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Abstract

The paper analyzes a recently proposed iterative error minimiz-
ing method for the solution of linear systems. Sufficient and necessary
conditions for convergence are studied, which show that the method es-
sentially requires normal matrices. An efficient implementation similar
to GMRES has been worked out in detail. Numerical tests on general
non—normal matrices, of course, indicate that this approach is not com-
petitive with GMRES. Summarizing, if error minimizing is important,
one should rather choose CGNE. A computational niche for GMERR
might be problems, where normal but non-symmetric matrices occur,
like dissipative quantum mechanics.
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1 Introduction

The generalized minimal residual algorithm (GMRES) of SAAD AND SCHULTZ
[8] is a very popular method for solving large non-symmetric linear systems.
Within this method, as in some other commonly used iterative algorithms,
the progress of the iteration is controlled by the norm of the residuals, al-
though in many applications the really interesting property is the error of the
approximate solutions. Due to this reason WEISS [9] has proposed an error
minimizing method, the general minimal error algorithm (GMERR). Until
now no successful algorithmic realization of GMERR has been published and
no detailed investigation of its advantages or disadvantages has been pre-
sented. In this note we analyze the convergence properties of GMERR and
develop an effective algorithmic realization, which is very similar to the usual
GMRES implementation. In passing, we show that the well known CGNR
algorithm is not only a residual minimizing method, but also guarantees an
iterative decrease of the error norm.

2 Derivation of the method

We consider a linear system Ax = b, where A is a large, usually sparse,
nonsymmetric real matrix of size n and an initial guess xq € IR". Projection
methods generate approximate solutions zj, in a k—dimensional affine subspace
xo + K, for which the following Galerkin condition

ro — A(zy — xo) = b— Az L Ly
with ro = b— Axy holds. Ky and L, are Krylov subspaces of the general form
Ki(v, A) = span{v, Av,... K A¥" v} .

Let V} and W}, denote the basis of Ky resp. Ly, in (n, k)—matrix notation. Then
the Galerkin condition can equivalently be written as

W(ro — A(zy — 20)) =0 . (1)
For the approximate solutions one obtains
o =m0+ Vi (WA W . (2)

Following SAAD [7] the usual Krylov subspace projection methods can be
subdivided into three different classes:



1. L = K, orthogonal projection methods or Ritz—Galerkin approach.
Kr = Ki(ro, A) defines the Full Orthogonalization Method (FOM),
which for spd—matrices is equivalent to the conjugate gradient method.

2. L = AK, minimum residual approach. In this case (1) implies!

1= Azyl| = llro = Ay — @o)| (3)
,Quin lro — A(z — o)[| = min fjro —y|

Hence the norm ||b— Azy|| is minimal over 2o+ K. The most important
examples are GMRES with Ky = Kk(r9, A) and CGNR with K, =
ICk (ATT(), ATA)

3. ATL = K, minimal error methods. From (1) and with z* as the exact
solution of the linear system we get

WEb— Az) = WIAAN(b— Axy) (4)
= (ATWk)T(;E* — ) = VkT(a:* —x) =0
and hence
o — il = min_Jla* — 2],

which proves the error minimizing property.
The present paper focusses on this third class of iterative methods.

Remark. It is important to remark that the relation between the Krylov
subspaces is sufficient for the residual resp. error minimizing properties, but
not necessary. Indeed the CGNR method, which does not satisfy ATL = K, is
error reducing — as proven in Appendix 1. In recent times there is a renewed
interest in the appropriately preconditioned CGNR method, see for example
BENZI AND TUMA [1], which has been underrated for many years due to the
“squaring the condition number argument”, see e.g. NACHTIGAL ET AL. [6].
Perhaps the somewhat surprising fact that CGNR simultaneously reduces
the residuals and errors of the approximate solutions may motivate further
research on robust implementations.

Until now the only commonly known genuine error-minimizing method is

CGNE or CRAIG’S method defined by K; = Kip(ATry, ATA), which can

!Throughout this paper | - || is the 2-norm and (-, -) the Euclidean inner product.



be derived applying the CG algorithm to the normal equations in the form
AATy = b, x = ATy.

A second algorithm, named GMERR by WEISS [9] in analogy to GMRES,
can be obtained through the specifications

Kr = span{ATre, (AT)rq, ... (AT)irg},
Ly = span{ro, Alrg, . oo, (AT)k_ITO} )

GMERR and CGNE share some common properties. First, from the Galerkin
condition (4), one may derive

(x; —xg, 2" —xp) =0, i < k

and therefore (x; — xo,x*) = (x; — xo, x) for i < k. Since for the errors e;
hold |lex|| < [le;||, if ¢ < k, one obtains

0 < (i — @0, — o) < (Th, — To, Tk — To) < (2" — 20,2 — @), i <k,
which, with dzy := 1 — xp, implies

(0, dzg) =0, 1 < k ,

0k, 0zg) = (Tps1 — X0, Thp1 — Zo) — (Tk — To, Tk — Xo) -

Therefore the iterative errors satisfy

k—1

lexll® = lleoll® = > lldzal®, ()
1=0

lexl® = llex—1l* = lloze—]* -

These relations will be helpful for a control of the convergence of the GMERR
algorithm.

3 Convergence analysis of GMERR

In this section, the theoretical properties of GMERR and GMRES are synop-
tically compared, independent of any algorithmic implementation. First, we
analyze the method without considering restarts. For simplicity we set z( = 0
throughout this section. Let ¢(A) be the minimal polynomial of A defined as
the unique monic polynomial of minimal degree with ¢(A) = 0. Herewith one
easily derives the following characterization of the convergence of GMRES.



Lemma 1. GMRES converges in at most k steps to the exact solution for
every right-hand side b, if and only if the minimal polynomial of A is of
degree k.

Proof. If GMRES converges for every b in at most k iterations, then for every
b the minimal polynomials ¢,(t) with the property ¢,(A)b = 0 are of degree
less or equal k. Since then the minimal polynomial of A is identical to one
of the ¢’s, see HOUSEHOLDER [4, p. 18], it has the desired property. The
converse follows from ||74|| = min,ep, po)=1 ||P(A)0]]. O

Due to the Cayley-Hamilton theorem the degree of the minimal polynomial
is always less or equal n, thus GMRES converges always in at most n steps.
Next we try to derive the corresponding property for GMERR. Since the
Krylov subspaces are generated by repeated applications of A7, we obtain for
the approximate solutions

el = |lz* — x|l = min ¥ — p(ADD 6
Jexll = lla* = zell = _min _[la" = p(AT)o] )

and accordingly to Lemma 1 the following statement.

Lemma 2. GMERR converges in at most k steps to the exact solution for
every right-hand side b, if and only if it exists a polynomial q of degree k with
q(AT) = A=t and q(0) = 0.

Proof. f GMERR converges for every b in at most k iterations, then for every
b we have a polynomial g;(t) of degree less or equal k with g,(AT)b = A~'b
and ¢(0) = 0. For an eigenvector v of AT with eigenvalue A we obtain
¢ (N)v = g,(AT)v = A71v. Thus each eigenvector of A7 is also an eigenvector
of A7 resp. A. This is equivalent to the normality of A, see e.g. SAAD [7,
p. 22]. Let vy, ..., v, now be the orthonormal set of eigenvectors of AT. Then
with b= """ | v; one obtains

qu g (AT)b lb—Z)\ v .

Therefore we have g,(AT)e; = A~'e; with the unit vectors e; and hence g, is
a polynomial with ¢,(AT) = A~! and ¢,(0) = 0. The converse follows similar
as in Lemma 1 from (15). O

As a very important consequence of this Lemma we state

Theorem 3. GMERR without restarts converges for every right-hand side,
if and only if A is a normal matriz.



Proof. Due to Lemma 1 it remains to show that for a normal matrix A exists
a polynomial ¢ with q(AT) = A~! and ¢(0) = 0. Let A = UAU* the unitary
diagonalization of A. Using Lagrange interpolation one can construct a real
polynomial ¢ of degree less or equal n with ¢(A) = A~! and ¢(0) = 0. Then
we have

q(AT) = Ug(MUT = Uq(MU* =UNTU* = A7, (7)
thus ¢ has the desired properties. O

At a first glance, this theorem states a serious limitation of the applicability
of GMERR, but we will see that GMERR with restarts converges for a larger
class of matrices. Considering the Schur decomposition U*AU = A + N of
an arbitrary matrix A one can interpret the strictly upper diagonal matrix N
as the “non-normal” part of A. Indeed (A + N)~! can not be represented as
a polynomial in (A + N)7T| since the inverse of an upper triangular matrix is
also upper triangular, this proofs again one direction of Theorem 1.

Now we discuss more practical conditions, which guarantee convergence of
GMRES resp. GMERR in at most k, usually k£ < n, steps. These considera-
tions are important even for the study of suitable preconditioning techniques.
We begin again for iterative methods with with z; € KC(rg, A). The following
lemma states a sufficient condition for the convergence of GMRES for every
right—hand side in at most k + 1 iterations.

Lemma 4. GMRES converges for every right—-hand side b in at most k + 1
steps if I — A has rank k.

Proof. If I — A has rank k, A is a k—rank modification of the identity. Thus
we can write A = I+ VW7 with V, W € R™*. Now the Sherman-Morrison—
Woodbury formula gives

(IT+VWH =1 -V({I+W'V)'wT, (8)

Since I+ W7TV € R*** it exists a polynomial ¢; of degree at most k — 1 with
(I +WTV) = (I + WTV)~! Inserting this in (8) one obtains

A = T-Vq(I+WrV)WT

= I —VgeW V)W, qo of degree k — 1

= I —g(VWT), q3 of degree k , q3(0) =0
= @I+ VWT), qs of degree k

= @A),

thus the minimal polynomial of A is of degree at most k + 1. Therefore
GMRES converges always in at most k£ + 1 steps. O



An alternative proof is based on the fact that the minimal polynomial of a
matrix with rank & < n is of a degree at most k+1. Hence we have ¢(I—A) = 0
for a polynomial ¢q of degree less or equal k+1, and obviously even the minimal
polynomial of A is of degree at most k + 1.

The corresponding statement for GMERR bases upon the normality of A.

Lemma 5. GMERR converges for every right—hand side b in at most k + 1
steps if I — A has rank k and A is normal.

Proof. Since I — A has rank k we can write A = UAU* with U unitary,
A =diag(1,... ,1,\,..., A\p) and \; # 1,i =1,... k. As in Theorem 1 we
can construct a polynomial q of degree k + 1 with g(\;) = A\;'', ¢(1) = 1 and
q(0) = 0. Now again equation (7) holds and hence due to Lemma 2 GMERR
converges always in at most k + 1 iterations. O

With similar arguments one obviously proofs likewise the convergence of the
GMERR algorithm, if the normal matrix A has not more than k + 1 different
eigenvalues. For GMRES such a generalization holds only for diagonalizable
matrices.

Both Lemma 3 and 4 are even useful to estimate the convergence of left or right
preconditioned GMRES resp. GMERR iterations. With P as a preconditioner
P — A has rank k, if and only if P7'A or AP~! is a k-rank modification of
the identity and we can conclude the following statements.

Lemma 6. The preconditioned GMRES algorithm converges for every right—
hand side b in at most k steps if P — A has rank k.

Lemma 7. The preconditioned GMERR algorithm converges for every right—
hand side b in at most k steps if P — A has rank k and P~'A resp. AP~! is
normal.

These lemmas explain, why some modern and successful approaches for the
construction of preconditioners are obtained as low-rank modifications of the
matrix A, see for example BRAMLEY and MENKOV [2].

In order to substantiate the importance of these properties, we give an exam-
ple involving block—Jacobi preconditioning, which is the basis for many par-
allel preconditioning schemes, see e.g. EHRIG, NOWAK AND DEUFLHARD |[3].
Usually large sparse matrices are related to some grid, which lead to banded
systems. Now we analyze the structure of the left preconditioned matrix,
i.e. of the matrix product PJ_alCA, see Fig. 1, using exact subblock solutions.
In Fig. 1 the block-column matrices F; and F; are defined by E; = A;'B;
and F; = A, 1C;, the diagonal elements of P71 A are equal 1. We assume for

Jac



A c, B, F, E

Figure 1: Schematic representation of the matrix product Pj_alc A with 4 sub-
blocks

clarity that the dimension n of A is a multiple of p and A has m lower and
upper diagonals. Then each of the matrices E; and F; covers m vectors.
Now Lemma 5 tells us that preconditioned GMRES ends with the exact so-
lution after at most 2m(p — 1) iterations, since P; . A is a 2m(p — 1)-rank
update of the identity matrix. The corresponding preconditioned GMERR
algorithm would converge with the same number of iterations, if and only if
P~'A would be normal, which is not necessarily true, even if A is symmetric.
The convergence of GMRES can furthermore be analyzed in terms of the
eigenvalue distribution if A is diagonalizable, i.e. A = XAX ~!. Then the
following result holds, SAAD [7, p. 195],

< X X! i M.
Irell < llroll IXIIX TN min - ama [p(3)

For GMERR and normal matrices A one can easily derive the relation

< i M,
el < el 8520 22385 )

which suggests fast convergence for clustered eigenvalues and a similar con-
vergence behavior of GMRES and GMERR for normal matrices.

The convergence of the restarted GMERR algorithm is rather intricate to
analyze. The involved polynomials consist of mixed terms in A and A”. The
optimal restarted GMERR method should select this polynomial, which is
of minimal degree in A resp. AT, but this is very difficult to achieve. Note,
however, that for the restarted variants of GMRES the solutions are in the
same Krylov subspace as for the exact variant, whereas GMERR begins with
a new Krylov subspace at each restart. Thus the restarted GMRES converges
always slower than full GMRES, assuming exact arithmetics. In contrast to
this the convergence of restarted GMERR may be faster compared to the
full variant. In general we can expect fast convergence for matrices with



an essential normal or orthogonal component or clustered eigenvalues. Any
appropriate preconditioner therefore should “move” the iteration matrix in
these directions.

Preconditioners can be applied from the left or/and the right. With right
preconditioning, GMERR minimizes the preconditioned errors. So if one is
interested in minimizing the true error norms, one should use left precondi-
tioners, which only affect the rate of convergence.

4 Algorithmic realization

The most successful implementation of GMRES is based on a Gram—Schmidt
orthogonalization. As in turns out, a similar technique helps in the implemen-
tation of GMERR. To introduce our approach we refer to some algorithmic

details of GMRES.
From (2) and AV), = W), GMRES constructs approximate solutions as

T = 2o -+ Vk [(AV]C)T(AVk)} - (Avk)TTO . (9)

With the orthonormal basis Vj, of Ky then one defines the (k+1, k)-Hessenberg
matrices Hy through AVj = Vi1 Hg. Then we obtain from (9) with 5 = rg
and the unit vector e; = (1,0,...,0)” € RF!

— — _1 —
x, =m0 + Vi [HL H] H/ Ber =: 2o+ Viys (10)

where y;, € ]Rk_minimiz_es the overdetermined linear system Hyy, = Ber. Thus
we have y;, = H," Be;, H;" being the pseudoinverse von Hy.
Proceeding equivalently for GMERR we obtain from (2) and V;, = ATV,

= 0+ ATW, [(ATW)T(ATW)] ™ Wiy .

Now we have to use an ortho_normal basis Wy, of L, to define the Hessenberg
matrices by ATW, = W, 1H and we obtain correspondingly to (10) with
el € ]Rk

e |
x = xo + Wiy Hy, [HkTHk] pey .

With vy, := H, [H,f]:[k]fl Be; we can write H 'y, = Bey, therefore y;, € RF'!
now is the norm—minimal solution of the underdetermined linear system

H]?yk:/ﬁel ) (11)

ie. yp = (HF)*Bey.



In GMRES the overdetermined least squares problems are solved by successive
factorization

e = Q [%’“]

with Qx € O(k+1), R, € R*** upper triangular. The optimal solution y;, of

the system Hpyp = ey is then given by

b
yr = Ry 'by with  Qf Be; = (bl) :
2
Within GMERR we can use the same QR decomposition as for GMRES to
solve the underdetermined least squares problem (11). Its minimal solution is

-7
Yk = Qy (Rk 661) :
0

The factorization of the Hj, can be done successively just as in GMRES, see
[7], so that only the actual column of Hj needs to be stored. The progressive
decomposition yields a new column of the upper triangular matrices R per
each iteration or equivalently a new row of the lower triangular matrices R} .
Now assume we have already solved R}z, = e;. Then in the next iteration
we need the solution of R} ;zy+1 = e, which can be written as

1
RY 0
Zk+1 —
T1k+1 -+ Tkk+1 Thk+1k+1 0

Obviously, the first k components of the vector z;1 € IRF*! are identical to
z € IR® and for the last component we obtain

k
(Zk+1)k+1 = — Zﬁ,kﬂ(zk)i/?"kﬂ,kﬂ .
=1

Therefore we do not need to store the triangular matrices R; and the compu-
tation of the minimal solutions R;Tﬁel can be done successively as well.
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The algorithmic realization of GMERR can now be sketched as follows.

1. rg=b— Axg, B = ||7”0H7 wn :7"0/5'
2. Forg=1,... k

3. w1 = ATw;

4. Fori=1,...,75: hjj = (wjs1,w;), wjp1 = wjr1 — hijw,
. hivis = llwjall, win = wisa/hjsa,

6. Extend the QR decomposition of H,_; to those of H;
7. Compute R;Tﬁel using RjiTlﬁel

8. yr = Qk (R;zﬁel)

9. 2 = 2o + Wi1Yk

We remark that step 8 and 9 ar only needed to compute the approximations
themselves, but not for further iterations. So, if one is sure to need more
iterations, these steps can be omitted.

In Appendix 2 we have included a detailed derivation of the algorithmic real-
ization together with a pseudocode presentation.

5 Convergence control of GMERR

It is well known that the convergence of the GMRES iteration can be cheaply
monitored by means of

k
lrall = llrx-allse = 8] ] si
i=1

with s; the Givens coefficients of the QR—factorization. Since GMERR is error
minimizing, we would like to have a similarly cheap error monitor at hand.
Unfortunately we could not find a comparably cheap method to estimate the
errors ||z* — xx||. The most promising approach to control the progress of
the iteration seems to be exploiting the contributions dxj to the error ¢, as
suggested by equation (5). This enables a definite detection of a stagnation of
the iterative process. The computation of the terms ||dx,_1|| is not expensive,
as can be shown by the following equations

[0zr_1ll = llzr — 2e-1ll = [[Wiprye — Wiyn—1||

) HW’““y’“ - (%" )H ) ’y’“ (% )H
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Obviously, for the computation of ||dz_1|| we need the minimal solutions of
the underdetermined systems H}'y, = Be;, but not the approximate solutions
x, themselves. The evaluation of y; requires only about 4k additional floating
point operations.

In the practical implementation we will compute the relative error contribu-
tions ||0xk||/||dz1||. If this term is smaller than a predefined minimal thresh-
old d,,in, then the convergence is regarded as “too slow” and the iteration is
restarted. To inhibit numerical instabilities due to Krylov subspaces of large
dimensions, we define furthermore (as in the usual GMRES realizations) a
maximal dimension k,,,, of the Krylov subspace. Thus our implementation
depends on the two parameter 0,,;, and k,,.,. Appropriate settings for both
parameters will be discussed in the next section.

6 Numerical tests

In this section some results are presented to show the efficiency of the GMERR
approach compared to GMRES. We took a large number of matrices from the
Matrix Market collection [5]. As preconditioner we used an incomplete LU-
factorization with an appropriate selected fill-in and threshold parameters,
see SAAD [7]. In each case, a bunch of tests with varying parameters k.,
and 0,,;, were done to find “optimal” values. Since all results in general
are very similar, we only show the “best” results, which exhibit all typical
phenomena. We selected the matrix SHERMANS, which is well known in the
numerical analysis community and arises from oil reservoir modeling. It is

Preconditioned residuals Errors

O e e S B B s B m 100 ¢
GMERR — ] [

10 GMRES ---- | 10

LE : 1} :
01f ] 01} ]
0.01 F 1 0.01 f 1

0.001 F : 0.001 ]
0.0001 F 3 0.0001 ]
le-05 F : le-05 | .
1e-06 L1 1 1 1 1 1 1 1 L] 1e-06 L1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

[terations [terations

Figure 2: Convergence of GMERR and GMRES for the matrix SHERMANS5.
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a real unsymmetric matrix of size n = 3312 with 20793 nonzero entries. As
right-hand side we used a random vector. Rows and columns of the matrix
were scaled by their 1-norms.

Fig. 2 compares the convergence behavior of left preconditioned GMERR
and GMRES(20). The ILU preconditioner has a fill-in parameter 10 and a
threshold for the drop tolerance of 107 ke, Wwas set to 15 and 6., to
0.01. The results clearly show the superiority of GMRES, even in this nearly
optimal example.

Nevertheless several features are to be mentioned. First, GMERR reduces
the (preconditioned) residuals and errors in a very similar fashion, whereas
GMRES sometimes reaches a satisfactory residual norm with an error signif-
icantly larger than the final error of GMERR. Next we demonstrate, how the
progress of the GMERR iteration can be controlled via 6,,;,. Fig. 3 shows
the size of ||0x||/||0z1] during the iteration. This figure demonstrates that

10 F T T T T T T T T T
A
0.1 1

0.01

0.001

0.0001

1e-05 I T R R N TN N N B
0 10 20 30 40 50 60 70 80 90 100
[terations

Figure 3: ||dz||/||6x1|| during the GMERR iteration with §,,;, = 0.01. (Note
that ||dz1|| is redefined whenever ||0xy||/||0x1] < 0.001)

whenever the GMERR iteration stagnates, the control of ||dz| enables an
effective technique for timely restarts. The dimension of the Krylov spaces
built by GMERR is in most cases small. In most of our test cases the op-
timal value of k. is between 5 and 15, which implies that many restarts
are needed. Also the optimal d,,;, was not very different within our test set,
optimal values were always found between 0.1 and 0.001, but we could not
recognize any systematic trend in these parameters.
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Appendix 1: Iterative error reduction by CGNR

Here we prove the error-reducing property of CGNR, which seems to be not
generally known.

Theorem 8. CGNR is both residual minimizing and error reducing.
Proof. For clarity we assume xq = 0. Then we have for CGNR

Ki = span{ATb, (ATA)ATb, ... (ATA)1ATb}

Lr = span{AATb (AAT)?D, ... (AAT)*b} .

Thus by £, = AK) and (3) CGNR is identified as a residual minimizing
method, i.e. |7 < [|ri], ¢ < k. Furthermore follows from the Galerkin
condition (Az;, b — Axy) = 0. This gives together for i < k

0 < (Ax;,b) < (Axy, by < (b,b) . (12)
The condition AL, C K41 suggests the following rewriting of the Galerkin
condition (1)
Wiy (b= (xp, 1) Avy — Al — (zg,v1)v1)) = 0, k> 1,
with vy the first Krylov vector in K. This equation can be converted to
(AW ) (2% — (xp, v1)vr — (2 — (T, v1)01)) = 0.
Since xy, — (x5, v1)v; € ATW,,_1, the last equation is equivalent to

||95* - <95k701>v1 - (xk - <$k,U1>U1)H = yejleiVBk_l ||95* - <$k701>1}1 - ?JH .

Therefore we have with v, = ATbh/||ATY||

lesll = 2" — ] in [z — (A, b) A I

exl| = lz* —zx]l = min ||z* — (Azg, b)) it —

* T earw, kAT, ATy Y
Obviously the minimum is y; = x5, — (b, Azp) ATb/(ATb, ATh). In order to
prove now ||exs1|| < |lex]|, we have to construct y € ATW), with

ATh

*_ A -
I = (At Dy,

=yl < llo" — ] -

As the simplest choice we set y = y,. Then we have to show

AT

|2 =z — ((ATpy1,b) — <A$k7b>)W’

| <l — el
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which is equivalent to
((Awpy1,b) — (Azg, 0)* < 2 ((Awpsr, b) — (Ag, b)) (@* — 2, ATD) .
With the inequality (12) it remains to show that
({(Azp11,0) = (Awy, b)) < 2((b,0) — (b, Axy))

holds. But this condition is, again by help of (12), always fulfilled.
It remains to show |le;|| < [|eg||. For CGNR we have

21 = (ATh, ATb) /(AATH, AATB) AT .
We have to prove ||z — z;|| < [|2*|| or equivalently
(ATb, ATB)? < 2(b, b)(AATH, AATD) .

which follows immediately from the Schwarz inequality. O

Appendix 2: Implementation details of GMERR

Here we give a detailed derivation of the GMERR implementation. In each
iteration we have to compute firstly A7w; and then via Gram-Schmidt or-
thogonalization a new column of the Hessenberg matrix H;. Now we show in
detail how the factorization and computation of the minimal solution can be
carried out.

In the first iteration we obtain the 2 x 1-Hessenberg matrix H;. Then we

have to compute the coefficients ¢, s; of the Givens rotation Q; = Gi with
Hy =0 [%1]. This leads to

T _ (T i €1 51 hi ) _ (o
QlHl_(Gl) Hl(—Sl Cl)(hgl)_< ) ‘
h h
r11:m7 o= 5=

T11 T11

with

The minimal solution of H{'y, = Be; is now simply given by

—T —1
1= (Rl 0561) =BG (Tgl ) .
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We define z;; := 7“1_11.

The next step begins with the computation of the new column for the Hes-
senberg matrix Hs, followed by the QR-decomposition Hy = Q, [%2} with
Q) = G3G3. Therefore we have

B 1 S5 hir g i | W
(G%)THZ = —S51 ho1  hao = h/22
1 h32 h32

with r11, ¢; and s; as above and
/ !
N2 = cihig + s1hee ,  hag = —s1hia + crhes .

Then we compute G2 via

B B 1 rin | W2 11 Ti2
Q2TH2 = (G%)T(G%)THQ = Co 52 h' 99 = 22
—S2 (2 hsa

with
h h
_ 7/ _ 2 9 g LY
rio="hi, To=A\/Ny+thi, c=—"" s=—.
T'22 T'29

The minimal solution of HIy, = Be; is then

R—T e 221
Yo = Qz( 2 Oﬁ 1) = BG2GE | 220
0

with 291 = 211, 200 = —21712/722. Obviously we can reuse the results of the
first iteration, namely ¢y, s1, 11 and z;. Furthermore in the second iteration
we do not need explicitely the values of hy; and ho;.

The next, third step now is as follows. Gram—Schmidt orthogonalization yields
the third column of the Hessenberg matrix Hj, which is then factorized equiv-
alently to the preceeding steps as Hs = Q3 [%3} with Q3 = G3G3GS.

This gives first

¢ S5 hii hig Mg ri1 | P2 Pis

- — hot hos h I h
G3 T, — 51 G 21 22 23 _ 22 23
(GY)" Hs 1 hsa  hss hsa  hs3
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with 11, C1, S1, h/lg, h/gg as above and
! /
Ry = cihig + s1heg ,  Nas = —sihig +crhas .

Then we have to calculate

1 ri1 | W12 P13 ri1 T2 | Ris

y Wy I ros | B
AT (GHT ., — Cy 82 22 23 _ 22 23
( 2) ( 1) K —S82 (2 hsy  hss h'"s3
1 h43 h43

with 719, 99, €9, So as in step 2 and
h'93 = cal'93 + Sahgs . h'"s3 = —sah'o3 + cahss
The factorization is finished by

QiHs = (G (G (G Hs =

/
1 riu T2 | Mg 11 Ti2 T3
1
1 T2 | h'a3 - T22 T23
C3 83 h"s3 733
—S53 C3 a3
with
h’ h
RN N/ o 2 2 o 33 143
ri3="N13, re3="hog, rzz=1\/h";3+hi3, 3= ;  S3= — .
733 733
Therefore the minimal solution of HIys; = (e, is then
_ Z31
R;T e
3 1 3,433
Ys = Q?)( 0 = 6G1G2G3 239
<33
with 231 — X111, R32 — X922 and Z33 = —(7’13211 + 7“23222)/7“33. To compute Y3 wWe

require neither the first colums of the Hessenberg matrix nor the first columns
of the triangular matrix R3. Given the coefficients ¢;, s;, ¢ = 1,2 and y, we
need for the new minimal solution y3 only the values of the actual column in
the Hessenberg matrix, which can then be discarded. The generalization of
this step by step derivation leads to the following pseudocode representation
of the GMERR algorithm.
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Pseudocode for left preconditioned GMERR

Given: an initial guess x¢ and a residual tolerance tol.
Define k.. and 0,in.

Compute preconditioned initial residual P~1(b — Az)
Compute first Krylov vector wy.

wyp =To
B =lwl
w1 = wl/ﬁ
k=20
Perform GMERR iteration.
k=k+1

Perform modified Gram-Schmidt process.
wiy1 = ATP Ty,
Fori=1,... k

hi = <wk;+17wi>
Wi+1 = Wg41 — hz‘wj
1 = [[wp1 ]
Wr+1 = wk+1/hk+1

Update the QR decomposition of H.

Fori=1,... k-1
t= Cihi + Sihi-i-l
hiy1 = —sih; + cihipy

r=1/y/hihy + hyi1hg
C — Thk
S — Thk-i—l

Update z = R™T||rolles.
Ifk=1: 2z =pr
Ifk>1: z,=-—r Hf;ll yih;
Compute minimal solution yy.
Yk k+1 = SkRk
t= CLZk
Forj=k—-1,...,1
Yk, j+1 = SjZj + Cjt
t= Cij — Sjt
Yk =1
Compute 6z /16w1 | = 1y = (We-11s- - + Y16 O 111511
Convergence monitor.
If |[oxg||/]|0z1|| < Omin OF k = kmax THEN perform restart:
Compute approximate solution x; = xg + Wii1y.



Compute preconditioned residual 7, = P~1(b — Axy).
Check residual: If ||ry|| < tol stop.
Compute new first Krylov vector w;.

WL =T

B =l
w1 :wl/ﬁ
k=0

Perform new GMERR iteration.
ELSE continue GMERR iteration.

19



