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A solution generating technique is developed for D = 5 minimal supergravity with two commuting
Killing vectors based on the G2 U-duality arising in the reduction of the theory to three dimensions.
The target space of the corresponding 3-dimensional sigma-model is the coset Ga2y/(SL(2, R) X
SL(2,R)). Its isometries constitute the set of solution generating symmetries. These include two
electric and two magnetic Harrison transformations with the corresponding two pairs of gauge
transformations, three SL(2, R) S-duality transformations, and the three gravitational scale, gauge
and Ehlers transformations (altogether 14). We construct a representation of the coset in terms of
7 x 7 matrices realizing the automorphisms of split octonions. Generating a new solution amounts
to transforming the coset matrices by one-parametric subgroups of G2y and subsequently solving
the dualization equations. Using this formalism we derive a new charged black ring solution with
two independent parameters of rotation.

PACS numbers: 04.20.Jb, 04.50.+h, 04.65.+e

I. INTRODUCTION

The discovery of rotating black rings [1] (for a recent review see [2] and references therein) has attracted new interest
in five-dimensional minimal supergravity [3, 4]. Within this theory supersymmetric charged black ring solutions were
found [5, 6]. The bosonic sector of five-dimensional minimal supergravity is Einstein-Maxwell theory with a Chern-
Simons term, the structure of the Lagrangian being similar to that of eleven-dimensional supergravity [7, 8]. While in
pure Einstein-Maxwell theory in five and higher dimensions no charged black hole solution, generalizing the uncharged
Myers-Perry black holes [9], is known, the Chern-Simons term endows five-dimensional Einstein-Maxwell theory with
more hidden symmetries, implying the existence of exact charged rotating black hole solutions [10-12], Meanwhile
the most general black ring solution which might possess mass, two angular momenta, electric charge and magnetic
moment as independent parameters is still not found. Here we propose a new generating technique which can solve
this problem. It is based on the duality symmetries of the three-dimensional reduction of the theory.

The hidden symmetries arising upon dimensional reduction of five-dimensional minimal supergravity to three di-
mensions were studied by Mizoguchi and Ohta [7], by Cremmer, Julia, Lu and Pope [13] using the technique of [14],
and were more recently investigated both in the bosonic and fermionic sectors by Possel [15] (see also [16]). The
corresponding classical U-duality group is the non-compact version of the lowest rank exceptional group G [17]. In
three dimensions one obtains the gravity-coupled sigma-model with the homogeneous target space Gy(2)/SO(4) for
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the Lorentzian signature of the 3-space, or G(2)/(SL(2, R) x SL(2, R)) in the Euclidean case. Some further aspects of
these symmetries were discussed in [8], their infinite-dimensional extension upon reduction to two and one dimensions
was also explored [18].

Here we investigate the Gy (2)/(SL(2, R) x SL(2, R)) sigma model in the context of the solution generating technique
which has proved to be extremely useful in various non-linear theories from pure gravity, Einstein-Maxwell theory
[19-23] and dilatonic gravity [24-30] to more general supergravity models [31-33] and string theory [34]. Some partial
use of hidden symmetries of this kind to generate new rotating rings recently became a rapidly developing industry.
One direction was to use the SL(2, R) subgroup of the U-duality group [35, 36]. Another line was related to the purely
gravitational sector (without the Maxwell field) which leads to SL(3, R) U-duality in three dimensions [20, 37, 38].
Further reduction to two dimensions gives rise to a Belinsky-Zakharov type integrable model which was extensively
used to construct soliton solutions [38-49]. However, the full G5 symmetry was never used for generating purposes
for lack of a convenient representation of the coset Gy /(SL(2, R) x SL(2, R)) in terms of the target space variables.
Although the 14-dimensional (adjoint) representation was given explicitly in [7], it is still too complicated for practical
generating applications. Here we construct a suitable representation in terms of 7 x 7 matrices and give two examples
of its application: a sigma-model construction of the electrically charged rotating black hole and the generation of a
non-BPS doubly rotating charged black ring from the black ring with two angular momenta of [47].

Five-dimensional minimal supergravity contains a graviton, two N = 2 symplectic-Majorana gravitini (equivalent
to a single Dirac gravitino), and one U (1) gauge field. The bosonic part of the Lagrangian is very similar to that of
D = 11 supergravity, being endowed with a Chern-Simons term [3, 4]:

Sy = {/d%@@_iﬁ?)_l mﬁmy (1)

= 167Gs 3v3

where F' = dA. This theory can be obtained as a suitably truncated Calabi-Yau compactification of D = 11
supergravity [50].

Our purpose is to construct a generating technique for classical solutions with two commuting Killing symmetries.
Dimensional reduction leads to a three-dimensional sigma-model possessing a Gy 2y target space symmetry [7]. To
explore it fully we need a convenient representation of the action of symmetries on the target space variables. We give
here an alternative derivation of the three-dimensional sigma-model which has the advantage of being more explicit
and easy to use for solution generation. The reduction is performed in Sect. 2 in two steps, first to four, then to
three dimensions. In Sect. 3 we reveal the symmetries of the three-dimensional sigma-model using a direct (computer
assisted) solution of the corresponding Killing equations!. The resulting symmetry transformations are identified in
the usual terms of gauge, S-duality and Harrison-Ehlers sectors. Then we reformulate in Sect. 4 the problem in terms
of a covariant (with respect to the two-Killing plane) reduction which is more suitable for constructing the matrix
representation, and give the coset matrix representative as a symmetrical 7 x 7 matrix. In Sect. 5 we identify the
charging transformation, and apply it to the construction of the doubly rotating charged black ring.

II. DIMENSIONAL REDUCTION
A. D=4

Assuming that the five-dimensional metric and the Maxwell field A do not depend on a space-like coordinate z, we
arrive at the four-dimensional Einstein theory with two Maxwell fields, a dilaton and an axion. We parametrize the
five-dimensional interval and the Maxwell one-form as

ds? e 2% (dz + O dx™)? + eds], (2)
A = A,dz" + V3kdz, (3)
(uw=1...4). The corresponding four-dimensional action reads

1
- 167TG4

/d4:c\/fg [R - %(3@2 - gew(@/{)z - ie*wG2 - ie*‘ﬁﬁ’z - %/{FF* , (4)

Sy

L A purely algebraic construction of the Killing vectors will be presented elsewhere [51].



where
G, =Gs/2tRs, G=dC, F=dA, F=F+3CAdk, (5)

and F* is the four-dimensional Hodge dual of F.

The dilaton ¢ and the axion k parametrize the coset SL(2, R)/U(1). To reveal the SL(2, R) S-duality symmetry
in the sector of vector fields (A is inherited from 5D theory, C' is the Kaluza-Klein vector) one has to reparametrize
them using some dualization [8]. We will reveal S-duality later on the level of the further 3D reduction.

The field equations in terms of the four-dimensional variables read

1 1 ~
V2p — *?(0k)* + Ze_wG2 + Ee_qu2 = 0, (6)
1 - 1
V. (e2°VFi) — 3 [\/3 V(e ?FM ) + QFWF*””] = 0, (7)
v, (e—¢ﬁ’ﬂ” + QKF*IW) = 0, (8)
YV, (e72°G") +V3e P FM o,k = 0, (9)
and the Bianchi identities are

V, EF™ =0, V,.G™ = 0. (10)

It is convenient to introduce the modified Maxwell tensors
FH = e PFM 4 2k, (11)
g1 = &G V3 (ORI 4 kZF) (12)

in terms of which the Maxwell equations have the divergence form

V. F =0,  V,G" =0. (13)

B. D=3

Further reduction to D = 3 is performed with respect to time, assuming the standard parametrization of the
stationary four-metric

dsi = —f(dt — w;dz")?* + f~ hyjda'da?. (14)
The spatial part of the Bianchi identities (10) is solved introducing the electric potentials Cy = 01, Ag = ¥, so that
Gio = 031, Fyo = 0;02. (15)

Similarly, the spatial components of the Maxwell equations (13) are solved by introducing magnetic potentials @y, us:

GY = jﬁ €TR O, F = % €9F 0 s (16)
The time components of the corresponding equations then give the second order equations for these potentials.
Straightforwardly we can find (with the convention €% = —¢0iiF)
Gij = ie?"ﬁ Gijk(’wl)k, (wl)k = Ol — \/g I{(akﬂg — /iakijg), (17)
Vh
Fij = \'/fﬁe(b Eijk(’wg)k, (U)Q)k = Oplia — 2K04 D2, (18)
Fi = (Zg)i, (Zg)i = 0;09 — \/5’17182‘,%. (19)

The remaining components of the Maxwell tensors are obtained using the following relations valid for any second rank
four-dimensional antisymmetric tensor W, with the assumed form of the metric (14):

WO =Wiw; — hTWjo, Wi = f2hihy W + 2Wouw;). (20)



Using this we find:
f

GP = ﬁe?’d’ €Tk, (wy)g — 001, (21)
Gy = fVhe® eijp(wi)® + 20,0501, (22)
FO = jﬁe‘ﬁ eijkwj(wg)k — ()%, (23)
Fyj = [7'Vhe? eiju(w2)* + 2w(22)), (24)
and for the squared quantities:
G? = —2(001)% + 265 (w1)?,  F? = —2(2)% + 2% (w)?, (25)

where (w1)? = (wq);(wy)".
Now we turn to the Einstein equations:

1 1 1 L.
Rp,y - g (au¢au¢ + 62458“&81,/%) - 56_3¢ (GuaGl/a - 4G29m/> - 7e_¢ (FMOCFV(X - Fzglﬂ’) =0. (26)

The Ricci tensor decomposes as follows

1
Rop = 5 (fV2f=(0f) +7%), (27)
7 f ij

Ry = Vs k91, (28)
R = fPRY — % [0 £ f + 777] + h¥ Ry, (29)

where

2

Tt = I €Ik 0;wy,. (30)

Vh

The Oi-part of (26) can be solved introducing the twist potential x via

T = aiX + % {’518{&1 — w10;01 + V20;U9 — Ug0;U2 + \/§ [5217182-172 — 77282'(/52@1)] — \/g [H@laiﬂg — ﬂzai(liﬁl)]} . (31)

Using this relation, we can rewrite the 00-component of the Einstein equations as
Roo = if {e_3¢ [(0v1)* + e6¢(w1)2] +e? [(22)* + e2¢(w2)2] } (32)
and present the space-space part as
R = g SPRRTY (0,005¢ + *?0qk0pK)

- %e_?"bf (07010701 + €5 (w1)" (w1)’] + ie_?’d’fhij [(0v1)® + 66¢(w1)2]
- %e_‘i’f [(22) (22)7 + €2 (w2) (w2)T] + ie_"ﬁfhij [(22)% + e (w2)?] . (33)

From the Eq. (28) we then find that the Ricci tensor built on the three-dimensional metric h;; will satisfy the following
three-dimensional Einstein equation
1 3 2¢
Rij = TfQ (81fa]f + TiTj) + 5 (azqﬁaj(ﬁ +e 8¢/€8j/€)

B % [eigd)aﬂ?lajﬁl + eg¢(w1)i(w1)j + ei¢(22)i(2’2)j + e¢(w2)i(w2)j] . (34)



These equations derive from the action

o0d4 9pB ..
_ i 3
S3 = / <R — GABixi el h ) \/Ed T (35)

describing the three-dimensional gravity coupled sigma model with eight scalar fields ®4 = {f, x, ¢, &, U1, Vo, U1, Ua }
and the target space metric G4p which will be given shortly. It can be checked that the field equations for these
quantities are equivalent to the equations resulting from variation of this action over the ®4.

In terms of the slightly rearranged potentials

V1= Tp,  up = U — KOTq,  Ug = Tg — \/§m71, Ug 1= Ug — \/§Ii251, (36)

the equation for the twist potential x will simplify to
1
T = 0ix + i(vlaiul — u10;v1 + v20;us — UQaivg). (37)

The other variables will read
(wy); = Ouy + K>0v1 — x/ﬁn(am — kO;v3),
('LUQ)i = (81’u2 — 2%81‘112 - \/3/'6281'1}1) y (38)

(22)i (ai'UZ + \/§/<aaiv1) .

Finally, denoting £ = In f and shifting the twist potential

1
X — X+ 5(’1)1U1 + ’0211,2)7 (39)

we can present the metric of the space of potentials ®4 = (£, ¢, &, X, v1, U1, Vo, ug) as
1
di? = Gupdd*ddP = 2{d52 + e 2 (dx + vidug + vadua)? + 3 (d¢? + e*?dr?)
2
— e ¢ [e_3¢dvf + % {dul + k3dvy — \/gn(duz — /id’l)g):|

2 2
+e ¢ (d’l}g + \/gndvl) +e? (duQ — 2Kkdvg — \/§/<;2dv1) 1 } (40)

The target space is an eight-dimensional space with signature (+ + + + — — ——) similar to that of four-dimensional
dilaton-axion gravity with two Maxwell fields [29]. In the latter case it was identified as the SU(2,2)/S(U(2) x U(2))
coset space possessing a 15-dimensional isometry group and a 7-dimensional isotropy subgroup. In our case the
symmetry group is Ga(2) [7, 13]. In what follows we present an independent computer-assisted way to reveal the
geometric structure of the space (40).

III. ISOMETRIES OF THE TARGET SPACE

We used MAPLE to calculate the Riemann tensor of the target space and to check that all its covariant derivatives
vanish, indicating that it is a symmetric space. The set of Killing vectors was identified using the CRACK code on
REDUCE [52] to solve the Killing equations for the metric (40)

XA;B+XB;A:O. (41)



The code gives 14 Killing vectors X (we use M, N ... =1,...,14 for numbering the Killing vectors and A, B ... =

1,...,8 to denote the target space coordinates) from which the first 9 are relatively simple:
X1 = 0,
Xo = Oy,
X3 = Ou,,
Xy = —u10y + 0y,
X5 = —u20y + Oy,, (42)

X6 = O¢+ X0y + 0p — KOk + 2010y, — 10y, + V20y,,

X7 = 30t + 3x0y + 0p — KOy, + 3v10y, + 2020y, + U20y,,

Xg = 030y — D — V3u20u, + V3010,, — 2090,,,

Xo = ug?0y + K20, — € 220, — 2Ky — V3u10uy + V3020, — 220y,

The remaining five are complicated in terms of the chosen coordinates, we will present them in an alternative form later
on. The first eight Killing vectors span a Borel subalgebra, they are used below to construct a matrix representation
of the coset.

Already the number 14 of generators and the signature of the target space indicate that one deals with the real
non-compact form Gg(g) of the exceptional group G2. The same code provides the following list of commutation
relations:

X | Xo|X3| Xy | X5 | Xg | X7 | X3 X9 Xi0
X, /0]0]0] 0] 0 |X |3X:] O 0 3X5
X, 010 |-X1] 0 |[—Xaf O 0 —V3X5 V3Xs
X3 0| 0 |[-X1| 0 | X3 |—V3Xy| —2X5 [3Xs—2X7
X4 0 | 0 [2X4[3X4| V3X5 0 0
X5 0 | X5 [2X5| —2X5 | V3Xy 2X4
X5 0 | 0| Xs ~X, 0
X7 0 X3 — Xy X10
Xs 0  |3Xs— X7| —2X1
X, 0 T3X13
X1 X2 Xi3 X4
X X —3X; V3X, 3X6 — 3X-
X, 0 0 2v3Xs — V3X:| —3Xn1
Xg 0 2X8 Xg X12
Xy Xg —/3X, 0 —V/3X13
Xs| ¥Xs | —Xy 0 —X10
Xe | 2Xy41 X2 —Xi13 X4
X7 | 3X., 29X 12 0 3X14
X3 0 —3v3X1, — X1 0
Xo |- ¥3X15| —2X30 0 0
Xi0| 0 3X14 0 0
Xl 0 0 X, 0
X2 0 0 0
X3 0 0
X4 0

The Killing metric constructed with the structure constants gives the following set of non-zero scalar products
(X, Xn) = nun:

(X1, X14) = V3(Xa, X13) = (X3, X10) = —3(X4, X11) = (X5, X12) =
= 3(Xe6, X6) = (Xg, X7) = 5(X7, X7) = (X5, Xg) = 24. (43)

The Cartan subalgebra of G is spanned by Xg, X7, the basis orthogonal with respect to the metric (43) can be



chosen as

H = X7 — ng, Hy = ?XG. (44)
The remaining generators can be put in the Cartan-Weyl form
[Hi, Eo] = aiEaq, (45)
[Ea, F_o| = o;H;, (46)
[Ea, EB] = NapBayp, (47)
where ¢ = 1,2 and the roots ax,, a =1,...,6 are (with H; corresponding to the abscissa and Hs to the ordinate)
ay; = £(1,0),
ay = +(-3/2,V3/2),
ayy = +(—1/2,V3/2),
aty = +(1/2,v3/2), (48)
azs = +(3/2,V3/2),
ars = +(0,V3).

FIG. 1: The root diagram for gs.

The simple roots are a = «¢; and 3 = o, the remaining ones can be obtained as follows:
a3 =t(a+0), ars=+2a+B), ars =+Ba+0), ais = £(3a +28). (49)

The E, can be identified in terms of the X, as follows

1 3
B = \/;Xw, El—\gxg,

3 1
E, \/7X2, E_,= \/ng,

1

Es = \/>X87 E3=\/>X97
Ly = \/>X12, E—4—\/>X57 (50)
Es = \/>X14, E—5—\/>X17
\/7X117 E—G—\/7X4

Es



The following structure constants are non-zero up to the standard symmetries:

3
—Ni3 = Nig = Nos = N3y = \/; Niz = V2. (51)

The symmetry of the root diagram under reflection implies the existence of a target space coordinate transformation
(I)A — @A = (f, ¢7 IZJ, )2, 171, ﬂl, 172, ﬂg) such that

B_a(®) = Ea(®). (52)

In terms of the tilded variables the remaining 5 Killing vectors can be written as (non-normalized)

X0 = 0Ouy,

X1 = —u105 + O3,

X2 = —ﬁg@x—‘y—a{,w (53)
Xi3 = 0Oa,

X = 8.

The target space isometries generated by the above Killing vectors can be classified as gauge, scale, S-duality and
Harrison-Ehlers transformations. The first, generated by X7, is the gravitational gauge transformation consisting in
the shift of the twist potential:

X = X+ Ai; (0, & v1, v2, ui, ug, k invariant), (54)

where \; is the parameter. The next two, generated by X, X3, are magnetic gauge transformations shifting the
magnetic potentials u; (corresponding to the Kaluza-Klein vector field) and wus (corresponding to the 5D Maxwell
field):

up — up + Ag; (&, & X, v1, v2, ug, Kk invariant),

us — us + A3; (@, & x, v1, v2, up, K invariant). (55)
The Killing vectors X4, X5 generate two electric gauge transformations:

v — U1+ Ay, X = X — g (P, & va, u1, ue, K invariant),

vg — Vg + A5, X — X — u2s; (P, &, v1, uy, ug, Kk invariant). (56)

From the sector Xg, X7, one can separate the scale transformation generated by Xg — X7

K o— K, up — euy, v — v, x — ey,
b — b, up — e uy, vy — e vy, €& — e2Moel, (57)
The second independent element of the Cartan subalgebra
H= % (\/§H2 - Hl) - ;(3)(6 - X7>, (58)
together with
L_ =Xy, Li=4V3Xs, (59)
form the SL(2, R) S-duality algebra
H,Li) = FLy, [L-,Ls]=H. (60)

The corresponding finite transformations consist of the scaling

X — X, K— 672)\7I€, up — e MUy ug — e Mugy

£ = & e —=eMe? v — Moy, vy — Mg, (61)



the axidilaton shift

K — Kk—Ag,

¢ — o,

u — —As V3uz + AsPvr + As*V3v2 + uy,

uy — us — V320, — 2 \g Vg,

v — V1, (62)
vy — Mg V3u1 +vg,

§ — &

X — v1?As® + V3ua v As” + v2% s + X,

and the shift of the inverted axidilaton

H(l*)\gﬁ)*)\g&iQ(ﬁ

" (1 —Xgk)2+ Ag?e—2¢’
e? — Me P +e?(gn—1)%
up — Ui, (63)
Uy — —Agup \/§+U2,
v1 — A V3us + v1 — Ao%uza V3 + Ag’ui,
Vg — —2Ug g + Vg + )\92u1 \/3,

§ — &

X — Aou1? — No®uz V3uy + Ao us? + X-

The remaining generators X9, X11, X12, X13, X14, form the Ehlers-Harrison sector. In terms of the tilded quantities
(53) the corresponding finite transformations are found straightforwardly. They consist of two magnetic Harrison
transformations (X33, Xi9):

ﬂ/l - ﬂ/l +5‘137 (QB» 57 )27 617 627 a27 R inV&riant)?
iy — fig + Aio; (@, &, X, ©1, D2, @y, R invariant), (64)
two electric Harrison transformations (X711, Xi2):

U1 — U1 + A1, )2—>)2—U1>\11; (¢, f, Vg, U1, Uz, K invariant),

By — D2 4 A12, X — X — ughi2; (¢, &, D1, iy, fg, R invariant), (65)

and an Ehlers transformation (X14):
X — X+ A (¢, €, 1, By, @y, 1, & invariant). (66)

The above classification of the target space isometry transformations is standard in dealing with four-dimensional
theories, where they have a particularly simple sense when applied to stationary axisymmetric asymptotically flat
configurations: Harrison transformations are interpreted as charging transformations, while the Ehlers transformation
is interpreted as generating a NUT parameter. In the five-dimensional setting this is not so. Since one of the two
four-dimensional vector fields is Kaluza-Klein, the associated Harrison transformations are no longer charging, one
of them (X;1) being a five-dimensional gauge transformation. On the other hand, the Ehlers transformation now
generates a five-dimensional rotation [53] (note that generation of rotation by sigma-model dualities is not possible
at all in four-dimensional theories).

To construct a new solution one has first to identify the target space coordinates in terms of the seed solution, then
to apply the above transformations to find new target space variables, and finally to perform inverse dualization to
get the metric and the vector potential. However, to apply the most interesting Harrison-Ehlers transformations we
need to know an explicit transformation from the initial to the tilded potentials. To find it in a concise form is still
an open problem.

An alternative way consists in constructing a matrix representation of the target space. First we have to reveal
the nature of the isotropy group H € GG = G3(2). This can be done as follows. One looks for a representative of the



coset N(®) € G/H which transforms by the global left multiplication by g € G and the local right multiplication by
h(®) € H:

N — gNh(®). (67)

Infinitesimally this reads
XuN(®) =2y N(®) + i (P)N(®) Yo, (68)
where X, M =1,...,14 are Killing vectors acting as differential operators, x5, are the corresponding matrices of the
go(2) algebra, yo, a =1,...,6 are generators of the isotropy subalgebra H and ¢f;(®) are “compensating” functions.

Consider the 7 x 7 matrix representation of gy(p) as Z-matrix (6.2) in [54] with omitted “4” to get the non-compact
real form of the go algebra. It is easy to find matrices z,; corresponding to the differential operators X;,;. Solving
the Eqgs.(68) for the Borel subalgebra M = 1,...,8 with the assumption that for these values of M the functions
q%;(®) = 0, one obtains the matrix N(®). Then applying (68) for M =9,...,14 we find ¢3;(®) together with the
corresponding y,. This calculation, requiring the explicit form of the “complicated” generators X,;, was performed
using MAPLE. The resulting isotropy subalgebra H turns out to be spanned by

Y = Xg — Xy, Yo = X1y — Xy, Y3 =3X5+ X2,
1

3@:3X3+X10,3%:X2+\/§

X3, Yo = 3X1 — X4, (69)

which form sl(2, R) x sl(2, R).
Using the matrix N(®) one can then pass to the gauge-independent matrix

M = NNt
where 7 is some constant matrix invariant under H transformations
hnh™' =n, heH,
such that the target space metric reads
di* = éTr (dMM~'dMM ™). (70)
The matrix M by construction will be invariant under the local action of H. Before giving its explicit form we would

like to go over to a more concise notation using the 2-dimensional covariance of our construction with respect to the
reduced dimensions t, z.

IV. 2D-COVARIANT REPRESENTATION

The covariant parametrisation for dimensional reduction of five-dimensional minimal supergravity with two com-
muting isometries is [7, 20]

ds? = Aap(dz® + aldx’)(dzb + a?dxj) + 77 hyydatdad (71)
A = V3ipodz® + A;dx’ (72)
(a,b=0,1, 2" = t,2" = z;4,5 = 1,2,3), where 7 = —det \. This is related to our previous parametrisation arising
from the two-step reduction (2), (14) by
_a®tE€ —2¢,,2 ,—2¢
_ evTs +em vy em 0 _ 1_ _ [ v2/V3+kuy
A= ( 20y, 1 026 ) , e, =—w;, a; =Ci+vw;, Y= ( . . (73)

Dualization of F;; = 0;A; — 0;A; gives the scalar p via

__FU = aa]azwa _ aazajwa 4

7 €5 (Ot + €Oty - (74)

1
mvh



This is related to previous quantities by p = (ug — kv2)/v/3. Dualization of Gi—’j = 8ia — 0;jab gives the two-vector

w®:

TApGP = %Eijk [Okwa — Y (30kp + “YOrt)e)] (75)

which is expressed as

wZ(xﬁvg(nvlJerg/\[)/\[) (76)
up — K209 /V/3
In this notation the target space metric (40) reads:
1
di? = i (ATdANTNdN) + 47*2d7 + dwT)\ Ydy — *1VTA ly — 77 Y (dp+ e“bwadwa , (77)

(with €°* = 1), where the vector-valued one-form V,, is
Va = dwa = b (3dp + ") (78)

The three coordinates p and w, are cyclic.

The first eight (“simple”) Killing vectors X, ..., Xg together with X;; can be regrouped covariantly as follows.
The mixed tensor
0 0 0 0 0
we + wy— + 6bw, + a + 6% p— 79
Ehw Vegg T o (79)

M, =2\
By | 2 Owe
generates linear transformations in the (¢, z) plane obeying the gl(2,R) subalgebra,

{Mab, Mcd} = M, — §9ML. (80)
Three mutually commuting operators are associated with the three cyclic “magnetic” coordinates:
0 9]
N® = =—. 81
o’ ¢ o (81)
Their commutation relations are
(ML N = (05N 82N (s2)
[m.t,Q] = -aka. (83)
[N, N =0, (84)
[Q7 N = 0. (85)
A doublet operator associated with gauge transformations of the 1, reads:
0 0 0 0
R = 3 Doy | == + e || - 86
[au)a TG, T (au + 8wc)] (86)
The corresponding commutation relations are
MR = —aeR, (87)
[N, R'] =0, (88)
[Q, R = 3N*, (89)
[R*,R’] = 2¢"Q. (90)

The correspondence with the previous operators is as follows:

1 1
—Q, X,=M" X;=-—R"
\/gQ 4 1 5 \/g

Xo = M" — MY, X7 =2M° — My', Xg=—R', X131 =M. (91)

XIZ_N()) X2:N17 X3:



Two more vectors L, : X14 = 3Lo, X13 = —V/3L1 complete the subalgebra si(3, R) € 92(2):

|:Maba Lc] = (6?La + 5ZLC) ) (92)
[N®, L] = Mp*, (93)
[La,Lp] = 0. (94)
Their commutation with @ gives another doublet:
[Q Lol = Pa, X12=V3PR, Xo=-P. (95)
Finally the algebra gy(2) is closed with the singlet operator 7', such that
[R*, Ly) = T, (96)
which is identified as X19 = —v/3T. The remaining commutation relations are
(Ml P] = ot
[Mab,T} — 6T,
[Naupb] = 51(:@7
[N®,T] = R*,
[Qa Pa] = 72€abRb )
Q. T] = M.*, (97)
[R*, Py)] = —3M% + 6 M.,
[R*,T] = 2¢"°P,,
[Laa Pb] = 01
[Lo,T] = 0,
[Paa Pb] = 2€abT7
[P,,T] = 3L,.

The most convenient way to find a matrix representative of the coset consists in exponentiating the Borel subgroup.
In our case this amounts to using the one-parametric subgroups corresponding to generators Xi,..., Xg, or, in the
two-covariant notation, N%, @, R® and three independent components of M,°. The latter, together with the N,
generate representatives of the vacuum coset SL(3, R)/SL(2, R) [20] which is a submanifold of the full target space.
These representatives are of the form

Ml = VE;MOva Vw = ewanav (98)
where My is the 7 x 7 matrix
A0 0 0 0
00—t 0 00
Myo=]10 0 X' 0 0], (99)
0 0 0 —70
0 O 0 0 1

and A and A1 are 2 x 2 blocks. Then the full Ga2)/(SL(2, R) x SL(2, R)) coset matrix can be constructed as
M =VTMyY, V=V,V, V., (100)
where
Vy=el, Yy = el (101)

with wq, p1, 1, the target space coordinates and n®, ¢, r* the 7 x 7 matrices of the g2y algebra given in Appendix
A. The computation gives the coset matrix in the symmetrical block form

A B VoU
M=| BT c V2V |, (102)
VouT ovT 8



with
[(1 — A+ 2+ )T — oot

A= FpeTA L — AT T
o7 1
T _ 1 1T (=49 = 2+ z)p+TA10)
B = (¢¢ /JJ))\ T W’L/J J +(Z—MJ)\_1)(:)} ’
T’leJ —z
(1+2)A7t = Aty T A1 ALO — J(z — pJ A" (103)
C=| -ry-1, 1 —1 [OTATD — 2T AT 1D ;
CIAT AT pAT ) —T(1+2 -2y —ay + 2?)]
U— 1+x—pJAN" DY —pr—to
- MT—l )
v ATt pr )Y
YINTIO —p(l+2—2) )7
S=1+2(z—-y),
where
(.:.):(.LJ*,U,?[J, 17:1/’T/\711/17 y:Til:u‘za Z:y7T71¢TJw7 (104)
and J is the 2 x 2 matrix
0 1
(%),
The matrix M solves the equation
M=rdM = J = 160MN Jarin, (105)
where
Ju = GapJiydd? (106)
are the one-forms dual to the Killing vectors Jy; = Jﬁ@/@fb“‘. In the present case,
_ 1 _ _ _
J = (M,;‘ = 35;;TrM) ma + Nl 4 Lot,”
1/ = _ _ _
+§ (R“r“T + Pt + Qqt + TtT> . (107)
The action of Gy(o) on the coset matrix is
M@ =cTM(@*)C, Ced, (108)

where C is the exponential of some Lie algebra generator. The strategy to generate a new solution consists in the
following steps. First, one must identify the target space coordinates corresponding to the seed solution and form
the matrix M (®4) as function of these variables (in the 2-covariant form ®4 = (A4, Wa,Ya, ). This involves solving
the duality equations (74), (75) for the magnetic-type potentials. Then one chooses a transformation C of the desired
type and computes the transformed matrix M’(®4) in terms of the same target space variables. The new target space
variables ®4 = (X, w! 9!, 1) can then be found by solving the set of equations

M(®'4) = M'(4). (109)

Finally, the metric functions and the vector potential of the new solution must be calculated. This step also involves
solving differential equations to dualize back the potentials.

We have tested our formalism by generating the charged rotating black hole solution of five-dimensional super-
gravity from the Myers-Perry black hole. This is achieved by applying a combination of an electric Harrison (Xi2)
transformation accompanied by the corresponding gauge transformation in order to preserve asymptotic flatness of the
solution. The resulting solution can be transformed to the previously known one by some coordinate transformation.
This is given in the Appendix B.



V. CHARGED BLACK RING WITH TWO PARAMETERS OF ROTATION

As an example of application of our formalism we derive here the electrically charged version of the rotating black
ring with two parameters of rotation constructed by Pomeransky and Senkov using the inverse scattering technique
[47]

82:_H(y,x) 2_F($7y) 2 _ J(xay)
d Hx.y) (dt + ) Hy,z) do 2H(y,x) dodiyp
F(y,z) , o 2k*H (z,y) dx? B dy?
e e 60~ G (HO)

where the variables (¢, z, y, ¢,1) vary in the range —oo < t < +00,—1 < <1,—co <y < —1,0 < (¢p,¢) < 27, k, v, A
are parameters, and the rotation one-form is two-component €2 = Q,dy) + Q4dep. Explicitly,

2kM/ (1 4+v)2 — X2 1
t=— W (1_$2)yﬁd¢+%[1+/\—V+x2yv(1—/\—u)+21/a:(1—y)}d¢, (111)

and the functions G, H, J, F' are (we use here the original notation of [47], not to be confused with our fields A, z, y):
G(z) = (1—- 1102)(1 + Az + 1/:102),
H($,y) =1+ )\2 - V2 + 2)\1/(1 — xz)y + Zx)\(l — y2y2) + x2y2V(1 _ )\2 o VQ),
2k%(1 — 22)(1 — yH)\v

J(z,y) = @9 =) 1+ A =12 +2(z+y)v —zyv(l — N —v?)], (112)

(m_yfjw{G(x)(l - y“')([(l —v)2 = N1+ v) +y 1 =2+ 20 — 31/2)) +G(y) [2>\2

b= )2 A2+ 221 = )2 = AL+ 0) +2BA1 = A2 — 302+ 208) — 2t (1 — ) (—1+ N2 + VQ)} }

F(l’,y) =

Regularity of the black ring implies the inequalities 0 < v < 1, 24/ < A < 1 + v. The mass and angular momenta
can be read out from the asymptotic expansion of the metric:

M= 3k2mA 7 ARPTA v/ (1 4+ )2 — N2 7. = 237N+ A —6v + A +12) /(1 +v)2 — A2
TGNl A+v) YT TGN —vR(I—A+v) 7T Gy —v)2(1—A+0)? ’

(113)
where G is the Newton constant. This solution is free of conical and Dirac string singularities.

We would like to endow this solution with an electric charge. This may be done by applying our formalism with
the reduction along (¢,%), (t,¢), or t and a linear combination of ¢ and ¢. We will here consider both choices (¢, )
and (¢, ¢), and show that they lead to the same result. The target space potentials corresponding to dimensional
reduction with respect to (¢,v) are

= TRy T THen ™ M T Hye)  Hay) P T Hy) (114)
J(z,y)
ad = Qp—alQy, al = — =22 115
A Oy )
and the reduced three-dimensional metric is
_ 2k? { ( dx? dy? ) 2k%2G(7)G(y)
hidx*dr) = ———— | F(y,x - - do?| . 116
) G- "\ ew ") T w2 .

The “hatted” potentials j\ab, 7, ay, and three-dimensional metric fzij corresponding to dimensional reduction with
respect to (t,¢) are obtained from (114) by making the exchange F'(z,y) < —F(y,z) and Q4 < .

To generate the electric potential 7o = v/31) one must perform the Harrison transformation generated by Py =
X12//3. Tt turns out, however, that this transformation alone does not preserve asymptotic flatness of the solution.
To fix this, one must add the corresponding gauge transformation R = v/3X5, so that the resulting charging



transformation C = Py + R® = (X152 + 3X5)/v/3 belongs to the SL(2, R) x SL(2, R) isotropy subgroup (see Eq. (69)).
The corresponding one-parameter subgroup is given by the exponential

2 00 52 0 0 +2sc
0 ¢ O 0 0 s 0
0 0 ¢ 0 —-s0 0
C=etrol=| &2 0 0 &2 00 2sc |=C", (117)
0 0 —-s O c 0 0
0 s O 0 0 c 0
V2s¢ 0 0 V2s¢ 0 0 2+ s2

where « is a parameter, and ¢ = cosh «, s = sinh . Applying this transformation to the seed matrix M built from
the potentials (114) leads to the transformed matrix

M =cTmc, (118)

and extracting the transformed potentials we obtain

' = D't
00 = D70,
M1 = D72 Xo1 + 5 Agowo] ,
wy = D2[A(AE+ 2+ 252)\00)w0 —53(2¢% + (¢® + %) Xo0) Mot s
Wi = w1+ D723 [N, + 5(2¢2 — Aoo) Aorwo — 2w, (119)
0 = D7'sc(14 Moo,
1 = D7 tsc(chor — swo) s

¢ = D7 'sclewy — shot),
where
D=7 + 82>\00 =1+ 32(1 + )\00) (120)

is common to the two reductions.
The seed potentials w, or @, are obtained by dualizing the af or aj, via Eq. (75). Inspection of the relations (119)
shows that it is not necessary to compute wq, while the computation of wg yields simply

wO(x7y) = —Q¢(y,$), C:)O(x7y) = Qw(:%x) . (121)

To write down the charged solution, there remains to dualize back the wy, and x’ to the aif and Aj. It is easy to

show (without explicit dualization) from the above relations, that a;} = ad), while the transformed grav1magnetlc and

magnetic fields are given by

Gi¢ — 3G 4 3| _ Gl & A\O/OE €9 9. Q| (122)

V/3se

F'9 = a9, + a'' 0%y — 4 (cOjwo + sA300Qy) (123)
DTf
leading to
ag(z,y) = Cay(z,y) +s°ay(y,z),
w(r,y) = —cH(y,z)Qy(x,y) — sH(x,y)Q(y, z), (124)

)
)
for dimensional reduction relative to (¢,), and

ay(r,y) = tay(ey) — s*agly, ),

Ay(a,y) = —cH(y,2)Qy(2,y) + sH(x,y)Q(y, 7), (125)



for dimensional reduction relative to (¢,¢). Both dimensional reductions lead to the same final charged black ring
metric

F(z,y) J(z,y)

2 - H(va) ’
ds? = —D 2H(m?y) (dt + Q)2 +D{ H(%w)d(b? - 2H<y’x)d¢dw
Fly,) o, 2kH(z,y) (da®  dy?
e e (G ~ o)) (126)
Q= (PQp(x,y) — *Qy(y, ) d + (*Qp(x, y) + *Qy(y, 2))do (127)
Al = D};?;Cy) [2/\(1 —v)(x —y)(1 —vay)dt +
n (chc, D)0 (5, 7) — cH(y, 2) 2z, y>>d¢
- (sH<x, D)2 (5,2 + cH(y,xm(m,y))m} (128)
with
Doy -y -vry) (129)

H(z,y)

This is to be compared with the charged black ring given in [55], Sect. 4. A difference is that the authors of [55]
start with a seed having an extra parameter (dipole charge), which can be fine tuned so that Dirac-Misner strings are
absent. Such string singularities arise if the orbits of 9, % do not close off at z = 1. In the present case it is clear
that both €2, (1,y) and A (1,y) are proportional to {24(y, 1), which does not vanish, so that string singularities are
unavoidable. Specifically,

4k

NET ek (130)

Q;ﬂ(la y) = 753

To eliminate this singularity one can apply a further transformation depending on an extra parameter which can be
adjusted to get rid of the Dirac string [56].

VI. CONCLUSION

In this paper we have presented a new solution-generating technique for D = 5 minimal supergravity based on the
hidden symmetry G5. This opens the possibility of finding new families of solutions possessing two commuting Killing
symmetries. In this case the bosonic equations of motion reduce to those of a three-dimensional gravity coupled
sigma-model on a symmetric space. Here we have elaborated in detail the case of one time-like and one space-like
Killing vectors, leading to the Ga(2)/(SL(2, R) x SL(2, R)) target space. The case of two space-like symmetries can
be dealt with along the same lines, the target space being instead Gg(2)/SO(4) . In four-dimensional theories these
two cases are usually interpreted as corresponding to stationary axisymmetric and plane-wave space-times. In five
dimensions one has more freedom to choose a pair of two commuting symmetries, so one can use this approach in
wider classes of space-times. Moreover, for a similar reason the generating symmetries can be more efficient. For
instance, in the four-dimensional case one cannot generate the Kerr metric from the Schwarzschild metric using only
sigma-model symmetries. To achieve this, one must proceed to higher level transformations [57] belonging to the
Geroch group associated with the infinite extension of the sigma-model symmetries for configurations depending only
on two variables. In five dimensions, rotating black holes can be generated from static black holes by using only the
sigma-model symmetries [53].

An interesting application can be expected for black rings in D = 5 minimal supergravity. The most general (pure
black ring) solutions obtained so far are three-parametric: the charged black ring with one rotation parameter [55]

2 The 1 and ¢ of [55] should be exchanged to conform to the notations of [47].



and the doubly rotating uncharged black ring [47]. It was conjectured that the generic solution of this kind should
contain five independent parameters: a mass, an electric charge, a dipole charge, and two angular momenta. To
obtain such a solution free of conical and Dirac singularities (if it exists) one should incorporate primarily seven
free parameters, with two extra parameters to be fixed by imposing the regularity conditions. One can show that
out of the fourteen G52y transformations six preserve the asymptotic behaviour of the black ring. From these six
three are gauge, while the other three generate a charge, a dipole moment and an angular momentum. So from the
three-parameter unbalanced neutral black ring as given in [2] it is possible in principle to generate a six-parameter
solution, which should lead to a four-parameter non-singular black ring [56]. Here we have given only a four-parameter
solution (doubly rotating charged black ring) which is plagued by the Dirac string singularity.

An even farther reaching perspective consists in further reducing our sigma model to two dimensions and construct-
ing a Belinski-Zakharov type integrable model or deriving Baklund transformations. Formally this can be done in the
same way as was recently used [38-49] in the purely vacuum sector, but the rank of matrices involved is increased
from three to seven (though in the block form) which makes the problem technically more difficult.
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Appendix A: Matrix representation

Starting with the real form of go in the split octonion basis as given in [54], it is straightforward to find the desired
representation for the generators used in the main text. Their generic block decomposition is

SV Vw
J= -  -ST yvav |, (A1)
VovT Ut o

where S is a 3 X 3 matrix, U and V are 3-component column matrices, and U, V are the 3 x 3 dual matrices
UJ = €;j5Uk. The matrices mab, n® and ¢, generating SL(3,R) are of type S, the correspondmg 3 x 3 blocks being

10 0 010 000 00 O
Smeo=(00 0 |, Spi2=10001], S 1001, Spp=(01 0 |,
00 -1 000 000 00 -1
0 00 0 0O 001 000
S0 = 000 ), Sa=100 0], S=[0001], S,=(001 (A2)
-100 0-10 000 000
The matrices p, and ¢ are of type U, the corresponding 1 x 3 blocks being
1 0 0
Upw=101],U,=1], U= 0 (A3)
0 0 -1
The matrices r® and ¢ are of type V, the corresponding 1 x 3 blocks being
1 0 0
Veo=10], Va=[1], Vi=10]. (A4)
0 0 1

Note that the transposed matrices j} are related to the original matrices j4 by

jh = -KjsK, (A5)



where the involution K has the block structure
0
0

K= (A6)

o= O
o O =

-1
The real matrix representing the coset Go)/(SL(2, R) x SL(2, R)) may be chosen to have the symmetrical block
structure

A B Va2U
M=| BT c V2V |, (A7)
VouT eovTt s

where A and C are symmetrical 3 X 3 matrices, B is a 3 X 3 matrix, U and V are 3-component column matrices, and
S is a scalar such that the inverse matrix reads

C BT 2V
M =KMK = B A —2U |. (A8)
—2vT —2uT S

Appendix B: Black holes

Here we illustrate the application of our technique to generate the charged rotating non-BPS black holes of five-
dimensional supergravity, starting with the five-dimensional vacuum Kerr metric [9]:

2 2
ds? = —dt? + I—Adﬁ + 202 + (2 + a%) sin® 0d? + (x + b?) cos® Odi® + ~0 (dt + asin® 6dg + beos® 0dep)”,  (B1)
P

where
p* =z +a%cos® 0 + b? sin? 6, A= (24 a®)(x + %) — ria. (B2)

Choosing z = 9 as the reduced direction, we find the following identification with our variables:

2 2 2 2
Ao = —1+ %7 Aol = r—gbCOSQ 0, Mi1=(z+ b2) cos? 0 + T—ng costl, 1= (:U +v?— 7"3 + T—gag cos? 9) cos? 0,
P p p p
aO __—lﬁ b2 -29 29 1 _ —1ﬁb~29 29 B
¢ = —T  —5(z+b")asin®0cos” 0, ag =T " —absin® 0 cos” 0, (B3)

and the invariant three-metric

A 2 A 1
hijdx*da’ =T <4pAdx2 + p2df? + = sin? 0 cos® 9d¢2> , Vh= 57’;)2 sin # cos 6. (B4)
T

The dualization of the vector fields gives
2

i 2 o 4
wo = ——acos” 0, wi = ——abcos™ 6. (B5)
p p

The action of our charge-generating transformation with parameter « (¢ = cosh «v, s = sinh &) on this neutral seed
leads to the transformed potentials according to (119). Performing the inverse dualization, we obtain the charged
black hole solution

2 2 2 2.2
as? = =D (1= 0) (@t + )+ D |22 4 2402 + (@ + a2 + 2% sin?0 ) sin? 0ag?
2 A p? =13
+2 rgab sin? 6 cos? Odpdy + (m +b% + il cos® 9) cos” Hdz/)ﬂ (B6)
2 _ 2 2 — 2 ’
p?—rg pT =Ty
3 3p c3b s3a
O — 2| (%57 2 — 4+ 2 B
o K;ﬂ — 72 o) bao+ p? — 1} ) b o7

2
A = \/§scD_1;—g [dt + (ca + sb) sin? @d¢ + (cb + sa) cos? Odip] (B8)



with
27"(2)

The same solution is obtained if reduction is carried out with respect to the angular variable ¢ instead of 1. Note
that it is regular on the polar axis sinf = 0.

This solution should be compared with the solution for the charged rotating black hole first given in [58] and
rederived, in a different parametrization, in [10]. The comparison with [58] is straightforward. The solution presented
in [10] is, for g = 0,

24 r =2..2 _
ds? = —dt* — ﬁ—gf/(dt - @)+ %(dt — @)%+ %dﬁ + 2d0* + (r* + a?) sin? 0dp? + (12 + b?) cos? Odrp?, (B10)
. V3g i
where
v = bsin?0d¢ + acos? Odi, @ = asin® 0d¢ + bcos® 0dyp, f=2mp* — ¢, (B12)
A = (2 +a) 0 +0%) + ¢ + 2abg — 2mr?,  p* =12 4 a?cos? 0 + b*sin? 0. (B13)

The metrics ds’? and d3? are related by the following coordinate and parameter transformation:

r? =2+ s%(r3 — a® — b*) — 2absc, 2m = (1 +2s%)rg, q=—scrg, a = —ca— sb, b= —cb—sa, (Bl4)
implying

p°> = Dp? = p* + s°rZ, A=A (B15)

Comparing then the electromagnetic potentials, we find A = —A’, so the two solutions are identical under charge

conjugation (or a simultaneous sign change of ¢, ¢ and ).
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