitherstreakinesor pathlinesarecomputed.The
displayof streaklinesis quite intuitive andvery similar to dye injection experimentsn
flow visualization.In contrastpathline patternsaaremuchharderto interprete . Therefore,
oftenindividual particlesaresimply tracedin time ratherthanshawving theiraccumulated
trajectory By releasingparticlescontinuouslyessentiallya streakline visualizationis
obtained.

Particle tracingsystemshave a numberof applicationsn computergraphicsandan-
imation. Reevesdiscribesan early systemfor geneatingheillusion of fire or waterfalls
[71]. Similar techniquesanalso be usedin scientific visualization. Many computer
basedlow visualizationsystemdike NASA's virtual windtunnelsoftware[8], the Flow
Analysis Software Toolset(FAST) [1], or the pv3 system[36] provide particletracing
modules.Usually, individual particlesarerenderedaspointsor arrons.

VanWijk [91] describesninterestingvariationof a particlesystem.Insteadof ren-
deringpoint primitiveshe usedittle trianglesalignedin flow direction. Thetrianglesare
illuminatedby alight source.In thisway for stationaryectorfieldstheillusion of stream
surfacescanbeobtainedat low computationatosts.

In anotherclassof pathtracingalgorithmsindividual streaklines or particlesarent
renderedatall. Insteaddensevolumesarebeingdisplayedusingdirectvolumerendering
methods ExamplesareVolumeSeedg56], Virtual Smole [57], or Flow Volumeg60, 4].
It is aguedthat methodshasedon volumerenderingcannotmissinterestingfeaturesof
a vectorfield aseasilyasif singlestreaklines arebeingdisplayed. Anotheradwantage
is, thatanadditionalscalarquantitylik e pressureanbe displayedn anintuitive way by
adjustingthe opacityof thevolume.
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Chapter 3

Underlying Numerical Methods

In this chapterwe wantto discusssomebasicnumericalalgorithmswhich we will uti-

lize lateron. In particular we will considerthe problemof numericallyintegratingfield

linesin a vectorfield, aswell as methodsfor representingand evaluatingvectorfields
on a computer Specialemphasisvill be puton requirementsmposedby our particular
visualizationalgorithms.For example thecomputatiorof continuouslydefinedsolutions
of an ordinary differentialequationwill be anissue(denseoutput),aswell asstraight
line approximationstreatmenbf discontinuouwectorfields,or fastevaluationof vector
fieldsdefinedon discretegrids.

3.1 Field Line Integration

Givenaninitial valuez(t,) = x,, how canwe numericallycomputean integral curve
x(t) in avectorfield? In theliteraturea greatvariety of algorithmsis known for solving
this kind of problem. Many of the advancedmethodseither make specialassumptions
aboutthefield, e.g.,assumehattheintegrandcanbe continuouslydifferentiatedsereral
times, or aredevotedto specialcasedike for examplestiff problems. For an overvien
we refer to standardextbookslike Deuflhardand Bornemann21] or Hairer, Ngrsett,
andWanner[37]. In our contet vectorfields are often definedon a discretegrid with
somelow-order (often linear) interpolationschemebeing appliedinside the grid cells.
In this situationmary high-ordermethodsdo not really pay For this reasonwe have
choserto utilize simpleandrobustintegratorsof Runge-Kuttatype. Equippedwith error
monitoringandadaptve stepsizecontrolthesemethodgurn outto beanexcellentchoice
for our purposeslin addition,they allow usto constructontinuouslydefinedinterpolants
in asimpleway. Beforewe discussspecificmethodsn detail, let usintroducethe basic
concepbf adiscretenumericalintegrator

29



3.1.1 Discrete Approximations
Ourgoalis to find asolutionz(t) of theinitial valueproblem

d .

d—‘f = f(z,1), «(to) =zo, With (xo,t0) € E x J. (3.1)
In orderto simplify the notationlet usassume, = 0. We furtherwantto to remove the
explicit time dependencef f(x,t) ontheright handside.Formally, this canbeachie/ed

by turningEq. (3.1) into thefollowing system:

a(1)=077) ()= (%) e

In contrasto Eq. (3.1)thisequatiorrepresentanautonomousystenmof ODE’s. Silently
incorporatingthe variables into the statevectorz andintroducing2 = E x J, we may
denoteit for shortby

FromSection2.1.2recallthatthe solutionof Eqg. (3.3) canbe expressedy the evolution
¢'. This operatodescribediow a point z, evolvesin time:

Sao=alt), T = flw) 34

t=0

In generaljt is not possibleto determinep’ exactly. However, givensomelocal approx-
imation ¢ we cantry to find an approximatesolution z iteratively. Usually, & will be
definedon adiscretegrid {¢;}, i.e.,

In thefollowing we wantto concentrat®n one-stepnethods For thesemethodghevalue
x; 1 Solelydepend®n x;. Consequentlyve obtainatwo-termrecursve relationship:

zii1 =Mz, i=0,1,2,..,N. (3.6)

As indicatedby thesubscriptthetimeincrementh; = ¢;,; — t; betweersucessie points
x;,1 andx; mayvary.
Thelocal errorof adiscreteevolutionis definedby

€ = qzﬁh:ni — Qgh$i. (37)

An integrationmethodis saidto be of orderp if its local erroris of orderO(h**!). The
Taylor seriesaxpansionof the exactsolutionaroundx is givenby

" =x +hf+I°FF+ 0P (F P+ £ 1)+ 0. (3.8)
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Here,theelementandifferentialsof f areto be evaluatedat . Themostsimplediscrete
evolutionis givenby Euler's method,

e = + hf(x). (3.9)

Comparingthis expressionwith the Taylor seriesexpansionof the exactsolutionreveals
thattheleadingerrortermis of orderO(h?). Therefore Euler's methodis of order1.

Beforewe discusshow to constructmethodsof higherorder let us shortly mention
animportanttheoremregardingthe convergenceof a discreteevolution. For a detailed
discussiorwe referto [21].

Theorem 3. Assumetheinitial value problem(3.3) hasa uniquesolutionz(t) andthe
discreteevolution ¢ canbe expressedn termsof anincrementfunctiona,

e = x + hip(x, h). (3.10)

If ¢ (z,h) is locally Lipschitz with respectto the statevector z, thenfor h — 0 the
sequencef points{x;} definedby Eq. (3.6) corvemgesto x(t), i.e., the discretization
error|| e||oc = max | ¢; | approachesgero.

FromEqg. (3.10)it followsthatthe discreteevolution obeys

d Th —
50 = f@). (3.11)

h=0

Of course the sameexpressioris alsotruefor the exactevolution, compareEq. (3.4). A
discreteevolutionis saidto be consistentf it fullfills thiskind of minimalrequirement.

3.1.2 Runge-Kutta Methods

In orderto improve the orderof a single Euler stepwe cantake an intermediatestep,
evaluatetheright handsideatthis intermediatdocation,andcomputea solutionas

¢"x =+ hf(z+Lhf(x)). (3.12)

This method,proposedby Rungein 1895[73], is known as midpointrule. Its Taylor
seriesexpansions

e =+ hf+IRAFF 2 RFEF 4+ O(RY). (3.13)

Comparinghiswith Eg. (3.8) shavsthatthemethodis of order2. In particulay thelocal
erroris givenby

e=¢tx — "w = LR FF+HAF L)+ O(hY) (3.14)
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By takingmoreintermediatestepsandcombiningall theseo obtainthefinal solution,
methodsof higherordercanbe constructed.This is the basicideaof so-calledexplicit
Runge-Kuttamethodq51]. Givena setof coeficientsa,;, s derivativesarecomputed,

i—1
ki = hf(cc—l—Za,]k]), 1=1,...,s. (315)
j=1
Theintermediatek; arecombinedo give thefinal solution,i.e.,
grr=x+) bk (3.16)
=1

Note, thatthe coeficientsb; mustsatisfy) . b; = 1 in orderfor Eq. (3.10)to befulfilled.
Similarly, thereareotherso-calledorderconditions,which mustalsobefulfilled if error
termsof higherorderareto vanish.

A well-known exampleestablishedn this way is the classicalfourth-orderRunge-
Kuttaformula,which requiredour evaluationsof theright handside:

k, = hf(x)

ks = hf(z+ ki) b ki ko ks k4 5
=z+—+—+—+—+0(h 3.17

k3:hff(m+%k2) o w+6+3+3+6+ (h7) ( )

ky = hf(z + k;3)

For higherorderformulasmore f-evaluationsare needed.In mary caseshigherorder
formulasare adwvantageoudecausehe additionalcomputationalexpensecan be more
thancompensatelly a correspondinglyiggerstepsize. Note, however, thatthis is not
necessarilyhe case.Especiallyif theright handsideis notvery smooth the stepsizeis
limited andlower ordermethodsarefavourable.

For non-autonomou®DE's it is oftencorvenientto treatthetime variableseparately
Insteadof (3.15)wethenhave

i—1

ki = hf(t + c,-h,cc + Zaijkj), with C; = Zaij, 1= 1, ceey S (318)
7j=1

i=1

It becamecustomaryto summarizehecoeficientsof a particularRunge-Kittamethodn
aso-calledButchertableau,

0

Co | 21

C3 | 31 (32

A (3.19)
Cs | Gs1 Qg2 --- Og5-1

| by by ... by by
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Using this notationthe fourth-orderRunge-Kitta formula (3.17) canbe summarizedn
thefollowing way:

(3.20)

Do~ NN o
ol | o o N-
Wi [ o Ni=

[SU

1
6

3.1.3 Error Estimation and Step SizeControl

Adaptive stepsizecontrolis animportantissuefor seriousnumericalintegration. In the
following supposehatwe areableto estimatehelocalintegrationerrorby somenumber
A. In orderto maximizeperformanceve would like to choosethe stepsize h aslarge
aspossible. On the otherhand,to guaranteghe quality of the approximatiorthe error
estimateshouldnot exceeda userdefinedlimit A*.
For ap-th orderintegrationmethodwe know thattheleadingerrortermscalesash?*!.

Thereforejf astepsizeh resultsin someerror A, we cancomputeanoptimizedstepsize
h* correspondingo the userdefinederrorlimit A* by

* p+1 pA*
h*=h ,/—A . (3.21)

Herewe have introduceda safetyfactorp < 1. Also, since A may becomearbitrarily
small, h* shouldbe limited by anupperbound. Eq. (3.21) canbe exploitedfor stepsize
control asfollows: If in the currentstepA waslessthan A*, thenh* computedfrom
Eq. (3.21)is usedduring the next iteration. Otherwisethe currentstepis repeatedvith
h = h*. It shouldbe notedthatthe real discretizationerror not only consistsof a local
componentiueto theevolution ¢"z,,, but alsoof theaccumulateerrorfrom all previous
steps.However, controllingtheaccumulate@rrormayrequirerecomputatiorof theentire
field line. Thereforeusuallyonly thelocal erroris considered.

A straight-forvardway to obtainsomelocal errorestimateA is to comparewo dis-
creteevolutionsof differentorder anaccurateoned’z andalessacurateoneg’z. The
differencebetweerthetwo solutions ¢"x — ¢"x = é — €, is anapproximatiorof theerror
of thelessaccurateavolution. However, it canbeshovn [21] thatthis approximatiorcan
safelybe usedto controlthe stepsizeof the moreaccuratesvolution via equation(3.21).
Consequentlyit hasbecomecommonpracticeto proceedwith ¢z in the next iteration
insteadof ¢"x, anapproactknown aslocal extrapolation

Note, thatthe quantityé — € representsn error vector while in Eqg. (3.21)a single
scalarvalueA is required.Thisvalueis obtainedoy computingthe magnitudeof theerror
vector— preferablyusinga smoothnormlike the Euclideandistance,.e., A = |é — ¢
[70]. In mary applicationsthe individual error componentdave to be scaledproperly
beforecomputingthe norm. However, in visualizationusuallyall componentsefer to
spacadimensionsaandthusareof sameorderof magnitude.The spatialinterpretatiorof
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the solutioncurvesalsoimpliesthatit is adequatéo considerabsoluteerrorsinsteadof
relative ones.

Insteadof computingtwo completelydifferentdiscretesolutionssomeof the inter-
mediatestepsk; in a Runge-Kitta methodmay be reused.Correspondingnethodsare
known asembeddedRunge-Kittaformulas. Anothertrick dueto Fehlbeg is to usethe
derivative f(x;,1) in boththe currentandthe following step. In this way from the clas-
sical fourth-orderRunge-Kutta formula (3.17) a third-orderapproximationcan be con-
structed,

ki ko k3 f(q}hm)

th,, vl e s 4
¢w—w+6+3+3+ 5 + O(h%). (3.22)
Theerrorestimateds givenby
. _ 1 .
S — ohe = 6(k4 — f(o"x)). (3.23)

The resultingadaptve integrator denotedRK4(3), turnsout to be very robustandwell
suited for mary general-purpose@pplications. We took this integrator as the default
methodfor mostfield line integrationtasksin this work.

BesideRK4(3) we have alsoimplementeda third-ordermethoddueto Bogackiand
Shamping5] andafifth-ordermethoddueto DormandandPrince[24]. Wewill callthese
methodsRK3(2) and RK5(4), respectrely. Both methodsmake useof local extrapola-
tion, i.e.,they computean errorestimateby meansof a second-yespecitrely forth-order
approximationput proceedwith the higherordersolution. Thethird-ordermethodis ad-
vantageous$or roughvectorfieldsasthey mayoccurfor examplein caseof coarsecom-
putationalgrids (c.f. Sec.3.2). Thefifth-order methodis advantageousgor very smooth
data,e.g.,for analyticallydefinedvectorfields or dynamicalsystems Although of fifth-
order this methodrequiressix intermediatef -evaluation,including the oneat the final
position. It canbe shavn that this is the minimum numberof stagesfor a fifth-order
method.In general higherordermethodsequirea rapidly increasinghumberof stages.
Sincethisoverheadusuallycannotbe compensately alargerstepsize,mary high-order
methodsareof limited practicalimportance.

The Butchertableausof RK3(2), RK4(3), and RK5(4) arelisted in Table3.1. Of
coursethesemethodsarenottheonly onesof thatorder However, it is arguedthatpartic-
ularsetsof coeficientsliketheonesin Table3.1areoptimalwith respecto certaindesign
criteria. Usually, thesedesigncriteriaincludethingslik e magnitudeof the coeficient of
theleadingerrortermor ratio of this coeficientandthe coeficient of the second-lagest
errorterm. However, thesignificanceof thesecriteriawith respecto praticalapplications
IS notalwaysclear

3.1.4 Inter polation and DenseOutput

Adaptive Runge-Kittamethodsik etheonesdiscusse@dbove allow usto quickly compute
anODE onadiscretegrid {t;} atguaranteedhigh accurag. However, in mary situations
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0
RK3(2) 0 RK5(4)
11 1 1
2| 2 5 5
31 o 32 3| 3 9
4 4 10 40 40
1|2 L 4 4 44 56 32
9 3 9 5 45 15 9
T2 1 4 8 | 19372 25360 64448 212
¢ 9 3 g9 O 9 | 6561 2187 6561 729
17 1 1 1 L | 9017 355 46732 49 5103
(0] % 1 3 3 3168 33 5247 176 18656
1 35 0 500 125 2187 11
384 1113 192 6784 84
0 RKA4(3) 5 B, w1 e U
101 384 1113 192 6784 84
212 (5 5179 0 7571 393 92097 187 1
% 0 % 57600 16695 640 339200 2100 40
110 0 1
15 3 3 & Table 3.1: ThistablesummarizesheButchertableausf somepartic-
T 1 ularly “good” embeddedRunge-Kuttamethodswe usedfor field line
ls 35 3 5 O integration. The methodsare of orderthree,four, andfive, respec-
11 1 1 1 tively. They all make useof the Fehlbeg trick, i.e., they evaluatethe
o) 5§ 3 3 0 5 right handsideatthefinal point of a step.

solutionvalueshave to be evaluatedat prescribedocationsr, which in generalare not
partof theset{¢;}. In particualarthisis truefor mary visualizationmethodssuchasthe
onesdiscussedtbelov. Restrictinghestepsizeof theintegratorto thedesiredvaluewould
resultin atremendousverheadf work. Therefore specialinterpolationstratgieshave
beendevelopedallowing oneto approximatethe solutionanywherebetweentwo break
pointsx; andx; .

In this sectionwe will concentrateon local methods,i.e., methodswherean inter-
polationpolynomial z(t) is constructedrom the informationof a singlesteponly. The
polynomialz(t) is saidto beof orderm (or degreem — 1) if it hastheform

zt)=co+eit+et  + ..+ ep t" (3.24)

Theorderm of aninterpolationpolynomialshouldberelatedto theorderp of theRunge-
Kuttamethodbeingused.Any continuousnterpolantmustsufice atleastz(¢;) = «; and
2(tiv1) = Tiy1.

Let 2(¢) be a polynomial of the sameorderas z(t) interpolatingthe exact solution
x(t) insteadof the discreteone. We may thensplit the local error z(t) — z(t) into the
following two terms:

x(t) — 2(t) = (x(t) — 2()) + (2(t) — 2(1)), <t <tip (3.25)

Thefirst termcanberegardedasaninterpolationerror. It doesnt dependntheintegra-
tionformulabeingused.lt is astandardesultof interpolationtheorythattheinterpolation
erroris of orderO(h™), wherem denoteshe orderof theinterpolantandh = ¢;1 — t;
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[18]. Thesecondermin Eq.(3.25)canberegardedasadataerror. Shamping77] shovs
thatthistermis of orderO(h?*!) provideda pth-orderintegrationformulahasbeenused.

Fromtheseresultsit follows thatthe orderof theintegrationformulais presered if
wechoosen > p. While for m > p-+1 thedataerrordominatesfor m = p + 1 theinter
polationerrorbecome®quallyimportant. Unfortunatelyin mary situationsnterpolants
with m > p cannotbe obtainedfor free,i.e., without requiringadditional f-evaluations.
Instead pftenthe orderof theinterpolationpolynomialis choserto be equalto theorder
of theintegrationformula. In this casewe have

z(t) — z(t) ~ h? + O(hP1). (3.26)

Thereasonwhy this approachs still acceptablés thatthe interpolantis usedto produce
single outputvaluesonly, i.e., interpolationerrorsdont accumulatdik e local errorsof
theintegrator Thereforejt is reasonabléo allow theinterpolationerrorto be of thesame
orderof magnitudeastheglobal error of theintegrator namelyO(h?). Moreover, if local
extrapolationis usedthe numericalerror estimateA will alsobe of orderO(h?). Thus,
by controlling A alsotheinterpolationerror(3.26)will becontrolled.

An elegantway of establishingan interpolationpolynomial z(¢) is provided by so-
calledcontinuousRunge-Kittaformulas.In thesdormulasthecoeficientsh; arereplaced
by functionsb;(u), sothattheresultingapproximation

Z(ti+ub)=z;+h Y bi(u)k, 0<u<l, (3.27)
i=1
smoothlyinterpolatebetweene; andz; ;. Althoughit is notobvioushow to find suitable
functionsb;(u) in general,for somepth-orderformulasa pth-orderinterpolantcan be
constructedIn particular the RK5(4) methodof DormandandPrincelistedin Table3.1
canbe extendedn thefollowing way [37]:

() = - B -
bQ(U) 0
100 1054 4682 379 2
by (u) (m ~ 27805 Ut 5565 U ) (3.28)
by(u) Su? (31— 2u— 84?)
18225 2 3 22 37 .92
bs(u) = > u® (—g85 T 395 U — 505 U°)
be(u) = 272 u? (—E—F—u—%?ﬂ)

A simpleandelegantway to obtaina fourth-orderC*-continuousinterpolantis pro-
vided by cubic Hermiteinterpolation. In additionto the locationsz; andx;,; alsothe
dervatives f; = f(x;) andf,,, = f(x;11) areinterpolated.As canbe verified by New-
ton’sinterpolationformula,the correspondingnterpolationpolynomialis givenby

z(t; + uh) = z; + uhf;, + v (€iy1—xi—hf;)
+u?(u—1) (hfis1—2(Ti1—zi)+hf;), 0<u<l. (3.29)
We use this interpolantfor both the fourth-ordermethod RK4(3) and the third-order
methodRK3(2) listedin Table3.1.
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3.1.5 Forward Differenceson Equidistant Grids

ThefastLIC algorithmdiscusseah Chapter requiredield linesto besampledatalarge
numberof intermediatgooints,i.e., interpolationpolynomialsneedto be evaluatedquite
often. In this caseefficiency becomes&nimportantissue.

Consideran mth-orderinterpolationpolynomial z(u). Of course,we neednot to
computeevery powerin u separatelybut mayapplyHornersrule,i.e.,

z(u) = c+ciu+e w4 4 e u™

= ¢gtu(lcrtu(eat+u(..+uey 1)...)). (3.30)

However, thisapproactstill requiresn — 1 additionsandm — 1 multiplicationspervector
component.Substantiaspeed-upgsanbe achievedif the polynomialis to be evaluated
at evenly spacedocationsonly. Thiswill exactly be the casein ourfastLIC algorithm.
Evenly spacedsamplesanbeefficiently computedusinga forwarddifferencingscheme,
reducingthe costto justm — 1 additionsandno multiplicationat all afterinitialization.
Assumewe wantto evaluatetheinterpolationpolynomialu, = ug+k9,k = 0,1, 2, ..,

whereé denoteghe samplingdistance.We thenmay defineforward differencesn the
following way

Az(u) = 2(ugnr) — 2(m)
AHIZ(UJZ) = Aizk(zk+1)—Akiz(uk), 7> 1. (3.31)

Likefor ordinaryderwatives,it turnsoutthatfor any polynomialof orderm thedifference
A™ ! z(ux) will beconstanfor all k. Higherorderdifferencesanishcompletely Thus,
afterinitially computingAfz(ug), 0 < i < m, atlocationu, we may obtainsubsequent
valuesby meansf thefollowing updatescheme:

() = 2(m) + M) 3.32)
A'z(ugr1) = Alz(ug) + A 2(ug), > 1 '
In the particularcaseof a fourth-orderpolynomiallike the cubic Hermite interpolant

definedin Eqg. (3.29)theinitial differencesaregivenby

Alz(ug) = (30u + 36%ug + 6%) 3 + (26ug + 6%) €2 + 6°¢y
AQZ(U()) = (652UO + 663) Cc3 + 25202 (333)
A3Z(UO) = 65303

For a fifth-order polynomial like the interpolantof the RK5(4) method defined by
Eq.(3.27)and(3.28)we have to addthefollowing terms:

Alcyuy = (40ud + 66%uf + 46%ug + 6*) ey
Aleyuy = (126%u + 2403ug + 146*) ey
Adequf = (2483u + 366*) ¢4

A4c4u§ = 245*¢y

(3.34)
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b)

Figure 3.1 Intermediatepoints on a field line can be efficiently computedusing an appropriateinter-
polation polynomial. In Figure (a) a cubic Hermite polynomialhasbeenusedto interpolateequi-distant
sampledrom the resultsof the RK4(3) integrator Figure(b) illustratesa curvature-adaptedtraightline
approximatiorof afield line.

Note, thattheseexpressiondecomemuchsimplerif we take v, = 0. However, our
goalis to samplemultiple integrationintervals with equalincrements.Sincethe length
of a singleinterval in generalwill not be aninteger multiple of the samplingdistance,
theremainingfractionaldistancgwhichjustdoesnt fit into the currentinterval anymore)
hasto betakenasanoffsetfor thenext intenal. Therefore non-vanishingnital valuesu,
arise.

An exampleof an evenly sampledfield line is shavn in Figure3.1a). The points
x; computedby the integratoritself areconnectedy straightline segments.The figure
clearlyindicatesthatwithout a properinterpolanthigherorderintegratorsareunsuitable
for graphicaloutput.

3.1.6 Straight Line Approximations

Besidethe samplingof a field line at mary equi-distaniocations,anothercommonre-
quirementin visualizationis theapproximatiorof acurve by aminimalnumberof straight
line sggments.Theseline segmentsneednot to be of equallength. Insteadthey should
approximatehe shapeof the curve ascloseaspossible.Obviously, this requiresthatthe
samplingdistancas somehw relatedto thecurve’s curvature.
Sometimescurvature-adaptedtraightline approximationsare computedin a post-
processingtepby simplifying a denselysampledntermediatepolyline. However, this
is clearly not an optimal approachwith respecto both performanceand quality. Other
authorstried to modify the stepsize control mechanisnof the integrator so that step
sizeis adaptedto cunature[17, 49]. This may leadto a highly increasechumberof
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f-evaluations. In addition, the accurag of the approximationis not optimal if simple
error criteriaare usedsuchasthe anglebetweentwo sucessie line sggments. A better
approactwould beto usethe full informationprovidedby the polynomialsz(t) in order
to computea straightline approximation.

Thedifferencebetweeranarbitraryfunction g(¢) andanmth-orderinterpolantp,,(¢)
constructedrom m points, suchthatg(7;) = p,(7;) canbeexpressedy

gt) =pp(t) + (t — 1) (t — i) [T1, s T, ] 9, (3.35)

where[r, ..., T, t|g denoteshemth divideddifferenceof ¢ [18]. Furthermoreit canbe
shavn thatthe divided differenceis relatedto the mth derivative of g evaluatedat some
intermediatdocationr € [, 7,,.]:

[Tty Ty ] g = () /! (3.36)

In thefollowing we wantto createa pieceviselinearapproximatiorz(t) to thehigher
orderinterpolantz(¢) of theintegrationformula. Introducinga setof breakpoints{ 7}
(differentfrom thediscretemesh{¢; } usedby theintegratoritself), this approximations
givenby

t—Tk

Z(t) = z(m) + (2(Th+1) — 2(7k), 7% << Ty (3.37)

Te+1 — Tk
Accordingto Eg. (3.35) the differencebetweenz and z involvesa seconddivided dif-
ference. Applying Eq. (3.36) in every interval [, 71| we obtainthe following error
estimate:

2(t) — (1) | < (T‘) max

Tk St<7—k+1

le (t)

‘ , Tk <t< Th+1 (338)

Givenan arbitrarypoint 7, our goalis to find the next point 7., ; suchthatthe distance
Tr+1 — Tk IS @slargeaspossiblebut, atthe sametime, thetotal errorof theapproximation
given by (3.38) doesnot exceeda userdefinedlimit. Given an analytic expressionfor
the secondderivative 2" (¢) then,in principal, we couldfind sucha pointdirectly. How-
ever, sincez”(t) itself is a piecavise polynomialfunctionandbecausef the maximum
operationn (3.38)thisis notatrivial task.

As analternatve we mayrely on steppingalongthefield line with smallequi-distant
increments). This canbe efficiently achiezed usingthe forward differenceschemede-
scribedn theprevioussection.At eachstepwe computeanestimateof z” andkeeptrack
of the maximumvalue |z"| . Eventually aftern stepsthe expression(nd)?|z"|max/8
will exceeda predefinecerror limit. We thenacceptthe currentsampleasa breakpoint
for thestraightline approximationreset: aswell as|z”|max andcontinuesteppingalong
thefield line.

The only remainingquestionis how to computethe value of z” at a samplepoint.
However, sincez is a polynomialfunctionof orderm, 2" will be a polynomialof order
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m — 2. In particluar in caseof the cubic Hermiteinterpolantz” is a linear function,
while for the RK5(4) interpolantit is a qudraticfunction. In any caselike for z itself
we canapplytheforward differencegechniqueo evaluatez” efficiently for equi-distant
samples.

Figure3.1b) shavs an exampleof afield line approximatedy straightlines. Note,
how the distancebetweensubsequenbreakpointsicely adaptsto the cunatureof the
curve. Of course,onecanaskwhy the integratoritself couldnt be modifiedso that it
directly computeghe correctbreakpointsThe differencebetweerthetrueintegral curve
anda straightline approximatioris of orderO(h?). An appropriaterrorestimatevould
be obtainedby comparingthe resultof Eq. (3.12) (midpoint rule) with the resultof a
simple Euler step. Indeed,the RK2(1) formula establishedn this way canbe usedto
producea similar resultasin Figure3.1 b). However, this methodof courseaffectsthe
global error of the solutionbecausdairly largelocal errorsareaccumulated.

3.1.7 DiscontinuousProblems

Fromthediscussionn the previoussectionsve learnedhatsmoothlocal interpolantsof
a numericalintegrationformula are a valuableandversatiletool. They canbe usedto
producea large numberof sampleson afield line aswell asto easethe constructionof
cunature-adaptedtraightline approximations.Yet anotherimportantapplicationis the
integrationof discontinuousrectorfields. For example,discontinuitiesrequentlyoccur
atdomainboundariese.g.,attheboundrieof anunderlyingcomputationagjrid. Another
exampleareelectricfieldsasshown in Figure1.2b). Thesefields exhibit discontinuities
attheboundaryof materialswith differentdielectricproperties.

Whenencounteringa discontinuityon the right handside arny robust numericalin-
tegratorwill automaticallyreduceits stepsizein orderto ensurethe userdefinederror
limit. While in this way the quality of the approximationis guaranteedperformance
heavily breaksdown dueto a large numberof small steps. In addition, discontinuities
usuallyleadto a hugenumberof rejectedsteps. Typically, after every sucessfusmall
stepjustbeforeadiscontinuityamuchbiggerstepwill besuggestedbr thenext iteration.
Thebiggerstepis likely to crossthe discontinuity andthuswill berejectedagain.

Interpolantgprovide an elegantway to circumwenttheseproblems.The generalidea
Is basedon the obsenationthataninterpolantnot only approximateshe true solutionin
theintenal [t;, t; + h] but alsoin theintenal [t; + h, t; + 2h]. In fact,it canbeshavn that
the orderof theapproximatiorremainsthe same althoughthe associate@rror constants
arelargerin general27]. Thismeanghatwe canusetheinterpolantof the lastsucessful
stepin orderto locatea discontinuityaheadandto restartintegrationafterwards.

Enright et. al. [28] proposedan algorithm wherethe occurenceof a discontinuity
is detectedfully automatically Evaluationof the right handside of the ODE cantake
placein a standardway, i.e., the occurenceof a discontinuityneednot to be indicated
explicitely. Insteadjt is suposedhatthereexistsa discontinuitysomevherein therange
[ti+h, t;+2h] if thestepfrom ¢, to ¢;+h wasimmediatelyprecededby arejectecattempted
stepandthe proposedstepsizefor the next stepis h* > 2h. The authorsreportedthis
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automaticcriteriumto be quitereliable. After the occurenceof a discontinuityhasbeen
signaledts exactlocationis determinedy samplingheinterpolantz(¢) in [t;+h, t;+2h].

In particular a bracletingstrateyy is applied,assuminghata locationt is right from the
discontinuityif theratio of the so-calleddefectd(t) of theinterpolantatt andthe defect
d(t*) ataspeciallychoserlocationt* € [t;,t; + h] exceedsacertainvalue. The defectof

theinterpolantis definedby

o(t) = 2'(t) — £ (2(1)). (3.39)

After the locationof the discontinuityhasbeendeterminedup to the requiredtolerance,
integrationis restartedusingthe samestepsizeasin the last successfustepbeforethe
discontinuityevent.

The main advantageof the describedautomaticalgorithmis its simplicity from the
userspointof view. It is arguedthatit mightbedifficult to provide usercodewhichis able
to signaldiscontinuitiesunderall circumstances-dowever, in our casediscontinuitiesare
usuallyassociatedavith certaindomainboundariesn a computationagrid. Eachdomain
canbeidentifiedby auniquelabel. Thereforewe neednotto applyanautomaticcriterium
to identify discontinuitiesbut maymerelycomparedomainiDs. Wheneeranen domain
Is encounteredye rejecta stepandsamplethe interpolantik e in Enright’'s algorithmin
orderto determinehe exactlocationof theboundary Of coursejnsteadof analysinghe
defectof theinterpolantwe againlook atthedomainID to decidewhetherwe areleft or
right from the boundary In someraresituationsit might occurthatthe interpolantdoes
not crossadomainboundaryalthoughsucha boundarywasseerbefore.Similarto [28],
in this casewe simply continuewith a reducedstepsize as suggestedy the stepsize
controlmechanism.

The resultingalgorithmturns out to be quite efficient for integrating discontinuous
vectorfields. If a vectorfield is definedon a discretegrid, we commonlyapply this
techniqueo tracefield linesexactly up to the boundaryof thegrid.

3.2 Data Representationand Evaluation

In the following we wantto discusshow to represenand evaluatethe right handside
of an ODE. Usuallyin scientificvisualizationa vectorfield f(x) will notbegivenby a
mathematicaéxpressionwvhich canbe evaluatedfor anarbitrarylocationz. Insteadthe
datais commonlydefinedon a discretegrid. In thefollowing we shortly summarizedif-
ferentgrid typesandsketchassociatethterpolationmethods.In addition,pointlocation
techniquewill be described.Thesetechniquesarenecessaryor evaluatingfieldson a
discretegrid atarbitrarylocations.

3.2.1 Computational Grids

A discretecomputationabrid or meshsubdvidesthe domain{2 on which a field f(x)
is definedinto elementarygrid cells. Computationalrids can be classifiedaccording

41



2%
H 7777777777772
11777 2%
- SRRl
T
i
il
17

mEEn
R
i
il
i

il

77
T
il

77
I

777777771

o \\\‘\~ ]
S
- \\\\\R&\\\\\“\\\\\\\\‘Q\\@Q\§\§§i
I RN
1 e |||\\\\\\\\\\\\}§§\\\\\\\\\\\§§$
TN

T N
NAVAAAANNNY
m\\\“\\\\{

G

ERRANNAN

Figure 3.2 Regulartwo-dimensionagrid with curvilinearcoordinatesThegrid smoothlybendsarounda
wing profile with two boundarysidesbeinggluedtogethebehindthewing.

to the shapeof the elementarycells. The mostcommoncell typesare triangularand
quadrilaterakellsin two dimensionsaswell astetrahedrabndhexahedralkellsin three
dimensionsOthercell typeslik e prismscanbeusedaswell. It is alsopossibleo combine
cellsof differenttypesin a singlegrid. For anovervienv we referto standardext books
on finite elementanalysis,e.g.[95]. Conceptually at leastregular, blodk-structued

irregular and hybrid grids can be distinguished. In our discussiornwe concentrateon

simpleregularandirregularexamples.

Regular Grids. A regulargrid consistssolely of quadrilateratellsin 2D or hexahedral
cellsin 3D. Thesecellsarelogically arrangedn anarray sothatthey canbe addressed
via anindex pair (7, j) in 2D or via anindex triple (i, 7, k) in 3D, respectiely. Regular
gridsarefurtherdistinguishedaccordingo thekind of coordinatebeingused.Themost
simple casecomprisesso-calleduniform coordinateswhereall cells areassumedo be
rectangulaandaxis-aligned.Moreover, the grid spacingis constantalongeachaxis. In
caseof rectilinearcoordinateghe cells arestill alignedto the axes,but the grid spacing
may vary from cell to cell. Finally, in caseof curvilinear coordinatesachnodeof the
grid may have arbitrarycoordinatesGridswith curvilinearcoordinatesreoftenusedin
fluid dynamicsbecausehey have a simplestructurebut still allow for accuratenodeling
of complex shapedike rotor bladesor airfoils. A 2D exampleof a regular grid with
curvilinearcoordinatess shovn in Figure3.2.

Irr eqular Grids. In contrastto regular grids irregular grids are usually built from tri-
anglesor tetrahedronsThis providesa muchgreaterflexibility, allowing oneto model
almostary type of geometricobject. The cells are not arrangedn an array arymore,
but aremoreor lessirregularly distributed. A big advantageof triangularandtetrahedral
cellsis thatthey canbe refinedeasilyin a consistenway without changingthe overall
structureof thegrid. This makesit possibleto adaptthe resolutionof the grid locally. In
addition,simplelinearinterpolantscanbe definedinsidetriangularandtetrahedractells.
An exampleof atriangulargrid with locally varyingresolutionis shavn in Figure3.3.
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Figure 3.3 Triangulargrid arounda circle. Irregular grids are well suitedto represencomputational
domainsof arbitrarytopology In addition,the grid resolutioncanbe adaptedocally.

3.2.2 Interpolation and Local Coordinates

In orderto definea function f(x) on a discretegrid, datavalueshave to be specifiedat
certainpointsof the grid. In addition,an interpolationrule hasto be provided allowing
oneto evaluatethe function at ary pointinsidea givengrid cell. Oftentheinterpolated
functionshouldat leastbe continuousacrosshe boundarie®f adjacentells. Therefore,
datavaluesarecommonlyspecifiedat the cornersof acell. In caseof triangularor tetra-
hedralcellsthenalinearinterpolantcanbe defined while for quadrilaterabr hexahedral
cellsusuallybilinearor trilinear interpolantsareapplied.

In thefollowing, let usfirst considethe specialcaseof quadrilateratellsto pointout
somegenerakconceptsThefour datavaluesatthe cornersof a quadrilateratell provide
justenoughinformationto determineabilinearinterpolantj.e.,aninterpolantof theform

Ff(p) = o+ a1z + oy + azzy, p=(2,9)". (3.40)

The coeficients«; have to be chosensuchthatthe datavaluesf, at the cell’'s corners
arereproduced.This canbe achiezed by solvinga 4 x 4 linear systemfor eachvector
componentHigherorderinterpolationmethodscanbe establishedby providing deriva-
tiveinformationor by definingdatavaluesatadditionalpointsinsideacell or atthecell’s
boundaries.

It turnsout, thatdirectevaluationof thecoeficientsa; of aninterpolationpolynomial
Is numericallyquite unfavourable.Especially for non-linearinterpolantghe solutionof
the associatedinear systemmay not be trivial. A morerobustandstablealternatve is
basedon the introductionof local coordinatesnsidea cell. Theinterpolantcanthenbe
expressediirectly asa linear combinationof the orginal datavaluesf, with the corre-
spondingweightsbeingcomputedasa functionof thelocal coordinatesFor example,in
caseof a quadrilaterakell local coordinates; andv canbe definedasshovn in Figure
3.4. By meangf thesevariableshebilinearinterpolantcanbewritten as

f=0-u)(1-v) fotu(l-v) fi + v(1-u) fo +uv f;. (3.41)
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Figure 3.4: Local coordinates:, v in a quadrilaterakell (left) or u, v, w in a hexahedralell (right) vary
from O to 1 alongthe cell's edges. Thesecoordinatesre alsodefinedfor distortedcells, e.g.,in caseof
curvilinearcoordinates.

It shouldbe mentionedhatsuitablelocal coordinatesanbe definedfor virtually any
type of grid cell. While hexahedrakells are parametrizegimilarly to quadrilateratells
in 2D, in caseof triangularand tetrahedrakells so-calledbarycentriccoordinatesare
used.Thesewill bediscussedn Section3.2.5. Of course higherorderinterpolantscan
beexpressedn termsof local coordinatesswell. In finite element&nalysigheparticular
combination®f local coordinatesike (1—u) (1—v), u(1—v), v(1—u), anduv in EQ.(3.41)
arecalledshapeunctions A grid celltogethemwith agivensetof shapdunctionsis called
anelement

3.2.3 TensorProduct Inter polants

Bilinear interpolationas definedin the previous sectioncan be regardedas the tensor
productof two linearinterpolations Fromacomputationapointof view it is advantagous
to exploit this structure.Thus,insteadof Eq. 3.41we have:

f01:f0+u(f1—fo)} _ B
Foz = Fo+u(fs—Fs) f=Ffo+v(fu—Ffo) (3.42)

Thesameresultf would beobtainedf the orderof thelinearinterpolationsn » andv is
reversedj.e.,intermediatevaluesf,, and f,; insteadf,, and f,; arecomputed.

Thethree-dimensionalnalogorto bilinearinterpolationis trilinearinterpolation.Us-
ing the local coordinates:, v, andw of a hexahedralcell a trilinear interpolantcanbe
computedn thefollowing way:

Ffoo = fot+u(fi—Fo) o

foz = fot+u(fz—Fs) 23 = For tv(fas—For) F=f% 4w (FBo o
fis = Futu(Fs—F) 67 = Fus+0(For—Fis) * o
for = fo+u(fr—Fe)

(3.43)
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Although linear tensorproductinterpolantsare by far the most popularchoicefor
regular grids, in somecasessmootheresultsarerequired. In particular this might be
necessarfor low resolutioninputgrids. In orderto constructa C!-continuousnterpolant
an estimateof the partial dervativesof f at the cell boundariess required. Thenfor
examplethe tensorproductof multiple one-dimensionatubic Hermiteinterpolantscan
be computed.However, oftenthe partial derivativeswill not be provided explicitely but
have to be approximatedy centraldifferences.Supposewe wantto computea cubic
interpolantbetweerp; andp,,, onaone-dimensionajrid. Then

fim (fin—fio)/2, and fi =~ (fi,—Ffi)/2 (3.44)
Computinga cubic Hermite interpolantusing thesetwo expressionsyields a so-called
Catmull-Romspline.It canbewrittenin matrixform as

-1/2 3/2 -=3/2 1)2 fio1
Fu) = [u® v’ u 1] _11/2 _%/2 132 _2/2 f{; (3.45)
0 1 0 0 Firo

In orderto constructa bicubictensormroductinterpolantin aregular2D grid we first
applythe Catmull-Romsplineto four rows in the grid. We theninterpolatethe obtained
intermediateraluesagainin columndirectionto getthefinal result.Likein thelinearcase,
theorderof interpolationdoesnt matter i.e., rows andcolumnsmaybeinterchanged.

The samemethodcanbe appliedto 3D hexahedralcells in a straight-forvard way.
In this casethe one-dimensionahterpolant(3.45) hasto be evaluated16+4+1 times.
Thoughtheresultsof tricubicinterpolationareof high quality, it is clearthattheapproach
Is computationallymnuchmoreexpensve comparedo simpletrilinearinterpolation.

Finally, it shouldbe mentionedthatin finite elementanalysisanotherclassof inter-
polantsis commonlyusedfor quadrilaterahndhexahedraklementsinsteadof m¢ input
valuesasfor anmth-ordertensormproductin d dimensiongheseso-calledSerendipityel-
ementgq95] arebuilt from fewer datavalues,all of which arelocatedat the boundaries
of a cell. The interpolantsdo not containso-calledspuriouspowersof high orderlike
(wvw)™=1, but at mostuvw™ !, uv™ w, andu™ 1vw. However, unlessall required
datais directly available,e.g. from a finite elementsimulation,in our casethe tensor
productapproachs usuallypreferablelt requiredessmemory(derivativesarecomputed
onthefly) andcanbeimplementednoreeasily

A generaldrawvbackof all tensomproductinterpolantancludingthelinearonesis that
they arenotrotationallyinvariant. For example alongthediagonalof agrid cell theorder
of theinterpolationpolynomialis higherthenalongits edges.Therefore certainartefcts
canbeintroduceddependingon how the grid is oriented. The effect is lessdominantfor
thementionedSerendipityelementsalthoughthesearenot fully isotropic,too.

3.2.4 Point Location in Regular Grids

In orderto evaluatea field definedon a discretegrid at anarbitrarypoint p first thegrid
cell containingp hasto be foundandsecondhelocal coordinatef p in this cell have
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to becomputedlin thefollowing we illustratehow this canbedonefor regulargridswith
varioustypesof coordinates.

Uniform coordinates. For a regular grid with uniform coordinateshe task of locating
an arbitrary point, i.e., determiningthe grid cell it is containedin, is very simple. In
eachdimensionthe correspondingndex ¢ of the grid cell aswell asthe associatedbcal
coordinate; canbe computedasindicatedin thefollowing figure:

1 1 | i = P —Do U:p_pi
T T 1 d ’

Rectilinear coordinates.In caseof rectilinearcoordinateomputationstill canbe per
formed indepentendlyin eachdimension. However, sincethe grid spacingalongthe
major axesneednot to be constantthe index of the grid cell containingp cannotbe de-
terminedby simpledivisonarymore. Instead,a morecomple searchstratgy hasto be
applied. In our implementationwve utilized a bisectionapproacthcharacterizedby com-
plexity O(logn), wheren denoteghe numberof grid cellsin therelevantdimension Let
p; bethecoordinatesf thegrid’sverticesandassumey, < p < p,, i.e.,thesearchegoint
liesinsidethegrid. Startingwith i = |[n/2], wereplacei by |i/2] if p > pii1. If p < p;
wereplacei by n—|(n—1i)/2]. This proceduras repeatedintil p; < p < p;41, i.€.,until
thecorrectcellindex is found. Thelocal coordinate: is thengivenby (p—p;) / (pis1—p:)-
The outlinedbisectionalgorithm performsa global seach in the grid. Thus, it can
be usedto locatean arbitrary point p. However, often the desiredpoint p will not be
too far away from someother point g the cell index of which is alreadyknown. For
example,duringfield line integrationthelocationsat which thefield hasto be evaluated
will be closelycorrelated.In this situationit may be favourableto apply a local seach
insteadof a global one. For rectilinearcoordinateghis canbe implementedoy testing
whethercellsin thevicinity of aseedcell containthedesiredpointor not. In our software
implementatiorwe providedbothglobalandlocal searclstratgieswheneerappropriate.

Curvilinear coordinates. Pointlocationin a regular grid with curvilinearcoordinates
Is muchmoredifficult thanfor axis-aligneduniform or rectilinearcoordinates.At least
in 3D hexahedralcells even the test whethera point is containedin a particulargrid
cell or notis nottrivial. Thisis becausehe cell’'s facesneednot to be planar Instead,
they areusuallydefinedby bilinear patches.However, if we wereableto computethe
local coordinatef a point with respecto an arbitrarygrid cell thenof coursewe can
alsodecidewhetherthe point lies in the cell or not. For a pointinsidethe cell all local
coordinatesnustbe in the range0...1. In the following, we first presenta methodfor
computingocal coordinatesAfterwardswe outline,how efficientglobalandlocalsearch
stratgjiescanbeestablished.

Considera point p* € R%. We arelooking for thelocal coordinates: andv of p* in
a quadrilaterarid cell formedby the four verticesp,,, p,, p,, andp, (c.f. Figure3.4).
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Supposethe physicalcoordinate®f the cell dependilinearly on« andv. Then
p(u,v) =1 —u)(1—v)py +u(l —v)p, + (1 —u)vpy + uv p;. (3.46)

We needto determineu andwv suchthatp(u,v) = p*. Insteadof solving the resulting
non-linearsystemexplicitly, it is usuallymucheasierandoftenmoreaccuratd¢o compute
a solutionby meansof numericaltechniques.In particular Newton’s methodprovides
a suitableiterative algorithmwith excellentconvergence.Given someinitial guessof «

andv we look for incrementsu anddv to improve the approximation.A Taylor series
expansionof (3.46)yields

p(u+ou,v+0v) = p(u,v) + g—Z du + 2—1; §v + O(6u?) + O(6v?), (3.47)
with
op
e (1 —=v)(py —po) + v (P3 — Do) (3.48)
and
Op
90— (1 —u)(py — Po) +u(pP3 — P1). (3.49)

Consequentlythedesiredncrements$v anddv canbecomputedy solvingthefollowing
2 x 2 linearsystem:
9p ou + 9p ov=p"—p. (3.50)
ou ov
Usually, only 2-4 iterationsarerequiredto obtaina sufficiently accuratesolution. The
resultingalgorithmsometimess called stencilwalk The choiceof the initial valuesu
andw is arbitrary We maysimply take u =v=1/2. A moreaccuratenitial guesscould
be obtainedor exampleby computingthe projectionof p* — p, onp, — p, andp, — p,,
respectiely. The stencilwalk methodcanbe easilygeneralizedo 3D hexahedralcells.
Thenin eachiterationa 3 x 3 linearsystemhasto be solvedin orderto find increments
ou, év, anddw. It is alsopossibleto apply it in caseswherethe cell coordinatesare
higherorderfunctionsof thelocal coordinatese.g.tensormproductsof cubicsplines.

In orderto implementa global point searchn aregulargrid with curvilinearcoordi-
natesin principal for all grid cellsit hasto be testedwhethera cell containsp* or not.
This canonly be doneefficiently if the cells areinsertedinto somekind of spatialdata
structure. By meansof sucha datastructurea small numberof candidatecellsin the
neighbourhoof the givenpoint canbe extracted.For thesecandidatecells local coor
dinatesare computedoy meansof the outlinedstencilwalk approach.If all coordinates
arein therange0...1 the correctcell hasbeenfound. The designof suitablespatialdata
structurewill bediscussedh Section3.2.6.

A local point searchcanbe implementedoy applyingthe stencilwalk methodto all
cellsintersectedy a straightline connectingooint p andsomeotherknown pointq. The
cellscanbeaccesseducessiely by tracingtheline throughthe cell’'s facesdetermining
entryandexit pointsin eachcase.
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3.2.5 Triangular and Tetrahedral Grids

In the previoustwo sectionsve discussednterpolationmethodgor regulargridsaswell
asmeansof computinglocal coordinatesn quadrilaterabndhexahedrakells. We know
wantto consideranotherimportantclassof grids,namelyirregulargridsbuilt from trian-
gularandtetrahedractells.

In atriangularcell it is mostconvenientto introducearedundansetof threeso-called
barycentriccoodinatest, &1, £&;. Thesearedefinedin thefollowing way:

D3

P =D+ fl(p1_p0) + 52(P2—p0) (351)
= &oPy + &P + &2Pay S0 =1-6—&

Do D,

It is easyto seethatthe &; are proportionalto the areaof the subtrianglesdefinedby
point p and an edgeoppositeto p,. Therefore,barycentriccoordinatesare sometimes
alsocalledareacoorinates In particulay we have

_ Areapp,p, _ Areap,pp, _ Areap,p,p

50 - ) 1 — ) 2 — .
Areap,p,p; Areap,p,p; Areap,p,p,

(3.52)

Givendatavaluesf,, f,, and f, attheverticesof atriangle,alinearinterpolantcanbe
definedby meansof barycentriccoordinatesn a straight-forvard way. The datavalues
arejustcombinedn the sameway asthe coordinatestself, i.e.,

.f(P) =&fot&fi+&f,. (3.53)

Barycentriccoordinate®f apointp = (z, y)? canbecomputedvia Eq. (3.51). Writ-
ing p; = (z;,y;)T andnotingthattheareaof a planartrianglecanbe expressedy means
of acrossproductwe obtain

& o= ((x—20)(y2 — Yo) — (¥ — wo) (2 — 20)) /A

62 = ((y — yo)(iﬂl — $0) — (g; — $0)(y1 _ yo)) /A (354)

with
A = (21— 20)(y2 — Y0) — (Y1 — ¥o)(x2 — T0) = 2 Areap,p, p,. (3.55)

The third coordinates, is givenby 1 —¢&; —&,. Wheneer one of the threebarycentric
coordinates; is negative pointp liesoutsidethetriangle. Thus,computinghesevariables
providesanefficientway of performinga point-in-triangletest.
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Theconcepbf barycentriccoordinatesanbeeasilygeneralizedo three-dimensional
tetrahedractells. In this casea fourth coordinatet; is required. The &; areproportional
to the volume of the subtetrahedrdefinedby point p andthe faceoppositeto a vertex
p;. Therefore barycentriccoordinatesof a tetrahedrorare sometimesalso called vol-
umecoordinates Moreover, of coursealso higherorderinterpolationpolynomialscan
be definedfor both trianglesandtetrahedronsAs with regular cells this requiressome
additionalinformation,e.g.valuesprovided at edgesor facesof thecells[95].

Globalandlocal point locationstratgiesin triangularandtetrahedragrids arequite
similar to the stratgies describedor regular grids with curvilinearcoordinates.For a
globalmethodit is importantto insertall cellsinto a suitablespatialdatastructure.This
allows oneto extracta smallnumberof candidatecellsin the neighbourhooaf an arbi-
trary point. Thenfor all thesecandidatecellsbarycentriccoordinatesarecomputeduntil
thecorrectcell is found. If theexactlocationof someothernearbypointis known alocal
searchstratgy canbe implementedby testingcells in the neighbourhoof the given
cell. In particular the next cell to betestedcanbe foundby computingwhich faceof the
currentcell aline segmentconnectingooth pointsintersects.

3.2.6 Spatial Data Structures

At this point we shortly want to sketch datastructureswvhich canbe usedto speedup
globalpointlocationin anunstructurear curvilineargrid. We alreadydescribechow to
checkwhetheran arbitrary point p is containedn a givengrid cell or not. The taskof
spatialdatastructuress to provide a smallsetof candidatecellsin the neighbourhooaf
p, thusacceleratingointlocationsignificantly

A large numberof spatialdatastructureshave beendescribedn the literature[69].
Popularchoicescomprisequadtree®r octrees kd-trees,or binary spacepartioningtrees
(BSP-trees)Oftenthesedatastructuresaredesignedo storea setof points. Thegeneral
ideais to subdvideacontiguouspacelomaininto smallerhierarchicallyorderedegions.
Reagionswhich are not subdvided anymoreare calledleafs. Usually pointsareinserted
into exactly one leaf. However, in our casewe needto processgrid cells ratherthan
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a) triangulargrid b) quadtree C) 2d-tree

Figure 3.5. Elementsof anirregular or unstructuredyrid shouldbe insertedinto spatialdatastructureto
speedup pointlocation.In two dimensiondor examplequadtreesr 2d-treescanbeused.
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points. Thereforewe inserta cell into all leafswhich possiblyintersecta cell. For an
arbitrarypoint p thereis exactly oneleaf p is containedn. Thegrid cells storedin this
leaf provide thedesiredsetof candidatecellsfor pointlocation.

In our implementationwe decidedto insertgrid cellsinto quadtreer octreesre-
spectvely. Thesedatastructuresare simpleandrequirelittle memory They work by
dividing a quadrilaterabr hexahedraldomaininto four respectiely eightsubdomain®f
equalsize. Wheneer the numberof cells storedin a particulardomainexceedsa cer
tain numberthis domainis subdvidedfurther, causingthe cellsto bedistributedinto the
newly createdsubdomainsOf course subdvisononly makessensaf theaveragesizeof
thegrid cellsis muchsmallerthanthesizeof thequadtreer octreedomains An example
of aresulting2D spacepartioningis shavn in Figure3.5b). In this exampleat most10
grid cellswereallowedto be containedn aleaf. For caseof simplicity we considerthe
boundingbox of agrid cell in orderto decidewhetherthe cell shouldbeinsertedinto a
leaf or not. This makestestingmuchsimplerbut impliesthatsomecells actuallydon’t
intersectheleaf sdomain.Themethodis usedfor bothtriangularor curvilinearcells.

Insteadof a quadtreeor anoctreealsoabinary kd-tree,i.e.,a2d-tree,canbeused.In
this casealeafis merelydividedinto two subrgionsinsteadof four or eight. Subdvison
is performedperpendiculato thelargestsideof the subrgion. kd-treesareadvantagous
if the sizeof the original domainalongthe major axesis very different. Moreover, kd-
treesusuallyrequireslightly lessmemorysincefewerleafsareproduced However, depth
of thetreeaswell asaveragenumberof cellscontainedn aleafareincreasedTherefore
pointlocationis somavhatmoreexpensve. An exampleof a 2d-treeis shavn in 3.5c¢).
While the domainsof a quadtreepctree,or a kd-tree are alignedalongthe major axes
for BSP-treedhis is not the case. Instead,subrgjionsaredivided into two partsalong
anarbitraryplane. Becausaletermininggoodbisectiongplanesis not a simpletaskand
becausdghe memoryrequiredto explicitely storetheseplanesis quite large we didn’t
investigateBSP-treegurther.
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Chapter 4

Line Integral Convolution in 2D

In this chapterwe are goingto discussone particularkind of texture-basedectorfield

visualizationmethod,namelyline integral convolution. We areusingthe termtexture to

indicatethat directionalinformationis not encodedby individual symbols— arrows or

contourlines— but is inherentlybeing containedn a patterngeneratedy somesort of

stochastiprocessTexture-basedisualizationmethodsarecloselyrelatedto experimen-
tal techniquesn flow visualization. We will investigatethis relationshipin more detalil
below. In contrasto a physicalexperiment,onacomputemuchmoreparametersanbe
changedsielding to a large variety of visual effectsandconcretealgorithms.The discus-
sion of theseconceptsandthe developmentof particularefficient algorithmswill bethe
mainsubjectof this chapter

4.1 Experimental Techniquesin Flow Visualization

Althoughdirectionalquantitiesplay animportantrole in mary areasof scienceandengi-
neeringtheimagingof vectorfieldsis of particularinterestin thedomainof experimental
fluid mechanicsVanDyck’s Albumof Fluid Motion presentsanimpressve collectionof
photographsndresults[26]. In fact, flow visualizationhasa long traditionin physics.
Pioneerdike Prandtlalreadytook photograph®f flow patternsat the beginning of the
centuryand usedthem for both qualitatve and quantitatve investigations. Sincethen
the experimentalsetupsbecamemore sophisticatedand more accurateresultscould be
obtained.However, the principal techniquesemainedhe sameuntil today[15]. In this
sectionwe will briefly sketchthesemethods,sincethey provide valuablebackground
informationfor the developmenbf computerbasedrisualizationmethods.

4.1.1 Randomly DispersedParticles

Most experimentakechniquesn flow visualizationarebasedn theinsertionof external
tracersinto thefluid, i.e., particlesor even molecules.A particularly usefulmethodfor
studyinglaminarflows andwakes consistan recordinglit solid particlesrandomlydis-
persedn thefluid. Typically tiny aluminiumor magnesiunctuttingsaretaken, but other
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Figure4.1 Comparatie photographsf thestartingflow pastanairfoil. Theleftimageshavs streakfrom
smallmagnesiuncuttingsdispersedhn theflow. Therightimageshavs strealinesfrom anelectrochemical
dyecontinuouslyreleasednto theflow (Imagesby P. MeyerandG. Pineau).

tracerslike air or hydrogenbubblescanbe usedaswell. The motion of the particlesis
capturedduring a shortamountof time. If the flow field doesnt changetoo rapidly, a
particle streakimageis obtainedwhich representshe velocity field of the flow at one
particularinstanceof time. From this imagethe field’s streamline patterncanbe re-
constructedy visual or numericalintegration. The left part of Fig. 4.1 illustratesthis
approach.Theimageshaows the flow arounda wing profile renderedvisible by individ-
ual particlestreaks.It shouldbe noted,thatfor morerapidly changingor eventurbulent
flows particle streakimagesare muchharderto interpret. In this casean instantaneous
streamline patterncannotbe obtainedarymore.Insteadof streamlines,actuallyparticle
trajectoriesaarerecordedvhich may crosseachotherin acomplex way.

4.1.2 Continuous Dye Injection

A secondcommonlyusedtechniquein experimentalflow visualizationis basedupon
the continuousreleaseof tracermaterialinto the flow. Possibletracersarefor example
dye,electrochemicamaterial,or smole. In this way imagesof streaklinesareobtained.
While particlestreakvisualizationyieldsaninstananeousnageof theflow, dyeinjection

methodsinform us aboutthe corvective transferof vorticity occuringin the flow. The

underlyingreasonsregivenby Helmholtz's laws of vortex motionof 1858.In particular

the secondof theselaws statesthat— for anideal inviscid fluid — particleson a vortex

line atary instantwill stayonavortex linesatall subsequertimes[13]. Thus,vorticity

Is corvectedin the sameway asa materialelementin the fluid. In orderto reveal the

vortex structureof a flow, the generalmethodologyis to ensurethatthe tracersbecome
associatedr entrainednto thevorticity-bearingpartsof theflow. Theright partof Figure
4.1illustratesthe dyeinjectiontechnique.

Even morethanwith particle streakimages,muchcarehasto be taken whenactu-
ally analysingstreakline photographsTherearesereral complicationsvhich may lead
to a misinterpretation.First of all, real fluids are not, in general,inviscid. Therefore,
therateof diffusion of vorticity may be differentfrom the rate of diffusion of the tracer
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Consequentlythe presencer absencef vorticity cannotalwaysbe concludedrom the
distribution of tracermaterial. A secondoroblemis, thatthe concentratiorof tracerma-
terial cannotcancel whereassorticesof oppositesigncould. Moreover, evenif thereis a
positionalcorrelationof vorticity andtracermaterial,in generakherewill beno correla-
tion betweertheamountof vorticity andthe concentratiorof tracermaterial.

4.1.3 Other Methods

Besideparticle streakvisualization,i.e., the imagingof streamlines, anddye injection,
i.e., theimagingof streaklines, thereare othertechniquesn flow visualization,which
shouldbe mentionedtoo. The developmeniof so-calledmateriallines or time linescan
beinvestigatedy releasingracerparticlesnstantaneouslirom aline sourceg.g.awire,
andtakingphotographstregularintervals. This methodis particularlyusefulfor obtain-
ing velocity profilesof theflow. In principle, by taking photographsvith long exposure
times also pathlinesor trajectoriesof individual particlesmay be recorded. However,
for unsteadyflows this methodis rarely appliedbecausehe resultingimagesare very
complex anddifficult to understand.

In additionto the volumetricmethodsmentionedabove, the analysisof surfaceflow
patterngepresenta valueablesourceof information,too. Suchpatternscanberecorded
by coatingthe surfaceof a solid body in the flow with a thin layer of material,e.g.an
oil film. In this way separatiorlines and reattachmenpoints becomevisible, andthe
transitionfrom laminarflow to turbulencecanbe studied.In Chapter5 we discusshow
surfaceflow visualizationtechniques€anbe simulatedon acomputer

While all of the techniquesliscussedo far rely on the insertionof forgein material
into the flow, optical flow visualizationmethodsexploit variationsof optical properties
of thefluid itself. Thesemethodsaremainly appliedfor studyinghigh-speedcompress-
ible flows. In particulay the refractve index in suchflows is correlatedto massden-
sity, andthuscanbe usedto obtaininformationaboutpressureandvelocity. Variations
of the refractive index canbe detecteckitherby so-calledshadav graphs,by analysing
schlierenpatternspr by usinginterferometrianethods.Shockwavesin the supercritical
flow regimearenicely shovn by thesemethods.

Finally, we would like to point out thatnot all vectorfields areflow fields andthat
therearealsoexperimentaimagingtechnique®utsidethe domainof flow visualization.
Perhapgshefirst visualizationexperimentshave beenperformedio explore the natureof
electricity Fromthe physicslessonsn schoolwe know thatsmall grain particleson an
oil film arrangein characteristidine patternsn the neighbourhooaf chaged metallic
objects.In fact,experimentdik e this inspiredFaradayto introducethe concepf afield
in scienceg64].
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4.2 Particle Streak Visualization

In this sectionwe wantto look at particle streakexperimentsn fluid mechanicgrom a
mathematicgbointof view. Fromall theexperimentatechniquesutlinedabove, particle
streakvisualizationgivesthe mostintuitive understandingf field structure.In particular
it is well suitedto reveal topologicalinformation abouta vectorfield. By looking at
particlestreakimageswvewill find amotivationfor two importantclasse®f digital vector
field visualizationalgorithms hamelyspotnoiseandline integral corvolution.

4.2.1 Image Formation

Let usconsidemsingleparticledispersedn afluid flow. For aninfinitesimalsmallexpo-
suretime dt theparticlewill produceanimageof intensityA(x—x,) dt onaphotographic
film. Herex, denoteghe positionof the particleat thattime instance.Noting, thatin-
tensityis measureger areathe function A musthave the dimensionof a flux density
[m2sec!]. We call A a particle spread function sinceit is very similar to the point
spreadunctionusedin microscopy []. In our notationwe neglect,thatthis functionmay
alsodependon parameterstherthanthe particle’s position,e.g.orientationor velocity.

A camerawill capturea particlewhile it is moving on a pathz;(t),t € [t1,t2]. The
time differencet, — t; just correspondso the total exposuretime. Thus,theimageof a
singleparticlecanbewritten as

hi(e) = /t " Al — @(t)) d. (4.1)

Ignoring occlusioneffects, the imageintensity obtainedby recordingmary particlessi-
multaneouslys simply givenby the superpositiorof theindividualintensitiesj.e.,

I(x) = Z hi(z). (4.2)

4.2.2 SpotNoise

Of coursethetotalimageintensity(4.2) is proportionalto the numberof particlesin the
fluid. In practice,we would ratherlike to considera normalizedintensity independent
from this number but scaledso thatthe resultingimagehascertaincontrast.Physically
suchascalingcanbeimplementedy adjustingtheamountof incominglight, thecamera
aperturethefilm sensitvity, or thekind of film processingThuswe have

I(x)=1I,+ CZ (hi(z) — (R)), (4.3)

wherel, denotegshe meanimageintensity c is a constanfactorcontrollingthe contrast
of theresultingimage,and (k) is the meanvalueof h; over all particles. Assumingthat
the particlesaredistributedequallyin space{h) doesnotdependn z. Furtherassuming
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thatthe valuesh;(x) for differentparticlesare statisticallyindependentit follows from
thecentrallimit theoremof statisticghattheintensitydistribution atagivenlocationz is
a Gaussiarmone. Thesamedistribution canalsobe obtainedby

®) = 1o+ 3 aih —10+Zaz/ zo—m(t)dt,  (44)

wherea; denotesa particle weightingfactorobeying (a) = 0. Sincetheseweighting
factorsdo not dependon « the correlationof thefinal intensityvalueswill be controlled
by h;(x) alone.Thus,from a statisticalpoint of view (4.3)and(4.4) areequialent.

Eq. (4.4) canbe usedto synthesizartifical particlestreakimageson a computer In
vectorfield visualizationthis approachs known asspotnoise[90]. Thetermspotrefers
to theimageor streakh; of anindividual particle. Spotsfrom mary particlesdistributed
in arandomway arecombinedusingpositive or negatve weightsa;. Thefunctionh; may
be approximatedn differentways,giving riseto alarge variety of slightly differentspot
noisealgorithms. With moregeneralfunctionsh; the methodcanbe usedto synthesize
generaktochastidextures,e.g. cloudsor marblepatterns.

4.2.3 Line Integral Convolution

In the following we wantto derive a differentalgorithmwhich canalsobe usedto ap-

proximateparticlestreakimagesnamelyline integral corvolution. We startfrom the ob-

senationthatif mary particlesarepresenthe discretesetof weightsa; canbereplaced
by afunctiona(z) definedona2D domainf). Insteadof Eq. (4.4) we thushave

I(mo) = /Q a(y) / ® Ao — (1)) dt dy. (4.5)

t1

Herex, (t) denoteghe pathof a particleinitially beinglocatedaty, i.e.,z,(0) = y. In
orderto simplify this equationlet us assumehatthe flow field doesnt changein time.
In this casethe particle pathsdon't intersect.In fact, the setof integral curves e of the
flow field completelycovers$2 in a disjunctmanner We maythereforeintroducea local
coordinatesystemalignedwith theintegral curvesandparametrize region of interestoy
y = o(u;v). Hereu represent®rdinarytime, while v parametrizeshe domainin the
directionperpendiculato theflow. Usingthis parametrizationywe have

xo = o(up;vp) and xy(t) =o(u+t;v). (4.6)
In the mostsimplecasethe particlespreadunction A is justadeltafunction. Thisyields
to

Azg — zy(t)) = A(o (ug; vo) —o(u + t;v)) = d(ug—u—t) 6(vo—v).

We insertthis expressiorinto Eq. (4.5) andobtain

I(z) ://a(a'(u; v)) tt25(u0—u—t) d(vo—w) dt dv dv. 4.7)
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Introducinge (u) = o (u; ), this expressiorcanbe simplifiedto

to
I(zo) = /g(uo—u) a(o(u))du, with g(ug—u) :/ d(ug—u—t)dt.  (4.8)
t1

This equationstateghattheintensity I (x,) in a particlestreakimageis givenby a one-
dimensionalcorvolution of two functionsg anda alongan integral curve of the field
passinghroughz,. More precisely g turnsoutto beabox-shapedilter kernel,while the
functiona(x) describeshe particledistribution within thefluid. This functionhasbeen
definedasthe continuousversionof the discreteparticleweightsa; occuringin the spot
noise.Usually, a(x) will be somesortof randomnoisefunction. Again, Eg. (4.8) canbe
usedto generatesyntheticparticlestreakimagesonacomputerIn scientificvisualization
thisapproachs known asline integral corvolution(LIC).

Line integral convolution canbe interpretedasa specialkind of spotnoisetechnique
associatedvith a 0-shapedparticle spreadfunction. In effect, the imageintensityat a
givenlocationcanbe computedoy a one-dimensionatonvolution insteadof a general
two-dimensionabne, which would be computationallynuchmoreexpensve. Lateron
we describehow to designefficient algorithmsfor computingLIC imagevery quickly.
While the §-characterof the particle spreadfunction perpendiculato the flow is anin-
herentfeatureof line integral convolution, the methodmay well handlemore general
functionsparallelto theflow. As aresult,thebox-filter g in Eq. (4.8)will bereplacedoy
morecomple kernelshapes.

4.3 LIC asanlImage Operator

In the previoussectionwe introducedine integral convolution (LIC) asamethodfor gen-
eratingartificial particlestreakkimagesonacomputer However, LIC is notonly restricted
to flow visualizationbut canbe usedto synthesizealirectionaltexturesin general.ln this

respectjt is of interestin areadike imageprocessingr digital art. Therefore we now

wantto reconsidetIC underamoregeneralpointof view.

4.3.1 Definition

Formally, LIC maybedefinedasanoperatowhichtakesaninputimageT’, avectorfield
f, andafilter kernelg asinputandproducesanoutputimagel. It doessoby computing
theone-dimensionatorvolution of 7" andg alongtheintegralcurvese of f:

I(zy) = /g(uo—u) T(o(u))du=gxT (o), o = o(uo) (4.9)
Of course this definitionrequiresthatthe integral curves o (u) exist andcanbe defined
in an unambiguousvay. If this is not the case,somespecialtreatmentis necessary
For example,at singularitieswe may simply truncatethe convolution interval or we may

extendtheintegral curvesartificially. Noticealso,thatin generatheintegral curveseo (u)
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a) time parametrization b) arc-lengthparametrization

Figure 4.2 Ontheleft aLIC imagewith field lines parametrizedby time is shavn. Theresultresembles
aphotograptirom arealparticlestreakexperiment.However, thedirectionalstructureof thefield in areas
of low velocity remainsunclear This disadwantagecanbe circumwentedif field lines areparametrizedby
arc-lengthasshavn ontheright.

will leavethedomainf2 onwhichtheoutputimageis to becomputedThereforetheinput
imageT" andthe vectorfield V' needto be definedon a biggerdomainQ*. In practice,
we will usuallydeterminel” andV" outsidef2 by somekind of continuationmethod for
exampleperiodictiling, clamping,or bilinearextrapolation.

Line integral corvolution was proposedor the first time by Cabraland Leedomin
1993[9]. Althoughtheirpioneeringwork did not containa generalequationike (4.9), it
shoved how to apply LIC in scientificvisualizationanddigital painting. The LIC algo-
rithm describedby CabralandLeedomrelied on a simplenumericalintegrationmethod
andwasratherslow andinflexible. We will review this approachn Sectiond.3.4before
developinga moreefficientway to computel IC images.

In orderto simulateparticlestreakimagestheinputimagel shouldcomprisesome
sortof randomnoiseimage. Due do the corvolution processin thefinal LIC imagethe
pixel correlationn field line directionwill bemuchhigherthanin perpendiculadirection.
Thus,thedirectionalstructureof thefield becomewisible. However, otherinputimages
may be processeaswell. In this case LIC maybeusedfor exampleto simulatemotion
blur effects. Becauseof the variety of possibleeffectsandthe generalityof the input T’
and f LIC canbeinterpretedasa generalimageproessingoperatorinsteadof a special
flow visualizationtechnique.

4.3.2 Parametrization

An importantaspecbf line integral corvolution is theway how theintegral curvese (u)
are parametrized.If we wantto imitate real world particle streakimagesthe natural
parametrizatioris adequatevhereu equalsime ¢t andthevectorvalue f(x) denoteghe
velocity of a particleat locationz. This naturalparametrizatioomeansthat the spatial
extent of the corvolution interval getslarger in areaswith large vectormagnitudej.e.,
highvelocity. Thisis evidentsincefastparticlesgproducdongstreaksyhile slow particles
produceshortstreaks However, asa consequencthe directionalstructureof aflow field
is oftenhardto understandh regionsof low velocity. In realexperimentghis shortcoming
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Figure 4.3 Thisfigureillustratesthe effect of varyingthelengthof the LIC filter kernel. In theleft-most
imagethe original input noiseimageis shavn. Thelargerthefilter lengththe morecoherenthe structures
in thefinal LIC image.Contrasthasbeenadjustedsothatthe varianceof theinput noiseis maintained.n
all examplesarc-lengthparametrizatiomasbeenused.

can hardly be overcome. However, on a computerwe may simply choosea different
parametrizationfFor mary purposet is corvenientto choosearc-lengths asaparameter
Arc-lengthof a curwe is definedby

s—/ds with ds = de 2—I— % 2+ dz th (4.10)
N ’ N dt dt dt ' '

Sincethisis a strictly monotonouslyncreasingunction,thereparametrizationf o (t) is
well-defined exceptin areasof vanishingvelocity. Noting thatdt/ds = | f|~! we have

d . dodt f

o5 =— o= T (4.11)

Usingthis parametrizatiothe spatialextentof the convolutioninterval is constanticross
thewholeimage.In Figure4.2 the effectsof usingtime ¢ or arc-lengths asa parameter
arecompared.While in the first casethe imagecloselyresembles real particle streak
photographin caseof arc-lengthparametrizatiothe structureof thefield in areaof low
velocity becomesnoreobvious. In orderto visualizevectormagnitudesimultaneously
othertechniquedik e color codingor textureanimationcanbe employed. Detailswill be
discussedbelon.

4.3.3 Additional Remarks

Line integral corvolution can be usedto producea variety of differenteffects. At this
point we wantto give anovervien of how theseeffectscanby obtained eitherby some
sortof pre-or post-processingyr by changingoarametersf the LIC operatorirectly.

Filter Length. Asumethat we computeLIC imageswith arc-lengthparametrization.
Thecharacteristifeaturesizein theresultingimageds directly proportionako thespatial
extentof thefilter kernelbeingused.For vectorfield visualizationusuallyarandomnoise
imageis takenasinput. Very smallfilter lengthsmodify the noiseimageonly little. The
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Figure4.4 Theappearancef raw LIC imagescanbeimprovedin apost-processingtep.in thefirstthree
exampledirectionalderivativesalonga predefinediirectionhave beencomputedIn theimageonthevery
right this directionhasbeenlocally adaptedothatit is alwaysperpendiculato the vectorfield.

directionalstructureof the field becomesnoreevidentif alargerfilter lengthis chosen.
However, in this casealsocontrasif theresultingLIC imageis reduced More precisely
thestandardleviation of the greylevel histogramis decreasedn thelimit of aninfinitely

large filter kernela constantgrey imagewould be obtained. For large but finite filter

lengthscontrasiof thefinal LIC imagecanbe preseredby scalingtheintensityvaluesin

therightway. Detailsaboutcontrastidjustmenaswell asanintensitycorrelatioranalysis
arepresentedh thefollowing sections Examplef LIC imagescomputedisingvarying
filter lengthsareshavn in Figure4.3.

Embossing LIC imagescomputedrom randomnoiseinput texturesclearly reveal the
structureof theunderlyingvectorfield. However, the appearancef theseresultscanbe
significantlyimproved by applyingadditionaldigital filters in a post-processingtep.In
particulay so-calledrelieffiltering or embossingrovidesgoodresults.Embossingssen-
tially relieson computingdirectionalderivativesof imagegrey valuesalonga predefined
direction. A fastandsimpleimplementatiorof anembosdilter is describedn [75]. Ex-
amplesof embossed.IC imagesare shavn in Figure4.4. One disadantageof relief
filtering is thatthedirectionalstructureof the LIC imagegetssuppresseth areasaligned
parallelto thedirectionof theembossperator To preventthis dravbackderivativescan
alwaysbecomputegerpendiculato vectorfield direction. Thisis illustratedin theright-
mostimageshaown in Figure4.4. Notice, thatthis imagedoesnt look three-dimensional
arymore.Insteadcontrasiof theoriginal LIC imageis emphasizeth all areas.

Color Images. The LIC operatorcan be easily definedfor color images,too. In this
casethe convolution operation(4.9) simply hasto be appliedseparatelyo eachchannel
of acolorimage.Insteadof a singlevalue threeindependenintensitiesarecomputed,
representinghered,greenandbluecomponentsf acolorpixel, respectrely. In orderto
emphasizehe directionalstructureof the resultingcolor LIC image,noisecanbe added
to theinputimage.Examplesareshavn in Figure4.5.

Anotherway to computecoloredLIC imagess to combinea three-componerRGB
imagewith a standardyrey valueLIC texturein apost-processingtep.For example,the
color imagecanbe usedto visualizean additionalscalarquantity via pseudo-coloring.
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a) originalimage b) LIC vectorfield derivedfrom 2 pointchaiges

¢) originalimagewith noiseadded d) LIC vectorfield derivedfrom imagegradient

Figure 4.5. Insteadof a randomnoiseimagealsoarbitrary color imagescanbe processedisngthe LIC
operator Suitablevectorfieldsmay eitherbe designednanuallyor maybe computedrom theinputimage
itself. If noiseis addedo theinputimagetheresultingimagelooksmorelike corventionalLIC images.

Exampleshave alreadybeenshown in the introductorychapter In orderto combinea

colorimageanda simpleLIC textureit is usuallysufficentto multiply eachcomponent
of the color imagewith a factor proportionalto the intensity of the single component
LIC texture. Modernpaintboxprogramdik e AdobePhotoshoprovide mary alternatve

methodsof combiningtwo suchinputsin a meaningfulway. However, for scientific

visualizationthesemethodsareusuallynotadequate.

Vector Field Design. Our lastremarkis concernedo thetype of vectorfield beingused
for the LIC operation.In scientificvisualizationthis field is obtainedfrom a numerical
simulationor ameasurementiowever, if LIC is appliedin digital art, usuallyinteresting
vectorfieldshave to be designednanually For example,in Figure4.5b) the vectorfield
hasbeencomputedrom point chagesplacedmanuallyin theimage. The chagesgave
riseto a Coulombfield, whichthenhasbeenrotatedby a predefinedangle.
Anotherapproachis to extract the vectorfield from the input image7 itself. For
example,the gradientof theimagefunction’l” might be computed.The gradientvectors
canagainbe rotatedby somearbitraryangle¢. A rotationof 90 degreesmeansthat’’
canbeinterpretedhsastreanmfunctionor Hamiltonianfunction. Theresultingvectorfield
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thencontainsclosedorbits. Figure4.5d) shavsaLIC imagewith avectorfield computed
from thegradientof ablurredversionof theinputimageT'. Blurring is necessarpecause
otherwisea very noisydiscontinuousectorfield would result.

4.3.4 The Algorithm of Cabral and Leedom

Beforediscussingur own algorithmfor computingLIC images]et usbriefly sketchthe
original approachof CabralandLeedom. Their algorithmrequiresthe vectorfield V' to
be definedon the sameuniform grid astheinputimageT’. Consequentlyfor eachpixel
p of theinputimagebothanintensity I, aswell asavector f,, arestored.Both, intensity
andvectorfield areassumedo be constantwithin a pixel. LIC intensitiesarecomputed
separatelyor all pixels. Startingfrom thecenterof apixel, streanlineseo (s) arefollowed
upto adistancel in positve andnegative direction.Eachcurve o (s) is decomposeahto
a numberof straightline segmentsof length As;. The breakpointsof the straightline
segmentsaredeterminedsuchthatthey arelocatedexactly at the pixel boundaries.

For eachstraightline segmentthe correspondingontribution to the cornvolution in-
tegral is computed.Sinceintensityis constantwithin a pixel, merelythe integral of the
filter kernelalongtheline segmenthasto bedeterminedi.e.,

s;+As;
g; = / g(s)ds, with sg =0ands;;; = s; + As;. (4.12)
Let N, bethenumberof sggmentsin backwarddirection, Ny the numberof sggmentsin

forwarddirection,and7; the inputintensitycorrespondingo thei-th segment. Thenthe
final normalizedLIC intensityfor a pixelis givenby

> a7l

— Ny <i<Ny

Z 9

— Ny <i<Ny

Iic = (4.13)

While thisalgorithmis conceptuallyery easy CabralandLeedompointedoutthatsome
carehasto betakenin theactualimplementationln particular the computatiorof entry
andexit pointsof astreamline througha pixel hasto beperformedn arobustandconsis-
tentway. Likewise,the detectionof singularitiesj.e., sinksandsourcesrequiresspecial
caresincethevectorfield is assumedo be constaninsidea pixel. Anotherrestrictionof
theoutlinedalgorithmis thatvectorfield andinputimagehave to be definedon thesame
grid. Finally, from the algorithmicpoint of view it shouldbe notedthatprocessingach
pixel separatelymplies a large amountof redundantvork. Typical computingtimesof
thealgorithmarein therangeof tensof secondandmore.

4.3.5 Exploiting Intensity Coherences

Comparedo othervectorfield visualizationtechniquedine integral convolution produces
highly intuitive resultswell suitedto be processethy the humanvisualsystem.However,
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in orderto be really competitve to other methodsit is very desireableéo improve the
performanceof Cabraland Leedomss original algorithm. This canbe doneby strictly
avoiding redundantvork whencomputingLIC images. In the original algorithmthere
aretwo typesof redundanciesFirst, for neighbouringpixels very similar field lines are
computed.Secondalmostidentical convolution sumsarerecomputedagainandagain.
Both typesof redundanciearecloselyrelated.

The basicideaof the fastLIC algorithm presentedelow is to exploit intensity co-
herencealonga field line. This canbe achieved mosteasilyfor a simplebox filter. In
this caseLIC intensity canbe simply approximatedy an averageof 2NV + 1 different
sampleof theinputimagelocatedon acommonfield line. Now LIC intensity I, atone
samplelocationis almostidenticalto LIC intensity I, ata neighbouringsample.In
orderto obtainthe correctvaluewe may simply updatel} insteadof recomputing/y
from scratch.This canbe donein the following way:

ThyN+1

Iy

I
TN Iivi = I + (Tksnt1 — Tk—n)/(2N + 1)

Intensityupdatefor a box filter involvesjust oneadditionand one subtractionjgnoring
normalizationof LIC intensity In the following we first shov how similar intensityup-
datescan be performedfor more generalfilter kernels. In orderto computea full 2D
LIC imagewe will thencomputea densesetof field lines distributed homogeneously
throughoutthe whole inputimage. Detailsof this approactwill be presentedelow. In
summaryby exploiting intensitycoherences,e., by performingintensityupdatesa fast
LIC algorithmcanbeformulatedwhichturnsoutto beoneorderof magnituddasterthan
theoriginal approactof CabralandLeedom[81].

4.4 Rewriting the Convolution Integral

In orderto derve a generalmethodfor performingintensityupdatesve needto rewrite
the convolutionintegral (4.9). A particularefficient updateschemecanbe designedor
the classof piecavise polynomialfilter kernels.Piecavise polynomialfunctionsprovide
avery generafunctionclass,allowing usto represena wide variety of kernelshapesin
thefollowing we will first briefly introducepieceavise polynomialfunctionsformally and
introducea basisof the correspondindinear space.In our discussionwe closelyfollow
the one presentedn [18]. Afterwardswe statean importantcorvolution theoremand
considerparticularfilter kernelsin detail.
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4.4.1 PiecewisePolynomial Functions

Givena strictly increasingsequence = (&;);—1,...; of knots&; € R andpolynomialsp;,
i =1,...,1, of orderk (i.e., of degree< k), a piecavisepolynomialfunctionof order &
canbedefinedby

07 z <§1
f@):=4 P(z), &<w<&n, i=1..0-1 (4.14)
Pl(x): x Z gl-

Thefunctionandits derivativesmay or may not be continuousat the knots¢;. The def-
inition is illustratedin Figure4.6. It is easyto seethatthe setof pieceavise polynomial
functionsof orderk for a fixed knot sequencé generates linear space.We will call
this spacelP; ¢. In orderto simplify further discussiorwe allow the function f to take
non-vanishingvaluesright from the last knot &;, while it vanisheddentically left from
thefirst knot&;. Later, whenusingpieceavise polynomialfunctionsasfilter kernels,we
requirethe right-mostpolynomial P, (dashedn Figure4.6)to be zero,sincethe kernels
musthave finite support.

A basisfor the spaceof piecavise polynomialfunctionscanbe built from so-called
truncatedoower functions. Thesefunctionsareordinarymonomialsfor z > 0, but vanish
for negative z. We denotethemby

r _J 0, z <0
(z)), = { J for r > 0. (4.15)
Thetruncatedoower basisof PPy  is givenby the doublesequencef functions
_ @D
ij(z) = % i=1,.,landj =1,.., k. (4.16)

The ¢;; arepiecavise polynomialfunctionsof orderj with justoneknot¢;. Obviously
they areelementsf P, . Note, thatthis would not be the caseif we hadrequiredP,(z)
to bezeroin Eq. (4.14).Plotsof someg;; areshavnin Figure4.7. The dervativesof ¢;;
obey therelation

% ¢ij = dijo1,  J> 1L (4.17)
Rz _ P R
L S AT S S

Figure 4.6. Piecavise polynomialfunctionsaredefinedby a setof | knots¢; andl polynomialsP;. When
constructind-IC filter kernelswe requiretheright-mostpolynomial P, to be zero.
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For later usewe notethatthe deriative of the stepfunctions¢; ; canbe definedin the
senseof distributiontheoryby meansof Dirac’s deltafunction. Keepingthisin mindand
applyingEq. (4.17)recursvely, we find the following importantrelationship:

p
L ople) = o - &), j>1 (4.18)

Beforewe continue,let us prove thatthe setof functions¢;,; really forms a basisof
P,e. We first look at the linear functionals);; thattake the differenceof the (j —1)th
derwvative of f atabreakpoint;:

Nigf = jumpg, fU = FUTD(ER) — FUTD(E), (4.19)
with: =1,...,landj = 1, ..., k. Applying \;; to ¢;; yields

‘ di-1 (z — &)Y
)\z’j¢rs = Jumpy;, dzG-1) (8 — 1+)' = 51'1"5]'3- (420)

As is obviousfrom Figure4.7 this expressiornvanishesalwaysexceptif the knotindices
i andr aswell astheexponentsj ands areequal.We canusethis resultto showv thatthe
¢i; arelinearindependentLinearindependenceneansthatthe equation) | ¢;j¢;; = 0
mustimply ¢;; = 0. In fact, this canbe shovn by applying A;; to an arbitrarylinear
combination,

)\ij Z Crg ¢7‘s == Z Crs )‘ij ¢rs == Z Crg 51'7" 5js = Cij = 0. (421)

The dimensionof the spacePy is kI, which is equalto the numberof functions ¢;;.
Togethewith thelinearindependencthis dimensionaigumentshovsthatthe ¢;; really
comprisea basisfor piecavise polynomialfunctions.Consequentlyevery f € Py . hasa
uniquerepresentationf theform

(@-&V
(G—1)!

For mary applicationsa moresuitableandnumericallyadvantageoudasisof Py, ¢ is
givenby so-calledB-splineg[18, 22]. However, aswe will see thetruncatedoower basis
allows usto rewrite convolutionintegralsin anelegantway, thusfacilitatingthe designof
agenerafastLIC algorithm. Thereforewe will expandall filter kernels,even B-splines,
in thetruncatedpower basis.

f=2Nf) ¢ = (jumpg f970) (4.22)

ij

j=1

& &

Figure 4.7. Thetruncatedpower basis¢;; consistsof oridinary monomialsclippedto be zeroleft from a
breakpoing;. Note,thatthederiative of ¢;; is justgivenby ¢; j_i.
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4.4.2 A Convolution Theorem

Thesingleimportanttheoremwhich allows usto formulateour fastLIC algorithmis the
following. Theconvolution of two functionsf andh, whereh hasfinite support,s equal
to the corvolution of theintegral F of f andthederwvative ' of h, i.e.,

fxh = /f y)dy = /F(y) h(x —y)dy = Fxh/, (4.23)

—0o0

for all z € R. To shaw this we considera definiteintegral with finite boundsfirst, apply
integrationby parts,let theintegrationboundsmove to infinity, andthenusethe factthat
thefilter kernelh hasfinite support:

z

/F(y) W(z—y)dy = F(y) h(z—y)

—z

/f hz—y)dy —s fxh (4.24)
y=—2z

Z—r 0

This is valid for every finite z. Assumingthat f is at leastn timesintegrableandthat
h is atleastn timesdifferentiable we mayapplythe above theoremmn timesrepeatedly
In orderto simplify notationwe introduceF® = f anddefinerepeatedntegrals of f

recursvely by

F™(z) = / FO Yy dy,  forn>1. (4.25)

Usingthis notationwe find theimportantrelation
fxh=F™xpm (4.26)

By meansof suitabletestfunctionsit canbeshavn thatthis expressioris alsovalid if the
n th derivative h(™ is a deltadistribution.

Supposehe filter kernel h is a piecavise polynomial function written in truncated
powers,i.e., h = Zij cij¢i;. Recallfrom Eq. (4.18)thatthe j-th dervative of ¢;; is a
deltafunction. Thus,by applyingequation(4.26)with n = j the convolution integral can
be expressedn termsof repeatedntegralsasfollows:

fxh = /_oo fy) Mz—y)dy = Zcij/_oo f(y) ¢ij(x—y) dy
_ ch / FO)(y Z% FO(z—g)  (4.27)

4.4.3 Filter Kernelsof B-Spline Type

Beforewe discusshow to build afastLIC algorithmby discretizingEq. (4.27),let usfirst
look at someparticularfilter kernels. In principle we may apply our techniqueto ary
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piecavisepolynomialfilter kernel. However, for line integral corvolutionthefilter kernel

shouldbeassimpleaspossible.Thereis noreasonwhy to considerunsymmetrikernels.
Furthermoresmootheresultsareobtainedf thekernelis lessweightedatits boundaries.
We will make thenotionof “smoothnessimorepreciseby analysingntensitycorrelation
lateron.

A nice classof filter kernelsfulfilling theseconditionsare centeredB-splineswith
uniform knot sequencesThe mostsimple elementof this classis a box filter b; with
justtwo knotsat —L and L, normalizedsuchthat [ b, dz = 1. Higherorderfilters can
be obtainedby repeatedlyconvolving box filters. Cornvolving two box filters resultsin a
triangleor hatfilter b, = b, x b;. In contrasto thebox thetrianglefilter is continuousbut
still hasdiscontinuouglerivative. Even smootheffilters are obtainedby convolving the
trianglewith abox again,andsoon. In thisway we getfilter kernelsof B-splinetype.In
particular ann-th order B-splinefilter is givenby

n—1

1 n e (a:+(n—2i)L)+
by, = GLy > (-1 (Z> D)1 , n>1. (4.28)

Let usprove this expressiorby induction.For n = 1 we obtainthe boxfilter itself:

1
by = 3T (z+ L)% —(z—-10)%) (4.29)
AssumingthatEq. (4.28)is valid for n we getfor b,,, 1 = b,, * b1:
n n 0o +( —2)L n—1
bt = Gy >y M/ (v oo L (g D)~ -y L)) dy
1 n ; (x+L+(n-20)L)" (z—L+(n—-2i)L)"
- (2L)n+1 ;(—1) (Tzl) <_ n! -+ n! +)
_ 1 2":(_1)1, (n> (_ (z+(n+1-2(i+1))L) . (z+ (n+1 —2i)L)+>

n! n!

Herewe have usedtheoremEg. (4.23) to replacethe box filter by a deltadistribution.
Relabelingheindex in thefirst termof thesumandusingtheequality (. ) + (%) = (")
we obtain

n

1 . (n+1\ (z+ (n+1-20)L)
bny1 = W Z(_l) <nl > ol £, (4.30)

1=0

in accordancevith Eq. (4.28). All filters b,, arenormalizedsince [ fdz = [gdz =1
implies [ fxgdxz =1, and [ b, dz = 1. Thefunctionsb,, have supporf{—nL,nL] ascan
be seenby inspectionof Eq. (4.28).

In Table4.1 somefilter kernelsof B-splinetype arelisted. Thesefilters have been
rescaledn orderto achieve supp h = [—L, L]. They arestill normalizedto unity. The
table also containsan expressionfor f x h. The convolution hasbeendecomposedh
termsof repeatedntegralsusingEq. (4.27).
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Filter kernelh Definition Corvolution f x h

= o (Fe4 1) ~ F(e-1))

P = ﬁ(w—i-L) 1
1 E(Fz(SC—FL) —2F2(;C)—|—F2(;C—L))
P, = E(wa)
27
P = (w+ )2
16L3 27
— (F: L) — 3F: L/3
p, — 2 20 2 a3 (FB(@+D) = 3Fs(a+L/3)
8L 8L3 F I F L
27 5 +3 3('/'8_ /3)+ 3($_ ))
Py = —
s Tors L)
n=4 Generatth-orderB-Spline:

2L £

3

Fah— (ﬂ)" :0(—1)i (7;) Fo(z + ";iL)

-L -L/2 0 L/2 L

Table 4.1: Filter kernelsof B-splinetype. Thefilter of ordern—1 canbe obtainedby convolving the nth
orderfilter with aboxfilter. Thefiltersin this tablehave suppor{—L, L] andarenormalizedo one.

Theconstructiorof B-splinesfrom repeateaonvolutionshasfirst beendescribedy
CurryandSchoenbeyin 1947.1n modernsplinetheoryB-splinesareusuallydefinedn a
moregenerakontet asdivideddifferencegor anarbitrarynondecreasingnotsequence.
For moreinformationwe referto deBoor[18].

A nice propertyof a nth orderfilter kernelof B-splinetype is that all dervatives
exceptof then—1th onearecontinuousi.e. thefilter is built from exactlyn + 1 truncated
powerfunctionsof degreen — 1. Consequentlytheevaluationof f x h involvesnth order
integralsonly. For generalpiecavise polynomialfilter kernelsusuallyintegralsof mixed
ordershave to be consideredThis makesthe computatiorof f x h moreexpensve.

4.5 The FastLIC Algorithm

We arenow in a positionto formulatean algorithmfor fastcomputatiorof LIC images.
The key ideaof this algorithmis to exploit the coherenceof pixel intensitiesin flow
direction. More precisely this meanghatthe LIC intensityfor a given point on a field
line is updatedto obtainthe intensityof a neighbouringpoint. Suchanintensityupdate
turnsoutto bemuchlessexpensve thanevaluatingthe corvolution integral from scratch.
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45.1 Discretization

We startthe constructiorof thefastLIC algorithmby distributing discretesamplepoints
{sx} onafield line o (s). The samplepointsshouldbe equidistantn parametespace,
ie.,

s = kAs, k€. (4.31)

We arelooking for a discreteapproximatiorof therepeatedntegrals ) onthediscrete
mesh{s;}. The approximationitself shouldbe constructedonly from samplestaken
at{sx}. Thisis animportantrequirementwhich facilitatesthe recursve evaluationof
repatedntegralsof increasingorderandwhich allows usto computeF¥) efficiently for
mary samplesThemostsimplesolutionis to choosdeft-handedRiemanrsumsyielding

k—1
kAs As Y FU(s), k>0
, . =0
F9(s) = / FU(z)dz ~ { 0, k=0 (4.32)
—1
0 AsY FU-U(s;), k<0
i=k

for j > 1. For corveniencewe introducethe abbreiation F,ﬁj) = FU)(s;). Usingthis
notation therelationof F'Y) betweemeighbouringsamplepointsis givenby

F(j)

k+1 = Flgj) + As Fk(j_l)

, j>1 (4.33)
Onthefirst sightit might seemthatthe useof left-handedRiemannsumsin Eq. (4.32)is
avery crudeapproximation.However, therelative error of the approximatiordecreases
with 1/N, where N is the numberof samplepoints. The final convolution integral is
typically approximatedoy about50-200samples. It turns out that the corresponding
intensitydeviationsdo hardly produceary visualartifacts.

Neverthelessjn principle more accurateintegration formulasmay be applied,too.
CenteredRiemannsumsarenot suitable becausehey areconstructedrom sampledo-
catedat (k + 1/2)As. Therefore they preventrecursve evaluationof F9). However,
trapezoidrule is avalid alternatve. In this casetheintegral Fk(j) would be approximated
by |k| + 1 symmetricallydistributed sampleswherethe first oneandthe lastone— lo-
catedat the boundarie®f theintegrationinterval — arebeingweightedwith afactor1/2.
Insteadof Eq. (4.33)therelationof FU) betweemeighbouringsamplepointsturnsoutto
be givenby aslightly morecomplex formula,namely

. LA - i
Fo = F0+ 52 (FEV+ FEY), G2t (4.34)

After discreteapproximation®f the repeatedntegrals /) have beencomputedwe
canimmediatelyexpressthefinal LIC intensity [, ata samplepoint s, usingEq. (4.27).
In orderto avoid ary computationabverheadwe just have to ensurethat the knots¢;
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of the piecavise polynomialfilter kernelcoincidewith samplepointss,. We therefore
introducediscreteoffsetsn; andrequire¢; = n;As. Thefinal LIC intensityis thengiven

by

I = Z CZJFk(an (4.35)

Recall,thatthe numbergd andm areusuallyquite small. For example,in caseof a box
filter we havel=1 andm =2. Thesum(4.35)thereforeincludesonly afew terms.

4.5.2 Intensity Updates

The basicideaof the proposedalgorithmis to computeintensitiesl; for mary sample
pointss; onasinglefield line in onepass.It shouldbe clearthatthis goal canbe easily
achieved by using updateformulaslike Eqg. (4.33) or EqQ. (4.34). Let us supposethat
the LIC filter kernelis of orderm andhasan extentof V samplesn both directions.
In orderto obtainthe initial intensity I, the valuesof the repeatedntegraIsF,Sj) with

k= —N,..,N andj = 1, ..., m have to be computedandstoredin anappropriatearray

Fromthesevaluesl, canbedeterminedlirectly usingEq. (4.35).

To obtain additionalintensity valuesy,, a straight-forvard algorithmic approach
would beto computeF,gi)N forj=1,...,mviaEq.(4.33)or Eq. (4.34)andto append
thesevaluesto thearrayof repeatedntegrals. Thentheintensityatthe next samplepoint
canagainbedeterminedirectly usingEq. (4.35). Of coursethe samestratgy mightbe
appliedto stepalongthefield line in negative directionby computmg]k 1.

However, the explicit computatiorof repeatedntegraIsF for largerandlargerval-
uesof & is numericallynotfavourable becausé& maycauseoverflow problems.Usually,
theinputimagecontainsby 8-bit integer valuesin therangeof 0 to 255. For the actual
computationwe make useof 32-bit integer arithmetic. Assumingconstantinput values
f = 128, for examplethe 4-th orderintegral F*) would causean overflow at k ~ 100.
Sincesuchdistancesnightwell occurin practice theLIC intensitiesshouldbe evaluated
in anumericallystableway.

In orderto find a stableevaluationschemewe rewrite Eq. (4.35)as

= > 17 with Y=Y ;R (4.36)

J 1’ ’m ’l 17 7

Let usfirst considerthe caseof left-handedRiemannsums.We useEg. (4.33)to obtain
anupdateformulafor thecomponents(m, namely

1= 3 ey (B, +AsFILY) = 1P + AL, (4.37)

i=1,... 1

69



wherewe have introduced ntensitydifferences

=As > cFSLD. (4.38)

i=1,...,0

While for j = 1 the correspondingntensity differenceis a linear combinationof the
original function vaIuest(?r)ni = fr+n;» higherorderdifferencesstill involve repeated
integrals,namelyintegralsof orderj — 1. Thesantegralscanbeeliminatedusinganested
evaluationschemeWe generalizeEq. (4.38)anddefinerepeatedntensitydifferencesy

AT = (Asy > e FSP, p=0,... 5 (4.39)

i=1,...,1

Note,thatAOI,ij> = ,i”. It is easyto seethattherepeatedntensitydifferencesobey the
relation

APII = APTY) 4 APHTO), (4.40)

We arenow ableto updatetheintensity I, by maintaininga setof % m (m + 1) interme-

diatevariablesAPI,i”, which are beingupdatedaccordingto Eq. (4.40). The resulting
evaluationschemeanbe sumarizedn thefollowing way:

i« Ay

I« AP« AP

(4.41)
M AL A2 A

I

The rightmostexpressionsn this schemesepresentinear combinationof the original
functionvaluesfy,,. Theseexpressionsare addedto the secondlastintensity differ-
encein eachrow in orderto performthe updatefor k£ + 1. Similarly, the otherintensity
differencesareupdatedby addingthe expressiorto theright. Finally, the resultingLIC
intensityis given asthe sumof the termsin the left-mostcolumnof the table. The ad-
vantageof the above evaluationschemsds, that repeatedntensitydifferencesare being
updatednsteadof repeatedntegrals. In contrasto integralsdifferencesio notgetlarger
asthe sampleindex k increasesThus,the schemds robustandnot harmedby numeri-
cal overflow problems.At the sametime, the numberof operationss identicalfor both
approachessincethe updateformulasgq. (4.33)and(4.40)areof identicalstructure.

It shouldbenotedthattheevaluationschemdeq. (4.41)is notrestrictedo left-handed
Riemannsums. In orderto usemore sophisticatedntegrationrules, merelythe update
formulaEq. (4.40)hasto bemodified. For example trapezoidule wouldyield

| :
I N N G R N B (4.42)

In contrasto Eq. (4.40)this expressioris symmetricin £ andk + 1. Thismeansthatthe
updateformulain backwarddirectionlooksthe sameasin forwarddirection.

70



4.5.3 SpecialFilter Kernels

We now wantto apply the intensity updateschemeoutlinedin the previous sectionto
somesimplefilter kernelsof practicalinterest. In this way, alsothe generalprocedure
shouldbecomemoreclear

Box Filter. The mostsimplefilter kernelfor LIC is definitely a box filter. It is of first
orderandhastwo knots,i.e.,m = 1 and/ = 2. Let usassumehefilter width is NAs in
bothdirections.Applying Eqg. (4.35)we find thatthe normalizedLIC intensityfor a box
filter is

1

1 N-1
Iy = IN (Fn—F.y)= N z;\] Ji- (4.43)

The last expressionhasbeenderived by approximatingFy and F_y by meansof left-
handedRiemannsums.Additionalintensitiesn forwarddirectioncanbe obtainedvia

As

Iy = I + AI,P = I+ IN (fean — fo-n)- (4.44)
In contrasttheupdateformulain backwarddirectionis
As
Ty = Iy = ALY = T = o (frawot = fi-noa). (4.45)

Thebox filter hasminimal computationatosts.The updateessentiallyinvolvesjust two
additions.An additionalmultiplicationis necessaryo ensuregpropernormalization.The
unsymmetryof the updateformulasis causedoy the useof left-handedRiemannsums.
Trapezoidrule yields symmetricexpressionsHowever, theseexpressionsvould contain
samplef theinputfunction f atfour differentlocationsinsteadof justtwo. An alterna-
tiveis to computethe LIC intensityfrom 2N + 1 samplesnsteadof 2/V. In this casethe
width of theboxfilter actuallyis (V + 1/2)As, andwe have

N

1
I, = 4.46
0= SN T i:ZNf (4.46)

whichis accompaniethy a symmetricupdateformula

As
Iy = I + SN + 1 (feaens1 — fexns1)- (4.47)

In fact, thistype of discretizatioris commonlyusedfor implementingconvolutionswith
symmetricfilter kernels.In our introductorypaperaboutthefastLIC algorithm[81] we
usedthis kind of discretizationtoo.

Triangle Filter. The next simplefilter kernelafteraboxis atriangleor hat. Thetriangle
filter is of secondorderandhasthreeknots,i.e., m = 2 andl = 3. Sincethefilter is
continuous the first-ordercontritutionsvanishandwe have I = 12, From Table4.1
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we find that the secondorder coeficientsarec;, = ¢z = 1/N? andey = —2/N2.
In additionto the intensityitself we needto maintainan additionalintensity difference
AT = AI? . Initially, thesevaluesaregivenby

Iy = (F(Z) 2R + FR) (4.48)
As
A= (F D_9op® 4 FS)V) . (4.49)

Using left-handedRiemannsums,additionalsampledn forward directioncanbe com-
putedvia

I = I + AL (4.50)

As
Al = Al + ~3 (fean = 2fk + fr-n)- (4.51)

Thecorrespondingipdateformulaein backwarddirectionare

Ik:—l = Ik - AIk—l (452)

A
Al = Al — —S (fk:—l—N 1= 2fp—1+ fr—n—1) - (4.53)

Higher-order Filter Kernels. Higherorderfilter kernelscanbe evaluatedin a similar

way. Onceagainwe pointout, thatkernelsof B-splinetypeareparticularlynicebecause
they involve termsof fixed orderonly. This meansthatonly a singlerow of thegeneral
updateschemein Eq. (4.41) needto be considered. For example the cubic B- spline
filter listed in Table 4.1 requiresto updatethreevalues! = I®, AI = AI®, and

AT = A%I®), Usingleft- handed?lemannsums,thecorrespondlngJpdateformulaein

forwarddirectionaregivenby

Liyi = Iy + AL, Al = AL+ A% (4.54)
27 As
A’ = AT + N3 (fk+N — 3fr4ny3 + fr—ny3 — fk+N) (4.55)

The backward formulaecanbe derivedin ananalogousvay. Note,thatin this casethe

total numberN of samplesusedto approximatehefilter needto be a multiple of three.
Otherwise the samplesf;.+ n/3 would not be available. This is a generalconstraintof

thetechniquegettingmoredominantif morecomple filter kernelsareused.However,

usuallywe wantto applysimplefilters. In addition,quitelargenumbersf N will beused.
Thereforejn practiceit is alwayspossibleto choosefilter lengthswhich arecompatible
with the breakpoint®f the piecavise polynomialfilter kernel.
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45.4 Hit Count and Accumulation Buffer

In orderto producean actualLIC image,we needto computeLIC intensitiesin a 2D
domain(2, andnot just for individual sampleson a singlefield line. We cansolwe this
problemby distributing manyfield lineshomegeneouslyn the outputimages?. In prac-
tice, (2 is subdvidedinto a numberpixelsp with non-overlappingdomaing,, i.e.,

0= Up Q,. (4.56)

For eachpixel p anassociatetlIC intensityl, hasto bedeterminedldeally, thisintensity
shouldbe computedasanaverageoverthewhole pixel area,

=7 | I(z) dA. (4.57)

A standardnethodin computeigraphicgs to approximatesuchintegralsby a sufficiently
high numberof point samplesn €,. In the simplestcasejust one samplelocatedin
the centerof €2, would be evaluated.For example,this is donein the LIC algorithmof
CabralandLeedomc.f. Sect.4.3.4. Thefastconvolution methodoutlinedin the previous
sectionscanbe usedto producemary sampledocatedon commonfield lines. Although
we have only limited control of how the samplesaredistributedin a particularpixel, a
naturalapproachwould beto averageall sampledalling into acommonpixel.

In our implementationwve maintaintwo variablesfor eachpixel p, hitcount[  p]
andaccum[ p] . We referto thesevariablesashitcountandaccumulatiorbuffer. Instead
of computingonly oneintensityvaluefrom asinglefield line o (s), N, intensityupdates
areperformedon thatcurve in forward andbackwarddirection,yielding additionalsam-
ples I, with |k| = 1,..., N,. Theseadditionalsampleswill be addedto accum[ py] ,
wherep, denoteghe pixel of the outputimagethe samplefalls into. At the sametime
hitcount]  p,] isincreasedy one.Traversingall pixelsonce,we computeanew field
line o (s) whenerer the numberof hits for a pixel is lessthana userdefinedminimum
minHit . At theend,asecondbasss necessaryo hormalizetheaccumulatedntensities
accordingo thetotal numberof hits perpixel. In summarythefastLIC algorithmcanbe
describedy thefollowing pseudocode:

for all pixelsp
sethitcount]  p]=0 andaccum[ p]=0
for all pixelsp
if (hitcount[  p] < minHit ) then
computefield line startingfrom centerof p
computenitial intensity I anddifferencesN’IéJ )
setaccum[ p] =accum[ p] + I
sethitcount]  p] =hitcount] p] +1
for [k| =1,...,N, do
computely, andN’I,ﬁJ> by applyingupdatescheme
determinepixel p; containingo (sy)
setaccum[ pg] =accum[ pg] + I
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Figure 4.8 ThefastLIC algorithmrelieson samplingtheinputtexture at evenly spacedocationsalonga
field line o. IntensityvaluesI; areaddedto the pixelscontainingthe sampldocationz;. New field lines
arecomputedonly for pixels which are not yet coveredby a sufficiently high numberof samples.Field
linesandsamplepointsshouldbe distributedmoreor lessevenly acrosgshewholeimage.

sethitcount]  pg] =hitcount] pg] +1
for all pixelsp
setl, = accum[ p] /hitcount[  p]

A typical patternof field linesandsamplepointsgeneratedby thealgorithmis shavn
in Figure4.8. In orderto minimize the computationakosts,field lines shouldbe dis-
tributedasevenly aspossiblethroughoutthe image. In this way the averagenumberof
hits per pixel is minimized. Therearea numberof algorithmicparametersvhich influ-
encethe performancef the algorithmaswell asthe quality of theresultingimages.We
shalldiscusgheseissuesn detail lateron. For the momentwe just make the following
remarks:

e In contrastto the LIC algorithm of Cabraland Leedom,the computationof field
linesis performedwithout referencingnput imageor outputimage. This allows
usto utilize any of the numericalintegrationmethodsdiscussedn Chapter3. An
integratorwith adaptve stepsizecontrolanderrormonitoringensuresiccurag and
acceleratefield line computatiorsignificantlyin homogeneousegions.

e As alreadymentionedin Section4.3.1,specialtreatmentis necessaryhenfield
lines leave the computationaldomain (2, or when singularitiesare encountered.
In ary case,we may simply continuethe pathin the currentdirectionin orderto
provide a full-sizedcorvolutioninterval. Of course nointensityupdateshouldbe
performedor extendedpathsegments.

¢ In theabove pseudocodéne numberof additionalsamplesV,, onafield line com-
putedby meanf intensityupdatesappearsasauserdefinedparameterHowever,
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this parametecanbeadjustecautomatically In fact,in Sectiord.6.2we shaw, that
the optimalvalueof this parametegraduallychangesasmoreandmorefield lines
arecomputed.

e Thenumberof sampleswithin a pixel aswell astheir relative distribution depends
onthe orderin which the pixels of the outputimageareprocessedTherefore the
traversalschemecan be usedto optimize the algorithm. The effect of different
traversalschemesvill alsobediscussedh Section4.6.3.

e The algorithminvolvestwo samplingprocessespne for approximatingthe one-
dimensionakorvolution integral, the otherfor averagingLIC intensitieswithin a
pixel. The choiceof parameterdike samplingdistance numberof samplesper
pixel, or spatialdistribution of sampleglepend®nthekind of inputimageaswell
asthedesiredquality of the outputimage.Improperchoiceof theseparametersvill
resultin aliasingeffects,cf. Section4.6.4.

¢ Finally, theresolutionof inputimageandoutputimage,i.e., the sizesof the cor
respondingpixels, are not requiredto be equal. The ability to choosedifferent
resolutionsfor both imagesfacilitatesapplicationslike continuouszoomingand
magnificationof details.Thiswill bediscussedn Sector4.6.5.

Dependingnthevectorfield beingvisualized thetypeof filter kernelbeingused aswell
asthelengthof thefilter kernel,the new methodturnsoutto be aboutan orderof mag-
nitudefasterthanthe algorithmproposedyy CabralandLeedom,cf. [81]. Performance
gainsincreaseaslargerfilter lengthsarechosen.For example,mary LIC imagesshovn
in this work were computedusing (one-sidedJilter lengthsof 40, 80, or even 120 and
morepixels. Computingsuchimagesessentiallyis not feasibleusingthe original method
while it takesonly afew secondsisingthe new approach.

4.6 Algorithmic Details

In the previoussectionwe describechow to evaluateLIC integralsfor piecavise polyno-
mial filter kernelsefficiently for mary pointson a commonfield line. We outlinedhow
thisideacould be usedto generate2D LIC images.In this sectionwe wantto work out
theproposedastLIC algorithmanddiscusshow the performancef thealgorithmcanbe
optimized.

4.6.1 SamplingDistanceand Input Image

ThefastLIC algorithmapproximateshe continuousone-dimensionatonvolution inte-
gralEq.(4.9) by aweightedsumof evenly spacedsampled’(s;). In thissectionwe want
to investigatehow to choosethe samplingdistanceAs in anoptimalway. It shouldbe
notedthatirrespectely of theactualvalueof A s theconvolutionsumis well-definedand
might be evaluatedat ary point within a pixel. However, if the samplingdistances too
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large the continuoud.IC integral will not be approximatedvell andartifactsmay occur
Onthe otherhand,if the samplingdistanceis too smallunnecessarwork will be done
andthe performancef the algorithmsdropsoff.

In orderto simplify the notationwe rewrite the continuoud.IC integralas

o

I(s) = / T(s — u) g(u) du. (4.58)
Here,T representtheinputimagealongafield line andg is acontinuouslydefinedfilter
kernel.We canexpresshediscreteapproximatiorof this integralascomputedn thefast
LIC algorithmby

i(s) = / " (s — u) g(u) M (u) du,  with m(s) = Y 0(s—ids). (459)

—00

Notice,thatthe continuoudilter kernelg hasbeenmodulatedby acombor shahfunction
I, i.e., by a setof evenly spaceds-impulses. For I to bea closeto I the distanceAs
shouldnot exceedthe characteristi¢eaturesizeof theinputimage?'. For randomnoise
imagesthis is aboutthe width of onepixel, which we will denoteby A. If the sampling
distanceAs doesnt matchthis criterium, high frequeng componentsill be obsered.
Intuitively, it is clearthatintensities(s) and/(s + As) arestronglycorrelatecbecause
they arecomputedrom almostthesamesamplesHowever, thevalueof I(s+As/2) may
be completelydifferentif 7" changesignificantlyover half a samplingwidth. Therefore,
intensitycorrelationalongafield line will startto oscillateif the samplingdistances too
large.

Fourier analysisprovidesan excellenttool to understandhe occurenceof high fre-
guenciesomponentsn detail. First of all, let usrecallthatthe analogueof convolution
in spatialdomainis modulation(i.e., multiplication) in Fourier space,andvice versa.
Thereforefrom Eq. (4.59)we obtainthe following Fouriertransformpair,

I(x) = T(z) * (9(z) W(z)) <= I(k) =T(k) (G(k) * LI (k). (4.60)

The Fourier transformof the combfunction III (x) is anothercombfunction III (k) with
reciprocalspacing2r/As. Therefore discretesamplingcauseshe functionG(k) to be
replicatedat higherfrequenciesn Fourier space.Correspondindgrequeny components
of theinputimagearecopieddirectly into the outputimage.

At this pointwe notethatthe Fouriertransformof a boxis a sincfunction. Therefore,
we have |G| = | sin(k)/k|. Thegraphof thisfunctionis depictedn Figure4.9a). Note,
that |G| vanishesxactly atintegermultiplesof 27 /A, whereA denoteghewidth of the
box. Thebiggerthespatialextentof afunctiong themorelocalizedit is in Fourierspace.
For example thetrianglefilter in Figure4.9b) hasanextentof 20A. Its power spectrum
is almosta deltafunction.

Now, let us considerparticularchoicesof input images. For LIC we are especially
interestedn noiseimages.In the mostsimplecasefor eachpixel arandomvalueis gen-
eratedyielding a piecavise constaninput image. Extractingvertical or horizontallines
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Figure 4.9 Theplotsontheright arethe power spectreof the functionson theleft. The Fouriertransform
of aboxis a sincfunction (a). Thewider afunctionin physicalspacethe morelocalizedit is in Fourier
space(b). The averagepower spectrumof a regular noisefunction againis a sinc (c). In contrastthe
piecaviseconstantegionsof a 2D noiseimagecoveredby afield line areof variablewidth, thusproducing
aspectrumasshavnin (d). If theinputimageis interpolatedilinearly high-frequeng component®f the
power spectrumaresuppresse(e).
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of pixelswe obtainalinearfunction?(x) exactly madeup of evenly spacedindrandomly
weightedboxes. The averagepower spectrunof suchafunctionis the sameasfor a sin-
gle box, exceptfor anadditionaldeltapeakat the origin, c.f. Figure4.9c). This peakis
causedyy a non-vanishingmeanvalueof 7'(z). It is clearthatsucha regularinputfunc-
tion shouldbe sampledusinganincrementf exactly A. However, in generafield lines
of anarbitraryvectorfield will crosspixelsof theinputimageat arbitraryangles.Thus,
the regular structureof the 1D noisefunction T'(z) is destryed. The power spectrum
T (k) doesnt vanishat multiplesof 27 /A arymore. Instead,a spectrumlike in Figure
4.9 d) is obtained. In the samefigure we superimposedhe spectrumof G (k) * III (k),
with G beingthetrianglefilter shavnin Figure4.9b). As statedn Eq. (4.60)the Fourier
transformof the convolvedsignalis obtainedby modulating?’(k) andG (k)  II (k). In
orderto getthesameresultasin thecontinuouscasethereshouldbeno contributionfrom
higherorderaliasesof G(k), i.e., the input function shouldbe band-limited. However,
in caseof piecavise constantoisethe bestwe cando is to chosea samplingdistance
matchingsthe minima of the power spectrum.From 4.9 d) we find thatthis is still A,
the width of a singlepixel. Note also,thatchoosinga samplingdistanceof A /2 doesnt
improve thingsmuch, since high-frequeng component®f the power spectrumare stil
quitelarge.

A simpleway to eliminatehigh-frequeng component®f the power spectrumis to
interpolatethe input imagebilinearly. In this casewe obtainan averagespectrumlike
in Figure4.9 e). Again, we have a minima at integer multiplesof 27 /A. Therefore,a
samplingdistanceof A againis favourable .Notehowever, thatbilinearinterpolationalso
impliesthatthefinal LIC imagehaslesscontrast. Therefore we cant directly compare
bothtypesof inputnoise.Thiswill bedonein Sectiond.6.4.Fromour discussiorhereit
merelyfollowsthata samplingdistanceAs = A providesagoodchoicefor approximat-
ing theone-dimensionatorvolutionintegral.

4.6.2 Adjusting the Number of Intensity Updates

Supposethe extent of the LIC filter kernelis NAs in both directions. Then,in order
to evaluatethe LIC intensityfor thefirst point on a field line 2N samplepointson that
line have to be computed.After this start-upphasethe updateschemeEq. (4.41)canbe
applied. Thenideally every additionalpoint on a field line yields a new intensityvalue.
ThereforethenumberN,, of intensityupdateshouldbetakenaslargeaspossible How-
ever, therearesomelimiting factors.Firstof all, field lines may leave the computational
domains2, or they mayendup in asingularity In this caseno moreintensityvaluescan
be computed Anotheroptionis, thatfield linesruninto regionswhereall pixelsalready
have beentouched. For example,in vectorfields containingvortices,a field line may
turn aroundforever without hitting a singlenew pixel. In this casejt alsodoesnt make
senseto performmoreintensity updateson thatline. In consequencan optimal value
for the numberof intensity updatesh,, exists. This value dependson the vectorfield
characteristicandtheactualpixel coverage.

In the following we will outline a simpleadaptve stratgy to determinean estimate
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for the optimal value of N,. In our discussiorlet us assumehat every pixel mustbe

touchedatleastonce.Furthermoreywe assumehatthe computationatostsperfield line

aredirectly proportionatto the total numberof sampleson thatline. In particular cache
effectsandnon-linearcostsfor the numericalintegratorareignored.Thetotal numberof

samplegerfield line consistof two terms,the numberof samplegequiredto compute
theinitial corvolution integral andthe numberof intensityupdates.Thereforethe costs
perfield line are

Chieidiine(Ns) = a (N + N,) (4.61)

with a constanfactor«. Computingn additionalsampleswill causesa certainnumber
P(n) of previously untouchedpixels to be hit. It is obvious thatthe function P(n) is
monotonouslyincreasing.However, in generalit will not be proportionalto n. Instead,
the graphof P(n) will becomeflatter asmore samplesare generated.Sincefield lines
are startedalways on untouchedpixels, at leastone pixel is hit, i.e., P(0) = 1. Fora
field line with N,, additionalsampleghe effectivecostsper pixel dependon the number
of previously untouchedixels beinghit. Consideringevery additionalhit on a pixel as
beingwastedthesecostscanbe expressedy

costsperfield line a(N+N,)

Cvel (Nu) = numberof previously untouchegixels  P(N,,)

(4.62)

In generalthis functionwill have a
minimum indicating the optimal value
of N,. In orderto locatethis minimum
we measureP(n) for a certain num-
ber of field lines — often enoughto get
reliable statistics. Then Eq. (4.62) is
evaluatedanda new value N,, is deter
mined. P(n) is measurediy keeping
trackof thenumberof new hits obtained
per intensity updateat a particulardis- e c=50%
tance. Normalizationagainstthe num-
ber of attemptedupdatesis necessary

becausefield lines may be terminated o 410 Effect . el berof
. _ Figure4. ective costsperpixel versusnumbero
prematurelyAs alreadystatedthis hap intensity updatesV,, on afield line. Thethreecurves

p_enszvhgngerthedomain(l is left or a correspondo differentdegreesof pixel coverage.
singularityis encountered.

Figure 4.10 depictsthe effective costsper pixel for threedifferentdegreesof pixel
coverageon a samplevectorfield. As expected Cpixel(V,,) inCreasessmorepixelsare
covered.In otherwords,the probabilityto find a previously untouchegixel getssmaller
At the sametime the optimalfield line lengthbecomeshorter Comparingthe fastLIC
algorithmwith and without adaptve samplingcontrol gave the following resultsfor a
512 x 512 image:

costs per pixe

c=75%

0 20 40 60 80 100 120 140 160 N,
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\ N, | Numberof field lines | Numberof hits Ny | Totalcosts|

150 (fixed) 5200 1,300,000 (100%)| 100%
200...10 (adaptve) 6670 901,000 (69.3%)| 80.7%

Thevalue Ny listedin the third columnof the table denoteghe total numberof inten-
sity valuescomputedby the algorithm. Takinginto accountthe sizeof theimage,these
numberscorrespondo 5.0 and3.5 hits perpixel, respectrely. Note, thatfor theadaptve
stratg)y thetotal numberof field lines hasincreasedlueto their reducedaveragdength.
Neverthelessthetotal costsestimatedy Cigta ~ Nhit+ NV X Niield lines @reonly about80%
of the costsof the fixed length stratgyy. This is, becausehe numberof hits hasbeen
reducedlrastically

4.6.3 SeedPoint SelectionStrategies

In this sectionwe wantto discussdifferentways of traversingthe outputimage. Obvi-
ously, the orderin which the pixels of the outputimageare processedieterminesvhat
seedpointsarechoserfor field line computation.Our objective is to achieve a very uni-
formdistributionof hits perpixel. Givenauserdefinedminimalnumberof hits, thishelps
to improve the performanceof the algorithm, sincesuperfluousits areavoided. More-
over, auniformdistribution of hits aswell asa gradualincreaseof pixel coveragewill be
of advantagdor the adaptve samplingstrategyy discussedh the previoussection.

Let usfirst discussixel traversalin scanlineorder Obviously, if two field linesare
startedfrom neighbouringocations,thenthey arelikely to hit the samepixels. In gen-
eral,thisis not desireablelnsteadfield lines shouldbe distributedmorehomogenously
throughoutheimage.For maximalperformanceall pixelsof theoutputimageshouldbe
coveredwith a minimal numberof lines. Unfortunately the optimal distribution of field
linesfor aparticularvectorfield is very difficult to compute.

Insteadcomparedo scanlineorder betterresultscanbe obtainedoy asimpleheuris-
tic approach.Theimageis subdvidedinto smallrectangulablocksof n x m pixels. In
a first passa first pixel out of eachblock is tested,in a secondpassa secondone,and
soon. This approachhasthe advantagehatthe algorithmquickly proceedsnto regions
which have not yet beencoveredwith field linesat all. Lateron, only the gapsbetween
thepixelshave to befilled. As aconsequenceixel coverageincreasesnoregradually

The idea of the blocking approachcan be exploited even further with the help of
so-calledSobolquasi-randonsequencefr0, 79]. On thefirst sight sucha sequencés
just a permutationP : i <> x; with 4, z; € {1,...,n}, soall integersup to a given size
appearexactly once. However, the orderin which thesenumbersarearrangeds quasi-
randomlike. In contrastto a true randomsetthe discrepanyg of the sampless reduced,
I.e. clusteringis avoided. Sobolquasi-randonsequencesanbe generatecdy number
theoreticmethods.In its original form thelengthof a Sobolsequencés a power of two.
However, sequencesf arbitrarylength canbe obtainedsimply by discardingnumbers.
Giventwo suchsequence®, andP, of equallengthn = m, all pixelsof asquaremage
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Figure4.11 Pixel coveragefor differentseedpoint selectiorstratgies. Grey levelsencodenumberof hits
perpixel. For givennumberof field lines,the Sobol-basedtratgy yieldshighestpixel coverage Lik ewise,
it produceghe smallesinumberof hits perpixel for acompleteLIC image.
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canbeaccesseth quasi-randonorderusingthefollowing index scheme

(xlvyl)a (352792)7 ceey (xnaym)a
(xla yQ) 9 (.’1'2, 3/3) 5 teey (xn, yl)a (463)
(xlaym) ) (x2ay1) R (‘/L‘naymfl)

For non-squaremageswith n < m asimilar numberingcanbe obtainedby utilizing an
extendedsequenceé®’, with =i = ; mod n, ¢ € {1,...,m}. If n>m thenP, is extended
insteadof P,. For betterperformancdothsequencesanbetakulated.

In Figure4.11pixel coveragesireshavn thatareobtainedafter120,240and360field
lineshave beencomputedaccordingo oneof thethreestratgies.Grey levelsencodehe
numberof hits perpixel. The Soboltechniqueohviously achiezeshigherpixel coverage
for a given numberof field lines. Thetotal numberof sampleds usuallyabout10-20%
lesscomparedto the block iteration method. On different computerarchitecturesve
obtainedthefollowing resultsfor computinga testimageof size512? pixels:

SGlIndigo® R4400150MHz || SGIIndy R4600PCI00MHz || CrayT3D (1 processor)

work ‘ computingtime work ‘ computingtime work ‘ computingtime
block || 100% | 4.83sec 100% | 7.30sec 100% | 11.42sec
sobol || 88% | 5.59sec(115%) 88% | 6.95sec(95%) 88% | 10.87sec(95%)

This shaws that the Sobol schemeonly payson machineswithout secondlevel cache
(here: Cray T3D, SGI Indy R4600PC).Accessinglarge blocks of memoryin quasi-
randomorderon secondevel cachemachinesapparentlycausetoo mary cachemisses,
which may completelyoutweighthe benefitsof the selectionstratayy.

4.6.4 Anti-Aliasing

The one-dimensionahatureof line integral convolution causesigh-frequeng compo-
nentsof the input imagein directionsperpendiculato the flow to be retainedwithout
attenuatiorin the outputimage. On the onehand,this is the reasorfor the high spatial
resolutionof LIC. In fact,this resolutionis only limited by the sizeof a singlepixel. On
the otherhand,severealiasingproblemsmay occurif high-frequeng inputis processed
andsamplingparameterarenotchosercorrectly In this sectionwe wantto discussvhy
theseproblemsoccurandhow they canbeavoided.

It hasalreadybeenpointedoutthatfastLIC actuallyinvolvestwo samplingorocesses.
First,the continuouscorvolutionintegral Eq. (4.9)is approximatedby samplingtheinput
imageT atanumberof evenly-spacedbcations.This samplingprocessasalreadybeen
discussedn Section4.6.1. Secondthe final LIC intensity of a pixel is determinedoy
computinganareaaveragej.e.,

I,= 1 I(x)dA ~ % > I(x). (4.64)
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Although the function I(z) is constructedrom a finite setof point samplesijt canbe
evaluatedat ary point inside a pixel. Thusit represents continuouslydefinedinput
signal. Often, this input signal containsfrequengy componentdarger thanthe Nyquist
raterv = 1/2A definedby the resolutionof the outputimage. Accordingto sampling
theorythesehigh-frequeng componentsre transformednto the low-frequeng range,
a phenomenoralledaliasing[65]. An obserer will not be ableto visually reconstruct
the true LIC signalfrom a sampledoutputimage. Instead,jaggiesand other artifacts
occur Often,theresultingLIC imagegendto look somavhatnoisy. To avoid aliasingthe
LIC signalhasto be low-passfiltered. Computingpixel averagedike in Eq. (4.64)is a
particularlysimpleway of low-pasdiltering. This approachalsocalledsupersampling,
is acommonstrategy in computemgraphics.

An interestingpointof fastLIC is thatthesamplegproducedy thealgorithmaremore
or lessirregularly distributedin a pixel. Oftena certainkind of randomnessr jittering
of the samplingpositionsis quite favourable. This so-calledstochasticamplingbreaks
up aliasingby replacingdistinctlow-frequeny aliasesby multi-frequeng noise,which
turnsoutto be muchlessdisturbingto our visualsysteny14].

Now the questionis, how mary sampleger pixel arenecessaryn orderto approxi-
mateEq. (4.64)accurately?o answelthis questionve measure@dveragestandaralevia-
tion of I,, perpixelfor variouskindsof inputnoise.In particular we comparedinaryand
grey noise,bothwith constantandbilinearinterpolation. We alsoinvestigatecdbandlim-
ited noisewith a cutoff frequeng of »=1/4A, compareFigure4.12. Of courseto geta
reliableestimateof intensitydeviation quitealargenumberof homogeneousigistributed
samplegerpixel is necessaryThereforewe modifiedthe Sobol-basedeedpoint selec-
tion stratgy outlinedin Sectiord.6.3andappliedit to asetof 3 x 3 subpbels. In thisway
we obtainedaveragenumbersof well over 20 samplegper pixel. The estimatedntensity
deviations o, obtainedfrom this experimentare listed in columntwo of Table4.2. Of
coursethe valueso, dependon the varianceof theinputimages.The biggestdeviation
occursfor binary noisewith constantnterpolation,while the smallestvalue belongsto
bandlimitedgrey noisewith bilinearinterpolation.In orderto compardghesenumbersve
normalizedthemsuchthatcontrastof thefinal LIC imagewasthe same.Note,thatafter

-
(1) (2) (4)
Figure 4.12 Input noisefor LIC. Pixels may either be black and white or may take valuesbetween0
and 255 (grey noise). Moreover, point samplingmay be used(1,2,5,6)or imagesmight be interpolated
bilinearly (3,4,6,8). Images5-8 arebandlimitedwith a cutoff frequeng of 1/4A. In 5 and7 the original
signalwasblackandwhite,while in 6 and8 grey noisehasbeenused.
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Typeof inputimage contrasiof LIC unnormalized normalized requirednumberof samples
image pixel average pixel average (v=0.9)
) op 15 0p /00 d==1 d==5
1) constanbinary 16.76 11.47 10.26 45.7 12.9
2) constangrey 9.59 6.62 10.35 46.4 13.1
3) bilinearbinary 14.99 5.91 5.91 16.5 5.6
4) bilineargrey 8.59 341 5.95 16.7 5.7
5) constanbinarybandlimited 12.00 3.40 4.25 9.5 3.9
6) constangrey bandlimited 6.98 1.99 4.27 9.5 3.9
7) bilinearbinarybandlimited 11.58 2.53 3.28 6.5 3.2
8) bilineargrey bandlimited 6.73 1.53 3.40 6.8 3.3

Table 4.2 Thefirst columncontainsmeasuredntensitydeviationsog in aLIC imagefor differenttypesof
inputnoise(trianglefilter, L = 30). In thesecondcolumnthe averagedeviationsperpixel arelisted. After
normalizatiorwith respecto o thesevaluesdeterminehow mary sampleperpixel arerequiredin order
to estimatethe true pixel intensitywith atoleranceof d ata confidencdevel of .

normalizatiorbinaryandgrey noiseessentiallyhave equalproperties.

The estimatesof normalizedstandardntensity deviation allow usto determinethe
numberof samplesn requiredto determinepixel intensities/, with certainaccuragy.
Assumingthat pixel intensitiesare Gaussiardistributed, we have to considerStudents
t-distribution F,,_;(c) [62]. More preciselyfor giventolerancel andconfidencesaluevy,
thenumberof samples: hasto bedeterminedrom

. 1
d=c-2. with ¢, sothatF,,_;(c) = ﬂ (4.65)

Vi 2

This equationcannotbe solved for n in a simpleway. Thereforewe computedsolu-
tions numericallyby meansof a bracleting approach. The last two columnsof Table
4.2 containthe numberof samplegequiredto determinel,, with tolerances! = £1 and
d = 5 ataconfidencdevel of vy = 0.9, respectrely. Herewe chosel, to bein therange
0...255.Note, thatfor d = +1 the requirednumberof sampless muchhigherthanthe
averagenumberof hits per pixel obtainedby applyingthe seedpoint selectionstratgies
presentedn Section4.6.3. This meanghatLIC imagescomputedusingthesestratgies
exhibit relatively largeintensityerrors.Fortunately intensityerrorsof neighbouringpix-
els usually are correlated. In this casewe may still obtainvisually acceptableaesults.
However, in orderto computehigh-quality LIC imageswithout ary aliasingeffects at
all, eithermuchmoresampledhave to be computedor bandlimitedinputimageshave to
be used. Of course,the useof bandlimitednoiseimpairs spatialresolutionof the LIC
texture. It dependon the applicationif thisis acceptabler not. In practicewe usually
didn’t take bandlimitednoisebut merelyusedbilinearinterpolation.This seemedo bea
goodcompromiséetweercomputationatosts,jmagequality, andspatialresolution.

4.6.5 Resolutionindependenceand ContinuousZooms

A key featureof the proposed.IC algorithmis thatfield line integrationis completely
separatedrom the actualcorvolution operation.In contrastto the algorithmof Cabral
andLeedom,this allows usto processarbitraryvectorfields, for examplefields which
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aredefinedin a proceduralway. In particular if the vectorfield is definedon a regular
uniform grid the resolutionof this grid may be chosencompletelyindependentrom the
resolutionof inputimageandoutputimage.

Up to now, we silently assumedhatinput imageandoutputimagehadequalsizes.
However, this neednot necessarilybe the casebecausehe inputimageis interpolated
and sampledat non-intgyer locationsarnyway. In the following we wantto discussthe
effectsof changingsizeandresolutionof bothimageselative to eachother We pointout
possibleapplicationsandconsidey how the samplingstratgiesmustbe modifiedin the
particularcases.

LargeLIC Images,Fine Details. As alreadymentionedthestandaradasdn line integral

convolutionis thatinputimageandoutputimageareof equalsize. Takinga largerinput

imagewill producea correspondinglytarger outputimage. Sincethe featuresize of a

randomnoiseimageis relatedto the sizeof a singlepixel, moredetailswill becontained
in largerLIC images.Thisis illustratedin Figure4.13a), wherethesamevectorfield was
visualizedusingLIC imagesof increasingsize. Filter lengthremainedconstanin terms
of pixel width, but getssmallercomparedo thetotal sizeof theimages.

LargeLIC Images,Constant Detail. In orderto produceexactly the samelLIC image
at higherresolutionsfirst of all LIC filter lengthhasto be increasedelative to the size
of a pixel of the outputimage. One might be temptedto zoom up the input imagein
orderto reflectthe desiredsize of the outputimage. However, explicite resamplingis
not necessarysinceinput imagesof arbitrary resolutioncan be processedn fastLIC.
This is possible sincethe inputimageis never accessedn a per pixel basis.Instead a
suitableinterpolationmethod(e.g. constanbr bilinear interpolation)is usedto evaluate
theinputimageat arbitraryinter-pixel locations. The effect of enlaging the size of the
outputimagerelative to thesizeof theinputimageis illustratedin Figure4.13b).

Low-resolutioninput imagesessentiallyprovide low-frequeng signals. Therefore,
suchimagesmight be usedin favour of explicitely blurred or filtered high-resolution
images.Theuseof low-frequeng inputimagess important,if theresultingLIC textures
areto beprocessetly someowerbandwidthdevicelikeavideorecordelor certainimage
compressiomlgorithms.

For optimal performancalifferentsamplingwidths shouldbe usedwhencomputing
LIC intensitiesalonga singlefield line. Initially, whencomputingintensity of the seed
pointof afield line, we maytake large stepsjustsufficientto detectall relevantstructures
of theinputimage.Accordingto the discussiorin Section4.6.1this is usuallyaboutthe
sizeof a pixel of the inputimage. Afterwards,whenproducingadditionalsampleson a
field line by meansof intensityupdatesve choosea smallersamplingdistanceequalto
the sizeof a pixel of the outputimage. This ensureghat mary outputimagepixelsare
touchedandthatno intensityinformationis discarded.

Magnification of Detail Structures. Detailsof a vectorfield canbe easilyvisualizedby
applyingthe LIC algorithmto subrgionsof thefield only. Obviously, if the samefilter
lengthandthe sameinputimageis used thentheimageof the magnifiedpartof thefield
hasthe samecharacteristicasthe imageof the orginal field. In particular featuresize
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Figure 4.13 LIC imagesof differentsize. In a) sizesof input andoutputimagewerechangedimultane-
ousely(1202, 2402, and480? pixels). Filter lengthremainedconstanin termsof pixel widths. In b) only
theoutputimagewasenlagedwhile theinputimageremainedhesame.In thisway high-resolutiorcopies
of exactlythesamelIC imageareobtained Filter lengthincreaseselative to the sizeof anoutputpixel.
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b) Detail views with scaledfilter lengthandinputimage.

Figure4.14 Visualizationof avectorfield atdifferentscalesin a) only thevectorfield itself waszoomed,
while input imageandfilter length remainedconstant. In b) input imageandfilter length were scaled
togetherwith the vectorfield. The differentfeaturesizesof the LIC texture clearly reveal the different
magnificatiorfactors.

and granularityof the LIC texture remainthe same,asis illustratedin Figure4.14 a).
In this exampledetailsof a vectorfield werevisualizedat threedifferentresolutions.A
betterway to reflecttherelative scaleof theview is to adjustfilter lengthandinputimage
accordingo the currentmagnificationfactor Looking at Figure4.14b) we immediately
understandhat the imagesencodethe vectorfield at differentscales.In this particular
examplethezoomfactorsin alineardimensionwverel:5:25.

4.7 Evaluation of the Algorithm

After the technicalaspectf computingLIC imageshave beendiscussedve now want
to analysesomepropertiesof line integral convolution in generalandof thefastLIC al-
gorithmin particular We will first look at somestatisticalpropertiesof LIC imagesJike
distribution of intensityvaluesor correlationof thesevaluesalongfield lines. We will
make useof theseresultsto comparethe effect of usingdifferentfilter kernelsqualita-
tively.
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4.7.1 Global Intensity Distrib ution

In Sectiord.3.3we alreadymentionedhatthecontrasof aLIC imagedecreaseaslarger
filter kernelsareused.To describethis phenomenomorepreciselywe notethatthe LIC

intensityof a pixel is computedasa weightedsumof essentiallindependensamplesof
theinputimage.In particulay the assumptiorof statisticalindependences well fulfilled

for randomnoiseinputimages Assumingfurtherthatall sample®f theinputimagehave
constantearvaluey, andconstanvariances?, mearnvalueandvarianceof theresulting
LIC imagearegivenby

n= Zgi,uo, and o? = ngao. (4.66)

Theweightsg; areobtainedby evaluatingthe LIC filter kernelg(z) atdiscretdocations.
For our further considerationgt is corvenientto rewrite theseequationsn continuous
form. Thenthe sumshave to replacedyy integralsandwe have

o

o

,u:,uo/ g(z)dz and o? 203/ g*(7) dz. (4.67)
Sincethefilter kernelg is normalizedto unity the averageintensityof a LIC imageis
equalto the meanvalue y, of the input image. However, variances? will dependon
the particularfilter beingused.For the specialcaseof a scaledfilter a~'g(az), notethat
variancechangessfollows:

2 _ 0_(2) > L,

2
dz = o,
g°(ax) dx o

(4.68)

o. =
a a2 oo

This equationmeansthat the varianceof a LIC image decreasess the extent of the
filter kernelis enlaged,i.e., as more samplesare being averaged. Sincevariancejust
controlstheglobalcontrasiof animageit is clearthatlongerfilter kernelsproduceflatter
LIC images. We alreadymentionedthis phenomenomn Section4.3.3. Moreover, the
statisticalindependencef the input samplesalso allows us to apply the centrallimit
theoremof statistics,statingthat regardlessof the exact distribution the input samples
thedistribution of thefinal LIC intensitiesapproachea Gaussiardistribution with mean
valuey andvariances?, i.e.,

1 ,(1—;3)2
p(I):We 202, (4.69)

OftenLIC imagesaregeneratedisingdifferentfilter kernelsor differentinput noise. In
thesecases,n orderto produceimagesof equalcontrastintensitiessimply have to be
rescaledsothatthe correspondingntensityhistogramshave equalwidth.

4.7.2 Intensity Correlation Along a Field Line

Besidethe globalintensitydistribution of a LIC imageanotherinterestingfunctionis the
correlationof intensityvaluesalongafield line. Thecorrelationof two functionsf andh
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is closelyrelatedto cornvolutionitself. It is definedby

corr(f, g) = / " fla+y) g(y) dy. (4.70)

Notice,thatif eitherf or g is symmetricj.e., f(—x) = f(z), thencorrelationandcorvo-
lution areidentical. The auto-correlatiorof a functionis definedasthe correlationwith
itself. In asenseauto-correlatiomeasurefow muchfunctionvaluesseparatetyy given
distancearerelatedto eachother For statisticaldataanalysisthe functionsf andg are
commonlynormalizedto zero meanvalue. The correspondindgunctionis then called
covarianceor auto-cwariancejf f andg areidentical,i.e.,

conf9) = [ T (Faty)— () (9(y) — (o) dy. (4.7)

oo

For zeroshift z auto-caovariances equalto variances?. If functionvaluesseparatethy a
distancer arecompletelyuncorrelateduto-coariancedropsto zero.

TheWienerKhinchintheorenstateghatthe Fouriertransformof theauto-caoariance
of asignalis givenby the power-spectrunof the signalitself,

cov(f, f) <= |F (k). (4.72)

In caseof LIC the signalis the corvolution of aninput textureT” anda filter kernel g,
l.e.,I =T x g. By applyingthe corvolution theoremwe thereforeobtainthe following
Fouriertransformpair:

cov(I, T) <= [T (k) |G (k). (4.73)

In the specialcaseof truely randomnoiseinputwe have |T'(k)|> = 1, andintensityauto-
varianceis just equalto the auto-corelation of the filter kernel For symmetricfilter
kernelscorrelationcanbereplacedy corvolution, yielding

cov(I,I)=g=*g. (4.74)

Rememberthatfilter kernelsof B-splinetypearegivenby repeateaonvolution of abox
filter with itself. Thereforejn this caseauto-caovariancewill alsobeof B-splinetype.In
particulay for a box filter we expectcov(I, I') to be of triangleshapefor atrianglefilter
auto-cwariancewill be athird-orderB-spline,andsoon. We will take a closerlook at
auto-cwarianceof differentfilter kernelswhendiscussinghow to animateLIC textures,
seeFigure4.17.

4.7.3 EffectiveFilter Length

For a meaningfulcomparisorbetweendifferentfilter kernelssomecarehasto be taken
aboutthefilter lengths.We shavedthatlargerfilter lengthsyield largerfeaturesizesand
lesscontrastin theresultingLIC images.Similarly, whencomparinge.g.aboxfilter and
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atrianglefilter of equallength,it is clearthatthetrianglefilter producesa smallerfeature
sizeanda highercontrast. The reasonis, that pixels at the boundariegetlessandless
weighted.Thereforethe effectivefilter lengthis smallerfor thetrianglefilter.

In acomparatre studywe wantto choosesqualeffectivefilter lengths.We determine
thesefilter lengthssuchthatthe varianceof theresultingintensitydistribution is equalto
theoneof acorrespondindpoxfilter. To actuallycomputehesewariancesve againmake
useof the simplifying assumptiorthat all intensitiesbeingaveragedn the convolution
integral are statisticallyindependent.Thenwe may apply Eq. (4.67) which statesthat
varianceusingafilter kernelg essentiallydepend®nthevalueof theintegral [ ¢*(z) dz.
By taking the ratio of the varianceof a higherorderfilter and a box filter we getthe
following resultsfor thefilter kernelslistedin Table4.1:

Trianglefilter:  Leg = § Lpox
3th-ordeffilter:  Leg = 2 Loy

Figure4.15ilustratesthe effect of differentfilters kernelson LIC images.All images
have beencomputedusingthe fastLIC techniquedescribedabove. The differencesoe-
tweentheboxfilter andhigherorderfilter kernelsaresubtile,but well noticeablgatleast
onacomputemonitor). In orderto make thesegslifferencewisiblein aprintedhardcop,
the imagesare shovn usinga relatively large magnification. It turnsout thata triangle
filter producesvisually more pleasantesultthana simplebox filter. On the otherhand,
thereis almostno differencebetweena trianglefilter and a third-order B-spline. This
meanghatit usuallydoesnt payto usethird- or evenhigherorderfilter kernels.In fact,
mostof the examplesshowvn in this work have beenproducedusinga trianglefilter (this
includesall surfaceLIC textures,cf. Chapter5). Recallfrom Sectiond.5.3thatatriangle
filter implies only minor additionalcostscomparedo a box. Sincefield line integra-
tion, interpolation,andsamplingof the input texture arethe mostexpensve partsof the
algorithmwe foundthatoverall costsonly increaseéby about10-150fa box.

In principle,convolution by atrianglefilter canalsobe achiezedby corvolving twice
with a box filter. The reasonis thatthe ordermultiple corvolutions canbe exchanged.
However, in practicesomedifferenceccursincethe resultof thefirst box filter convo-
lution is storedin anintermediatéemage. This impliesthatpixel averagesarecomputed.
Thus,theeffectivefilter kernelis nottruely one-dimensionarnymore.Theresultsappear
to be somavhat more blurry. At the sametime spatialresolutionof the LIC imageis
decreased little bit. An exampleobtainedby applyinga box filter twice is shavn in the
lower partof Figure4.15.

4.8 Animating LIC Textures

Although staticLIC imagesclearly reveal the directionalstructureof a vectorfield, the
actualsign of the field still remainsambiguous. Without further hints we cannotsay
whethervectorsare pointing in forward or backward directionalong a field line. An
interestingapproackho resole this ambiguityis basedon theanimationof LIC textures.
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1. Box filter

2. Triangle filter

Difference image 23

3. Third-order filer

4. Box filter convded twice Difference image 24

Figure4.15 LIC imagesobtainedwith differentfilter kernels.The contrastof the threedifferenceimages
hasbeenincreasedor bettervisibility. A trianglefilter is visually superiorto a box filter, while there
is not muchdifferencebetweena trainglefilter anda third-order B-spline, provided equaleffective filter

lengthshave beenchosen.In principal, corvolving the resultof a box-filter convolution with a box filter

againshouldyield the sameresultas a single corvolution using a triangle filter. However, storing the

intermediateesultalreadyinvolve spatialaveraging.Thereforea moreblurry resultis obatined.
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The techniquerelieson a well-known perceptuaphenomenonnamelythatlocal phase
changes$n corvolutionfilters maycauseheimpressiorof globalmotion. This effectcan
be exploited in computergraphics[32] and scientificvisualization[34]. Its application
to LIC hasalreadybeendiscussedn [9]. Although the speedof the motion effect can
be controlledlocally, onemustkeepin mind thatthe animationdoesnot reflectthe true
physicalmotion of particlesin an instationaryflow field. Neverthelessijt providesan
intuitive way for decodingsignandmagnitudeof a vectorfield.

4.8.1 Frame Blending

In orderto generat@nanimatedsequencef LIC imagesa periodicallyvaryingfilter ker-
nel needto be designed.In orderto facilitate practicalcomputationghe overall support
of the filter shouldbe limited. The mostsimple solutionto this problemis to cycle an
arbitraryfilter of length2L periodicallythroughsomebiggerinterval of length2L,. In
Fig. 4.16a) andb) thisis illustratedfor a box filter andfor a trianglefilter, respectiely.
However, the straight-forvard cycling approachasa numberof dravbacks.First of all,
althoughinitially asmoothfilter kernelmighthave beenchosendiscontinuitiesnevitably
occurwhenthefilter is shiftedacrosshe boundarieof the animationinterval. Usually,
the correspondinghangesn thefilter characteristicarewell noticeabledisturbingthe
visualimpressiorof the motion effect. Moreover, the discontinuitiesalsocomplicatethe
useof thefastLIC algorithm.Althoughcycledfilter kernelsremainpiecavise-polynomial
functions,in generahdditionalbreakpoint@andcoeficientsareintroducedvhenexpress-
ing thekernelin termsof truncatedoower functions. This increaseshe numberof arith-
meticoperationsieeded.

In orderto avoid discontinuitiesat the boundarief the animationinterval, Cabral
and Leedom[9] suggestedo multiply the shifted kernelwith a window function. In
particulay they proposedo usea so-calledHannfilter for bothdatawindowing aswell as
for theshiftedpartitself. TheresultingperiodicLIC filter withoutnormalizations

g(z,t) = (1 + cos(kx)) (1 + cos(nkx + wt)), t € [0,1]. (4.75)

with k = /L. Theparameter controlsthenumberof ripplesof thefilter. For n = 2 the
correspondindunctionis depictedin Figure4.16(c). At ary point of a periodthefilter
remainsasmoothfunction. It alwaysvanishesattheboundarie®f theanimationinterval.
Unfortunately Eq. 4.75is not a piecavise-polynomiaffunction andthereforecannotbe
usedtogethemwith thefastLIC algorithmatall. Whatwe needis a simpleperiodicfilter
madeup of piecavise-polynomialfunctions,which shouldnot changetheir functional
form within thewhole period.

It turnsoutthatsuchafilter canbe constructedyy smoothlyblendingtwo shiftednon-
periodicfilter kernels. Theindividual filters arenever moved acrosshe boundaryof the
animationintenal. Insteadthey getlessandlessweightedasthey approachheboundary
As soonasthey receve zeroweightthey areinstantaneouslgetbackto the beginning of
theintenval. Figure4.16d), e), andf) illustratehow in this way a periodicfunctioncan
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be constructedrom differentnon-periodidnputfilters. Denotingthe originalfilter g(z),
theresultingperiodicfilter g(z, t) is givenby

Gz, 1) = (1-1) gz — (La— L) t) + tg(z+(La—L)(1—1)), t€[0,1.  (4.76)

Herewe assumedheextentof ¢g(x) to be2L, while thelengthof theanimationinterval is
2L,. Theblendingtechniquecaneasilybe combinedwith thefastLIC algorithm. Since
convolutionis alinearoperationt is possibleto performthe blendingoperationn a post-
processingstep. In this casefirst a non-periodicmotion sequencevould be generated
usinga standardiecavise polynomialfilter kernelg moving from —L, + Lto L, — L.
The imagesof this sequencavould thenbe combinedsimilar to Eq. (4.76). Note, that
in orderto generate periodicsequencef N framestheoriginal non-periodicsequence
mustcontain2 N images.

4.8.2 Exploiting Temporal Coherence

Of course,it is not very efficientto compute2 N LIC imageswith slightly shiftedfilter
kernelsseparatelyA muchbetterapproactwould beto modify thefastLIC algorithmso
thatnot only spatialcoherences exploited but alsotemporalone. Note, thatin caseof a
shiftedfilter kernelg = g(z—(L,— L) t) we have

I(z,t) =I(x—(L,—L)t,0). (4.77)

Therefore pixel intensity at a given locationin oneframeis equalto pixel intensity at
anothetdocationin anotherframe.In principalintensitiedfor all framescanbe computed
in onepassthusavoiding repeatedcomputatiorof field linesandcorvolution sums.

For practicalpurposesve proceedasfollows. In additionto the usualnumberof
intensityupdatesV, performedonafield line | L, — L | additionalsamplesarecomputed
onthatline. Thesesamplegrovide justenoughinformationto determineLIC intensities
for all standardsamplelocationsfor all time stepst. For every time stepa separate
accumulatiorbuffer needto be maintained.All LIC intensitiesfor a particularsample
locationareaddedo the associatedtiuffers. Afterwards,for eachpixel accumulated.IC
intensitieshave to be normalizedandframeshave to be blendedsimilarto Eq. (4.76).

An obviousdravbackof this methodis, thata large amountof memoryis neededo
hold a separateccumulatiorbuffer for eachframe.For examplewhenusinganaccumu-
lation buffer of 4-byteintegers,a sequencef 25 videoframes,768 x 576 pixelseach,
wouldneedabout85MB of memory(recallthatdueto themandatoryplending50frames
areneededo createa periodicsequenc®f 25 frames). The situationcanbe improved
somevhatby performingthe blendingoperatiorfor eachsampleindividually just before
intensityvaluesareaddedto a buffer. In this caseonly N insteadof 2N buffersneedto
bestored.

Onemightthink thatthereis a performanceenaltyassociateavith this approactbe-
causeavery samplehasto beblendedndividually insteadof justthefinal LIC intensities.
However, notethatusuallythe averagenumberof sampleger pixel is quite small. Also
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a) Cycledboxfilter.
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b) Cycledtrianglefilter.

¢) WindowedHannfilter.
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d) Blendedboxfilter.

e) Blendedtrianglefilter.

f) Blendedthird-orderB-splinewith overlap.

Figure4.16 AnimatedLIC filter kernels.

note,thatafinal passover all bufferswhich otherwisewould be neededo performframe
blendingis not neccessarnanymore. In practiceit turnsout that due to cacheeffects
on mary computerarchitectureshis morethancompensatethe costsfor the additional
blendingoperations.

For very large imagesmemoryrequirement$or maintainingN full-sizedaccumula-
tion buffers may still be prohibitive. In this caseLIC animationsequencesanbe com-
putedon a parallelcomputemwith distributedmemory We describeda parallelextension
of thefastLIC algorithmin [96].

4.8.3 Contrast Adjustment

In this sectionwe wantto point out a subtle peculiarity of LIC animationsequences.
It turns out that auto-cwarianceof all periodicLIC filter kernelspresentedn the pre-
vious sectiondoesnt stay constantduring the animationbut osciallates.Plots of auto-
covariancefor differentfilter kernelsaredepictedn Figure4.17.For thecycledboxfilter
(a) aswell asfor the cycledtrianglefilter (b) auto-cawarianceexhibits distinctive peaks
in the middle of the animationinterval. Thesepeaksarecausedy filter kernelsreenter
ing the animationinterval at the beginning. The peaksare muchlessdominantin case
of a windowed Hannfilter (c) aswell asfor our favourite blendedfilter kernels(d,e,f).
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However, for thesefilters varianceo? of the final LIC imagechanges.Rememberthat
varianceis equalto auto-cowvariancefor x = 0. Thus,thesechangesanbe directly ob-
senedin Figure4.17. Sincevariancedirectly controlscontrastof a LIC image,images
appeato getflatterduringthe animation.

In orderto eliminatethis visually disturbingartifactintensitieshave to berescaledso
thatcontrastremainsconstantin every frametheresultingvariancecanbe computedia
Eq. (4.67). In caseof a blendedfilter kernelthis equationhasquite a simple solution,
providedtheindividualfilters beingblendeddon't overlap. This meansthatthe samples
beingaveragedarestatisticallyindependentln particular we have

(e}

o*(t) = og /OO §*(z,t) dx = ((1—1)* + t?) 03/ g*(z) dz, (4.78)

o0 -0

whereo? denotesvarianceof the inputimage. This expressionstatesthat varianceis a
parabolicfunctionof ¢ with aminimumat¢=0.5. In orderto achiese a constanintensity
distributionwith meanvaluey andvarainces? = ¢2(0) theblendedLIC imageshave to
berescaledasfollows:

I—p

e 79

The situationgetsmoreinvolved if both partsof the blendedfilter g(z,t) overlap.
Thenthe integral [ ¢°(z,t) dz is moredifficult to compute. Analysing Eq. (4.76) or
inspectingFigure 4.16 revealsthat an overlapoccursif L, < 3L. Let us considerthe
specialcaseof a blendedboxfilter b(z, ). Assumethatbothfilter boxesb beingblended
overlapby a factoru, with v € [0,1]. The contribution dueto the overlap equalsthe
integral over a squaredox filter with lengthu L. Thuswe obtain

o*(t,u) = (1=t + ¥ +2(1—t)tu) of / b () dz. (4.80)
If thereis nooverlap,i.e, v =0, thisresultis equvalentto Eq. (4.78). Ontheotherhand,
if bothfilters fully overlap,i.e., v = 1, the precedingfactor equalsone andwe obtain
the samevarianceasfor a singlebox filter b. In caseof higherorderfilters o2(¢, u) is
quitetediousto computeanalytically Thus,in practicewe determingherequiredscaling
factorsfor contrasiadjustmennhumerically

4.8.4 Variable SpeedAnimation

Finally, we would lik e to mentionthatit is of coursealsopossibleto adaptthe velocity of
LIC filter animationlocally. Suchanapproacltanbeusedo emphasizeectormagnitude
in additionto directionalsign.

Note,thatif speedof filter animationis variedbut length L, of theanimationinterval
is kept constanthe resultingLIC sequencavill not be periodicanymore. Forsell [30]
describedh simpletechniqueor generatinghon-periodicvariablespeed.IC animations.
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Figure 4.17. Auto-covariancefor differentanimatedLIC filter kernels: a) cycled box filter, b) cycled
trianglefilter, c) windowed Hannfilter, d) blendedbox filter, e) blendedtrianglefilter, f) blendedthird-
orderB-Splinewith overlap.Auto-covarianceatz =0 turnsoutto beequalto varianceof theresultingLIC

image. The cycledfilters arecharacterizedhy constantvariance but auto-cavarianceexhibits sharppeaks

in the middle of the animationinterval. The otherfilters producelesssignificantchangesbut requirethe
overallcontrasto be adjusted.
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Shefirst computeda periodicconstanspeedanimationsequenceln orderto createvari-
ablespeedanimationgntensityof a pixel wasinterpolatedrom thosetwo framesof the
constanspeedsequencayhich mostcloselyresemblegheactualphaseshift of thatpixel.
However, therestill remainsa major problem.With ongoingtime, filter kernelphase®f
neighbouringoixelswill loseary correlation.Severespatio-temporadliasingeffectsare
introduced For examplethetexturemayappeato movein theoppositedirectionin some
areas.

A betteralternatveis to usethe samephaseshift for all pixelsbut to changehelength
of the animationinterval accordingly A filter moving throughanintenal just slightly
biggerthanthelengthof thefilter itself appeardo move very slow. Onthe otherhand,a
filter moving througha large interval in the sametime appearso move very fast. Using
theframeblendingtechniquedescribedabore thelengthof theanimationinterval canbe
locally adaptedn a naturalway. However, notethatin this casethe amountof overlapof
thetwo filter kernelsbeingblendedvarieslocally. In regionsof very low velocity thereis
almostcompleteoverlap,while in regionsof largevelocity thereis nooverlapatall. Thus,
in orderto adjustcontrastof the resultingLIC imagesanequationlike (4.79)cannotbe
appliedglobally. Insteadjntensitieshave to berescaledocally usingafactordetermined
by theactualamountof overlapatthatlocation.

Besidecontrastadjustmengeneratiorof variablespeedanimationsequencealsohas
someminor impacton the fastLIC algorithmitself. Like for constantspeedsequences
LIC intensitiesonafield line canbecomputedor all framesoncetheintensitydifferences
AP] ,ij ) have beendeterminedor sufficiently mary samplesOf coursethesesamplesan
be obtainedusing fast LIC intensity updates. However, in contrastto constantspeed
animationghetotal numberof samplegequiredon afield line is not known in advance.
It dependsn velocity how muchfilter kernelsare shiftedandhow mary sampleson a
field line arerequired.Lik ewise, morethanoneadditionalupdatemight be necessaryn
orderto computeLIC intensityfor aneigbourindocationonafield line. Thisis thecasef
velocity attheneighbourindocationis biggerandthusfilter kernelsneedto beshiftedby
somelargerdistanceln practiceit is mostconvenientto stepalongafield line, evaluate
the input texture at asmary locationsas necessarthencomputeintensity differences,
andfinally combinethesedifferencedo generate_IC intensitiesfor NV, pointson the
field line.
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Chapter 5

Application to 3D Vector Fields

In the previouschaptemwe discussedhevisualizationof two-dimensionaVectorfieldsby
meanf line integralcorvolution (LIC). We now wantto exploremethoddor visualizing
three-dimensiondlelds. Obviously, thisis muchmoredifficult. Volumetricinformation
cannotbedepicteddirectly. Instead somesortof projectionhasto be performedn order
to obtaina2D image.Dependingontheparticulampoint of view somepartsof thevolume
will alwaysbe occludedoy others.Therefore anessentiatequirementor 3D visualiza-
tion compriseghe identificationof the relevant structuresn a volume. Thesestructures
have to be emphasizeavhile lessinterestingnformationhasto be suppressed.

LIC hasprovento be a powerful methodin 2D becauset is ableto depicta planar
vectorfield atwholewithout suppressingry informationatall. In principle,themethod
canalsobe usedto synthesize8D directionaltexturesinsteadof 2D ones. However, it
is not clear how to projectthese3D texturesinto a 2D image. One possibility would
be to performsomekind of directvolumerendering.In fact, someresearchergwesti-
gatedthis approaclti78, 45]. Unfortunately directvolumerenderings quite slow, and—
evenworse— it is not clearhow to highlight essentialnformationin a volumetricfield.
In addition, often unsatiséctory resultsare obtainedbecause¢he humaneye is usedto
perceve surfacesinsteadof diffusecloudy objectsasgeneratedy mary volumerender
ing algorithms. Therefore the extractionof surfacesfrom 3D vectorfields seemdo be
more promising. In orderto visualizedirectionalstructureson a surface,of courseline
integral convolution againis an excellenttool. For this reasonwe wantto considerthe
implementatiorof LIC on surfacesn thefollowing sections.

However, beforewe do so we wantto investigatehow to computesuitablesurfaces
on which LIC texturescanbe mappedon afterwards. A very naturaltool for analysing
3D vectorfields are so-calledstreamsurfaces Built from a whole bunch of individual
streanlines,thesesuriacesarewell suitedto revealessentiainformationin avectorfield.
Therefore,we first look at streamsurfacesin more detail and dicusshow well-shaped
triangularapproximationganbe constructedin Sections.2and5.3we theninvestigate
algorithmsfor computingLIC textureson parametricaswell ason more generalnon-
parametricsurfaces.Both approachebave specificprosandconswhich will be pointed
outduringthe presentation.
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5.1 StreamSurfaces

As mary othervectorfield visualizationtechniquestreamsurfaceshave beenutilized in
fluid mechanicdirst. In fact, they arequite a populartool supportedoy mary standard
flow visualizationpackagesOf course streamsurfacescanbe appliedto generalvector
fields,too. However, in this casecarehasto be taken becaus@eneralvectorfields may
bearstronglydivergenttermsor evenmay containsinksandsourcesThesefeaturesnay
causeproblemsfor standardstreamsurfacealgorithms. After reviewing streamsurfaces
in fluid mechanicsve thereforepresentanimprovedalgorithmfor constructingaccurate
andwell-shapedriangularstreamsurfacesn arbitrary3D vectorfields. We alsomention
waysof definingproperinitial seedinesfor streamsurfacesautomatically

5.1.1 Background

Recallfrom Section2.1.3thata streamsurfacex(t, ) is mathematicallydefinedasa set
of infinitely mary streamlinesreleasedrom acommonseedine m(u),

d
Za(tu) = f(z), 2(0,u) =m(u). (5.1)

A streansurfaceis naturallyparametrizedby thetwo variablest andu. Linesof constant
u arejustordinarystreamineswhile linesof constant arecommonlycalledtime lines.

In caseof incompressibldlow fields,i.e., vectorfields with vanishingdivergence a
streamsurfacecanberepresentelly aso-calledstreamfunctionS. A streanfunctionis a
scalarfield thegradientof whichis alwaysperpendiculato thedirectionof theassociated
flow field,

f-VS=0. (5.2)

For asinglevectorfield thereexist infinitely mary streanfunctions.It canbeshowvn [94]
thatanincompressiblevectorfield canbe expressedsthe crossproductof the gradients
of two dualstreamfunctionssS; and.S,,

f=V5, x VS,. (5.3)

Any linear combinationof two streamfunctionswill againbe a streamfunction. On a
streamsurfacethevalueof the correspondingtreanfunctionis constant:

S = 151 + a5 = const. (5.4)

Theuseof scalarvaluedstreamfunctionsis quite popularin fluid mechanicssincemass
flux andmary flow fieldsareassumedo beincompressible.

The representationf a streamsurfaceasan isosurbiceof a streamfunction canbe
exploitedalgorithmically VanWijk [89] describednethodsor computinga pair of dual
streanmfunctions.With thesefunctionshewasableto construcstreamsurfacesby means
of a standardsosurficealgorithm. However, this methodcannotbe appliedto vector
fieldswith non-zeradivergence.Thereforejn thefollowing we wantto investigatealter
natve methoddor creatingstreamsurfaces.
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Figure 5.1 In Hultquist's algorithmtrianglesbetweemeighbouringstreamlines are createdrecursvely.
The methodadvanceribbon() analyzesquadrilateralsas shovn above. It createdeft- or right-aligned
trianglesdependingn which of thetwo diagonalf a quadrilaterals shorter The blackarronsin b) and
d) indicaterecursve invocationof advanceribbon().

5.1.2 Hultquist’ s Algorithm

The standardapproacHor constructingstreamsurfacesrelieson tracinga setof » indi-
vidual streamlinesreleasedrom a predefinedseedline. Neighbouringstreamlines are
connectedy trianglesin orderto obtaina polygonalapproximationof the surface. In
the mostsimple casea regular triangulationschemds applied,i.e., eachstreamline is
approximatedy m pointsandtheresultingmeshof (n — 1) x (m — 1) quadrilateralss
triangulatedegularly by pairsof triangles.

Obviously, this nave approachproducesll-shapedtrianglesif neighbouringstream
lines move away from eachotheror if the flow exhibits strongshear Betterresultscan
be obtainedusinganadvancingrontalgorithmproposedy Hultquistin 1992[44]. The
generaideaof this algorithmis to propagateheinitial seedine moreor lessperpendic-
ularto the flow by meansof arecursve triangulationmethod.Along a singlestreamline
equi-distantstepsare taken. Wheneer the distancebetweentwo neighbouringstream
linesgetstoo large,a new line is inserted.Lik ewise, a streamline is removedwheneer
thedistancebetweerits two neighbourindinesgetstoo small.

In Hultquist’s algorithm every streamline is representedyy a so-calledtracer. A
traceris ableto computethe next pointonits associatedurve. It alsotemporarilystores
thelastthreepointsof the curve. Two of thesepointsarealreadypartof thetriangulation,
while thethird andfront-mostpoint doesnot yet belongto ary triangle. The heartof the
algorithmis arecursve methodadvanceribbon(). This methodproducedrianglesright
from a giventracerandpropagteseigbouringstreamlines asnecessarylt is assumed
thattheinitial seedine is not closed.At the beginningthe left-mosttracerof the stream
surfaceis propagatedtby onestepandadvanceribbon()is calledfor thistracer Thesteps
performedoy advanceribbon() areillustratedin Figure5.1. Let uslook atthesestepsin
moredetail,ignoringinsertionanddeletionof tracersfor themoment.

e Themethodtriesto createtrianglesright from the edgep, p; shovn in Figure5.1
a). Thequadrilateraformedby the pointsp, p,p,p; is considered Dependingon
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Figure5.2 If thedistancd p;—p, | betweertwo neighbouringstreaminesgettoo largeanew tracemeed
to beinserted.In Hultquist’s algorithmtheresultingpatchof five pointsis triangulatecasshovn in a). If a
traceris to be deletedthetriangulationschemeshavn in b) is applied.

whetherthedistance p, —p, | or | p,—p5 | is shortereitheratrianglealignedto the
left streamline or to theright oneis created.

¢ If thetrianglep, p,p, hasbeenselectedheright traceris propagatedy onestep
andadvanceribbon() is calledrecursvely in orderto generaterianglesright from
thenewly createdace.Thisis indicatedby theblackarrown in Figure5.1b).

e Next, apropagatedjuadrilaterals consideredAgain, thelengthsof the diagonals
arecomparecdhndeithera left- or right-alignedtriangleis createdIf a left-aligned
triangle hasbeenchosenthe methoddoesnt terminateimmediatelybut tries to
createmoretrianglesalignedto theright. However, aright-alignedtriangleis only
acceptedf thedistance p,—p, | is shorterthanthelengthof thepreviousdiagonal,
i.e.,shorterthan| p, —p, | in Figure5.1c).

e Themethodterminatesafter exactly oneleft-alignedtrianglehasbeencreatedand
no moreright-alignedtrianglesareaccepted Streamsurfacegenerations contin-
uedby propagatingheveryfirst traceronemorestepandcalling advanceribbon()
for thistraceragain.

Note,thatit might happerthatno right-alignedtriangleatall will becreated.Thisis the
caseif initially |p; —ps| > | p, —p3|. Ontheotherhand,two or moreright-aligned
trianglesarealsopossible.In this way thealgorithmtriesto keepthe currentfront always
perpendiculato the flow. Consequentlythetotal numberof stepstakenby atracerneed
notto be constant.

It hasalreadybeenmentionedthat it might be necessaryo insertnew tracersinto
the currentfront if the distancebetweentwo neighbouringstreamlines getstoo large.
Also, if streamlinescorvergeit is favourableto remove tracersfrom the front. Hultquist
proposedo triangulatepatchesof five points eachas shovn in Figure 5.2 a) and b),
respectrely. Right from thesepatchesstreamsurfacegeneratioris continuedusingthe
ordinaryadvanceribbon() methoddescribedabove.
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5.1.3 A 2D CaseStudy

In orderto evaluatethe outlined streamsur
facealgorithmandto identify possibleproblems
we appliedit to computea streamsurfacefor the
2D vector field shavn in Figure 5.3. The field
containstwo critical points, a sink anda saddle.
Streamlineswere startedalonga verticalline on
theleft sideof the field. The resultingtriangula-
tionis shavnin Figure5.4a). Greenpatchesndi-
catethata new tracerhasbeeninsertedwhile red
patchesndicatethat a tracerhasbeenremoved.
Other trianglesare shavn eitherin white or in
light grey, illustrating the outer loop of the ad-
vancingfront method.Along thetop-moststream
line white andgrey trianglesalternateafterevery Figure 5.3 Vectorfield containinga sink
step. This is becauseadvanceribbon() was al- andasaddle.Thisfie_Id wasusedto evaluate
wayscalledfor this line first. streamsuriacealgorithms.

Originally, Hultquist's streanmsurfacealgorithmwasdesignedpecificallyto visualize
flow fields from fluid mechanics.In suchfields node-typesingularitieslike sinksdon't
occur Consequentlythe impactof thesesingularitieson the algorithmwasnt dicussed
in the original paper In our implementationwe simply didn’t generateary triangles
wheneer atracerterminatedn asink. Notice,thatin thevicinity of thesinkthin pealed
trianglesareproduced.

In contrastto nodes,saddle-typesingularitiesoccur quite frequentlyin flow fields.
Saddlegepresent severe problemfor tracing algorithmsbecausestreamlines started
in differentsectorsof a saddlediverge more and more. At the beginning well-shaped
trianglescanstill be obtainedby addingadditionaltracers. However, in the vicinity of
the saddleinevitably very thin, almostdegeneratedrianglesoccur Hultquistdetectech
saddleby computingthe averagdengthandheightof a qudrilateral. Wheneer this ratio
exceeded certainthresholdthe front of tracerswassplit andboth partswerepropagated
separatelyn oppositedirections.Of coursethis meantthatthe saddlepointitself aswell
asthetwo divergentseparatricesverent locatedexactly. Therefore the triangulationin
Figure5.4a)doesnt fill theareaaroundthe saddlepointcompletely

Anotherproblemof the outlinedalgorithmconcerngropagatiorof thefrontin casea
tracerhasbeeninserted.In orderto keepthe front perpendiculato the flow, the number
of right-alignedtrianglesproducedy advanceribbon() isn’t fixedbut is adaptedocally.
This ensureghat more or lessequi-lateraltrianglesare generated.However, a similar
adapatre startetgyisn't appliedwhena traceris insertedor deleted. As illustratedin
Figure5.2,in thesecasesxactly oneright-alignedtriangleis generatedndtriangulation
is always continuedat the correspondingedge. Thereforein Figure5.4 a) a numberof
thin trianglesoccurin theareabetweerthe sink andthe saddle.
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Figure 5.4 Streamsurfacesfor the 2D vectorfield shavn in Figure5.3. Hultquist's original algorithm
(upperpart) producesadtrianglesin thevicinity of thesingularity Thesaddlepointisn’t containedn the
triangulationat all. Betterresultsareobtainedusinganimprovedmethod(lower part). In this casecritical
pointsarelocatedexplicitely andinsertionanddeletionof tracerds handledslightly different.
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5.1.4 Determining Critical Points

To improve the quality of streamsurfacetriangulationfor generalectorfieldsfirst of all

critical pointsof thefield have to beidentifiedcorrectlyandthetriangulationstratgyy has
to be modifiedin the neighbourhooaf thesepoints. Two typesof critical pointshave to

bedistinguishedsinksandsaddlesFor bothcasesve developeddifferentstratgies. We
will discussthesestratgiesseparatelypelon. The resultof the modifiedstreamsurface
algorithmappliedto ourtestcases shovnin Figure5.4Db).

Sinks. Streamsurfacesare constructedby taking equi-distantstepsalong individual

streamlines. However, often the last stepbeforea sink will to be shortersincestream
linesterminate.Consequentlya numberof smallill-shapedtrianglesaregeneratechear
a sink. Betterresultcanbe obtainedby taking a longerstepprior to a sink insteadof a
shorterone. To achieve this not only the next but the next two pointson a streamline

have to be precomputec@ndstoredby a tracer When&er computatiorof the front-most
point fails because singularityhasbeendetectedthe next point (which is not yet part
of thetriangulation)canbe shiftedaheadexactly into the sink. Usually, the locationof a
sink cannotbe determinedexactly by a numericalintegrator Therefore differenttracers
will terminateat slightly differentlocations.To obtaina consistentriangulationin spite
of that,all singularitiesarestoredin agloballist. Whenatracerdetecteda sink, it is first

testedwhetherthe sink is only a smalldistanceapartfrom a previously encounteredin-

gularity. If thisis the casethecoordinate®f previoussingularityareused.Theresulting
triangulationthenwill notcontaincracksor wholes.

Moreover, for streamlinesendingin acommonsink thelastpatchbetweerbothlines
will bedegeneratedin this situationthe patchis filled by justasingletriangle,insteadof
trying to generatamultiple facesby meansof the standardadvanceribbon() method. A
similar stratey is appliedif atracerhasto bedeletedandthefront-mostpointsof apatch
coincide.

Saddles.Insteadof comparingwidth andheightof a quadrilateralwe detectsaddlesy
computingthe anglebetweenthe flow vectorsat point p; andp, of a quadrilateral. If
this angleexceedsa certainthreshold,e.g. 150 degrees,a saddleis assumed A saddle
is a critical point of the vectorfield f, i.e., vectormagnitudewill be zeroat this point.
Thereforewe canlocatethe saddleby minimizing £2. Our visualizationsoftwareis able
to computethe derivative f' of anarbitraryvectorfield. We thereforedecidedto applya
conjugategradientmethodfor minimization. In particular we make useof the standard
library routinefrprmn() describedn [70]. Thegradientof f* canbe expressedy means
of f' asfollows:

Vi—of'f =2 [ %fi] (55)

; 83?]'

After the coordinatesf the saddlehave beendeterminedthe next stepcomprises
the computationof the eigervectorsof f' at the critical point. Thesevectorsdetermine
thedirectionof the separatricesf the saddle.Again, for computingthe eigervectorsof

104



a) |p; — ps| < |py — P3| b) |p1 — ps| > [Py — ps

Figure 5.5 Improved triangulationschemefor tracerinsertion. Like in the ordinary advanceribbon()
methoddistancedetweercertainpointsof a patchareconsideredn orderto determinewvhattrianglesare
to be generated.The black arrovs indicatethat triangulationis continuedrecursveley right from these
edges.

the generakrealmatrix f' we apply standardibrary routines(LAPACK). Fromthethree
differenteigervectorsof ' we chosethe onemostparallelto the quadrilateralvhichin-

dicatedthe saddle. Using the directionof this vectorwe inserttwo new tracersa small
distanceabore andbelow thecritical point. With the help of thesetracersa triangulation
canbe obtainedwhich exactly includesthe saddlepoint. The newly insertedtracersrep-
resentthe divergentseparatricesf the saddle.If the distancebetweena newly inserted
tracerandits right or left neighbourss too small,the neighbouringracersaredeleted.In

this way, in total either3, 4, or 5 trianglesare produced.The trianglesproducedn the
neighbourhooaf asaddlearedravn in yellow in Figure5.4b). Sincein thisexamplethe
surfaceapproacheghe saddlefrom two sides,actuallyfour separatricesverefound. To

ensurethat exactly the samecoordinatesare usedon thesecurves,againsaddlesanbe
storedin a globallist.

5.1.5 Further Impr ovements

Besidethe modificationsrequiredto handlesinks and saddlescorrectly we employed
someotherstratgieswhich alsohelpedto improve the quality of streamsurfacetriangu-
lation. In this sectionwe wantto summarizeéhesechangebriefly.

Tracer Insertion. Whenatraceris insertednto thefront triangulationshouldbeadapted
to the shapeof the patch.Similarly to the ordinaryadvanceribbon() method this canbe
achieredby consideringdistancebetweerdifferentpointsof the patch.In particular we
first comparghedistances$p, — p;| and|p, — ps| asshovnin Figure5.5.If |p, — ps| <
|p, — p5| thenasingletrianglep, p;p; is created Trianglesright from theedgep, p; are
createdby recursve invocationof advanceribbon(). In addition,it is checled if more
right-alignedtrianglesattachedo p; shouldbe created Again, thisis doneusingexactly
the samestratgy asin the regularcase.On the otherhand,if |p, — p;| < |p, — ps| at
leastthreetrianglesarecreated.As indicatedby the black arrow in Figure5.5 triangles
right from p,p, aregeneratedby recursve invocationof advanceribbon(). If necessary

105



moretrianglesattachedo p, arecreatedn theusualway.

Note, thatif the tracerfront is moreor lessperpendiculato the flow just the stan-
dardtriangulationshovn in Figure5.5a) is obtained However, in caseof moredistorted
patchedetterresultsare obtained. Propagatiorof the front might be terminatedor ad-
ditional rows of trianglesmight be started. As a result, the tendenyg of the front to be
alignedperpendiculato theflow is improved.

It shouldbe pointedoutthatthe new insertion
schemeaequiressomecareneara saddlepoint or
nearan obstacle. In this casequite degenerate
patchesmay occur Thesemay causeill-shaped
trianglesto be producedf thelocationp; of the
new tracerisn’t chosenproperly In particular
problemsoccurif the distancebetweenthe next
point p, computedoy a newly insertediracerand
P, Or p, getstoosmall. In orderto preventthissit-
uationwe chosethe locationof a new tracersuch
that thesedistancesare roughly the same,com- Figure 5.6: New tracersare insertedsuch
pare Figure 5.6. This is donevia a bracleting " glhethd'StanceSpwﬁ and p,p; are
approachi.e., by iteratively adjustingthe tracers roughyfhesame.
initial position. Insteadof chosingthis positionalongthe line p;p, it is favourableto
placethetraceralongp, p, andto performanadditionalstepafterwards. The new tracer
will thenstaycloserto thetrue streamsurface.

Tracer Removal. Letusnow discusgsheremoval of atracer Usually, thedistancep,—p; |
showvnin Figure5.7will besmallerthan|p,—p,|. Thenthetrianglep, psp, will becreated
likein thestandardriangulationschemeHowever, theremainingquadrilaterap;p,p,p;
will be processedy meansof the ordinary advanceribbon() method. Therefore,it is
possiblethatthe secondrianglegetsattachedo p, insteadof p;. Also, athird triangle
will notnecessarilpecreated Ontheotherhand,if |p;—p5| > |p,—p.| thenalwaysthree
triangleswill be createdc.f. Figure5.7 b). Afterwards,triangulationwill be continued
right from p,p,. In addtion,it is checled whethermoretrianglesattachedo p; should
becreatedr not.

While theinsertionof atracercanbedetectedon thefly” deletionshouldbe handled
separately We would like to remove the mostnarrav ribbon of the currentfront first.
This canbeachieved by deletingeitherthetracerto theleft or to theright of thatribbon.
We usuallyselectheonewith thesmallesdistancdo theoppositestreamiine. Insteadf
simply computingpointdistance®nly contritutionsperpendiculato theflow areconsid-
ered.This ensureshattracersgetalsoremovedin distortedsituations.After the optimal
setof obsoletestreamlines hasbeendeterminedll selectedracersaremarkedandwill
be deletedas soonasthey are encounteredy advanceribbon(). The detectionof the
tracergo bedeleteds performedustbeforea new row of trianglesis startedj.e., before
theinvocationof advanceribbon() for theveryfirst tracerandbeforerecursve invocation
of thismethodfor all right-alignedtrianglesexceptfor thefirst oneon eachlevel.
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a) |ps — ps| < |py — P4l b) |ps — ps| > [Py — P4

Figure 5.7. A streamline is removed from the currentfront if the distancebetweenits two neighbours
getstoo small. Insteadof always using a standardtriangulationschemetriangulationbettershouldbe
adaptedo the shapeof the patch. Trianglesright from p3p5, respectiely p2p4 arecreatedoy meansof
advanceribbon().

The modifiedstreamsurfacealgorithmperformedvery well in practice.Examplesof
streamsurfacescomputedusingthe nev methodarefor exampleshavn in Figurel.1on
page6, Figure1.3 on page8 andFigure5.120n pagel24. Thelastexamplecontainsa
3D versionof thevectorfield we usedin our 2D casestudy Likein the2D casesinksand
saddlesverepreciselylocatedby thealgorithm.

5.1.6 SeedLine Selection

An importantissuefor streamsurfacegeneratiorcompriseghe choiceof theinitial seed
line m(u) alongwhich tracersare started. For caseof simplicity this line is often cho-
senparallelto oneof the majorcoordinateaxesor it is evendefinedcompletelyby hand.
While thefirst approacloftenresultsin unsatisctorysurfacesthe latter methodobviu-

ouslyis verytime-consuming.

A goodautomaticseedine selectoishouldassurehatm (u) is orientedperpendicular
or nearly perpendiculato the flow. However, at eachpoint in a vectorfield thereare
infinitely mary suchdirections.Fromtheseadirectionstwo of themareprominenthamely
the cunaturevectorn aswell asthe binormalvectord at eachpoint. Togetherwith the
tangentvectort thesevectorsform the so-calledFrenetframeof afield line [7]. Caiand
Heng[11] pointedout thatespeciallymeaningfulstreamsurfacescanbe constructedy
choosingheinitial seedine alongthe binormalvectorsof thelocal Frenetframe.If this
Is done,surfacenormalswill coincidewith the curvaturevectorsof the streamlines, at
leastinitially. In orderto determinea local Frenetframethefirst andsecondderivatives
of astreamine x(s) with respecto arc-lengths have to becomputed:

,_de_ £ _dz_ff fFP
ds I’ as? 1P

The binormalvectoris givenby b = t x n. Suitableseedlines can be obtainedby
integratingalongthedirectionof b startingfrom a predefineccenterpoint. Thelocation

f (5.6)
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of this point canbe corveniently changednteractvely, for exampleby meansof a 3D
cross-hairdragger All streamsurfacesin this work have beenconstructedn this way.
Straightinitial seedinesareobtainedoy merelyconsideringhebinormaldirectionatthe
centerpointinsteadof updatingthis vectorlocally.

5.2 SurfacelLIC in Parameter Space

Streamsurfacesprovide anexcellenttool to gaininsightinto the structureof a 3D vector
field. However, while we know thatthe flow of a vectorfield is constrainedo its stream
surfacesthe exactstructureof the flow within sucha surfaceoftenremainsunclear One
possiblesolutionto this problemis to map a directionalLIC texture onto the surface.
Topologically a streamsurfaceis not differentfrom an ordinary two-dimensionaEu-
clideanplane. Therefore the generalizatiorof 2D visualizationtechniquesuchasLIC
seemdo befeasible.

In this sectionwe first wantto investigatehe generatiorof LIC texturesfor paramet-
ric surfaces. In this case line integral convolution canbe performedcompletelyin 2D
parametespace.TheresultingLIC texture canbe mappedntothe surfaceafterwardsin
a straight-forvardway. In orderto preciselyunderstandhe transformatiorbetween3D
physicalspaceand 2D parametespacewe startour discussionntroducingparametric
surfacedormally. Lateron, we consideralgorithmicissuesandoutlinehow to copewith
the problemof texturedistortion.

5.2.1 Parametric Surfaces

A parametricsurfaceor manifold M is definedby

z(u,v)= | y(u,v) |, u= (Z) cR?. (5.7)
z

The cartesiancoordinatese, i, z of a surfacepoint  are assumedo be differentiable
functionsof the parameters, andv. Thederivativesox/0u anddx/0v arealwaystan-
gentialto the surface. A parametrizatioms saidto beregular if bothvectorsarelinearly
independenti.e., if they form a basisof the tangentspacel’ M, of M atx. Note, that
streamsuriacesareparametricsuriacesby definition. In this caseines of constant, and
v correspondo streamlines andtime lines, respectrely. While parametricsurfacescan
be parametrizedjlobally using2D Euclideancoordinatesgeneraimanifoldsusuallycan
only beparametrizedocally.

Supposeu(t) is anintegral curve of a 2D vectorfield g definedin parametespace.
By meansof Eqg. (5.7) we obtaina 3D curve z(u(t)) on M. Differentiatingthis curve

108



with respecto ¢ yieldsthetangentialvector

dz _dzdu_ Ozdv _dw

dt ~ oudt  ovdt oud
By mappingthe whole 2D vectorfield g onto the surfacewe obtaina tangentialvector
field f on M:

(5.8)

f:x>Mw—TM,, f:a—wg (5.9)
ou
In orderto computea 2D vectorfield g from its correspondingangentiafield f we need
to invert this equation.In particular we have to solve a linear systemconsistingof three
equationspnefor eachcomponendf f, but only two unknawvns, du/dt anddv/dt. In
orderto obtaina 3 x 3 systemwe considera third linearly independenparametenw,
introducea new componentiw /dt anddefine

oo _ow o0
ow  Ou Ov’

Theresultingregular systemmay be solved for exampleusingCramers rule. The com-
ponentof the 2D vectorfield g arethengivenby

(5.10)

d 0. 0. 0 d 0
du _ det[§F 55, 55]  dv _ det[32, % ] 5.11)
o) 9 9 ) o) o) Jo) : )
dt  det[%z, %z 92 dt  det[%%, %z Sz]

If the 3D vectorda/dt is nottangentiato M therewill alsobeanon-wvanishingcompo-
nentdw/dt. The 2D parametespacevectorcomputediy Eq. (5.11)thencorrespondo
theprojectionof the 3D vectorontothe surface.

Parametricsurfacesareeasilyextractedirom 3D curvilineargridsby keepingonegrid
index fixed. Suchgridsareoftenusedin CFD simulationsconformingto shapeof abody
in theflow. The2D vectorfield correspondingo the projectionof the3D flow field ontoa
grid planecanbeobtainedrom Eq. (5.11). However, in this casea non-tangentiatector
oz /dw neednotto be computedvia Eq. (5.10). Insteadt canbetakendirectly from the
curvilineargrid itself. Thematrix

Jr Ox Oz

/= [6u’ 6@’8@0] (.12)

Is justtheJacobiammatrixwhich transformdbetweerphysicalspaceandparametespace.

It shouldbe mentionedthatthemappingbetweerphysicalspaceandparametespace

mayintroducenumericalerrors.First,in parametespaceusuallythevectorsareinterpo-

latedlinearly, althoughthemappingtselfis non-linear Secondpftenthe Jacobiammatrix

hasto beapproximatedby takingfinite differencesBothtypesof errorscanbecontrolled
by choosingtheresolutionof the surfacegrid to be sufficiently fine.
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5.2.2 The SurfaceLIC Algorithm

In the previous sectionwe sketchedhow to transform3D vectorsdefinedon a parametric
surfaceinto 2D parameteispace. Discreteapproximationof parametricsurfacesmay
eitherexhibit regular structure e.g.,if surfacesareextractedfrom a 3D curvilineargrid,
or may be given by an unstructuredriangularmesh,e.g., if Hultquist’s streamsurface
algorithmis applied. Usually, 3D vectorsare storedat the verticesof sucha surface
mesh.After transformingthesevectorsinto parametespacewe obtaina 2D vectorfield
definedat thenodesof a 2D uniformor triangulargrid.

For the 2D vectorfield a corventionalLIC texture can be computedby meansof
an arbitrary LIC algorithm. Existing 2D code can be usedwithout ary modification.
AfterwardstheresultingLIC texture hasto be mappedbackontothe surfaceagain.This
taskis commonlycalledtexture mappingin computemgraphics.Today it is supportedy
mary 3D graphicdibrariessuchasOpenGL[63] and,in fact,is implementedn hardware
on moderngraphicsworkstations. The final textured surfacecanbe displayedat truely
interactve framerateson suchcomputersThis is animportantfeaturefor analyzingthe
structureof 3D surfaceflows.

The outlinedalgorithmhasbeenproposedor thefirst time by Lisa Forssellin 1994
[30]. Shecomputed.IC imagesn parametespaceo visualizetheflow overthe surface
of aspaceshuttle.Actually, Forssellevengenerate@nimated._IC sequenceis parameter
space. Theseanimationsequencesvere againmappedonto the surface and could be
playedbackin real-timeon afastgraphicscomputer

5.2.3 CompensatingTexture Distortions

ThemainproblembehindthesurfaceLIC approacltdescribedbove aredistortionsintro-
ducedby the non-isometrionappingbetweenparametespaceandphysicalspace.The
cell sizesof the parametricsurfacemight differ significantly Thereforejn someareasof
thesurfacethemapped.IC textureis compressedhile in othersit is stretchedFor visu-
alizationpurposett is oftendesireabléhatthetexturehasequalcharacteristicacrosshe
whole surface. For the samereasonwe preferedusingarc-lengthparametrizatiorwhen
computing2D LIC images. This ensureghatthe featuresn a LIC texture are of equal
sizethroughoutthe whole image,compareSection4.3.2. Anotherpoint is that varying
resolutionof surfacetexture mightinterferewith the depthperceptiorof anobject. Usu-
ally, partsof anobjectwith high frequeng texture appeaito be further away thenparts
with low frequeng texture.

As a first remedyForssellsuggestedo adjustthe lengthof the LIC filter kernelso
thatit is constantin physicalspace[30, 31]. Recallthat filter length determinegshe
characteristicizeof featuresalongastreaniine in LIC images.Thereforejf filter length
Is scaledproperlyin parametespacethe distortionsof the mappinginto physicalspace
canbecompensated atleastpartially. Themethodalsohelpsto compensaterrorsin the
perceved texture speedn surfaceLIC animations.Thefilter lengthformula suggested
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by Forssellwas

 |du/dt]

L(z)=a+br(x), with r(z)= /]

(5.13)

The quantityr just denoteshe ratio betweernvectormagnitudein parametespaceand
vectormagnituden physicalspace.Thisratiois low in sparseareasof the grid andhigh
in denseareas.The constantontribution a is a non-vanishingminimumfilter length.

Of course,betterresultscan be obtainedif not only filter lengthsare scaled,but if
alsothe characteristic®f the input texture were adaptedocally accordingto the reso-
lution of the surfacemesh. The goalis to createinput noisewhich hasequalproperties
everywhereafterbeingmappedntothe surface.Consequentlyfeaturesof the noiseim-
ageshouldbelargerin areasvhich aremappednto a smallregionin physicalspaceand
vice versa. Sincedistortionsin v andwv directionmight be differentsucha noiseimage
neednotto beisotropicarymore.Neverthelesssomeattemptshave beenmadeto reduce
texture distortion by meansof isotropically scaledinput noise. For example, Thomas
Loser[55] applieda techniqueoriginally developedby Kiu andBanks[50] to generate
multi-frequeng input noisefor LIC. In orderto determinenoisefrequeng at a particu-
lar locationLosercomputechow mucha unit vectorperpendiculato the flow would be
scaledby the mapping.

It seemghatmoreaccuratdechniquegor compensatingexture distortionshave not
yetbeenappliedfor surfaceLIC. However, suchtechniquesrenottoo hardto design.In
thefollowing we describea simplealgorithmfor generatingnput noisewith the desired
properties. The basicideais to createa noiseimageby drawing a setof irregularly
distributedellipsesontop of ablackbackgroundTheaxesof theellipsesarechosersuch
thatcirclesareobtainedf theimageis mappednto physicalspace.Thisis illustratedin
thefollowing figure:

physicalspace parametespace

In physicalspaceheradiusvectorsa andb have unit length. While thefirst vectora is
alignedto oneof the coordinateaxes,the secondorthonormalectorb canbe computed
by takingthe crossproductof the surfacenormalanda. Of course the parametespace
componentsf a andb couldbecomputedria Eq. (5.11). However, insteadof evaluating
matrix determinantd is easierto computetherequireddot productsdirectly:

—1 eue’u —1
ey with L = |e, — e, (5.14)
a, =0 by =L €]
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Figure 5.8 LIC imagescomputedin parameter
spaceappearto be distortedwhen mappedonto a
surface(d). Thesedistortionsare dueto the non-
isometrictransformatiorbetweenparameteispace
andphysicalspace.However, they canbe compen-
satedby using suitably choseninput noiseand by
locally adaptingLIC filter lengths(e). The noise
imagein (c) consistof irregularly distributedspots,
whichareof equalsizewhenprojectedontothesur
face.




Oncetheradiusvectorsa andb have beendeterminedthe correspondingllipsescanbe
dravn in parametespace.In practice the ellipsesareapproximatedy simplepolygons
anda corventionalscancorversionalgorithmsuchas([38] is applied. The densityof the
ellipsesshouldbe adaptedo the sizeof a grid cell in physicalspace A = | e, X e, |.
This canbeachieved by generatinga pseudaandomnumberof eachcell. If this number
is smallerthancA anellipsisis drawvn for thatcell. Herec is a scalingfactordetermined
by the overall areaof the surfaceandthe desiredsizeof the spotsin physicalspace.

Resultof theoutlinedalgorithmareshovnin Figure5.8. LIC textureswerecomputed
from aconstanvectorfield andaremappeddntoa periodicparametricsurface(Ennepers
surface). The surface meshis getshighly squeezedarroundthe centerof the model.
NeverthelessauniformsurfaceLIC texturecanbeobtainedf inputnoiseandfilter length
are chosencorrectly Variationsin texture size are now solely due to the perspectie
viewing transformation.

5.3 LIC in Physical Space

ComputingsurfaceLIC imagesn parametespaces a simpleandelegantapproachlUn-
fortunately mary surfacesarenot or atleastnot easilyparametrizablén a globalsense.
Examplesncludeisosuraicesor otherimplicite surfaces For thesesurfacesusuallytrian-
gularapproximationsare computedoy meansof a marching-cubes-stylalgorithm[54].
Thetopologyof suchtriangulationgnay becomearbitrarily complex. Surfacesoccuring
in CAGD (ComputerAided GeometridDesign)oftenconsisiof smoothlyjoinedparamet-
ric patchesbut thecombinedsurfacemayaswell exhibit comple topologyandtherefore
in generaktant beparametrizeglobally. In all theseexampleghesurfaceLIC technique
describedn theprevioussectioncannotbeapplied.Moreover, evenin caseof parametric
surfaceg(e.g.streamsurfaces)the computatiorof LIC texturesin parametespacemight
be unfavourable.To maintaina high imagequality the resolutionof the parametespace
LIC textureshouldbe correlatedo thebiggestcell of the surfacemeshin physicalspace.
Thereforepftenlarge partsof aLIC texturegetmappednto smallregionsof thesurface.
This limits the efficiencgy of thealgorithm.

Alternatiely, LIC texturesmight be computedon a triangulatedsurfacedirectlyin
physicalspace Suchanapproactcanbeappliedto surfacesof arbitrarytopology In ad-
dition, texturedistortionsareavoidedsinceno non-isometrigexturemappings involved.
In the following we first give an overview of physicalspacesurfaceLIC algorithms.We
thenconsideffield line integrationon a triangulardomain,discusghe definition of input
noise,comparethe layout of local triangle textures,andfinally discusshow the useof
texturememorycanbeoptimized.

5.3.1 Overview

PerformingsurfaceLIC in physicalspacempliesthatfield lines have to be tracedon a
triangulardomainin R®. First of all this meansthat the integratorneedto detectwhen
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a field line is leaving the currenttriangle. If this is the case,the exit point needto be
determinedandfield line integrationneedto be continuedn the oppositetriangle. While
this taskis commonto all physicalspacesurfaceLIC algorithms,methodsmay differ in
respecto thefollowing points,namely

definitionof thetangentialvectorfield f,
choiceof pointsfor which LIC intensitiesarecomputed,

methodusedto renderof thefinal texturedsurface,

applicationof thefastLIC techniqueand
typeof input noisebeingused.

Let uslook at thesepointsin moredetail. We alreadypointedout that surfaceLIC
canonly be usedto visualizethe directionof tangentiaivectorson a 2D manifoldinstead
of arbitrary3D vectors. Neverthelessthesetangentialvectorsusuallyaredefinedin 3D
physicalcoordinates.However, two situationsmustbe distinguished.Either the vector
field maybe definedon the surfacemeshitself, preferablyat the verticesof thetriangles.
Vectorsinsidethetrianglescanthenbe obtainedby interpolation.Alternatively, aninde-
pendent3D vectorfield might be evaluatedat every pointin a triangle. Samplinga 3D
vectorfield at the verticesof the surlacemeshandinterpolatingthe vertex valuesafter
wardsusuallyis inadequatdecauseét impairsthe accurag of visualization.It turnsout
thatthekind of inputdatainfluenceghechoiceof local coordinatesvhich shouldbeused
for field line integration.

Next, we mustdecidefor which pointsof a surfaceLIC intensitiesshouldbe com-
puted. This questionis closelyrelatedto theway how thefinal LIC surfaceis rendered.
For example,Maoet. al. [59] proposedh methodbasedn aray-castingapproachGiven
a fixed viewpoint, for eachpixel of the outputimagea ray is shotonto the surface. At
thefirst ray-surficeintersectiorthe LIC integralis evaluated Combinedwith someaddi-
tional surfaceshadingtheLIC intensitydetermineshe color of thepixel. Obviously, the
main dravbackof this methodis thatonly a still imageis producedandnota 3D model
which canbeviewedfrom arbitrarydirections.

Teitzelet. al. [85] usedlocal texturesfor all surfacetriangles.For all pixels of a tri-
angletexture LIC intensitieswere computed.During renderingthe local textureswere
mappedntotheir correspondingriangles.This allows to exploit moderngraphicshard-
warelike in caseof parametespacemethods. In fact, the algorithmproposedn [85]
is quite similar to our own onedescribedoelov and publishedin a first versionin [3].
However, it doesnot adaptthe resolutionof local texturesto the actualsizeof atriangle.
In addition,it doesnt employ thefastLIC techniquedevelopedin Chapter4.

Finally, differenttypesof input noisecanbe usedwhenperformingLIC in physical
space.The noisemay eitherbe definedon the surfaceitself, and,for example,storedin
local 2D texturessimilar to the texturesusedto hold thefinal LIC values.Alternatively,
a proceduraBD noisefunction might be used. As will be pointedout belaw, the latter
approacthasa numberof advantages.
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5.3.2 Field Line Integration on Triangular Surfaces

Letusnow consideiintegrationof field linesonatriangulardomain.We restrictour treat-
mentto piecavise linear C° continuougtriangularsurfaces. This meansthatall vectors
arelocally projectednto planartriangles.As waspointedoutin [85] thisresultsin adis-
continuougangentialvectorfield on M. However, in practicediscontinuitiesarelycause
problemssincefield line integrationis restartedat triangle boundariesarnyway. Only if
3D vectorsorientedalmostperpendiculato the surfaceare projectedinto neighbouring
triangles,it might happerthatprojectedvectorspointinto oppositedirectionsat triangle
edges.If thisis the caseafield line terminates We don't careaboutthis situationsince
surfaceLIC shouldonly be appliedto visualizetruely tangentialvectorfields, e.g.flow
patternson streamsurfaces.Neverthelessin principleit is possibleto strictly avoid dis-
continuities.This requiresto construcia C! continuoussurface,e.g.a surfaceconsisting
of cubicBeziertriangles[29].

It hasalreadybeenmentionedhattangentialectorsusuallyareeitherdefinedat the
verticesof the surfacemeshor areobtainedoy evaluatinganindependenBD vectorfield.
In the first casewe apply linear interpolationinside the triangles. Although field lines
thenin principlecanbefoundanalytically(c.f. Section2.2),useof anumericaintegrator
is faster morerobust,andmuchsimpler Like in the 2D casein principleany numerical
integrationschemecan be applied. However, usuallyfield lines quickly run out of the
currenttriangle. Therefore higherorderintegrationmethodstaking large stepsusually
arenotasefficientasin theflat case.

In orderto checkwhethera point on a field line is
still containedin the currenttriangle or not it is cornve-
nientto make useof barycentriccoordinatesThesecoor
dinateshave alreadybeenintroducedn Section3.2.5.The
barycentriccoordinateg (p) of a2D pointp sumupto 1,
e, & + & + & = 1. Wheneer atleastoneof the¢; is
negative, we know thatp is outsidethetriangle. If thisis
the casewe needto determinethe preciseexit positionof - .
thefield line. Supposegq is thelastpoint containedn thetriangle. Thenwe arelooking
for anumbers suchthatq + s (p—q) liesexactly onatriangleedge.If thei-th component
of £(p) wasnegative, thenthedesiredvalueof s canbefoundby evaluating

&i(p) +s(&i(g)—&(p) =0, or s=¢&(p)/(&p)—¢&(q)) (5.15)

It may happerthattwo component®f £(p) arenegative. In this caseEq. (5.15) hasto
be evaluatedor bothcomponentsyielding two candidatevaluesof s. Thesmallerof the
two correspond$o theactuallocationof the exit point.

Althoughthe point-in-triangletestcanbe performedefficiently by meansof barycen-
tric coordinatesit is not clearwhich coordinateshouldbe usedfor numericalfield line
integration. Thereareatleastthreepossiblechoicesnamely3D Euclidearcoordinates:,
barycentriccoordinateg, aswell as2D Euclideancoordinateas. Let usconsiderthese
choicesn detalil.
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3D Euclidean coordinates. Althoughfield line integrationin atriangleinherentlyis a
2D problem,notethatthe 3D Euclideancoordinatese of a point on afield line usually
needto be computedarnyway. Thesecoordinatesarerequiredto evaluatea procedural
noisefunction aswell asan independen8D vectorfield. In addition,vectorvalues f

arecommonlyspecifiedin 3D Euclideancoordinatestoo. If we wantto integratethis

vectorwe first have to projectit ontothetriangle. This canbeachieredby f + f—nf,

wheren denoteghe normalvectorof thetriangle. The mainproblemis to determinehe
barycentriccoordinateg of a 3D pointz. Thisrequireso solvethelinearsystem

z = py + (P1—Pg) &1 + (P2 —Py) o (5.16)

Sincewe aredealingwith 3D vectors,we have 3 equationsand2 unknowns. Similar to
Eq.(5.11)we maycomputea solutionby meansof Cramersrule, yielding

¢ = det[(xz—py), (P2—Po), (P1—Po) X (P2—Po)]

= Gell(ps—Po). (s Po), (Pr—po) X (P> —P0)] &4
_ det[(p;—py), (€—py), (1 —Po) X (P2—Dy)]
2= det[(p, —py), (P2 — Do), (P1— Do) X (P2 —Dy)] (.17)

Thethird coordinatas ¢, = 1-£,—&,. AlthoughEq.(5.17)is notthemostefficientwayto
solve thelinearsystemijt is clearthatseveralarithmeticoperationsarerequiredin order
to obtaina solution. Moreover, updating3D vectorswhenintegratingin a 2D domain
necessarilympliesredundantvork. Thereforeet usinvestigatealternatve approaches.

Barycentric coordinates. Sincewe needto computebarycentriccoordinatesarnyway to
performthe point-in-triangletest,it might make senseio usethemfor field line integra-
tion too. Like 3D Euclideancoordinateghe vector¢ hasthreecomponents However,
only two of themarelinearly independent.In orderto integratefield lines we needto
expresshevectorfield f in barycentriaccoordinatesWhile barycentriccoordinates; of
apositionvectorp sumupto 1, barycentriccoordinates); of adirectionalvector f sum
upto 0. This canbe provenby writing n(f) = &(f+p,) —&(p,). Similarto Eq. (5.17)
we now have

det[f, (P, —Py); (PL—Po) X (P2—Po)]

~ det[(p,—py), (Po—Po); (P1—Po) X (P3—Dy)]

(5.18)

T

__ det{(p,—py), £, (Pr—Po) X (Py—Py)]
= det[(p,—po), (D2 —Py), (01— Do) X (P2—py)]

aswell asny, = —n; —n.. Therefore,if a 3D vectorfield hasto be evaluatedat every
pointin atriangle,useof barycentriccoordinatess not much cheapeicomparedo 3D

EuclideancoordinatesThe integratormerelyneedto updatetwo componenténsteadof

three.Ontheotherhand,if thevectorfield canbelinearly interpolatedwithin atriangle,
thenEq. (5.18) needto be evaluatedonly at the verticesof the triangle,but notin every

integrationstep.Insteadtherequiredcomponents; andn, canbeinterpolatedromtheir

correspondingertex valuesby meansof &, &1, and&,. In fact,in this casebarycentric
coordinategprovide a very efficient choice. For example,a simple Euler integratorjust

requireghefollowing operations:

(5.18)
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determinenitial valueof ¢

while pointisin triangle,i.e.,all §; >=0
interpolatevectorfield, n = {on(py) +&1n(P1) +Ean(ps)
performEulerstep,§ < €+ hn

end

2D Euclidean coordinates. Barycentric coordinates
arent orthonormakoordinatesThisis thereasorwhythe &
projectionof anarbitrary3D vectorinto atrianglewasdif-
ficult to compute However, if we useorthonormakoordi-
natesu within atriangle,thentheprojectedvectorcompo-
nentsaresimply given by the dot productsfe, and fe,,
wheree, ande, denotethe axesof the 2D Euclideanco-
ordinatesystem.Whatremaings to computethe barycentriaccoordinateg of a2D point
u = (u,v)T. However, thiscanbedonevia Eq. (3.54).Let u; andv; bethe2D Euclidean
coordinate®f thetrianglevertices.By choosinghe 2D systemsothatug = vy = v; =0
we simply obtain

So=1-6 &, & = (uvo—vug)/uvy, & =v/vs. (5.19)

Theuseof 2D Eulideancoordinatesequiresto storetwo 3D vectorse,, ande, for each
triangle,aswell asthe threevertex components:,, u,, andv,. Comparedo the overall

amountof memoryneededy asurfaceLIC algorithm(whichis mainly dueto acumula-
tion andhitcountbuffer) this is usuallyonly a smallfraction. To illustratethe useof 2D

Euclideancoordinatesgainwe list the pseudo-codef a simpleEulerintegrator:

(Uz,v2)

0.0 Y

determinenitial valueof ¢ andu

while pointisin triangle,i.e.,all §; >= 0
compute3D coordinatesz = &ypy+E&1p; +E2py
evaluate3D vectorfield, f = f(x)
projectvectorinto triangle,g = (fey, fe,)’
performEulerstep,u <+ u + h g
updatebarycentriccoordinateg via Eq. (5.19)

end

5.3.3 Solid Noise

In orderto performsurfaceLIC in physicalspaceat every point on the surfaceaninput
noisefunction needto be defined. Of courseit would be possibleto definea 2D noise
imagefor every triangle similar to the texture beingusedto storethe final LIC values.
At every pointinsidea trianglethe correspondin@D noiseimagecould be sampled.In

fact, this approactwaschosenn [85]. Alternatively, a 3D noisefunctioncouldbe used.
Oneadwantageof suchanapproachs thatno artifactsdueto partially coveredpixelscan
occurattriangleedges.Of course|t is notreally feasibleto samplea 3D noisefunction
on a discretemeshlike we did in the 2D case. This would requireanimmenseamount
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Figure5.9: Theresolutionof the input noisedeterminesiow muchdetailis containedn thefinal surface
texture. In bothimagesheLIC filter kernelshadthe samdengthin physicalspaceunits.

of memory Insteada procedurahoisefunctionsuchasthe oneproposedy Perlin[67]
shouldbeused.

An efficientimplementatiorof the Perlinnoisefunctionis givenin [92]. Themethod
works by mappingfloating point coordinatedo anintegergrid. Fromtheintegerindices
apseudo-randomalueis generatedisingarithmeticandbinaryoperationsTo getacon-
tinuousnoisefunction,randonvaluesof neighbouringgrid pointshave to beinterpolated.
However, input noisefor LIC neednotto be continuous.Thereforetheinterpolationstep
canbe discardedandthe implementatiorbecomesrery simple. In particular we used
thefollowing C-function:

int  noise(float X, float vy, float 2z) {
int random;
x = (int) noise_scale*x;

y = (int) noise_scale*y;

z = (int) noise_scale*z;

float r1 = -x*67.0 + y*59.0 + z*71.0;
float r2 = x*73.0 + y*79.0 - z*83.0;
float r3 = x*89.0 - y*97.0 + z*101.0;
random *((int*)(&rl))<<127*((int*)(&r1))

random ‘:_ *((int*)(&r2))<<127*((int*)(&r2))

random "= *((int*)(&r3))<<12"*((int*)(&r3))

return  (random&Ox7fffffffiJ%GREY_LEVELS;
}

An importantparameteis thegranularityof theinputnoise,i.e., theresolutionof the
integergrid of pseudo-randomumbers.This parameterspecifiedoy noise _scale in
theabove codefragmentdeterminesiow muchdetailis containedn thefinal LIC texture.
Figure5.9 compareswo surfaceLIC imagesobtainedoy convolving asolid noiseof low
and high granularity respectrely. In both casesgequalLIC filter lengths(in physical
spaceunits) have beenused. The optimal choiceof noisegranularityalsodependon
how the surfaceis projectedontothe screenlf thesurfaceis to smallin screerspacethe
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directionalinformationof theLIC texturecannotberesohedanymoreandaliasingeffects
occur Moreover, the resolutionof the local triangletexturesusedto storethefinal LIC
intensitiesshouldmatchthe resolutionof the input noise. If this resolutionis to coarse,
the input noisecannotbe sampledproperly If it is too fine, texture memorywould be
wastedandcomputingtime would beincreasedinnecessarily

5.3.4 Layout of Triangle Textures

In this sectionwe wantto considerthe layoutof local texture mapsusedto storesurface
LIC intensitiesfor a singletriangle. Moderngraphicscomputersare ableto mapthese
texturesonto the surfaceby meansof hardwareaccelerationThus,the final surfacecan
bedisplayedattruely interactve framerates.In particular we investigatehreedifferent
layouts,namelyiso-parametrigextures,uniform textures,and blendedones. All three
approacheareillustratedin Figure5.10. During renderingtexture mapsmay eitherbe
interpolatedbilinearly, or point samplingmay be used(constaninterpolation). Usually,

bilinearinterpolationyields betterresults.In Figure5.10bothinterpolationmethodsare
compared.

Iso-parametric Textures. In the mostsimple caseidenticaltexture mapsare usedfor

all trianglesof the surface. Suchan approacthasbeenusedby Teitzelet. al. [85]. The
size of the triangletexturesneedto be specifiedin advance. The threeverticesof a tri-

angleareassociateavith thetexture coordinateg0,0), (1,0),and(0,1). This meansthat
texturesappearshearedvhen mappedonto the surface. In addition,the resolutionof a
texturein physicalspaceunitsis notconstantln fact,non-isotropiaistortionsmayoccur

Thereforewhenapplyingthe fastLIC algorithmit is difficult to find a suitablesampling
distance.The optimalstepsizedepend®n sizeandshapeof a particulartriangleaswell

ason the directionof the vectorfield. Anotherproblemcomprisesartifactsat triangle
boundariesTheseartifactsarisebecauseexture mapsof neighbouringrianglesdont fit

togetherseamlesslyHowever, in practiceedgeartifactsarehardlyvisible unlesshe user
zoomsup the surfacemodelvery much.

Uniform Textures. In orderto achieve uniform texture resolutionin physicalspacethe
sizeof alocaltexturemapneedo reflectthesizeof thecorrespondingriangle.Moreover,
in orderto avoid distortionsthe texture coordinatesof the triangle verticesneedto be
chosenso that the texture grid remainsuniform in physicalspace. In contrastto iso-
parametridexturesuniform texturescanbe usedtogethemwith thefastLIC algorithmin
a straight-forvardway. Resultsareshown in the middle columnof Figure5.10a, b and
c). Note,thattherestill remainartifactsatboundarie®f triangles.

Blended Textures. Although edgeartifactsare hardly visible unlessa trianglegetsvery
large in screenspace,n somesituationsit might be desirableto displaya surfaceLIC
modelwith no edgeartifactsatall. Suchamodelcanbeobtainedoy computingaseparate
texture for every vertex patch of a surface,i.e., for all trianglessurroundinga common
point. Sinceevery triangle belongsto exactly three vertex patchesaboutthreetimes
moretexture memoryis neededcomparedo the simple uniform approach.2D texture
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iso-parametric uniform blended
a) differentlayoutsof local triangletextures

uniform
b) LIC texturesrenderedvith pointsampling

iso-parametric uniform
c) LIC texturesrendereawith bilinearinterpolation

1. pass 2.pass 3. pass
d) additive renderingof blendedextures

Figure 5.1Q This figureillustratesdifferentlayoutsof local triangletexturesfor surfaceLIC in physical

space lso-parametri¢gexturesaremostsimpleto use.However, textureresolutionin physicalspacds not

fixed. Piecavise uniformtexturesprovide equalresolution but thereremainartifactsat triangleboundaries.
Bestresultsare obtainedusingblendeduniform textures. In orderto renderthefinal surfacein this casea

multipassalgorithmhasto beapplied.
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coordinatesare obtainedby projectingthe outer pointsof a vertex patchinto the plane
definedby the normalvectorof the centerpoint.

To produceanimageof the final surfacea three-passenderingstratgy is required.
This stratgy is illustratedin Figure5.10d). In the first passwe rendereachtriangle
with thefirst of its threetexturesbeingmappedontoit. However, we modulatetexture
color sothatonly the vertex the texture mapbelongsto getsfull intensity The othertwo
verticesaredravn in black. In OpenGLsucha modulationcanbeeasilyachiezedwithout
changingthetextureitself [63]. Theremainingtwo texturesof atrainglearerenderedn
a similar way. However, we now turn on so-calledcolor blending More precisely we
specifya blendingfunctionwhich justsaddsthe color of a fragmentto the color already
beingpresentn the frameluffer. In this way the final intensityof a pixel is a weighted
averageof the threetriangletextures. Like for barycentriccoordinatesveightsalways
sumup to one. At a vertex intensity is determinedby the correspndingvertex patch
texture alone. The othertwo texturesreceve zeroweight. In the middle of a triangle
the meanof all threetexturesis used. In this way discontinuitiesat triangleboundaries
areavoided. If bilinearinterpolationis used,a truely continuousntensitydistribution is
obtained,c.f. right imageof Figure5.10c). However, dueto the multi-passalgorithm
renderingperformances decreasetly afactorthree.

5.3.5 Triangle Packing

In this sectionwe wantto consideranimportantpracticalaspecof surfaceLIC, namely
how to organizeindividual triangletexturesin memory Althoughmoderngraphicscom-
putersprovide fasthardware-supportedexture mapping,the total size of the texturesis
limited. Moreover, width andheightof individual texturesarerestrictedo powersof two,
i.e., textureshave to be2’ x 27 pixelslargein orderto be usedwith OpenGL.

Obhviously, undertheseconstraintst is not a goodideato allocatea separatélock
of texture memoryfor every triangleof a surface. A large amountof expensve texture
memorywouldbewasted.In additionusingmary smalltexturesinsteadof afew big ones
canaffectrenderingspeedsignificantly Thereforeve would lik e to placemary smalltri-
angularLIC texturesinto few biggersquareblocks. The packingshouldbe asdenseas
possible Note,thatsucha packingcanbefoundvery easilyin caseof iso-parametridri-
angletextures.Sinceall texturesareof equalsize,everytwo of themcanbegroupednto
arectangulashapeandtheserectangleganbearrangedn rows andcolumnswithin one
big block. However, for the two othertypesof texture layoutsdescribedn the previous
sectiona suitablepackingis muchharderto compute.

For simpleuniform textureswe developeda simplified heuristicsolutionstratgy in
[3]. Themethodreliesonarrangingsimilartrianglesn rows. Only alimited setof triangle
orientationss considered.The longestsideof a triangleis eitheralignedto the bottom
or to thetop of arow. If necessarythetriangleis flippedsothatthe secondargestangle
lies eitherin the lower left or in the upperright. In total, thereare only two possible
orientations:
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At thebeginningtheheighestriangleis putin thelower left cornerof aquadratidexture

region. Thenthealgorithmproceedsn agreedyway; i.e., it triesto find atrianglewhich

optimally fits to theendof arow. Thecriteriumis to minimizethe wastedareabetween
two successie triangles. The wastedareacanbe determinedat a discretelevel, i.e., by

countingthe numberof unusedixels. Alternatiely, the “most similar” trianglemay be

foundby comparinga weightedsumof the squaredangleandheightdifferencesin this

casethenext triangleis theonewhich minimizes

d® = co(ap — @) + cp(hg — )% (5.20)

Here «y is the angleof the last triangleand h, is the heightof the row. If onerow of
texturememoryis filled, anew oneis started.

This heuristicapproachproducesquite efficient packings. Typically 85-95%of all
pixelsin a quadratictexture block are covered. Examplesof resultingarrangementare
shown in the upperpart of Figure5.13. The tilings belongto the surfaceLIC models
shownn in thelower partof the samefigure. Theefficiengy of the packingalgorithmcould
befurtherimprovedby filling theemptyregionsatthe front andbackof arow. For this it
would benecessaryo allow 90° rotationsof thetrianglesaswell.

5.3.6 Outline of the Algorithm

Sofar we discussedield line integrationon triangulardomains,definition of 3D input
noise,layoutsof local triangletextures,aswell asefficient packingof thesetextures.Let
us now summarizehow a completefastsurfaceLIC algorithmin physicalspacelooks
like.

Oncethe layout of the triangle textureshasbeenchosenandtexture coordinateof
thetriangleverticeshave beendeterminednemoryneedto be allocatedn orderto store
numberof hits andaccumulated.IC intensitiesfor every pixel of the triangletextures.
Thenall pixelshaveto betraversedonce.For this purposenve make useascan-coxersion
algorithm[38]. Scan-cowersionallows usto quickly determineall pixelsthe centerof
whichis containedn atriangle. Note, thatthis operationis performedin texture space.
Thebarycentriccoordinate®f pixel centersalonga scanline canbe computedoy linear
interpolation. If a particularpixel hasa hit countsmallerthana userdefinedthreshold
afield line is computedstartingfrom the centerof thatpixel. Like in 2D fastLIC mary
additionalsamplesare producedon a field line by performingintensity updates.Field
lines are tracedaccrosseighbouringrianglesas necessary The pixel a samplehasto
beaddedo canbe computedy interpolatingandquantizingthetexture coordinate®f a
triangleatthesampleposition.Finally, accumulated.IC intensitiehaveto benormalized
accordingo theactualnumberof hits perpixel.
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Somespecialtreatmentis requiredfor pixels
beingcoveredpartially by a triangle. If thecenter &

of thesepixelsdoesnt fall insidethetrianglethenit ° R
mighthapperthatnoLIC intensitiesarecomputed, - 7/ b S e
i.e.,thepixelsarent hit atall. Moreover, if bilinear [} ] |- Ak
interpolationis usedevenLIC intensitiesor pixels %V °le e e o

completelyoutsideof a triangle needto be deter
mined. Figure5.11 illustrateswhat pixels areac- Figure 5.11 Bilinear texture interpola-
tually accesseduringbilinearinterpolation.Note, tionrequiresocomputeLIC intensitiesfor
thatthe problemis lessseverefor blendeduniform SCMePixelsoutsideatriangle;too.
textures,sincein this casea contiguougexturefor acompletevertex patchis used.Pixels
beingcoveredpartially by a vertex patchonly receve smallweightsduringrendering.In
pratcicewetry to determindntensitiesor boundarypixelsby evaluatingthe LIC textures
of neighbouringriangles.If this fails, for examplebecausehe pixel centerdoesnt fall
into adirectneighboutriangle,we simply usea constangrey valuefor thatpixel.

Note, thatmostof thetechniqueslescribedor 2D fastLIC canbeappliedto surface
LIC aswell. For examples,arbitrary piecavise-polynomialfilter kernelscanbe used,
the filter kernelscan be animated,or the optimal numberof intensity updatescan be
determinechdaptvely asdescribedn Section4.6.2. However, only advancedseedpoint
selectiorstratgiesasdescribedn section4.6.3aremoredifficult to implement.In order
to quickly find pixelscontainedn atrianglewe hadto applyascan-cowersionalgorithm.
In orderto changethis scanlineorientedtraversalschemeall pixelsfound during scan-
cornversioncouldbestoredin anintermediaterray Thenthisarraycouldbetraversedor
exampleby meansof a Sobolquasi-randoniterator Although suchanapproachwould
be possiblewe actuallydidn’t implementt.

5.3.7 Resultsand Futur e Extensions

An exampleof a surfaceLIC modelcomputedusingthe outlinedalgorithmis shown is

Figure5.12. Although uniform triangle textureshave beenused,no edgeartefactsare
noticeble. The surfacecontains2011triangles. Triangletextureshave beenpacled into

threesquareblocksof 512 x 512 pixelseach.Thefinal modelcanbedisplayednteratively

evenon asmall SGI O2 workstation. Computationof the completesurfaceLIC texture
took about12 secondn a MIPS R10000195MHz processar However, the codehas
not beenoptimizedseriously We expectthat a performancegain of up to a factor of

two couldstill beachieved. Sincea 3D vectorfield wasevaluatedwve used2D Euclidean
coordinatedor field line integration. The LIC texturehasbeencomputedisingatriangle
filter with L = 40.

More examplesof surfaceLIC imagesare shavn in Figuresl.1 on page6, Figure
1.3 on page8, andFigure2.4 on page22. In all casegparameterandcomputingtimes
werenotvery differentfrom theonesmentionedabove. In summaryit turnedoutthatthe
surfaceLIC algorithmis very robust, computingtimesare acceptableandthe resulting
surfacemodelsare of high quality. Resultscould be furtherimproved by applyingan
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Figure 5.12 SurfaceLIC texture computedn physicalspace.The modelrepresents streamsurfacein
a 3D vectorfield. In principle a LIC texture could have beencomputedin parametesspace. However,
choosinga physicalspacealgorithmensureghatthe LIC texture hasequalresolutionevery whereon the
surface.ln a) theunderlyingsurfacetriangulationis shavn.

embosdilter like in the 2D case,c.f. Section4.3.3. For surfaces,suchan approachis
known asbumpmapping.However, bumpmappingdependn the currentview andlight
directions.Thereforat cant becomputedn advancetogethemith theLIC texture. Since
bump mappingis currentlynot supportedn OpenGLthe techniques not amenabldor
interactve applications. An exampleof a bump-mappedurfaceLIC imagegenerated
usinganexternalsoftwarerenderelAlias/Wavefront)is shavn in Figure5.13.

All texture-basedisualizationmethodsve describedn thiswork, the 2D algorithms
aswell astheonesoperatingonsurfacesfocusednstationaryectorfields. Visualization
of instationarydataremainsa challengingproblem.Probablyinsteadof streamlinesand
streamsurfacesbetter streaklines and equivalent streaksurfacesshould be computed.
However, it is not quite clearhow LIC texturesshouldbe generaten suchsurfacesso
thatinterframecorrelationsarepresered. Neverthelessthe algorithmspresentedn this
work provide a soundbasison which furtherwork canbe built on.
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Figure5.13 SurfaceLIC imagerenderedn softwareusingbumpmapping.The surfaceis not smoothbut
exhibits a certainroughness.This relief structurecan help to emphasizalirectionalinformation. In the
upperpartit is shovn how individual triangletexturesarearrangedn biggertexture blocks. The surface
itself shavs theelectrostatidield of abenzenenolecule.
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Chapter 6

Summary and Concluding Remarks

In this work we developedalgorithmsfor visualizingvectorfields in R? andRR?® using
line integral convolution (LIC). The main principal of LIC is to computea directional
texturealignedto theintegral curvesof avectorfield. The methodproduceshighly intu-
itive imagesmediatinga global understandingf a vectorfield. This wasdemonstrated
in anumberof casesncludingexamplesfrom fluid mechanicselectricalengineeringor
appliedmathematicslt wasshowvn thatLIC is relatedto particlestreakexperimentger
formedin flow visualization.However, LIC allows oneto achieze a muchlarger variety
of effectsthana real-world experiment. Thereforethe methodcannotonly be appliedin
scientificvisualizationbut alsoin areadik e imageprocessingr digital art.

Line integral corvolution was first conceved by Cabraland Leedomin 1993 [9].
While the original algorithmimplied a significantamountof redundantvork we devel-
opedanew LIC algorithmcharacterizetby significantlyimproved performanceflexibil-
ity, andquality. Performancgainsof anorderof magnitudecouldbeachiezedby exploit-
ing coherencef LIC intensitiesalongthe field lines of a vectorfield. In particular we
developedanefficient updatemethodfor computingone-dimensionatorvolutionsusing
piecavise polynomialfilter kernelsfor alarge numberof equi-distantsamples.In order
to compute2D LIC imagedield lineswerehomogeneouslgistributedandmultiple sam-
pleswereaccumulatedor eachpixel of the outputimage. We discussedhow to choose
optimal valuesfor samplingdistance numberof intensityupdatedo be performed,and
selectionof the field line’s seedpoints. The flexibility of the new algorithmis evident
from the ability to choosedifferentresolutiongfor input texture and outputimage. This
facilitatesapplicationdik e continuouzooms.We investigatedhestatisticapropertieof
theresultingLIC imagesandshavedhow anti-aliasingcanbeimplementedy increasing
thenumberof sampleger pixel. It turnedoutthata trianglefilter is visually superiorto
aboxfilter, but thathigherorderfilter kernelsdo not producesignificantlybetterresults.
Finally, a frameblendingtechniqueor animatingLIC textureswasdeveloped.Provided
contrasis adjustectorrectlythis techniqueallows oneto computea high-qualityperiodic
motionseries.Sucha seriescanbe usedto revealthe directionalsignof a vectorfield as
well asits magnitude.

After investigatingimaging of 2D vector fields we consideredvisualizationof 3D
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fields. Insteadof pursueinganapproactbasedon directvolumerenderingwe decidedo
extractstreanmsurfacesrom a 3D vectorfield. In orderto revealtherelevantstructureof
thefield moreclearlyLIC texturesweremappeddntothesesurfaces.For this purposeve
first reviewedalgorithmsfor generatingstreamsurfaces.A methoddueto Hultquist[44]
wasimproved,sothatit couldbeappliednotonly to flow fieldsbut alsoto generalector
fields. In particular the methodautomaticallydeterminesinks and saddlesof a vector
field andadaptssurfacetriangulationaccordingly SurfaceLIC texturecaneitherbe com-
putedin the surfaces parametespaceor in physicalspace. Parameterspacemethods
requirecompensatiof non-isometridexture-mapping.This canbeachievedby means
of a specialnoisegeneratiormethod.Physicalspacemethodgrovide greaterflexibility
andcanalsobeappliedif parametespaces highly strechtedr if no globalparametriza-
tionis availableatall. In this casedfield linesneedto betracedonatriangulardomain.We
demostratedhow this canbe achieved efficiently by usingsuitablelocal coordinatesTo
be ableto interactvely manipulatesurfaceLIC modelson a moderngraphicscomputer
texturemappingshouldbeapplied.We investigatedlifferentlayoutsof local LIC textures
andproposed three-passenderingmethodwhich canbe usedto avoid artifactswhich
otherwisewould bevisible attriangleedges We alsoproposed heuristicmethodwhich
can be usedto combinemultiple triangulartexturesin bigger squareblocks of texture
memory TheresultingphysicalspacesurfaceLIC algorithmturnedoutto bequiterobust
andeffcient.

For all our methodsve madeuseof accurateandwell-proved numericaltechniques,
both for integrating field lines as well asfor evaluatingvector fields definedon vari-
oustypesof grids. In particularwe appliedrobust Runge-Kitta integratorswith error
monitoring and adaptve stepsize control. An importantfeaturewas the existenceof
smoothpolynomialinterpolants,which we usedfor denseoutput, for straight-lineap-
proximationsaswell asfor processingliscontinuousectorfields. For fastevaluationof
the interpolationpolynomialswe appliedan efficient forward differencingscheme.The
combinationof accuratenumericalmethods an intuitive visualizationapproachand an
efficient algorithmicimplementatiormadeLIC a valueabletool for scientificvisualiza-
tion.
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Zusammenfassung

Die Linienintegral-FaltungsmethodéLIC) ist ein leistungséhigesVerfahrenzur Visua-
lisierungvon Vektorfelderndasauf der Syntheseson richtungsabhngigenTexturenbe-
ruht. Wie anhandvon zahlreicherBeispielenbelegt wurde, liefert die Methodeintuitive,
leicht interpretierbardergebnissedie ein gutesVerstindnisder globalenStruktureines
Vektorfeldesvermitteln. Ziel der vorliegendenArbeit war es,schnelleAlgorithmenzur
BerechnungonLIC-Bildern zuentwickeln, ein bessere¥erstindnisfur die statistischen
EigenschaftedieserAlgorithmenzu geninnensowie schliel3lichErweiterungerzur Dar
stellungdreidimensionaleYektorfelderzu untersuchen.

Die Grundidedir die effizienteBerechnungon LIC-Bildernliegtin derVermeidung
redundanteRechenschritteKonkretwurdeein Ansatzentwiclkelt, mit demeindimensio-
nale Faltungenmit stiickweisepolynomialenFilterkernenschnellfir viele Stitzpunkte
gleichzeitigberechnetverdenkdonnen. Zur SynthesezweidimensionaleBilder wurden
Faltungenentlangvieler, gleichmaligiuberdasBild verteilterintegralkuneneinesVek-
torfeldesberechnet.Das Verfahrenwurde unter anderemhinsichtlich der Schrittweite,
derZahl der Stiitzpunkteund der Verteilungder Integralkurven optimiert. Mit Hilfe ge-
eigneterErweiterungerkonntenanimierteTexturenerzeugtwerden,die dasRichtungs-
vorzeichersowie denBetrageinesVektorfeldesdarzustellererlauben.

Um Einblick in die Struktur dreidimensionaleMektorfelderzu gewvinnen, wurden
zuracht Algorithmen zu Berechnungvon Stromflichenin solchenFeldernuntersucht.
Auf diesenFlachenwurdendannrichtungsablngigeLIC-Texturen berechnet. Dabei
kanndie Textursyntheseeinerseitam Parameterraunder Flacheerfolgen,was jedoch
spezielleVorkehrungerezur Vermeidungvon Verzerrungererforderlichmacht. Anderer
seitswurdenMethodereurBerechnungonLIC in Weltkoordinatervorgestellt. Eswurde
unteranderengezeigt,wie Integralkunen effizient auf trianguliertenFlachenberechnet
werdenkonnenundwie LIC-Texturenfir einzelneDreiecle gespeichertind artefktfrei
aufein Flachenmodelprojeziertwerdenkdonnen.

Allen Verfahrenliegenrobusteund zuverlassigenumerischeAlgorithmenzugrunde.
Dies betrifft sowohl die Auswertungund Interpolationvon Vektorfeldernauf verschie-
denenGittertypen,wie auchdie Integrationvon Integralkurven. Fur letztereswurden
Runge-Kitta-\erfahrenmit geeignetemnterpolationspolynomenerangezogerbadurch
konntenintegralkunen effizient an vielen Punktenausgavertetwerdenund die Integra-
tion unstetigeiFelderverbessenverden.Die Interpolationspolynomeelbstwurdenmit
einemschnellenDifferenzemerfahrenausgevertet. Die VerwendungdieserTechnilen
ermdglichtees,LIC zu einemschnellerund zuverlassigenWerkzeugzur Visualisierung
von Vektorfeldernzu machen.
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