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Abstract

In General Relativity, the motion of expanding shearfree perfect fluids is gov-
erned by the ordinary differential equation y” = F(x)y? , where F is an arbitrary
function from which the equation of state can be computed. A complete symmetry
analysis of this differential equation is given; its solutions are classified according to

this scheme, and in particular the relation to Wyman’s Painlevé analysis is clarified.

Short title: Shearfree spherically symmetric perfect fluids

Classification numbers: 0270, 0420, 0440

1. The problem

Among the spherically symmetric perfect fluids those in shearfree motion play an out-

standing role: they are physically preferred since for shearing motion friction should be

* Theoretisch-Physikalisches Institut, Universitat Jena, Max-Wien- Platz 1, D-07743 JENA, Germany;

phs@hptsl.physik.uni-jena.de
 School of Mathematical Sciences, Queen Mary and Westfield College, Mile End Road, LONDON E1

4NS; tw@Qmaths.gqmw.ac.uk. TW gratefully acknowledges the support as Zuse-fellow obtained from the

Konrad-Zuse-Zentrum Berlin, where most of the Computer Algebra calculations were performed.



taken into account and the model of a perfect fluid becomes obsolete, and they are math-
ematically interesting because of some properties which we intend to discuss in detail.
Because of the high symmetry of the problem, the field equations become very simple: it

was shown by Kustaanheimo and Qvist (1948)[1] that for the line element
ds? = 2A) {d'r2 + 7 (d??? + sin? 'z9d<,02>] s (1.1)
they can be reduced to the ordinary differential equation
d*y/dz® =" = F(x) y* (1.2)

for the metric function

y(z, t)=e M0 g =42 (1.3)

The second metric function is then
e’ = /\Je*f(t) \ (1.4)

where f(t) is an arbitrary function connected with the freedom of scaling .
The function F(z) depends on the equation of state of the fluid, and mass density p and

pressure p can be computed from

ko= 3e2 —e P (2),,, +AZ 44N, /1)

(1.5)
Bp A= 0, [AAZ 42, fr) — o]
see Kramer et al. (1980) [2]. When deriving these equations the assumption
y1%# 0 (1.6)

was made, i.e. the fields are not static (and the expansion of the fluid is not zero).

It may be a surprise that the time dependent motion of the fluid is described by a time-
independent differential equation (1.2), but the condition (1.6) clarifies how the time
enters: one has to find a solution of (1.2) which contains at least one arbitrary parameter
(constant of integration), which then can be chosen to be a function of time; preferably
we are interested in the general solution for a given function F', with two constants of

integration.



The history of the spherically symmetric and shearfree solutions is long and rich in re-
discoveries and detours. Although the central equation (1.2) was already found in 1948
by Kustaanheimo and Qvist [1], it remained hidden in the literature, and several papers
published later contained only solutions which were just special cases of solutions already
given in [1]. Kustaanheimo and Qvist constructed their solutions by means of the symime-
try approach due to Lie, but this method also remained forgotten for a long time. Many
new solutions found later could have been found using Lie symmetries.

In this paper we want to discuss this symmetry approach in some detail. But before
doing this, we will give a short review of the different methods used so far in solving
y’ = F(z) y?. The trivial case F' = will always be excluded.

2. The three approaches for solving y"’ = F(x) y2.

2.1. The direct approach

In many papers either the full set of field equations (by making an ansatz for the metric
functions A(r,¢) and v(r,t) ) or the central equation 3" = F(z) y? (by making an ansatz
for F'(x) ) was solved directly, often in a rather ingenious way, and often leading to very
complicated expressions for the metric. Since the two other approaches are superior in
that they proved far more successful (all solutions found by any of the direct approaches
are contained as subcases) and moreover admit an invariant classification of the different
cases, we refer the reader to the literature [2], [3],[10], where most of these solutions are

given (or quoted) and their interrelation is discussed.

2.2. Wyman’s Painlevé approach

In his search for functions F'(x) for which the solutions of ¥ = F(x)y? have fixed critical
points (branch points) and essential singularities, Wyman (1976) [4] found that solutions

of ' = F(x)y? can be constructed from solutions of

d*y -
d:Z:U? = F(Z)§%+pi+q (2.1)




via a mapping

s Ml) W) = ——[3(5) =A@, Fo)=dG) F@),  (22)

if the functions ¢ and H satisfy

e

d?

T

= F(3)H* &)+ p7 +q , %;f):?ﬁ(i:)ﬁ(i)q/;(i) (2.3)

N

o

(the group-theoretical background of this transformation has been discussed by Herlt and
Stephani (1992) [5] ).

For p = 0 = ¢, these mappings leave the form of the differential equation invariant, as
d2y/da? = F(z)y? is transformed (mapped) into d2j/di? = F(i)$2. We therefore refer
to these transformations as gauge transformations of the function F', as opposed to the
symmetry transformations to be discussed later which leave the function F fixed.

The general solution of the differential equation (2.1) is known in the following three cases

(normal forms): For

d2 g ~ R
d;i = > +pi +4q. (2.4)
where it defines a Painlevé transcendent, and for its subcases
A2y
1= 7 +q (2.5)
and
Py
a2 Y (2.6)

where it leads to elliptic integrals. Because of the existence of the gauge transformations
(2.1)-(2.3), the solutions are also known if d?y/dz? = F(z)y* can be mapped onto one of
these three cases.

At first glance, this mapping procedure looks very complicated, and indeed it is. But for
the most interesting case (2.6), the equations (2.1) - (2.3) give a straightforward scheme
for finding solutions: take any two solutions of the simple differential equation (2.6) as
g and H, and ¢ as ¢ = ¢;dH /dz + (12(2[:[ + #dH /dz). (having thus solved (2.1) and
(2.3) with F=landp=0= q). Then y(z) constructed according to (2.2) is a solution
of 3’ = F(x)y? with F(z) = ¢>. As was shown by Srivastava [3], many of the known

solutions can be mapped onto (2.6) and and therefore be generated this way.
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When can a given F(z) be mapped onto one of the three cases (2.4)-(2.6)7 It is easy to
use Wyman’s procedure to answer this question. From the desired result F =1 and the
transformation law (2.2) we see that we have to define a function ¢ by ¥(&) = F(x)Y/?,
then to differentiate it twice with respect to & (using dz/dz = =% when differentiating
the right hand side) and to define a function [:[(7) by H(z) = (dz/ﬂ(i‘)/d )/ 2¢p. This
function H(&) then has to satisfy (2.3) with £ = 1. For the three cases (2.4)-(2.6) the

resulting conditions for F(xz) read

o !

F2/5 {2F‘2/5 [F—z/s (F—:j/s(F—yg),,)/]’ n /5 <(F—1/5>/,>2} — _4p (2.7)
9 fp—2/5 [F—z/s (F—:j/s(F—l/s)//>’]l + F6/5 ((F_1/5)”>2 —_—) (2.8)
2F—2/5 {F2/5 (F3/5(F1/5)“)/}/ + F8/5 ((F—1/5)//)2 — 0, (2.9)

respectively. Equations (2.7)-(2.9) are the necessary and sufficient conditions that ¢" =
F(z)y?* can be transformed into (2.4)-(2.6).

The last condition (2.9) can also be written as
2[F74/5(F71/5)//]// — F—S/S[(Ffl/S)//]Z (2.10)

compare [5]. Because of its three Lie point symmetries, this condition can be reduced to

a first order differential equation: with

F0 =6 (2.11)

one obtains

2(3/2 + S//)// — (S/Q + S//)? (212>
ie. S’ + 5" is an elliptic function K(z), and
57+ 8" = K(x) (2.13)

is a first order differential equation for S’(z). Functions F(z) which lead to integrable
cases can be constructed this way. Wyman (1976) [4] also gave explicit constructions of

functions F' satisfying (2.8) or (2.9).



We will show in Section 3 how the three cases (2.7)—(2.9) can be characterized in terms

of the Lie symmetries of d*y/dz? = F(z)y®.

2.3. The symmetry approach

It is well known from the theory of differential equations that a second order equation like
y" = F(x) y*can be reduced to a first order equation if it admits one Lie point symmetry,
and that its general solution can be given in terms of quadratures if it admits two (or
more) Lie point symmetries. Using standard techniques (see e.g Stephani (1989) [6] or
Olver (1986) [8]), one finds that for a given F(z) the equation 3" = F(z) y? admits a

symmetry if a function B(xz) exists which satisfies

F(gB’ 4 o)+ BF =0 (2.14)
and
B" = 4(da+e)F, (2.15)

where ¢ , d and e are (arbitrary) constants. The generator of this symmetry then reads
X =B(z)d,+[(c+B'/2)y+dax+e]d, . (2.16)
The condition (2.14) can be integrated to give B(x) in terms of F(x):
o 2 o 2/5 -
B=aF = cr /F dz. (2.17)
If one inserts this result into the second condition (2.15), the result is the equation
. 2 . .
Adz +e)F =[aF7> — Zcp2h / F*Pd )" (2.18)
5

(Kustaanheimo and Qvist [1]) which F(z) has to fulfill to give rise to a symmetry. If
this condition is satisfied, then B(z) can be computed from (2.17); because of the two
constants a and ¢ appearing in (2.17), there are at most two symmetries for a given F'(z).
The symmetry approach opens up a systematic way to search for classes of functions F'(z)
which give rise to symmetries, and to construct solutions of y” = F(z)y? for these cases.

We will discuss this in some detail in the following sections.



3. Solutions of y” = F(z) y? with one Lie point symmetry

3.1. Equivalent classes of functions F(z)

The existence of a symmetry does not depend on the particular form in which the differ-

ential equation under consideration is given; any point transformation

v =x(z,7), y=y(@9) (3.1)

which leaves y” = F(z) y? invariant only changes the explicit form of the symmetry.
Transformations of this type are often used to simplify calculations or to get rid of ap-
parently different cases of functions F'(x) which are rather trivially related to each other.

Simple examples of such transformations are

T=x+X g=y, F@)=F@—-X), c¢=c+dA

=\r, y=1. F(?) = F(2/\)/\% d= d/ A (3.2)

S

F=a. g=Ny.  F(@)=F(@)/\ d=\d. é=\e
(where the last column shows the effect on the constants appearing in the symmetry
(2.16) and in the condition (2.18)). A more general invariance (or gauge) transformation
of " = F(z) y? is provided by the transformation (2.2) if restricted to p =¢ =0.
Whereas all these transformations are members of a continuous group, there is also a
discrete transformation which has its origin in the invariance of the metric under the

reflection

r=1/r (3.3)
It is the transformation
F=1e. §(&)=yl(e) /e, F(i)=a"F(z), (3.4)
B(?) =—B(z)/z*, ¢=¢, d=c, é=d.
Together with (3.2) it can be used to achieve e.g. d = 0.
If two functions F(z) and F (%) are equivalent in the sense discussed above, their related

differential equations y” = F(z) y? and §” = F(z) §? are equivalent, too - although the

physical interpretation of the relevant metrics may be quite different.
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3.2. Functions F(z) for which ¢’ = F(z) y*? admits one symmetry

To find functions F'(z) which give rise to a symmetry one has to solve the system (2.14)-

(2.15), i.c.

5
F(§B'+c) + BF' =0 (3.5)
and
B" =4(dx+e)F. (3.6)

For ¢=0, DX4E#0 , the general solution to these equations can be constructed as follows
[5]: equation (3.5) is integrated by F' = B~°/2  and inserting this into (3.6) and taking
the gauge d =0, e =1 one gets

B" = B2, (3.7)

To integrate this equation, write B’ = p(B) and make the substitutions{ =1/B, p*(B)/B =

f(&). The result is the differential equation

&er_ 2
b (3.8)

which can be solved by standard methods.
For ¢#£0, DX+E=0, the general solution is also known: one has to solve B” =0 and

to insert the result

B=ar*+2Bz+v=a(r—z,)(z — ) (3.9)
into the representation
. d
F = B ?exp(—c g) (3.10)

of F.
IN THE GENERAL CASE C#0, DX4E#0 , one can simplify the task by realizing that the
system (3.5)-(3.6) of differential equations admits two symmetries, which in the gauge
d = 0 have the form

Yi=0,, Yo=x0,+BJdg—2F0p. (3.11)

By introducing the variables A\ = —InV/F and z = BVF and making the substitution

w =dz/dX = w(z), one can use these symmetries to reduce the system to the second



order equation

8c3 d w d 24w w d z4+w

_z+5w dzz+bwdzz+5w z4+bwdzz+ 5w

de =

(3.12)

which admits no further symmetries. No explicit solution of (2.9) is known, although in
principle a class of solutions could be constructed: For the two- symmetry case (4.7) there
always is one symmetry with ¢ # 0, dz + ¢ # 0.

For illustration, we give a few examples of functions F'(x) - taken from the literature ([1],

[3], [4], [9]) together with the corresponding symmetries:

F=z" B=gz,c=—(n+5/2), d=0=ce

(3.13)
B = (z —x1)(x — x2),

c=02n+5)(xy —x1)/2; d=0=c¢

F = (T _ J:l)” (T _ $2>7n75

F =g 15/7 B=a%" c=0=d,e=12/7%.
3.3. Invariant solutions

If there is a symmetry, it may be worthwhile to ask whether interesting solutions exist
which are fixed points of the symmetry [6], i.e. solutions of '’ = F(z)y* which lie on an

invariant surface y — y(z) = 0 and therefore satisty
X [y—y@]=(c+DB/2)y+daz+e—DBy =0. (3.14)

In our context, the interesting solutions are those which contain an arbitrary param-
eter not occurring in F' (which then could be taken as a function of time). Since
the general solution of the inhomogeneous linear differential equation (3.14) has the
form 4 = & Ymom) + Y(inn), the parameter o does not drop out when inserting this into
I

y" = F(z)y? and cannot be taken as a function of time; the invariant solutions are not

of interest.



3.4. Normal form of the differential equation y’ = F(z)y* and reduction of

order (first integrals)
If a symmetry is known, one can use it to simplify the differential equation y" = F(x)y?
by bringing it into a normal form; this is possible without specifying the function F' and
the symmetry. To do this, we introduce new variables Y (y,z) and s(z) adopted to the

symmetry

X =B(z)d,+|(c+B'/2)y+dx+e]d, (3.15)
by XY =0, Xs =1 by defining

Y=yu(z)+v(z), XY =0, u(z) = ﬁ exp(— [ gdz),

(3.16)
v(z) = — [ulteds = —1 [ BB"dz = —1BB" + L(B')* + v,
and
d
s:/g, Xs=1. (3.17)
Using the relation
F=B"exp(- [ —dr) = . (3.18)

which follows from the definition (3.16) of u and from the representation ( 3.10) of F, we

obtain from y” = F(x)y* the differential equation for Y(s)

Y =2V + Y24+ bY + b, (3.19)
where the two constants b; and b, are given by

B/ 2 BB//

4 2

7 (3.20)

bl =
and
by = —v (v+by) + B*u? (v ) u?). (3.21)

It follows from the general theory that b; and b, are really constants: since X is a symmetry

and Xs = 1 holds, the differential equation (3.19) must not depend on s. Of course it

10



is possible to check this directly by taking the derivative with respect to s and using the
symmetry conditions (3.5)-(3.6).The values of the two constants depend on the symmetry;
for B = ax? + 20z + v we have e.g. by = 3% —ay —c?, by = 0. Since v is defined only up
to an additive constant, by = 0 can always be achieved.
The result of these calculations is that the existence of a symmetry implies that 3" =
F(z)y? can be transformed into the simple looking equation YV =-2Y+Y 24bY +bs,.
Because of its symmetry, which now reads X = d,, the substitution Y = p(Y), Y = PPy
is possible; it leads to the first order differential equation (Abelian differential equation
for p(Y))

ppy = —2ep+ Y2 4+ b,Y + by. (3.22)

Since a transformation Y — Y 4 const is always possible, the type and the integrability

of these differential equations is characterized by
A =by — b2 /4. (3.23)

For ¢=0, the equation (3.19) simplifies to Y =Y2+40b,Y +by , which can obviously be
solved by quadratures even if there is no second symmetry (remember that for ¢ = 0 the
general ' admitting a symmetry is known). Thus we can state: If y" = F(x)y* admits
a symmetry with B = F~%/5 then it can be solved by quadratures. Comparing the above
form Y = Y2+ Y +b, with Wyman’s classification, we can also state: If y" = F(z)y?

25 then it can be transformed into the Wyman cases

admats a symmetry with B = F~
(2.5) or (2.6). This result agrees with that of Srivastava [3] that if there is a symmetry
with ¢ = 0, then there is either a second symmetry or a mapping to the Wyman class
y" = y? + q is possible.

For ¢#0, one can gauge ¢ =1 and by = 0; then the differential equation (3.19) reads

YV =2V + Y%+ b, (3.24)

This is a one-parameter family of differential equations, and correspondingly the functions
F(x) with ¢ # 0 form (up to mappings F' — F'!) a one-parameter set.
Are there cases where Y = —2Y + Y2 4 by can be solved? We will come back to this

question when discussing the two-symmetries case in the following section, and show that

11



in the above mentioned set the point A = by = —(24/25)? plays an exceptional role: only

for this value of A solutions are known.

4. Solutions of y”’ = F(x) y?with two Lie point symmetries

4.1. The conditions for the existence of two symmetries

As already stated in Section 1, there are at most two symmetries for a given F'(x). Because

of (2.17), we can choose them to be

B, = F72/5, X, =B0,+[B,/2)y+dyx+¢]0,,
a=1,¢=0
(4.1)
By = F725 [ F?Pdae, Xy = Byd, + [(By —5)y/2 +dyx +¢5]0
a=0,c=-5/2.
The commutator of the two symmetries is
(X7, Xo]=X1; (4.2)

we have a non-abelian group. These two symmetries have to obey the symmetry condition

(2.18) with the same F(x). Introducing the notation

; ; 1
(j):/FZ/de L F=(¢y?, Bi=— ., By= L , (4.3)

¢ ¢’

this gives rise to the two conditions

4(dy x4+ (11)((/)’)5/2 — (1/</)/)///
(4.4)

4(d2 T+ 62)<¢’)5/2 — (¢/¢)/>///

which have to be satisfied simultaneously.

4.2. Functions F(z) for which 3" = F(z)y* admits two symmetries

For the general case (d; x+e¢;)(dy x+4e3) # 0, and in the gauge d; = 0, ¢; = 1, the general
solution of the system (4.4) could be found (Wolf 1996 [8]) by means of the substitution

W(t)=k(¢—dex —ea)/dy, t =k, k= (];/6 (4.5)

12



and some computer algebra; one obtains

W3 (AW/dt + 1)** —12(AW/dt +1) +4=0 , (4.6)

which is t—independent and can be solved by a quadrature. Equation (4.6) is a first order
differential equation for ¢, and if we insert the corresponding condition on F into (2.9),
we find that (2.9) is satisfied: All differential equations y" = F(z)y* which admit two
symmetries with (dy © + e1)(dy 4 €4) # 0 can be transformed into y" = y>.

We will not pursue this line of thought further (and not consider the other cases with
(dy 4 eq1)(dy x4+ e2) =0) since we can take a more immediate way by starting from the
normal form

Y =2V + Y24 0,Y + by (4.7)

of the differential equation " = F(z)y?* for the case that it admits one symmetry. If
there are two symmetries, then (4.7) has also to admit two symmetries. If we perform a

symmetry analysis of (4.7), the result is that two symmetries can occur if and only if
A =by —b}/4 = —(24c*/ 25)* (4.8)

holds. If there are two symmetries, then - as shown in (4.1) - there exists always one with
¢ = 0; starting with that symmetry and taking the gauge b; = 0 , we have Y =Y 2 + b,
instead of (4.7), and the condition (4.8) for the existence of two symmetries gives by = 0
: the equation y” = F(z)y* admits two symmetries exactly if its normal form is Y =Y2,
Of course, if there are two symmetries we need not transform the given F(z) into F' = 1;
we would rather follow the usual procedure [6] to solve y” = F(z)y?* directly by means of
quadratures.

We now come back to the question raised at the end of the preceding Section: Are there
cases with one symmetry where YV =—=2Y +Y%+0, (or equivalently ppy = —2p+Y?+1b)
can be solved in terms of known functions? The answer is: No; the solution is known for
by = —(24/25)%, but in this case a second symmetry exists. In all other cases no solution
has been found so far.

We close this section with a few examples of functions F'(z) which admit two symmetries;

13



these are

F=1 Xlzax, X2=$8T—21/0y

F =g X1 =2%9, + xyd, , Xy = x0, + 3y9,

(4.9)
JR— X, = 2879, +[(12/7%) + (3/T)yz—1/7]0,
Xy =720, + y0,
e (z —xp)" 157 Xy = (x—x1) (2 — 22)0,
(2 — xy)207 H(22 — 1 — ®2)/2 + 5(z2 — 21)/14]y0,
Xy = (2 —21)%(z — 25)%70,+ (4.10)

+[{(z — :1;2)1/7(:1; — :1;1)_1/7(7:1; —4dxy — 3x9)/THy
+12(z — xy) (21 — 2)*/343]9,
note that the symmetries are not given in the gauge (4.1) to avoid some irrelevant
1 1 i gi in the gauge (4.1 id irrel

constants).

5. Summary

For the symmetry approach to the differential equation 3’ = F(z)y* two different tasks
can be imagined.

The first task is to determine all functions F'(z) for which ¢ = F(z)y* admits a symmetry.
Two cases have to be distinguished:

(la) v" = F(z)y? should admit one symmetry. In the notation of Section 3.2, the state
of the art is: All functions F belonging to symmetries with either ¢ = 0 or dz +e =0
are known and given by (3.7 - 3.8) for ¢ = 0, and by (3.9 -3.10 ) for dz + ¢ = 0; for the
general case ¢(dz + ¢) # 0 one has to solve (3.12), but no solution is known so far which
admits only one symmetry.

(1b) 3" = F(z)y? should admit two symmetries. All these functions F' are known; they
satisfy 2[F~4/°(F~1/5))" = F=3/5[(F~1/%)"]2. To construct them, one could go along the
lines indicated in Section 2.2, or one could solve (4.7) for the general case (d; z+e;)(dy =+

ey) # 0 and start from the one-symmetry case for the cases with (dy z+e1)(dz z+e3) =0,

14



or one could follow Wyman’s procedure [4] . It is important to note in this context that
although all functions F(z) belonging here can be mapped to F' = 1, the (physical)
meaning and interpretation of gravitational fields characterized by different F’s will be
rather different.

The second task is that F(x) is given and one intends to solve the differential equation.
Then three main cases can occur:

(2a) y" = F(x)y* does not admit a symmetry. Then the symmetry approach does not
help. One may instead use Wyman’s approach and test whether F' satisfies (2.7); if yes,
then the solution can be given in terms of a Painlevé function. Otherwise no solution is
known.

(2b) y" = F(2)y* admits exactly one symmetry. Then y”

= F(z)y* can be transformed
into Y = =2¢V + Y2+ b,V + by (or equivalently into the first order equation ppy =
—2cp + Y2+ b0;Y + by) by means of the transformation (3.16)-(3.17). If the symmetry
has ¢ = 0, then this equation can be solved by quadratures (in that case F' also satisfies
(2.8)). For ¢ # 0, no solution of ¢’ = F(z)y? is known.

(2¢) " = F(x)y* admits two symmetries. Then its general solution can be given in terms
of quadratures by standard group theoretical methods [6], or by transforming v" = F(z)y?

into (4.8) using the symmetry with ¢ = 0 and then performing some quadratures. In the

two-symmetry case F' satisfies (2.9).
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