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Abstract

Recently the unsteady response of 1-D premixed flames to acoustic
pressure waves for the range of frequencies below and above the inverse
of the flame transit time was investigated experimentally using OH
chemiluminescence [22]. They compared the frequency dependence of the
measured response to the prediction of an analytical model proposed by
Clavin et al. [2], derived from the standard flame model (one-step Ar-
rhenius kinetics). Discrepancies between the experimental results and the
model led to the conclusion that the standard model does not provide an
adequate description of the unsteady response of real flames and that it
is necessary to investigate more realistic chemical models. Here we follow
exactly this suggestion and perform numerical studies of the reponse of
lean methane flames using different reaction mechanisms. We find that
the global flame response obtained with both detailed chemistry (GRI3.0
[21]) and a reduced multi-step model by Peters [17] lies slightly above the
predictions of the analytical model, but is close to experimental results.
We additionally used an irreversible one-step reaction model which yields
good results at least for frequencies close to the inverse flame transit time.
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1 Introduction

Thermoacoustic instabilities in a combustion chamber can be seen as self-sustained
pressure fluctuations under an unsteady combustion process. The phenomenon
is still a subject of intensive research, because it negatively affects the struc-
ture of the chamber and the efficiency of the combustion process. Combustion
instability involves a complex dynamical interaction between unsteady heat re-
lease, acoustic fluctuations, and the flow. The latter influence on the instability
mechanism is e.g. investigated in [19], [24], and [20]. The modulation of the
inlet feeding rate via sound waves, producing changes in equivalence ratio of the
burning mixture was investigated among other in [11], [15], and [14]. Sound can
also affect the flame surface area as e.g. shown in [4] or [3]. Perhaps the most
intuitive, but yet not fully understood, interaction is the direct pressure ef-

fect, that is, the direct impact of acoustic pressure fluctuations on the chemical
reaction rates, see e.g. [23]. This latter effect can be isolated by restricting the
study to one dimensional, planar, premixed flames.

In the paper we numerically investigate the unsteady response of 1-D pre-
mixed planar lean methane flames to acoustic pressure waves for the range of
frequencies below and above the inverse of the flame transit time and compare
the results to recent experiments [22].

We use two totally different numerical codes and vary as well the complexity
of the methane reaction mechanism. The paper is organized as follows: In the
next section we summarize the relevant theoretical results for the direct pressure
effect which we use for comparison with our numerical data. In section 3 we
summarize our numerical model. Section 4 shows the results obtained with
the compressible and incompressible ansatz for different chemistry models and
compares them to the experiments and theory. Finally, we finish with some
concluding remarks.

2 Background

The direct effect of an oscillating pressure on a planar flame has been described
analytically by Clavin et al. [2] and McIntosh [12, 13], based on a formulation
of the standard flame model with one step chemistry governed by an Arrhenius
law.

Fig. 1 presents a sketch of the studied problem: an acoustic wave of am-
plitude p′ and wavelength λ propagating at the speed of sound c incides on a
planar premixed flame with width δf and flame speed sl. The characteristic
times associated to the wave and the flame are τ = 1/ω = λ/c and τf = δf/sl,
respectively, and the flame Mach number, Ma = sl/c is much smaller than one.

Clavin et al. study the effect of waves of small amplitude p′ and moderate
frequency, that is, with ω of the order of the inverse of the flame transit time.
This corresponds to ωτf = τf/τ = O(1), and thus to wavelengths much longer

than the flame thickness:
δf /sl

λ/c = O(1) ⇒ λ = δf/Ma >> δf , if we restrict

ourselves to flame speeds slow compared to the speed of sound. Thus in the
studied problem acoustic waves are seen by the flame as pulses of time–varying
pressure, uniform across the flame width, and no spatial pressure variation can
be seen by the flame.
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Figure 1: Sketch of the studied problem: an acoustic wave propagating towards
a planar premixed flame

Clavin et al. [2] predict fluctuations for the mass flux ṁ′,

ṁ′/ρsl

p′/ρc2
=

Ea

RTb
(γ − 1)

A(ω)

B(ω)
iωτf (1)

with

A(ω) = (q − (Tb − T0) /Tb) q

B(ω) = (q − 1) q2
−

β

2
(Le− 1) (1 − q + 2iωτf)

q(ω) = (1 + 4iωτf )
1

2 .

This mass flux is not a directly measurable quantity, given that for non
stationary flames it is not equivalent to the mass consumption rate, as is the
case in steady planar flames.

The model for ṁ′ can be used to derive a model for fluctuations in the heat
release rate Q̇′ [22, 2]:

Q̇′/Q̇

p′/ρc2
=

Ea

RTb
(γ − 1)

q − 1

2

A(ω)

B(ω)
, (2)

which represents a model for the transfer function of the flame.
In the above expressions the mass flux fluctuations are normalized by the

mass flux of the undisturbed planar flame ρsl, with sl the laminar flame speed
and the pressure fluctuations by ρc2, with c the speed of sound. Tb and T0 stand
respectively for burned and fresh gases temperature and Ea is the activation
energy. The response is seen to depend on the reduced frequency ωτf , the
reduced activation energy β = Ea

RTb

Tb−T0

Tb
, the isentropic exponent γ and the

fuel Lewis number Le.
Independent derivations by McIntosh [12, 13], covering a wider range of

frequencies give slightly different expressions for the above quantities. For fre-
quencies of the order of the inverse of the flame transit time ωτf = O(1) results
of the two models are very similar, as shown in [22]. The main differences ap-
pear for ωτf close to 1 for high Lewis numbers [22], and the models are formally
identical for Lewis numbers equal to unity.

Wangher et al. [22] presented the first attempt to validate experimentally
the analytical models presented above. They measured oscillations of the OH
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luminiscence signal obtained when exciting acoustically lean φ = 0.625 planar
flames with reduced frequencies ranging from 0.4 to 9. Their measurements
showed that the amplitude of fluctuations of OH chemiluminescence intensity is
rather constant when varying the frequency of the forcing, for the full frequency
domain, and that its level is well above that predicted by the model (see Fig. 5 in
the mentioned paper). Their conclusion was that either the OH concentration
was not a good measure of the flame response or else the analytical model,
derived from a one-step Arrhenius assumption was not adequate, and that a
multistep chemistry study would be needed.

We will see in our numerical study that both the fuel consumption rate
and the heat release rate fluctuations amplitudes in our simulations have a
magnitude and a frequency dependency slightly above the predictions of the
model in Eq. (2) while OH production rate fluctuations amplitude grows with
frequency, with a dependence similar to that predicted by the mass flux model
of Eq. (1).

3 Numerical model formulation

We use numerical experiments to investigate 1-D premixed flames interacting
with acoustic waves of characteristic times of similar order and with wavelength
much longer than the flame width, as presented in the sketch of Fig. 1. A planar
premixed steady methane flame with φ = 0.625 and at 300 K and 1 atm with a
flame speed sl of about 15 cm/s and a width δf = 1 mm is first established, on
a 1000 points grid corresponding to a 7 mm domain1. Acoustic waves are then
imposed with an amplitude p′ = 500 Pa and frequencies ω ranging from 50 Hz
to 3000 Hz, corresponding to reduced frequencies ωτf=.33 to 20.

Our study has two main goals. First, we want to compare results obtained
with a compressible and an incompressible solver using totally different numer-
ical techniques. Second, we want to validate the Clavin et al. [2] model against
our numerical experiments, in which we can use detailed and reduced chemistry,
as well as one-step chemistry models.

We use two different numerical models for the computations. The first one
is an incompressible zero-Mach-number solver, which uses implicit finite differ-
encing, and for which the pressure waves are represented by time fluctuations
of the background pressure p(t). The second is a compressible finite difference
solver normally used for direct numerical simulations (DNS) and in which the
full acoustics are resolved. To study the sensitivity of results to variations of
the complexity of chemistry modelling we try three different approaches. The
different numerical tools as well as the different chemistry models are briefly
presented in the following.

3.1 The incompressible solver

We solve the variable density zero-Mach-number equations in one spatial di-
mension on a fixed grid. The balance equations for species mass fractions and

1Some compressible calculations, corresponding to smaller frequencies, needed a longer
domain to capture the flame position fluctuation: 14 mm over 2000 points
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temperature are

ρ
∂Ys

∂t
+ ρu

∂Ys

∂x
= −

∂js

∂x
+ Ms ω̇s, (3)

ρcp
∂T

∂t
+ ρucp

∂T

∂x
=

dp

dt
−

∂q

∂x
−

∑

s

js
∂hs

∂x

−

∑

s

hs Ms ω̇s, (4)

with s = 1, . . . , ns and ns is the number of different species in the system. Here,
ρ is the density, Ys the mass fraction of species s, u the velocity, js the species
diffusive flux, Ms the molecular weight of species s, ω̇s the chemical source term
of species s, cp the heat capacity at constant pressure, p the pressure, q the heat
flux, and hs the enthalpy of species s including the heats of formation. For the
equation of state of a mixture of ideal gases we have

p = ρT
∑

s

YsRs, (5)

with Rs denoting the individual gas constant of species s.
In the zero-Mach-number limit the thermodynamic pressure p is spatially

constant. In this case a divergence constraint on the velocity can be derived
from the energy equation [9]:

∂u

∂x
= −

1

γ p

dp

dt
+ U , (6)

where γ is the ratio of specific heats and U is given by

U = −
1

ρcpT

{

∂q

∂x
+

∑

s

js
∂hs

∂x

}

−
1

ρ

∑

s

{

M

Ms

∂js

∂x

}

+
1

ρ

∑

s

{

M

Ms
−

hs

cpT

}

σ̇s.

Here M denotes the mean molecular weight of the mixture and σ̇s = Ms ω̇s.
Integrating (6) over the whole domain from x = x1 to x = x1 + L gives a
relation between the global pressure change and inflow and outflow velocities,
u1 and u2,

dp

dt
=

γ p

L

{

∫ x1+L

x=x1

U dx − (u2 − u1)

}

. (7)

Note, that the acoustic pressure is similar to the thermodynamic pressure
only a function of time when the wave length is much larger than the domain
considered. This enables us to explicitly prescribe the lhs of (7) via

dp

dt
= Aω cos(ω t), (8)

where A is the amplitude of the pressure perturbation and ω = 2πf with the
frequency f .

The velocity u in eq. (3), (4), and (6) represents the flow velocity induced by
dilatational effects due to compression, diffusion, and chemical reactions as given
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by (6). The inflow boundary condition u1 is continuously adapted so as to keep
the flame structure in the domain. Note that u1 can be chosen arbitrarily since
the problem is Galilean invariant. The outflow condition u2 then is uniquely
determined using Eq. (7).

The zero-Mach-number equations are solved numerically using standard
second-order finite-difference discretization. The time integration of the stiff
set of equations is performed using the most recent version of the DAE solver
IDA of the SUNDIALS package [7]. Thermodynamic and transport properties
as well as reaction rates are calculated using the C++ interface of the CAN-
TERA software package [6].

3.2 The compressible solver

The fully compressible Navier Stokes equations including chemical species equa-
tions are solved numerically using 6th order compact finite differences [10] for
spatial and 3rd order Runge-Kutta for time integration in a 1-D domain. The
time step is given by the minimum between the acoustic CFL condition and the
chemical time step of the fastest reaction, which can in principle vary along the
simulation. For this flame and resolution it is of the order of 10−8s. The most
delicate point in these simulations is the imposition of boundary conditions at
the inlet of the domain: we need to impose an acoustic wave entering the domain
and at the same time make the inlet non reflecting for possible waves travelling
from the interior of the domain towards the inlet. This problem was studied by
Kaufmann et al. [8], and they showed that such a condition can not be fulfilled
if velocities are imposed at the inlet. Instead, they propose a method, called the
inlet wave modulation method (IWM [8]), based on NSCBC [18, 1], in which the
amplitude of characteristic waves travelling towards the interior of the domain
is imposed. Non reflecting conditions are also imposed at the outlet.

The solver was designed for DNS of reacting turbulent flows and contains
thermodynamic and transport libraries as well as routines for the calculation of
reaction rates based on the elemental mechanisms [1]. Diffusion velocities are
calculated using a mixture-based formulation with variable Lewis numbers for
all species.

3.3 The different chemistry models

In this study we use three different chemistry models:

• The well established GRI3.0 mechanism [21], designed to model natural
gas combustion provides a very detailed and extensively validated model,
containing 53 species and 325 reactions.

• A slightly less complex model using a reduced methane mechanism pro-
posed by Peters [17] and having 16 species including OH. The established
mechanism has recently been successfully used for modeling thermoacous-
tic instabilities and HCCI type combustion [14, 16].

• The simplest model is a classical global one-step irreversible reaction,
CH4 + 2O2−>2H2O + CO2, with a rate given by an Arrhenius expres-
sion. Here we used the Arrhenius parameters proposed in [5] for a lean
methane flame.
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Figure 2: Heat release rate, CH4 consumption rate and pressure in the com-
putational domain over one cycle for a wave with amplitude p′ = 500 Pa and
frequency ω = 500 Hz (ωτ = 3.3).

4 Results

4.1 Compressible vs. incompressible results

The first goal was to validate the incompressible versus the compressible ap-
proaches. Both codes start from a converged stationary laminar lean (φ = 0.625)
methane flame structure. This flame is perturbed by one acoustic mode with
an amplitude of 500 Pa and different frequencies: 50, 155, 500, 1000, 1500
and 3000 Hz. While the detailed acoustic wave propagation is solved in the
compressible approach, in the incompressible simulations it is represented by a
spatially constant pressure varying in time with frequency dependent rate (see
Eq. 7). This incompressible approach should be valid in the present conditions
since the wavelength is very long compared to the flame width and Ma ≪ 1.

Fig. 2 presents the evolution of heat release and CH4 consumption rate over
one cycle in the compressible simulation, together with the pressure field in the
domain at the same times. In the compressible formulation the acoustic waves
are travelling towards the flame and across it, which means that a fraction of the
fluctuations are reflected at the flame. Nevertheless, for the long wave lengths
of the present study this effect is very small, and it can be seen that pressure is
almost spatially constant in the computational domain.

The values of the integral over the computational domain of the heat release
rate and the CH4 consumption rate are extracted along the simulations and
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presented as a function of time in Fig. 3 and 4, together with the oscillations
of the forcing pressure. The represented pressure variations correspond to the
constant-in-space pressure for the incompressible simulations, and to the pres-
sure at the domain inlet (approximately constant in space) for the compressible
code results.

It becomes obvious from these figures that the obtained time series for the
normalized heat release and fuel consumption rate are nearly identical for the
two different numerical approaches. Furthermore, results from the runs us-
ing Peters and GRI3.0 mechanisms are very similar, at least for these global
quantities. Small phase and amplitude shifts between heat release and fuel con-
sumption rate are observable, showing the multi-step dependence of heat release
rate.

4.2 Flame response results and analytical model valida-

tion

The second part of the numerical analysis investigates the frequency dependence
of heat release, fuel consumption rate and OH production rate fluctuations. The
amplitude of the fluctuations of the heat release rate and the fuel consumption
rate obtained in the simulations are plotted in Fig. 5 as a function of the reduced
frequency ωτf of the forcing acoustic wave. The amplitude of both heat release
and methane consumption rate fluctuations are normalized in these plots with
the amplitude of pressure fluctuations measured with ρc2 as in the expression
of Eq. (2). Also included in the plot is the model for Q̇′ as given by Eq. (2). To
produce the curves corresponding to the model we used typical values of β = 9
and 10, Le = 1, and Tb = 1710 K, characteristic of our flames.

We observe that the normalized amplitude of oscillations for both the heat
release rate and the mass consumption rate of our simulated flames are similar
for incompressible and compressible simulations and for the GRI3.0 and the
Peters’ chemical schemes. Moreover, they both present a frequency dependence
similar to what the model predicts for Q̇′, but at a slightly higher amplitude
level. Nevertheless, the comparison to the experimental results shown in Fig. 5
from Wangher et al. [22] is quite good.

If we look at the phase results shown in Fig. 6 we see the same tendency,
namely that our numerical results agree better with the experimental results
(Fig. 7 from Wangher et al. [22]) than with the model predictions. The experi-
ments and the numerical results clearly show a frequency dependent sign change
in the phase response, whereas in the model the phase change is always positive.
Further the phase shift decay with frequency is slightly more pronounced by the
compressible as by the incompressible calculations.

4.3 One step chemistry model

We performed further calculations of the response of a planar premixed flame to
acoustic waves of amplitude p′ = 500 Pa and frequencies ranging from ω = 50
to 3000 Hz using a one step global chemical model with a reaction rate given
by the Arrhenius expression:

ẇ = K[CH4][O2]e
−

Ea
RT (9)
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Figure 3: Time series of the normalized heat release, fuel consumption, and
pressure during the acoustic perturbation of a laminar methane flame (φ =
0.625) with 500 Pa. Results correspond to a perturbation of 500 Pa and 155
Hz, 500 Hz and 1500 Hz, computed with an incompressible and a compressible
approach, using the GRI3.0 mechanism.
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Figure 4: Time series of the normalized heat release, fuel consumption, and
pressure during the acoustic perturbation of a laminar methane flame (φ =
0.625) with 500 Pa. Results correspond to a perturbation of 500 Pa and 155
Hz, 500 Hz and 1500 Hz, computed with an incompressible and a compressible
approach, using the Peters mechanism.
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and reaction constants K = 6.91014 and Ea = 31594.0 (units: cm, kcal, mole,
K), corresponding to the values proposed in [5] for a lean methane flame with
φ = 0.625.

Fig. 7 presents the amplitudes of oscillations of the heat release rate and
methane consumption rate in the flame for acoustic waves of varying frequencies,
as a function of the reduced frequency. Also included are the predictions of the
model by Clavin et al. [2] for Le = 1.

The one step Arrhenius model appears to behave closely to detailed chem-
istry mechanism for the lower frequencies, with the amplitude of heat release
rate and methane consumption rate increasing with frequency. However, for
reduced frequencies from about 8 to 20, the detailed chemistry simulations pre-
dict an almost constant amplitude for the response, while the one step model
results in a continuous increase in the amplitude. Regarding the phase response
in Fig. 8, as the analytic model, the one step model always shows a positive
shift, which is not the case for the more detailed mechanisms (see Fig. 6) from
the last section and the experimental results.

5 Conclusions

We have presented numerical simulations of the response of a lean methane
flame to acoustic waves of frequencies of the order of the flame transit time.
As a first objective we have been able to demonstrate the equivalence of an
incompressible approach and the compressible approach for this case of a low
Mach number flame and long wave length of acoustic perturbations.

The results show the influence of the adopted chemical mechanism on the
flame response. For the two multi-step mechanisms the frequency dependence
of the heat release fluctuations Q̇′ reproduces the tendencies of the models in
Clavin et al. [2] and McIntosh works [12, 13] over a wide range of frequencies
even if the amplitude is slightly higher. The higher amplitude is also seen in
the experiments reported by Wangher et al. [22].

One step mechanisms based on an Arrhenius type rate give similar responses
up to reduced frequencies of order 1, and present a tendency to increasing re-
sponse for higher frequencies. Most probably a different dependency on the
concentrations of the reactants and thus on density will be needed to change
this high frequency behavior.

The one step results as well as the the analytic model does not predict a
sign change in the frequency dependance of the phase response, while the ex-
perimental and numerical results using the more complex chemical mechanisms
clearly do.
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