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1 Introduction

In classical optimization it is assumed that full information about the problem to be solved is given. This, in
particular, includes that all data are at hand. The real world may not be so “nice” to optimizers. Some problem
constraints may not be known, the data may be corrupted, or some data may not be available at the moments
when decisions have to be made. The last issue is the subject of online optimization which will be addressed
here. We explain some theory that has been developed to cope with such situations and provide examples from
practice where unavailable information is not the result of bad data handling but an inevitable phenomenon.

We begin with some informal definitions concerning online optimization, refraining from giving formal
definitions to avoid “technical overkill”. Consider the following situation: we have to make immediate decisions,
we have some data of the past on hand but information about future activities is unavailable, and we would
like to make “good” decisions. In the classical optimization world we would study the problem to be considered,
invent a mathematical model supposed to catch the key aspects of the problem, collect all data needed and use
mathematical theory and algorithms to solve the problem. We call this approach in this paper offline from now
on since the data collection phase is totally separated from the solution phase. In online optimization these
phases are intertwined and there are many situations where this is not due to data acquisition difficulties but
due to the nature of the problem itself.

A little more formal, in an online problem, data arrive in a sequence (that we will call request sequence),
and each time when a new request arrives, a decision has to be made. If there are costs or some other objectives
involved, we face an online optimization problem since we would like to make decisions in such a way that “at
the end of the day” (when the last request has arrived and has been processed) the total cost is as small as
possible.

There are lots of variants of this “basic online framework”, and in each case one has to exactly state what
the side constraints are, what online precisely means, how costs are calculated, etc. We outline a few of the
possibilities that come up in practice.

For those familiar with optimal control the issues indicated here probably sound very familiar, and of course,
online optimization is not a topic invented in combinatorial optimization or computer science. Online problems
occur, for instance, when steel is cast continuously, chemical reactors are to be controlled, or a space shuttle
reenters the atmosphere. There are some differences between these control problems and the combinatorial
online problems we describe here. In the continuous control case, one usually has a mathematical model of the
process. This is typically given in the form of a ordinary and/or partial differential equations. These describe
the behavior of the real system under parameter changes over time. One precomputes a solution (often called
optimal control) and the online algorithm has the task to adapt the running system in such a way that it
follows the optimal trajectory. For instance, when a space craft reenters the atmosphere it is clear where it has
to land. It should follow a predetermined trajectory to the landing place. The measuring instruments determine
the deviations from this trajectory, and the algorithms steering the space craft make sure that the craft follows
the trajectory using the available control mechanisms on board.

In contrast, the combinatorial online optimization problems we consider have no “trajectory” that one could
precompute. Decisions are discrete (yes or no), can only be made at certain points in time and not continuously,
and in most cases, decisions once made cannot be revoked. In other words, although optimal control and
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combinatorial online optimization have certain aspects in common, there are significant differences that lead to
different problems in practice and require different mathematical treatment.

Let us look at an example. Recall your last move to a new apartment. Moving the furniture into a truck and
packing them safely is a nontrivial task. From a mathematical point of view we call this a three dimensional
packing problem. Cutting the pieces of a suit from a cloth roll to minimize waste is a similarly demanding task.
An extremely simplified version of these two problems is the bin packing problem. We have a (possibly infinite)
number of one dimensional bins, all of the same height. Certain items (all with the same “footprint”, matching
the footprint of the bins, but possibly with different heights) have to be packed in the bins. The goal is to use
as few bins as possible. If all items are given in the beginning, we have an offline bin packing problem. If items
are generated one by one and we have to pack each item as soon as it arrives and if we are not allowed to
repack, we have a “standard” online bin packing problem. It may be that we are allowed to keep only a fixed
number of bins, say q bins, open and that we are also allowed to move items between the open bins. But as
soon as we need a new bin, we must close one bin and move it away. We call this problem the q-restricted
online bin packing problem with repacking.

The latter is a typical situation that comes up when you move. A certain number of boxes are open in a
room, you pack items into the boxes, are allowed to repack, but due to lack of space, whenever a new box is
needed, one currently open box has to be closed and moved away. Again, the goal is to use as few boxes as
possible.

There may also be some clock running. Requests appear in sequence and you are not necessarily obliged to
serve them immediately (as in the standard problem above), but there may be extra costs incurred with every
time unit a request that has appeared is not served. This version of an online optimization problem will be
called the time stamp model. A natural application is the ADAC Yellow Angels problem to be discussed later.

Given an online optimization problem (e. g., one of the versions described above) then an online algorithm
is an algorithm that makes decisions respecting the side constraints of the particular online problem that it is
designed for. In the standard model of online computation the algorithm has to decide immediately what to do
and may not reconsider the decision later (e. g., it packs an item into a bin and cannot repack). In case of the
q-restricted online bin packing problem with repacking the online algorithm may repack the q open bins and
move items between them. But as soon as a bin is closed the algorithm has no further access to the items in the
closed bin. Similarly, in the time stamp model the online algorithm is not always obliged to act immediately at
the appearance of a request, but may have to pay a lot if service is delayed.

So, what an online algorithm is allowed or supposed to do depends on the special circumstances and the
side constraints. There is another issue: time restrictions. For online algorithms in the standard (or repacking)
model running time of an algorithm is not an issue. We just do not care (in theory). These algorithms may use
any amount of computing time or computing power. The issue of importance here is the lack of information
about the future.

If time is precious we speak of real time problems and real time algorithms. Again, what real time means
depends crucially on the time frame of the process considered. Routing decisions in telecommunication (an
important real time problem) have to be made almost immediately, while in the Yellow Angels case, ten seconds
are an upper bound for the online algorithm to come up with the decision. Control algorithms for elevators
may use about a second for a decision, but decision times in the range of minutes would not be tolerated by
the customers.

An area where online problems occur in abundance is logistics which is at the heart of modern production
and service facilities. In many real-world applications logistics systems are automatically supervised and
permanently controlled. The online problems arising here usually correspond to the time stamp model
(occasionally with short time preview) with additional real-time requirements.

As an example, consider an automated warehouse used to store and retrieve goods. Pallets with goods have
to be stored and are to be transported from the storage to vehicles for further distribution. The overall goal of
a good control is to ensure a constant flow of pallets such that the vehicles do not have to wait too long, to
avoid congestion, and to coordinate the traffic. The control decisions are usually discrete, e. g., which pallet to
route on which conveyor belt and/or vertical elevator.

This control problem is again online since control decisions have to be made in view of an unknown future
and the control has to be updated each time new information becomes known. this is called an online algorithm.
The time frame for the online algorithms in this area is usually in the range of milliseconds to seconds –
depending on the mechanical speed of the stacker cranes or other moving devices. In order to develop good
online algorithms it is important to analyze the impact of the control decisions on the current and future
performance of the system.
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2 Theoretical Analysis of Online Optimization Problems

In this section we describe the approach usually used for evaluating the quality of a given online algorithm.
This theoretical concept is called competitive analysis. Before introducing competitive analysis in detail, we
present some example problems that are revisited later on.

2.1 Examples for Online Optimization Problems

Online Traveling Salesman Problem.

The probably most famous combinatorial (offline) optimization problem is the Traveling Salesman Problem or
TSP for short. An instance consists of a set of locations that are to be visited in such a way that the total
distance traveled is minimized.

To define the online version of the TSP in detail, we need to introduce the notion of a metric space.
A metric space is simply an abstract way to “measure” distances. It consists of a set of points M and a
function d : M ×M → R≥0) supposed to give distances between each pair of points. Therefore, d has to satisfy
the following properties:

1. d(u, u) = 0 for all u ∈ M
2. d(u, v) = d(v, u) for all u, v ∈ M (symmetry)
3. d(u, v) + d(v, w) ≥ d(u, w) for all u, v, w ∈ M . (triangle inequality)

The online version of the TSP is as follows. We are given a metric space (M,d) with a distinguished point o,
the origin, where the “server” is located at time 0, and a sequence of requests r1, r2, . . . . Each request is a pair
rj = (tj , pj) specifying the time tj ≥ 0 at which rj is released and a point pj ∈ M . The release times form
an ordered sequence in the sense that ti ≤ tj if i < j. The server does not move faster than unit speed. This
problem is called Online Traveling Salesman Problem, for short OnlineTSP.

There are several reasonable objectives for the OnlineTSP, e. g.:

Completion time: This is the total time for serving all requests and returning to the origin o.
Maximum waiting time: The waiting time of a request rj is the difference between the time when the rj is

served (the server reaches the point pj) and the release time tj .
Average waiting time: The average of all waiting times.

There are cases where more than one of these objective functions need to be considered. This leads us to
multicriteria online optimization, a subject that has received almost no attention in the research literature. We
will touch upon the issue of “balancing” the objective functions above in the elevator case study in the next
section.

Online Bin Coloring.

Another simple online optimization problem is Online Bin Coloring, which is as follows. We are given a request
sequence consisting of unit size items r1, r2, . . . where each item has a color cj ∈ N. The items are to be packed
into bins, all of the same size B ∈ N, as soon as they arrive. Repacking an item later on is not allowed. At each
moment there are q ∈ N empty or partially filled bins. Whenever a bin is full, it is closed and replaced by a
new empty bin. The objective is to pack the items in such a way that the maximum number of different colors
in a bin is as small as possible.

2.2 Competitive Analysis

Competitive analysis provides a framework to measure theoretically the quality of online algorithms. More
precisely, it seeks to answer the question what is lost in the worst-case due to lack of information. Competitive
analysis was introduced formally in 1985 by Sleator and Tarjan in [15]. The term competitive analysis was
first used in [10]. However, Graham already used this method in 1966 for evaluating algorithms for machine
scheduling, see [6]. For an overview on competitive analysis, we refer to [2].

In the following, we only consider online minimization problems. Competitive analysis compares the
performance of a given online algorithm ALG to that of an algorithm that knows the complete request sequence
in advance and can serve the requests at a minimum cost. We call this benchmark algorithm optimal offline
algorithm OPT. For a request sequence σ, we denote the corresponding optimal offline cost and the cost of
ALG by OPT(σ) and ALG(σ), respectively. The algorithm ALG is said to be c-competitive for c ∈ R, c ≥ 1 if

ALG(σ) ≤ c ·OPT(σ)
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for all request sequences σ. The competitive ratio of ALG is the smallest value c such that ALG is c-competitive.
ALG is called competitive if ALG is c-competitive for some c ≥ 1.

An online algorithm is competitive, if it competes “well” with the optimal offline algorithm on all request
sequences. That is, competitive analysis is a worst-case measure. Hence, in order to show that the competitive
ratio of an online algorithm is bad, it suffices to find one sequence of requests on which the online algorithm
appears bad compared to the optimal offline algorithm.

We can think of competitive analysis as a game between an online player and a malicious adversary . The
adversary constructs a sequence of requests to be processed by the online player. The adversary has complete
knowledge of the online player’s strategy that corresponds to an online algorithm, and he intends to construct
a sequence such that the cost ratio for the online player and the optimal offline cost is maximized.

Examples.

Recall the standard online bin packing problem as described in the introduction. The algorithm FirstFit which
packs each item in the first open bin providing sufficient space is known to be 1.7-competitive. Van Vliet [18]
proved that no online bin packing algorithm can be better than 1.5401-competitive. There are many algorithms
known that achieve a better competitive ratio than FirstFit, but none attains the lower bound.

The situation is different for the q-restricted online bin packing with repacking. Lee and Lee [14] showed
a lower bound of 1.69103 for the competitive ratio of every online algorithm. Galambos and Woeginger [5]
gave an algorithm that achieves this competitive ratio and is thus optimal. It is interesting to note that the
advantage gained by allowing repacking is more than outweighed by the restriction of using at most q bins.

Next we present some surprising competitive analysis results obtained for OnlineTSP and Online Bin
Coloring.

Consider an algorithm ALG for the OnlineTSP problem on one of the most trivial metric spaces one can
think of, the one-dimensional line of real numbers. The server is supposed to start in the origin and we want
to minimize the maximum waiting time of a request. We want to be a nasty adversary and to achieve a high
ratio between the optimal offline cost and that of ALG and do the following. At time 0 ALG has to decide
what the server does. There are three cases: Either the server remains at the origin, it moves to the left or to
the right. Suppose the server travels to the right. Then the first request in the sequence arrives at x = −1 at
time 1. Since the server moved to the right, it will not arrive at the request at time 1 or earlier, so it gets a
positive waiting time. The offline algorithm, however, knows where the request will occur. So he can move the
server to the position −1 on the line before the request occurs achieving a waiting time of 0. This looks like a
“dirty trick”, but we have thus shown that no online algorithm can achieve a constant competitive ratio. This
essentially means that all online algorithms are equally bad from the viewpoint of competitive analysis.

Let us now turn to Online Bin Coloring. A “natural” algorithm would put an item with a color already
present in one of the bins into the same bin. If the color is currently not present in one of the bins, one would
put it in a bin which currently has the least number of distinct colors. Let us call this algorithm GreedyFit. It
can be seen [11] that GreedyFit achieves a competitive ratio larger or equal to 2q (q is the number of bins that
can be open simultaneously). The totally stupid algorithm OneBin, which uses only one bin until it is filled
completely and puts all items into that bin, achieves a competitive ratio of at most 2q − 1, making it superior
to GreedyFit in terms of the competitive ratio.

Of course, there are many online problems where competitive analysis yields useful results, but for those
two problems arising in logistics the results are not very helpful.

Extensions of Competitive Analysis.

In the last section we have seen examples where competitive analysis yields surprising results. In various online
optimization problems the following phenomena arise:

• There does not exist a competitive online algorithm at all.
• All online algorithms have the same competitive ratio.
• A reasonable online algorithm that performs well in simulation experiments has a worse competitive ratio

than an algorithm that obviously performs bad in practice.

The reason for these phenomena is the worst-case nature of competitive analysis. In other words, the
malicious adversary is “too strong”. Various concepts to reduce the power of the adversary have been proposed
in the literature. The most direct way is to restrict the request sequences that the adversary can produce in
some reasonable way or to limit its power directly. For instance, the trick used for the OnlineTSP would not
work anymore if the adversary is not allowed to travel in a direction where no request is known at present.

Another possibility is to consider randomized online algorithms, which are allowed to use random decisions
for processing requests. The cost of a randomized algorithm is a random variable, and we are interested in its
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expectation. Normally, the malicious adversary knows the distribution used by the online player but cannot see
the actual outcome of the random experiments. As a consequence, he must choose the complete input sequence
in advance. This type of adversary is called oblivious adversary (see [2] on different types of adversaries). Yet
another alternative is to consider random request sequences and doing average case analysis, but this requires
some probabilistic assumptions on how the inputs looks like.

Theoretical analysis can give important insights in possible weaknesses of online algorithms and how to
overcome them. However, to really evaluate how an algorithm performs in practice it is often necessary to
resort to a simulation of the system. It is certainly no insult to state that the theory developed for online
optimization rarely provides good guidelines for the choice of online algorithms to be employed in practice.

3 Case Study: Elevator Systems

Online problems arise frequently in logistics applications, for instance in high rack warehouses. One particular
system was studied in [7], dealing with the distribution center of Herlitz PBS in Falkensee near Berlin. This
distribution center stores and retrieves pallets using a complex system of conveyor belts, elevators, and other
transportation devices. The overall goal for the control is to ensure a rapid, congestion-free flow of pallets
through the system. The pallets to be transported on a production day are not known in advance, which makes
this problem an online problem.

In the following, we concentrate on the control of the elevators, which constitute an important subsystem.
In the Herlitz distribution center, two groups of elevators work together and it is crucial for the system
performance to coordinate each group of elevators well.

Elevator control problems can be seen as a generalization of the OnlineTSP problem, where a request
consists of two points instead of one, with the interpretation that the server needs to travel from the first to
the second point in order to serve the request. In addition, there is not only one server, but possibly many.
Such problems are known as Dial-a-Ride problems (DARP). We call the online version OnlineDARP. The time
a request spends in the system is called the flow time, consisting of the waiting time of the request and the
time needed to serve it.

3.1 Theoretical results

Various theoretical results for OnlineDARP have been established. For the completion time objective, there is a
2-competitive OnlineDARP algorithm which was proposed in [1], which means that this online algorithm may
take twice as long as the best possible solution. The authors also show that no algorithm can be better than
2-competitive, in other words, whatever smart algorithmic idea someone may have, there is a request sequence
on which the online algorithm takes twice as long as the best solution.

The same paper also analyzes two general online strategies, REPLAN and IGNORE. The REPLAN strategy
computes a new optimal schedule each time a new request becomes known. This is often used in practice.
The IGNORE strategy works in phases. At the beginning of each phase, an optimal schedule for the currently
known requests is computed and realized. Only when the schedule has been finished a new schedule for the
then known requests is computed and a new phase starts. During execution of a schedule all new requests are
ignored, which gave the strategy its name. Both REPLAN and IGNORE are 5/2-competitive [1] and thus not
best possible.

We already saw that no online algorithm can be competitive when minimizing the maximum flow time in
the case of the OnlineTSP. Since OnlineTSP is a special case of OnlineDARP, this holds for OnlineDARP
as well. For the OnlineTSP on the real line there is an online algorithm which is 8-competitive against a
non-abusive adversary [12], which is a restricted kind of adversary. For a reasonably restricted class of request
sequences, the IGNORE strategy achieves bounded maximum and average flow times [8] which is interesting
since this guarantees some kind of stability of the system.

3.2 Simulation results

The elevator control problem has been studied in simulations, too. The particular setting of the Herlitz
distribution center was investigated in [7], which compared seven algorithms. It turned out that the algorithms
had quite a different performance with respect to average and maximum flow time and that the algorithms
used in production were significantly inferior. Another observation was that algorithms achieving good average
flow times give high maximum flow times and vice versa. The REPLAN algorithm achieved very good average
flow times, but also very high maximum waiting times. The IGNORE algorithm, on the other hand, gave
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worse but still acceptable average flow times, but good maximum flow times as well. A variant of the IGNORE
algorithm that balances the two objectives was therefore recommended for implementation at the plant. This
is the way how we treated the multicriteria aspect of our Herlitz elevator problem. We looked for an algorithm
that produces reasonable values for all relevant objectives.

The algorithms considered in [7] were all quite simple from a methodological point of view. More recently,
Friese and Rambau [4] studied a more involved algorithm based on Mathematical Programming. It is a modified
version of the algorithm ZIBDIP which was developed for routing service vehicles (see next section for more on
this).

Among other algorithms, they compared the modified version of ZIBDIP called REOPT to the algorithms
FIFO and NN (“NearestNeighbor”), each representing a certain class of typical algorithms. FIFO assigns a new
request in round-robin fashion to the elevators, serving each request of an elevator in the order of arrival. FIFO
is an example of a simple rule-based algorithm. NN assigns a new request to the elevator giving the lowest
waiting time for the new request if it is inserted such that no other request is postponed. The requests of
each elevator are served such that the distance from the last to the next request is minimized, hence the name
of the algorithm. NearestNeighbor represents a simple greedy heuristic frequently used in practice. REOPT,
finally, determines the schedule in an integrated way (the assignment and service order decisions are taken into
account simultaneously) such that the average waiting time of all the requests is minimized.

Figure 1 displays comparisons of these algorithms. Figure 1(a) shows the number of elevators needed to get
an average flow time of at most 40 seconds for the given set of requests and the average flow time actually
achieved with this number of elevators. It turns out that REOPT achieves this performance with five elevators
only, whereas FIFO and NN require eight and six elevators, respectively. The average flow times achieved by
the algorithms when they use five elevators only are shown in Figure 1(b). Note that the vertical axis has
a logarithmic scale! FIFO, in fact, turns out to be an unstable elevator scheduling system overflowing the
buffer space enormously. FIFO is much worse than NN and REOPT. Although NN is able to handle the traffic
without overflowing the system, REOPT outperforms NN significantly.
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(a) Number of elevators needed to serve a 16 floor
system with average flow time at most 40 seconds
for FIFO (S1), NN (S2), and REOPT (S3)

S1 (5 elevators) S2 (5 elevators) S3 (5 elevators)
1

10

100

1000

10000

A
ve

ra
ge

 F
lo

w
 T

im
e 

in
 S

ec
on

ds

(b) Average flow time achieved by FIFO (S1),
NN (S2), and REOPT (S3) on a 5 elevator 16 floor
system. Note that the y-axis is logarithmic.

Fig. 1. Results of comparison of elevator control algorithms obtained in [4].

The conclusion of [4] is that multi-elevator systems with capacity 1 can be efficiently controlled by
sophisticated online algorithms.

It will be interesting to see whether similar results can be obtained for the control of passenger elevators.
Passenger elevators present other kinds of challenges. First of all, the information available to the elevator
control is much more limited, since passengers specify only their travel direction (up, down) when they forward
their request. In contrast, for industrial cargo elevator systems the destination is known, which allows much
better control. In recent years some elevator companies started to implement destination call control for
passenger elevators, too. The passenger is now required to enter the destination floor instead of the direction
only and it is claimed that this additional information leads to an increased performance. We are currently
investigating such elevator systems.
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Even in destination call systems there are other features distinguishing passenger elevators from cargo
elevator systems. The cabin of a passenger elevator usually has a relatively large capacity. This in conjunction
with additional requirements such as that no passenger travels temporarily in the wrong direction makes the
schedules more complex. But even here Mathematical Programming methods can provide powerful elevator
control algorithms [16, 17].

4 Case Study: ADAC Yellow Angels

The ADAC is the German Automobile Association. It operates a fleet of service vehicles, known as “Yellow
Angels”, providing help to motorists who had a breakdown. Help requests are registered in one of five help
centers, which coordinate the service vehicles that are on duty. Each of the vehicles is equipped with a
GPS system that reports to the help centers precise information on the current location of the vehicles. The
dispatchers may employ, in addition to ADAC’s Yellow Angels, service vehicles from contractors. The overall
goal of the planning is to provide a high quality service at low operational cost, two objectives that obviously
cannot be optimized simultaneously. This implies that “rules of compromise” have to be found. Good quality of
service in our case means short waiting times for the motorists, where the meaning of “short” depends on the
system load.

The whole fleet of ADAC service vehicles consists of more than 1600 heterogeneous vehicles. Moreover,
ADAC’s contractors have some 5000 vehicles that may be employed by the ADAC help centers. In high load
situations, there are more than 1000 help requests per hour. These numbers give a rough indication about the
large-scale nature of the problem.

This vehicle scheduling problem is a prototypical online problem, since in order to provide a continuous
operation the schedule needs to be updated every time a new help request enters the system. ADAC wanted to
establish an automatic planning system that provides good vehicle schedules in about 10 seconds computation
time to guarantee real-time operation.

From a theoretical point of view, this problem is very similar to the OnlineTSP problem. The main
differences are that there are many servers (up to 200 service vehicles per help center) and that the server
needs to spend some time at every help request (equivalent to a city visit). For the practical design of online
algorithms the theory known so far does not help much, since there are no competitive algorithms known for
higher dimensional metric spaces than the real line.

ADAC’s requirements suggested to build an online algorithm based on the reoptimization approach: Every
time some new information becomes available, a snapshot problem is constructed that reflects the current state
of the system. This snapshot problem is then solved, giving a new schedule that is followed until the schedule
is updated again.

More precisely, the snapshot problem consists of the following data:

• location, time of occurrence and estimate of service time of each help request (henceforth called requests),
• current position, home position and service status of each vehicle (henceforth called unit),
• set of available contractors,
• information about operational cost of units and contractors,
• information about the capabilities of each unit, i. e., what kind of help request can be handled by that unit.

The goal is to compute a good schedule servicing all the requests. Here a schedule is a set of tours for each
vehicle that is on duty. But what is “good” schedule? The goals are high quality of service and low operational
cost so this problem is in fact a multi-criteria optimization problem. Clearly, these two goals are partially
contradicting. To cope with both criteria they are combined by defining the overall cost as a weighted sum of
penalty cost for bad service quality and the operational cost. Of course, suitable weights reflecting the relative
importance need to be determined for this approach. Alternatively, and more fundamentally one could try to
compute further solutions from the Pareto set. This, however, is very difficult to accomplish in one short period
of time (seconds) allowed in this application.

It is simply impossible to take all aspects of this dispatching problem into account. Yellow Angels customers
may ask for special treatment, e. g., a seriously sick person is in the car, an important manager needs to get
to an airport or a pregnant woman to a hospital, etc. We simply do not know how to rank such requests in
general. Therefore, only the major components of the Yellow Angels dispatching problem (time and cost) are
modeled mathematically and considered in the algorithm, while “special requirements” are left to the human
decision maker to be treated in “post processing”.

This ADAC snapshot problem is a typical Vehicle Routing Problem (VRP) and the solution approach
sketched in the following is often used to solve VRPsTo keep things a bit simpler, we ignore the contractors
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from now on; they can be integrated quite easily. The following method was proposed in [13] and has been
implemented in ADAC’s service scheduling system.

A tour tu for a unit is a sequence of requests, each of which can be handled by the unit. The tour tu gives
the order in which the requests are to be served, which in turn allows to compute the (estimated) waiting times
for each customer. This way, a cost value c(tu) can be associated to the tour, which consists of the “service
quality cost” and the operational cost incurred by the tour. For the computation of the cost it is assumed that
the unit travels to its home position after finishing the last request of the tour.

For each unit u, let Tu be the set of all tours for that unit and T be the union of all the sets Tu. A schedule
is now a selection of one tour for each unit such that all the requests are contained in exactly one tour. This
selection can be modeled by introducing a binary variable xt for t ∈ T ; xt = 1 means that the tour is selected.
An optimal schedule can now be computed by solving the following integer program (IP).

min
∑
t∈T

c(t)xt∑
t∈T : r∈t

xt = 1 ∀r ∈ R (1)∑
t∈Tu

xt = 1 ∀u ∈ U (2)

xt ∈ {0, 1} ∀t ∈ T (3)

The constraints (1) ensure that each request is contained in exactly one tour, whereas due to constraints (2)
exactly one tour for each unit is selected. Figure 2 illustrates the idea of this IP model. In more abstract terms,
we can write the IP as

min cT x
Ax = 1

x ∈ {0, 1}n

where the binary matrix A and the cost vector c is constructed as depicted in Figure 2(b). An Integer Program
of this type is known as a set partitioning IP.

(a) Some tours for two units and
three requests r1, r2, r3. u1 and
u2 indicate the current positions
of both units and û1 and û2 their
home positions.

t1 t2 t3 . . . tN

1 0 0 . . . r1

0 1 0 . . . r2

A 1 1 0 . . . r3

1 0 1 . . . u1

0 1 0 . . . u2

cT ct1 ct2 ct3 . . . ctN

xT xt1 xt2 xt3 . . . xtN

(b) Representation of the tours in Figure 2(a)
as entries of a matrix A and a corresponding
cost vector c.

Fig. 2. Illustration of the tour-based model (1)–(3).

One problem with this set partitioning IP is that is has an enormous number of columns as there
are extremely many possible tours. However, a technique known as column generation [3] in Mathematical
Programming is applicable in this case due to the special structure of the constraint matrix. Column generation
allows the implicit treatment of all the columns of the matrix without explicitly constructing all of them. This
is done by searching for improving tours via the solution of an auxiliary problem, which in this case turns out
to be a resource constraint shortest path problem (RCSP).

Both the set partitioning problem and the RCSP are known to be NP-hard combinatorial optimization
problems. This means that solving them to optimality is usually quite time-consuming, even if advanced
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methods are used. In the context of our application for the ADAC, however, the schedule needs to be computed
very fast since only 10 seconds computation time are allowed.

A careful adaptation of the solution algorithm to the problem structure facilitates finding good and even
verifiably optimal solutions in the allowed computation time. One particular feature of the problem is that the
cost corresponding to the waiting time of the requests make long tours expensive, so the tours in the final
schedule are usually short (at most 5 or 6 requests in high load situations). This allows to solve the RCSP
by a controlled implicit enumeration of the tours. The set partitioning problem is usually easier to solve if
the sets are small. Moreover, since requests that cannot conveniently be covered by a unit can be outsourced
to a contractor it is always easy to complete a partial covering by the units to a complete covering of the
requests. Therefore, good integer solutions (i. e., schedules) are obtained very early in the solution process.
These considerations lead to the development of the algorithm called ZIBDIP.

To give an impression on what is achieved by ZIBDIP, we cite some results. In a first study, ZIBDIP was
compared to some variants of a genetic algorithm suggested by a software vendor [13]. The genetic algorithm
GA could be initialized using two different starting heuristics IT and CL as well as a best-insertion heuristic
HEU. The averaged results for three high load snapshot problems are given in Figure 3. All the genetic
algorithm variants finish with solutions with costs that are more than 15% above the optimal value after
15 seconds computation and are still more than 5% away even after 120 seconds. ZIBDIP, in contrast, is
within 1% of the optimal value already after 5 seconds, showing the fast convergence of this method needed for
real-time application.
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CL+GA

IT+HEU+GA

CL+HEU+GA

Fig. 3. Comparison of ZIBDIP with several variants of genetic algorithms. Depicted is the deviation from the optimal
cost in percent after a given computation time. The data is taken from [13].

Figure 4 shows the quality of the solutions to the snapshot problems for one day obtained by ZIBDIP.
Each point specifies a guarantee on the solution quality w. r. t. the optimal snapshot cost. This deviation is
called optimality gap. In addition, the figure shows the load ratio, which is the ratio of requests and unit in the
snapshot problem. The optimality gap gets worse for higher load ratios, but does not exceed 7% on the whole
day.
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Fig. 4. Solution quality in the course of a high load day [9].

Finally, Figure 5 compares the performance of ZIBDIP with those of two relatively simple heuristics. The
first one, BestInsert, builds a new schedule by inserting new requests in the existing schedule such that the
cost increases as little as possible. The second heuristic, 2-OPT, computes an initial solution via BestInsert and
then iteratively tries to exchange requests in one tour or between two tours in order to decrease the cost until
no improvement is possible. In the long run, ZIBDIP produces overall schedules that are 40-60% “cheaper”
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than that of BestInsert and 8-20% “cheaper” than that of 2-OPT. The improvement in the waiting times is
significant, too: ZIBDIP serves a larger share of requests with lower waiting time than the two heuristics.
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(a) Accumulated cost in the course of 2002-12-13.
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(b) Distribution of waiting time in minutes achieved for 2002-12-13.
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(c) Accumulated cost in the course of 2002-12-14.
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Fig. 5. Comparison of ZIBDIP to two heuristics on two high load days [9].

All in all, ZIBDIP is a powerful algorithm and another example that Mathematical Programming methods
can lead to real-time compliant online algorithms and codes.

5 Conclusion

Combinatorial online optimization problems, arising in structure generation under varying goals. appear in a
wide range of practical applications. In most “industrial environments” we have had access to they are treated
in a “very heuristic” manner, i. e., ad hoc algorithms are employed. Moreover, these algorithms are often
programmed by persons who have no experience concerning all the possible pitfalls such heuristics may run
into.

The state of the theory of online optimization is not in best possible shape either. There are various concepts
of analysis, such as competitiveness, but it is questionable whether competitiveness provides good guidelines
for practice.

At present, it seems that individual case analysis consisting of both, theory and simulation, is necessary.
In the examples we outlined in this section we have gained stimuli for theoretical studies from simulation



Combinatorial Online Optimization: Elevators & Yellow Angels 11

experiments, and theoretical investigations guided the design of the algorithms that were finally employed
in practice. Overall, serious mathematical analysis and the careful algorithms design, based on the many
techniques offered by mathematical programming, pays significantly. Our examples showed that these efforts
lead to much more robust online systems with significantly better performance.

Is there nothing left to be desired? Of course not. We would wish to have a better understanding of the
methodology to cope with online problems. The success stories reported here are based on very significant
research efforts, all very problem specific and not really guided by “general principles” that would result from
a good theoretical underpinning. “Online” is not well understood. Moreover, online problems often have more
than one objective – as indicated before. Multicriteria online optimization, however, does currently not exist as
a research field. It is, at best, in its infancy.
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