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Abstract 

i n a t r i a l op t imiza t in p e m s ervade many area f human em ving 

especiall in the fields of usiness, e c m i c s and engineering. Intensive mathematical 

research and vast increases in raw uting power h a e advanced the state f the art 

in exact and heuristi lem s i n g pace that is unreceden ted in human histo 

We s u r e y here in layman's terms s m e f the fundamental c n c e t s and pr inc i les that 

h a e led thi p g r e s s . (This article wi l appear - possi in mdif ied f r m - in a popular 

science magazine.) 



Pro logue Homer's Odysey a tavel guide? Indeed! Aleady Heinrich Schliemann(1820-1890) 

has interpreted the classic epic this way; and with Homer's detailed description of the Trojan war 

in his pocket, he discovered the remains of Troy and Mycenae. So why not view the whole story as 

a travel guide of Phoenician times to wonders of the Mediterranean such as the 16 places depicted 

in Figure la. Among them are contemporary tourist attractions like the rock of Gibraltar(ll), 

the straits of Messina(13), the volcano of Stromboli(12), the Tunisian island of Djerba(5) and, of 

course, the ruins of Troy(2). Figure la not only shows sixteen Mediterranean tourist spots but also 

the order by which Ulysses presumably traveled some 3,000 years ago. His journey does evidently 

not correspond to the image that one has of a wellplanned, organized tour - which according to 

Homer it was not. In fact, his extended wandering and many adventures have led to the use of 

the word "odyssey" as a synonym for a long (and eventful) trip. So what does Ulysses have to 

do with modern applied mathematics? Not much; but not long ago one of the authors sat in a 

cozy Paris restaurant and explained to his loving companion why mathematics and computers have 

fascinated him for the better part of his adult life. Of course, the couple talked about the traveling 

alsman probl and here is a oneline description of this notoriously difficult problem: Given n 

cities and distances between them, find a roundtrip of inim length that visits every city exactly 

once. "But this is what Ulysses should have done after the Trojan war," remarked his companion, 

drawing an unexpected analogy to the classic epic, "he would have been back to his Penelope so 

much earlier." True. Mankind, however, might have been deprived of a cherished tale - and the 

authors would have had the trouble of looking for a different leitotif for the story they are about 

to tell 

Introduct ion 

In this articl we report n the t he r e t i c a l underpinnings of the e n r m u s ogress 

that has een made in the st 15 years in ppying discrete mathematics t a mu l t i ude 

f e c m i c , industrial and engineering b e m s . Before going int ner descripti 

of these ractical ems we wi utline the issues that are i n v o e d in ringing a 

dern day U s s e s me t hi eloved Penelope as quickl as possible. 

ppose tha sses i a top manager ur time and call him the modern Ulysses 

or Ulysses 2000. This sses wants to visit the 16 t u r i s t spots without wasting any t r a e l 

time. Of c u r s e , he has a h e l o p t e r at his disposa lan the tri he needs, rst and 

r e m s t , s m e q u a n t i t a t i e data . Ta 1 lists the polar coordinates f the 16 c a t i n s 

n the g l e that he wishes to vs i t . G i e n the coordinates he can calculate the distance 

etween an o points a l n g the earth 's great circles which s r u g h l y o p o r t i n a l t the 

minimum fying time etween wo points. The distances, r u n d e d the nearest k i l o e t e r , 

are listed in T a e 2. On the si f this in f rmat ion he k n w s that Homer' U l s s e s must 

ha t r a e l e d m r e than 9,913 km as he l l w e d the whims f the sea's currents. N 

mes the manager's real blem. Just how s h u l d he t r a e l ? After all, time is m n e y 

d e n t l , H e r ' sses wasted much tim by crisscrssing the Mediterranean gainst 

hi wn will a c c r d i n g t mer. sses 2000 decides t like the t r a e l i n g salesman: 

he opts f r a r u n d t r i 

It is n t difficult t me with " p o s s i e " u n d t r i s ; see Figures 5a, 5 , 5c, 5d 



e l w . ut h man are here? We s o w in he b unting" ho he n u m e r 

o u n d t r i s can e c u t e d It turns ut that sses 2000 has exactly 653 ,37 ,184000 

distinct ch i ces . We h a e generated all f these r u n d t r i p s and c u t e d their lengths. 

d so too us 92 h u r s powerful 2 MIP r k s t a t i n , i e . , a l m s t d a s . W w ! The 

s h r t e s t t u r has length 6 5 9 km and is s h w n in Figure l 

The classica mathematical a p p a c h to optimizati p b e m s i n v o i n g finitely man 

c h i c e s or, in technical j a r g n , to combinatorial optimization problems, has alwa een the 

b u t e rce e n u m e r a t i n technique described a o v e . Indeed, this s iml i s t i c a p p c h t 

" s i n g " nite c h c e p l e m s still lingers n, e e n in s ( d u s t ) mathematical inds. 

H w e e r lems arising in industrial and engineering a p p c a t i n s are far too ex f 

this kind f an a p p a c h because they are much " g g e r " than sses' p l e m . One o the 

r e a s n s why we h a e chosen ysses' sse as an i l lus t ra t in is the fact that 16 cities i 

just a b u t the limit t size that existing c p u t e r s can handl by e n u m e r a t i n . The smal 

increase to 25 cities uts the p r e m ' s s u t i ut f reach f r e e n more c l e r f r m s 

f e n u m e r a t i n . Indeed, a s e r c p u t e r f the next gene ra t i n , such as the much talked 

ut terafop machine, wi l n e e r ermi us t enumerate all r u n d t r i s in its lifetime. 

On the research f r n t f c i n a t r i a op t imiza t in , h w e e r , ractica oblem 

ming fro industr and h a i n g over 2,000 cities h a e reportedly been s e d to optimal 

, and recentl the optimizati f a p r l e m h a i n g 4,461 cities has een a n n u n c e d ! 

P r b e m s f this and much larger size arise daiy, e.g., in the p d u c t i rinted circui 

ards ( P B s ) , in V L I design, X-ra c r s t a l g r a and ther areas. 

In Figure 2a we s h w a rectangular ece of material int which 2,392 h e s must 

dri led by means of a mechanical dril or a laser gun) The dril ing i ut ne step in a 

ultistage poduc t ion cess f r a mass poduced PCB f the kind see in washing 

machines, t r a n s i s t r r a d i s , TVs, c p u t e r s , etc. E iden t ly , u t u t er hour i p o p o r t i n a l 

the time it takes t ete the d r i i n g ne ard. Just like Ulysses 2000, the dri 

has to vs i t e e r y e (c iy) exactl nce, d r i i n g time per h o e is c n s t a n t , and s a i n g s in 

the t t a l p c e s s i n g time result fr minimizing the t r a e l time of the dr i l . In Figure 2 

we h a e assumed that the travel time etween t o points i o p o r t i n a l t the Euclidean 

distance of the t points in the plane. Like in sses' em, nding some roundtri 

r the d r i l is easy Figure 2b s h w s the s u t i n duced by a ofessinal scheduler 

in industr and - taking a c l s e r loo at this dysse - the questi tha t comes t ne' 

mind is: can one n duce, by means f a mathematical a l r i t h m , a etter r e e n an 

optima u t i n t uch a em u t m a t i c a l l in r e a s n a e c u t i n g time? 

athemat ia l Modeling 

The rst ste wards s o l i n g instances f such large sizes is t nd a mathematical 

rmulati f the o m i n a t o r i a r o e m uch that er ution f the real p r o e m 

rresponds to a olution f the mathematical m d e l , and ce ersa. In our case, this i 

eas We d e s c r i e the t r a e l i n g salesman p r o e m by means f athematical structures 

k n w n as graphs. A graph c n s i s t s of points and ines cnnec t i ng airs points. The 

g r a h a s sc i a t ed with a t r a e l i n g salesman lem is c n s t r u c t e d as f w s . Each ci 



(or h f a etc.) s declared to e a point. We c n n e c t a air points by ine i 

there is a direct link etween the associated cities. Let us assume that , as in the case 

Uysses ' p l e m , e e r o points are connected by a ine and thus in ysses' p o b e m 

there are e x c t l 120 lines f r the 16 points. The resulting gra is called a omplete graph. 

oreover, with each ine we a s s c i a t e a length which rresponds t the time r distance) 

t takes to t r a e l etween the t points that the line c n n e c t s . E e r y undtri f the 

cities c r r e sponds t me s s e t f the lines. A set f lines c r responding t a roundtri 

s called a t u r r a H a m i l t n i a n cycle in graph theor ery t u r has a length which 

is n t h i n g but the sum of the lengths f the lines in the r u n d t r i In graph t he r e t i c a l 

terms, the t r a e l i n g salesman o b e m (TSP) is the task of fnding a shortest tour in the 

compete g r a h . N t e that different t u r s ma ha the same ength; the length f the 

s h r t e s t tour, hweve r , is a unique value. In b i n a r i a l optimizati we want to nd 

e tour that has this ue. A s h r t e s t t u r f the 2,392 cit d r i i n g p e m is s h w n 

in Figure 2c. It was c u t e d by Manfred P a d e r g and Giovanni Rinaldi in December 

f 19 n CYBER 205 omputer in a u t 27 h u r s PU time. We will utline the 

p p a c h the ook in thi article. 

Having mathematical f r a m e w r k t rk with, let us rst tr t nd ut why the 

referred t as a em o r i u s d i f f i cu l . As we h a e seen a o v e the T 

has an e n r m u s number f t u r s . D e s this fact imp that the lem ust be difficult? 

u r r i s i n g as it ma seem, this is n t the case, i e . , the n u m e r p o s s i e s u t i n s is not 

an appopr i a t e m e a u r e f difficul f a c i n a t r i a l lem. 

ov ur point we shall consider the f w i n g different c i n a t r i a p e m . 

We h a e , like in sses' case, 16 cities and want t nstruct a ommuniation network 

uch that e e r ci can c m u n i c a t e with ery ther cit possi ia some ther cities. 

The constructio a direct c m u n i c a t i n link, which might be a er optic ca between 

w cities, c s t s a certain a m u n t that d e e n d s n the distance etween the t cities. In 

r i n c i e we can uil a direct link etween er ir of cities which results in a c p e t e 

graph and a c s t l y n e t r k uild a network that c s t s less we can oceed as f w s . We 

egin with the gra ntaining all lines c r responding t al p o s s i e direct c m m u n i c a t i 

inks, rder the lines by decreasing st and remove, eginning with the m s t e x e n s i 

ine, the lines ne by ne while insisting that the resulting s a r s e r graph remains c n n e c t e d 

We stop "thin ut" the gra when the remov f an ne f the remaining lines results 

in a d iscnnected n e t r k The resulting c m m u n i c a t i n n e t r k s s h w n in Figure 3a 

the cities o ysses' p b l e m . It has a length 0 km. As s i m l e as this a l g r i t h m s, 

t is mathematical fact that the algorithm nds an optimal, i e . a c s t minimal, s u t i  

the p o e m ! N t e that this a l g r i t h m cesses at e e r stage the m s t e x e n s i e line 

and it is t he re f r e caled a reedy alorithm 

S p p o s e the initial g r a h has n points. Then the g r a h that results fr p p i n g the 

a l g r i t h m has the operty that it has n—1 lines and that it c n t a i n s n cycle. uch g r a h s 

are called anning trees. A ery old resul f graph t h e r y und by rthur y l ( 1 2 1 

95) in 889 s a s that the c l e t e grap on n points c n t a i n s exactly nn~2 different span

ning trees. F sses' em with 16 cities thi n u m e r equal 72057,59037,927,936 



which n i e , ut u b a n t i a l l y bgger than the n u m e r f t u r f y e s ' r u n d t 

p e m . In general, the n u m e r f t u r s the by man rders magnitude 

smaller than the n u m e r f spanning trees. Yet a minimum st s a n n i n g tree f r 16 cities, 

see Figure 3a, can e f u n d in a matter f m i l l s e c n d s n a p e r s n a l c u t e r . 

what is it tha t akes the T d i c u l t ? In t ruth, the answer is that we d not 

k n . There is, h w e e r , a mathematical "the of c p e x i " , tha ovdes a f r a m e w r k 

r distinguishing etween "eas blems like the minimum st spanning tree p r e m 

and "hard" obems like the P. W t h u t going int the detai f this t h e y we remark 

simply that besides the TS pe tho ra o ther c i n a t r i a ems t r e m e n d u s 

ractical interest fall int the class f "hard" ems. 

We shall see instantly that a min variatio f a p e m r s oo 

rst sight - can render an "eas em "hard" c i n a t o r i a l op t imiza t in em. 

The greed a l r i t h m f finding a minimum st s a n n i n g tree p o v d e s us with a m

u n i c a t i n n e t w r k such that e e r ci s c n n e c t e d er ther c i y in the n e t r k 

at minimum st. nnectivit f networks is, h w e e r , but ne cns ide ra t i tha t c m 

municati n e t r k designers ha take care nsider an ade r sa ry , e.g. nature, 

tha t c u l d destroy arts f the n e t o r k This ma happen due t an earthquake, a re, an 

attack by terrorists o s i m y because an e x c a r cuts a c a e . If in the s a n n i n g tree 

shown in Figure 3a the a d e r s a r d e s t r s the cmmun ica t i o link between Messina and 

rfu, then the six eastern cities can nger mmunicate with the ten western cities.  

n s ide ra t ins relating t the " s u r l i f the c m u n i c a t i n n e t r k enter. The 

b u s poss i i l f c n s t r u c t i n g a n e t r k f maximum u r v i a i t ca l s f r a c e t e 

graph and thus a er stl s u t i o n . That means that we are faced with the p e m 

tradin u r i l and the cost f constructing and maintaining the n e t r k . T 

a e to o , we need t set r i r i t i e s the c m m u n i c a t i inks etween the cities 

the cities themsel The eaut f comina to r i a l a p p a c h e s to p o b e m s i n g is that such 

cons idera t ins can be w r k e d int the mathematical m d e l practical blems — ut 

this a d d i t i n a l feature al akes the resulting new em ust as hard as the t r a e l i n g 

salesman em in the general case. 

o u r i t point ew ne ould thus like tect network against 

the faiure of a n u m e r f links r n d e s r b t h . This is n t always d n e in reality. F 

e x a m e , during the cess f r e l ac ing the standard copper wires f the LATA ( L c a l Area 

Telecmmunicat ion Access) n e t r k s in the nited tates by er optic c a e s , s u r i l i t 

n s ide ra t ins were given a s e c n d a r le c m p a r e d t st effectieness, maybe due t the 

high st of the new t e c h n . As ha been reported in m a j r n e w s e r s all around the 

nited tates, this neglect ught a u t tremendous disasters like the c e t e breakdown 

of the Chicag t e l p h n e network in 1988 The aftermath f this e e n t was a trul stl 

r e c n s t r u c t i n and recns idera t i f the n e t r k design rules. 

At resent, c m m u n i c a t i n n e t r k s are ( rugh ly ) designed as f o w s . In the egin

ning set f l c a t i o n s to be c n n e c t e d is c h s e n . In a second ste all direct links between 

airs f l c a t i n s are determined that can p o s s i y be c n s t r u c t e d and their c n s t r u c t i 



t is e s ima ted . Then the l c a t n s are g r p e d by heir relativ i m p o a n c e . Fo our 

urpose, we assign n u m e r s 0, 1, 2 . caled types t the l c a t i n s . T e cns idered 

u r v i e the n e t r k to e designed ust h a e the wing o p e r t : f r an t 

cations f t e i and j , r e s e c t i v e l , the n e t r k must c n t a i n ath cnnec t i ng the t 

c a t i n s , e e n f a n u m e r of direct links equal t the minimum f i and j fail. M r e o v e r , 

among all n e t r k s h a i n g this operty we wish nd and c n s t r u c t ne f minimum 

st. N e t w r k s can tected in a similar manner against the faiure f n d e s r the 

mm failure f n d e s and links. 

Let us c n s i d e r the em f cnnec t i ng the 16 cities in the Mediterranean fr 

lysses' em by a s u r e c m m u n i c a t i n n e t r k We declare, r instance for his

orica r e a s n s , Ithaca (1), Tr (2), Djer (5), Circe (10) and Messina (13) "important" 

cities and call them type 1 c a t i n s , while al ther cities are f t e 0. The task then i  

nd a minimum st n e t r k such that in case any single direct link fails, each f the 

important f e cities is s t i l c n n e c t e d t all the ther important nes by a cmmunica t ion 

ath. Assuming that the nstructi st f a direct link is popor t iona l to the length 

f the link we tain the n e t r k f length 5,842 km s h w n in Figure 3b. In fact, the 

optimum u t i n is such that except f r the cities 9, 11 and 12 al ther cities are etter 

nnected o each ther, although thi wa nl required f r the e important cities. By 

l a i n g " with the arameters f the n e t r k such as the n d e t e s , network designers 

wadays tr fnd a r e a sona l e alance etween a d d i t i n a l n e t r k nstructi sts 

and increased c u s t m e r t e c t i n against n e t r k faults. 

m u n i c a t i n n e t w r k s tha are highl u l n e r a e due t an aggress ie e n i r n 

ment, e.g. t h s e f a mi l t a r essel, h a e t ovde a much higher degree f s u r v i t 

r instance, if we ssign ty 3 t each n d e f our Mediterranean p e m we tain the 

n e t r k of minimum st s h w n in Figure 3c. Its length is 16,112 km. Here, even the fail 

ure f three direct communica t in links at the same time d e s n t d e s t r y the funct in ing 

f the n e t r k reover, if any ne f the des of the n e t r k fai (in practice thi 

ccurs, f r instance, due t a fre in a n e t r k h u ) the remaining n d e s are still mutually 

c n n e c t e d by communicati ath. If h w e e r , the n d e s (Zakintho) and 16 rfu) 

fail s i m u l t a n e u s l , then the c m m u n i c a t i n n e t r k wil e d iscnnected 

Figure shows the cost minimal s u t i f a real LATA n e t r k in the eastern art 

f the nited States, where the n d e s f t p e 0 are depcted by full circles and the n d e s 

f t by ttle squares. This c m m u n i c a t i n n e t r k c n n e c t s 116 h u s . 

ooking at v a r i a t i n s f lysses' em we have a r r i e d at ther lems 

significant practical importance. In fact, we h a e not t l d the full st f m d e l i n g real 

rld n e t r k (and ther) design ems. Even in the (alread quite c m p c a t e d ) design 

f s u r b l n e t o r k s further technical aspects ma ha to e cns idered that lead to 

additional side c n s t r a i n t s the design. Besides n e t r k design r o l e m s , there is a h s t 

f further relevant ractical obems in engineering anagement, etc. tha t are treated and 

ed by means f c i n a t r i a l op t imiza t in . G i e n the state f affairs it is impossible  

rehensie l ur ll a p p c a t i n s f c i n a t r i a l op t imiza t in . P r e m s f thi 



pe a r e in he planning p u c and rivate t a n s p o n , in o p e r a t n s management, 

in the inancial planning of large rgan iza t ins , in the lanning and design f lg i s t ics and 

d i s t r i u t i n systems, in the area of network design and operation f all kinds, etc; see the 

ox "Appca t i ons C m b i n a r i a l Optimization". The interested reader will nd man 

articles on these and related t o p c s in the O p e r a t i n s Research and Management cience 

terature as well as in the Applied MathematicsEngineer ing terature. 

e thodo logy 

Let us n w address the q u e s t i n : H w d e s one nd goo optimum u t i n s and 

h es ne ovide "quality guarantees" f r s u t i o n s ? early, e e r y ecific c i n a t o 

rial em has its articularities that can and must e e x t e d in the s u t i n p c e s s . 

w e e r , the design f s u t i n a l r i t h m s f w s in general s e fundamenta r i n c i e s . 

Due t the fni te n a u r e f c i n a t r i a ems it is clear that there is an optimum 

uti h a i n g a certain optimum value. make matters c n c i s e let us assume that we 

h a e a minimizati o b e m and thus the optimum value is a minimum possi value. 

Any feasibe s u t i the c i n a t r i a l p e m , that is, a s u t i tha t satifies all side 

nstraints, povides an upper bound r the optimum value. Like in the case Ulysses 

2000, fnding f e a s i e s l u t i n s is frequentl t a d i c u l t task. A l g r i t h m s that c n s t r u c t 

feasible utions, and thus upper unds f r the optimum value, are caled heuristi 

Heuristic a l r i t h m s can oadly be classified int wo ca tegr i e s : onstrution heuristi 

at tempt t nd a "good" f e a s i e s u t i n in a single a t t e m t , whie improvement heuristi 

are designed t t e r a t i e l y dif and e e n t u a l i m o v e s m e g i e n starting s u t i n . 

The t r e with "heuristic" appoaches t inatorial em s i n g when 

used s t a n d a l n e asi - is that , there is no qua l ty guarantee a u t the closeness 

the pper und t the optimum value when the a l g r i t h m stops. metimes the pper 

b u n d ma ery wel e equal t the optimum value, but it ma al ery far off. One 

sim oes n t k n w . This is unsatisfact f r m a ractical point ew. T estimate 

the d e i a t i f the upper und fr the optimum value a lower bound the optimum 

ue is needed If the pper and l w e r und c inc ide , a roo f optimalit f the s u t i 

giving the pper und is a c h i e d . If n t , a c n s e r t i e estimate the true r e l a t i e err 

f the pper und c a r e d t the optimum ue i ovided by the difference f the 

upper und and the l w e r ound d i d e d by the l w e r und. When u l t i l i ed by 100, 

this measure tel us by t m s t h w man ercentage points the value f the est k n w n 

u t i n is a o v e the value f an optimum u t i n . 

the next "real" uesti w d e s ne fnd a wer und on the optimum 

ue. The c r r e c t answer is that we wi l h a e t nstruct an ppop r i a t e mathematial 

formulation f the l w e r unding problem. Indeed, the pper and the wer ounding 

techniques can b mbined in an terati f a s h i n t nd o v b optimal solutions t 

hard c i n a t o r i a optimizati p e m s . This c i n a t i n is the thrust f the recent 

dee lopments that h a e advanced numerical em s i n g in c i n a t r i a l optimizati 

s u s t a n t i a l 

d e m n s t r a t e these t general r i n c i e s let us return t the lem sses 
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2000 and discus pper and l w e r unding techniques that ha been developed f r the 

t r a e l i n g salesman em. The s t r y other hard ems differs f r m this ne essen

tial nl in technical de t a i , the mathematics which can e quite a r d u u s , t h u g h . 

U p p e r B o u n d i n g Heuris t ics 

pper unding heuristics are est de sc r i ed by adapting the greed dea. ck a 

starting ci and then we app the f w i n g m o p c rule: If we are in me city we alwa 

pck the nearest n e i g h r i n g ci tha t has n et een sited. If n c i y s left, then we 

return o the starting point. This method is caled the nearest neghbor heuristi If we 

start in Ithaca, we first g Z a k i n t h s , fr there t rfu, t Messina, etc. F i n a l , we 

get the our f length 9,99 km s h w n in Figure 5a. Amazingly, this tour has about the 

same length as ysses' o s s e y . On the ther hand, starting in G i r a l t a r we tain the 

ur f length 225 km s h w n in Figure 5 

These t figures teach us e s s n s . First, the resul f the heuristic s t r n g l 

depends on the starting point. econd, it i easy see that a etter o l u t i n can 

nstructed, f r instance, by uncrss ing" some f the c r s s i n g edges. The rst servati 

ds true or m s t f the heuristics that are in use, and it is the s e c n d bse rva t in that 

gives rise t the idea f " i m o v e m e n t " heuristics that m a n i u l a t e g i e n s u t i n s to o t a i n 

etter nes. 

Another class f c n s t r u c t i n heuristics, caled insertion heuristi, w r k s as f l o w s . 

In an initial ste me cycl on a few cities, say 3, is c h s e n a r t r a r i y In a general ste 

ne has a c c l e f length /, s a , and e cities no et in the cle. One of the cities 

utside is c h s e n , sa c i y k. One tries all / p o s s i t i e s t remove an edge f the present 

cle and r e l a c e i by the ath fr i t k j . y k s inserted etween those t 

des i and r which the length f the new c c l e is as small a p o s s i e . The inserti 

heuristic terminates when the cycle c n t a i n s all cities. 

There are v a r i u s oposals in the l t e ra tu re the c h c e f the next node o 

inserted. F r instance, i we choose the cit farthest away from (nearest t ) all the cities 

in the resent c c l e , we tain the farthest (the nearest) insertion heuristic, r e s e c t i e l 

Practical e x e r i m e n t s have revealed that the farthest i n s e r t i n heuristic provides r e a s n a 

urs, in genera uch better than the nearest n e i g h b r r nearest i n s e r t i n heuristic. The 

uti tained by farthest i n se r t i n , starting with the c c l formed by the cities 1, 5 

and 9 has length 7023 km and is s h w n in Figure 5c. A w h e h s t f further c n s t r u c t i 

heuristics can e f u n d in the relevant technical literature. 

Let us discuss impovement techniques. The si ul r such cedures i 

always similar t the idea f "uncrss ing edges" m e n t i n e d ove. g i e an e x a m e we 

utline the s c a l e d -opt method. It rks as f l l w s . G i e n tour, c n s i d e r al pairs 

edges hi and k f the t u r , where all f u r cities h , j , are distinct. Removing the tw 

edges hi and j fr the t u r , there is a unique wa f reconnecting the t remaining aths 

uch tha new t u r i tained. If the new t u r is s h r t e r , then it replaces the old tour 

and the cedure is r e e a t e d until n such i m r o v e m e n t can e made. A t u r with that 

opert s called cal optimal with r e s e c t t this 2exchange). Thi asic idea is easil 
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extended in v a r u s w a s and g i e s r s e impovement h e u r c s that exchange v a r u s 

n u m e r s lines and des. Of c u r s e , the m r e p o s s i t i e s we c n s i d e r to choose a line 

a n d e f r either removal r r ecnnec t i of the resulting eces, the l n g e r the running time 

wi e. The emi r i ca l r e c r d f the est f these impovement heuristics is sur r i s ing l 

oo with a t c a l r e l a t i e err f 2 r the resulting " l c a l optimum". For large 

obems the unning time ma w e e r , e excessi unless sophisticated r e d u c t i n and 

data handling techniques are e m p y e d We ha applied the 2-opt m e t h d t the three 

urs s h w n in Figures 5a, 5 , 5c. In the rst case we o t a i n e d a t u r f length 6,97 

km, in the s e c n d case one f length 6 , 9 0 km and in the third case a t u r f length 6,973 

km. Thus the 2-op method c n s i d e r a i m o v e s the nearest n e i g h r tours, ut there 

not uch length r e d u c t i n f we app t t urs o t a i n e d by the farthest inserti 

heuristic. The a p p c a t i f the nearest n e i g h o r and the farthest i n s e r t i n heuristic and 

the improvement by the 2-opt m e t h d has resulted in the t u r f length 90 km s h w n 

in Figure 5 . H w good is this t u r ? H w can we judge its qual 

o enhance the heuristic techniques described a o v e further ne frequently ines 

them with random amplin schemes in rder to reduce the chance that the m e t h d might 

get "trapped" in me l c a l optimum too earl during the ca lcu la t in . The asic idea 

s t permit the a l r i t h m select, as the next s u t i r the i m o v e m e n t heuristic, 

a s o l u t i n that has a rse ue than the present ne. The c h i c e f selecting a orse 

ution is sim made the basis f a sequence f a b t i e s that change during the 

executi f the a l o r i t h m and that tend z e r . M e t h d s that emp these p r i n c i e s g 

by the name f M n t e arl e t h d s , Simulated Annealing enetic A l r i t h m s , Evout ion 

M e t h d s , etc. The improvement heuristics are c u t a t i o n a l e x e n s i e already; so these 

" randmized" cedures ften require excess ie c p u t a t i n times and are therefore n 

p p c a e when approximate s u t i n s h a e t calculated f r large oblem instances 

within limited c u t a t i time. But the can e e x e c t e d t e r f r m etter in terms 

the qual f the s u t i tained 

The ogramming e r t for these methods f r the heuristic s u t i f medium sized 

t r a e l i n g salesman p r b l e m s is rather m d e r a t e . As a result, the ha e c m e the pla 

g r u n d man amateurs, which un f r tuna t e l - has oduced g r s s l exaggerated claim 

as to the goodness and practicali of such m e t h d s . On the other hand, l im i t a t i n s f cur 

rent t e c h n l o g make heuristic a l r i t h m s the w r k h r s e practical c i n a t r i a l em 

ing and the al hel the exact op t imiza t in m e t h d s in s e e r a l w a s . 

Lower B o u n d i n g Techniques 

W h a t e e r "tricks" y u em nd pper unds, the questi f fnding a qualit 

guarantee remains. F r thi we need a wer ound n the optimum value. The princi 

dea ehind all l w e r ounding techniques is the f w i n g . We " e m e d " the set of al 

f e a s i e s u t i n s , in sses' case this is the set of all t u r s , int a larger set tha t contains 

all feasi u t i n s and p o s s i y further elements. The minimum value f the jecti 

functi over all elements of the larger set is clearl a l w e r und f r the minimum value 

over all elements ur riginal set. The challenge thus is t nd an " emedd ing" such 



hat we can minimize over the larger set rather easily and uch that the ga etween the  

r e s e c t i e minima is n t too large. If th criteria can e met, goo wer unds can 

e c u t e d quickl 

There are s e e r a l general m d e l i n g techniques that eld u i t a l e l w e r unds. We 

wi l discuss t such a p p a c h e s . One wi e caled ombinatorial relation, the ther ne 

inear prorammin relation. 

C o b i n a t o r i a l Relaxation 

o m i n a t r i a l r e l axa t i n s depend n the availa f easi le c o i n a t r i a l 

optimizati oblems that c n t a i n the given hard ne. Such eas r o e m s are not alwa 

at hand but if they are the ma e quite useful In the case of the traveling salesman 

p r o e m there are several c i n a t r i a l r e l a a t i n s such as perfect 2matchings , erfect 

assignments, and 1-trees that d the j Let us discuss the last e x a m e here. 

We shall assume that the traveling salesman blem is stated n a o m e t e grap 

h a i n g n n d e s with a r t r a r engths n the lines ust like we h a e discussed it a o v e . 

We s e r e that e e r ur has the l lw ing operties: 

1. It ontains e t l y one yle. 

2. It ontains e t l y n lines. 

3. It is onneted. 

. Every node is ontained in e t l y two lines 

If we want t nd a s u s e t f the lines f the g r a h of minimum weight that satifies 

s o e s s e t ut t al f these f u r requirements we a r r i e at a combinatorial relation 

since e e r y ur wi l al satisf these fewer constraints. C e a r l , there may b ther 

sets f the lines, which are t t u r s , tha t satisfy uch a reduced list f requirements. 

For instance, i we drop nditions 1 and 3, the feasibe s u t i o n s are the s c a l e d perfect 

2matchings . If we drop ndition we tain the set trees. In fact, ne can reduce 

the size f the set f 1-trees slightly by aking the f w i n g requirement 5 instead 

5. An arbitrarily hosen spe node is ontained in the le and in e t l y two lines. 

uch an 1-tree f minimum weight can m u t e d easi as fo l lws. oose the 

ecial n d e . Delete the s e c i a l n d e fr the c p l e t e g r a h . C u t e a minimum length 

spanning tree f the reduced grap (e.g., by the greedy a l r i t h m desc r i ed a o v e ) . Add 

the t lines f shortest length that c n t a i n the s e c i a l n d e the s a n n i n g tree. Thi 

set f lines is a s h r t e s t 1-tree, and its length is ously a l w e r und f r the optimum 

v u e of the P. If the m d e r n ysses chooses raltar as the s e c i a l n d e he tains 

the 1-tree s h w n in Figure 6 f length 6 , 4 4 km. 

Thi ue is n t really a s u e r wer bound. The same, u n f r t u n a t e l , h l d s true f 

m s t ther c o m i n a t r i a l r e l axa t in s . But there are general techniques such as Lagranian 

relxation with which these l w e r unds can be i m o v e d - s o e t i m e s - c n s i d e r a 

These techniques i n v o e m e t h d s f nndifferential n n l i n e a r optimizati and cann 

ex l a ined here. 
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At thi point we h a e c m p u t e d a est upper und f 6 , 9 0 by means f the neares 

n e i g h o r heuristic m i n e d with the 2 o p t m e t h d and a l w e r und of 6,044 using the 

1-tree r e l a a t i o n f r the blem sses 2000. These unds guarantee that the t u r 

s h w n in Figure 5d is at m s t 1 bove the true optimum. N t e that the current best 

tour length is in fact onl 0 . % ove the optimum value 6 5 9 km. But (disregarding the 

resul f the enumerati gram) we h a e n oo f this fact et. 

Linear P r o g r a i n g 

Linear p g r a m m i n g is u n d t e d l ne f the most important techniques b o a d 

p p i c a i t y that post W r l War I appied mathematics ha duced. It is m s t fre

quently i n t e r r e t e d as the p r e m optimall a l c a t i n g e c m i c a c t i t i e s t scarce 

r e su rce s and oda it i used dai in the lanning ac t i i t i e s f airlines, il refneries, 

anks, car manufacturers, etc. N t surprisingly, linear p g r a m m i n g is als used so 

i n a t r i a optimizati r o e m s ; indeed, the m s t uccessful lower unding tech

niques f r such lems all utilize linear gramming. T e x l a i n the unde r l i ng idea 

which requires us t think in terms f the g e m e t r e c t r s a c e s we wi l again r e s r t 

the em faced by U s s e s 2000. 

ince we h a e 16 cities there are exactly 120 direct links etween al them. sses 

2000 needs t choose 16 links fr these poss i l e 120 nes that f r m a t u r . et us iew 

a t u r as an arra a we shall sa s a e c t r of 120 "var ia les" that can assume the 

ues zero o ne a c c r d i n g t whether r n sses chooses t t r a e l a articular r u t e . 

Each variab rresponds t direct link and let us - s m e h - index the 120 

v a r i a e s sequentialy 1,2, . . . , 120. E e r y our f U s s e s defnes a ect f "length" 120 

h a i n g 16 v a r i a e s equal to one - namel t h s e c r responding t the links in the t u r - and 

the remaining 10 v a r i a e s are equal t z e r . On the ther hand, n t e e r such vect 

with 120 variabes c r r e sponds t a t u r ; s we wi l have t impose s m e c n s t r a i n t s 

the e c t r ' v a r i a e s . G e m e t r i c a l , e e r tour o sses can vewed as a point 

in the ector space f 120 d imens ins . The fact that we c a n n t "pc ture" re than the 

e c t r s o the three-dimensiona space in which we l e d e s not ther us. E e r since Ren 

Descartes (15961650) w r t e his f a m u s treatise "La G m e t r i e " in 1637, mathematicians 

h a e w r k e d a n a l t i c a l in paces f an d imens in . N r e m e m e r that there are e x c t l 

6 5 3 3 7 , 8 4 0 0 0 t u r s f U l s s e s 2000 we h a e e x c t l this man points in the 120 

d imens ina l s a c e . A o n g these points we wish t nd ne such that the sum f the lengths 

c r responding the v a r i a e s that assume the value one is as small as p o s s i e . ince the 

remaining v a r i a e s f r this point are zero we can express the j e c t i e f u n c t i n as a linear 

functio of the 120 v a r i a e s . M a t h e m a t i c a l , we thus wish t minimize a linear functi 

over the set f 6 5 3 , 8 3 7 , 1 , 0 0 0 points in the 1 2 0 d i m e n s i n a e c t r s a c e . N let us 

nnect any o of the points by a ine f the 120d imens ina l s a c e just like we w u l  

in the lane r in the 3 d i m e n s i n a l space. ince the jective functio is linear it i 

clear that ne of the tw endpoints is " e s t " . N n e f the points in the " in t e r i r " f the 

ine can e "best" unless they ll are equal in term f the linear o b j e c t i e func t in , which 

rresponds itself t a "line" in me lane. Extending thi operati f cnnec t i ng points 
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e m a c a l y all t p e t s , q u a d r e t s etc. f the 6 5 3 , 3 7 1 8 4 0 0 0 points in ques we 

get a polytope in the 120d imens ina l s a c e . w it is a fact that was k n w n already 

mathematicians f the 19th centur that e e r y po lyope can e de sc r i ed as the s u t i 

set f fnitely many linear e q u a t i n s and inequalities. Inequalit s to understoo in 

the weak sense f " l e s s - t h a n - e q u a l t o " rather than in the sense f strict inequal i t . The 

em faced by U s s e s 2000 is thus the em optimizing a linear o j e c t i e functi 

f 120 v a r i a e s over s m e finite set f linear e q u a t i n s and inequalties in the same set f 120 

v a r i a e s . But this is exactly what linear p g r a m m i n g is all a u t and thus ysses 2000 

can s e hi em - in r inc i l e , at least - using the techniques f linear gramming; 

see the ex Hull" 

p p y the techniques fro linear p g r a m m i n g ne must ha - at least in the 

- a lete list f the inequalities that defne the associated p o y o p e . For the em 

with 16 cities such a ete list is n t known t date. Indeed omplete d e s c r i t i n s ma 

n e e r b ound which is a n t h e r way f s a i n g that the traveling salesman em 

a n r i u s l d i c u l t lem. E c i t linear ograms f r traveling salesman p l e m 

are nl k n w n cities. M r e recisel , the p o y o p e associated with the 8 c i 

traveling salesman p e m ha equations and 1 9 1 8 7 inequalities in the 28 v a r i a e s 

rresponding t the 2 direct links that are poss i l e etween points. The c r responding 

numbers f r the po lyope a s sc i a t ed with 7 cities are 7 e q u a t i n s and 3,437 inequalities in 

21 v a r i a e s . Thus there is an e n r m u s g r w t h in the n u m e r f inequalities that descri 

the p o o p when we g f r m 7 to cities. F Uysses ' 16 cities the n u m e r of inequalties 

s a s t r m i c a l large. Yet far larger t r a e l i n g salesman p e m s than sses' are t d a 

optimized using linear gramming techniques. H is this d n e ? 

One f the principles that mathematicians cnce rned with ractical calculations ha 

u t i z e d r centuries is the princi f relation. Thi rinci means tha ne r e l a c e s 

the "true" lem by a larger one - just like we di when we discussed " c m i n a r i a l " 

r e l axa t i n s f ur problem. In the linear gramming c n t e x t this means that we are 

ing i g n r e the " in tegra l i t " requirement zero o ne and a l m s t al f the astr 

micaly man nstraints that are necessar o d e s c r i e the "true" p o l y o p sses' 

p e m . I n s t e a , we wi start with nl ery small s s e t f the c n s t r a i n t s and ermi 

the v a r i a e s t assume any real values between zer and ne; see the xes "Integer Pr 

gramming" and " G e m e t r i c Represen ta t in" . ince ery ci must met by o inks 

we can start with 16 e q u a t i n s in the 120 va r i a l e s exress ing the fact that the v a r i a e s 

rresponding to the links meeting city ust sum t Dropping the requirement 

zero o ne and r e l ac ing i by the requirement that all 120 v a r i a e s ma assume any value 

etween zer and ne (including zero and ne) we get 2 0 inequalities and 16 e q u a t i n s in 

120 "real" v a r i a e s . ing the corresponding linear gram ysses' em we get 

a minimum value f 6,113 km for the o b j e c t i e functi which s a better l w e r und than 

the value of 6 , 4 4 km that the 1 t r ee relaxati duced we n h a e a p o o that the 

ength f the currentl est t u r f Figure 5d is at m s t 12.7 ove the optimum value. 

The linear gram s v e r n onl ovdes us with the minimum objective functi 

ue f 6,113 km ut al with a s u t i e c t r , i e . with 120 values f r the v a r i a e s that 



satis he e q u a t n s and i n e q u a l e s that were fed int t. If the n n z e r ponents 

the solutio ector c r responded t p o s s i e tour f ysses 2000, then we c u l d stop 

right there ecause we would h a e f u n d an optimal s u t i fo sses 2000 and thus 

ed hi lem. But the not. G i e n the fact that an a s t r m i c a l y large n u m e r 

of additional inequalties was i g n r e d it is not su r r i s i ng that the n t . By g n r i n g al 

t h s e c n s t r a i n t s we h a e in fact e m e d d e d the "true" p o o p e into a "larger" p o t o p e in 

the same s a c e f 120 d imens ins . ince the true p o t o p e for sses' em is contained 

in this larger one there must e s m e way " s e a r a t e " the utio ector tained in 

the rst step f r m the true p o y o p e . This is d n e by inequalities f the l e s s - t h a n - e q u a 

variety If we require an inequality old with equalit then we h a e an e q u a t i n . 

G e m e t r i c a l , an inequal d i d e s the 120dimensional s a c e int ha l fsaces while 

the rresponding e q u a t i n g i e s the " h e r l a n e " that is c m m n t th ha l fsaces 

just like a line in the rdinary plane which d i d e s the lane int h a l e s . The s e a r a t i n g 

inequalities that are f interest t us c n t a i n the true p o l y o p in ne halfspace whereas 

the point g i e n by the s u t i ect of the linear gram lies n the ther side, the 

w r n g side f the h y e r l a n e s g i e n by the c r responding e q u a t i n s . o these s e a r a t i n g 

inequalities ct of the point g i e n by the linear p g r a m m i n g sou t i fr the p o y o p 

and are for that reas called utting planes; see the boxes " u t t i n g Plane A l g r i t h m " and 

e p a r a t i n " . In fact, man such cutting planes exist and a m n g t h s e that d the j 

there are best poss i l e " nes. These are t h s e that intersect with the true p o o p e as 

uch as p o s s i e and define the cets the p o o p e . Much t he r e t i c a l work has fcussed 

in the st twenty ears n identiying cutting planes that defne facets r n u m e r u s 

i n a t r i a optimizati ems that are ractical importance. 

In Figures 7a, 7 c we d i l a the optimal s u t i n s to s e e r a l linear p g r a m s that 

we h a e s e d to nd an optimal solutio the p r o l e m tha sses 2000 faces. The 

rst optimal s u t i n c n s i s t s f f u r s h r t c c l e s r " s u u r s " such as, e.g., the one fr 

T r y M a r n i a t M l e a and back t T r o ; see Figure 7a. This i what ysses 2000 

wants; he wants a single r u n d t r i this end he can choose at m s t two of the three 

direct links cnnec t i ng the cities T r , Malea and M a r n i a So athematically, the sum 

f the c r responding three v a r i a e s ut f the t t a f 120 variabes must e less than 

equal t , whie for the frs t linear gramming s u t i o n it is three. The corresponding 

inequali one f the huge n u m e r f inequalities f the true p o o p that we ha 

eft ut. All tha t we h a e t is t dd it t ur linear gram as a cutting lane. 

ing likewise r the remaining three s u b u r s we h a e f u r inequalities that are added 

to the linear gram, which gives us a s e c n d linear gram o ed. Indeed, al 

tha t needs to e d n e is t "reoptimize" the frs t linear p g r a m after adding the f u r new 

inequalities that all cut ff the rst s u t i ect which can e d n e fast and efficientl 

with ntemporar ftware ckages. 

ing the s e c n d linear program we get an optimal j e c t i e f u n c t i n value f 6,22 

km and a s u t i o ector that s t i l d e s n t c r r e s p o n d t a t u r f sses 2000 see 

Figure 7 ut the a l r i t h m i c idea is clear n o , f r al we h a e t is to iterate. We 

"activate" a n t h e r er small s u s e t f the a s t r m i c a l man inequalties tha we ha 



i g n r e d far. ing s and ing a third linear program we get an o p i m a l ect 

functi value f 6 1 3 5 km and a s u t i ector that still does n t c r r e s p o n d t a t u r f 

sses; see Figure 7c. Indeed, the linear gramming s u t i o n assumes values f 1/2 f 

the 120 v a r i a e s - which i what we ermit f r the "intermediate" linear grams  

happen and which are depicted by the " k e n " ines of Figure 7c. Iterating again by 

ad j in ing s m e more inequalities and reoptimizing the c r responding fourth linear gram 

we tain an j e c t i e functi value f 6 , 5 9 km, a uti e c t r tha t c r r e sponds t 

the optimal t u r sses 2000 d i l a e d in Figure l and we are d n e ! 

The iterativ cedure that we h a e desc r i ed a o v e is called a tting plane al 

rithm If the possi a s t r m i c a l large n u m e r f inequalities desc r i ing the p o y t o p 

s fuly k n w n , then t is clear that the cutting plane a l g r i t h m wi l always stop after a 

nite n u m e r f steps - like in the case of U s s e s ' b e m where we iterated f u r times. 

ut we k n w at resent al f these necessary inequalties neither r the t r a e l i n g sales

man p r l e m nor r m s t f the ther c i n a r i a l optimizati ems ractical 

interest. Much research a c t i y cuses n accumulating such knwledge a u t more and 

re c i n a t r i a l roblems - knwledge that ermits t push u t a t i n a l l im i t a t i n s 

wa b o n d what most scientists in ur field nsidered a t t a i n a e onl few ears ag 

On the ther hand, the "hardness" f the t r a e l i n g salesman and other c i n a t r i a l op 

timizati p r e m s y ove t d a complete knwledge f the a s t r i c a l l y large 

st f necessar inequalties f r eve r - we just d n t kn - and at present we clearly 

ot k n w them al o different fr the case of the lem sses 2000, the iterati 

cutting lane cedure ma me t a hal e f r e an optima ur is f u n d 

What are the o p t i n s n w ? We ma stop ecause we ha tained a r e a s n a 

wer und r the optimum t u r length. We ma al enter an enumerati cedure by 

branching on s m e v a r i a e x tha t i positive and t equal to one in the linear p g r a m m i n g 

uti e c t r when the iterativ cedure stops. Branching sim eans that we create 

wo new ems fr the current ne where in one f the t p e m s we f r c e the link 

orresponding to such varia int the soluti by setting it equal t ne and in the 

ther ne we f r c e it ut of the s u t i by setting it equal t zero. Both p l e m s are then 

again bjected t the cutting lane cedure. This leads t a tree search cedure that 

g e s by the name branh and t and which is related t but much m r e powerful than 

the bran and bound cedure dee loped in the 1960s f r the s u t i f c i n a t r i a l 

ems. 

At resent, the m s t successful a l r i t h m s that s e large-scale combina t r i a l opti 

mizati p r e m s o optimalit or that rovde very good q u a l y guarantees are ased 

n the cutting plane cedure outlined in this article. Of c u r s e , the are als enhanced 

by v a r i u s heuristic and e n u m e r a t i e techniques. As s h u l e clear f r m ur descri 

t i n , this m d e r n a p p a c h requires a l f t h u g h mathematical a n a l s i s , knwledge 

of s e e r a l fields related to op t imiza t in and o m u t e r science, knwledge f efficient da ta 

structures, da ta handling and c m u t e r pogramming , ecause ove" its ue 

numerical lem ing ne must necessaril e x e r i m e n t n real c o u t i n g machiner 

Indeed, m e m e r s ur research teams and researchers at n u m e r u s ther i n s t i t u t i n s ha 
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uccesfu ly i m e m e n t e d anch and cut a l h m s f r man a c t c a l y e l v a n t combi 

n a t r i a l optimizati ems - s u s t a n t i a l y re than the nes discussed in this short 

article. The T P e x a m e s illustrated here were s e d by the c d e dee loped by P a d e r g , 

and Rinaldi I A I N R in e, the s u r e network examples by code dee loped 

by Martin Grötschel yde M n m f Bell ommun ica t i n Research in rristown, N J . 

and Mechthild oer f the K n r a d u s e - Z e n t r u m für I n f r m a t i n s t e c h n i k in Berlin. The 

ution times f r the various obems on 16 cities are a matter f m i l l s e c n d s n a modern 

w r k s t a t i - including the s u t i f the o b e m faced by U s s e s 2000. The latest er 

si f the Paderg-Rina ld i c d e s e s the dril ing em r the rinted circui ard 

(PCB) with 2, 392 cities f Figure 2 in ut 1 hour minutes a time-shared un-

parc 10 w r k s t a t i n , i e . a c o m u t i n g machine that is s m e w h a t less powerful than the 

ne we used t enumerate al p o s s i e tours f r the 1 6 c i y em ysses 2000 - which 

ook 92 h u r s r a u t da f u n i n t e r r p t e d c u t i n g . Think about that and m r e im

p o r t a n t l , think a u t what arallel c e s s r s , ect c e s s r s , te rafop machines, and 

b n d mise t in term f exact em s o i n g by their sheer c u t i n g power! 

Add s u n d p p e d athematics and c l e r s f t w a r e engineering into the equatio - e 

em o l i n g will e c m e a rea l iy lem f s s t a n t i a l larger scale than we al 

might c n s i d e r a t t a i n a l e at resent. 

o close ur stor o i n a t r i a l lem ing, let us return the questi 

wh the traveling salesman b e m s caled o t r ious ly difficul p e m . As 

ust hav ticed, we hav repeated several times that there are astronomially man 

inequalities needed to d e s c r i e the a s sc i a t ed p o o p e c m p e t e l That much we k n w t 

e a fact t d a . o the next questi is s i m : D e s this fact e x l a i n the d i c u l t y f the 

p e m ? In part this is , but as a s t u n d i n g as it may b - it d e s n t explain 

full the d i i c u l t f the p r o e m either. Indeed, there are c i n a t r i a l p o b e m s that 

are s e d easi th in t h e y and in practice ut whose p o o p e s require far more 

inequalities than the ne a s sc i a t ed with the t r a e l i n g salesman em. Of c u r s e , we 

talk ut p o o p e s in s a c e s f equa dimensi and the p o y h e d r n a s sc i a t ed with the 

minimum cut p robem that we need in rder t e the separation problem r s u b u r 

eliminati nstraints is ne such example. pace limitations f us t e l a r a t e on 

thi point, but then there is a s r t f mathematical "dualsm" at w r k . Extreme points 

and facets are just the t faces of a in. we are back full circle. If it is neither the 

n u m e r p o s s i e s u t i n s nor the n u m e r f inequalties f a c e t e descripti r a 

m i n a t r i a lem that makes it d i c u l t , what is it tha t makes it "difficult", what i 

t tha t makes a p e m " e a s " ? k n w s an answer t these questions at present, 

ut the omputational r e c r d f c i n a t r i a em ing is good neer the less . 

pilogue 

We hope that you have enjoyed this journey into the world of combinatorial problem solving. 
While researchers around the globe have made enormous progress to tackle such problems, many 
open problems persist, the satisfactory solution of which will require many years of hard work. 
Practical problems of truly large scale can be solved to optimality already today, but the fundamental 
question of tractability of hard combinatorial problems promises to remain a challenge for many 
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years - perhaps generations - to come. As we have tried to explain, considerable efforts are on 

the way to deal with the complexity of such problems. So just like Ulysses who was struggling in 

ancient times against misfortunes and bad winds in search of his way home to his beloved Penelope, 

dedicated mathematicians and computer scientists are searching today for ways of coping with the 

presumed intractability of hard combinatorial optimization problems of practical relevance. 
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