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Jochen Fröhlich, Peter Deuflhard

Abstract

Adopting a statistical approach for the computation of turbulent
combustion flows an approximation for the probability density func-
tion (PDF) of the composition variables is often required to treat the
highly non-linear reaction term in a satisfactory way. One class of me-
thods currently being used are the moment methods which employ
transport equations for low order statistical moments and use a para-
metrized shape of the PDF. A second class solves a transport equation
for the joint PDF by a Monte Carlo method. In the present paper we
develop an intermediate algorithm based on a Galerkin method for
the PDF transport equation. The solution is developed in terms of an
orthogonal or bi-orthogonal basis of a suitable Hilbert space. The un-
conventional use of the related weight function as a prefactor (moving
weight approach) permits adaptivity and results in a generalization
of the ��closure for bounded scalar quantities. We present the ap-
proximation procedure in detail and apply it to the evolution of the
composition in a homogeneous well-stirred reactor. The extension to
non-homogeneous flow simulations is straightforward.
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� Introduction

The study of turbulent combustion in gaseous media is a very active field
of research due to its economical and ecological impact. The difficulty re-

sides in the presence of a large number of physical phenomena as descri-
bed in textbooks such as those of Williams [33] or Warnatz/Maas [32].
Most often the turbulent transport of species and the complexity and non-
linearity of the chemical reactions are the predominant mechanisms. Apart

from direct numerical simulations [15] and simple closure models such as the
eddy-breakup concept of Spalding [30] two strategies are currently being
employed. One is the moment method or presumed shape closure discussed
e.g. in the the above textbooks, by Correa/Shyy [7], and more recently by

Chen/Chang/Chen [5]. The other is based on the solution of a transport
equation for the probability density function (PDF) employing a Monte Carlo
method to which Pope [27] gives a comprehensive introduction.

The presumed shape approach consists of three steps: parametrization of the

thermo-chemical state by one or at most a few quantities, solution of modeled
transport equations for their mean and variance, choice of a family of PDF
shapes. The latter permits to determine an approximation of the PDF by
the computed statistical quantities, whereby closing the reaction terms. This

procedure can furnish useful results in various applications [12, 35]. Pee-
ters et al. [24] recently studied the impact of the chemistry model and the
presumed PDF shape on the numerical results for non-premixed combustion
in industrial furnaces. Their results show that for the heat release and the

main species the precise form of the PDF is often not required (see also the
comparison to a Monte Carlo simulation by Correa/Shyy [7]). In contrast,
their results for NO concentrations were sensitive to the shape of the presu-

med PDF. The approximation of the PDF’s shape therefore deserves higher
accuracy in these cases.

Since a PDF transport equation does not require a chemistry model, this
approach has received increasing attention in recent years. Most often such
an equation is solved for the scalar unknowns only (temperature, species

concentration etc.) whereas the fluid dynamical part is treated seperately
by conventional modelling such as k-ε [6]. This is due to considerations of
computational simplicity, efficiency, and the fact that elaborated fluid solvers
are at hand. The dimension of the PDF is equal to the number of involved

scalars and can become large if detailed reaction schemes are used. High di-
mension requires a Monte Carlo method for its solution as first developed
by Pope [26]. Practical limitations, however, restrict the number of scalars
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that can be accounted for in complex 2D and 3D flows. Again, some reduced
chemistry has to be employed which partly removes the advantage of the
approach. What remains is that the PDF can have arbitrary shape. Further-
more, Scheurlen [29] observed that the inherent simple upwind strategy of

a finite volume - Monte Carlo method for the composition joint PDF can lead
to relatively high numerical diffusivity. In contrast, more elaborate schemes
are available for the solution of classical transport equations such as to be
solved for the statistical moments.

The purpose of the present paper is to develop a method intermediate bet-

ween the cited approaches. We start with the PDF transport equation for
scalar quantities assuming that to solve realistic problems some kind of re-
duced chemistry is employed anyway. It can range from the classical equili-

brium chemistry - mixture fraction to parametrization by flamelet libraries
[28, 25] or automatic reduction schemes as proposed by Maas/Pope [22].
When the thermo-chemical state is adequately described by only few (pseudo-
)species the resulting low dimensional PDF does not neccessarily require a

Monte Carlo method. Alternative approximations may become more advan-
tageous. We advocate a Galerkin method in probability space which results
in transport equations for generalized moments. In order to keep the number
of degrees of freedom moderate, an adaptive version based on the so-called

”moving weight function” approach is developed. Such an approach has been
introduced by Deuflhard/Wulkow [10] for discrete Galerkin methods
and is transferred here to the continuous case. A modification with the aim
of better conditioning leads to an orthogonal Gram-Charlier-type basis on a

finite interval. Since the weight function for the Jacobi polynomials, which
are used in this construction, is equal to the classical β−shape, the approach
can be viewed as a natural generalization of the β−closure. In particular,

it carries over to higher dimensions, i.e. several scalars. The approximation
by an orthogonal basis of a (possibly weighted) Hilbert space furthermore
permits to estimate the approximation error of the PDF with the help of the
coefficients. Due to the large number of modelling assumptions in combu-

stion flows it is very difficult to attribute errors in the final result to a certain
simplification or to numerical problems. The approach advocated below may
help to distinguish between these different error sources.

The paper is organized as follows. After recalling the relevant equations and
some of the physical modelling the moving weight approximation is develo-

ped. Its properties are assessed with the help of representative test functions.
Subsequently, the scheme is applied to the case of homogeneous turbulence
as a model problem which permits to investigate its properties in reactive
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computations. Generalizations are discussed in a final section.

� Physical and mathematical modelling

For clarity and notational ease we assume constant fluid density throughout

the paper. (In fact, density variations can be accounted for in the usual
manner when using Favre averaging instead of the non-weighted average.) As
stated above, the mean velocity field u with characteristic Mach number far

below unity is supposed to be determined utilizing a conventional turbulence
model such as the k-ε−model. It allows to calculate a turbulent time scale
τt = k/ε and employs a turbulent viscosity μt=Cμρk

2
/ε. More sophisticated

turbulence models could be incorporated at a later stage of investigation.

We start with the equations for temperature, species concentration or other

scalars collected in some vector φ with components φi, i = 1, . . . , σ. The usual
description of the transport-diffusion processes (e.g. neglecting Dufour and
Soret effect) leads to conservation equations

∂tφi + ∂xk(ukφi)− ∂xk(Γ(i)∂xkφi) = Si(φ) i = 1, . . . , σ (2.1)

with the laminar diffusion coefficients Γ(i), the source terms Si, and sum-
mation convention over repeated indices, except if bracketed. For physical

reasons the range of the φi is bounded. This is obvious for species concen-
trations and mixture fraction by definition. Temperature is bounded by the
lowest inlet temperature and the adiabatic flame temperature for low Mach
number flows. Hence, all scalar unknowns can be scaled to the range in the

interval [0; 1].

2.1 Presumed shape closure

When employing the gradient assumption for the turbulent transport and
modelling the turbulent mixing by an effective diffusion constant, the equa-
tion for the average φi reads

∂tφi + ∂xk(uk φi)− ∂xk(Γ(i),eff ∂xkφi) = Si(φ) (2.2)

with Γ(i),eff =Γ(i)+Γ(i),t. Mostly, Γ(i) is neglected and Γ(i),t=Γt=μt/σt, σt=
0.7, is used. The only term in (2.2) left unclosed then is the source term which
contains the highly nonlinear reaction model. It can be obtained from the one-

point joint PDF of φ, fφ(ψ), where ψ is the coordinate in the σ-dimensional
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probability space. The required mean then is given by

Si(φ) =
∫
Si(ψ)fφ(ψ) dψ (2.3)

The presumed shape closure relies on the introduction of a parametrized ap-
proximation of the PDF, f

a
φ (ψ), where a denotes the vector of parameters. For

a given family of functions the relation of these parameters to the moments
μij(i=1, . . . , σ , j=0, 1, 2, . . .) of the PDF is known. The usual method now

proceeds in deducing equations for these moments μij from (2.1), where most
of the terms have to be closed by diverse hypotheses. These moments deter-
mine the parameters a. Subsequently, fφ(ψ) in (2.3) is replaced by f

a
φ(ψ) in

order to obtain an approximation for the mean of the source term. In practice,

this procedure is applied only up to the second moments. A major problem
of the approach is the definition of a suitable class of functions for the PDF.
These have to generate a good approximation of the real PDF and exhibit
a systematic and efficient description by the parameters. Second, the model-

ling requirements for the moment equations increase rapidly with the order.
For this reason the presumed shape closure is applied to multi-component
cases almost exclusively with a product ansatz f

a
φ(ψ) = f1(ψ1)f2(ψ2) . . . for

the PDF which eliminates all correlations. In many cases, however, this is
unphysical [17]. Gutheil/Bockhorn [18] have therefore employed a multi-
dimensional Gauss function that allows for second order mixed moments and
applied it to low Damköhler CO-air flames. Girimaji [14] has proposed a

generalization of the β−closure to a σ−dimensional shape with σ parame-
ters. In both cases neither an adjustment to a particular situation nor an
estimation of the error introduced by the parametrization is possible.

2.2 PDF transport equation

We now turn to the transport equation for the probability density function
itself which can be deduced in several ways [21, 26, 27]. In its most general
form it reads

∂tfφ,u + Vj ∂xjfφ,u = ∂Vj
[
〈Aj | V , ψ〉fφ,u

]
(2.4)

+ ∂ψm

[
〈∂xjJmj | V , ψ〉fφ,u

]
− ∂ψm

[
〈Sm | V , ψ〉fφ,u

]

where fφ,u(ψ, V ; x, t) is the one-point joint PDF for the composition (coordi-

nate ψ in probability space) and the velocity u (coordinate V in probability
space). The PDF also depends on space and time which has not been denoted
explicitly in the previous paragraph (independent variables not corresponding
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to a probability space are separated by a semicolon). The symbol 〈A | B〉
stands for the probability of A conditional upon B, and Jmj = −Γ(m)∂xjφm
for the diffusive flux of the scalar φm. In (2.4), fluid dynamics appear through
the term Aj which represents viscosity effects and the second term on the

left hand side originating from convection.

When integrating over velocity space one can derive an equation for the
composition joint PDF

fφ(ψ; x, t) =
∫
fφ,u(ψ, V ; x, t) dV (2.5)

which reads

∂tfφ + ∂xj
[
〈uj | ψ〉fφ

]
= ∂ψm

[
〈∂xjJmj | ψ〉fφ

]
− ∂ψm

[
Sm(ψ)fφ

]
(2.6)

The coupling of the composition and the velocity field is now represented by
the second term on the left hand side of (2.6) which has to be modeled. As

in (2.2) a gradient diffusion ansatz is applied, here not for one scalar, e.g. a
particular moment, but for the PDF fφ as a whole, setting

[
〈uj | ψ〉fφ

]
= ujfφ − Γt∂xjfφ (2.7)

The first term on the right hand side of (2.6) represents micro scale equili-
bration of composition through diffusion, i.e. molecular mixing. It has to be
replaced by an appropriate mixing model E(f). The introduction of such a

model is one of the major drawbacks related to the use of a transport equa-
tion for the PDF and a difficulty which is subject to current research. Several
closures have been proposed which are mostly based on physical intuition.

The simplest one is the IEM model of Dopazo [11]

EI =
1

τm

1

2
∂ψi

(
(ψi − φi)fφ(ψ)

)
(2.8)

which is just made up of a drift term in composition space with amplitude
proportional to the distance from the mean. The time scale τm for scalar
mixing is generally assumed to be proportional to the turbulent time scale,

i.e. τm=τt/Cφ with the empirical constant Cφ = 2. Due to severe deficiencies,
the IEM model is only rarely used. The more involved one of Curl [8]

EC =
2

τm

[
2σ
∫
fφ(ψ +Δψ)fφ(ψ −Δψ)dΔψ − fφ(ψ)

]
(2.9)

is currently one of the most widespread. Many other constructions and va-
riants are discussed in the relevant literature, but all mixing models contain
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a relatively high degree of arbitrariness. They generally aim at a qualitative
description of the physical mechanism and are mostly designed to be effi-
ciently implementable in the framework of a Monte Carlo method, i.e. by
pair exchange. This is the numerical method which is presently being app-

lied exclusively to (2.4) or (2.6). The argument is that any realistic mixing
model has to contain a convolution integral in probability space which is
computationally expensive to evaluate with other methods in particular for
high dimensions. In the previous section we argued that low dimension, i.e.

a small number of (pseudo-)species, is a realistic setting. It might also be
possible to construct other mixing models based on the Galerkin method to
be described here which can then be implemented with lower cost. At pre-
sent, however, we consider the above models and set E = EC if not stated

otherwise. The equation to be solved then is

∂tfφ + ∂xj
[
ujfφ

]
= ∂xj

[
Γt∂xjfφ

]
− ∂ψm

[
Sm(ψ)fφ

]
+ E(fφ) (2.10)

Let us mention that the computation of turbulent reactive flows is almost

exclusively restricted to statistically stationary cases, since the modelling
of unstationary turbulence poses substantial problems. The time derivative
in the above transport equations therefore serves more or less to design a
suitable iterative procedure in order to reach the steady state from a given

initial guess.

� Moving weight approximation

The conventional representation of a scalar φ in a turbulent flow most often
only involves the statistical quantities mean and variance and perhaps an ad-
ditional correlation to a second scalar. Here, we aim at representing the PDF
with higher precision, comparable to what can potentially be obtained by

Monte Carlo simulations, and devise a systematic parametrization together
with a means for error control. In the present section we expose the basic
technique and apply it to some representative test functions focussing on the
approximation property. The interval [−1; 1] is used for convenience.

3.1 A recall on Jacobi polynomials

We will here only briefly recall some required facts and refer to the literature

such as [1, 23]. The functions Pα,β
k (x), x ∈ [−1; 1], k = 0, 1, . . . are orthogonal

with respect to the weight

wα,β(x) = (1− x)α(1 + x)β (3.1)

7



where α, β > −1 to insure integrability. Denoting by (·, ·)w the scalar product
with weight w(x) they fulfil

(Pα,β
k , Pα,β

l )wα,β = γα,βk δk,l (3.2)

γα,βk =
2α+β+1

α+ β + 2k + 1

Γ(α + k + 1)Γ(β + k + 1)

k! Γ(α + β + k + 1)
(3.3)

Particular cases are the Legendre (α= β =0) and Chebyshev (α= β =− 1
2
)

polynomials.

The Jacobi polynomials are efficiently evaluated by a recurrence relation on

the degree k, a similar formula is valid for the derivative d
dx
Pα,β
k (x). The

recurrence formula also permits to construct high order Gauss quadrature
formulas for the weighted integral by means of a symmetric eigenvalue pro-

blem, e.g. [9]. The quadrature is defined by the NG Gauss points and corre-
sponding weights xα,βi and λα,βi , respectively, with the dependency on NG not
being explicitly denoted here. Thereby, the orthogonality (3.2) is transferred
to the discrete setting up to k+ l = NG−1. For illustration we depict the

shape of Pα,β
k for some non-standard values of α, β in Fig.1. Furthermore,

Fig.2 shows that for large α, β the values of Pα,β
k become extremely large

near the boundaries. In order to quantify this, consider the case α=β as an
example. Relations for ultraspherical polynomials [1] lead to

|Pα,α
k (1)|

|Pα,α
k (0)| = Γ(2α + 1)

j=k−1∏
j=0

2α + 1 + j

α+ 1
2
+ j

, k even (3.4)

3.2 Framework and Galerkin method

Consider the approximation of a function by a method of weighted residuals
(MWR). It is defined by the following ingrediences: a (weighted) scalar pro-
duct (·, ·)w , a set of trial functions {ϕk(x)}k=0,1,..., and a set of test functions
{θk(x)}k=0,1,.... A function f(x) is then replaced by the truncated series

fN (x) =
N∑
k=0

ak ϕk(x) (3.5)

and the residual is required to vanish in terms of its projection onto the span
of the test functions. Thus, if the basis is bi-orthogonal, i.e. (ϕk, θl)w=γkδk,l,
the coefficients ak are determined by

ak =
1

γk
(f, θk)w , k = 0, . . . , N (3.6)
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Fig. 1. Jacobi polynomials for different parameter values. Left Column: Jacobi weight,

top to bottom: α=β=−0.9, α=β=2, α=−0.5, β=2. Right Column: P α,β
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, Pα,β
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, Pα,β
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for the corresponding weight.
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A classical Galerkin method employing Jacobi polynomials corresponds to
ϕk = θk = Pα,β

k , so that the coefficients in (3.5) can be computed via the
Gauss quadrature

ak =
NG∑
i=0

f(xα,βi ) Λk,i , k = 0, . . . , N (3.7)

with

Λk,i =
1

γα,βk

Pα,β
k (xα,βi )λα,βi (3.8)

We used NG = N + 1. Of course, a quadrature rule with more points could
also be employed to reduce aliasing.

One may now ask if the two parameters α, β can be optimized in a certain
sense for a given function. It is beyond the scope of the present paper to
develop the general theory of approximation by Jacobi polynomials, so that
we just make the following observations here. Results of best approximation

(spectral convergence) for Sobolev-class functions are only valid for α, β ∈
[− 1

2
; 1
2
] [4]. In this small parameter range there is no substantial difference of

the functions Pα,β
k , so that a change in α, β does not change drastically the

approximation result. For this reason (and others) Chebyshev and Legendre
polynomials are almost the only cases used in spectral methods for bounded

domains [3, 2].

It can be shown that the Hilbert spaces L2
wα,β defined by the scalar product

(·, ·)wα,β are imbedded one in each other for increasing α, β. This is only
related to the strength of a possible singularity at the bounday points x = ±1.

Since the {Pα,β
k } form an orthonormal basis of these spaces, convergence is

insured for any f ∈ L2
wα,β , pointwise in ]− 1; 1[ for any continuous function.

However, for large α, β the related norm can give so little weight near the
boundaries that the approximation virtually diverges for small N . This is

enhanced by numerical problems, c.f. (3.4) and Fig.2. In summary, the space
L2
wα,β and the induced norm are not appropriate to our present setting for

large values of the parameters.

3.3 Moving weight basis

Suppose now that - by chance - the weight function wα,β(x) is already a good
approximation to the function f(x). One can then approach f by

fN (x) = wα,β(x)
N∑
k=0

akP
α,β
k (x) (3.9)
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leading to an MWR (3.5), (3.6) with

ϕk(x) = wα,β(x)Pα,β
k (x) (3.10)

θk(x) = Pα,β
k (x)

bi-orthogonal with respect to the L2 scalar product (·, ·), i.e. unity weight.
The above method of approximation is the continuous counterpart of the

discrete Galerkin method developed by Deuflhard/Wulkow for genera-
lized discrete Laguerre polynomials. It can as well be analyzed as a Galerkin
method in H1/w [34].

The series coefficients in (3.9) can be determined using (3.7) with (3.8) re-

placed by

Λk,i =
θk(x

α,β
i )λα,βi

γα,βk wα,β(xα,βi )
(3.11)

Since all Gauss points lie in the interiour of the interval where wα,β > 0,
vanishing or infinite weight at x = ±1 for α, β �= 0 does not constitute a
numerical problem. This avoids a special treatment near the boundary sin-
gularities as employed by Chen/Chang/Chen [5]. As concerned with an

L2 scalar product, different quadratures e.g. of Legendre type without the
factor 1/w could be used instead of (3.6), (3.11). For the considered class of
functions f≈fN from (3.9), however, the above is more economical.

Note that the scheme does not amount to simply approach g(x)=f(x)/w(x)

instead of f(x) . The basis {ϕk} is related to the function w and modified at
the same time together with the employed quadrature. In [10] the computati-
ons were successfully performed with the so-called moving weight conditions

∫
x w(x)dx =

∫
x f(x)dx (3.12)∫

x2 w(x)dx =
∫
x2 f(x)dx

With polynomial test functions, f can be replaced by fN in (3.12) so that

(3.12) leads to a1=a2=0 in the sum (3.9). This is due to the orthogonality
of the Pα,β

k resulting in ϕk from (3.10) being orthogonal to all polynomials of
degree lower than k with respect to the unweighted scalar product. The choice
of an appropriate moving weight condition is not trivial and still a subject

of investigation. The examples below permit to discuss several consequences
in detail.

Let us also mention a property of the series (3.9) which is advantageous for
the approximation of propability density functions. A PDF has by definition

12



unity integral. With (3.9), the integral of fN is solely represented by the co-
efficient a0, again for reasons of orthogonality. Its value is therefore conserved
exactly without numerical error when posing a0=1/γα,β0 .

We terminate this section depicting the basis {ϕk} and the effective quadra-
ture weights Λk,i in Fig.2. In contrast to the functions Pα,β

k the trial functions

are now ”nicer” as the weight counterbalances large values of the latter in
the product wα,βPα,β

k . The related Λk,i, however, are problematic, as they can
become very large in points where the corresponding trial function is small.
This results in ill-conditioned numerical evaluation.

3.4 Weight-balanced basis

The disproportion of basis functions and quadrature weights for (3.9) with
large α, β, led us to develop a variant of the aproach which is much better
behaved. The change of basis is motivated by the fact that

λα,βi ≈ wα+1/2,β+1/2(xα,βi ) , α, β large (3.13)

which can be proved using asymptotic formulas for Pk and dθPk(cos(θ)) from
Szegö [31]. Good condition means here that quadrature weights and basis
functions do not differ by orders of magnitude, i.e. Λk,i/ϕk(x

α,β
i ) ≈ const. so

that (3.13) suggests the following orthonormal basis of L2

ϕk(x) = θk(x) =
√
wα,β(x) Pα,β

k (x) /
√
γα,βk (3.14)

and hence a Galerkin method employing the unweighted product. This is a

Gram-Charlier-type basis [20]. The classical case is defined for the real line
instead of the intervall [−1, 1], with Pα,β

k replaced by Hermite polynomials
and wα,β by a Gaussian. The better conditioning with (3.14) is demonstrated

in Fig.2 by plots for the functions and the quadrature weights

Λk,i =
Pα,β
k (xα,βi ) λα,βi√
γα,βk wα,β(xα,βi )

(3.15)

Fig.2 also shows how the quadrature points are shifted to the middle in
this case. Hence, the values of Pα,β

k (x) are only required for x far from the

boundary where these remain moderate.

With (3.14) we obtain approximation in L2 for any value of α, β > −1. This
is in contrast to what has been observed for the Galerkin method in section
3.2 and to what is possible with (3.10). Although the basis is modified by
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adaption to a given function, convergence always takes place in the same
space, so that approximations with different parameter values can easily be
compared. In an evolutionary computation for example, error control then is
independent of the instantaneous basis which is a difficult task using (3.10).

The parameters α, β defining the basis (3.14) can be determined similarly as

before by

∫
x
√
w(x)dx =

∫
xf(x)dx (3.16)∫

x2
√
w(x)dx =

∫
x2f(x)dx

With (3.14), (3.16) the space of approximation is the same as before with

(3.10), (3.12), but different test functions are employed. Indeed, the weight
factor is the same and the span of the truncated polynomial sum is inde-
pendent of α, β. The numerical results are similar, but better conditioned,

in particular for extreme values of the parameters. In contrast to (3.10) low
moments are no longer represented by low degree trial functions only. Con-
sequently, the exact conservation of the integral mentioned before has to be
implemented in a different way, if necessary.

Since wα,β vanishes at the boundaries for α, β>0 the division of a finite func-

tion f by wα,β introduces a singularity which inhibits spectral convergence.
In other words, uniform convergence of the series (3.5) to f at x = ±1 is
impossible if f �=0 at the boundary and α, β>0 since then ϕk=0 for all k at
these points. Yet another way of saying is that for general boundary values

of f spectral convergence can only be achieved if ϕk = 0 are eigenfunctions
of a singular Sturm-Liouville problem, e.g. [16]. Since the P α,β

k do fulfil this
property with weight wα,β, it can be proved that ϕk =

√
wα,βPα,β

k are no

eigenfunctions of such a problem with constant weight.

Let us stress, however, that there are two aspects in the approximation of f
by (3.5). One is the asymptotic behaviour for large N which is determined
by regularity, i.e. the question of whether convergence is spectral or not. The
other, which is more relevant in our case, stems from the aim to approach

a given function with only few coefficients, i.e. N being small. Even with
asymptotically spectral convergence this can pose practical problems if the
threshold from which on this actually takes place is prohibitive. It is in this
perspective that the present approach is to be seen. Even if convergence is

asymptotically not optimal, we have devised a very simple adaptive proce-
dure for the low precision range. This is crucial for the efficiency of later
simulations of reactive flows.
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Fig. 3. L�-error for the approximation of (3.17) with different truncations N , NG = 31.

Left: n = 1, Right: n=10.

3.5 Comparative numerical experiments

Let us illustrate the behaviour of the moving weight approximation with
the help of some representative functions. The sample computations have
been executed in a three-step way: first the 0-th, 1st, and 2nd moment are
determined by means of a ”neutral” Legendre quadrature. The values for α, β

are then deduced as described in the previous paragraph, thereby defining
basis and quadrature for the approximation. Finally, the amplitudes ak are
computed with the weights (3.15). The first step of this procedure is of course

no longer necessary, when successive approximations are executed such as
during the unstationary computations in the following chapter.

The L2-error can be monitored either directly or by the series coefficients
due to orthogonality of the bases. In the sequel, the former is plotted as
coefficients tend to become zero for reasons of symmetry. The approximation

by the moving weight series or - for reasons of comparison - by the Legendre
series is determined for different N . Subsequently, the error of approximation
is computed independently from the series’ basis by a fine grid quadrature.
At present, we take the L2-error just as an indicator. Its relevance, or more

precisely the type of norm which is appropriate for approximating the PDF
in the composition space of reactive flows, is a delicate subject and has yet
to be investigated.
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Fig. 4. Approximation of (3.18), (3.19) by Legendre polynomials, and (3.14). Left: Plot

of function and approximation f��. Right: L�-error, supplemented with the related result
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Example 1: Consider

f1(x) =
(
cos(

π

2
x)
)n

(3.17)

with n = 1 or n = 10. Due to its similarity to the weight function it should
be relatively easy to approximate by the present method. Fig.3 shows for one

the rapid, i.e. spectral convergence of the Legendre-Galerkin approximation
(a = b = 1) in the case n = 1. Second, the moving weight basis has been
used with (3.16) leading to α= β = 2.28. Obviously, for low truncation the

approximation is already good. In realistic computations N = 0 would be
totally satisfactory, here. For large N , however, the convergence is slowed
down substantially, a behaviour which is due to the singularity of f1/

√
w at

x=±1 mentioned before. This is proved by setting α=β=2 which is not far

from the former values but leads to rapid convergence.

The following computation with n = 10 (Fig.3, right part) advocates the
need of adaptivity when approximating functions with pronounced bump-
like structure. The convergence of the Legendre series is still asymptotically
spectral but shifted to higher truncation. The moving weight approximation

performs extremely well, since a singularity of f1/
√
w now concerns only very

high derivatives. Even when more than halfing the value of α and β, using a
sum with N = 4 already suffices to obtain an acceptable approximation.
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Example 2: As the prefactor
√
w in (3.14) has bellshape for α, β > 0, it is

more difficult to approximate bimodal functions such as

f2(x) = c1 exp(−
(
x− x1
v1

)2

) + c2 exp(−
(
x− x2
v2

)2

) (3.18)

with

c1 = 1, x1 = −0.5, v1 = 0.1, c2 = 0.5, x2 = 0.2, v2 = 0.5 (3.19)

Fig.4, left part, depicts f2 together with the approximation f 10
2 determi-

ned by the Legendre-Galerkin method and by the moving weight series with
(3.14). The integral condition (3.16) leads to α=2.56, β=2.48 for the latter.
This figure is very instructive, as it shows the distinctive properties of both

methods. Near the right boundary the Legendre sum exhibits fairly small
oscillations. The nonzero value of f2(1) does not constitute a problem. In the
moving weight sum, however, all basis functions φk vanish at x = ±1. Hence,
convergence is slow and oscillations are generated by the Gibbs phenomenon.

The situation is different near the left hand boundary. For the Legendre basis
the steep gradient of the left peak is relatively difficult to catch, a fact being
reflected by oscillations. In contrast, the functions ϕk are more adapted to it

due to the weight factor so that the corresponding approximation is better,
here. The right part of Fig.4 reports the L2-error for these calculations. The
result is similar in magnitude and behaviour, the moving weight sum leading
to somewhat lower values.

Example 3: The third function merely consists of a peak at a boundary, a

situation frequently encountered in turbulent flows. Fig.5, left part, depicts
the function and two approximations with (3.14). The first is obtained using
(3.16), the second by increasing β to a larger value. Thereby the oscillations in
the middle and left part of the domain are suppressed while at the same time

also increasing the accuracy near the right boundary. The Legendre method
results in a comparable approximation (not plotted), but is somewhat less
accurate near the right boundary. The remaining parts of the figure report
the amplitude of the series coefficients ak and the resulting approximation

error and illustrate how the ak can be used for error control. Observe that
their absolute value corresponds to the slope of the L2-error. The curves
suggest to truncate the different series e.g. at N = 8 for the Legendre and the
second moving weight approximation and at N = 12 for the first one. Indeed,

the deficiency due to a non-optimal value of here β is remedied through
supplementary terms in the series, a fact which has been verified by inspection
of the corresponding approximations fN . See section 4.7 for further remarks.
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� A model problem� the well	stirred reactor

In this section the presented method is applied to the case of one reactive

scalar φ in homogeneous turbulence which is defined by vanishing spatial de-
rivatives of all statistical quantities. The unknown PDF hence is f =f(ψ; t)
(the index φ being dropped for simplicity). From (2.6) one obtains the go-
verning equation

∂tf = − 1

τc
∂ψ(S(ψ)f) +

1

τm
E∗(f) +

1

τr
(fin − f) (4.1)

where the time scales for chemical reaction (τc), turbulent mixing (τm, E
∗ =

τmE) and residence (τr) have been used. The additional final term models
a continuously supplied and discharged well-stirred reactor (CSTR) with fin
being the PDF of the influx and τr the characteristic residence time. It merely
serves here to create a non-trivial steady state for the present homogeneous

problem. In the computation of a reactive flow field this role is played by the
spatial derivatives and the boundary conditions. The employed mixingmodel
is (2.9) and will be further discussed in a later paragraph. As a representative
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expression for the reaction term we chose

S(ψ) = (1− ψ) exp

(
Z(ψ − 1)

1 + a(ψ − 1)

)
Z = 5, a = 0.5 (4.2)

which has been taken from premixed flame modelling with unitary Lewis
number. The prefactor appears in form of the chemical time scale. In (4.1),
(4.2) the unknown φ corresponds to a normalized temperature with S(ψ=1) = 0,

i.e. no reaction in the hot, burnt gas, and S(ψ=0) ≈ 0, i.e. almost vanishing
reaction rate in the cold regime, which is physically meaningfull. Similar
terms arise in diffusion flame modelling as used in [18]. At this stage, the
precise expression for S or the values of the involved parameters are not of

interest, since we shall only focus on the qualitative behaviour here.

It has been mentioned in section 2 that the range of φ is [0; 1], so that this
is also the range of the related coordinate ψ in probability space. Equation
(4.1) is therefore solved on ψ ∈ [0; 1]. Note that there are no boundary
conditions to be imposed on f . Rather, the PDF transport equations (2.4),

(2.6) are valid in a distributional sense, as they are originally obtained by
considering the expectation of fine grain δ-PDF’s [21, 27]. It is important
to recall, however, that by approximating the exact solution of (4.1) with

the proposed Galerkin method one only has access to regular solutions the
consequences of which will be discussed below.

4.1 Moving weight algorithm and order of discretization

Adapting the Jacobi polynomials to the interval ψ ∈ [0; 1] requires only slight
changes. We employ the weight function

ŵα,β(ψ) = 2α+β+1(1 − ψ)αψβ ψ ∈ [0; 1] (4.3)

with the factor 2α+β+1 to get order unity values for large α, β. This leads to

P̂α,β
k (ψ) = Pα,β

k (2ψ − 1) ψ ∈ [0; 1] (4.4)

γ̂α,βk = γα,βk

λ̂α,βi = λα,βi

x̂α,βi = (xα,βi + 1)/2

with test and trial functions following immediately.

Equation (4.1) has the form

∂tf = A(f) (4.5)
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with A being a highly nonlinear operator. For various reasons an MWR is
only applied to the ψ-coordinate, and a finite difference scheme is employed
in time. Therefore, an appropriate sequence of discretization has to be chosen.

Let us start with discretizing in ψ first. The temporal variation of α, β defi-
ning the moving weight basis introduces supplementary terms in the MWR’s

equation
(∂tf

N , θ̂l) = (A(fN), θ̂l) l = 0, . . . , N (4.6)

since introducing the series expression for fN gives

(∂tf
N , θ̂l) =

N∑
k=0

dtak δk,l (4.7)

+ dtα
N∑
k=0

ak
(
1
2
(∂αŵ

α,βP̂α,β
k , P̂α,β

l ) + (ŵα,β∂αP̂
α,β
k , P̂α,β

l )
)

+ dtβ
N∑
k=0

ak
(
1
2
(∂βŵ

α,βP̂α,β
k , P̂α,β

l ) + (ŵα,β∂βP̂
α,β
k , P̂α,β

l )
)

In addition to (4.6), two conditions for the weight

α = α(a0, . . . , aN) , β = β(a0, . . . , aN) (4.8)

have to be supplied.

In [10] it was advantageous to apply the above sequence of discretizations

to obtain a system of equations for dtak(k = 0, . . . , N), dtα, dtβ subsequently
discretized in time. This is due to several reasons. The left hand side of
(4.6), developed in (4.7), is only a function of the employed basis and has

to be recalculated whenever α or β change. If this basis leads to sparce
and efficiently evaluable matrices, the appearance of supplementary terms
originating from the moving weight is not a drawback. For the present basis,
however, both types of matrices in (4.7) are full. The second one can be

calculated in closed form with O(N 2) operations [13], but the first one has
to be built up recursively requiring O(N3) operations. The inversion has
again the same operation count. Hence, the l.h.s. in (4.6) is very costly. A
second point is that (4.6) is particularly advantageous if the r.h.s. can be

evaluated directly in coefficient space. With the present, highly nonlinear
terms this is not to be expected, so that evaluation through quadrature is
required anyway. It is thus easier to take into account basis changes on the
r.h.s. of the equation. Note, as an aside, that for the simulation of a flow

field supplementary terms similar to (4.7) arise from spatial derivatives. This
leads to unacceptable computational cost. We conclude, that discretization
of (4.5) has to be done first in time, then in composition space.
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For simplicity, let us choose an explicit Euler scheme in time here. We drop
the superscript N for readability and obtain with n indicating the time level
tn = nΔt

(fn+1, θ̂k) = ( fn +ΔtA(fn) , θ̂k ) k = 0, . . . , N (4.9)

The test functions are related to αn+1, βn+1 since the l.h.s. becomes a diagonal
matrix then. The resulting evolutionary algorithm for (4.5) now consists of

the following steps:

1. Given αn, βn, x̂α
n,βn

i , λ̂α
n,βn

i , ank evaluate fn(x̂α
n,βn

i ).

2. Determine the moments mn
j =

∫
ψjfn(ψ)dψ, j = 0, 1, 2 by Gauss qua-

drature or from the coefficients ank .

3. Compute an estimation αn+1, βn+1 for the parameters. We chose here
to determine these values by (3.16) using the mn

j , i.e. the old time level.

4. Determine the Gauss quadrature x̂α
n+1,βn+1

i , λ̂α
n+1,βn+1

i for these para-

meters.

5. Calculate the approximation fn+1 through

an+1
k = ( fn + ΔtA(fn) , θ̂α

n+1,βn+1

k ), k = 0, . . . , N by means of the
Gauss quadrature.

6. n → n+ 1, goto step 1

In practice, a very close following of α, β is not required, so that step 4 is
carried out only if αn+1, βn+1 differ by a certain amount from the current
values. If not, αn+1 = αn, βn+1 = βn.

The above scheme is only a crude one, but the computations below can give

valuable hints on the properties of the spatial approximation method. A
production code for a well-stirred reactor will of course have to use a more
accurate time scheme, time step control and adaption of N to the actual
solution.

4.2 Computations for the CSTR

Having discussed the approximation properties of the moving weight scheme
in section 3 we can now concentrate on its interaction with the physical
modelling.

21



-1.0

0.0

1.0

2.0

3.0

4.0

5.0

0 0.2 0.4 0.6 0.8 1

IEM t=0
t=1

-1.0

0.0

1.0

2.0

3.0

4.0

5.0

0 0.2 0.4 0.6 0.8 1

Curl t=0
t=1

Fig. 6. Approximation to the evolution generated by the two considered mixing models

with initial condition f(ψ, t = 0) = 1 and α = β = 0. Left: IEM model, Right: Curl’s

model.

Reaction term: Setting 1/τm = 1/τr = 0 in (4.1) leads to a linear, hyper-
bolic PDE for f , and we refer to the literature concerning the conditions for
existence of strong and weak solutions. Here, just note that for smooth S,
smooth initial condition, and S(0) = S(1) = 0 a classical solution exists for

finite time. It can be computed from characteristics, e.g.[19]. Consider as an
example S(ψ) = 1−ψ near ψ = 1. Then, for t>0 and ψ sufficiently close to
1, f(ψ, t) = f(1− (1 − ψ)et, 0) et which means that any difference in f incre-
ases exponentially. Hence, one can only hope to well represent the solution

of (4.1) for short time or if other terms compensate this effect.

Another point is adaptivity in ψ which is realized on the basis of the L2-norm,
not in a pointwise sense. Due to the construction of the basis functions peaks
at the boundaries of the interval can be accounted for. If the exact solution

becomes too steep, however, its projection onto the considered finite dimen-
sional subspace exhibits oscillations which can finally lead to a breakdown of
the evolution algorithm.

For later reference we briefly mention the case S(0)=0 (realistic values of a
lead to extremly small values). In that case, a well-posed problem requires

to impose f(ψ = 0, t) with only the value 0 being meaningfull here. If the
(smooth) initial condition does not fulfil this requirement, a weak solution
with a discontinuity is produced. It can be computed approximately using
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partial integration in the scalar products of the MWR. However, the appro-
ximation of a jump discontinuity by regular polynomials is poor and results
in Gibbs oscillations. In order to avoid any problem resulting from a very
small non-zero value of S(0) with (4.2) we take the scalar products without

partial integration whereby inhibitting the above behaviour.

Mixing models: In Fig.6 we set 1/τc=1/τr=0. The IEM model (2.8) again

leads to a hyperbolic PDE, nonlinear this time. Here, both boundaries are
”inflow” boundaries to which the above remark applies. This mixing model
may (depending on the initial condition) generate discontinuous exact solu-

tions. Furthermore, severe time step restrictions are experienced. The fact
that the IEM mixing model is just a drift term in probability space makes it
extremly simple to implementwith particle methods. For continuous approxi-
mation, however, this model is inadequate. Curl’s model (2.9) has therefore

been employed and gives satisfactory results, Fig.6. Constant integral has
been assured numerically by a supplementary correction factor.

Complete set of terms: The solution of (4.1) can become extremely difficult
in certain parameter ranges characterized by the presence of very different
time scales leading to stiff behaviour in ψ and t. Fig.7 shows in its left part the
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Left: condition (3.16), Right: α = −0.8, β = 8 fixed.

combined effect of mixing and reaction: the initial bump is steepened by the
homogenization through the mixing and is shifted due to the transport term

originating from reaction. Note that the computation has been carried out
with N =10 only. For implementational reasons the current code is limited
to α, β<500, so that the run could not be persued further.

The right part of Fig.7 represents the evolution towards a steady state for

a different parameter set, again N =10. The approximation quality is good,
which has been verified by a Legendre method with large N , in particular
the ”valley” around ψ=0.6 is physical. Only at the very right of the domain
the solution reflects the fact that each basis function is zero at ψ=1 and N is

small. A steady state like the depicted one would be very realistic for a point
in a turbulent flow field. Since the values of α, β are modified only after several
time steps, the computational cost of Galerkin and moving weight method
is almost the same. Even with the present relatively simple time scheme we

experienced in the overall satisfactory results for this type of computations.

4.3 A remark on the moving weight condition

The approximation property of the employed basis (3.14) near the boundaries
of the domain has been discussed in section 3.5. In Fig.8 we now show a case
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where this is relevant. The left part of the figure has been obtained with
condition (3.16). It led to α, β > 0 so that the numerical solution is zero
at the borders. For physical reasons, however, the exact solution develops a
narrow peak near ψ = 1. The oscillations are hence mostly due to a lack of

approximation quality, and increasing N does not remedy this considerably.

In Fig.8, right part, the same problem is solved with fixed values for α, β,
and α < 0 in particular. In view of the low value of N = 10 the result is
satisfactory now.

These results show that in some cases the condition (3.16) may not be ap-

propriate. On one hand it is a global relation for α, β being influenced by
the solution all over the domain. On the other hand it has particular im-
pact for small values of these parameters on the local approximation near
the boundaries. Since, however, the basis functions are global, this induces

changes in the whole domain. We therefore think that in cases where this is
relevant a modified condition for α, β should be used that takes into account
the local behaviour of the solution near the boundaries. Another and very
simple way would be to use α = β = 0 if the estimations αn+1, βn+1 in the

algorithm of section 4.3 decrease below a certain value, say 1. The moving
weight series then reduces to a classical Legendre sum. The most rigorous
way, however, is to replace the condition on low moments by an optimization
in coefficient space, i.e. maximizing the l2-norm of the coefficients. This is

possible since for any set of parameter values the (modified) moving weight
basis is orthonormal in L2.

Let us finally note that the use of an adaptive Gram-Charlier-type basis for
the solution of a PDE constitutes an alternative to a coordinate transform.

For discrete polynomials treated in [10] a transform is not possible, in the
continuous case it is. Nevertheless, the moving weight approach seems to be
a viable alternative in some cases, in particular for solutions with isolated,
bump- or peak-like structure, since fixing the basis-determinig parameters is

straightforward. Detailed comparisons should be carried out to assess this
point.


 Discussion

The proposed method opens up the door towards a generalization of the

classical β−closure which is obtained as a special case for one scalar with N=
0. Enlarging the considered Hilbert subspace by augmenting the truncation
index N permits to considerably improve the approximation. Furthermore,
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the extension to the multi-component case, σ > 1 in (4.1), is immediate.
The proposed method is applied in each coordinate direction of probability
space thereby taking into account all mixed higher moments. This offers a
systematic construction for a parametrization if several correlated scalars are

to be considered.

A drawback of the method is the undesirable increase of the number of co-
efficients in the approximation. Let us discuss this point in detail with the
help of Tab.I. A σ−dimensional probability space requires an a priori num-
ber of unknowns of O(Nσ). Reduction through the moving weight adaptive

process for σ > 1 will generally give less relative gain as for σ = 1, since it
acts in the coordinate directions only. For uncoupled scalars, however, the
number of unknowns is smaller with easy additional adaptivity possible, so

that in this case even a larger number of (pseudo-)species may be dealt with.
Furthermore, inspection of the coefficients in the general case might lead to
define different pseudo-species through a rotation of coordinates in probabi-
lity space, in other words detect directions of non-correlation. This will then

prevent a blow up of the number of unknowns through decoupling and allow
effective adaption along the new coordinate axes.

A second main problem stems from the employed mixing model which in-
volves an integral over the whole probability space. This has to be overcome
by using other mixing models for σ larger than one or two. Two strategies

seem to be possible at the moment. The first is the development of particular
mixing models tailored to the present Galerkin basis. The second possibility
is already employed in Monte Carlo methods for physical reasons. It consists

of limiting the range of interaction through mixing by reordering the par-
ticles before pair exchange suggested by Pope [27]. This could be mimicked
replacing the convolution integral in (2.9) with a local convolution whereby
drastically decreasing the operation count. Recall that the design of mixing

models for the PDF transport equation is still an area of research both from
the physical as from the algorithmical point of view.

For a non-homogeneous turbulent flow field with a PDF governed by (2.6)
a finite volume discretization in physical space leads to a well-stirred reac-
tor in each cell. The coupling originating from convection terms has already

appeared through the inflow term in (4.1). Since hundreds or thousands of
cells are generally required, it is essential to have the lowest possible number
of degrees of freedom in each cell. It will also be advantageous to do a cer-

tain amount of computations in a preprocessing step, e.g. the computation
of Jacobi grid points and weights for a certain set of values. The question
whether and when increasing cost is compensated by a substantial gain in
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coupling unknowns operation count operation count
without mixing Curl

full Nσ σNσ+1 N2σ

uncoupled σN σN2 σN2

Table I. Order of magnitude for the number of unknowns and the operation

count with a Galerkin method in ��dimensional PDF-space. In the second row

the reaction term is supposed to have product form as well.

the precision of the required results for a complete flow simulation has to
be postponed to further studies, however. Current state of the art is to ap-
ply a Monte Carlo method for solving the PDF transport equation but its
convergence is very slow in terms of the number of particles. The presented

Galerkin method looks promising if the set of scalars is small or if these are
uncorrelated.
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Damköhler Numbers. PCH PhysicalChemical Hydrodynamics, 9:525–
535, 1987.

[19] R.J. LeVeque. Numerical Methods for Conservation Laws. Birkhäuser,
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