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Abstract

The development and maintenance of modern information systems, that are getting
more and more complex and, at the same time, require a high flexibility, is a great
challenge for current information and communication technology. One contribution is
the usage of arule-based specification mechanism that allows the compact and declar-
ative description of complex situations. One such rule language is given by normal
logic programs

The well-founded semantickas been accepted as the most relevant semantics for
logic-based information systems. It assigns a unique (partial) model to every nor-
mal logic program, i.e., it allows specifications using any kind of recursion including
cyclic positive and negative dependencies. Further, the time complexity of computing
the well-founded model of a given intensional database is polynomial in the size of the
extensional database.

Several evaluation methods for the well-founded semantics are known. Each of these
approaches has its advantages and disadvantages. Thus, for practical applications it
will not be sufficient to select one static evaluation algorithm and apply it uniformly
to any kind of application. However, it is difficult to combine evaluation methods
because they all are based on different data structures, applicable to different classes
of programs, or whose control strategies are not compatible.

In this work we present a framework based on a set of program transformationghat
generalizes al major computation approaches using acommon data structure and pro-
vides a common language to describe their evaluation strategy. We allow strategies
from set-oriented bottom-up to single-answer top-down or any combination in this
range just by rearranging the order of program transformations using an intuitive reg-
ular expression like specification syntax. Leveraged by our framework, we are able to
analyze and compare known methods on a high level of abstraction. The advantages
of the methods can be identified and new agorithms can be composed that combine
the strengths of several separate approaches. For instance, we show how to optimize
the aternating fixpoint procedure as the most prominent bottom-up method together
with its extensions for magic set transformed programs. We can also realize the search
strategies available within the SLG approach, the most prominent top-down method,
and even extend it by allowing the activation of more than one body literal at atime.



This leads to more efficient computations for some programs and enables even the
parallel evaluation of several body literalsin applications where it is appropriate.

Our rewriting system gives the formal background to analyze and combine different
evaluation strategies in a common framework, or to design new algorithms and prove
the correctness of its implementations at a high level just by changing the order of
program transformations. Further, we provide an algorithm to implement the transfor-
mation, and illustrate by experimental results, that the theoretical results carry over to
the prototype implementation.
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Chapter 1

| ntroduction

1.1 Motivation

Modern information systems are getting more and more complex. At the same time,
flexibility is very important to keep track of the requirements of modern internet and
communication centered environments. In this scenario it is difficult to maintain a
modern IT system based just on the classical development tools and the imperative
programming languages.

In these complex applicationsit is required that configurations should be maintainable
in some declarative way. Or there are contracts or policies that describe what informa:
tion should be accessible to what group of agents involved. Or in another application,
the behaviour or the way in which information is presented should be changed from
time to time just to meet the current trend of the target group or just to keep an appli-
cation alive.

In none of the scenarios described above, the administrator of an application would
like to achieve the dynamic behaviour by changing the implementation in a program-
ming language style. One solution would be to offer possibilities of customization that
can be adapted by non-programmers. However, situations can easily be found where
this kind of easy customization is not powerful enough to meet the requirements of a
complex application.

Having thisin mind, it becomes clear why many applications are applying some kind
of rule-basedspecification mechanism. Using the appropriate kind of rule language,
perhaps tailored to the current application, many complex situations can be described
in a compact and declarative way without the need of a full programming language,
but in a much more expressive way than by clicking some check-boxesin adialog box.

This requirement of a rule-based specification is different from the kind of rule usage
which has been popular in the Prolog programming paradigm [L1087, MW88]. We do

13



14 CHAPTER 1. INTRODUCTION

not consider the rules as a programming language with many interactive components
to implement a complete application. Instead, we see the usage of rule languages,
possible tailored to the application, to specify in a declarative way a set of customized
requirements to a host application, that interprets the rules in an appropriate way and
changes its behaviour as demanded.

1.2 TheWsdl-Founded Semantics

In the area of logic programmingmuch research has been done to satisfy the require-
ments discussed in Section 1.1. Based on the mathematical concept of the first order
theory, arule language consisting of if-then-rules has been proposed. For sets of pos-
itive rules, in that consequences may be drawn only based on positive information,
a semantics was defined that coincides with the mathematical concept of models and
logical consequences for afirst order theory (cf. [L1087]). We will introduce the con-
cept of the least Herbrand moddior definite logic programsn Chapter 2.

However, the expressional power of definite programs is limited. In many practical
applications rules that may draw consequences also from negative information are re-
quired. To satisfy this requirement, normal logic programg$AB94] have been defined
that consist of rules that may contain negative conditions, i.e., consequences may be
drawn if aconditionisnot satisfied. However, the existence of aleast model for normal
programs is not guaranteed. It may be that a program has several minimal models.

Severa proposals for assigning models to normal logic programs have been made.
Among them are the perfect model semantics [Prz88, Prz89] and the weakly perfect
model semantics [PP88], that are applicable only to arestricted classes of normal pro-
grams, or the stable model semantics [GL88]. The stable model semantics assigns to
every normal logic program a set of models. However, it has been shown in [MT91]
that even for a propositional logic program, determining whether it has a stable model
is NP-complete.

The well-founded semantics [V GRS91] has been accepted by many researchers as one
of the most relevant semantics for logic-based information systems for the following
reasons. It assignsaunique (partial) model to every normal logic program, i.e. with un-
restricted negation as failure, and the time complexity of computing the well-founded
model of agiven intensional database, i.e., a set of rules, is polynomial in the size of
the extensional database, i.e., the number of facts. We will introduce the concept of
the well-founded semanticsin Chapter 3.

The well-founded semantics is also well-suited for modern applications. It may be
argued that the class of normal logic programs with unrestricted recursion and negation
is not needed in practically relevant applications. Negative cyclic dependenciesin a
specification may look like an indicator of a specification failure, thus one could be
tempted to smply forbid cyclic dependencies of a certain kind. However, for any class
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of restricted programs, one will find an application that cannot be described within this
class. Further, the problem to check whether a given specification satisfies a required
restriction is undecidable for most conditions. Another reason to allow the full class
of unrestricted programs is the usage of optimizing program transformations that may
easily change the containment of a program to a certain class of programs.

1.3 Evaluation Methods

For the computation of the well-founded semantics of normal logic programs several

methods have been proposed. We will compare the most prominent algorithms in the
following paragraphs. Algorithms for the computation of the well-founded semantics
can be divided in two major classes. top-downmethods, that start with a query and
resolve it with rules from the program until the query succeeds or fails, and bottom-
up methods, that start with facts occurring in the program and apply rules to derive
consequences, until the complete model is computed.

SL G Resolution

The SLG resolution [CW93, CSW95, SSWO0Q] is the most prominent top-down
method. It is a resolution based method like the SLD resolution [L1087] for definite
programs. Starting with a query, a relevant fragment of the well-founded model of a
given program is derived. Thus, for query answering w.r.t. the well-founded seman-
tics, the SLG resolution iswell-suited. Astheimplementation [CW96, RRS™99] of the
SLG resolution in the XSB system [SSW94, RSS™97] is based on many sophisticated
optimizations, this also holds for the XSB system.

The default search strategy of the SLG implementation is a depth first search working
tuple-at-a-time to derive single answers. Other search strategies that are more appro-
priate to process large amounts of data, e.g., provided by an external database system,
have been developed [FW97, FSW98]. However, the inherent character of the SLG
resolution implies a separate computation of subgoals by several separate search trees.
Thus the implementation of alternative, set-oriented search strategies turns out to be
difficult in a context of aresolution based evaluation.

Alternating Fixpoint Procedure

The alternating fixpoint procedure [VG89, VG93] isthe most prominent bottom-upep-
proach for the computation of the well-founded semantics. It computes the complete
well-founded model of a given program by applying a sequence of bottom-up fixpoint
iterations. Thus, the optimization techniques from deductive databases like the differ-
ential fixpoint iteration [BR86a, BR87] are applicable. However, it is well-known that
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the alternating fixpoint procedure has efficiency problems in the sense that it needs
guadratic evaluation time for programs that could be easily computed in linear time
w.r.t. their size. In every iteration many facts have to be recomputed.

Many other approaches [KSS95, Mor96, SS97] are based on the aternating fixpoint
procedure, and so they aso suffer from the efficiency problem. An improvement of
the aternating fixpoint procedure thuswill imply an improvement for many bottom-up
algorithms.

Magic Set Transformation

Bottom-up methods aways compute the complete model of the given program. But
to answer a specific query an appropriate fragment of the model would be sufficient.
The magic set transformation [BR91, Ram9l] is a source-to-source transformation,
that adds to a given program a set of filter predicates, so called magic predicates, that
control the bottom-up computation such that only relevant answers are computed.

However, it is known that the magic set transformation causes problems in the context
of the well-founded semantics [Ros94, KSS95, SS97]. If factsfor the magic predicates
get an undefined truth value in the well-founded model of the transformed program,
the computed answer may not agree with the model of the original program.

Several methods have been proposed to extend the alternating fixpoint procedure
such that correct answers are computed for magic set transformed programs [K SS95,
Mor96, SS97]. The key ideaisto turn undefined magic factsinto true facts at different
stages of the computation. However, all these methods are based on the aternating
fixpoint procedure and thus have the same efficiency problems. Further, it is critical to
decide which undefined magic fact should be considered true at which stage.

Residual Program Approach

The Residua Program approach was suggested independently in [Bry89, Bry90] and
[DK 893, DK89b], and extended in [BD97, BD98b]. This method appliesaset of trans-
formations to a ground program, until a normalform w.r.t. the transformation system,
the so called residual progranisreached. From theresidual program the well-founded
model of the program can be derived easily.

This method belongs to the class of bottom-up approaches. In theinitial program only
the facts are obviously true. By applying transformations to the program, more and
more rules are turned into facts or deleted from the program, until the complete model
is computed.

Obvioudly, this approach avoids the recomputations of the aternating fixpoint proce-
dure. Starting from a ground program, only reductions are performed. Actualy, for
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many programs the residual program can be derived in linear time where the aternat-
ing fixpoint procedure needs quadratic time w.r.t. the size of the program. However,
for other examples the residual program can grow to exponential size, whereas the
time and space complexity of the aternating fixpoint procedure is aways polynomial.
Furthermore, this approach is applicable only to ground programs.

1.4 Contributionsof this Thesis

In Section 1.3 we have seen that there are several evaluation methods for the well-
founded semantics. Each of these approaches has its advantages and disadvantages.
Thus, for practical applications it will not be sufficient to select one static evaluation
algorithm and apply it uniformly to any kind of application, rather it is important to
combine the advantages of several methods depending on the requirements of the cur-
rent application. For instance, one application demands to find the first answer fast,
whereas another application depends on large amounts of data provided by an external
database system.

However, it is difficult to combine evaluation methods that are based on different data
structures, applicable to different classes of programs, or whose control strategies are
not compatible.

Inthiswork we present aframework that generalizes all major computation approaches
using acommon data structure and provides acommon language to describe their eval -
uation strategy. In this framework it will be possible to analyze and compare known
methods on a high level of abstraction. Then the advantages of the methods can be
identified and new algorithms can be composed that combine the strengths of several
separate approaches.

Our framework is based on a set of program transformations. In the first part of this
work we present arewriting system for ground programs. For this ground transforma-
tion we will show the following results:

e The ground transformation system is strongly terminating and confluent. |.e.,
by applying the transformations to a given program in any order, the uniquely
determined normalform is alwaysreached. We cal this normalform the program
remainder

e Asopposed to theresidual program, that may get exponential, we guarantee that
our program remainder can be derived in polynomial time.

e Ascompared to the aternating fixpoint procedure, our transformation approach
can avoid the recomputation of many facts. We guarantee that the computation
of the remainder of any program does not need more time than the execution of
the aternating fixpoint procedure for this program.
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We show that for many programs for which the alternating fixpoint procedure
needs quadratic time, the remainder can be derived in linear time w.r.t. the size
of the program.

We show that magic set transformed programs are evaluated correctly by our
approach, and that the extensions of the alternating fixpoint procedure for magic
programs can be described and even optimized within our framework.

We define a regular expression like syntax to declaratively describe evaluation
strategies just by specifying orders of program transformations. We show that
many of the known algorithms can be specified as a special case of our transfor-
mation system.

We propose an intelligent grounding algorithm to derive relevant ground in-
stances of agiven non-ground program, such that the ground transformation can
also be applied to non-ground programs.

We provide concrete algorithms that allow one to efficiently implement the
grounding algorithm and the transformation framework.

Weillustrate by experimental results that the theoretical comparisons carry over
to the prototype implementation.

In the second part of thiswork we extend the ground transformation to a goal-directed
computation scheme for non-ground programs. The following results are shown for
the non-ground transformation:

Although the non-ground transformation is not confluent, any irreducible (and
non-floundered) transformation state for a program and a query contains a frag-
ment of the well-founded model that is sufficient to answer the query correctly.

We show that for alarge class of computations of the SLG resolution the non-
ground transformation is able to perform exactly the same computation.

Further, we show that by our non-ground transformation queries can be ans-
wered, that for the SLG resolution gets floundered or does not terminate.

We show that the non-ground transformation fully subsumes the ground trans-
formation, i.e., all results for the ground transformation also apply to the non-
ground case.

We extend the regular strategy expression syntax to the non-ground case. This
enables the specification of combined strategies mixing top-down and bottom-
up, ground and non-ground, tuple-oriented and set-oriented components.
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¢ We provide a concrete algorithm to implement the non-ground transformation.
Weillustrate by experimental results, that the non-ground transformation is not
just atheoretical concept but can actually be implemented efficiently.

These results show that our approach is a valuable tool to analyze, compare, and op-
timize existing evaluation methods or to create new strategies that are automatically
proven to be correct if they can be described by a sequence of transformations in our
framework. As developments of top-down and bottom-up methodologies have con-
verged in the past, this work will close the gap and serve as a basis for an integration
of resolution-based, fixpoint-based, and transformation-based eval uation methods.

The ground transformation approach has been published first in [ZFB96, BFZ97,
ZBF97]. Later results including the magic reductiorand the regular strategy expres-
sions are described in [BDFZ01]. The non-ground transformation has already been
published in [ZF99].

15 Oveview

This work is organized as follows. In Chapter 2 basic definitions for logic programs
and the semantics of definite programs are provided.

The well-founded semantics is introduced in Chapter 3. We give a reformulation of
the alternating fixpoint procedure and discuss the computational complexity of the
well-founded semantics.

In Chapter 4 we propose the key concept of the work: the ground transformation ap-
proach. We define transformations that will be generalized to non-ground programs
later, and show the confluence properties of the approach.

Chapter 5 discusses several grounding methods that are needed if we want to apply
ground transformations to a non-ground program.

In Chapter 6 we give a precise comparison of the ground transformation and the alter-
nating fixpoint procedure. We show, that the computation of the aternating fixpoint
procedure can be imitated exactly by the transformation. Then we define the regular
expression syntax to describe transformation strategies. On this high level of abstrac-
tionitiseasy to specify astrategy that is significantly more efficient than the alternating
fixpoint procedure. We will illustrate this by experimental results.

We extend the non-ground transformation by a new transformation to correctly eval-
uate magic set transformed programs in Chapter 7. We will, again using the regular
strategy expression syntax, describe, compare and even optimize the magic extensions
of the aternating fixpoint procedure of [KSS95] and [Mor96].

The prototypical implementation of the ground transformation is described in Chap-
ter 8. We present the key algorithms that have been used for the implementation.
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In Chapter 9 we define the extension of the ground transformation to non-ground pro-
grams. Therefore we generalize the ground transformation and add two transforma-
tions for a goal-directed activation and instantiation of rules.

An extension of the ground implementation to non-ground programs is presented in
Chapter 10.

Chapter 11 provides a precise comparison to the SLG resolution. We prove an exact
correspondence for a class of computations, but we also point out differences of the
two approaches. We extend the regular strategy expression syntax to the non-ground
case and give examples for several transformation strategies.

We conclude this work in Chapter 12.



Chapter 2

Normal Logic Programs

2.1 Syntax

To define the syntax of normal programs we recall the definition of afirst order logic
language that we adopted from [L1087].

Definition 2.1.1 (Alphabet) An alphabetX consists of the following classes of sym-
bols:

1. Variableswhich will be denoted by identifiers starting with a capital letter like
uv,w, XY,z

2. Function symbolsvhich will be denoted by identifiers starting with alower case
letter like f, g, h. Each function symbol has an arity n € N. Function symbols
with arity 0 are called constantsNatural numbers are also constants.

3. Predicate symbolahich will be denoted by identifiers starting with alower case
letter like p, ¢, r, s. Each predicate symbol hasan arity n € N.

4. Connectivesiot, A (and), Vv (or), — (implies), and < (equivalent).
5. Quantifiersv (foral) and 3 (exists).

6. Punctuation symbol§”, “)”, and “,".

Inductive Definition 2.1.2 (Term) A termis defined inductively as follows:

1. A variableisaterm.

21
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2. A constantisaterm.

3. If fisafunction symbol witharity n and ¢y, .. ., t,, areterms, then f(¢4,...,t,)
isaterm.
We will denote the syntactical equalityf terms by the symbol =. O

Definition 2.1.3 (Atom) Let p be a predicate symbol with arity n € N. Lettq,...,t,
be terms. Then p(ty, . .., t,) isan atomic formulaor atom O

Inductive Definition 2.1.4 (Well-Formed Formula) A (well-formed) formulas de-
fined inductively asfollows:
1. Anatomisaformula

2. If F and G are formulas, then so are (not F'), (F' A G), (FV G), (F — G),
and (F < Q).

3. If Fisaformulaand X isavariable, then (VX F') and (3X F') are formulas.

It will often be convenient to writethe formula (F — G) as (G — F'). Wewill denote
the syntactical equalityf formulas by the symbol =. O

Definition 2.1.5 (Precedences) We will omit parenthesis where possible, using the
following precedences of connectives and quantifiers:

1. not, V, 3
2. \,V

3. =,

Definition 2.1.6 (First Order Language) The first order languagel for an alpha-
bet X consists of the set of all formulas that can be constructed according to Defini-
tion 2.1.4 using symbols of 3. O

Definition 2.1.7 (Bound and Free Occurrences of Variables) Let X be a variable
and F be aformula. The scopeof VX inVXF and of 34X in3XF is F. A bound
occurrenceof avariable in aformulais an occurrence immediately following a quan-
tifier or an occurrence within the scope of a quantifier, which has the same variable
immediately after the quantifier. Any other occurrence of avariableisfree O
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Definition 2.1.8 (Closed Formula) A closed formulasaformulawith no free occur-
rence of any variable. O

Definition 2.1.9 (Literal) A literal isapositive literal or anegativeliteral. A positive
literal isan atom A. A negative literalis the negation not A of an atom A. O

Definition 2.1.10 (Complement) Let L be aliteral. The complement-L of L isde-
fined as follows:

I = notB ifL=DB
T B if L=notB

For aset S of literals, ~S denotes the set of the complements of theliteralsin S:

~S = {~L|LeS} 5

Definition 2.1.11 (Positive and Negative Atoms) For aset S of literals we define the
set pos(S) of positively occurring atomin S and the set neg(.S) of negatively occur-
ring atomsin S asfollows:

pos(S) = {A|Ae Sisapositiveliteral in S},
neg(S) := {A]| notA € Sisanegativeliteral in S}. 0
Definition 2.1.12 (Clause) A clauseisaformulaof theform
VX1 .. VX, (L1 V...V Ly)
whereeach L; isaliteral and X1, ..., X,, aredl thevariablesoccurringin Ly V...V
Lp,. O

Definition 2.1.13 (Rule) The program clauser rule
Ay,...,Ap < B1,...,B;,notCy,... ,not Cp,

or equivaently
A1V... VA, —BiAN...ANBAnotCy A... AnotC,,

is aconvenient notation for the clause
VX1...VXs(A1V...VA,Vnot By V...Vnot BVCy V...Cp)

where Ay, ..., A, B1,...,B;,Cy,...,C;aeaomsand Xq,..., X, aredl the vari-
ables occurring in these atoms. Thus, in a program clause, all variables are assumed
to be universally quantified, the commas in the antecedent denote conjunction and the
commas in the consequent denote disjunction. O
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Definition 2.1.14 (Query) A queryisarulewith k = 0, i.e., arule of the form
— Bl,...,Bl,notcl,...,not(]m

having no atom in the consequent. O

Definition 2.1.15 (Goal) A goalisa conjunction of literals denoted by
BiAn...ANB,notC; A... AnotC,,
or equivaently

Bl,...,Bl,notCl,...,notCm.
O

Remark 2.1.16 (Atomic Queriesand Goals) A query or agoal is called atomicif it
consists of asingleatom By, i.e., I = 1 and m = 0. For atomic queries, we will often
write only B; to denote the query < Bj if the meaning is clear from the context. O

Definition 2.1.17 (Normal Rule) A normal ruleisarule with k& = 1, i.e,, arule of
theform

A« By,...,B,notCy,...,notC,,

having exactly one atom in the consequent. O

Definition 2.1.18 (Normal Program) A normal program is a finite set of normal
rules. O

Remark 2.1.19 In this work we consider only normal programs. Thus, by speaking
of rules and programs we always mean normal rules and normal programs. O

Definition 2.1.20 (Language of a Program) Let P be a program. Then the language
L p induced by the program isthefirst order language built from the predicate symbols,
function symbols and constants occurring in P. O

Definition 2.1.21 (Rule Head and Rule Body) Let
A «— Bl,...,Bl,notCl,...,notCm

be a (normal) rule. Then A is called the rule headwhich consists of the head atom
A. Further, By,..., B;,not Cy,...,not C,, is caled the rule bodyand the literals
in it are called the body literals The By, ..., B; are caled positive body literalsthe
not (4, ..., not C,, are caled negative body literals a
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Definition 2.1.22 (Set Notation for Rules) We frequently treat the body of arule as
aset of literals. Instead of therule

A« By,...,Bg,notCy,...,notCj.
we write
A~ B

with B = {By,...,Br not C1,...,not C;} being the set of body literals. We also
use the notation

A« BAnotC

with B = {By,...,Bi} and C = {C},...,C;} being sets of atoms occurring posi-
tively or negatively in the rule body, respectively. O

Note, that these definitions of the set notation are legitimate because the conjunction
is commutative.

Definition 2.1.23 (Fact) A factisa(normal) rule without any body literals. We will
denote afact just by its head atom A, or in the set notation by A « (. O

Remark 2.1.24 (Unconditional Fact) We call this classical type of fact uncondi-
tional since we will introduce conditional facts with non-empty rule bodies later in
thiswork (cf. Definition 4.3.1). O

Definition 2.1.25 (Definite Rule) A definite ruleor positive ruleis a normal rule of
the form

A%Bl,...,Bl

having no negative body literals. O

Definition 2.1.26 (Definite Program) A definite progranor positive programis afi-
nite set of definite rules. For anormal program P, we use P to denote the (sub-)set
of definiterulesin P. O

Definition 2.1.27 (Facts, Heads, Body Literals) Let P be a program. We define the
set of factsn P, facts(P) and the set of head#n P, heads(P) asfollows:

facts(P) = {A|(A«0)e P},
heads(P) := {A|thereisaB suchthat (A — B) € P}.
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Note, that for every P, facts(P) C heads(P) holds.

Definition 2.1.28 (Groundness) A term, atom, rule or program with no variables oc-
curring init iscalled ground O

Definition 2.1.29 (Range-Restriction) A program P is called range-restrictedif
each rule r € P sdtisfies the following condition: every variable occurring in r oc-
curs (also) in apositive body literal of r. O

2.2 Substitution and Unification

For non-ground logic programs we need the concept of substitution and unification.
We will recall the definitions that are most important for this work.

Definition 2.2.1 (Substitution [L1087]) Let £ be afirst order language. A substitu-
tion 6 in £ isafinite set of the form {V1 /t1,...,V,,/t,}, where each V; is a variable
in £, each t; isatermin £ distinct from V; and the variables V1, . .., V,, are pairwise
distinct. Each element V; /¢; iscalled abindingfor V;. 6 is caled aground substitution
if the t; are all ground terms. 6 is called a variable-pure substitutionf the ¢; are all
variables. We will omit the language £ when it is clear from the context. O

Definition 2.2.2 (Expression) An expressionseither aterm, aliteral or aconjunction
or digunction of literals. A simple expressiois either aterm or an atom. O

Definition 2.2.3 (Instance [L1087]) Let 6 = {Vi/t1,...,V,/t,} be a substitution
and £ be an expression. Then E6, the instanceof £ by 6, is the expression obtained
from E by simultaneously replacing each occurrence of the variable V; in E by the
term¢; fori =1,...,n. If Efisground, then Ef iscalled aground instancef £. O

Definition 2.2.4 (Variant [L1087]) Let £ and F' be expressions. We say F and F are
variantsif there exist substitutions  and o suchthat £ = F'6 and ' = Eo. We say
Eisavariant of F' or F isavariant of . O

Definition 2.2.5 (Renaming Substitution [L1087]) Let E be an expression and S be
the set of variables occurring in E. A renaming substitutiofior £ is a variable-pure
substitution {X;/Y1,...,X,/Y,} suchthat {X1,...,X,} C S, theY; are pairwise
distinct and (S\{X1,..., Xp}) N{Y¥1,..., Y} =0. 0
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Definition 2.2.6 (Composition [L1087]) Let 8 = {U1/s1,...,Un/sm} a@d o =
{Vi/t1,..., Vo /tn} be substitutions. Then the compositiordo of § and ¢ is the sub-
stitution obtained from the set

{Ul/sla,.. .,Um/smO',Vl/tl,.. .,Vn/tn}

by deleting any binding U;/s;o for which U; = s;0 and deleting any binding V; /t;
forwhichV; € {Uy,...,Un}. ]

Definition 2.2.7 (Most General Unifier [L1087]) Let S be a finite set of simple ex-
pressions. A substitution ¢ is called a unifier for S if S0 isasingleton. A unifier for
S is called most general unifier (mgupr S if, for each unifier o of S, there exists a
substitution v such that o = 6+. S is caled unifiableif there existsa unifier for S. O

Remark 2.2.8 A most general unifier for a set of expressions, if it exists, is unique
modulo renaming. O

2.3 Interpretationsand Models
In this section we recall the definitions of interpretations and models.

Definition 2.3.1 (Pre-Interpretation [L1087]) A pre-interpretationof a first order
language L consists of the following:

1. A non-empty set D, called the domainof the pre-interpretation.
2. For each constant in L, the assignment of an elementin D.

3. For each function symbol with arity n in L, the assignment of a mapping from
D"to D.
O

Definition 2.3.2 (Interpretation [L1087]) An interpretation I of a first order lan-
guage L consists of a pre-interpretation J with domain D of L together with the
following:

4. For each predicate symbol in L with arity n, the assignment of a mapping from
D™ into {true, false} (or equivalently, arelation on D).

We say I isbased onJ. O
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Definition 2.3.3 (Variable Assignment [L1087]) Let J be a pre-interpretation of a
first order language L. A variable assignmenw.r.t. J is an assignment of an element
in the domain of J to each variablein L. O

Inductive Definition 2.3.4 (Term Assignment [L1087]) Let J be apre-interpretation
of afirst order language L with domain D. Let V' be avariable assignment. The term
assignmentv.r.t. J and V of thetermsin L is defined as follows:

1. Eachvariableisgiven its assignment accordingto V.

2. Each constant is given its assignment according to J.

3. Ift},..., ), arethetermassignmentsof ¢4, . .. .t,, and f’ istheassignment of the
function symbol f with arity n, then f/(¢},...,t)) € D isthe term assignment
of f(tl, R ,tn).

O

Inductive Definition 2.3.5 (Truth Values[L1087]) Let I be an interpretation of a
first order language L with domain D and let V' be a variable assignment. Then a
formula F' in L can be given atruth value true or false(w.r.t. I and V') asfollows:

1. If theformulaisan atom p(t4, . . ., t,), then thetruth value is obtained by calcu-
lating the value of p' (¢, . .., t),) where p’ isthe mapping assigned to p by I and
ty,...,t, aretheterm assignments of ¢, ...,t, w.rt. 7 and V.

2. If theformulahastheformnot F, F A G, FV G, F — G, F < G, then the
truth value of the formulaiis given by the following table:

F | G |notF|FANG|FVG|F—G|F<G

true | true || false true true true true
true | false | false false true false false
false | true true false true true false
false | false | true false false true true

3. If the formula has the form 3.X F', then the truth value of the formulais true if
there exists d € D such that F' has truth value true w.r.t. I and V(X /d), where
V(X/d)isV except that X isassigned d; otherwise, itstruth value is false.

4. If the formula has the form VX I, then the truth value of the formula is true
if, for all d € D, we have that F' has truth value true w.r.t. I and V(X/d);
otherwise, itstruth valueisfalse.

|
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Clearly the truth value of aclosed formuladoes not depend on the variabl e assignment.
Consequently, we can speak unambiguously of thetruth value of a closed formula w.r.t.
an interpretation According to itstruth value, we say a closed formulaistrue or false
w.r.t. an interpretation.

Definition 2.3.6 (Model [L1087]) Let I be an interpretation of a first order language
L. Then I isamodel of aclosed formula F', if Fistruew.r.t. I. Further, I isamodel
of aset S of closed formulas, if I isamodel of each formulaof S. O

2.4 Herbrand Modds

Definition 2.4.1 (Herbrand Universe[L1087]) Let £ be afirst order language with
at least one constant. The Herbrand universd/ of L isthe set of al ground terms,
which can be formed out of the constants and function symbols of L. O

Remark 2.4.2 For the case that a given logic language contains no constant, we add a
new constant ¢ to it and consider the resulting language L. |

Definition 2.4.3 (Herbrand Base [L1087]) Let £ be afirst order language. The Her-
brand baseBASE(L) of L isthe set of all ground atoms which can be formed by
using predicate symbols from £ with ground terms from U as arguments. O

Remark 2.4.4 We will also assign a Herbrand universe Up and a Herbrand base
BASE(P) to aprogram P by assuming that the underlying first order language £ p
consists of exactly the constants, function symbols and predicate symbols occurring in
the program. O

Definition 2.4.5 (Herbrand Instantiation [L1087]) Let £ be afirst order language.
The Herbrand instantiatioryround(P) of P consists of al ground instances (w.r.t.
the Herbrand universe U,) of al rulesin P. We will omit the language £ when it is
clear from the context. O

Definition 2.4.6 (Herbrand Pre-Interpretation [L1087]) Let L be afirst order lan-
guage. The Herbrand pre-interpretatiofior L is given by the following:

1. Thedomain of the pre-interpretation is the Herbrand universe Uy, .
2. Congtantsin L are assigned themselvesin Uy,

3. If fisafunction symbol in L with arity n, then the mapping ' : U} — Uy,
assigned to f isdefined by f/(t1,...,tn) == f(t1,...,tn)-
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Definition 2.4.7 (Herbrand Interpretation [L1087]) A Herbrand interpretationis
an interpretation based on a Herbrand pre-interpretation. O

Remark 2.4.8 Since, for Herbrand interpretations, the assignment to constant and
function symbolsisfixed, it is possibleto identify a Herbrand interpretation with a sub-
set of the Herbrand base. For any Herbrand interpretation, the corresponding subset of
the Herbrand base is the set of al ground atoms which are true w.r.t. the interpretation.

O

Definition 2.4.9 (Herbrand Model [L1087]) Let L be afirst order language and S a
set of closed formulas of L. A Herbrand modebf S is an Herbrand interpretation of
L whichisamodd of S. O

The intended meaning of a logic program is that a formula should be true if it is a
logical consequence of the program, i.e., it istrue in al models of the program. For
definiteprograms this intention leads to a semantics that coincides with the intuition
because of the following property.

Proposition 2.4.10 (Model I ntersection Property [L1087]) Let P be a definitepro-
gram. Let M be a non-empty set of Herbrand models for P. Then the intersection
() M of al modelsisan Herbrand model for P. O

Remark 2.4.11 Since every program P has BASE(P) asan Herbrand model, the set
of all Herbrand models for P is aways non-empty. O

Definition 2.4.12 (Least Herbrand Model [L1087]) Let P be a definite program.
Then the least Herbrand model/r of P istheintersection of all Herbrand modelsfor
P. O

The least Herbrand model M p is considered as the natural interpretation of a definite
program.
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2.5 Immediate Consequences

To compute the least model of a definite program constructively, we define the follow-
ing immediate consequence operator

Definition 2.5.1 (Immediate Consequence Operator) Let P be a definite program.
Let I C BASE(P) beaset of atoms. The set of immediate consequenceslofv.r.t. P
is defined as follows:

Tp(l) := {A|thereis A — B € ground(P) with B C I}.
g

Remark 2.5.2 (Latticesand Fixpoints) A detailed description of the theory of lat-
tices and fixpoints can be found in [L1087]. We recall some definitions that are needed
for this work. We restrict ourselves to the special case of set inclusion lattices where
the bottom element is the empty set and the lub and gib operations are given by the set
union and set intersection, respectively. O

The T'p operator is monotonic in the following sense.

Definition 2.5.3 (Monotonic Mapping) Let T : L — L beamapping. Wesay T is
monotonidf 7'(x) C T'(y), whenever = C y. O

We start with the empty set and then derive more and more consequences by iteratively
applying the Tp operator.

Definition 2.5.4 (Ordinal Powersof T) Let T' : L — L be a monotonic mapping.
Then we define

T10 = 0
TTa« T(T 1T (a—1)) if o isasuccessor ordinal
Tta = H{T 18|08 <a} ifaisalimitordina

a

Definition 2.5.5 (Fixpoint) LetT : L — L beamapping. Anelementa € L iscalled
fixpointof T"if and only if T'(a) = a holds. |

Definition 2.5.6 (Least Fixpoint) Let 7' : L — L be amapping. Anelementa € L
is called least fixpointof 7" if and only if a isafixpoint of 7" and for all fixpoints b of
T, wehave a C b. Wewill denote thisleast fixpoint, if it exists, by 1fp(T). O
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It is known that for monotonic mappings the least fixpoint does exist and will be
reached for some ordinal.

Proposition 2.5.7 (Fixpoints of Monotonic Mappings[L1087]) LetT : L — L be
a monotonic mapping. Then T' has a least fixpoint, I fp(T"). For every ordina «,
T 1T a C Ifp(T). Furthermore, there exists an ordina 3 such that v > 3 implies

T1~y=1fp(T). O

The Tp operator is not only monotonic but also continuous (in the sense of [L1087,
Chap. 1, §5]. Thisleads to the following result, stating that the least fixpoint of the 7p
operator is always reached not later than at the first limit ordinal.

Theorem 2.5.8 (Fixpoint Characterization of the Least Herbrand Model [L1087])
Let P be adefinite program. Then Mp = 1fp(Tp) = Tp T w. O



Chapter 3

The Wdll-Founded Semantics

In this chapter we will recall the definition of the well-founded semantics and its most
prominent computation algorithm, the alternating fixpoint procedure.

3.1 Wadl-Founded Models

Definition 3.1.1 (Partial and Total Interpretation [VGRS91]) Let P be a norma
program. A partial interpretation is a set of ground literals such that for no atom
A both A and not A arecontainedin I, i.e.

pos(I) Nneg(I) =0,
and whose atoms are contained in the Herbrand base BASE(P) of P, i.e.
pos(I) Uneg(l) C BASE(P).

I is atotal interpretation if I is a partial interpretation and for every atom A €
BASE(P) itcontains A or not A, i.e.

pos(I) Uneg(l) = BASE(P).
Definition 3.1.2 (Truth Values[VGRS91]) Let I be a partial interpretation. A
ground literal L istruein I, if L iscontainedin I,i.e. L € I. L isfalsein I, if

its complement ~L iscontained in I, i.e. ~L € I. L isundefinedn I, if it is neither
true nor falsein 1. O

33
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Definition 3.1.3 (Restricted Interpretation) Let I be a partia interpretation. Let Q
be an atom. Then the interpretation I restricted to () is defined by

Ilg = IN(ground(Q) U ground(not Q))

Aninterpretation I restricted to ) containsthe information asto what ground instances
(w.r.t. agiven first order language) of (Q aretrueor falsein 1.

Definition 3.1.4 Two partia interpretations I; and I, are said to agree on an atom @,
if they contain the same ground instances of @ and not @, i.e, if I1|g = I2|g holds.
a

Definition 3.1.5 (Partial and Total Model [VGRS91]) Let P be a normal program.
Let I be apartia or total interpretation. A ground rule A < B is satisfiedin I, if its
head A istruein I or if at least one body literal L. € Bisfasein I. I isatotal model
of P, if itisatota interpretation and every ground instance A «— B € ground(P) of a
rule of P issatisfiedin I. I isapartial modelof P, if it isapartia interpretation that
can be extended (by adding literalsto I') to atotal model of P. O

Remark 3.1.6 (Partial Model [VGRS91]) A partia model is a partial interpretation
such that some instantiated rules may not be satisfied, but there is a (possibly empty)
set of literals whose addition to the partial interpretation will satisfy all rules. O

Definition 3.1.7 (Unfounded Set [VGRS91]) Let P be a normal program. Let I a
partial interpretation. Let A C BASE(P) beaset of ground atoms. .4 isan unfounded
setof P w.rt. I, if for every atom A € A and every ground ruleinstance A «+ B €
ground(P) at least one of the following conditions holds:

1. at least one body literal L € Bisfasein I,

2. at least one positive body literal B € B iscontained in A.

Definition 3.1.8 (Greatest Unfounded Set [VGRS91]) Let P be a normal program.
Let I be apartia interpretation. The greatest unfounded set P w.r.t. I isthe union
of all unfounded sets of P w.r.t. I. O
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Definition 3.1.9 (Positive and Negative | mmediate Consequences [VGRS91]) Let
P beanormal program. Let I be apartia interpretation. The three operators Tp, Up,
and Wp are defined as follows:

Tp(I) {A € BASE(P) | 3(A « B) € ground(P) : BC I}
Up(I) := thegreatest unfounded set of P w.r.t. I
WP(I) = TP(I) UNUP(I> 0

Remark 3.1.10 Note, that the T» operator in Definition 3.1.9 is defined for normal
programs and is applicable to sets of literals. This generalizes the T operator of
Definition 2.5.1 which is defined only for definite programs and is applicable only to
sets of atoms. O

Lemma3.1.11 ((VGRS91]) Tp, Up, and Wp are monotonic operators. O

Theorem 3.1.12 ([VGRS91]) Let P be anormal program. For every countable ordi-
nal a, Wp 1 avisapartial model of P. O

Definition 3.1.13 (Partial and Total Well-Founded Model [VGRS91]) Let P be a
program. The well-founded (partial) modedf P, W, is the least fixpoint of Wp.
If Wi isatotal interpretation, it is called the well-founded total modedf P. 0

Definition 3.1.14 (Semantics) A semanticds a mapping S, which assigns to every
logic program P a set S(P) of (partial) models of P such that S is “instantiation
invariant”, i.e. S(P) = S(ground(P)). O

Now we can define the Well-Founded Semantics

Definition 3.1.15 (Well-Founded Semantics) The Well-Founded Semanticassigns
to every logic program P the well-founded partial model W, of P:

WFES(P) = {Wp} -
The well-founded semantics is defined as a set of ground literals. However, we will
assign atruth value to a non-ground literal L w.r.t. the well-founded semantics, if any
ground instance of L has the same truth value in W5. With any ground instance we

mean, that any first order language £ can be used for the grounding and that the truth
value of the instances do not depend on the constants occurring in P.

Definition 3.1.16 (Truth Valuesfor Non-Ground Literals) Let P be a normal pro-
gram. Let L be anon-ground literal. We say that L is true or false or undefined
w.r.t. the well-founded semantics of P, if for any first order language £ including the
language Lp of the program, all ground literals in ground,(L) are true or false or
undefined, respectively, in the well-founded model of ground,(P), where ground,
denotes that for the grounding operation all ground terms of the language £ are used
(cf. Definition 2.4.5). O
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3.2 Alternating Fixpoint Procedure

Let us recall the definition of the alternating fixpoint procedure. We introduce an
extended version of the immediate consegquence operator that uses two different sets
of facts for positive and negative subgoals, respectively. Actually, thisis an adaption
of the stability transformation found in [VG89, VG93] to our purposes. This operator
has been introduced and investigated by Przymusinski in [Prz89, Prz90, Prz91].

Definition 3.2.1 (Extended mmediate Consequence Operator) Let P be a normal
logic program. Let I and J be sets of ground atoms. The set Tp ;(I) of immediate
consequences @fw.r.t. P and.J is defined as follows:

Tpj(I) := {A]thereis A — B € ground(P) with pos(B) C I and
neg(B)NJ = 0}.

If P isdefinite, the set J is not needed and we obtain the standard immediate conse-
quence operator Tp of Definition 2.5.1, i.e., Tp(I) = Tpy(I). O

Tp,; checks negative subgoals against the set of possibly true atoms that are supplied
by the argument J. This allows the following elegant formulation of the aternating
fixpoint procedure.

Definition 3.2.2 (Alternating Fixpoint Procedure) Let P be a normal logic pro-
gram. Let P* denote the subprogram consisting of only the definite rules of P. Then
the sequence (K, U;)i>0 With sets K; of true (known) facts and U; of possible (un-
known) facts is defined by:

Ky = lp(Tp+)

Up = Ip(TrK,)
i>0: K; = llp(Tpy, ,)
1>0: U = lfp(Tp’Ki)

The computation terminates when the sequence becomes stationary, i.e., when a fix-
point is reached in the sense that

(K;,Uj) = (Kj11,Uj11)-

This computation schemais called the Alternating Fixpoint Procedur¢éAFP). O

Theorem 3.2.3 (Termination [VG93]) Let P be a normal program based on a first
order language without function symbols. Let the sequence (K, U;)i>o be defined as
above. Thenthereisaj > 0 suchthat (K;,U;) = (Kj+1, Ujt1). O
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Theorem 3.2.4 (Partial Correctness of AFP [VG93]) Let P be a norma program.
Let the sequence (K, U;)i>o be defined as above. If thereisaj > 0 such that
(K;,U;) = (Kj41,Ujs1), then the well-founded model W, of P can be directly
derived from the fixpoint (K;,U;), i.e.,

Wp ={L | L isapositive ground literal and L € K; or
L isanegative ground literal not A and A € BASE(P)\U;}.

The following results which follow easily from the anti-monotonicity of Tp ; w.r.t. J
are also stated in [KSS95].

Lemma 3.2.5 (Monotonicity) Let the sequence (K;,U;):>o be defined as above.
Then K; C KZ‘+1, U, D Ui+1, K; C U; holdsfor i > 0. O

Whereasthe sets K; of true facts can be computed incrementally, the sets U; of possible
facts have to be recomputed in every iteration step. It is well-known that this leads to
many unnecessary re-computations even for simple programs.

Example 3.2.6 (Even Numbers) Consider the following logic program EvenNum
not even(0)
1

(1)«
even(2) <« mnoteven(l)
(3) <« mnoteven(2).

even(n) <« mnoteven(n—1).

It defines the even numbers between 0 and some fixed even number n. We would
expect that it is possible to compute the well-founded model of this program in linear
timew.r.t. n. The alternating fixpoint procedure derives the following sequence:

Ky = {even(0)}

Uy = {even(0),even(2),even(3),...,even(n)}

K1 = {even(0),even(2)}

Uy = {even(0),even(2),even(4), even(5),...,even(n)}

Ky = {even(0),even(2),even(4)}

Uy = {even(0),even(2),even(4), even(6), even(7),...,even(n)}
Ko =Uypn = {even(0),even(2),even(4),...,even(n)}.

Apparently, the aternating fixpoint approach needs r iterations, each deriving a num-
ber of facts that islinear in n. So the total time complexity is at least quadratic in n.
|



38 CHAPTER 3. THE WELL-FOUNDED SEMANTICS

3.3 Fitting Reduction

In [Fit85] an operator is introduced that is relevant for this work. We will recall its
definition in this section.

Definition 3.3.1 (Fitting Reduction) Let P be anormal program. Let I be a partial
interpretation. The three operators Tp (true consequences), Fp (obviously false con-
sequences), and the Fitting operator® p are defined as follows:

Tp(I) = {A€ BASE(P)|3(A <« B) € ground(P) : BC I}
= {A € BASE(P) |V(A « B) € ground(P) : 3L e B: ~L € I}
®p(I) = Tp(I)U~Fp(I)

«—

7
=
Il

O

The T'p operator is defined exactly asin Definition 3.1.9. The Fp operator isasimpli-
fied version of the Up operator of Definition 3.1.9 in the following sense.

Lemma3.3.2 Let P be anormal program. Let I be a partial interpretation. Then
FP(I) - UP(I) holds.

Proof: Let A € Fp(I) beany atom in Fp(I). Then for any ground rule (A —
B) € ground(P) at least one literal L € B isfasein I, by Definition 3.3.1. By
Definition 3.1.7 the set { A} is an unfounded set. It follows {A} C Up(I) and thus
AeUp(I). O

The Fp(I) operator determines all atoms A that are obviously false because al rule
instances that could derive A have already at least one body literal that isfalsein 1.
The Up (1) operator of Definition 3.1.9 contains the same atoms because of the first
condition of Definition 3.1.7. But additionaly, it contains atoms depending on each
other through cyclic positive dependencies. This detection of positive loops is what
makes the computation of the well-founded semantics expensive. We will discuss this
point more deeply later in this work.

The @ p operator is obviously monotonic. Thusits least fixpoint Ifp(® p) exists.

Lemma 3.3.3 (Fitting Reduction) Let P beanormal program. Thenlfp(®p) C W}
holds.

Proof: From Definition 3.3.1 and Lemma3.3.2it followsthat ® (1) C Wp([I) holds
for any partia interpretation /. From this the lemmafollows immediately. O

For any normal program, lfp(®p) is a subset of the well-founded model W, of P.
Thusitisapossible to start the computation of 1, with the computation of 1fp($p).
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3.4 Computational Complexity

To measure the computational complexity of the well-founded semantics we define the
following two attributes of a program.

Definition 3.4.1 (Number of Atoms) Let P be a program. Then At(P) denotes the
set of all atoms occurring in P. Consequently, | At(P)| denotes the number of distinct
atoms occurring in P. O

Definition 3.4.2 (Size) Let P be aprogram. Then the sizeof P, denoted by size(P),
is the number of literalsin P, i.e., the number of rule heads plus the total number of
body literalsin al rulesincluding duplicates. O

Now we can give an upper bound for the computation time of the well-founded seman-
tics.

Lemma 3.4.3 (Polynomial Time[BSF95]) Let P be a ground program. Then the
well-founded model W, of P can be computed in polynomial time, and more specifi-
caly, in O(|At(P)| x size(P)) steps.

Proof:  This bound is achieved by the aternating fixpoint procedure (cf. Defini-
tion 3.2.2). The AFP needs at most | At(P)| iterations until afixpoint isreached. Each
iteration consists of finding the least models of two definite programs derived from P.
Since finding the least model of a definite program is linear in the size of the program
(cf. Section 8.2), this gives the stated complexity. O

Remark 3.4.4 (Quadratic Time [BSF95]) As a consequence of Lemma 3.4.3, the
worst casetime needed to compute the well-founded model of a ground program is
quadraticin the size of the program. |

Remark 3.4.5 (Ground Programs) The resultsin this section are discussed only for
ground programs. For many practical purposes, ground programs are not especially
interesting by themselves. But semantics for first order logic programs (IDB) over
finite extensional databases (EDB) are generally defined by translating, via Herbrand
instantiation, these logic programs and databases into ground programs. Also the al-
ternating fixpoint procedure considers, by Definition 3.2.1, only ground rule instances.

O

Despite the importance of the well-founded semantics, the question of how fast it can
be computed has not attracted significant attention [LTOQ]. Improving the quadratic
bound given in Lemma 3.4.3 turned out to be difficult. There are some approaches that
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achieve a better result for special classes of programs. However, to our knowledge,
until now no algorithm has been found that breaks the quadratic worst case bound in
general.

Berman, Schlipf, and Franco have described algorithms that achieve a speedup for two
classes of programs.

Lemma 3.4.6 ([BSF95]) Let P be a ground program whose rules contain at most
two occurrences of atoms in their bodies. Then W} can be computed in time
O(|At(P)|*3size(P)?/3). O

Lemma3.4.7 ((BSF95]) Let P be a ground program whose rules have no more
than one positive atom in their bodies. Then W} can be computed in time
O(|At(P)[3/?size(P)'/?). O

Lonc and Truszczynski have described another algorithm for the same class of pro-
grams.

Lemma3.4.8 ([LTOO]) Let P be a ground program whose rules have no more than
one positive atom in their bodies. Then W} can be computed in time O(|At(P)|? +
size(P)). O

If we analyze how these complexity results have been achieved, it turns out that the
cost for computing the well-founded model can be divided into two major parts. The
easier part is the reduction of obviously true or false body literals by means of the
Fitting reduction (cf. Section 3.3). This reduction is known to be computable in time
O(size(P)) (cf. Section 8.2). The more difficult part is the detection and removal
of cyclic positive dependencies, or positive loops. To break these positive loops, the
aternating fixpoint procedure needs at most | At(P)| iterations each of which needs
O(size(P)) computation steps. Consequently, the alternating fixpoint procedure has
aworst case running time of

O(size(P) + |At(P)| x size(P)).

The algorithm of Lonc and Truszczynski takes advantage of the fact that in each rule
there is at most one positive body literal. For this special case they describe a loop
detection agorithm that needs time O(|At(P)|) to detect one single loop. Thus they
achieve an overall running time of

O(size(P) + |At(P)| x |At(P)]).

In this notation it is clearly visible that they reduced the last factor from size(P) to
|At(P)| which will be aan advantage for most programs.
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In this work we will not break the quadratic worst case bound for normal programs
in general. However, we will provide a framework which allows the specification of
evaluation strategies that achieve a significant speedup, up to computation in linear
time for alarge class of programs. As we have seen in the discussion in this section,
the detection and removal of positive loops plays a magjor role in this context. We will
reduce the numberof loop detections needed significantly as compared to the alternat-
ing fixpoint for alarge class of programs. Further, we will discussin Section 8.3 how
the loop detection can be implemented more efficiently, such that any single loop de-
tection needs sub-linear time leading to an overall time that is sub-quadratic for many
programs, even if alinear number of loop detectionsis needed.
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Chapter 4

Ground Transfor mation

We have seen that the alternating fixpoint procedure needs quadratic time for some
programs whose model could be easily computed in linear time. In this chapter we in-
troduce the key concept of this work: model computation by program transformation.
We will show that by handling rule instances instead of sets of atoms the computation
efficiency can be improved for many programs.

First, we define the program transformation for ground programs only. Later in this
work we will generalize the definitions for non-ground programs.

4.1 Basc Definitions

Definition 4.1.1 (Program Transformation) A program transformationis a rela-
tion — between ground logic programs. A semantics S (cf. Definition 3.1.14) alows
atransformation — iff S(P;) = S(P) for al P, and P, with P, +— P;. O

Definition 4.1.2 (Transitive Reflexive Closure) Let — be a program transformation.
Then —* denotes the transitive reflexive closure of —, i.e., denotes 0 or any positive
number of applications of —. O

If a ground atom appears as a fact in a ground program P then this fact is obviously
true in this program. Further, if aground atom does not appear in any rule head in the
program, then there is no way to derive this atom and thus the atom is obviously false
in this program.

43
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Definition 4.1.3 (True and False Atoms) Let P be aground program. Let S be a set
of ground atoms. Then the set of atomsthat aretruein P w.r.t. S and the set of atoms
that are falsein P w.r.t. S are defined as follows:

trues(P) = {AeS|Ae€ facts(P)}
falses(P) = {A€S|A¢heads(P)}

Usually the set of S is given by the Herbrand base BASE(P) of the program P. In
this case we will omit the subscript S. O

Based on this observation, we assign to every ground program a partial interpretation
which contains these obviously true or false atoms.

Definition 4.1.4 (Known Literals) Let P be aground program and let S be a set of
ground atoms. The set of positive and negative ground literals with atomsin S having
an obvious truth value in P isdenoted by knowng(P):

knowng(P) := trueg(P)U ~falses(P)
O

Lemma4.1.5 (Soundness of Known Literals) Let P be a ground program. Then
known pasgp)(P) € Wp holds.

Proof: Thisresult isobviousfrom the definition of the well-founded semantics. From
Definition 3.1.9 is follows that
truepaspp)(P) = facts(P) C Tp(0) C Wp(D) € Wp.

According to Definition 3.1.7 falsepssg(p)(P) is an unfounded set of P w.rt. the
empty interpretation, and thus we have

falsepasgp)(P) € Up(0)
and as a consequence

~falsepasgp)(P) € Wp(0) € Wp.

a

The main idea of the program transformation is to start with a given ground pro-
gram P and apply program transformations to it until the set of known literals
known pasgp)(P") of the resulting program P’ contains not only asubset of the well-
founded model as stated in Lemma4.1.5 but the complete model.
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4.2 TheResidual Program Approach

Brassand Dix [BD94, BD97, BD98a, BD98b] haveintroduced aframework for study-
ing and computing negation semantics by means of elementary program transforma-
tions. Thisframework, called the residual program approacldefines a set of program
transformationsin the sense of Definition 4.1.1. Thefirst transformation isthe deletion
of tautological ruleslikep < p A ¢ where the head atom also occurs as a positive body
literal.

Definition 4.2.1 (Deletion of Tautologies) Let P, and P, be ground programs. Pro-
gram P, results from program P; by deletion of tautologie§P;, —r P) iff thereis
A« B € Pysuchthat A€ Band P, = P|\{A «— B}. O

Another program transformation is the “unfolding” of a body literal. For instance,
consider the program

p —q /A notr.
Suppose that there are two rules for ¢, namely

q <« s Anott;.
q < S2 Anotts.

g can only be derived by applying one of these two rules. Thus we can replace the
body literal ¢ by the bodies of the rulesfor ¢q. Thisleads to the program

p < sy Anott; Anotr.
p <« S Anotisg Anotr.

Definition 4.2.2 (Unfolding) Let P, and P, be ground programs. Program P, results
from program P; by unfolding(P, —y P) iff thereisarule A — Bin P, and a
positive literal B € BB such that

Py=(P\{A<B}) U {A—(B{BYUB)|B«B € I}
O

Unfoldingisavery powerful transformation that has been studied by many researchers,
e.g. [AD95, DM94, SS94, Sek93].

Let — py := —p Uy betherewriting system consisting of the two transformations
introduced above. This system is interesting because already unfoldingand deletion
of tautologiesallow to eliminate al positive body literals [BD95]. Thus the resulting



46 CHAPTER 4. GROUND TRANSFORMATION

program is guaranteed to contain no cyclic positive dependencies, or positive loops,
sinceit contains no positive dependencies at all. Thisisremarkable since the detection
and removal of positive loops is the most difficult part of the computation of the well-
founded semantics. However, we will show that thiskind of loop detection has another
disadvantage.

The next transformation is called deletion of non-minimal rules. Consider a program
that containstherule p — ¢ and another rule p — ¢ A r. Then it should be possible to
delete the second rule, sinceit islogically weaker than the first rule.

Definition 4.2.3 (Deletion of Non-minimal Rules) Let P, and P, be ground pro-
grams. Program P, results from the program P; by deletion of non-minimal rules
(P, —y P)iff therearerules A «— Band A «— B’ in P, suchthat B ¢ B’ and
P2 :Pl\{A<—B/} d

The next two transformations describe the eval uation of negative body literalsin trivial
cases. For instance, if there is no rule with p in the head, there is obviously no way
to derive p, so not p should be true. But then it should be possible to delete the
condition not p from the body of arule, sinceit is true anyway:

Definition 4.2.4 (Positive Reduction) Let P, and P, be ground programs. P, results
from P, by positive reductionP, +—p P,) iff thereisarule A «— Bin P; and
anegative literal not B € B such that B isfasein P, (i.e, B ¢ heads(P;)), and
P, = (P\{A«— B})U{A — (B\{not B})}. O

On the other hand, if p is given asafact in the program, a condition of the form not p
can never betrue. So arule with not p initsbody is useless and it should be possible
to delete the complete rule:

Definition 4.2.5 (Negative Reduction) Let P, and P, be ground programs. P results
from P; by negative reductiofP;, —py P) iff thereisarule A «— Bin P, anda
negative literal not B € B such that B istruein P, (i.e, B € facts(P;)), and
Py :Pl\{AHB} Od

Definition 4.2.6 Let— g betherewriting system consisting of the abovefive transfor-
mations, i.e. —p ==~ U~y Uy U—p Uy, O

As shown in [BD98a, BD97] +— r has some nice properties which we summarize in
the following.

Definition 4.2.7 (Normal Form) A program P’ isanormal formof aprogram P w.r.t.
atransformation — iff
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1. P —* P, and

2. P'isirreducible, i.e. thereisno program P” with P/ +— P”.

For — r we have the following strong normal form theorem.

Theorem 4.2.8 (Residual Program [BD98b, BD98a]) The rewriting system — is

1. terminating, i.e. every ground program P has anormal form P/, and

2. confluent, i.e. for al ground programs P, P, P, with P —7%, P and P —7%, P,
thereisaprogram P3 with P, —7}, Py and P —7% Ps.
O

Definition 4.2.9 (Residual Program) As a consequence of Theorem 4.2.8 every
ground program P has aunique normal form, which we call residual programves(P)
of P. O

In fact, we have an even stronger result.

Definition 4.2.10 (Strong Termination) A rewriting system is strongly terminating
iff every chain of transformationsis terminating for fair sequences of transformations.
O

Lemma4.2.11 ([BD98a]) The rewriting system — r is strongly terminating. O

As shown in [BD98b, BD94], the well-founded semantics is the weakest semantics
which allows the above transformations.

Proposition 4.2.12 ([BD98b, BD94]) Let P be any norma program. Let P’ be
any program such that P—7% P’ holds. Then WFS(P) = WFS(P’) (cf. Defini-
tion 3.1.15). O

We can directly “read off” the well-founded model from the residual program:
Theorem 4.2.13 (Computation of WFS[BD97, BD94, BD98b]) The well-founded
model W, of aprogram P consists of those positive and negative ground literalswhich

have an obvious truth value in the residual program, i.e.,

Wi = known gagg(p)(res(P)).
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As the following example shows, the residual program approach needs only a linear
number of transformation steps, whereas the alternating fixpoint procedure needs a
guadratic number of stepsin this example.

Example 4.2.14 (Even Numbersrevisited) Consider the logic program EvenNum
of Example 3.2.6 for some fixed number n. With the program transformations defined
above, EvenNum can be transformed into the residual program res(EvenNum) as
follows:

EvenNum = { even(0)
(1) « not even(0),
even(2) < not even(1),
(3)

even(n) < not even(n — 1) }

=% { even(0),even(2),even(4),...,even(n) }.

Obvioudly, the residual program res(EvenNum) can be derived in O(n) transforma-
tion steps. In contrast, the alternating fixpoint procedure (cf. Example 3.2.6) needs a
quadratic number of derivation steps. O

Remark 4.2.15 We compare the number of applied transformations with the number
of derivation steps needed by the fixpoint iteration of the alternating fixpoint approach.
Thisisfair since in both casesthe truth values of body literals of ground rule instances
have to be checked to derive the truth value of the head. Both computation models,
program transformation and fixpoint iteration, can be implemented based on the algo-
rithm of Dowling and Gallier (cf. Definition 8.2.1) where the examination of the truth
value of abody literal is donein constant time. O
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However, whereas the aternating fixpoint procedure is guaranteed to derive a number
of facts that is at most quadratic in the size of the Herbrand base of the given pro-
gram, there are cases where the residual program can grow to exponential size. This
problem connected with the delayed evaluation of negative literals was already noted
in [CSW95] (cf. Remark 11.3.5).

Example 4.2.16 (Exponential Residual Program) Consider the following program
FEaxp.

p(0).

p(X) «— p(Y)Asuce(Y,X)Anotq(Y).
p(X) «— p(Y)Asuce(Y,X)Anotr(Y).
q(X) «— suce(X,-) Anotq(X).

r(X) «— suce(X,.) Anotr(X).

The rules for ¢ and r ensure that the corresponding negative body literals must be
delayed, i.e., they cannot be reduced but have to be propagated by the unfoldingtrans-
formation. But then the set of delayed literals in the body of arule for p encodes the
derivation path for the p-fact in the head. The following diagram depicts al possible
paths on which a p-fact can be derived:

not ¢(0) not ¢(1) not ¢(2)

© (1) @) Q
N S S

not r(0) not r(1) not r(2)
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Thus, the residual program contains the following conditional facts for p:

p(0).

p(1) — notq(0).

p(1) «— mnotr(0).

p(2) «— mnotq(0) Anotg(1).

p(2) «— mnotq(0) Anotr(l).

p(2) +« mnotr(0) Anotg(1).

p(2) < mnotr(0) Anotr(l).

p(3) <« mnotq(0) Anotg(l) Anotg(2).
p(3) <« mnotq(0) Anotg(l) Anotr(2).
p(3) <« mnotq(0) Anotr(l) Anotq(2).
p(3) <« mnotq(0) Anotr(l) Anotr(2).
p(3) <« mnotr(0) Anotg(l) Anotqg(2).
p(3) <« mnotr(0) Anotg(l) Anotr(2).
p(3) <« mnotr(0) Anotr(l) Anotqg(2).
p(3) <« mnotr(0) Anotr(l) Anotr(2).

Itisobviousthat every possible path isencoded in the residual program. Each possible
fact p(n) isrepresented by 2™ conditional facts. 0

4.3 TheProgram Remainder Approach

We now define the main transformations of our ground transformation approach. It is
also based on aset of transformations applicable to ground programs, but we guarantee
a polynomial complexity, as opposed to the residual program approach described in
Section 4.2 that may get exponential.

As we have seen in Example 4.2.16, the residual program can grow to exponential
size. The main reason for thisis the unfoldingtransformation which may successively
replace a positive body literal by an exponential number of combinations of negative
literals. In the rewriting system — g (Definition 4.2.6) only negative body literals are
delayed, positive body literals are eliminated by unfoldingand deletion of tautologies
even if their truth value is not yet known. In contrast to [BD97, BD98b], in this work
we propose hot to replacea positive body literal A by the bodies of rules for A, but
to delaythe processing of positive body literals until their truth value is obvious. This
simply means that we do not alow transformations on positive body literals except
when they are given as facts (and thus known to be true) or do not occur in any rule
head (and thus are known to be false). Thus, we adapt the definition of a conditional
fact from [Bry89, Bry90, BD97, BD98b, BD984a] by alowing aso positive literalsin
the condition:
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Definition 4.3.1 (Conditional Fact) A conditional factA < C isaground rule con-
taining possibly both positive and negative literals in the body. O

Remark 4.3.2 In this definition a conditional fact is simply a ground rule instance.
Thisterminology underlines our intention that in our approach sets of conditional facts,
i.e., ground rule instances, should replace sets of normal or unconditional facts, i.e.,
ground atoms (cf. Definition 2.1.23). O

To evaluate delayed negative literals when their truth value becomes known, we have
the two transformations positive reduction— p and negative reductior—  (cf. Defi-
nitions 4.2.4 and 4.2.5). Let us now consider positive body literals. If thereisafact B,
we obviously should be able to “simplify away” the condition B in arule:

Definition 4.3.3 (Success) Let P; and P, be ground programs. P, resultsfrom P; by
succesgP, —g Py)iff thereisarule A — Bin P; and apositiveliteral B € B such
that B istruein P, and P> = (P;\{A «— B}) U{A — (B\{B})}. ]

Lemma4.3.4 If asemanticsS alowsunfoldingand the deletion of non-minimal rules
then it also allows success

Proof: Successorrespondsto unfolding when the program containsafact B < () and
B isreplaced by (). However, there might be further rules for B besides this fact. But
then the resulting rules are certainly non-minimal, so we can remove them with +— ;.

O

Next, when there is no longer any possibility to prove alitera B, we can remove rule
instances depending on B:

Definition 4.3.5 (Failure) Let P, and P, be ground programs. P» results from P; by
failure (P, —p P,)iff thereisarule A — Bin P; and apositivelitera B € B such
that Bisfasein P;,and P, = P|\{A «— B}. O

Lemma4.3.6 If asemantics S alows unfolding then it also allows failure.

Proof: Obvioudly, the transformation — g is a very special case of unfolding i.e., if
there are no rules having the unfolded atom as rule head. O

Definition 4.3.7 Let — pgyp denote the rewriting system which evaluates negative
literals by positiveand negative reductiomand positive literals by successnd failure:

—psNF i=—pU—gU—yU—p.
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It seemsto be very natural to apply these transformations. The following lemma con-
firmsits compatibility with the transformations of Section 4.2.

Lemma4.3.8 Let S be a semantics which allows unfolding deletion of nhon-minimal
rules and positiveand negative reductionThen also

P —psnp Po = S(P1) =S(F)

for al ground programs P; and P.

Proof: The lemmafollowsimmediately from the Lemmata 4.3.4 and 4.3.6. O

Example 4.3.9 (Exponential Residual Program Revisited) Starting from the pro-
gram of Example 4.2.16, the rewriting system — pg n Yieldsthefollowing irreducible
rulesfor p:

p(0).

p(1) < mnotq(0).

p(1) < mnotr(0).

p(2) <« p(1) Anotg(l).
p(2) <~ p(1) Anotr(1).
p(3) < p(2) Anotq(2).
p(3) <« p(2) Anotr(2).

Each possible fact p(n) (for n > 1) isrepresented by exactly 2 rules. If we allow full
unfolding of the positive body literals, we immediately get the exponential residual
program of Example 4.2.16. O

The next lemma and theorem state that the four transformations successfailure, pos-
itive and negative reductiomorrespond exactly to the Fitting operator ¢ p (cf. Defini-
tion 3.3.1).

Lemma 4.3.10 (Confluence of — pgnyr) The rewriting system — pgyr is confluent
and strongly terminating.

Proof: Strong termination is obvious, because all transformations strictly reduce the
number of literals occurring in the transformed program.

Confluenceisgiven as a consequence of the following fact. Whenever one of the trans-
formations P, N, S, or F'is applicable thisis due to the existence of afact for S and
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N or the non-existence of ahead atom for F' and P. Note that by al of the four trans-
formations no fact can be deleted and no rule with anew head atom can be generated.
Thus, the transformation will stay being applicable whatever other transformations are
applied first. The only possible conflict is when two transformations concern the same
rule instance and at least one of the transformations will delete the instance. But then
the result is always the same independent of the order of application: the rule instance
will get deleted. O

Definition 4.3.11 (Fitting Normal Form) Let P be anormal program. The uniquely
determined normalform of P w.r.t. the rewriting system — pgn r is called Fitting nor-
malformof P, fitt(P). O

Theorem 4.3.12 (— pgnr correspondsto lfp(®p))
Let P beanormal program. The known literalswith respect to the Fitting normal form
fitt(P) of P constitute exactly the least fixpoint Ifp(®p) of Fitting's operator @ p:

p(®p) = knownpasep)(fitt(P)).

Proof: We define the following sequence of transformations. Let P be a program.
Let I = knownpasp(py(P) bethe set of known literdlsin P. Then f(P) is defined to
be the result after applying the following transformations to P:

e Remove al body literals L in rule instances in P that are true in I by applying
—g and —p.

e In the result delete al rule instances having at least one body literal L that is
fasein I by applying —r and — .

Now we show by induction on n that
known asep) (f1™(P)) = ®p' (known pasp ) (P))
holdsfor al n > 0. For the base case with n = 0 we have to show
known pasp(p)(P) = knowngaspp)(P)

which holds trivially. Now assume that the induction hypothesis holds for n. We have
to show that

knownBASE(P)(an+l(P)) = @;n+1(kn0wnBASE(P)(P))

holds. Consider any atom A € knownpagp(p)(f1" T (P)). Then and only then A €
f1"*+1(P) holds. But then and only then there is rule instance A «+ B in P such that
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al body literals L € B aretruein f1"(P), i.e, B C knownpasgp)(f"(P)). By
the induction hypothesis thisis equivalent to B C @}”(knownBASE(p)(P)). But this

holds if and only if A € <I>T”+1(knownBA5E(p)(P)) due to the definition of Tp in
Definition 3.3.1.

Now consider any negative literal not A € knownBASE(P)(fT"H(P)). Then and
only then A ¢ heads(f'1(P)) holds. But then and only then for all rule instances
of P with A as head there is a body literal L that is false in f1*(P), i.e, ~L €
knownBASE(P)(fT”(P)). By the induction hypothesis this is equivalent to ~L &
(b;n(]{)TLOUJTLBASE(P)(P)) for al such literals L. But thisholdsif and only if not A €
<I>T”+1(knownBASE(p)(P)) due to the definition of Fp in Definition 3.3.1.

Since P isfinite afixpoint is reached after afinite number of iterations, and let m be
this number. Then on the left hand side we have

known gaspp)(f1™(P)) = known gaspp)(fitt(P))

since therewriting system — pgy  isconfluent and itsnormalform fitt(P) isreached
by iteratively applying f to P. On theright hand side we have

® " (known pasp(p)(P)) = @5 (®p(0)) = lp(®p)

Together the theorem is proven. |

In the residual program approach of Section 4.2, where only negative literals are de-
layed, the two reductions —p and —p are sufficient to compute the well-founded
model. The transformations — g and — r seem to be the corresponding operations for
positive literals. However, they are not strong enough. Whereas the well-founded se-
mantics depends on negative loops to determine undefined truth values, positive loops
have to be detected and removed.

Example 4.3.13 (Positive Loop) Consider the following program Loop:

«— mnotp.

— T

S e

We can apply negative reductiomo delete ¢ < not p, since not p is obviously false.

But — pgnr does not allow to delete ¢ < r and r « q. -
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Apparently our reductions are still too weak. Asfor the residual program, we want to
obtain the well-founded model of a program directly from its normal form w.r.t. the
rewriting system used. Thisis not possible in Example 4.3.13. In the rewriting sys-
tem — r we could unfold one of the two last rules and delete the resulting tautology
by the application of —. Since we do not want to allow full unfolding we have to
introduce a new transformation that detects this kind of tautology but does not im-
ply the risk of an exponential blow-up. In other words: weakening unfolding forces
us to strengthen deletion of tautologies. This stronger transformation is called Loop
Detection

Definition 4.3.14 (L oop Detection) Let P, and P, be ground programs. P, results
from P, by loop detection(P; — P,)iff thereisaset A of ground atoms such that

1. foreachrule A — Bin Py, if A€ A, then BN A # 0,
2. PQZ{A<—B € P1|A¢.A},

3. P £ P,

The loop detectiorcan be viewed as an generalized form of the deletion of tautologies
of Definition 4.2.1. There arule could be deleted if one atomappears simultaneously
in the head and the body of the same rule. This condition can be checked locally. With
loop detectiora set of rules can be deleted, if every atom from a set of atom®ccurs
simultaneously in the heads and bodies of the rules concerned. This condition cannot
be checked locally but needs a detection algorithm that works more globally. This
globality is quite expensive, thus our goal will be to reduce the number of applications
of loop detectiores far as possible.

At afirst glance, it might seem that we have to “guess’ an appropriate set A. However,
such a set A is nothing else than an unfounded set (cf. Definition 3.1.7). The greatest
unfounded set consists of all positive ground atoms which are not possibly true, i.e.,
cannot be derived by assuming all negative literals to be true. According to Defini-
tion 3.2.1, the extended immediate consequence operator 1'p, y computes the possibly
true atoms. Therefore, the greatest unfounded set is given by BASE(P)\lfp(Tp, p).
This set has the property required for A in Definition 4.3.14.

Lemma 4.3.15 (Loop Detection) Let P, beaground program and let
Py={(A — B) € P | A€lip(Tp )}

Then:
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1. P —p Py (unless P, = Py), and

2. Pyisirreduciblew.r.t. —,.
Proof:

1. First we haveto show that A = BASE(P)\lfp(Tp, ) satisfies the first require-
ment in Definition 4.3.14, namely that for every rule A < Bin Py, if A € A,
then BN A # (). Suppose that this were not the case. Then P, would contain a
rule A — B with pos(B) C lfp(Tp, g) and A & lfp(Tp, p). But thisisimpos-
sible, since if pos(B) is aready derived by T'p, j, then A will be derived in the
next step.

So loop detectiorcan indeed be applied with respect this set A, and we get
Py = {(A — B) e h ‘ Ac lfp(Tph@)}.

2. The second part is to show that P isirreducible w.r.t. —p. Suppose that loop
detectionwere applicable to P, based on some set A’ of ground atoms. Because
of the second and third condition in Definition 4.3.14, an atom from A’ must
appear in at least one rule head of P». By the construction of P, this atom is
contained in Ifp(Tp, ). But thisisimpossible: We show by induction on ¢ that
A'N(Tp, g 114) =0.Fori=0thisistrivial. Let now A — B be applied in the
i-th iteration. By the induction hypothesis, we know that pos(8) N A" = () and
thusBN A" = 0. Since A € (Tp, 1 %), theruleis also contained in P,. But
then the first condition in Definition 4.3.14 impliesthat A ¢ A’.

O

As aconsequence we see that also the operation of loop detectiorcan be performed in
polynomial time w.r.t. the size of the EDB: We compute lfp(Tp, ) and delete all rules
A «— Bwith A ¢ Ifp(Tp, y). Soitis neither necessary to construct all possible sets A
to check whether —, is applicable, nor to explicitly construct the greatest unfounded
set A as the complement of 1fp(T'p, p).

Thefollowing lemma showsthat loop detectionis aspecia case of deletion of tautolo-
giesand unfolding

Lemma4.3.16 If P, — P»,thendso Py —7%; Ps.

Proof: Let A be aset of ground atoms such that for al rules A < Bin Py, if A € A,
thenBNA #0. Lete P, :=={A — B € P | A¢ A}. We have to show that
P\ P, i.e. theruleswith an atom from .4 in the head, can be deleted by unfolding and
elimination of tautologies. We will show P, —7.;; P by induction on the number »
of atoms from A, which actually appear in rule bodies of P;\ P.
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If n = 0, no atom of A appears in a body of arule from P;\ P». But since each of
the deleted rules must have such an atom in the body, this means P, = P, and thus
Py —7%; Py trividly holds.

Let now n > 0 and 4y € A be an atom which appearsin at least one body of arule
from P;\ P». Then we first eliminate all tautological rules containing Aq in head and
body. These rules are contained in P;\ P», so we are allowed to remove them. After
that, we unfold all remaining occurrences of Ag in bodies of rules which also contain
an atom from A in their head. Let the resulting program be called P;. Then we have
the following:

o After these operations, A doesnot appear in any rule body with an atom from A
in the head (Since we have eliminated the tautologiesfirst, the rulesabout Ay do
not contain Ay in their bodies.).

e Furthermore, no new atoms appear in the bodies of rules with a head from A
(since Ay € A), so the number n has decreased.

e The rules which were deleted by the unfolding steps contain an element of A
in the head, so they are contained in P, \ P, and we are really allowed to delete
them. The rules which were generated by the unfolding step also contain an
atom from A in the head (since the head is not changed by unfolding). Thus,
P={A—B e P[|A¢g A}

The induction hypothesis then gives P| —7%,, P, and thus together we have
Py by, Pty P m

Corollary 4.3.17 Any semantics S, which allows unfoldingand deletion of tautolo-
gies aso alowsloop detection

Proof: Thisfollows directly from lemma4.3.16. O

Example 4.3.18 (L oop Detection) Consider again the program Loop of Exam-
ple 4.3.13:

<~ notp.

— T

2R3

After deleting the second rule by negative reductionthe resulting program Loop’
is irreducible w.rt. —pgyr. Now loop detectionhas to be applied. First, the
set {p} of possible facts is computed by iterating the 77, ¢ operator. We have
A = {p,q,7}\{p}. According to Definition 4.3.14 the last two rules are deleted
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because their heads ¢ and r are contained in .A. Note that in operational termsit would
have been sufficient to test whether ¢ and r are elements of {p} = Ifp(Trop p)- It iS
not necessary to explicitly compute the complement. O

Example 4.3.19 (Repeated L oop Detection) Unfortunately, a single application of
the (still) expensive loop detectionis not always sufficient for computing the well-
founded model:

p(1).

a1) < notp(1).
q(1)  — r(1).
r() = q(1).
p2) — motg(l).
q(2) < notp(2).
q(2) = r(2).
r(2) < q(2).

First, negative reductioreliminates the second rule because not p(1) is obviously
fase. In the next step, we need to apply loop detectionin order to get rid of the
rules ¢(1) « r(1) and r(1) < ¢(1). After that we can evaluate not ¢(1) to true and
apply positive reductiorand then not p, to false and apply negative reductionNow
loop detectioris again necessary to delete the rules ¢(2) < r(2) and r(2) < ¢(2). O

Example 4.3.19 shows that we must iterate al five transformations. Obviously, loop
detectionis the most expensive transformation. In Chapter 6 and 7 we will determine
classes of programs for which no or only a limited number of applications of loop
detectionis necessary.

Definition 4.3.20 (X-Transformation) Let — x denote our final rewriting system:

—x =—=pU—NyU—RgU—p U

The well-founded semantics allows the — x transformation.

Corollary 4.3.21 (WFSallows+—x) Let P be any normal program. Let P’ be any
program such that P—*; holds. Then WEF'S(P) = WEFS(P').

Proof: Thisfollows from Proposition 4.2.12, Lemma4.3.8, Lemma 4.3.16, and Def-
inition 4.3.20. o
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The rewriting system — x can be seen as the extension of Fittings least fixpoint oper-
ator ® p by loop detectior(see Theorem 4.3.12).

A normal form w.r.t. the rewriting system +— x is called a program remainder:

Definition 4.3.22 (Program Remainder) Let P be a program. Let the program P
satisfy

1. ground(P) —% ]3,

2. Pisirreduciblew.rt. — y, i.e. thereisno P’ with P —x P'.

Then P iscalled aprogram remaindenf P. O

Lemma 4.3.23 Every program P has a program remainder, i.e. the rewriting sys-
tem — x isterminating.

Proof: All our transformations strictly reduce the total number of occurring literals.
So if Py := ground(P) and P; is any program with P,_; —x P;, i > 1, then we
must reach a program P,, in which no further transformation can be applied. Thisisa
program remainder of P. O

A program remainder is equivalent to the original program under the well-founded and
stable model semantics [GL88], and, in fact, under a large class of semantics which
alow the elementary transformations introduced in Section 4.2:

Theorem 4.3.24 (Equivalence of Program Remainder) Let S be any semantics
which allows unfolding deletion of tautologiespositiveand negative reductionand
the deletion of non-minimal rulesThen

for every program P with remainder P.
Proof: Thisfollowsimmediately from the Lemmata 4.3.8 and 4.3.16. O

The program remainder behaves like the residual program of Definition 4.2.9. A lit-
eral A istrue in the well-founded model iff A is contained as a fact in the program
remainder, A € facts(ﬁ). Conversely, the well-founded model satisfies not A iff
A does not appear in any rule head of the program remainder, i.e, A ¢ heads(ﬁ).
In other words, in the well-founded model exactly the literals of known p4sg p)(ﬁ)
(cf. Definition 4.1.4) have a definite truth value. All other literals are undefined in the

well-founded model.
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Theorem 4.3.25 (Computation of Well-Founded Semantics) For every program P
and remainder P, the well-founded model W, of P satisfies exactly those positive and
negative literals which are immediately obviousin Pie

Wi = knowngasp(p)(P).

Proof: By Theorem 4.3.24 and since the well-founded semantics allows the trans-
formations of the rewriting system —x by Corollary 4.3.21, P and P have the
same well-founded model, i.e., W; = ng. Thus it suffices to show that W}i) =

known pase(p) (13). We do this by executing the alternating fixpoint procedure on P.

1. Ko = facts(P): Itis clear that at least these facts are contained in Ky, i.e.
facts(P) C K,. To show equality assume that Ko\ facts(P) # 0. Let
A «— Ly AN--- A Ly, bethe first rule with non-empty body applied by the al-
ternating fixpoint procedure. By Definition 3.2.2 the L, are al positive and
contained in facts(ﬁ). But then the successransformation is applicable to P.

This contradicts the irreducibility of P.

~ ~

2. Uy = heads(P): Theinclusion Uy C heads(P) is trivial. Now assume that
Uy C heads(P) holds. Let A := BASE(P)\U, and let A — B be an
arbitrary rule of P with A € A (such arule exists because Uy # heads(P)). If
BN A # 0, loop detectiorwere applicable, contradicting theirreducibility of P.
Thus we have BN A = (), and therefore pos(BB) C Uy. But then, since A € A,
i.e., A ¢ Uy, there must be a negative literal not B € B with B € K. In this
case negative reductioris be applicable to P whichiis impossible because Pis
irreducible.

3. K = facts(ﬁ): Theinclusion facts(ﬁ) C K, istrivial, because the fixpoint
K, = lfp(Tﬁ,UO) (cf. Definition 3.2.2) of course contains all facts of P. To
show equality assume that K;\ facts(P) # 0. Let A « Ly A--- AL, € P
be the first rule with non-empty body applied during the computation of K. If
it contains a positive body literal L;, L; € facts(ﬁ) must hold. But then, suc-
cessis applicable, contradicting the irreducibility of P. If it contains a negative
body literal L, = not B, B ¢ Uy = heads(P) must hold. But then, positive
reductionis applicable, contradicting again the irreducibility of P.

4. Since K = Ky, wedso have U; = Uy, so thefixpoint is reached.

a

Fromthisit isalso simpleto derive an explicit characterization of the program remain-
der: From the Herbrand instantiation of the program we obtain the program remainder

by
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1. deleting every ruleinstance with abody literal which isfalsein the well-founded
model, and

2. removing from the remaining rule instances the body literals which are true in
the well-founded model.

Theorem 4.3.26 (Program Remainder) Let P be aremainder of a program P. The
following holds:

P

{A— (B\Wp) | A~ B € ground(P)
and for every B € B: ~B ¢ W}

Thus the remainder of aprogram is uniquely determined.

Proof: Let ustemporarily call the transformation on the right hand side wred, i.e. for
every program P’ let

wred(P') .= {A — (B\W},) | A — B € ground(P’)

and for every B € B: ~B ¢ W, }.

1. Wefirst show that

@

(b)

(©

(d)

Py —x P, = wred(Py) = wred(P,).

P, — p Py Positive reductiomemoves a negative body literal not B from
somerule A — B, if B ¢ heads(P;). Positive reductiordoes not change
the well-founded model. Furthermore not B is certainly true in the well-
founded model. Thus B\Wp = (B\{not B})\Wp, .

P, —x P»: Negative reductiomleletesarule A — B where B contains a
negative literal not B such that B € facts(P;). But then B istruein the
well-founded model of P; and P», so the wred-transformation will delete
this rule anyway.

P, —g P,: Successemoves a positive body literal B from some rule
A — B,if B € facts(Py). Successloes not change the well-founded
model, and furthermore B is certainly true in this well-founded model.
Thuswe can conclude B\W5, = (B\{B})\W3,.

P, —p P, Failure deletes arule A — B where B contains a positive
literal B such that B ¢ heads(P;). But then not B is true in the well-
founded model of P; and P, so the wred-transformation will delete this

rule anyway.
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(e) P, —p P»: Loop detectionw.r.t. to an unfounded set A deletes all rules
A — Bwhere A € A. By thefirst condition of Definition 4.3.14, thisalso
means that B contains a positive body literal B with B € A. But since all
atoms in the unfounded set A are false in the well-founded model of P,
and P, the wred-transformation will delete these rules anyway.

~

2. Since ground(P) —% P, we have wred(ground(P)) = wred(P). Because

the well-founded semantics is instantiation-invariant (cf. Definition 3.1.14) the
definition of wred implies wred(P) = wred(ﬁ). We now only have to show
wred(P) = P. Assume that wred(P) # P. Thenthereisarule A — B ¢
P such that there is B € B and either A — B has been modified by wred
because B € WX or entirely deleted because ~B € W;. But we know by

Theorem 4.3.25 that
W}fp = knownBASE(P) (ﬁ)
We can distinguish the following four cases:

(& Be€ W=,

i. B is positive. It follows that B € facts(P). But then successs
applicable, contradicting the irreducibility of P.
ii. B = notC is negative. It follows that C' ¢ heads(P). But then
positive reductions applicable, again contradicting the irreducibility
of P.
(b) ~B € WZ.
i. Bispositive. It followsthat not B € W and thus B ¢ heads(P).

But then failure is applicable, contradicting the irreducibility of p.
ii. B = notC' is negative. It follows that C' ¢ w3 and thus C' €

~

facts(P). But then negative reductioris applicable, again contra-
dicting the irreducibility of P.

a

Corollary 4.3.27 (Confluence of —x) The rewriting system —x is confluent,
strongly terminating and the program remainder P is the unique norma form
of ground(P) w.r.t. —x intheworst case. O

Remember that, as a consequence of unlimited unfolding, the residual program can
grow to asize that is exponential in the size of the original program. In our approach
the program does not grow at al since al transformations strictly reduce the size of
the program.
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Lemma 4.3.28 (Quadratic Time Complexity) Let P be a ground program. Let n
be the size of P, i.e, the numAber of occurrences of literals in P. Then P can be
transformed into its remainder P intime O(n?).

Proof: In Section 8.2 we describe an agorithm that computes the normal form of P
w.rt. —psnr intime O(n). Also one application of loop detectiorcan be performed
in time O(n). Since by each application of loop detectionthe size of the program
is strictly reduced, loop detectioncan be applied at most n times. Altogether, the
remainder P of P isreached intime O(n2). |

In the following example the transformation reaches the upper bound and needs
quadratic time.

Example 4.3.29 (Quadratic Time) Consider the following program that extends the
program of Example 4.3.19.

p(1).

g(1) — notp(1).
g(1) = r(1).
r(1) <= q(1).
p(2) — notq(l)
q(2) < motp(2).
q(2) — r(2).
r(2) <= q(2).
p(n) <« mnotg(n—1).
q(n) «— motp(n).
qg(n) = r(n).
r(n) = q(n).

This program contains n. positive loops for which n applications of loop detectionsre
necessary. With negative reductiomve can delete the second rule. Then we apply loop
detectionthe first time and delete the third and fourth rule. Then we reduce the fifth
rule with positive reductiorand del ete the sixth rule with negative reductionThen the
second application of loop detectionis needed. This sequence of transformations is
repeated until loop detectiorhas been applied n times.

According to Lemma 4.3.15 we apply loop detectiorby computing the set poss of
possible atoms and deleting all ruleswith ahead A not in poss. The set poss contains
O(n) elementsthat are in asimple implementation recomputed for each application of
loop detectionThus, the overall running timeisquadratic in n for thisexample. O
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Note that quadratic time is needed in the worst case if loop detectioris to be applied
n times. Time complexity can be improved up to linear time, if the number of appli-
cations of loop detectioncan be reduced, depending on the dependencies in P. For
instance, consider Example 4.3.9.



Chapter 5

Grounding

The program transformations defined in Chapter 4 are applicable only to ground pro-
grams. However, most programs occurring in practice are non-ground.

5.1 Full Instantiation

According to the “instantiation invariance” required by Definition 3.1.14, we could
simply apply the transformations to the Herbrand instantiation ground(P) of agiven
non-ground program P (cf. Definition 2.4.5). However, the following example shows
that the construction of the Herbrand instantiation can be very expensive.

Example5.1.1 (Non-Ground Even Numbers) Consider the following logic pro-
gram EvenNum?2 which defines again the even numbers between 0 and some ar-
bitrary but fixed number n:

even(0).
even(X) « succ(Y, X) A not even(Y).
succ(0,1).

suce(n — 1,n).

The alternating fixpoint procedure produces the same sequence of sets K; and U; asin
Example 3.2.6, except that here these sets contain aso the given facts about succ.
Again, a quadratic number of derivations is needed to compute the well-founded
model. O

65
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Example5.1.2 (Full Instantiation) Consider the program FEvenNum2 from Exam-
ple 5.1.1. The program contains n constants. The second rule contains two different
variables. Thusin the ground ingtantiation ground(EvenNum?2) there are at least n?
rule instances. O

Example 5.1.2 illustrates that in general it is too expensive to compute the ground
instantiation of a non-ground program in order to apply the ground transformations to
it. However, the full ground instantiation of the program FvenNum?2 contains rule
instances that are obviously useless. In this example only those ground instances of
the second rule are relevant for that there are corresponding succ facts. Based on this
observation we propose a method to derive only relevant rule instances in the next
section.

5.2 Bottom-Up Grounding

Given a non-ground program P, our aim is now to find a ground program P’ that is
equivalent to P (and to its Herbrand instantiation ground(P)), i.e.,

WFS(P') = WFS(P) = WFS(ground(P)).

Theideaisto use aversion of the Tp operator which keeps the bodies of the applied
ruleinstances and assumesthat all negative body literals are possibly true. We can start
with rule instances having no positive body literals. The heads of these rule instances
are possibly true, thusfurther ruleinstances having these atoms as positive body literals
can be derived successively.

Definition 5.2.1 (Immediate Consequences with Delayed Literals) Let P beapro-
gram. Given aset S of conditional facts the operator T computes the following set of
conditional facts:

Tp(S) = {A < B € ground(P) | pos(B) C heads(S)}. o

Remark 5.2.2 (Range-Restriction) Although not required by Definition 5.2.1, it is
important for an efficient implementation, that the program P is range-restricted. In
this case, the condition pos(B) C heads(S) binds al the variables and we never have
to resort to a full Herbrand instantiation of any variable. For instance, in the above
example, we would never consider the rule instance

even(2) < succ(0,2) A not even(0).

We use the existing succ-facts to instantiate the rule. Since thereis no fact succ(0, 2)
the rule instance above is not generated. a
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Proposition 5.2.3 Let P be anormal program. Then the following properties of the
least fixpoint of the T» operator are obvious.

1. Ifp(Tp) C ground(P).

2. heads(ifp(Tp)) = Up(Tpy). (The operators are very similar, only Ty “for-
gets’ the bodies of the applied rule instances.)

3. If P isrange-restricted, then Ifp(7Tp) contains only constants appearing in P.
(This can be easily proven by an induction on the number of derivation steps.)

4. 1fp(Tp) can be computed in polynomial time with respect to the size of the EDB.
O

The following lemma embeds this kind of “intelligent grounding” into our
transformation-based approach:

Lemma5.2.4 Let P beanormal program (not necessarily ground), Tp be defined as
above, and let — p := —, U—p, i.e. the combination of loop detectiorand failure.
Then we have

ground(P) w7 Ufp(Tp).

By confluence of — x, thisimmediately implies Ifp(Tp) —% P, so we can start the
computation of the program remainder at 1fp(7p ).

Proof: Following Lemma 4.3.15, A := BASE(P)\lfp(Tpy) is avalid reference
set for loop detection Let P’ be the result of applying loop detectionw.r.t. this set A
to ground(P). From Definition 4.3.14 it follows that

P'={A — B e ground(P) | A €lfp(Tpy)}.

Thus heads(P') C lfp(Tpyp), and we can use failure to remove also the rules which
contain a positive body literal B with B ¢ 1fp(Tpp). Then theresult is

P" = {A — B e ground(P) | {A} U pos(B) C lfp(Tpyp)}.

As mentioned above, it is obvious that 1fp(Tpg) = heads(lfp(Tp)). To prove P” =
lfp(Tp), we show that P C lfp(Tp) and P D lfp(Tp)Z

1. Consider any A — B € P”. From the definition of P” it follows that
pos(B) Clip(Tpy) = heads(ifp(Tp)),

thus A — B must also be contained in Ifp(Tp).
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2. If A «— B € ground(P) isderived by Tp, this means that
pos(B) C heads(lfp(Tp)) = Up(Tpgp)

and A € heads(lfp(Tp)) = lfp(Tpyp).

Example5.2.5 Consider again the program EvenNum?2 of Example 5.1.1. Follow-
ing Lemma 5.2.4, we can start the transformation process at 1fp(TEyenNum2) instead
of the complete ground instantiation:

lfp(TEvenNqu) = { SUCC(O, 1)7
succ(n — 1,n),
even(0),
even(1l) « succ(0, 1) A not even(0),

ey

even(n) « succ(n — 1,n) A not even(n — 1)}.

This start set can be constructed using O(n) derivation steps. The following
O(n) transformation steps transform the start set into the program remainder of
EvenNum?2. First we apply —g (succespto evaluate the positive body literals and
get:

EvenNum3 = { succ(0,1),
suce(n — 1,n),
even(0),
even(1l) < not even(0),

even(n) < not even(n —1)}.

Except for the additional succ-facts, thisis exactly our program EvenNum of Exam-
ple 3.2.6. So, with aternating applications of — » and — p, we get the well-founded
model:

{succ(0,1), ..., succ(n —1,n), even(0), even(2), ..., even(n)}.

In summary, O(n) derivation/transformation steps have been performed. O
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5.3 SCC-Oriented Grounding

In any practical implementation, one would not apply the transformations to the entire
set of rules but partition the set of program rules according to the strongly connected
components (SCCsj its static dependency graph. Thisinduces an order for applying
our transformations which allows one to delay fewer body literals, because often their
truth value is already known. Also the intelligent grounding explained in Section 5.2
becomes even more selective when the information about lower SCCsis aready avail-
able. Aswe will see, this has also advantages for the expensive loop detection Often
the loop detectionwhich is performed implicitly by the intelligent grounding is al-
ready sufficient, when the grounding is done component-wise. For many programs, no
explicit loop detectioris needed.

As shown in [Tar72], the SCCs can be determined in linear time (see also [AHUS87]).
Thus, the additional effort needed for the partitioning according to the SCC structure
cannot degrade the overall complexity. First, we define the dependence relation for
ground programs.

Definition 5.3.1 (Dependence) Let P, and P, be two ground programs. We say that
P, dependson P, P, +— P, if at least one head atom of P, occurs anywherein P,
i.e.,

At(Py) N heads(P) # 0.
O

The following lemma gives the reason why an SCC-wise application of our transfor-
mationsis possible:

Lemmab5.3.2 Let P, P, and P be ground programs such that P, and P, do not
depend on P. Then

P—xP <— PUP—x PLUP.

Proof: Let A «— B be the rule affected (i.e. deleted or modified) by one of the
transformations positiveand negative reductionsuccessand failure (— pgsy ). Then
the applicability of this transformation depends only on rules having a ground atom
from pos(B) U neg(B) inthe head. Therefore, therulesin P have no influence on the
applicability of the transformation: If P, —pgnp P, then PLUP —pgnyp PoUP,
and if P o psNE Po, then P, U P opsnr Po U P.

The same is true for loop detection Let P, — P, and let A be the set of ground
atoms used. Then loop detectiorgives the same result if we use the atom set A’ :=
{A € A| Aoccursin P, } instead of .A. But with this unfounded set it is obvious that
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the addition of the rules P has no influence on the applicability of loop detectiorand
on the set of deleted rules.

Conversely, supposethat PiUP +—, P,UP with someunfounded set A asareference
set. Apparently, no rules of P are deleted. Thus—, isapplicable to P; with the same
reference set A, and therefore we have Py — 1, Ps. O

This means that, when applying our transformations to a program fragment P, we
can ignore higher SCCs, i.e., fragments P does not depend on. If atransformation is
applicable without considering the rules of higher SCCs, i.e., if P; —x P holds, this
isalso true after adding theserules, i.e., P, U P —x P> U P follows.

On the other hand, no new transformation becomes applicable by taking rules of higher
SCCsinto account. Thus, once P; isirreducible (i.e. thereisno P, with P, —x )
we do not need to care about P, anymore, in particular, we do not need to try to apply
one of our transformations to arule of P; when proceeding to P, U P. Lemma5.3.2
ensures only that in this case any transformation must necessarily change one of the
new rulesin P. But in fact, the irreducible P; remains unchanged:

Lemma5.3.3 Let P, and P be ground programs, suchthat P, isirreduciblew.r.t. — x
and P, does not depend on P. If P, U P — x P’ for some ground program P’, then
P CP.

Proof:  For positive and negative reductionsuccessand failure this is a corol-
lary of Lemma 5.3.2, because these transformations change only a single rule and
Lemma5.3.2 impliesthat P must be changed. Now let P, U P — P’, let A bethe
set of ground atoms as in Definition 4.3.14, and let A’ := AN heads(Py). If A’ =0
holds, P, C P’ follows immediately. Otherwise, A" demonstrates that P, is not irre-
ducible: Loop detectiorcan be applied to P; based on A’.

a

With these lemmata, it is clear that our transformations can be applied localy to the
single program components.

Definition 5.3.4 (Evaluation Sequence) Let P be a program (not necessarily
ground). A sequence P(1), ..., P("™) of subsets of P is called an evaluation sequence
for P iff

1. P=PWy...upm),
2. PO N PY =(forij,

3. al predicates occurring in P9, 1 < ¢ < m, do not occur in the heads of PU)
for j > i.
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a

Of course, the single components P(*) are usually chosen as small as possible, i.e. &i-
ther all rules about a single non-recursive predicate or all rules about a set of mutually
recursive predicates. Thisis, however, not necessary for our theorems.

Now we can compute the program remainder component-wise in the order given by
any eval uation sequence:

Corollary 5.35 Let P ..., P("™) pe an evaluation sequence for P, and let the
ground programs R, . . . , R, be defined as follows:

® RO = @,
e R; isthe program remainder of R;_, U ground(P®), for0 < i < m.

Then R, isthe remainder of P. Furthermore, R;_1 C R; for 0 < i < m.

Proof: The set inclusion follows directly from Lemma5.3.2 and Lemma5.3.3. R,
isthe remainder of P due to the confluence of — x. O

We can now combine the component-wise approach described above with the intelli-
gent grounding introduced in Section 5.2. Since the remainder R, of the lower pro-
gram components is already known when the program component P(9) is processed,
the set of ground instances to be computed is smaller in general . In particular, we
do not need to generate a rule instance if a negative body literal is known to be false
because the corresponding positive atom has already been derived as a fact. Already
with this simple optimization, the implicit loop detectiorperformed by the grounding
is sufficient in many cases.

Definition 5.3.6 Let P’ be a program and R be a ground program. Given a set S of
conditional facts, the operator Tp r computes the following set of conditional facts:

Tpr(S) := {A«— B¢ ground(P)| pos(B) C heads(R) U heads(S)
and neg(B) N facts(R) = (0}.

If R isempty, we obtain the operator Tp of Definition 5.2.1 by Tp(S) = Tpy(S). O

Of course, in a practical implementation one would not only use the negative knowl-
edge to create as few ground instances as possible, but aso positive knowledge to
remove body literalswhich are already known to be true. For instance, we could apply
succesand positive reductioralready during the grounding phase. However, in this
work we choose to separate issues for the sake of clarity and readability.

The following lemma shows that computing the least fixpoint of this operator is
only a more efficient implementation of certain transformations (this generalizes
Lemma5.2.4):
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Lemmab5.3.7 Let P beaprogram, and let R be aground program. Then
R U ground(P) —% RUIlfp(Tpr).

Furthermore, if R isirreduciblew.rt. —,then R U lfp(TP’R) isirreduciblew.r.t. —..

Proof: First we apply negative reductiomo R U ground(P) and obtain the rule set
RU{A «— B € ground(P) | neg(B) N facts(R) = 0}.

Now we apply loop detectiorw.r.t. the set
A := BASE(P)\heads(R Ulfp(TpR)).

Of course, if it should happen that no elements of this set appear as rule heads, loop
detectionis not needed. Otherwise we have to show that the condition of Defini-
tion 4.3.14 is satisfied. Let us assume that thereisarule A «— B such that the head A
is contained in A, but BN A = (. Since heads(R) N A = () by definition of A,
it is clear that such arule must be an element of ground(P). Furthermore, the con-
struction of A entails A ¢ heads(1fp(Tpr)) and pos(B) C heads(R Ulfp(Tpr)).
But thisis a contradiction since in this case the operator Tp’ r would have derived the
rule A — B:

A—B € {A« Becground(P)| pos(B)C heads(R) U heads(fp(Tpr))
and neg(B) N facts(R) = 0}
= Tpr(fp(Tpr))
= lip(Tpr)

Consequently, we would have arule A «— B which is not contained in lfp(TR R)

(since A ¢ heads(Ifp(TpR))), dthough pos(B) C heads(RUIlfp(Tpr)) and

neg(B)N facts(R) = 0 (since otherwise the rule would have been deleted by negative
reduction). Thus, by contradiction, .4 qualifies as a reference set for loop detection
Now we can apply loop detectiorw.r.t. A and get

RU{A « B e ground(P)| A € heads(R) U heads(lfp(Tp r)) and
neg(B) N facts(R) = 0}.

Note, that R is unchanged because A N heads(R) = () by construction. Applying
failure we obtain

RU{A « B e ground(P)| A € heads(R) U heads(lfp(Tp r)) and
pos(B) C heads(R) U heads(lfp(Tpr)) and
neg(B) N facts(R) = 0}.
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But as we have just seen, if both pos(B) C heads(R) U heads(ifp(Tpr)) and
neg(B)N facts(R) = () forarule A — Bin ground(P), then A € heads(lfp(Tp.g)).
Thus, the formula can be simplified and we end up with the set

RU{A «— B e ground(P) | pos(B) C heads(R) U heads(Ifp(Tpr))
and neg(B) N facts(R) = 0}
= RU TP,RA(lfp(TRR))
= RU lfp(TpvR).

This completes the proof of thefirst part of the lemma, i.e., we have shown
R U ground(P) —% RUIlfp(TpR).

Now let us prove the second part of the lemma stating that the resulting set R U
lfp(Tp, r) isirreducible w.r.t. loop detection Let us assume the contrary. Then there
isaset A which satisfies the conditions of Definition 4.3.14. In particular, this means
that thereisarule A — B with A € A. Because R was assumed to be irreducible,
this rule cannot be contained in R (otherwise loop detectioncould be applied to R
w.r.t. the same reference set .4). However, we now show by an induction on i that
TR r | 4 a@so cannot contain any rules which loop detectionwould delete. For i = 0
thisistrivial. Supposethat A < B is generated by TARR inthed + 1-stiteration. This
implies that pos(B) C heads(R) U heads(Tpr 7). By the induction hypothesis,
heads(Tpr 1) N A = 0, and by the irreducibility of R, heads(R) N A = 0. But
then BN A = (), and thus the first condition in Definition 4.3.14 entails A ¢ A. O

Due to Definition 5.3.6 and Lemma 5.3.7 we can refine our algorithm as follows:

Theorem 5.3.8 Let P ..., P("™) be an evaluation sequence for P, and let the
ground programs Ry, . . . , Ry, be defined as follows:

e Ro:=0,

e R; isthe program remainder of R; { U lfp(TP(i)Riil), for0 < i < m.

Then R, istheremainder of P. Furthermore, R;_1 C R; for0 < i < m.

Proof: The set inclusion follows from Lemma 5.3.3 and Lemma 5.3.7. R,, is the
remainder of P dueto Lemma5.3.7 and the confluence of — x. O

Our next goal is to avoid the costly loop detectionwhenever possible. First, loop
detectiorisobviously only needed if aprogram component contai ns positive recursion.
For instance, in the above examples, even cals itself only through negation. In this
case, loop detectioris not needed.
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Lemmab5.3.9 Let P and R be ground programs such that R does not depend on P.
Let further R beirreducible w.r.t. — x, and let P contain no predicate which depends
positively onitself. If (R U P) —p, P', then (R U P) —%. P’

Proof: Let A be the unfounded set on which this application of loop detection's
based. Since R isirreducible, heads(R) N .A = ) holds and thus R is not affected by
—r. Now let A be partitioned into subsets A, ..., A, such that P contains no rule
A — Bwith A € A;, pos(B) N A; # 0 andi < j. Since P contains no positive
recursion, such a partition exists.

Loop detectiordeletes al rules with an element of A in the head. We now show by
inductionon ¢, ¢ > 1, that we can eliminate all rules with an element of A; in the head

1 = 1: The elements of .A; cannot appear in rule heads, since such arule must contain
an element of .4 in the body (violating the acyclicity condition).

it—1—i:Let A— B e Psuchthat A € A;. Thenthereisaj < ¢andaB € B such
that B € A;,i.e, B € Ay U...UA;_;. Butthen any rule having B as its head atom
has been deleted by failure. Thus, A < B can be deleted by failure, too. O

In the scenario of Lemma5.3.9 al applications of loop detectiorcan be replaced by a
number of applications of failure —thereare no * proper” applications of loop detection
This meansthat in the algorithm of Corollary 5.3.8, we need only — pgx F t0 compute
the program remainder R; of R;_1 Ulfp(Tpe) z, ,)-

However, thisis not the only case where this much more efficient computation scheme
isapplicable. Onesingle application of loop detections sufficient even in the presence
of positive recursion aslong as no negative recursion occurs in the same program com-
ponent. Thisis due to the fact that once a program is irreducible w.r.t. loop detection
only negative reductiorthat deletes a possible support of a ground atom can enable
another application of loop detectiorto this program.

Lemma5.3.10 Let P; and P, beground programswith P, —pgr P, (Wherer—pgp
is the union of positive reductionsuccesand failure). If P; isirreducible w.r.t. —,
then P, isasoirreduciblew.r.t. —,.

Proof: Let P, beirreducible w.r.t. —. Let us assume that — is applicableto P,
w.r.t. an unfounded set A asreference set. If P, —pg P, holds, A isalsoavalid
reference set to apply —, to P, contradicting the irreducibility of P, w.r.t. .

Let P, —pr P, hold. Thenthereisarule A — B € P;\ P, and an atom B € B with
B ¢ heads(Py). But then AU {B} isavalid reference set to apply —, to P;, again
contradicting the irreducibility of P; w.r.t. — . O
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If all negative literalsin a program component have an atom from alower component,
we can first do al applications of negative reductiorand then apply loop detection
w.r.t. the greatest unfounded set. After this, negative reductiomand the loop detection
do not become applicable again. So a single application of the loop detectionsuf-
fices, and, even better, this loop detectioris aready done implicitly by the intelligent
grounding.

Theorem 5.3.11 Let P be a program. Let R be a ground program which contains
no predicate being the head predicate of a rule of P. Further, let R be irreducible
w.r.t. —x, and let P contain no predicate which depends on itself both, positively
and negatively (i.e. through negation). Then the program remainder of R U P can be
computed without an explicit application of the loop detection

o —
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Chapter 6

Flexible Scheduling Strategies

6.1 Relation to Alternating Fixpoint

The computation of the set of all possibly true facts that is needed for the loop de-
tection—, transformation (cf. Definition 4.3.14) is very similar to the computation
of possible facts performed in each iteration step of the aternating fixpoint procedure
(cf. Definition 3.2.2). Thereis an even closer correspondence as we will show in this
section.

Our main result isthat aparticular ordering of our transformations corresponds exactly
to the aternating fixpoint procedure. To characterize the computation performed by
the alternating fixpoint procedure we define a sequence (K;, U;);>o Where K; and U;
are constructed by the program transformations defined in this paper and that is closely
related to the sequence (K;, U;);>o computed by the alternating fixpoint procedure (cf.
Definition 3.2.2).

Definition 6.1.1 (Alternating Fixpoint by Program Transfor mations)
Let P be anormal logic program. We define the sequence (K;, U;) >0 of sets K; and
U; of conditional facts as follows:

o isthenormal form of grouqd(P) W.IL = LRs,
i.e.,, ground(P) 7 p fp(Tp) —% Ko,

Uy, isthenorma form of Ky W.r.t. —yzr,
i>0: K; isthenorma formof U;_; w.rt. —pg,
i>0: U; isthenorma form of K; w.rt. —ypr.

The computation terminates when the sequence becomes stationary, i.e., when a fix-
point is reached in the sense that

(K;,U;) = (Kj31,Ujy1).

77



78 CHAPTER 6. FLEXIBLE SCHEDULING STRATEGIES

Lemma 6.1.2 (Confluence of — pg and — ) InDefinition 6.1.1, the normal form
of U;, i > 0, W.r.t. — pg and the normal form of K;, i > 0, W.r.t. — y 1 are uniquely
determined.

Proof: To begin with, we recall Lemma 5.2.4 and observe that K is well-defined.
The proof by induction is based on the following reasoning:

1. Asone possible application of — pg never interferes with another possible ap-
plication of — pg, the transformations — p and — g can be applied in any order
and always produce the sameresult. In particular, itislegal to apply all possible
— p transformations first followed by all possible — g transformations, because
—g does not derive any new negative information, i.e., it does not delete any
rule instance.

2. Anaogously, to construct the normal form w.r.t. —nzr it islega to apply al
possible — y transformations first before applying — ., since loop detection
and failure do not derive any new facts, i.e., they only delete rule instances.

All applicable — p transformations can be applied in any order because they do
not interfere with each other and always del ete the same set of rule instances.

Since the greatest unfounded set of a program isthe union of all unfounded sets,
the normal form w.r.t. —, can be constructed by one application of — w.r.t.
this greatest unfounded set (cf. Lemma 4.3.15).

Finally, rule instances with positive body literals known to be false are deleted
by applying — p. If for an atom A all rule instances having A astheir head atom
can be deleted by —  then { A} isan unfounded set and the corresponding rules
have already been deleted by +— .. Thus all possible applications of — g can be
performed in any order.

O

Remark 6.1.3 Due to Lemma 4.3.23, Corollary 4.3.27, and Lemma 5.2.4 the se-
quence (K;, U;);>o of Definition 6.1.1 reaches a fixpoint (K, U;) and computes the
program remainder P = K; = U;. O

In the first step of the aternating fixpoint procedure, definitely true facts are derived
by Ky = lfp(Tp+). The same facts can be derived by applying the succesdransfor-
mation.

For the computation of U;, i > 0, those possible facts that are still derivable are re-
computed. Rule instances with negative subgoals whose complements are known to
be true, i.e. are contained in K, are not used. As a byproduct of this recomputation,
the generation of any positive cyclesis avoided. Disregarding rule instances with false
negative subgoals corresponds to the negative reductior- 5. However, by this reduc-
tion, positive cycles may be produced. Thus, loop detection—, has to be applied.
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Finaly, — r is applied to remove rule instances with positive body literals known to
be false, but without deriving new information.

For the computation of K, 7 > 0, the alternating fixpoint procedure derives more def-

initely true facts by regarding those negative subgoals as true whose complements are
not contained in U;_;. Newly derived true facts are used to derive more true facts by

rule applications. At the program transformation side, this corresponds to the positive
reduction— p that deletes negative conditions whose complements are known to be
false, i.e. not contained in heads(U;_1). Facts obtained thisway can be used to derive
further facts by the success— g transformation that deletes positive conditions that are

now known to be true.

Example 6.1.4 Consider the program Even Num?2 of Examples5.1.1 and 5.2.5. The
sequence (K, U;)i>o as defined in Definition 6.1.1 is computed as follows:

Koy ={ even(0),succ(0,1),...,succ(n —1,n),

even(l) < not even(0),...,even(n) < not even(n — 1) }
Up =1 even(0),succ(0,1),...,suce(n —1,n),

even(2) < not even(1),...,even(n) «+ not even(n — 1) }
K1 ={ even(0),succ(0,1),...,suce(n —1,n),

even(2),

even(3) < not even(2),...,even(n) < noteven(n — 1) }
Ui ={ even(0),succ(0,1),...,succ(n —1,n),

even(2),

even(4) < not even(3), ..., even(n) < not even(n — 1) }

Koo = Upp = {even(0), succ(0,1),. .., succ(n —1,n),
even(2), even(4), even(6),...,even(n) }

The set Ky is computed by fixpoint computation performing O(n) derivation steps.
Each set K, for i > 0, is generated from U;_; by one single application of positive
reduction

Ui—l —=p Kl

Each set U;, for i > 0, can be constructed from K; by one application of negative
reductionas shown in Example 5.2.5:

K; —n U;.
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However, since U; is defined as the normal form of K; w.r.t. — y1r, loop detection
has to be applied, if possible. Following Lemma 4.3.15, the set

poss = lp(Ty, p)
= KoU{even(2),even(4),...,even(2i),
even(2i+1),...,even(n)}

serves as a reference set for loop detection Since U; does not contain any rules with
positive body literals, the application of loop detectiorhas no effect. However, for
each set U;, i > 0, the set poss has to be actually computed, where each computation
needs O(n) derivation steps. In summary, using this order of transformations which
simulates the computation of the alternating fixpoint procedure, the computation of
the well-founded model of EvenNum2 needs O(n?) derivation/transformation steps.
This corresponds to the costs of the original alternating fixpoint procedure as shownin
Example 5.1.1. In contrast, by choosing another strategy, the time complexity can be
reduced to O(n) as shown in Example 5.2.5. O

The relation between the aternating fixpoint computation and the sequence of program
transformations defined above is described by the following theorem.

Theorem 6.1.5 Let P beanorma logic program. Let (K;, U;);>o and (K;, U;)i>o be
the sequences given by Definitions 3.2.2 and 6.1.1, respectively. Then the following

holds: K; = facts(K;) and U; = heads(U;). O
To prove the theorem we need some auxiliary lemmata.

Lemma6.1.6 Let P; be any ground program and let P, be the normal form of P,
w.rt. —g (succesp Then:

Py ={A— (B\facts(P2)) AnotC | A— BAnotC € Pi}.

Proof: Every rulein P, results from arule of P; by removing positive body literals.
Only positive body literals can be removed which are known as facts, and the set of
facts can only increase during this process. Since P; isirreducible w.r.t. —g, atoms
in facts(P,) cannot occur any longer as positive body literals. O

Lemma6.1.7 Let P, be any ground program and let P, be the norma form of P,
w.r.t. —y (negative reduction Then:

P,={A—~BAnotC € P |CnN facts(P,) = 0}.

Proof: Negative reductionel etesthe rules which have anegative body literal conflict-
ing with afact. The set of factsis not changed during this process, i.e. facts(P;) =
facts(Py). O
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Lemma6.1.8 Let P; be any ground program and let P, be the norma form of P,
w.r.t. — p (positive reductioh Then:

Py ={A — BAnot(CnNheads(P,)) | A—BAnotC € P}.

Proof: Positive reductiomemoves the negative body literals for which the correspond-
ing positive atom does not appear as a head literal. The set of head literals is not
changed during this process, i.e. heads(Py) = heads(Ps). O

Lemma6.1.9 Let P; be any ground program and let P, be the normal form of P;
w.r.t. — 1 (loop detectiorand failure). Then: P, = Ifp(Tp, ).

Pr oof:

1. Py —% . Ifp(Tp,) has aready been provenin Lemma5.2.4.

2. We show that 1fp(Tp,) is irreducible w.r.t. . Let us assume that s, is
applicable. Let A be asin the definition of — , (Definition 4.3.14). Consider the
first iteration of the fixpoint iteration in which arule instance A <— B A notC
is derived with BN A # (). There must be such a rule instance since loop
detectionwould not be applicable otherwise. Let B € BN A. Then arule
instance B < B’ A not C has been derived in a previous iteration. This means
that B’ N A = (. But this contradicts the first condition in Definition 4.3.14
which implies that —, is not applicable to Ifp(Tp, ). Now let us assume that
—p is applicable. Then thereisaruleinstance A < B A not C and an atom
B € Bthatisnot contained in heads(1fp(Tp, )). But thiscontradictstheiterative
construction of 1fp(Tp, ).

Lemma6.1.10 Let P; be any ground program and let P, be the normal form of P;
w.rt. —r (loop detectiorand failure). Then:

Py={A— BAnotC € P, |BC heads(P»)}.

Proof: This follows immediately from Lemma 6.1.9: Since P, is a fixpoint of Tp,,
every rule A — B AnotC € P, with B C heads(P;) must be contained in Ps.
On the other hand, it follows from the iterative construction of 1fp(7p,) that any rule
A «— B Anot C contained in 1fp(Tp, ) must satisfy B C heads(1fp(Tp,)). ]
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= K; and heads(U;) = Uj;

Proof: (of Theorem 6.1.5)Ve do not only show facts(K;)
K; and UZ

but also the following stronger characterizations of K;

Ky = {A« (B\Ky) AnotC | A«— BAnotC € ground(P),
) B C lip(Tpy)}

Uy = {A— (B\Ky) AnotC|A«— BAnotC € ground(P),
B C Uy, CNKy=0}

K; = {A« (B\K;)Anot(CNU;_1) | A« BAnotC € ground(P),
BCUi_1,CNK;_1 = (Z)},Z >0

U = {A« (B\K;)Anot(CNU;_1) | A+ BAnotC € ground(P),
B C U, CﬂKi:@},i>0.

The proof is by induction on i.

1. Proof for Ky: Due to Lemma 5.2.4 we aready know that ground(P) ~—pr
1fp(Tp). It iseasy to show by induction on the number of derivation steps that

Ifp(Tp) = {A«— BAnotC | A— BAnotC € ground(P), BC Tpy}

(because heads(Tp 1j) = Tpg 1 j). By Definition 6.1.1 K, results
from 1fp(Tp) by applying —g until irreducibility w.rt. —g. We show that
facts(Ky) = Ko:

(@ Ko C facts(Kp): Weshow Tpr T j C facts(Kp) by induction on j:
The case j = O istrivial since Tp+ T 0 = (. Now suppose that A has
been derived in step j by applying A < B € ground(P"). Then B C
Tp+ T (j — 1) and therefore B C facts(Ky) by theinduction hypothesis.
Furthermore we know that Tp+ T (j — 1) C Up(Tp+) C lp(Tpy) and

therefore A «+ B € 1fp(Tp). But since B C facts(Ky) and Ky is the
normal form of 1fp(Tp) W.r.t. —g, it followsthat A € facts(Kp).

(b) facts(Kq) C Ko: Theproof is by induction on the number of applications
of —g. All facts contained in Ifp(Tp) are also contained in ground(P*)
and thusin K. Suppose that A isderived fromtherule A — B € 1fp(Tp)
by j applications of —g. Then the atomsin B are derived in fewer steps,
and thus B C Ky by the induction hypothesis. Since K is a fixpoint
of Tp+ and A — B € ground(P7") itfollowsthat A € K.

The characterization of K now followsfrom facts(Ko) = Ko by Lemma6.1.6
and the introductory remark on Ifp(7p).
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2. Proof for Uy: To construct U, from K, we may compute the normal form of
Ko w.rt. — first (see proof of Lemma 6.1.2) which we denote by N in the
following. By Lemma6.1.7 and the characterization of K already shown above

No = {A « (B\Ko) AnotC | A« B AnotC € ground(P),
B C lip(Tpy), C N Ko =0}

holds. Let Uy bethe normal form of Ny w.r.t. +— 1. We show that heads(Up) =

Uo:

@

(b)

Uo C heads(Up): Because we have Uy = Ifp(Tp k, ), we prove Tp i, 1
j C heads(Uyp) by induction on j. Thecase j = 0 istrivial. Let now A €
Tp K, 1 j have been derived by using the rule instance A < B A not C.
Then B C Tri, 1 (j—1lHadCNKy= 0. AlS)TRKO T(-1)C
fp(Trr,) C Up(Tpp), thus A — (B\Ko) A notC is contained in No.
By the induction hypothesis, we have B C heads(Uy). By Lemma6.1.10
thisimpliesthat A — (B\Kp) A not C isnot deleted by loop detectioror
failure. Thus A € heads(Up).

heads(Up) C Up: By Lemma6.1.9, Uy = lfp(TY,). Therefore, we show
heads(Ty, T j) € Up by induction on j. Thecase j = 0 istrivia again.
Now supposethat A — (B\Kp) A not C has been derived in step j. Then
(B\Ko) C heads(Ty, 1 (j — 1)) and therefore (B\K,) C Uy by the
induction hypothesis. But Ky C U, aso holds by Lemma 3.2.5, thus
B C Uy. Wedso have C N Ky = (), otherwise the rule instance would not
be contained in Ny. But since Uy = Ifp(Tp k, ), it followsthat A € Up.

Our characterization of Uy follows from heads(Uy) = Uy by Lemma 6.1.10.

3. Proof for K;, i > 1: To construct K;, we first apply positive reductiorio U;
until irreducibility w.r.t. — p and denote the resulting set by V;. By theinduction

hypothesis we have heads(U;—1) = U;—1 and

U1 ={A«— (B\K;_1) Anot(CNU;_3) | A+ BAnotC € ground(P),

BCU;_1, CNK;—1 =0}

By Lemma6.1.8 and since U;_1 C U;_» (Lemma 3.2.5) it follows that

N; = {A« (B\K;_1) Anot(CNU;_1) | A« BAnotC € ground(P),

BCU;_1,CNK;_1= @}

holds. Now we apply g until irreducibility w.r.t. g, the result is K;. We
show that facts(K;) = K;:
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(@ facts(K;) C K;: The proof is by induction on the number of applications
of —»g. Let A € facts(K;). Either A € facts(K;_1) and the main
induction hypothesisgives A € K; 1 C K; or A resultsfrom arule

A — (B\Kl_l) VAN not(C N Ui—l)

in N; whereC N U;_1 = () and B\ K;_1 can be derived as facts with fewer
applications of — g. Then the induction hypothesisgives (B\ K;—1) C K;.
Furthermore K; 1 C K; by Lemma3.2.5. Thus B C K;. But then therule
instance A < B A not C is applicable in the computation of Ifp(Try, ;)
andweget A € K;.

(b) K; C facts(K;): Because of the equality K; = lfp(Tpy,_, ), we show
(Tpu, , T Jj) C facts(K;) by induction on j: Thecase j = 0 istrivial.
Now supposethat A hasbeen derivedin step j by applying A — BAnot C.
ThenB C (Tpy, , T (j — 1)) andC NU;—1 = 0. Thefirst part gives us
B C K; which together with Lemma3.2.5impliesB C K; C U; C U;_1.
CNU;_1 = 0 implies, again using Lemma 3.25, that C N K; 1 = 0.
Together we can conclude that

A — (B\Kzfl) VAN not(C N Ul'fl)

is contained in N;. Moreover, C N U;_; = () shows that there are actually
no negative body literals, so the rule applied is A «— (B\K;_1). B C
(Tpu, , T (j — 1)) together with the induction hypothesis gives us B C
facts(K;). But since K; isirreducible w.rt. —g, and A «— (B\K;_1) is
contained in N;, we can finally conclude A € K;.

Our characterization now follows from facts(K;) = K; by Lemma6.1.6 and

. Proof for U;, i > 1: To construct U; from K;, we first compute the normal form
of K; w.rt. — » which we denote by N;. By Lemma6.1.7

N; ={A«— BAnotCc K; |Cn facts(K;) = 0}.
As we have just seen, the induction hypothesis implies the characterization of
K; and facts(K;) = K;. Therefore and since K; 1 C K; (see Lemma 3.2.5)

we can conclude that

N; = {A « (B\K;) Anot(CNU;_1) | A« BAnotC € ground(P),
BCU;_q, CﬂKi:Q)}

holds. Let U; be the normal form of N; w.r.t. — 1. We show heads(U;) = U;:
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€) heads((:fi) C U;:
T7) <

heads(TYy, -
suppose that

A — (B\Kl) VAN I’IOt(C N Uifl)

has been derived in step j. Then (B\K;) C heads(Ty, 1 (j — 1)) and
therefore (B\K;) C U, by the induction hypothesis. But K; C U; aso
holds by Lemma 3.2.5, and thus B C U;. We also have C N K; = 0,
otherwise the derived ground rule would not be contained in N;. But
U; = lfp(Tpk,), and we can apply A < B A not C in the computation of
1fp(Tp7Ki), s0 A e U;.
(b) U; C heads(U;): SinceU; = lp(Tp k, ), We prove
(Tpx, 1 J) C heads(Uy)

by induction on j. Thecase j = O istrivid. Letnow A € (Tpk, T j) be
derived by applying theruleinstance A < BAnotC. Then B C (Tpk, 1
(] — 1)) andCNK; = 0. SinceTp,Ki T (j — 1) - lfp(TRKi) = U; and
U; CU;_1 by Lemma3.2.5 weget B C U;_;. Therefore, the ground rule

A — (B\Kl) VAN IlOt(C N Ui—l)
is contained in N;. From B C (Tpk, T (j — 1)) the induction hypoth-

esis gives us B C heads(U;). But then A € heads(U;) follows from
Lemma6.1.10.

By Lemma 6.1.9, U; = lfp(Ty,). Therefore, we show
U, by induction on j. Thecase j = 0 istrivial. Now

Our characterization of U; follows from heads(U;) = U; by Lemma6.1.10 and
Lemma3.2.5 (UZ C Ul'fl).

d

The proof of Theorem 6.1.5 showsthat the program transformation approach will never
do more work than the alternating fixpoint procedure. Although the set U, contains
more elements than Uy, the same number of derivation steps is needed to compute
Uy. Consider the case that one possible fact A € Uy is represented by more than one
conditional fact A «+ C. These conditional facts are the rule instances used to derive
the possible fact A. Then during the computation of Uy, the fact A is derived by the
same number of rule instances. Only due to duplicate elimination, the cardinality of
Uy isless than the number of derivation steps needed to compute U.

For the computation of the set K, i > 0, the same argument holds. Whenever afact
can be derived by the deletion of the body literals of several conditional facts, the fact
isrepeatedly derived in K; by several ruleinstances, and the duplicates are eliminated
afterwards. Of course, for the derivation of onefact in k;, several transformation steps
are needed. But analogously, during the iteration of the T, | operator, also several
body literals have to be checked before the head of one rule instance can be derived.
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As proposed in [KSS95], the sets K; do not have to be recomputed in each iteration
step, but can be maintained in terms of increments. This optimization is automatically
performed by the transformation approach, since conditional facts that were trans-
formed into facts by the deletion of their body literals are never changed afterwards.

The more interesting part is the recomputation of the possible facts. Since the alternat-
ing fixpoint procedure does not memorize by which rule instances the possible factsin
U;_1 have been derived, the set U; hasto be recomputed in each iteration step. In the
transformation approach, possible facts do not always have to be recomputed. Possi-
ble facts that become false can rather be deleted directly if one of their body literals
has become false. However, by this reduction, positive cycles can be generated and
have to be eliminated by the more costly transformation loop detectionAlthough, for
many programs the number of applications of loop detectiorcan be reduced, we have
chosen the worst case for this comparison in the sense that in each iteration step the
loop detectioris applied.

For loop detectionthose facts have to be computed that are still possibly true. Negative
reduction prevents us from using rule instances with negative body literals aready
known to be false. Loop detectiordel etes those conditional facts having a head atom
that is not derivable anymore. Exactly the same is done by the alternating fixpoint
procedure during the computation of U; := lfp(Tpx,). Again, rule instances with
negative body literals whose complements arein K; are excluded.

This comparison illustrates that the computation performed by the alternating fixpoint
procedure corresponds to the alternating application of the transformations — pg and
—nrr. Thus, the aternating fixpoint procedure can be seen as one particular im-
plementation of our approach (given by choosing a fixed ordering of applying the
transformations).

However, loop detectionis a costly operation since it needs a recomputation of all
possible facts as it is done by the alternating fixpoint procedure. Instead, the cheaper
transformation failure should be preferred as long as no loop detectioris needed. One
possibility is to apply loop detectiononly if no application of — pgyp is possible.
Due to Theorem 4.3.12 this corresponds to computing the least fixpoint of Fitting’s
® p operator. Thisway, many programs can be evaluated more efficiently than by the
aternating fixpoint procedure, asillustrated in Examples 3.2.6 and 5.2.5.

In the transformation approach al rule instances that are still relevant are explicitly
stored. The alternating fixpoint procedure needs to consider the same rule instances,
but generates them on demand without storing them. Thus, while having a (some-
times) better time complexity, the transformation approach is expected to have a space
complexity worse than the alternating fixpoint approach.
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6.2 Regular Strategy Expressions

In Section 6.1 we have seen that we can choose the evaluation strategy just by rear-
ranging the order of transformation application. To specify atransformation order we
introduce the following regular expression syntax.

Inductive Definition 6.2.1 (Regular Strategy Expression) A regular strategy ex-
pressionisinductively defined as follows:

e Let —, beaground transformation. Then e isan atomicregular strategy expres-
sion.

e If ¢; and e; areregular strategy expressions, then (eq |e2) isan alternativeregular
strategy expression.

e If ¢; and ey areregular strategy expressions, then (eje3) is asequentiaregular
strategy expression.

e If eisaregular strategy expression, then e* isaclosureregular strategy expres-
sion.
O

Inductive Definition 6.2.2 (Application of a Regular Strategy Expression) Let P
be aground program. Let ¢ be aregular strategy expression. P’ is a possible result of
the application ofe to P, P+ P, if the following conditions hold:

e If eisanatomicregular strategy expression, i.e., thereisaground transformation
—., then P —, P’ holds.

o If e = (eqey) is an alternative regular strategy expression, then PP’ or
P& P holds.

o If ¢ = (ejey) is asequential regular strategy expression, then there exists a
ground program P” such that P%P” and P3P’ hold.

e If e = ¢} isaclosure regular strategy expression, then P’ results from P by n
applications of ey, withn > 0.
O

Remark 6.2.3 (Parentheses) We will omit parentheses in regular strategy expres-
sions whenever possible. Thiswill hold for parenthesis at top level or for alternative
or sequential compositions of more than two expressions. O
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Remark 6.2.4 (Applicability) The smple expression S applies the succesgransfor-
mation exactly once. Note, that this expression is applicable only to programsto which
—g isapplicable. In this work we usually will use only such expressions that are ap-
plicable to any program. Thisis possible by using closure expressions like S* that is
applicableto any program P. O

Remark 6.2.5 (Fixpoint Expressions) Consider any closure expression e*, that a-
lows any number of applications of the expression e. However, if we use the regular
strategy expression to specify an executable strategy, we usually mean that the ex-
pression e is applied until no further application is possible or until any additional
application will have no effect on the state. In this context, we call the expression e* a
fixpoint expression O

Example 6.2.6 (Fitting Expression) Following Theorem 4.3.12, the least fixpoint of
the Fitting operator corresponds to the normal form fitt(P) of the rewriting system
—psnF. Thusthe computation of fitt(P) for a given program P can be expressed
by the regular strategy expression

(PISINIEF)".

Lemma 6.2.7 (Complexity of Fitting Expression) Let P be a ground program. Let
n bethe size of P, i.e., the number of occurrences of literalsin P. Then the strategy
(P|S|N|F)* can be applied to P in linear time w.r.t. n.

Proof: To compute the normal form of P w.r.t. —% ¢, » €ach body literal of P hasto
be processed at most one time. An algorithm for alinear time implementation of the
fitting reduction is given in Section 8.2. O

Remark 6.2.8 (L oop Detection) The expression L specifies to apply loop detection
w.r.t. any unfounded set. We will use the expression L* to express the application of
loop detectioruntil no further application is possible. Following Lemma 4.3.15 this
condition is satisfied by one application of loop detectiorw.r.t. the greatest unfounded
set, i.e., by using the set Ifp(Tp ) as set of possibly true atoms. O

Lemma 6.2.9 (Complexity of Loop Detection Expression) Let P be a ground pro-
gram. Let n bethe size of P, i.e., the number of occurrences of literalsin P. Then the
application of the strategy L* to P needs linear time w.r.t. n in the worst case.

Proof: Thisresult follows from Lemma 4.3.15 and Remark 6.2.8. O
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Example 6.2.10 (AFP Expression) Following Definition 6.1.1 and Theorem 6.1.5
one iteration of the aternating fixpoint procedure can be described by the expressions
(P|S)* for the computation of K; and (N|L|F)* for the computation of U;. Thus,
the model computation of the alternating fixpoint procedure can be described by the
regular strategy expression

((PLS)"(N|LIF)™)"
g

Lemma 6.2.11 (Complexity of AFP Expression) Let P be aground program. Let n
bethesize of P, i.e., the number of occurrences of literalsin P. Then the application
of the strategy ((P|S)*(N|L|F)*)* to P needs quadratic time w.r.t. n in the worst
case.

Proof: The expression (P|S)*(N|L|F)* can be applied at most n times since by
every application the size of the program is strictly reduced. The overall time for the
application of the expressions P, S, N, and F' is O(n) as stated by Lemma 6.2.7.
Following Lemma 6.2.9 each application of the loop detectiomeeds O(n) time, thus
the overall time for applying ((P|S)*(N|L|F)*)* isO(n?) in the worst case. O

Inthe expression ((P|S)*(N|L|F)*)* of Example 6.2.10 the expensive loop detection
is applied in every iteration. In the following optimized strategy loop detectioris re-
moved from the inner loop and is only applied if no other transformation is applicable.

Example 6.2.12 (Optimized Remainder Expression) A more efficient strategy to
compute the remainder of a given program is expressed by the regular strategy ex-
pression

((PS|N|F)*LT)".
g

Lemma 6.2.13 (Complexity of Optimized Remainder Expression) Let P be a
ground program. Let n be the size of P, i.e., the number of occurrences of literalsin
P. In generd the application of the strategy ((P|S|N|F)*L*)* needs quadratic time
w.r.t. n. If P doesnot contain any positive cycles, then the strategy ((P|S|N|F)*L*)*
can be applied in linear time w.r.t. n.

Proof: If P does contain positive cycles, the number of needed loop detectiongsin
genera linear in n. Then quadratic time is needed (cf. Example 4.3.29). If P does not
contain positive cycles, the remainder of P is computed by the strategy (P|S|N|F)*
and the outer loop containing the loop detectiomeeds only one iteration. In this case
only linear time w.r.t. n is needed. O
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Figure 6.1: Experimental Results: Model Computation

Example 6.2.14 (Experimental Results) Consider the following logic program
taken from [KSS95, M or96]

p(X) « t(X,Y,Z),notp(Y),notp(7).
p(X) — po(X).

and the following base facts:

po(c2),t(a,a,br), t(b,c1,b2),t(b2, c2,b3), ..., (b, Cn, bpg).

and its ground instantiation. Figure 6.1 illustrates execution times of the AFP strategy
from Example 6.2.10 and the optimized remainder strategy from Example 6.2.12 for
different program sizes n ranging from 100 to 1000. The quadratic and linear time
complexity of the two strategies, respectively, is obvious.

The tests have been run using our prototype implementation in Java on a PC with an
Intel Pentium 11 processor with 450 MHz and 256 MB of main memory, MS Windows
NT 4.0 operating system and Sun JDK 1.3 java virtual machine. The implementation
is described in Chapter 8. O



Chapter 7

Magic Transformation

7.1 Weél-Founded Semanticsand M agic Set Transformation

It iswell-known that the magic set transformation [BR91, Ram91] causes problemsin
the context of the well-founded semantics. For a given query the well-founded model
of the magic set transformed program and the well-founded model of the original pro-
gram may not agree on the query, if magic facts get undefined truth valuesin the model
of the transformed program [R0os94, KSS95, SS97].

We will define some notation for using the magic set transformation. However, we
assume some familiarity with this topic and omit the details which can be found in
[BR91, Ram91, KSS95].

Remark 7.1.1 (Sideways I nformation Passing Strategy [BR91]) A sideways infor-
mation passing stratedyr a rule determines how certain results of the evaluation of
one body literal should be used to restrict the evaluation of other body literals. We do
not discuss the details of the different sideways information passing strategies, since
they are not relevant for our results, and assume that always standard |eft to right bind-
ing propagation is applied. Thus, the result of evaluating one body literal L inthe body
of aruler isused to restrict the evaluation of all body literals standing on theright side
of Linr. O

Definition 7.1.2 (Magic Set Transformation [BR91, KSS95]) Let P be a normal
program. Let S be any sideways information passing strategy. Let @Q be a query.
Then M P := Magic(P, S, Q) denotes the magic set transformed program of P w.r.t.
S and Q. By PP C M P we denote the set of modified rules of P but without the
rules defining the magic predicates. O

91
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Example7.1.3 (WFSand MST) Consider the following program P.

Thus the well-founded model 1V}, = {not p(a), not p(b), p(c), p(d)} isfound easily.

Now consider the magic set transformed version M P of P for the query p(a):

p(a)  — mp(a),notp(a),p(b)
p(b)  — mp(b),notp(c),p(d)
p(c) — mp(c).

p(d) <= mp(d).

m_p(a).

mple) — mp(a)

mp(b) — m.p(a),not p(a)
mp(c) «— mp(b).

mp(d) — mp(b)notp(c)

pla) < motp(a)p(b).

p(b) — m_p(b),not p(c), p(d)
p(c) — mp(c).

p(d) — mp(d).

m_p(a).

m-p(b) «— mnotp(a).

mp(c) — mp(b)

m-p(d) <« m_p(b),notp(c).

The well-founded model W;,, = {m_p(a)} contains only one fact, the remaining
formerly contained atoms are undefined. O
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7.2 Wedl-Founded Magic Sets

There are two prominent extensions of the alternating fixpoint procedure that solve
the problem illustrated in Section 7.1 by considering undefined magic facts to be true
at different steps of the computation. Note, that magic literals only serve as filters
to block unused derivations and this change of their truth values cannot compromise
correctness. The first of the two approaches mentioned above is the well-founded
magic semethod.

Definition 7.2.1 (Well-Founded Magic Set [KSS95]) Let P be a normal program.
Let S be any sideways information passing strategy. Let (Q be a query. The well-
founded magic sehethod proceeds by the following steps:

1. MP := Magic(P, S, Q) isthe magic set transformed program of P w.r.t..S and
Q. Let PP C M P bedefined asin Definition 7.1.2.

2. The well-founded model Wy, of M P is computed using the alternating fix-
point procedure.

3. Let M denote the set of magic facts that are true or undefined in Wy, .

4. PM := WFMagic(P, S, Q) := PP U M isthewell-founded magic set trans-
formedprogram of P w.r.t. S and Q.

5. The well-founded model Wy,, of PM is computed using the alternating fix-
point procedure.

a

The correctness of the method of Definition 7.2.1 is expressed by the following theo-
rem.

Theorem 7.2.2 (Well-Founded Magic Set [KSS95]) Let P be a normal logic pro-
gram. Let S be any sip strategy (cf. Definition 7.2.1). Let Q be a query. Let
PM := WFMagic(P,S,Q). Then the well-founded models of PM and P agree
on Q. O

Example 7.2.3 (Well-Founded Magic Set) Consider the program P and itsmagic set
transformed version M P from Example 7.1.3. In the well-founded model of M P the
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magic facts M = {m_p(a), m_p(b), m_p(c), m_p(d)} aretrue or undefined. The well-
founded magic set transformed program PM is given by:

pla) < mp(a),notp(a),p(b)
p(b) — m-p(b),not p(c), p(d)
p(c) — mp(c).

pld)  — mp(d).

m_p(a).

m_p(b).

m_p(c).

m_p(d).

All magic facts are true in PM, thus they have no effect on the original rulesin this
example and the compl ete well-founded model is computed:

Wirp = {m-p(a),m_p(b), m_p(c),m_p(d), not p(a), not p(b), p(c), p(d)}. _

One disadvantage of the well-founded magic set method is that all undefined magic
facts are turned to true facts simultaneously. This can cause unnecessary computations
since as a consequence of making some magic factstrue it can happen that other magic
facts become fasg, i.e., the computation of the corresponding subquery is not needed
to answer the query.

This is the motivation for another approach. The magic alternating fixpointethod
uses a modified version of the alternating fixpoint procedure where in every computa-
tion of true facts all magic facts that were undefined in the preceding computation of
true or possible facts are considered true.

Definition 7.2.4 (Magic Alternating Fixpoint [Mor96]) Let P be a normal logic
program. Let S be any sip strategy (cf. Definition 7.2.1). Let Q be a query. Let
MP = Magic(P, S, Q) bethe magic transformed program of P w.r.t. S and Q). Let
M P denote the subprogram consisting of the definite rules of A/ P. The magic al-
ternating fixpoint procedureomputes the sequence (K, U;);>o defined as follows:

Ko = lp(Typ+)
Uy = 1p(Tup k)
t>0: K; = lfp(TMPUmagic_heads(Ui_l),Ui_l)
1>0: U = 1fp(TMp,KZ.).
where magic_heads(U;—1) denotes the set of magic atomsin heads(U;—_1). O

The correctness of this method is stated by the following theorem.
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Theorem 7.2.5 (Magic Alternating Fixpoint [Mor96]) Let P beanormal logic pro-
gram. Let S be any sip strategy (cf. Definition 7.2.1). Let @ be aquery. Let the se-
quence (K;, U;)i>o be defined as above. Then the computation gets stationary, i.e.,
thereisaj suchthat K; = K1 and U; = Uj;. Furthermore, the corresponding in-
terpretation / = K; U ~(BASE(P)\U;) and the well-founded model W}, of P agree
on Q. O

This approach dynamically changes the set of true magic atoms. The advantage of this
method is described by the following theorem.

Theorem 7.2.6 (Comparison [KSS95, Mor96]) Let P be a normal logic program.
Let () be aquery. The magic alternating fixpoint procedure is guaranteed to terminate
after no more iterations than the well-founded magic sets approach, and the set of
magic factsin thefinal set U; of the magic alternating fixpoint procedure is a subset of
the set M of true or undefined magic sets in the well-founded magic sets approach. O

Example 7.2.7 (Magic Alternating Fixpoint) Consider again the magic program
M P from Example 7.1.3. The magic alternating fixpoint procedure computes the
following sequence of sets of facts:

Ky = {mp(a)}

Uy = {mp(a),mp(b),mp(c),mp(d),p(a),p(b),p(c),p(d)}
K1 = {mp(a),mp(b),mp(c),mp(d),p(c),p(d)}

Ur = {mp(a),mp),mp(c),p(c)}

Ky = {mp(a),mp(b),mp(c),p(c)}

Uz = {mp(a),mp(b),mp(c),p(c)}

The atoms m_p(d) and p(d) are not contained in the computed model, since they are
not needed to derive the answer not p(a). O

Remark 7.2.8 (M onotonicity) In Example 7.2.7 it can be observed, that K; C K
does not hold. Thus the monotonicity property of the alternating fixpoint procedure
(cf. Lemma 3.2.5 does not hold for the magic alternating fixpoint procedure. O

7.3 Magic Reduction

Both methods defined in Section 7.2 are based on the alternating fixpoint procedure.
Thus they both suffer from the same disadvantages, i.e., they perform unnecessary re-
computations of possible facts. In this section we extend our transformation system in
away that the results of Chapter 6 apply to magic programs.

To describe and analyze the methods defined in Section 7.2 we need another transfor-
mation that allows us to use undefined magic facts as if they were true.
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Definition 7.3.1 (Magic Reduction) Let P; and P, be ground programs. P, results
from P, by magic reduction( P, s P) iff thereisarule A — Bin P; with head
predicate p and a positive body literal B = magic_p(t) suchthat B € heads(P;) and
Py = (P\{A < B}) U{A — (B\{B})}. O

Our extended transformation system is defined as follows.

Definition 7.3.2 (M X-Transformation) Let —;;x denote the extended rewriting
system:

=My =x U
Example 7.3.3 (M X-Transformation) Consider the remainder of the magic trans-

formed program M P from Example 7.1.3. By one application of magic reduction
we derive the fact p(c) and get the following program:

pla)  — motp(a),p(b).

p(b)  — mp(b),not p(c),p(d).
p(c).

p(d)  — mp(d).

m_p(a).

m_p(b) <+ mnotp(a).

mple) — mplb).

mp(d) — mp(b) notp(c).

By some applications of the rewriting system — x we reach the following program

p(c).

m-p(a).
m_p(b).
m_p(c).

that isirreducible w.r.t. — s x. O

Note that this new transformation system is not confluent any more. Depending on
the application of the magic reductiortransformation different strategies for handling
undefined magic facts can be realized.
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Example 7.3.4 (Non-Confluence of —,;x) Consider again the remainder of the
magic transformed program M P from Example 7.1.3. If we apply magic reduction
two times to derive p(c) and p(d) we get the following program

p(c).
p(d).
m_p(a)
m_p(b)
m_p(c).

that is also irreducible w.r.t. — 5, x but contains the additional fact p(d). O

However, the following proposition and theorem state that any strategy based on the
M X -transformation leads to a correct answer for the given query.

Proposition 7.3.5 Let P be a norma logic program. Let S be any sip strategy
(cf. Remark 7.1.1). Let  be aquery. Let MP = Magic(P,S,Q) and PM =
W F Magic(P, S, Q) be as defined above. Let R be the remainder of M P. Let R’ be
the normalform of R w.r.t. magic reduction Let P’ be the remainder of R'. |.e., we
have

MP—%R—%3; R—%P

Then the well-founded models of PM and P’ agree on Q).
Proof: From Definition 7.2.1it followsthat PM = PP U M. Conseguently we have

* *
Wpm = Wepunr-

M P consists of PP plusthe definitions of the magic predicates. Since M containsall
magic atoms, that are true or undefined in the model of M P we have

Wepon = Warpum
From
MP—%R
and M C heads(R) it follows that

MPUM—%RUM
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holds. Thus we have

Wirpon = Wrum
By the transformation R 7, R’ al body literals contained in M are deleted from the
rule bodiesin R. Thisis equivalent to adding all factsin M to R and apply success$o
remove these facts from the rule bodies. As a consequence, we have
RUMw—5R UM
and thus
Wrom = Wrum
Since al atomsin M have been removed from rule bodiesin R/, it follows that
Weiony =W UM
holds. P’ isthe remainder of R’, thus
Wi UM =W UM
holds. Together we have
Wiy =Wph UM

From this it follows that the well-founded models of PA and P’ differ only in the
truth values of magic atoms, thus they agree on Q). O

Theorem 7.3.6 (Correctness of the M X-Transformation) Let P be anormal logic
program. Let S be any sip strategy (cf. Remark 7.1.1). Let Q beaquery. Let M P =
Magic(P, S, Q) be as defined above. Let P’ be any normal form of M P w.r.t. —j/x.
Then the well-founded models of P’ and P agree on ().

Proof: Let usfirst assumethat P’ has been derived by the sequence of transformations
defined in Proposition 7.3.5:

MP—%Rw—}3; R—%P
Then from Proposition 7.3.5 it follows that the well-founded models of P/ and PM =

W FMagic(P, S, Q) coincide on . Together with Theorem 7.2.2 it follows that the
well-founded models of P’ and P agree on Q.
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Now consider any other transformation order
MP—%, P

If exactly the magic factsfrom the set M as defined above are used for magic reduction
then the result is the same as above.

If more magic facts than contained in M are used for magic reductiorthen possibly
more rules have been used to derive factsthan in the original sequence. Thus, possibly
alarger result has been computed. However, since all rules are modified rules from the
original program P, only correct answers w.r.t. the well-founded model of P can be
derived.

But it is possible that not all magic facts from M have been used for magic reduction
Assume that a conditional magic fact with head A = m_p(t) gets deleted before all
occurrences of A in the bodies of other rules have been removed by applications of
magic reduction In this case the magic fact has become false because at least one of
the body literals in each of its conditional facts has become false. But then also the
rule instance the magic fact had been generated for can be deleted, because its body
contains al literals that the magic fact depends on, due to the definition of the magic
set transformation. Thus, the deleted magic fact is not needed to answer the given
query. O

We now extend our regular strategy expression syntax by the new transformation.

Remark 7.3.7 (Regular Strategy Expression (cont.)) Since — ;s is aground trans-
formation, the single letter M isalso an atomic regular strategy expression in the sense
of Definition 6.2.1. O

According to Definition 6.2.2 and Remark 6.2.5, the expression M* denotes the com-
putation of the normal form w.r.t. —,;, i.e. the removal of al true or undefined magic
filters from rules with heads with non-magic predicates. This allows us to embed the
well-founded magic set method as a special case of our transformation method.

Definition 7.3.8 (Well-Founded M agic Sets Strategy) The well-founded magic sets
regular strategy expressids defined by

((PIS)*(NILIE))" M*((P[S)"(N|LIF)")". o

Lemma 7.3.9 The computation of the well-founded magic sets method of Defini-
tion 7.2.1 can be described by the well-founded magic sets regular strategy expression
of Definition 7.3.8.

Proof: Thisresult follows from Theorem 6.1.5, Example 6.2.10, and Definition 7.3.1
O
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It isobvious that the well-founded magic set strategy can be optimized by delaying the
loop detectiortransformation.

Definition 7.3.10 (Well-Founded Remainder) The well-founded remainderegular
strategy expression is defined by

((PISINIE)"L*)"M*((P|S|N|F)"L")".
g

Lemma7.3.11 Let M P be amagic set transformed ground program. The execution
of the well-founded remainder regular strategy expression of Definition 7.3.10 applied
to M P is guaranteed to need no more work than the computation corresponding to the
well-founded magic sets expression of Definition 7.3.8.

Proof: This statement follows directly from Theorem 6.1.5. O

We will show in Example 7.3.23 that the well-founded remainder strategy can be
strictly more efficient than the well-founded magic set strategy for some programs.

One disadvantage of thetwo strategiesin Lemma7.3.11 isthat by the application of the
magic reductiortransformation all undefined magic facts are considered to be true and
removed from all bodies of non-magic rules. This can cause unnecessary computations
since as a consequence of making some magic factstrue it can happen that other magic
facts become false, i.e., the computation of the corresponding subguery is not needed
to answer the query.

In the magic alternating fixpoint procedure [Mor96] undefined magic facts are consid-
ered to be true only if this enables the derivation of new facts. This can be described
by a specia case of our magic reductiortransformation. The restricted magic reduc-
tion transformation alows to remove a magic filter with undefined truth value from a
non-magic rule only if it is the only body literal, i.e., the application transforms the
ruleinto afact.

Definition 7.3.12 (Restricted Magic Reduction) Let P, and P, be ground programs.
P, resultsfrom P, by restricted magic reductio(P, +— s, ) iff thereisarule A —
{B} in P, with head predicate p and a positive body literdl B = magic_p(t) such that
B € heads(Py) and P = (Pi\{A — {B}}) U{A}. O

Definition 7.3.13 (RX-Transformation) Let —rx denote the extended rewriting
system:

=R = x Uy,
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It iseasy to seethat thisrestricted magic reductiotransformation is sufficient to eval-
uate magic set transformed programs.

Lemma 7.3.14 (Correctness of RX-Transformation) Let M P be amagic set trans-
formed ground program. Let P’ be a normal form of M P w.rt. —grx. Let P” bea
normal form of P’ w.r.t. —ux,i.e,

MP 755 P 3 x P

Then knownBASE(Mp)(P’) = ]ﬂ’/LOUJ’/LBASE(Mp)(P”) holds.

Proof: Let P’ be anormal form of M P w.rt. —pryx. Then P’ isirreducible w.r.t.
—rx. If P'isirreduciblew.r.t. —,;x, then P’ = P” follows and the result is proven.
Now assume that P’ is not irreducible w.r.t. —j,x. Let P| be aresult of applying
— oy x to Pl, i.e.,

/ /
P —MX Pl’

Since P’ isirreducible w.r.t. — rx, the only transformation applicable to P’ is+ ),
thus we have

Py P
According to Definition 7.3.1, the following holds:
P = P\{A «— m_p(t) A\ByU{A «— B}.
Now assumethat B = (). Then
Py, P

follows. But this contradicts the irreducibility of P’ w.rt. —grx. Thus B # ( holds.
From this it follows that heads(P') = heads(Py) and facts(P') = facts(P]) and
thus

known gaspvpy(P') = known gasgp)(P1)

hold. Further, P| isaso irreducible w.r.t. — gx. By induction, we conclude that
P '_’7\/13 P’

and
known gasp(vpy(P') = known gaggp)(P")

hold. 0
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Remark 7.3.15 (Restricted Magic Reduction is Sufficient) From Lemma 7.3.14 it
follows that for every transformation sequence of —prx applied to M P there is a
transformation sequence of — j; x that computes the same result. Together with Theo-
rem 7.3.6 which states the correctness of the M X -transformation, we know that every
transformation sequence of the R X -transformation leads to a correct resullt. O

Thefollowing definition allows usto use the restricted magic reductiotransformation
in regular strategy expressions.

Remark 7.3.16 (Regular Strategy Expression (cont.)) Since s, is a ground
transformation, the single letter My is aso an atomic regular strategy expression in
the sense of Definition 6.2.1. O

Now we can express the magic aternating fixpoint procedure as a special case of our
rewriting system — s x.

Definition 7.3.17 (Magic Alternating Fixpoint Strategy) The Magic Alternating
Fixpoint regular strategy expression is defined by

((P[S|MR)*(N|LIF)™)".
a

The following theorem describes the relation between the magic aternating fixpoint
procedure and the R X -Transformation.

Theorem 7.3.18 Let M P be amagic set transformed ground program. Let the magic
aternating fixpoint sequence (K, U;)i>o be defined as in Definition 7.2.4. Let the
sequence (K, U;)i>o be defined as in Definition 6.1.1 except that K;,i > 0 isthe
normal form of U;_1 W.r.t. —pgar,. Then U; = heads(U;) holds. Further, K; =

facts(K;) holds for non-magic facts, i.e., facts having no magic predicate.

Proof: By Theorem 6.1.5 we have the following result for the original aternating
fixpoint procedure:

Ky = Up(Typ+) = facts(Ko)
U[) = lfp(TMp,KO) = heads(go)
i>0: K; = WUp(Tupy,,) = ~[facts(K;)
i>0: U; = UUp(Tupr,) = heads(U;)

and

gT’OUTLd(MP) HEFS KO H}(VLF U() H}S Kl '_)’]KVLF U’L
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For the magic aternating fixpoint procedure we have the following modification ac-
cording to Definition 7.2.4

1 >0: K; = lfp(T]V[PUmagic_heads(Ui_1),U7;_1)

and K;,i > 0 isthe normal form of U;_; w.r.t. — pgpy, instead of — pg.

We have to show that K; = facts(K;) holdsfor non-magic facts. Let

T) = TMPUmagic,heads(Ui,1),Ui,1Tj(6)

be the result of the j-th application of the operator in the least fixpoint computation
of K;. We show by induction over j that 77 C facts(K;) holds for non-magic facts.
The base casefor j = O istrivial. Let A € T7+! be any non-magic fact, i.e., any atom
having a non-magic predicate. Then from Definition 3.2.1 it follows, that there is a
rule instance

r = (A« {A'}UBUnot(C) € ground(MP)

such that A’ € U;_; isthe magic filter of therule, B C 77 and C N U;_; = (). From

the induction hypothesisit follows that B C facts(K;) holds. Further we know that
C N heads(U;—1) and A’ € heads(U;—1) hold as a consequence of Theorem 6.1.5.
Then in the transformation sequence for the computation of K; the fact A can be pro-
duced by removing all positive body literalsin B from the rule r by applying success
removing all negative body literalsin not C by applying positive reductionand finally
by removing the magic filter A’ by applying the restricted magic reductiotransfor-
mation. Since no body literal of » isfalse in the current transformation state, the rule
r has not been deleted from ground(M P) in the transformation sequence before. It

followsthat A € facts(K;) holds.

Now it remains to be shown that facts(K;) C K; holds for non-magic facts. From
Theorem 6.1.5 we know that this result holds for the original aternating fixpoint pro-
cedure. The only modification here is that for the computation of K; the restricted

magic reductiormay be applied as well. Let A € facts(K;) be an additional fact
generated by removing the magic filter A’ from arule of the form

A— A

Then A’ € heads(U;_1) and also A’ € U;_; hold. But then A’ is contained in
magic_heads(U;—1) and thus also in K;. As a conseguence the fact A will be de-
rived by the fixpoint computation for K; aswell. O
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Remark 7.3.19 (Monotonicity) Note that the sequence of sets K; of true factsis not
monotonically increasing in the magic aternating fixpoint procedure, because some
magic facts and facts depending on them that have once been considered true may
possibly not be recomputed in alater iteration step. However, in the magic aternating
fixpoint transformation, magic conditional facts may be deleted, but non-magic facts
once derived as unconditional facts are never deleted afterwards. Thus, our transfor-
mational counterpart of the magic alternating fixpoint procedure has the monotonicity
property that is missing in the original approach of Morishita[Mor96]. O

Examining the magic aternating fixpoint strategy expression
((P|S|Mg)*(N|L|F)*)* reveds two possible optimizations. The obvious opti-
mization is to delay the application of loop detection The second optimization
concerns the time when undefined magic facts are to be considered true. 1n [KSS95]
it is argued that using magic facts too early may cause unnecessary computations
since the undefined magic facts may become false later. Therefore we delay also the
application of the restricted magic reductiom the following strategy.

Definition 7.3.20 (Magic Remainder) The Magic Remainder regular strategy ex-
pression is defined by

(((PISINIF)"MR*)"L")".

Lemma 7.3.21 Let M P be a magic set transformed ground program. The execution
of the magic remainder regular strategy expression of Definition 7.3.20 applied to M P
is guaranteed to need not more work than the computation corresponding to the magic
aternating fixpoint expression of Definition 7.3.17.

Proof: The expression ((P|S|N|F)*Mpg*)* can be executed in linear time w.r.t. the
given ground program. For the expression (P|S|N|F)* this has been discussed before.
For the restricted magic reductiorach rule has to be checked at most once, i.e., if al
body literals except the magic filter have been removed. This operation adds extra
costs that are also linear in the size of M P. The only expensive operation is the loop
detectiontransformation which is removed from the inner loop and is applied only if
no other transformation is applicable. O

We will show in Example 7.3.23 that the magic remainder strategy is strictly more
efficient than the magic aternating fixpoint strategy for some programs.

Remark 7.3.22 (Comparing Strategies) We have optimized our transformation
strategies along two dimensions. The first goa was to shift the loop detectiorfrom
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inner loops (in the strategy expression) to outer loops. This way we derived the well-
founded remainder strategy

((PISIN|F)"L*)*M*((P|S|N|F)*L*)"
from the well-founded magic set strategy
((PIS)*(NILIE)")"M*((P|S)*(N|LIF)")".
Further, we derived the magic remainder strategy
(((PISIN|F)"Mg*)"L7)"
from the magic aternating fixpoint strategy
((P|S|MRg)*(N|L|F)*)".

We expect a significant speedup for programs without positive loops, since the desired
normalform can the be computed by the inner expressions and the loop detectionin
the outer loops is not applied or at most one time. Then the execution time can be
reduced from quadratic to linear w.r.t. the size of the program. However, if the program
contains many positive loops, e.g. such that the number of positive loopsis linear in
the size of the program, loop detectiorhas to be applied many times, then the effect of
the optimization will reduced.

The other goal of optimization was to reduce the number of applied magic reduc-
tions Based on Theorem 7.2.6 we tried to avoid unnecessary computations by apply-
ing magic reductioronly if necessary. In afirst step weintroduced the restricted magic
reductionin Definition 7.3.12 that applies magic reductioronly where the application
leads directly to a new fact, instead of applying it whenever possible. As a conse-
guence we expect the magic alternating fixpoint strategy to perform better than the
well-founded magic set strategy and the magic remainder better than the well-founded
remainder. O

Example 7.3.23 Consider the following program P taken from [KSS95, Mor96]

p(X) <« t(X,Y,Z),notp(Y),notp(2).
p(X) — po(X).

and the following base facts:

po(c%), t(a? a, b1)7 t(b1> 1, b2>7 t(b2a C2, b3)7 s 7t(bn7 Cn, bn+1)-
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Figure 7.1: Experimental Results: Magic Reduction

Consider the following program M P

p(X) — mp(X),t(X,Y,Z),not p(Y),not p(Z).
p(X) = mp(X) po(X).

m_p(a).

mpY) «— mp(X),t(X,Y,2).

mp(Z) — mp(X),t(X,Y,Z),p(Y).

that results from the program P by the magic set transformation for the query p(a).
Figure 7.1 illustrates the execution times of the four strategies of Definitions 7.3.8
(WF-MST), 7.3.10 (WF-Rem), 7.3.17 (M-AFP) and 7.3.20 (M-Rem) for different pro-
gram sizes n. It can be seen that the WF-M ST strategy considers all magic facts to be
true and needs quadratic time to compute the complete well-founded model of the
original program. The M-AFP strategy uses only the relevant magic facts and com-
putes only the facts from p(b; ) to p(b%), but also needs quadratic time. The strategies
WF-Rem and M-Rem compute the result in linear time, since the program does not
contain positive loops and thus the loop detectioris not needed.

Consider now the same program but with an additional rule p(X) <« p(X). Now
every p-fact depends positively on itself and a linear number of applications of loop
detectionis needed to compute the result. Figure 7.2 illustrates the execution times
of the four strategies for the modified program. The execution times of the strategies
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Figure 7.2: Experimental Results: Magic Reduction with Positive Loops

WF-MST and M-AFP coincide with the times for the strategies WF-Rem and M-Rem,
respectively, and the delay of the loop detectiorhas no effect for this program. O

The experimental results have confirmed the analytical comparison of Remark 7.3.22.
For programs without positive loops the remainder strategies both need execution time
O(n) wheren isthe program size. For programs with positive loops, it isimportant to
avoid unnecessary applications of magic reduction In this case the magic alternating
fixpoint and the magic remainder strategy perform better than the other two strategies.

In summary, the magic remainder strategy combines the advantages of al other strate-
gies. It reduces the number of applications of loop detectionand magic reduction
Thus, this strategy is a good candidate for a default strategy. It yields good results for
al programs we have tested.

As amain result of this chapter we emphasize that the development of the magic re-
mainder eval uation strategy was possible by just analyzing known algorithms by means
of finding adequate regular strategy expressions, and by modifying theses expressions
in a straightforward way at a high level just by shifting expensive operations from in-
ner to outer loops. Finally, our prototypical implementation confirmed the expected
results and proves that the performance of the known computation methods could be
optimized significantly, at least for some classes of programs.
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Chapter 8

Ground I mplementation

In this chapter we give an overview of our prototype implementation of the grounding
algorithm of Chapter 5 and the ground transformation defined in the Chapters 4 and 7.
We will omit technical details, class charts, architecture diagrams, since they are not
relevant for thiswork. However, we will present the main algorithms that we used and
point out where we modified known methods to meet the requirements of this work.

The prototype system is implemented in Java. We used the Java Development Kit
JDK inthe version 1.3 that is freely available from the web site java.sun.conof Sun
Microsystems. We adopted many features already contained in the standard libraries,
such as the collections framework for lists and sets of rules, godls, etc. For the rela-
tional algebra we developed an extension of the iterator concept. For parsing queries
and programs we built a grammar driven scanner and parser using the java tools JLex
and JavaCupthat are also freely available. Using standard Java libraries it was easy
to develop a graphical user interface and a servlet based front end, that demonstrates
some features of our implementation at our web site daisy.fmi.uni-passau.de

8.1 Relational Grounding

To apply the ground transformations of Chapter 4 to a non-ground program P we
need a grounding algorithm to generate a set of ground instances relevant for the well-
founded model of P.

One such grounding agorithm is proposed in [NS96].

Definition 8.1.1 (Simple Grounding [NS96]) Let P be a range-restricted normal
program without function symbols. Then the grounding algorithm proceeds by the
following steps.

109
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1. Start with the given program: R := P.

2. Whenever thehead B’ of agroundrule B’ — C’ in Risaninstance B’ = Bo of
apositivebody literal B € B of arule A < Bin R, thentheinstance (A — B)o
isadded to R, if itis new.

3. Repeat step 2 until no new instance can be generated.

4. Return al ground rules contained in R:

gr(P) == {(A—B)e R| A< Bisground.}
O

Lemma 8.1.2 ([NS96]) Let P be range-restricted normal program without function
symbols. Let gr(P) betheresult of the grounding algorithm of Definition 8.1.1 applied
toP. ThenWp = W ) holds. 0

However, this algorithm has some disadvantages. The set of R may get large and
contain many non-ground instances. Further, it is difficult to efficiently find pairs of
unifiable head and body atoms.

In this work we extend the relational implementation of the T'» operator for definite
programs such that it can be applied to normal programs. Our work is based on the
description in [Fre00]. More details can be found in [UII88, UII89, EN94, BR86b,
BPRM91, KKTG95, GKB87, SKGB87].

The next definition sketches the approach for definite programs.

Definition 8.1.3 (Definite Relational Expression [Fre00]) Let P be a range
restricted definite program. Then the relational expression Ep for P is constructed by
the following steps.

1. Let I beaset of ground atoms given as input to the expression.

2. The relationa expression E'g for a body literal B occurring in P selects all
atoms from I that are unifiable with B.

3. Therelational expression Es for the body of arule A «— B isthe natural join of
the expressions Ei of al body literals B € B, i.e., the join condition is based
on the common variables in the body literals.

4. Therelational expression E'4. 5 fortherule A — B of P isthe projection of Es
to the schema of the head atom A of therule, i.e., instances of A are produced.

5. Therelational expression E'p for the program P isthe union of the expressions
Ey_pfordlrulesA «— BinP.
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a

Note, that we defined the expression E'p such that it operates on sets of atoms rather
than on sets of tuples. This allows us to formulate the following theorem.

Theorem 8.1.4 (Correctness of Definite Relational Expression [Fre00]) Let P be
arange-restricted definite program. Let I C BASE(P) be a set of atoms from the
Herbrand base of P. Then

Tp(I) = Ep(I)
holds. O

Thisisthe basisfor theimplementation of the T'» operator of arange-restricted definite
program P as a relational expression whose iterative evaluation computes the least
fixpoint [ fp(Tp) of the Tp operator which gives the well-founded model W} of P by
Theorem 2.5.8.

However, we want to implement the 7> operator of Definition 5.2.1. To this end we
modify the relational expression from Definition 5.2.1 in the following way.

Definition 8.1.5 (Normal Relational Expression) Let P bearange-restricted normal
program. Then the relational expression Ep for P is constructed by the following

steps.

1. Let R beaset of ground rules given as input to the expression.

2. Therelational expression E for abody literal B occurringin P selectsall rules
from I having a head unifiable with B.

3. Therelational expression £ for the body of arule A < B isthe natural join of
the expressions R of all positivebody literas B € B.

4. Therelational expression E 4. for therule A «— B of P istheprojection of £z
to the schemaof therule A < B, i.e., instances of the rule itself are produced.

5. Therelational expression Ep for the program P isthe union of the expressions
Es_pforalrulesA — BinP.
O

The relational expression Ep operates on sets of ground rules. We have the following
result.
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Theorem 8.1.6 (Correctness of Normal Relational Expression) Let P be a range-
restricted normal program. Let R be a set of ground rulesin the first order language £
of P. Then

holds.

Proof: The proof is based on Theorem 8.1.4. One application of Ep to a set I
of ground atoms gives the set T»(I). The expression E computes the the same set of
atoms. Theonly differenceisthat not only the atoms but al so the corresponding ground
instances of rules of P are derived. This corresponds exactly to Definition 5.2.1. O

In our prototype we have implemented arelational algebra operating on sets of ground
rules as a set of Java classes. A compiler constructs the expression Ep for a given
program P according to Definition 8.1.5. Known optimizations such as index jaoins,
differential fixpoint iteration [BR86b, GKB87], SCC-wise fixpoint iteration etc. are
applied. A visualization of a sample relational expression is shown in the snapshot of
the graphical user interface in Figure 8.1. In the center there is the original program,
together with a query, and a desired transformation strategy. At the bottom right side
the magic transformed program is displayed, and on the left side a tree view of the
relational expression to compute the grounded version of the magic set transformed
program is shown. Finaly, under the menu bar, there is a sequence of buttons a-
lowing to apply transformations manually, using the notation of the regular strategy
expressions.

Another optimization is to make the projection in the expression E 4.z more intelli-
gent.

Definition 8.1.7 (Improved Projection) Let £ 4.5 the relational expression for the
rule A — B asgivenin Definition 8.1.5. We modify the projection as follows:

e Forapositivebody literal B € BB, omit the body literal B in the projection result,
if afact unifiable with B isfound in the input set R. By this optimization we
apply successiready in the grounding phase.

e For anegative body literal B = not A € B, if theinput set R is already fixed,

— produce no result, if afact A iscontained in R,

— omit the body literal B in the projected result, if thereis no rule with head
AinR,

— otherwise, leave the negative body litera in the rule body of the result of
the projection.
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Figure 8.1: Visualization of Relational Expression

By this optimization we apply negative reductioror positive reductiorwhere
possible.

e If the set R is not yet complete, aways leave the negative body literal in the
result.

a

Note, that for the treatment of a negative body literal a semi-antijoin can be used, that
produces aresult only if thereisno join partner found.

Remark 8.1.8 (Model for Definite or Stratified Programs) Consider the relational
expression Ep of 8.1.5 modified by Definition 8.1.7 for a range-restricted definite
program P. Then only facts are derived, since al body literals are omitted from the
projection result. Inthis case, the set of facts coincides with the set of atoms computed
by the expression E'p of Definition 8.1.3. As a consequence, the well-founded model
of P isexactly the least fixpoint of Ep.

If for a stratified program, i.e., a program with no predicate depending negatively on
itself, each SCC is evaluated by a separate relational expression, such that the result
for the lower SCCsiis aready complete, the truth value of each negative body literal
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is known and again only facts are derived. This computation coincides with the com-
putation of the perfect moddl for stratified programs [Prz88], which in turn coincides
with the well-founded model of P. O

With this optimization we can compute the well-founded model for definite or strat-
ified programs efficiently using relational operations and optimizations known from
relational databases. Conditional facts are derived only for predicates depending neg-
atively on themselves, and for predicates depending on them. If conditiona facts are
produced, a transformation phase is to be appended that computes the remainder of
P.

8.2 Queue-Based Transformation

The four basic transformations successfailure, positive reductiorand negative reduc-
tion areimplemented based on an algorithm that isdescribed in [DG84] asalinear time
algorithm for the computation of the deductive closure of a definite ground program.

Definition 8.2.1 (Closure Algorithm for Definite Programs[DG84]) Let P be a
definite program. For each rule A «— B in P there is counter holding the number
of active body literals, initialized to the number of body literalsin B. For each atom
thereisalist, containing all rules having the atom as a body literal.

The algorithm uses a queue pos( for true atoms, that are still to be processed. The
gueue posQ isinitialized with the atoms occurring as factsin P.

To process atrue atom B € pos(Q meansto visit eachrule A «— B having B € B as
a body literal, and decrease its counter of active body literals. If the counter reaches
zero, the head A is derived to be true. If thisfact is new, it is added to pos@. O

All the counters and lists are stored in arrays, with the rule number or atom number
being the index. Thus, after initializing the array, each operation described above can
be executed in constant time. Since each body literal is processed at most one time,
the execution time of thisalgorithm isin O(size(P)).

In [NS96] this algorithm is extended to compute the fitting reduction (cf. Section 3.3)
of anormal ground program.

Definition 8.2.2 (Fitting Reduction [NS96]) Let P be a norma program. For each
rule in P there is the counter for active body literals, and additionally a counter for
inactive body literals, that is initialized to zero. For each atom there is a counter for
the number of rules having this atom as its head.
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The agorithm uses two queues, one queue posQ for true atoms, and one queue neg@
for false atoms still to be processed. The queue posQ isinitialized with the factsin P.
The queue neqQ@ initially holds all atoms occurring in arule body but not in ahead in
P.

To process atrue alom B € pos() means:

e Visit eachrule A — B having B € B asapositivebody literal, and decrease its
counter of active body literals. If theruleis still active and the counter reaches
zero, the head A is derived to be true. If thisfact isnhew, it is added to posQ.

e Visiteachrule A — B havingnot B € B asanegativebody literal, and increase
its counter of inactivate body literals. If the counter steps from zero to one, the
rule isinactivated. Then the rule counter for its head A is decremented. If this
counter reaches zero, the atom A is added to neg(@.

To process afase atom B € neg( means.

e Visit each rule A — B having not B € B as a negativebody literal, and de-
crease its counter of active body literals. If theruleis still active and the counter
reaches zero, the head A is derived to be true. If thisfact is new, it is added to

PosQ).

e Visit eachrule A — B having B € B as apositivebody literal, and increase its
counter of inactivate body literals. If the counter steps from zero to one, therule
inactivated. Then the rule counter for its head A is decremented. If this counter
reaches zero, the atom A is added to negQ.

Theorem 8.2.3 (Correctness of Fitting Reduction [NS96]) Let P be a normal
ground program. The algorithm in Definition 8.2.2 computes the set Ifp(®p) in time
O(size(P)). All atoms that have been in pos( aretrueinlfp(®p), and all atoms that
(do not occur in P or) have been in new(@ during the computation arefalsein lfp(®p).

O

In our implementation we have extended the algorithm of Definition 8.2.2 dightly. We
use four queues, one for each basic transformation. Thus, we can apply the transfor-
mations separately and are more flexible to implement the computation according to
strategy expressions.



116 CHAPTER 8. GROUND IMPLEMENTATION
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Figure 8.2: Usage of Queues

Definition 8.2.4 (Usage of Queues) The usage of queues in our implementation can
be seen in Figure 8.2. The initia true atoms are given by the facts in P. They are
copied to both success@ and neg Red(. Atoms occurring in body literalsof P butin
no heads, areinitialy false and copied to both posRed@ and failureQ.

If atoms from success@ are used for applying successit is possible that new true
atoms are derived, that are again copied to success@ and negRed(@. If atoms from
negRed(@ are used to apply negative reductionrules are deleted and possibly new
false atoms are derived. New fase atoms are copied to posRed@ and failure(Q.
False atoms from failure or posRed() are processed accordingly.

The atomsin the queues can be processed in any order. Thisallowstheimplementation
of different transformation strategies. O

The data structure to represent the transformed program can be seen in Figure 8.3.

Definition 8.2.5 (Data Structure) Each different atom A € At¢(P) occurringin P is
represented by a data structure (an instance of a Java class) visualized by the vertical
bar on the left side of Figure 8.3. For each atom the data structure stores

e the list posLitList of references to al rules having the atom A as a positive
body literal,

e thelist negLitList of referencesto al rules having the literal not A as a nega-
tive body literal,
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Figure 8.3: Queue-Based Ground Transformation

e the boolean flag isTrue that is set for true atoms,

e and the counter headO f Count holding the number of rules with head atom A.

Each rule of A «— B if P is represented by a data structure that is depicted by the
vertical bar on the right side of Figure 8.3. For each rule the data structure stores

e acounter posLitCount, initialized with the number of positive body literalsin
B,

e acounter negLitCount, initialized with the number of negative body literalsin
B,

o areference head to the data structure for the head atom A,

e acounter inactiveCount, initiaized to zero.

The queues for the four basic transformations are implemented as lists of referencesto
atoms. O
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The transformation proceeds as follows.

Definition 8.2.6 (Transformation Process) Let P be a norma ground program.
First, the data structure of Definition 8.2.5 is initialized such that for each different
atom occurring in P and for each rule of P a corresponding object is created. The
references and counters are initialized as defined in Definition 8.2.5. References to
atoms with the isTrue-flag set are copied to success@ and negRed(. Referencesto
atoms with headO fCount = 0 are copied to failure@ and posRed().

Now a strategy component can select an atom B from one of the four queues. If an
atom B from success@ or failure@ is selected, the following steps are performed:

1. Theatom B isremoved from the queue.
2. Foreachruler = A «— Bin B.posLitList do:
(a) For successdecrement the counter r.posLitCount.

(b) For failure: increment the counter r.inactiveCount.

If an atom B from posRed@ or negRed() is selected, the following steps are per-
formed:

1. Theatom B isremoved from the queue.
2. Foreachruler = A < Bin B.negLitList do:
(a) For positive reductiondecrement the counter r.neg LitCount.

(b) For negative reductionincrement the counter r.inactiveCount.

If foraruler = A «— B the conditions r.posLitCount + r.negLitCount = 0
and r.inactiveCount = 0 become true during the application of succes®r positive
reduction then:;

1. Get the head atom A = r.head of therule.
2. If A.isTrueisnot set, then:
(a) Set A.isTrue.
(b) Copy areferenceto A to success@ and negRed().

If for oneruler = A «— B the counter r.inactiveCount changes from 0 to 1 during
the application of failure or negative reductionthen:

1. Getthe head atom A = r.head of therule.
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2. Decrease the counter A.headO fCount.
3. If A.headO fCount reachesthe value 0, then:
(a) Copy areferenceto A to failure@ and PosRed().

This processis continued until all four queues are empty. O

Lemma8.2.7 (Termination) Let P be a ground program. Then the queue-based
transformation as described in Definition 8.2.6 terminates.

Proof: It is guaranteed that each atom is processed at most once by one of the four
transformations, since true atoms are only added to the queues if the flag isTrue is
set from false to true, and false atoms are only added to the queues, when the counter
headO fCount steps from 1 to 0. Each application of a transformation terminates
sinceit essentially performs aloop over alist of body literals. O

We can even show that the execution terminatesin linear time.

Lemma 8.2.8 (Time Complexity of Base Transformations) The overall execution
time for the application of the four base transformationsisin O(size(P)).

Proof: Each body literal is processed at most one time during the transformation
process. There are at most size(P) transformations applicable. Each transformation
is applicable in constant time, since only atomic operations to counters or references
areto be done. O

Remark 8.2.9 (Costs of Initialization) Asin [DG84] we assume that the initializa-
tion of the data structure can be donein time O(size(P)). The most expensive part is
the requirement that an atom that occurs more than once in the program isto be repre-
sented by the same data object. In[DG84] it is assumed that the parser replaces atoms
by numbers identifying several occurrences of the same atom, e.g., be using symbol
tables. However, we use hash tables to check whether an atom has occurred before.
Thus we can do the check in constant time as long as the size of the programisin a
range where the hash function does work properly. O

Lemma 8.2.10 (Correctness of Queue Based Transformation) Let P be a normal
program. Then the queue based transformation described in Definition 8.2.6 computes
the fitting reduction 1fp(®p) of P.

Proof: It iseasy to see, that the transformations applied during the queue based trans-
formation correspond exactly to the transformations as they are defined in Chapter 4.
Itis till to show, that each applicable transformation is actually applied. Thisisthe
case, since it is guaranteed that al true facts are copied to the queues success@ and
negRed(@ and that all false atoms are copied to failure@ and posRed(), aready
in the initialization phase or later during the transformation. Together with Theo-
rem 4.3.12 the result follows. O
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Remark 8.2.11 (Transformed Program) Note, that with the agorithm of Defini-
tions 8.2.5 and 8.2.6 the current state of the transformed program is not stored directly.
To this end, we added an extra field to the rule data structure keeping a transformed
version of the corresponding rule. Thusit is easy to print the current state of the pro-
gram at any time during the transformation. Especially the remainder can be read off
directly from the final state. Otherwise, it hasto be reconstructed using the truth values
of the atoms. |

8.3 Loop Detection

For the loop detectiorthe set of atoms that are still possible isto be computed accord-
ing to Lemma4.3.15. To thisend we use all rulesthat have not been deleted until now,
i.e., dl rules having the counter inactiveCount = 0.

Definition 8.3.1 (Implementation of L oop Detection) We extend the data structure
for atoms by a boolean flag isStill Possible. The data structure for rules gets an
additional counter posLitCount2. Further we create another queue possible( that is
initially empty.

The loop detection proceeds as follows. For al atoms A do:
1. Settheflag A.isStill Possible to the samevaue as A.isTrue.

2. If A.isTrue isset, add the atom A to the queue possibleQ.
For al rulesr = A — B do:

1. Set r.posLitCount2 to the number of positive body literalsin 5.
Aslong as possible( is hot empty, do:

1. Remove an atom A from possible(.
2. Foralrulesr = A «— Bin A.posLitList do:

(a) Decrement the counter r.posLitCount2.

(b) If r.poslitCount2 has reached the value 0, and r.inactiveCount = 0
holds do:
i. Let A = r.head bethe head of the rule.

ii. If A.isStillPossible is not set, then set the flag and add the atom A
to possibleQ.
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Now all atoms having the flag isStill Possible not set are unfounded and can be
deleted by loop detectionFor all atoms A do: If A.isStill Possible isnot set, then add
Ato failure@ and posRed@. Finaly, process all atomsin failure( asdescribedin
Definition 8.2.6 to inactivate all rules that are to be deleted by loop detection O

Lemma 8.3.2 (Time Complexity of Loop Detection) The execution time for each
application of loop detectiorisin O(size(P)).

Proof: The most expensive part is the closure computation for possible facts. This
is based on the closure algorithm of Definition 8.2.1 which has an execution time in
O(size(P)). O

Remark 8.3.3 (Optimizations) Several optimizations for the implementation of the
loop detectionhave been proposed, e.g. in [NS96]. These optimizations take into
account, for instance, the set of rules that have been deleted since the previous appli-
cation of the loop detectionor the SCC structure of the original ground program, etc.
We have implemented several of these optimizationsin our prototype yielding alinear
time complexity for many programs. However, none of these optimizations reduces
the worst case time complexity. Thus we omit their details here. a

8.4 Magic Reduction

The magic reduction can be implemented efficiently as part of the queue-based trans-
formation.

Definition 8.4.1 (Implementation of Restricted Magic Reduction) We create a
new queue magic@, that keeps a list of references to all rules that are reducible by
restricted magic reductian

Initially, magic@ containsall rules A «— { B} such that A has no magic predicate, but
B has.

Whenever successr positive reductionis applied to a rule, check wether al body
literals except the magic filter, if it exists, are reduced. If thisis the case, add the rule
to magicQ.

The magic@ contains al rules, to that restricted magic reductiomay be applied. To
apply the reduction, do the following:

1. Removeoneruler = A « B from magicQ.

2. If the condition for restricted magic reductiodoes still hold for r, then
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(@) Decrement the counter r.posLitCount. By definition, it reaches the value
0.

(b) Let A = r.head bethe head of r.
(c) If A.isTrue isnot set, then:

i. Set A.isTrue.

ii. Add A to success@ and negRed@).
O

Lemma 8.4.2 (Time Complexity of Restricted Magic Reduction) The overall time
for the execution of the restricted magic reductiorsin O(size(P)).

Proof: Every ruleis checked for the condition for restricted magic reductioat most
one time for each body literal. Further, each rule is added to magic@Q and removed
from magic@ and checked again at most one time. Thus, at most size(P) checks are
performed. O

Remark 8.4.3 (Full Magic Reduction) The full magic reduction transformation
should be applied only once to each program. Thus it can be implemented trivially
by aloop over al rules. O



Chapter 9

Non-Ground Transfor mation

Since the ground transformations defined in Chapter 4 are applicable only to ground
programs, we always had to prepend a grounding phase as proposed in Chapter 5. This
is adequate for the computation of the complete well-founded model of a program,
since in this case our grounding algorithm considers the same set of relevant ground
instances as any bottom-up fixpoint iteration.

To answer a query w.r.t. a given normal program, we introduced the magic reduction
transformation to evaluate magic set transformed programs correctly. However, as
we have seen in Example 7.3.23 alarge set of rule instances may be generated in the
grounding phase (or in thefirst computation of possiblefactsin any aternating fixpoint
based method) that is possibly discarded immediately in the next step.

Top-down approaches as the SLD resolution [L1087] for definite programs or the SLG
resolution [CW93, CSW95, SSW0Q] for normal programs apply activation and instan-
tiation on demand. Instead of computing an initial set of ground instances, rules are
instantiated not before they are needed.

In this chapter we extend our transformation approach such that it is applicable to
non-ground rules. Instead of prepending a grounding phase, we define new trans-
formations for the activation of goals and instantiation of rules. By this extension a
goal-directed evaluation is possible without generating unnecessary ground instances.
Further, magic set like techniques are not needed and thustheir problemsin the context
of the well-founded semantics are avoided.

9.1 Transformation States

The transformation system presented in this chapter operates on transformation states
rather than plain ground programs as the ground transformation of Chapter 4.

123
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Definition 9.1.1 (Non-Ground Transformation State) Let G' be a set of atoms. Let
R and U be sets of ruleinstances. Then

S == (G,R,U)

iscalled a(non-ground) transformation staté; is called the set of activated goalsR
is called the set of active rule instanced/ is called the set of used rule instances O

The set G is the set of queries to be answered. To keep the presentation simple, we
will assume that initially one single query atom () is given. More queries are added
later during the transformation. However, it is aso possible to start with a larger set
G of queries. For example, to compute the complete model of P all rules of P can be
activated simultaneously by adding a query atom with pairwise different variables for
each predicate defined in P. If an (not necessarily ground) atom B is contained in G,
all instances of B are considered as activated as well.

Definition 9.1.2 (Active Goals) Let S = (G, R,U) be a transformation state. An
atom A is activated inS, iff thereisan atom B € G such that A is an instance of B.
O

Theset R iswhat isactually transformed: the set of ruleinstances rel evant to compute
the answers to the queriesin G. R isinitialized with those instances of the rules of P
the head of which is unifiable with Q.

Definition 9.1.3 (Relevant Rule Instances) Let P beanormal program. Let (Q bean
atom. The set of relevant rule instances d? w.r.t. () is defined by

instances(P,Q) = {(A—B)o| (A< B)ec Pand
A and Q are unifiable and
o = mgu(4, Q)}. -

Remark 9.1.4 (Renaming Variables) We assume that for testing unifiability always
variants of rules are used with variables renamed. )

Example 9.1.5 (Relevant Rule Instances) Consider the following program P that is
also used as an example in [CSW95].

q(X) — p(X).
q(a).

p(X) — q(X).
p(X) < notr.
T «— nots.
S «— notr.
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Let theinitial query be @ = ¢(X). Then the relevant rule instances are

instances(P, Q) = {q(X) «— p(X). q(a).}.

For this query the rules from P defining ¢ are used. For the query ¢(a) we would get
the following instances.

instances(P,q(a)) = {g(a) < p(a). q(a).}.
For the query ¢(b) we get only one rule instance

instances(P, q(b)) = {q(b) < p(b).}. .

The set R changes during transformation. To keep track of the transformation process
and enable us to determine its progress the set U stores the rule instances that have
added new information to R.

Definition 9.1.6 (Used and New Rulelnstances) Let S = (G, R,U) be a transfor-
mation state. A ruleinstancer = A «— Bisused inS if U contains a variant of r.
Otherwiser isnew inS. O

For anormal program P and aquery atom @, theinitia transformation state contains
Q asthe only activated atom and the corresponding set of relevant rule instances asthe
initial rule set.

Definition 9.1.7 (I nitial Transformation State) Let P be a norma program. Let Q
be an atom. Then

So = ({Q},instances(P,Q), instances(P, Q))

is called the initial transformation statef P w.r.t. Q. O

Example 9.1.8 (Initial Transformation State) Consider again the program P from
Example 9.1.5 and the query @ = ¢(X). Intheinitial transformation state

So = (Go, Ro, Up)
of P w.r.t. Q wehave Gy = {¢(X)} and

Ry = U = {q(X) < p(X). q(a).}.
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With each transformation state S we associate a partial interpretation 7(.S). Asinthe
definition of known literals (cf. Definition 4.1.4) a (possibly non-ground) fact A in the
rule set R represents positive information, i.e., al instances of A are considered to be
truein S. In Example 9.1.8 the atom ¢(a) is expected to be true in the well-founded
model of P.

For negative information the analogous definition would consider an atom A to be
false if it is not unifiable with any head in R. In Example 9.1.8 we could conclude
that p(a) isfalsein W} because there is no head in R unifiable with p(a). But this
is not true, because in the initial transformation state S, the rules defining p have not
been considered. Thus no statement about truth values of p-atoms should be made. In
general, we can get information from a transformation state .S about the truth value of
an atom A only if A isactivatedin S. Anatom A isconsidered to befalsein S if A is
activated in .S and there is still no rule head in R that is unifiable with A.

Definition 9.1.9 (Interpretation of a State) Let S = (G, R,U) be atransformation
state. An atom A iscalled true in S, if A isactivated in S and thereisafact B in R
suchthat A isaninstance of B. An atomiscalled false inS if A isactivatedin S and
thereisnorulein R with ahead that is unifiable with A. A negativeliteral L = not A
iscalled true (false) in S, if Aisfase(true)inS.

The set true(.S) of ground atomstruein S and the set false(.S) of ground atoms false
in S are defined as follows:

true(S) = {A € BASE(P) | Aistruein S},
false(S) := {Ae€ BASE(P) | AisfdseinS}.

The interpretation ofS, that contains all ground literals that are truein .S is defined as
follows:

I(S) = true(S) U ~false(S).

Remark 9.1.10 (Non-Ground Facts) Let A beanon-ground atom that is activated in
atransformation state S for aprogram P and that is contained asafact intherule set R
of S. According to Definition 9.1.9 A istruein S. Thismeansthat all ground instances
of A (w.r.t. the Herbrand base of P) are expected to be truein W . Accordingly, from
Definition 9.1.9 it follows that ground(A) C true(S) holds. Thus the non-ground
true fact A can be considered as an abbreviation meaning that all atomsin ground(A)
aretruein S. The analogous statement holds for false facts. If a non-ground atom A
isfalsein S, then ground(A) C false(S) holds. 0
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Example 9.1.11 (I nitial Interpretation) Consider the initial transformation state .Sy
from Example 9.1.8. Itsinterpretation is given by

1(So0) = {q(a)}-

This means that ¢(a) istruein S. The truth value of all other instances of ¢(X) and
all p-atomsand r and s are undefined in this interpretation. |

9.2 Waeél-Founded Transformation

In this section we will define a set of transformationsthat are to be applied to the initial
transformation state. As in the ground case in Chapter 4, transformations should be
applied until a normalform is reached, i.e., no transformation is applicable any more.
But the interpretation I(.S) of the final transformation state S is not required to be
equal to the well-founded model W of the given program P, but it is sufficient that
I(S) and W, agree on the given query Q.

In Example 9.1.5 and 9.1.8 we have seen, that the initial set of rules does contain all
relevant rules defining the query predicate q. However, therulesfor p, r, and s that are
also relevant for the computation of the result have not been considered until now. The
first non-ground transformation activates new atoms and adds new rule instancesto R.

Definition 9.2.1 (Activation) Let P beanormal program. Let S1 = (G, Ry, U;) and
Sy = (Ga, Ra, Us) be transformation states of P. S, results fromS; by activation
S1 ~»4 S, iff thereisaruleinstance A < B in R, and a positive or negative literal
(not)B € B suchthat B isnot activated in S; and

Gy, = G U {B}
Ry = Ry U instances(P,B)
Uy = U U instances(P,B)

holds. O

Remark 9.2.2 (New Activation) Note, that by thetransformation~- 4 we can activate
only those atomsthat are not activated yet. This condition isimportant for termination.
Without this condition it would be possible to activate the same atom again and again
without generating new information. This point will be discussed in Remark 11.3.14.

O
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Example 9.2.3 (Activation) The only body literal that can be activated in the initial
transformation state Sy of Example 9.1.8 is p(X). Thusin anew transformation state
we add p(X) to G and the two rule instances p(X) < notr and p(X) <« ¢(X) to
both R and U. Then we can activate  and add theruler «+ not s and finally activate s
and add therule s < not r. Therule set R of the new transformation state S contains
al rulesfrom P. But until now there are no new answersin I(5). O

Remark 9.2.4 (Activation and Resolution) The activationtransformation of Defini-
tion 9.2.1 corresponds to selecting aliteral (not)B from arule body and finding in-
stances instances(P, B) of al rulesin P whose head is unifiable with B. The actual
resolution, i.e., the unfolding of the rule instances for B and the instantiation w.r.t.
the most general unifiersis not done in this step. Asin the ground case in Chapter 4
we avoid full unfolding and allow only special cases like succesand failure. For the
instantiation that is part of the resolution we will introduce a new transformation. O

Remark 9.2.5 (Parallel Activation) Note, that Definition 9.2.1 allows to activate
more than one body literal of a rule instance at atime. This is an extension of the
prominent resol ution approaches like SLD [L1087] or SLG [CW93, CSW95, SSW00]
that allow the selection of only one literal per ruleinstance. We will show in Example
11.3.19 that this can lead to more efficient search strategies. O

The following four transformations are generalizations of the corresponding ground
transformations. They remove obviously true body literals from rule instances or
delete rule instances containing body literals that are obviously false in the current
transformation state.

Definition 9.2.6 (Success) Let P be anormal program. Let S; = (G, R1,U;) and

Sy = (Ga, Ry, Us) be transformation states of P. Ss results fromS; by success
S1~»g So, iff Gy = Gy and U; = Us and thereisarule A «— B in R; and a positive

literal B € B such that B istruein .S; and

Ry =R\ {A« B} U {A< (B\{B})}
O

Definition 9.2.7 (Failure) Let P be anormal program. Let S; = (G, R;,U;) and
Sy = (Ga, Ry, Us) be transformation states of P. Sy results fromS; by failure,
S1 ~p Sy, iff Gy = G and U; = Uy and thereisarule A «— Bin R; and a
positive literal B € B suchthat B isfalsein S; and

Ry=FRy \ {A— B}
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Definition 9.2.8 (Positive Reduction) Let P be a norma program. Let S; =
(G1,R1,U1) and S2 = (G, Re, Us) be transformation states of P. Ss results from
S1 by positive reductionS; ~p Sy, iff G1 = G2 and U; = Us and thereisarule
A «— Bin Ry and anegative literal not B € B suchthat B isfalsein .Sy and

Ry=Ry\ {A— B} U {4~ (B\ {not B})}.

Definition 9.2.9 (Negative Reduction) Let P be a norma program. Let S; =
(G1,R1,U1) and Sy = (G2, Re, Us) be transformation states of P. S, results from
S1 by negative reductignS; ~»py S, iff G; = G, and U; = Us and thereisarule
A < Bin R; and anegative literal not B € B suchthat B istruein .S; and

Ry =Ry \ {4 — B}.

In Definitions 9.2.6 through 9.2.9 of the basi c transformations, an activated body literal
of aruleinstanceis considered to be true or falseif all its ground instances are true or
falsein S (cf. Remark 9.1.10).

Example9.2.10 Consider the current transformation state S of Example 9.2.3. The
only atom with a defined truth value in I(.S) isthe fact ¢(a). Unfortunately, this atom
does not occur in any rule body in R. Thus, none of the four basic transformations
is applicable. However, we would like to apply the rule p(X) «— ¢(X) or one of its
instances to derive the fact p(a). O

The instantiationtransformation to be defined next allows to focus on single instances
of positive body literals rather than having to take into account the entire set of ground
instances.

Definition 9.2.11 (Instantiation) Let P beanormal program. Let S; = (G1, R1,Uy)
and Sy = (G2, Re, Us) be transformation states of P. .Sy results fromS; by instantia-
tion, S; ~»1 So, iff G1 = G5 and thereisaruleinstance A < B in R; and an atom
B € B such that B is activated in S; and thereisaruleinstance B’ < C’ in R; such
that B and B’ are unifiableand o = mgu(B, B") and (A < B)o isnew in S; and

Ry, = Ry U {(A<—B)O‘}
Uy = U U {(A< B)s}

holds. O
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Example 9.2.12 (I nstantiation and Success) Inthetransformation states of Example
9.2.3, we can apply instantiationand add the instance p(a) < ¢(a) of p(X) «— ¢(X)
and then theinstance ¢(a) < p(a) of ¢(X) « p(X)to Rand U. A subsequent appli-
cation of successemoves the body atoms ¢(a) and then p(a) from the new instances
in R. In the resulting transformation state S we have

G={ qoX), p(X), r, s}
R={ q(a). pla). ¢(X) —p(X). p(X) — q(X).
p(X) < notr. r < nots. s« notr. }
U={ q(a) =pla). pla) < q(a). q(X) < p(X). p(X) — q(X).
q(a). p(X) < notr. r — nots. s« notr. }
The corresponding interpretation (.S) contains the atoms ¢(a) and p(a). 0

If al relevant instances of arule have been generated, the ruleitself should be deleted.

Example 9.2.13 Consider the following program.

p(X) < q(X).

p(X) < q(X)
pla) « q(a)
q(a).
r(b).

The second rule is also added to the set U of used rule instances. By applying success
we can derive p(a) and get the following program.

The interpretation of thisfinal transformation stateis

1(S) = {p(a), q(a), not ¢(b), not r(a), r(b)}.

The truth values of the g-atoms and r-atoms are determined correctly. However, the
atom p(b) is undefined in the interpretation although it is false in the well-founded
model. Thisisdueto thefirst rule p(X) « ¢(X). We know that ¢(X) is false except
for the X = a. Thuswe should conclude that p(X) isfase except for X = a. O
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In the next definition we identify those rules that have been instantiated completely,
i.e., al relevant instances have been taken into account.

Definition 9.2.14 (Complete Instantiation) Let S = (G, R, U) be a transformation
state. Let A — B bearuleinstancein R, and let B € B be an atom that is activated
inS. A — Biscompletely instantiated througB w.r.t. R in .S, iff for every rule
B’ — C'in R it holds that: if B and B’ are unifiable with o = mgu(B, B) then
(A« B)oisusedin S and (A < B)o isnot avariant of A — B. O

Remark 9.2.15 (Complete I nstantiation) A ruleinstance A < Bin R issaid to be
completely instantiated w.r.t. Rin S, if thereisat least onepositive body literal B € B
such that the condition of Definition 9.2.14 is satisfied. It is not necessary that the
rule is completely evaluated through all its body atoms. Further, only positive body
literals are considered for completion. This corresponds to Definition 9.2.11 in which
instantiationis defined to be applicable w.r.t. positive body literals only. O

Example9.2.16 Consider therule set R of the final transformation state S from Ex-
ample 9.2.13. Its first rule satisfies the condition of Definition 9.2.14. The rule
p(X) «— ¢(X) is completely instantiated through the body literal ¢(X) w.rt. R in
S. q(X) isunifiable with the rule heads ¢(a) and ¢(b) and both instances p(a) <« ¢(a)
and p(b) <« ¢q(b) areused in S. Finaly neither rule instance is a variant of the rule
itself. O

If aruleis completely instantiated, all relevant rule instances have been used, thus the
rule can be deleted.

Definition 9.2.17 (Completion) Let P beanormal program. Let S; = (G1, R1,Uy)

and Sy = (G, Ra, Us) be transformation states of P. S, results fromS; by comple-
tion, S1 ~¢ So, iff G = Gy and U; = Uy and thereisaruleinstance A +— Bin Ry

and an atom B € B suchthat A < B iscompletely instantiated through B w.r.t. Ry in

Sl and

Ry = R\{A — B}. _

Example 9.2.18 Consider again the final transformation state from Example 9.2.13
and 9.2.16. Since the first rule is completely instantiated we can delete it by one
application of the completiontransformation and get the following final set of rules.

p(a).
q(a)

r(b)..

Obviously, now the interpretation of this state contains the literal not p(b) that was
missing in Example 9.2.13. O
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Remark 9.2.19 (Variant Condition) Note, that the rule p(X) «— ¢(X) in Exam-
ple 9.2.12 is not completely instantiated. The body literal ¢(X) is unifiable with the
head of the rule ¢(X) < ¢(X). The most general unifier is the empty substitution,
thus the generated rule instanceis p(X ') < ¢(X) which isclearly avariant of itself.

The variant condition of Definition 9.2.14 ensuresthat aruleis completely instantiated
only if al instancesthat can be generated are proper instances, i.e., they are no variants
of the rule. Otherwise the rule itself is one of the relevant instances, thus it is still
relevant and should not be deleted. O

Remark 9.2.20 (Completion subsumes Failure) If arule A «— B can be deleted by
failure, i.e.,, an atom B € Bisfdsein S, then A «— B is completely instantiated
through B and can be deleted by completion However, the applicability of failure is
easier to check than the applicability of completion Thus, the transformation failure
isdtill relevant. O

The completiontransformation is not applicable to rules whose activated body litera
depends (directly or indirectly) on the rule head.

Example 9.2.21 (One Recursive Rule) Consider the following program P.

p(X) « p(X).

We can apply instantiationto generate the rule instance p(a) < p(a) and then apply
succesgo derive (again) the fact p(a). Then we would like to delete the first rule.
However, the completiontransformation is not applicable, because the rule p(X) «
p(X) is not completely instantiated w.r.t. the body literal p(X) and the rulesin P.
We have instantiated the rule through the fact p(a), but the body literal p(X) is still
unifiable with the rule head p(X). Thus the condition from Definition 9.2.17 is not
satisfied. However, the rule is obviously a tautology and cannot produce any new
answers. Thusit should be deleted by an appropriate transformation. O

Remark 9.2.22 (Extended Completion) We could define the following extension to
the completiontransformation. A rule (A — B) € R can be deleted by extended
completionif the rule is completely instantiated through a positive body litera B € B
w.r.t. the set R\{A «— B} containing all rules from R except the rule that should be
deleted. However, thisis only a special case of the next transformation. O

Example 9.2.23 (M utually Recursive Rules) Consider the following program P.

p(X) <~ q(X).
(X) < p(X).
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The two rules depend on each other in a positive cyclic dependency. If the ground
loop detectiorof Definition 4.3.14 was applicable to hon-ground programs, we could
consider the set {p(X), ¢(X)} as an unfounded set and delete the two rules simul-
taneoudly. In this example the result would be correct. Now consider the following
program P’ which contains the additional fact p(a).

Obviously, we are not allowed two delete the two first rules in this example, since
we need them to derive the fact ¢(a) which is true in the well-founded model of this
program. Now let us apply instantiationto generate the two rule instances ¢(a) «—
p(a) and p(a) < g(a). Then we can apply successo derive the facts ¢(a) and p(a).
The resulting program P’ is

p(X) « q(X).
qEX) — p(X).
(

Now the two first rules are not needed any more, since all relevant instances have been
used, and they should be deleted. O

The next transformation simultaneously deletesaset R’ of rulesif all relevant instances
w.r.t. the remaining rules have been used.

Definition 9.2.24 (Loop Detection) Let P be a norma program. Let S =
(G1,R1,U1) and S2 = (G, Re, Us) be transformation states of P. Ss results from
S1 by loop detectionS; ~, S, iff G1 = G2 and U; = U, and there is a non-empty
set R’ C R; such that for each rule instance A «— B in R’ there is an activated atom
B € B suchthat A — B iscompletely instantiated through B w.r.t. R;\ R’ in Sy, and
Ry = Rl\R,. O

Example 9.2.25 (L oop Detection) Consider the program P” from Example 9.2.23.
Therule set

R = {p(X) — q(X). ¢(X) — p(X).}

satisfies the condition of Definition 9.2.24. Both rules are completely instantiated
through their body literal w.r.t. the remaining rulessincetheinstances p(a) < ¢(a) and
q(a) < p(a) have been used. Thustherulesin R’ may be deleted by one application
of loop detectiorfrom the program P”. O
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Remark 9.2.26 (L oop Detection subsumes Completion) If arule A «— B can be
deleted by completioni.e., it is completely instantiated w.r.t. a positive body litera
B € B andtheset R of rules, then it can be deleted by loop detectionsinceit isaso
completely instantiated w.r.t. B and the set R\{A «— B}. Further, if the set R’ of
rules to be deleted contains only one element, we have the special case of the extended
completionproposed in Remark 9.2.22. |

Definition 9.2.27 (Well-Founded Transformation) Let ~x denote our fina rewrit-
ing system:

~x = ~opU~sgU~syU~sp U Uns g Uy
O

The well-founded transformation consists of the non-ground versions of the five trans-
formations used already in the ground transformation of Chapter 4 plus the new trans-
formations activationand instantiation The transformations completionand extended
completionare also included implicitly, since they are special cases of loop detection

Remark 9.2.28 (Non-Ground Magic Reduction) Note, that in the non-ground case
there is no magic reductiortransformation. Since the non-ground transformation is
goal-directed by itself, the evaluation of magic set transformed programsis not neces-
sary. O

For function-free programs every transformation sequence terminates.

Theorem 9.2.29 (Termination) Let P be a function-freenormal program. Let Q be
an atom. Let Sy be theinitial transformation state of P w.r.t. Q). Then every sequence
of transformation states generated by applying ~» x starting from S; reaches a trans-
formation state that is irreducible w.r.t. ~ x after a finite number of transformation

steps.
Proof: The proof of this theorem is based on the following observations that are
consequences of the definitions of the transformations:

1. Each application of the transformations successfailure, positive reductionneg-
ative reductionand loop detectiorstrictly reduces the size of the rule set R of
the current transformation state.

2. Each application of the activationtransformation adds a new element to the set
G of activated goals.

3. Each application of the instantiationtransformation adds at |east one new ele-
ment to the set U of used rule instances.
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From thefirst point it follows, that after afinite number of applications of the five base
transformations always activation or instantiationhas to be applied. But due to the
finite Herbrand base of the function-free program P we cannot generate an infinite
number of different atoms or rule instances. Together it follows, that there can be no
infinite sequence of transformations. O

9.3 Floundering

Note, that we have allowed to activate non-ground negative literals. It may happen that
the activated literal is deleted later during the transformation.

Example 9.3.1 (Non-Ground Negative Activation) Consider the following program
different:

different(X,Y) <« mnotequal(X,Y).
equal (X, X).

The query different(X, X') leadsto an initial transformation state with the single rule
different(X, X) < not equal(X, X).

The only transformation applicable in this state is activation By activating
not equal(X, X) we derive the fact equal(X, X). Then we can delete the first rule
by negative reductioand conclude that different(X, X) isfasein thefinal transfor-
mation state. O

In Example 9.3.1 we have activated a non-ground negative literal. Since the rule was
deleted later by negative reductionve finally derived the correct result. However, if
anon-ground negative literal still occursin the final transformation state, the transfor-
mation is called floundered.

Definition 9.3.2 (Floundering) Let S = (G, R,U) be atransformation state. Let S
be irreducible w.r.t. ~»x and let R contain arule A «+— B that contains a non-ground
negative body literal. Then S is called floundered O

Example 9.3.3 (Floundering) Consider again the program different from Exam-
ple 9.3.1. The query different(a, X) to the program different leads to an irreducible
transformation state with the following rule set R:

different(a, X) <« mnotequal(a,X).
equal(a,a).
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The program is floundered since it contains the non-ground negative body litera
not equal(a, X'). The application of instantiationw.r.t. the negative body literal is not
allowed sinceinstantiationis defined only for positive body literals. Assumewewould
apply instantiationto generate the rule instance different(a,a) <« not equal(a,a).
Then we could delete the new instance immediately by applying negative reduction

In the well-founded model of this program all ground instances of the atom
different(a, X) aretrue except for the binding X = a. Thereisno way to expressthis
answer except by enumerating all true atoms w.r.t. the given Herbrand base. Thus the
only way of computing the answer is replacing the first rule by its Herbrand instanti-
ation, i.e., al ground instances. Assume the Herbrand universe contains the constants
a, b, and c. Then the Herbrand instantiation ground(different) of the program is as
follows:

different(a,a) < mnotequal(a,a).
different(a,b) <« mnotequal(a,b).
different(a,c) <« mnotequal(a,c).
equal(a,a).

We can apply positiveand negative reductiomo obtain the remainder

different(a,b).
different(a, c).
equal(a,a).

whose interpretation agrees with the well-founded model of the program different on
the given query. O

If an irreducible transformation state S for a program P and an initial query @ is
reached that is not floundered, then the well-founded model W of P and the inter-
pretation I(S) of .S agree on the query Q. Thisresult is stated by Theorem 9.5.13 and
will be proved in Section 9.5.

Example 9.3.4 (Well-Founded Model) The final transformation state S of Example
9.2.12 isirreducible w.r.t. ~» x and is not floundered. Thefinal ruleset R is

q(a).

p(a).

q(X) < p(X).
p(X) < q(X).
p(X) <« notr.
T «— mnots.
S «— mnotr
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Theanswer to theinitial query ¢(X) isthat ¢(X) istruefor X = a inthewell-founded
model of P and undefined for al other possible bindings of X. In this particular
example, we have actually computed the complete well-founded model of P since
during the computation all rule headsin P have been activated. Thus we have

a

Of course, in general the transformation method does not compute the entire well-
founded model to answer a query. Consider the program

P = P U {m(X)—pX).}

extending the program P of Example 9.1.8. In the process of answering the query
Q@ = q(z) the new ruleis not activated by the transformation method.

Remark 9.3.5 (Non-Ground Answers) Note, that the well-founded transformation
approach is not limited to range-restricted programs. Thus, as illustrated in Example
9.3.4, the rules of the final transformation state do not have to be ground and may
contain non-ground facts. O

Example 9.3.6 (Non-Ground Answers) Consider again the program dijfferent from
Example 9.3.1. For the query equal(f(X),Y") we get an irreducible transformation
state with the following rule set R:

equal(f(X), f(X)).

Here the non-ground answer equal (f(X), f(X)) statesthat all instances of this atom
are true and that all remaining instances of the query are false in the well-founded
model of the program different. This corresponds to Remark 9.1.10 in the sense that
anon-ground fact A represents all ground instances ground(A) without enumerating
the actual ground instances. O

For range-restricted programs (cf. Definition 2.1.29) we have the following result.

Lemma 9.3.7 Let P be anormal program that is range-restricted. Let () be a query.
Let S be any transformation state that is reachable from the initial transformation state
for P and ). Thentheruleset R of S isrange-restricted.

Proof: We prove the lemma by induction over the number » of applied transforma-
tions. For n = 0 we have

R = instances(P, Q).
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Since instances(P, Q) contains only instances of rulesof P it isrange-restricted.

Now assume the induction hypothesis for an arbitrary n. If the next transformation
is negative reductionfailure, or loop detection rules are deleted and thus range-
restriction is preserved. By applying activationor instantiationinstances of P or R
are added. Since P and R are range-restricted, all new instances are range-restricted,
too. If the next transformation is positive reductiona negative literal isremoved from
arule body. This preserves range-restriction, too.

The only transformation that is critical for range-restriction is the successransforma-
tion, since it removes a positive body literal. However, from the induction hypothesis
we know that R is range-restricted, and thus all factsin R are ground. Therefore also
the deleted positive body literal must be ground. O

As a consequence of Lemma 9.3.7 it follows that all facts derived from a range-
restricted program are ground. But we have an even stronger resullt.

Theorem 9.3.8 (Ground Remainder for Range-Restricted Programs) Let P be a
normal program that is range-restricted. Let () be an arbitrary query. Let S be any
irreducible transformation state that is reachable from the initial transformation state
for P and Q. Thentheruleset R of .S isground.

Proof: Assume that the rule set R of the final transformation state S' is not ground.
Let R C R consist of exactly the non-ground rulesof R. Letr = (A «— B) € R’
be any rule of R’. From Lemma 9.3.7 it follows that r is range-restricted. Thus any
variable in the rule occurs aso in a positive body literal of ». Let B € B be such a
body literal. B isactivatedin S since S isirreducible. Further, therule r iscompletely
instantiated w.r.t. the body literal B and the rule set R\ R’, because for each head B’
in R\R/, if B" and B are unifiable with o = mgu(B, B') then theinstance ro is used
since S isirreducible, and ro is no variant of r because B does contain a variable
and B’ does not, and thus o maps the variable in B onto a ground term. Since this
condition holds for any rule r € R’ we can apply loop detectiorto delete all rulesin
R’. But this contradicts our precondition that S isirreducible. Thus the set R must be
ground. O

Coroallary 9.3.9 (Floundering and Range-Restriction) Let P be a norma program
that is range-restricted. Let (Q be a query. Let S be any irreducible transformation
state that is reachable from the initial transformation state for P and (). Then S is not
floundered.

Proof: Theorem 9.3.8 states that the rule set R in .S is ground, i.e., it contains no
non-ground body literals at all. Thus S is not floundered. |
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9.4 Feasble Transformation States

To prove the correctness of our approach we need some auxiliary definitions. The first
definition describes the relation of transformed rules to the original rules of a program
P.

Definition 9.4.1 (Reduced RuleInstance) Let L be afirst order language. Let A «—

Band A" — B’ betwo rules. Let I be aninterpretation. A’ < B’ iscalled areduced
rule instanceof A «— B w.r.t. I if thereisasubstitution o in L (cf. Definition 2.2.1)

such that the following conditions hold:

o A" = Ao,
e B' C Bo,
e All literdsin Bo\B' aretruein I (cf. Definition 3.1.16).

A transformation state of P is correct w.r.t. agiven interpretation I, if it contains only
rule instances, that can be produced by building instances of rules of P and removing
body literalsthat aretruein 1.

Definition 9.4.2 (Correct Transformation State) Let P be a normal program. Let
S = (G, R,U) beatransformation state. Let I be an interpretation. We call S correct
w.r.t. P and I, if for every ruleinstance A’ <— B’ € R thereisarule A — B € P such
that A" — B’ isareduced ruleinstanceof A — Bw.r.t. I. O

The next definition describes the relation of transformed rules to (ground) rule in-
stances of P.

Definition 9.4.3 (Extended Rule Instance) Let L be afirst order language. Let A «—
Band A" — B’ betworules. Let I bean interpretation. A’ < B’ iscalled an extended
rule instanceof A < B w.r.t. I if thereisasubstitution ¢ in L such that the following
conditions hold:

o A = Ao,
e B' D Bo,

e All literalsin B/\Bo aretruein I.
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A transformation state S = (G, R, U) of P is complete w.r.t. agiven interpretation I,
if it contains a more general representation of every ground instance A" «— B’ of P
that has an activated head A’ and no body literal falsein I.

Definition 9.4.4 (Complete Transformation State) Let P be anormal program. Let
S = (G,R,U) be atransformation state. Let I be an interpretation. S is called
completew.r.t. P and I, if for each ground instance (A’ < B') € ground(P) holds:
if A’ isactivatedin S and B’ contains no body literal B € B’ falsein I, then thereisa
rule (A «+ B) € R, suchthat A’ — B’ isan extended ruleinstance of A — B w.r.t. I.

O

Definition 9.4.5 (Feasible Transformation State) Let P be a normal program. Let
S = (G, R,U) beatransformation state. Let I be an interpretation. Wecall S feasible
w.r.t. P and I, if it is correct and completew.r.t. P and 1. O

The next three lemmata state that a transformation state that is correct and complete
w.r.t. agiven interpretation /; stays correct and complete for any interpretation /5 with
L C Is.

Lemma 9.4.6 (Positive Monotonicity) Let P be a norma program. Let S =
(G, R,U) beatransformation state. Let I; and I beinterpretations such that I; C Is.
Let .S becorrect w.r.t. P and I;. Then S iscorrect w.r.t. P and I5.

Proof: Follows from Definition 9.4.2 since reduced rule instances w.r.t. I; are aso
reduced rule instances w.r.t. I5. O

Lemma 9.4.7 (Negative Monotonicity) Let P be a norma program. Let S =
(G, R,U) beatransformation state. Let I; and I beinterpretations such that I; C Is.
Let .S becompletew.r.t. P and I1. Then S iscompletew.r.t. P and Is.

Proof: Follows from Definition 9.4.4 since extended rule instances w.r.t. I; are aso
extended rule instances w.r.t. I5. O

Lemma 9.4.8 (Positive and Negative Monotonicity) Let P be a normal program.
Let S = (G, R,U) be atransformation state. Let 7; and I> be interpretations such
that I; C I,. Let S befeasiblew.rt. P and I;. Then S isfeasiblew.r.t. P and Is.

Proof: Follows directly from Definition 9.4.5 and Lemmata 9.4.6 and 9.4.7. O

Thefollowing threelemmata show that theinterpretation 7(.S) of atransformation state
S that is correct and complete w.r.t. an interpretation I contains no more positive and
negative consequences than the 7» and Up operators of Definition 3.1.9, respectively.
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Lemma 9.4.9 (Positive Consequences) Let P be a norma program. Let S =
(G, R,U) beatransformation state. Let I be an interpretation. Let S be correct w.r.t.
PandI. Then

true(S) C Tp(I)

holds.

Proof: Let A” € true(S). Thenthereisafact A’ € R suchthat A” = A’fisan
instance of A’. Since S is correct w.r.t. I, is follows that thereisarule A «— B in
P such that A’ is a reduced rule instance of A < B. By Definition 9.4.1 thereis a
substitution o suchthat A’ = Ao and dl literalsin Bo aretruein I. Now consider the
instance (A < B)of. Wehave A” = A'0 = Aof and dl literalsin Bof aretruein 1.
From Definition 3.1.9 it follows that A” € Tp(I) holds. O

Lemma 9.4.10 (Negative Consequences) Let P be a norma program. Let S =
(G, R,U) be atransformation state. Let I be an interpretation. Let S be complete
w.rt. Pand I. Then

false(S) CUp(I)

holds.

Proof: Let A” € false(S). Then A” isactivated in S and thereis no rule instance in
R the head of which is unifiable with A”. Assume that there is a ground rule instance
A" «— B” of P such that no body literal L € B” isfdsein I. Since S is complete
w.r.t. P and I, R must contain a rule instance of which A” «— B’ is an extended rule
instance. But then it follows that A” ¢ false(S). By contradiction, every ground
rule instance A” < B’ has at least one body literal L € B that isfalsein I. Thus
A" e Up(I) follows. 0

Lemma 9.4.11 (Positive and Negative Consequences) Let P be a normal program.
Let S = (G, R,U) be atransformation state. Let I be an interpretation. Let S be
feasiblew.r.t. P and I. Then

1(S) € Wp(I)

holds.

Proof: Follows directly from Lemmata 9.4.9 and 9.4.10. O
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9.5 Correctnessof Transfor mation

Now we will show that each transformation state reachable from the initia state of a
program P and a query @ is feasible w.r.t. an appropriate interpretation 7. We start
with the initial transformation state.

Lemma 9.5.1 (Feasibility of Initial State) Let P be anormal program. Let () be an
atom. Let Sy = (Go, Ry, Up) be the initial transformation state of P w.r.t. @ (cf.
Definition 9.1.7). Then S isfeasible w.r.t. the empty interpretation 7 = ().

Proof: All rulesin Ry = instances(P, )) are (reduced) instances of rules of P, thus
So iscorrect w.r.t. I. Further, for each ground instance (A’ < B') € ground(P) with
A’ activated in Sy, Ry contains arule A «— B of which A’ — B’ is an (extended)
instance. Thus Sy is complete w.rt. 7. With Definition 9.4.5 it follows that Sy is
feasiblew.rt. P and I. O

If atransformation state is correct and complete w.r.t. a given interpretation, then it is
till correct and complete after one application of activation

Lemma 9.5.2 (Soundness of Activation) Let P be a norma program. Let S; =
(G, R,U) be atransformation state. Let I be an interpretation. Let S; be feasible
w.r.t. P and I. Let Sy be another transformation state such that S;~» 4S5 holds. Then
Sy isfeasiblew.r.t. P and I.

Proof: S, stays correct, because all rule instances added to R are (reduced) instances
of rules of P. Further, for each ground instance (A" — B’) € ground(P) with A’
activated in So but not in Sq, arule A «— B of which A’ — B’ is an (extended)
instance is added to R. Thus Ss is complete w.r.t. 7. With Definition 9.4.5 it follows
that S isfeasiblew.r.t. P and I. O

By applying instantiationrule instances are added that preserve the correctness of the
transformation state.

Lemma 9.5.3 (Soundness of I nstantiation) Let P be a normal program. Let S; =
(G, R,U) be atransformation state. Let I be an interpretation. Let S; be feasible
w.r.t. P and I. Let Sy be another transformation state such that S;~: 1S5 holds. Then
Sy isfeasiblew.rt. P and I.

Proof: S, iscomplete w.r.t. P and I because no rule instance is removed from R by
the transformation step.

Since the rule to be instantiated is areduced rule instance of arule of P w.r.t. I, al its
instances that have been added to R are also reduced rule instances of the same rule of
Pwurt. I. Thus Sy iscorrect w.r.t. P and 1. O
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With successand positive reductiorwe can remove body literals that are true in the
current transformation state.

Lemma 9.5.4 (Soundness of Success and Positive Reduction) Let P be a normal
program. Let 51 = (G, R, U) beatransformation state. Let I be an interpretation. Let
S befeasiblew.r.t. P and I. Let Sy be another transformation state such that 51~ .55
or S1~pSsy holds. Then S, isfeasiblew.r.t. P and I U I(S).

Proof: Let A — B bethe ruleinstance removed from R by success or positive reduc-
tion. Since S, iscorrect w.rt. P and I, A < B isareduced instance of arule of P
w.rt. I. Let A — (B\{L}) betheruleinstance added to R by the transformation step.
Then L istruein I(S;) and A «— (B\{L}) isalso areduced rule instance of arule of
Pw.rt. I UI(Sy). Thus Sy iscorrect w.r.t. P and I U I(Sy).

Further, if aground rule instance of P isan extended ruleinstance of A «— B w.rt. I
then it is also an extended ruleinstance of A — (B\{L}) w.r.t. I U I(S;). Thus Sy is
completew.r.t. P and I U I(S7). O

Lemma 9.5.5 (Soundness of Failure and Negative Reduction) Let P be a normal
program. Let S; = (G, R,U) be atransformation state. Let / be an interpretation.
Let S; be feasible w.rt. P and I. Let Sy be another transformation state such that
S1~ Sy or S1~ Sy holds. Then Sy isfeasiblew.r.t. P and I U I(Sh).

Proof: S5 is correct w.r.t. P and I because no rule instance is added to R by the
transformation step. Thusit isalso correct w.r.t. P and I U I(.S7) with Lemma9.4.6.

Let A — B be the rule instance removed from R by failure or negative reduction
Thenthereisabody literal L € B thatisfasein I(S1). Therefore all extended ground
ruleinstances of A < B have abody literal that isfalsein 7(.S). It followsthat S is
completew.r.t. P and I U I(Sy). O

Remark 9.5.6 Note, that the transformation state S, in Lemma 9.5.4 is not correct
w.r.t. I, if the removed body litera is true in 1(,S7) but not in 1. The corresponding
statement is true also for Lemma9.5.5. O

Now we can state the soundness of all transformations except loop detection

Lemma 9.5.7 (Soundness of Base Transformations) Let P be a normal program.
Let S; = (G,R,U) be atransformation state. Let I be an interpretation. Let S;
be feasiblew.r.t. P and I. Let 1 U I(S;) C Wj. Let Sy be another transformation
state such that S; ~1 Sa holdswithT € {A, I, P, S, N, F'}. Then Sy isfeasiblew.r.t.
Pand I UI(S1)UI(S2)andI(S2) € W holds.

Proof: From Lemmata9.5.2, 9.5.3, 9.5.4, and 9.5.5 it follows that S5 isfeasible w.r.t.
Pand I UI(S;). WithLemma9.4.11it follows I(S2) C Wp(L UI(S1)). Since Wp
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is monotonic, W} is the least fixpoint of Wp and together with 1 U I(S1) € W it
followsthat I(S2) € Wj. With Lemma9.4.8 it followsthat S, isfeasiblew.r.t. P and
IUI(Sl)UI(Sg) O

For loop detectionve do not have aresult asin Lemma 9.5.4 or 9.5.5. By applying
loop detectiorthe completeness of a transformation state may get lost.

Example 9.5.8 (Loop Detection) Consider the program p—Iloop with onerulep «— p.
For the query p theinitial transformation state is

So = {{r} ., {p <}, {p — p}}.

By Lemma 9.5.5, S, isfeasible w.r.t. the empty interpretation (. Now we can delete
therulep < p by applying loop detectionThe resulting transformation state S; is not
complete w.r.t. the empty interpretation (), because it does not contain a representation
of theground rulep — p. However, S; isfeasiblew.r.t. the new interpretation 7(.S;) =
{not p}. Further, I(S1) = Wp(0) = W} holdsin this example. ]

The following lemma shows that the set of new fal se atoms resulting from loop detec-
tion is always an unfounded set w.r.t. the interpretation of the current transformation
State.

Lemma 9.5.9 (L oop Detection and Unfounded Set) Let P be a norma program.
Let S; = (G, R,U’) be a transformation state. Let I be an interpretation. Let S;
be feasiblew.r.t. P and I. Let S5 be another transformation state such that S; ~+7, Sy
holds. Let R’ be the set of rules deleted by the loop detectiorfrom R. Let

U = ~(I(52)\I(51))
be the set of ground atoms that are false in .S, but not in 7. Then U is an unfounded

set of P w.r.t. theinterpretation I U I(.S7).

Proof: From Definition 9.1.9 of theinterpretation and sincetherulesin R’ are deleted
fromtherule set R, it follows that

U = ground(heads(R'))\ ground(heads(R\R'))

holds.

According to Definition 3.1.7, we have to show that for al ground instances (A" —
B") € ground(P), if A” € U then there is a positive body literal B” € B” that is
falsein I U I(.Sy) or contained in U.
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Let A” « B” be any ground instance of arule of P suchthat A” € U holds. If there
isapositive body literal B” € B suchthat B” isfalsein I, we are done.

Assume that there is no body literal B” € B” fasein I. Since S; iscomplete w.r.t. P
and I, thereisarule A — Bin R such that A” «— B" is an extended rule instance of
A «+ B. According to Definition 9.4.3 there is an substitution o such that A” = Ao
and B"” O Bo holds.

Assume that A «— B iscontained in R\R'. Then A” cannot bein U. Thus, A «— B
must be contained in R’.

From Definition 9.2.24 is follows that the rule A — B is completely instantiated
through a positive body literal B € B w.rt. in R\R'. Since B” 2 Bo halds,
B"” := Bo isapositive ground literal in B”. Let us consider the following three
cases.

1. If B” isnot unifiable with any head in R, B” isfalsein I. But this contradicts
our assumption that no body literal B” € B” isfalsein I.

2. If B” is unifiable with a head in R’ but not with a head in R\ R’ then B” is
contained in U. In this case the assertion follows.

3. Otherwise B” isunifiable with ahead in R\ R'.

Inthelast case, weknow that A < BB iscompletely instantiated through B w.r.t. R\ R'.
Further, B” = Bo isunifiablewithahead in R\ R'. Thus, aso B isunifiable with that
head. Let 6 be their most general unifier. From Definition 9.2.14 it follows that the
instance A’ — B’ := (A <« B)fisusedin S;. Note, that A” «— B” is an extended
ruleinstance of A’ < B’. There are again three possible cases.

1. If A — B’ isnot contained in R any more, then it has been deleted due to a
body literal falsein 7(.S1). But, being aninstance of B, also B” containsaliteral
falsein I(S1). Inthiscase the assertion follows.

2. If A’ — B’ isdtill contained in R\R' then A” as an instance of A’ cannot be
contained in U. Thisisacontradiction, since A’ is contained in U by definition.

3. Otherwise A’ — B’ iscontainedin R'.

In the last case we have found another rule (A’ — B') € R’ of which A” «— B" isan
extended rule instance. Now consider the same cases that we have considered for the
rule A — B. It may be, that we have to examine these cases for each positive body
literal of A” «— B”. However, by instantiating A < B again and again, each positive
body literal can be considered at most one time. Finally, we must reach a case where
wefindaB” € B” suchthat B” isfalsein I orin I(S;) or that B” iscontained in U.

O
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As a consequence of Lemma 9.5.9 we get the following result, which extends the
statement of Lemma 9.5.7 from the base transformations to the loop detection

Lemma 9.5.10 (Soundness of L oop Detection) Let P be a normal program. Let
S1 = (G, R,U) be atransformation state. Let I be an interpretation. Let S; be
feasiblew.rt. Pand I. Let I U I(S1) € Wj. Let Sy be another transformation state
such that S; ~ So holds. Then S; is feasiblew.r.t. P and I U I(S;) U I(S2) and
I(S2) € W5 holds.

Proof: Let L beinI(S). If L € I(S;)then L € W}, followssince I(S;) € Wp
holds. Otherwise ~L isin contained in

U = ~(I(S2)\I(S1)).
From Lemma 9.5.7 we know that U is an unfounded set w.r.t. I U I(S7). Thus,
U CUp(IUI(51))

holds, and L C W, follows. Together, we get 1(S2) C Wp.

Finally, we have to show that S, is feasible w.rt. P and I U I(S;) U I(S2). Sz is
correct, since S7 iscorrect w.r.t. P and I, and we have only deleted rulesfrom R. Now
consider any ground instance (A” «— B”) € ground(P) such that A” is activated in
Sy and no body literal in B” isfasein I U I(S1) U I(S2). Since S; iscomplete w.r.t.
I and thus also w.r.t. I U I(S1) U I(.S2), we conclude that R containsarule A — B
of which A” «— B" is an extended rule instance. Since no body literal in B isfalsein
I(S2), it cannot be deleted in the last application of loop detection Therefore, Sy is
also complete and thus feasiblew.r.t. 7 U 1(S1) U 1(S2). O

Theorem 9.5.11 (Soundness of Transformation) Let S,, be atransformation state of
P that is the result of n transformation applications to an initial transformation state
So. Then S,, isfeasiblew.r.t. P and | J;"_, I(S;) and

I(S,) CWp

holds.

Proof: The proof is by induction on n. With Lemma9.5.1 and Lemma 9.4.11 the base
case follows immediately.

Let us assume that S, isfeasiblew.rt. P and I,, = J;,I(S;) and that I,, C W},
holds. Let S, be another transformation state such that .S,,~% .S, 1 holds. With
Lemmata 9.5.7 and 9.5.10 it follows that S,, 1 is feasible w.rt. P and I,,; and that
I(Sp+1) € I, € Wi holds. O
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Lemma 9.5.12 (Completeness of Transformation) Let P be anormal program. Let
S = (G, R,U) be atransformation state. Let S befeasiblew.rt. P and I(S). Let S
be irreducible w.r.t. ~» x and not floundered. Let () be an atom that is activated in S.
Then

Tp(I(S)) N ground(Q) C true(S)
and
Up(1(S)) N ground(Q) C false(S)

hold.

Proof: Let A be any atom in Tp(I(S)). Then there is a ground rule A «— B in
ground(P) suchthat B C I(.S) holds. Thusall body literalsin B aretruein S. Dueto
the completeness of S w.rt. P and I(S), there must bearule A’ < B’ in R such that
A « Bisan extended instance of A’ < B’. Then with instantiationand successl|
positive body literalsin A" <+ BB can be removed. Since S isirreducible, this has been
done aready. Since S is not floundered, the remaining negative body literals must be
ground. Thus they must be contained in B and be true. Since S is irreducible they
must have been reduced. Now A must be an instance of the remaining head and thus
Aistruein S. It followsthat Tp (1) C true(S) holds.

Now let A = Wp(I(S)) bethe greatest unfounded set of P w.rt. I(S). Let R’ bethe
subset of rulesin R whose head in unifiable with an atom from R'. If R’ = () holds,
we have A C false(S). Now assumethat R’ isnot empty. Let A’ — B’ be any rule
in R'. Since A is an unfounded set and due to the correctness of S, for each ground
instanceof A — Bof A" — B’, B must contain aliteral that isfalsein 7(.S) or an atom
contained in A. Inthefirst case the rule would have been removed by instantiationand
completion But thisis not possible since S isirreducible. In the second case an atom
in B’ does contain an atom that is unifiable with an atom from A, and thus unifiable
with a head in R’. But then loop detectioncan be applied to delete al rulesin R’
simultaneously. But thisis again not possible since S isirreducible. By contradiction,
R’ must be empty. O

Theorem 9.5.13 (Partial Correctnessand Completeness) Let P be a norma pro-
gram. Let S, be atransformation state of P that is the result of n transformations
starting from the initial transformation state Sy of P w.r.t. any query. Let @ be an
atom that is activated in S,,. If S,, isirreducible w.r.t. ~» x and is not floundered, then
I(S,) and W}, agreeon Q.

Proof: From Theorem 9.5.11 it follows that

I(S,) CWp
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and thus
1(Sn) € Wp(I(Sn))
holds. From Lemma 9.5.12 it follows that
Wp(I1(S)) N (ground(Q) U ground(not Q)) C I(S)
holds. Together it followsthat 1(S,,) and W}, agree on Q. O

Remark 9.5.14 (Non-Confluence of ~»x) The non-ground transformation is not
confluent. Depending on which atoms are activated during a transformation sequence
different subsets of the well-founded model will be computed. One special caseisto
compute the complete well-founded model 17/, by activating all atoms occurring in the
program P. However, Theorem 9.5.13 guarantees that the interpretation of any final
(non-floundered) transformation state agrees with the well-founded model W}, of P
on the given query Q. This means that in any case the same result for () is computed.

O

From Theorem 9.5.13 follows that by the non-ground transformation we always get a
correct subset of the well-founded model W} of a given normal program. Thus, re-
garding the final interpretation, we always consider a set of ground literals. For range-
restricted programs this is what we expect, since Definition 2.1.29 of range-restriction
ensures that all variables are bound to terms of Up. However, for programs that are
not range-restricted non-ground facts may be computed. The following corollary states
that if a non-ground literal is true or undefined w.r.t. the well-founded semantics of a
program P, then in thefinal state of a non-ground transformation a corresponding non-
ground fact or rule head is present. This means, that most-general results are derived
instead of enumerating al ground terms from the underlying first order language.

Corollary 9.5.15 (Most General Answers) Let P be a normal program. Let Q be
an aom. Let S = (G, R,U) be any non-ground transformation state reached from
the initial state for P and @ that is irreducible and not floundered. Let Q" be any
instance of . If Q" istrue or undefined w.r.t. the well-founded semantics of P (cf.
Definition 3.1.16), then the set R contains afact Q" or rule head ()’ respectively, such
that Q" isan instance of Q.

Proof:  This result is a consequence of Theorem 9.5.13 and Definition 9.1.9. Let
X1,...,X, bethe different variables occurring in Q. Let ¢y, ..., c, ben new con-
stants not occurring in P. Let

Qc = Q//{Xl/cla ce 7Xn/cn}
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be the ground instance of Q" resulting from replacing the variables X; by ¢;, 1 <1 <
n. Since Q" istrue or undefined w.r.t. W, we have Q. € I(.S) as a consequence of
Theorem 9.5.13. But since the transformations use only constants from the program
and do not invent new constants, (). must be an instance of an atom @’ that isafact or
head in R and does not contain any of the constantscy, . . ., ¢,. Thus, Q” isaninstance
of Q. O
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Chapter 10

Non-Ground I mplementation

In this chapter wewill give an overview of our prototypical implementation of the non-
ground transformation. We will point out how we extended the ground implementation
described in Chapter 8. However, we will omit many details necessary for an actua
implementation since they are rather technical and not essential for this work.

10.1 Queue-Based Non-Ground Transformation

We implemented the non-ground transformation as an extension of the queue-based
ground transformation described in Section 8.2. The major differences between the
two implementations are as follows:

¢ Inthe non-ground transformation we have to process a body atom B not if there
is (or is not) a head atom A that is equal to B, but if thereis (or is not) a head
atom A that is unifiablewith B.

e Whereas for the ground transformation the set of transformed rules is only re-
duced, in the non-ground transformation new instances are generated during the
transformation, thus, we have to add new elements to the data structure not only
in theinitialization phase.

From the first point it follows that we have to change our data structure. Instead of
only considering atoms, that may occur in rule heads or rule bodies, we distinguish
between head atoms A, that may become true or get deleted, and body atoms B, that
have to be processed, if they areinstances of A or at least unifiable with A.

151
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Figure 10.1: Queue-Based Non-Ground Transformation

Definition 10.1.1 (Non-Ground Data Structure) In Figure 10.1 the extended data
structure for the non-ground transformation is displayed. For each differenthead atom
A thereis an object, depicted on the |eft side at the bottom of Figure 10.1, that has the
following fields:

Theflag isTrue is set for facts. Thisis exactly the same as in the ground case.

The counter headO f Count holds the number of rules having this atom as their
head. If this counter is decremented and reaches zero, this atom may get false,
if there is no other head atom unifiable with A.

Thelist general List holds references to those body atoms B that are instances
of A,i.e,that aretrueif A isafact.

Thelist uni f List holds referencesto those body atoms B that are unifiable with
A, but that are no instances. Note, that the instances of A are already contained
in generalList. The body atomsin uni f List and general List may get false,
if the last rule having A inits head is deleted.
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For each differentbody atom B in the current transformation state we have an object,
depicted on the upper left side of Figure 10.1, which hasthe following fields:

e Thelist posLitList holds referencesto all rule objects, that have B as apositive
body literal.

e Thelist negLitList holds references to all rule objects, that have not B as a
negative body literal. These two lists are exactly the same as in the ground case.

e TheflagisActive isset, if B (or another atom being more general) is activated.

e TheflagisTrueisset, assoon aswefind atrue head atom A that ismore general
than B (cf. general List).

e Thecounter generalCount holds the number of head atoms A being more gen-
era than B.

e The counter uni f Count holdsthe number of head atoms A being unifiable with
but not more general than B. Note, that the number of more general atoms is
already stored in generalCount.

e For each head atom A that is unifiable with B, the list substList contains their
most general unifier mgu(A, B).

For eachruler = A «— B inthe set R of transformed rules in the current transfor-
mation state we have an object depicted at the right side of Figure 10.1, that has the
following fields:

e The reference head points to the object associated with the head atom A of the
rule.

e The counter inactiveCount holds the number of false body literals and is ini-
tialized to 0. Thisis exactly the same asiin the ground case.

e The counter bodyLitCount holds the number of body literals, that have not
been removed from therule. It isinitialized to the number of body literalsin B.
This corresponds to the sum of the counters pos LitCount and neg LitCount in
the ground case.

e Thelist body Lit List holds referencesto the objects representing the body atoms
B € B. Thislist is needed to select literals for activation

¢ For each head atom A that isunifiable with an active positive body literal B € B,
the list substList contains their most general unifier mgu(A, B), if it has not
yet been applied to r by the instantiationtransformation.
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The following queues are used:

e Thequeues success@ and neg Red( contain referencesto true body atoms, and
the queues failure( and pos Red() contain references to fal se body atoms, that
are till to be processed by the corresponding transformation. Thisis exactly the
same as in the ground case.

e The queue activation( contains references to those body atoms B that occur
inarule A «+ B having no activated body literal.

¢ the queue inst() contains referencesto those rule objects that have a non-empty
substList.

For aninitial transformation state S = (G, R, U) the data structure isinitialized such
that for each rule A — B in R, objects associated with the rule, the head atom, and
the body atoms are created, and the counters and reference lists are initialized such
that they satisfy the conditions stated above in this definition. Note, that if an atom
occurs in more than one head or body literal, all occurrences are represented by the
same object.

As in the ground case, references to true body atoms are copied to successQ
and negRed(@. References to fase body atoms, i.e., that are activated and have
generalCount = 0 and unifCount = 0, are copied to failure@ and posRed().

O

The transformation proceeds as follows.

Definition 10.1.2 (Non-Ground Transformation Process) Let P be a normal pro-
gram. Let Q be a query. Let the data structure of Definition 10.1.1 be initialized
for P and (Q as described in Definition 10.1.1.

Now a strategy component can select an atom B or arule r from one of the six queues.
If an atom B from successQ or failure( is selected, the following steps are per-
formed:

1. Theatom B isremoved from the queue.
2. Foreachruler = A «— Bin B.posLitList do:

(a) For successdecrement the counter r.body LitCount, and remove the lit-
era B from r.bodyLitList.

(b) For failure: increment the counter r.inactiveCount.

If an atom B from posRed@ or negRed() is selected, the following steps are per-
formed:
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1. Theatom B isremoved from the queue.
2. Foreachruler = A «— Bin B.negLitList do:
(a) For positive reduction decrement the counter r.body LitCount, and re-

move the literal not B from r.body Lit List.
(b) For negative reductionincrement the counter r.inactiveCount.

If foraruler = A «— Btheconditionsr.body LitCount = 0 and r.inactiveCount =
0 become true during the application of succes®r positive reductionthen:

1. Get the head atom A = r.head of therule.
2. If A.isTrueisnot set, then:

(@) Set A.isTrue.
(b) For each body atom B in A.general List, having B.isTrue not set, do:

i. Set B.isTrue.
ii. Copy areferenceto B to success@ and negRed(@).

If for aruler = A «— B the counter r.inactiveCount changesfrom 0 to 1 during the
application of failure or negative reductiosthen:

1. Get the head atom A = r.head of therule,
2. Decrease the counter A.headO fCount.
3. If A.headO fCount reachesthe value 0, then:

(a) For each body atom B in A.generalList or in A.uni f List, do:
i. Decrement the counter B.generalCount or B.uni fCount, depend-
ing on the list in which the body atom B was found.
ii. If the conditions B.generalCount = 0 and B.unifCount = 0
are satisfied and B.isActive is set, then copy a reference to B to
failure@ and posRed(Q.

If foraruler = A «— B atrueliteral L isremoved from thelist r.body Lit List during
the application of succes®r positive reductionand then r.body Lit List is not empty
but does not contain any activated body literal any more, then select a literal from
r.body Lit List for activationand add its atom to activation(.

If abody atom B from activation() is selected, do the following:

1. Remove the atom B from activation().
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2. If B.isActive isnot set, then:

(8 Add all rulesin instances(P, B) to the data structure according to Defi-
nition 10.1.1.
i. Adjust all counters, reference lists, and queues accordingly.

ii. Update the lists generalList and unifList for al head and body
atoms added.

iii. If abody atom B isadded to thelist uni f List of ahead atom A, then:
A. Theunifier 6 = mgu(A, B) isadded to B.subst List.

B. If B.isActive is set, then for each ruler = A «— B in
B.posLitList, add 0 to r.substList. If r.substList was empty,
then r is added to instQ).

(b) For al head atoms B’ that are instances of B, including B itself, having
B’ .isActive not set, do:

i. Set B'.isActive.

ii. If the conditions B’.generalCount = 0 and B'.unifCount = 0
hold, add B’ to failure@ and posRedQ.

If aruler = A — Bisselected from inst@, then do the following steps:

1. Sdlect asubstitution @ from r.subst List and remove from r.subst List.
2. If r.substList isempty now, remove r from instQ.

3. Add the instance 6 to the data structure, maintaining all necessary counters,
reference lists, and queues.

This processis continued until all six queues are empty. O

Remark 10.1.3 (Selective Activation) Note, that the described non-ground transfor-
mation applies only the activation of at most one body literal per rule. For other types
of activation, the algorithm can be modified easily. We will discuss different activation
strategiesin Section 11.1. O

Remark 10.1.4 (Selective I nstantiation) The described algorithm applies instantia-
tion w.r.t. al head atoms. However, the algorithm can be modified easily such that
instantiationw.r.t. to facts is applied first, since this implies, that succesgan be ap-
plied immediately to the new instance. O
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Remark 10.1.5 (L oop Detection) The application of loop detectioris not supported
directly by the data structure of Definition 10.1.1. Theloop detectiorhasto be imple-
mented separately. The (extended) completiontransformation of Definition 9.2.17 and
Remark 9.2.22 can be implemented using the subst List of arule object. If arule has
an activated positive body literal, and all applicable substitutions have been applied,
the rule is agood candidate for completion O

We will not give a correctness proof for this algorithm since the necessary technical
details would extend the scope of this work. However, we have the following result
concerning the relation of this agorithm to the ground transformation.

Lemma 10.1.6 (Non-Ground I mplementation for Ground Programs) Let P be a
ground program. Then the application of the non-ground transformation as described
in Definitions 10.1.1 and 10.1.2 to P to compute the complete model W}, coincides
with the queue based transformation of Section 8.2.

Proof: The transformations activationand instantiationare not needed for this appli-
cation. Thus we only consider the four basic transformations. Further, we do not need
unification to compare head and body atoms, since ground atoms are unifiable if and
only if they areequal. Thus, thelist general List isnot needed at all, and the uni f List
always holds alink from a head atom A to abody atom B, if A = B holds. Then the
remaining parts of the queue-based non-ground transformation coincide exactly with
the ground transformation. O

Remark 10.1.7 (Non-Ground Indexing) For the storage and retrieval of non-ground
atoms, we have implemented the grid data structure described in [MW88]. This struc-
ture is used in the implementation whenever for an atom A another atom B unifiable
with A has to be found. For instance, if anew rule A «— B isinserted into the data
structure of Definition 10.1.1 all body atoms B of existing rulesthat are unifiable with
the rule head A have to be found. O

Experiments using our prototype implementation have shown, that the queue based
transformation proposed in this section is competitive for goal-directed query answer-
ing as compared to the ground implementation. However, our implementation cannot
compete with Prolog implementations such as the XSB system [SSW94, RSS™97],
that are highly optimized for their evaluation strategy. For areally efficient implemen-
tation of the non-ground transformation, many more optimizations are necessary.

However, we have shown that the non-ground transformation is not just a theoreti-
cal concept but can actually be implemented. The implementation is a valuable tool
to verify and compare different strategies by applying them to real life applications.
Some experimental results of the non-ground implementation will be shown in Exam-
ple11.5.2.
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Chapter 11

Non-Ground Scheduling Strategies

11.1 Non-Ground Regular Strategy Expressions

We will now extend the definition of regular strategy expressions of Section 6.2 to the
non-ground transformation.

Inductive Definition 11.1.1 (Non-Ground Regular Strategy Expression) A (non-
ground) regular strategy expressioginductively defined as follows:

e Let ~», be a non-ground transformation. Then ¢ is an atomic (non-ground)
regular strategy expressions.

e If ¢; and es are (non-ground) regular strategy expressions, then (e;les) is an
alternative(non-ground) regular strategy expression.

e If e; and ey are (non-ground) regular strategy expressions, then (ejes) is ase-
guential(non-ground) regular strategy expression.

e If e is a (non-ground) regular strategy expression, then e* is a closure (non-
ground) regular strategy expression.
O

Inductive Definition 11.1.2 (Application of a Regular Strategy Expression) Let S
be a non-ground transformation state. Let e be aregular strategy expression. Another
non-ground transformation state S’ is a possible result of the application ofe to S,
S$+5.S7 . if the followi ng conditions hold:

e If e isan atomic(non-ground) regular strategy expression, i.e., there is a non-
ground transformation ~+., then S ~». S holds.

159
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e If e = (e1]e2) is an dternative (non-ground) regular strategy expression, then
S5S" or $73.5 holds.

o If e = (e1e2) isasequential (non-ground) regular strategy expression, then there
exists a non-ground transformation state S” such that > 5” and S”3.S" hold.

e If e = ¢ isaclosure (non-ground) regular strategy expression, then S’ results

from S by n applications of e1, withn > 0.
O

Remark 11.1.3 (Parentheses) Asintheground case, wewill omit parenthesesin reg-
ular strategy expressions whenever possible. O

According to Definition 11.1.2 non-ground strategy expression can be applied only to
non-ground transformation states. The following definition allows to apply the expres-
sion also to programs.

Definition 11.1.4 (Application to Programs) Let P, and P, be normal programs.
Let e be a (non-ground) regular strategy expression. Then P;+P; is a notation for
the following statements:

e S istheinitial non-ground transformation state for P; and any query atom or
set of query atoms.

e S = (G, R,U) isanon-ground transformation state with R = P;.

e 51555 holds.
|

Remark 11.1.5 (Level of Abstraction) In the ground case we had some nice con-
fluence properties allowing us to specify concrete strategies on the abstract levels of
regular expressions. In the non-ground case the situation is more complicated. Many
decisions, for instance which literal should be activated or delayed and in which situ-
ation a parallel activation should be performed, cannot be made on this high level of
abstraction but need a careful examination of the current transformation state. O

To improve the expressional power of the strategy expression, we define selective reg-
ular strategy expressionghat can be combined with additional conditions for the ap-
plication of the transformation. The non-ground transformation having the greatest
effect on the evaluation strategy is the activation

Definition 11.1.6 (Selective Activation) For the non-ground transformation activa-
tion we define the following three selectiveregular strategy expressions:
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e The selective strategy expression A;,q. restricts the application of the non-
ground activation such that at most one single body literal of each rule gets
activated.

e The selective strategy expression A, is alowed to activate more than one
body literal of arule. Actualy, thisisthe normal activation However, we will
use the expression A4, When it is important to apply the parallel activation,
e.g. to describe the delay operation of the SLG resolution (cf. Section 11.3).

e The selective strategy expression A,; is alowed to activate atoms currently not
appearing in the rule set R. This transformation is intended to be applied in
the initial transformation state to activate all predicates defined in the original
program at once in order to compute the complete well-founded model .

a

11.2 Reation to Ground Transformation

Before we will discuss the features of the transformation that are specific for the non-
ground case, we will show that the non-ground transformation is a generalization of
the ground transformation.

Theorem 11.2.1 (Non-Ground Subsumes Ground Transformation) Let P be any
ground program. Let

P=PFPy—xPr—x...—>xP,

be any sequence of ground transformations (without magic reductioi applied to P.
Then there is a sequence

So~x St~x ... ~x Sy

of non-ground transformations, such that for each S; = (G, R;,U;), for 0 < i < n,
P, =R; holds.

Proof: The proof is by induction on n, Let n = 0. Then let Sy be the initial non-
ground transformation state for P, such that al predicates are activated, i.e., for each
predicate symbol there is an atom A with pairwise different variables in Uy. Then
Ry = P holds, since dl rulesfrom P are included without applying any unifier.

Now assume the result for n — 1. Then R,,_1 = P,_1 holds by the induction hy-
pothesis. Assume that one of the four basic transformations is applied to P,_1, i.e,,
P,_1—psnrP, holds. Then the non-ground version of the same transformation is
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applicableto S;_; since all atoms true or falsein P;_; are aso true or falsein S;_1,
according to the Definitions 4.1.3 and 9.1.9.

If loop detections applied w.r.t. an unfounded set U, let
R = {(A—~B)eR,1|AcU}

be the set of rulesin R,,_; having a head atom contained in U. According to Defi-
nition 4.3.14, for each A «+ B in R’ thereisabody literal B € B suchthat B € U
holds. Thereisnorulein R,,_1\ R’ having B as head, due to the definition of R’. Thus
A «— Biscompletely instantiated w.r.t. R,,_1\R’, using Definition 9.2.14. Then the
set R’ can be deleted by one application of loop detectiorand the result follows. O

Corollary 11.2.2 (Strategy Expressions) Let P, and P, be ground programs. Let e
be a groundstrategy expression (without magic reductiol, such that

PSPy
holds. Then
p,et) p,

holds for the non-ground transformation.

Proof: The application of the non-ground expression A,;; activates all predicates and
thus al rules. In the resulting state S = (G, R,U) we have R = P;. Then the result
follows from Definition 11.1.4 and Theorem 11.2.1. O

Now we can apply the results of Chapter 6 if we apply the non-ground transformation
to ground programs. We will do thisin Section 11.4.

11.3 Redation to SL G Resolution

Our non-ground transformation is strongly related to the SLG resolution [CW93,
CSW95, SSW00]. For a precise comparison we first recall the definition of the SLG
resolution.

Definition 11.3.1 (X-Clause [CSW95]) An X-clauseis aclause of the form
A~ D|B

where A isan atom, D is a sequence of delayed ground negative literals and possibly
non-ground atoms, and B is a sequence of literals. Literals in D are called delay
literals. If B isempty, an X-clauseis called an answer clause a
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A clausein aprogram isviewed as an X-clause in which D is empty. We usually omit
the | when D isempty. Asfar asthe declarative semanticsis concerned, each X-clause
is viewed as an ordinary clause whose body is the conjunction of al literalsin D and
B. That is, the | is purely a control annotation.

Definition 11.3.2 (Computation Rulefor X-clauses[CSW95]) Let A «— D|B an
X-clause. A computation ruleselects exactly one literal from B. This literal is called
the selected literal O

The resolution of X-clausesis defined as follows.

Definition 11.3.3 (SL G Resolution [CSW95]) Let GG be an X-clause
A« DI|Ly,...,Ly,

wheren > 0. Let L; be the selected atom. Let C' be an X-clause with no delayed
literals, and C’ of theform A’ — L/, ..., L/ beavariant of C' with variables renamed
so that G and C’ have no variablesin common. G is SLG resolvablaevith C if L; and
A’ are unifiable. The clause

(A — D‘Ll, ceny Li—ly /1, ceey L;n’ Li+17 ceey Ln)9

isthe SLG resolvenof G with C, where # isamost genera unifier of L; and A’. O

SLG resolution is used for resolution with a clause in a program or with an answer
clause that has an empty sequence of delayed literals. For an answer clause that has a
non-empty sequence of delayed literals, relevant variable bindings in the head of the
answer clause are propagated by SLG factoring but the sequence of delayed literalsin
the body is not propagated.

Definition 11.3.4 (SLG Factoring [CSW95]) Let G be an X-clause
A—D|Ly,...,Ly,

wheren > 0. Let L; be the selected atom. Let C' be an answer clause, and C’ of

the form A’ < D’| be a variant of C' with variables renamed so that G and C’ have

no variables in common. If D’ isnot empty and L; and A’ are unifiable with a most

genera unifier 6, the SLG factorof G with C' is

(A — D, Li’Ll, ceey Lifl, Li+1, ceey Ln)9
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Remark 11.3.5 Themativation of not propagating delayed literalsin an answer clause
is to guarantee polynomia complexity for computation of queries on function-free
programs. If there are multiple answer clauses with the same atom in the head, only
one of them will be propagated by using either SLG resolution or SLG factoring (cf.
Examples 4.2.16 and 4.3.9). O

Now we define the central data structure for the SLG resolution.

Definition 11.3.6 (Search Forest) A search forestF for a normal program P and a
set A of activated atoms contains a search treeZ 4, for each atom A € A. Each search
tree 74 in F can be marked as completed

Each node in a search tree 7 islabeled by an X-clause. The root node R of the tree
T, islabeled by the clause A — A. For each rule r € instances(P, A) the root node
R of T4 hasachild node N labeled by the clause r.

Each non-root node IV labeled by the rule A’ < B has a selected body literal B € B,
if B isnot empty. Further, each non-root node N has a status value that implies a
condition. The possible status values and their conditions are as follows:

new. Thenodeis newly created and has no children.
answer: The clause that isthe label of IV isan answer clause.
floundered: The selected literal of the node is anon-ground negative literal.

active: The selected literal B is not floundered and we are waiting for answers from
the tree 7p that also existsin the forest.

disposed: All possible child nodes of the node have been created and so the node is
no longer useful.

For each non-root node N that is activeand whose selected literal is positivethereisa
set Answersy of atoms. Each atom B’ € Answersy isan answer in the tree 7 for
the selected body literal of N.

The initial search forestF for a program P and an atom A contains only the search
tree 74 for A with the root node R and a new child node N for each rule in
instances(P, A). O

A set A of atoms is completely evaluated, if the trees 74 for all A € A in F cannot
produce any new answers.
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Definition 11.3.7 (Complete Evaluation) Let F be a search forest for a program P.
Let A be aset of atoms such that for each atom A € A thereisasearchtree 74 € F.
We say that A is completely evaluateth F, if for each atom A € A the following
conditions hold:

e Each non-root node N in 7,4 has the status answer active or disposed

e For each activenode N in 7,4, the selected literal B of N is a positive litera
and:

— Thetree 7p isdready marked as completed or B € A holds.
— Each answer B’ in T3 is contained in the answer set Answery.
e There are no newor flounderednodes in 74. Further, there is no active node

having a negative literal asthe selected literal.
O

The computation of the SLG resolution proceeds by applying the following transfor-
mations to a search forest.

Definition 11.3.8 (SLG Transformations[CSW95]) Let G be an X-clause of a new
non-root node N.

(i) NEw ANSWER. If GG isan answer clause, the status of [V is changed to answer
If G isnot an answer clause, let L be the selected literal of G.

(ii) FLOUNDERING. If L isanon-ground negative literal, the status of V is changed
to floundered

(iii) NEW ACTIVE. If L isanatom B or aground negative litera — B, the status of N
is changed to activeand the set Answersy is set to (). Furthermore, if thereis
no tree 7 for B in the current search forest, it is created, with B <+ B aslabel
for the root node and instances(P, B) being the labels of the child nodes.

Let G be the clause of an active node IV, and L be the selected literal of G.

(iv) ANSWER RETURN. If L isan atom B and for some answer clause C for B, of the
form H «— D|, H isnotinthe set Answersy, then H isadded to Answersy,
and N has a newchild node labeled by the SLG resolvent of G with C' on L if
D isempty or by the SLG factor of G with C on L if D isnot empty.
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Let the selected literal L of the X-clause G of an active node N by a ground negative
literal —B. Then there are three cases. Transformations (v) and (vi) solve the ground
negative litera L by negation-as-failure if the corresponding positive subgoa B is
either successful or failed. Otherwise, transformation (vii) delays the selected ground
negative literal.

(V) NEGATION FAILURE-R. If B has an answer with no delayed literals, the status
of NV i changed to disposed

(Vi) NEGATION SUCCESS-R. If B iscompletely evaluated without any answers, then
N has a newchild node labeled by G with L deleted, and the status of N is
changed to disposed

(vii) DELAYING. Otherwise, N has a new child node labeled by a clause obtained
from G by moving L into the sequence of delayed literals, and the status of Vv
is changed to disposed

Subgoals that are completely evaluated are del eted.

(viii) COMPLETION. Let A be a nonempty set of subgoals that is completely evalu-
ated. Then for each A € A, every activenode in the tree 74 for A is disposed
and 7, is marked as completed

Given an arbitrary but fixed computation rule, there are programsin which ground neg-
ative literals must be delayed before their truth value is known. Additional transforma:
tions are needed for simplifying delayed literals when their truth value is determined.

Let G be an X-clause of anode N that is not disposedLet L be delayed literal in G.
Supposethat L isaground negative literal —B.

(iX) NEGATION FAILURE-L If B hasan answer with no delayed literals, the status of
N ischanged to disposed

(X) NEGATION succEess-L If B iscompletely evaluated without any answers, then
N has anew child node with the same status as [V labeled by G with L deleted,
and the status of IV is changed to disposed

Suppose that L is an atom.

(xi) ATOM SUCCESs-L If L hasan answer with no delayed literals, then N hasanew
child node with the same status as IV labeled by G with L deleted, and the status
of N ischanged to disposed
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(xii) ATOM FAILURE-L If L is completely evaluated without any answers, the status
of N ischanged to disposed
O

The term SLG resolutionis used to refer to the process of applying transformations
starting with the initial forest of a query atom with respect to a program. Since the
Herbrand universe is countable, there is a stage, which may be larger than w when no
transformation can be applied to the search forest of a query. It was shown that when
no transformation can be applied to a search forest, either some node in the forest is
floundered or every subgoal in the forest is marked as completed. In thelatter case, the
only nodes that are not disposed in the tree of each subgoal are the root node and the
answer nodes.

Theorem 11.3.9 (Correctness of SLG resolution [CSW95]) Let P be a program.
Let R bean arbitrary but fixed computation rule. Let A beaquery atom. Let P4 bethe
set of all answer clausesin thefinal search forest derived from A that has no floundered
nodes. Let BASE(Py4) bethe Herbrand base of Py, i.e., set of al ground instances of
al atomsin P4. Then the well-founded model of P restricted to BASE (P4) coincides
with the well-founded model of Py. O

Example 11.3.10 (SL G Resolution) Consider the following program P from Exam-
ple9.1.5 that is also used in [CSW95].

q(X) — p(X).
q(a).

p(X) — q(X).
p(X) < notr.
T «— nots.
S «— notr.

Let A = ¢(X) bethe query atom. The initial search forest F for A contains only the
tree ’];1()():

7:1(X) new: ¢(X) <« p(X).
new: g¢(a).

Then we can apply NEW ANSWER to the second rule and NEW ACTIVE to activate the
body atom p(X) of the first rule. We write the set of used answers to the right of the
activerule.

Tyx) active: ¢q(X) < p(X). {}
answer: ¢(a).

Tpyxy) new:  p(X) < q(X)
new: p(X). < notr.
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Then we can activate ¢(X ') and r and then s.

T,x) active: ¢(X) « p(X). {}
answer: ¢(a).

%(X) active: p(X) — q(X) {}
active: p(X). < notr.

7, active: r — s

75 active: s — T

Now we apply ANSWER RETURN and get the following forest.

Tyx) active: ¢(X) « p(X). {p(a)}
answer: q¢(a).

Tx) active: p(X) «— q(X). {q(a)}
answer: p(a).
active: p(X). < notr.

7, active: r — S

7T, active: s — 7

Since no other transformation is applicable to this forest, we apply DELAYING to the
atoms r and s and produce two new answers.

7. disposed r <« s.
answer: r «— s|.

7, disposed s <« 7.
answer: s «— r|.

Now the atoms r and s are completely evaluated and can be used to resolve the body
literal not r. However, the truth values of » and s are undefined. Thus we have to
apply DELAYING inthetree 7, x and get the following:

Tx) active:  p(X) « q(X). {qla)}

answer:  p(a).
disposed p(
answer:  p(
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With this new answerfor p(X') we can apply ANSWER RETURN for p(X') and then for
q(X).

Ty active:  ¢(X) — p(X). {p(a)p(X)}
answer:  ¢(a).
answer:  ¢(X) «— p(X)]

T,x) active:  p(X) < q(X). {q(a),q(X)}
answer:  p(a).
answer:  p(X) « q(X)|
disposed p(X). <« notr.
answer:  p(X). < notr|

Now also the atoms ¢(X') and p(X') are completely evaluated, since all answershave
been used, and we can apply COMPLETION to get the final search forest.

T,x) disposed ¢

X) < pX).
answer:  ¢(a)

(
(
answer:  ¢(X) <« p(X)]
T,x) disposed p(X) <« q(X)
answer:  p(a).
answer:  p(X) <« q(X)|.
disposed p(X). <« notr.
answer:  p(X). < mnotr|.
7, disposed r — s
answer: r — sl
Ts disposed s —
answer: s — .

The resulting set of answer clauses P, x) is the following:

>
1

not r|.

not s|.
not r|.

T

T

a

Remark 11.3.11 (Remainder) Note, that the set F;(x of answer clauses in Exam-
ple 11.3.10 equals the set R of rulesin the fina transformation state S for the same
program in Example 9.3.4. The only difference is that in F,(x) X-clauses are used
instead of normal rules. O
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The Example 11.3.10 illustrates that our non-ground transformation and the SLG res-
olution are strongly related. The set of atoms A for that a tree 74 exists in a forest
JF corresponds to the set GG of activated atoms of a non-ground transformation state
S = (G, R,U). Theset of clausesin aforest that are not disposectorresponds to the
set R of rulesin S.

The relation between our non-ground transformation and the SLG resolution is char-
acterized by the following result.

Theorem 11.3.12 (Non-Ground Transformation and SLG) Let P beanormal pro-
gram. Let () be a query atom. Let Fy, Fi,...,F, asequence of search forests for
an SLG computation for P and Q. If in the fina search forest F,, there are no two
different trees 74, and 7,4, such that A; and A, are unifiable, then there is a sequence
So, 51 ..., .Sy, of non-ground transformation states such that for each i with1 <i <n
the following conditions hold:

e Each atom A, for which thereisatree 74 in F;, is aso contained in the set G;
of active goalsin S;.

e The set of X-clauses, that are not disposedn all treesin F; is equa to the set
R; of rulesin the non-ground transformation state S;, if we consider X-clauses
as normal rules.

Proof: We prove the result by induction on n. Assumethat n = 0. Theinitial search
forest 7 for P and @) contains one tree 7 having the rules of instances(P, Q) as
labels of its nodes. Thisis exactly the set Ry of rules of theinitial transformation state
Sy for P and Q).

Now let the result be true for F,, and S,,. We show that for any SLG transforma
tion applicable to F,, and the resulting forest F,,. 1 there is a sequence of non-ground
transformations such that .S,,~% S,,+1 holds.

(i) NEW ANSWER. This transformation only changes the state of a node from new
to answer Our rules are state-less, and the result holds trivially.

(i) FLOUNDERING. The same holds for this transformation. Whether the rule is
floundered or not is checked if an irreducible transformation state is reached.

(iii) NEW ACTIVE. A new tree 7 iscreated if B isnot yet activated in F,,. Therules
ininstances(P, B) are added aslabels to the nodes of the new tree. In this case
B isnot activated in S,,, and no atom B’ unifiable with B is activated. Thus, we
can apply activationto S,, to activate B and add the rules instances(P, B).
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(iv)

v)

(vi)

(vii)

(viii)
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ANSWER RETURN. An instance of an active X-clause A < B isadded asanew
node if an atom B € B has an answer clause B’ < D|in 7. If D is empty,
the body literal B is removed from the new instance, otherwise it is shifted to
the list of delayed literals. Thus we can apply instantiationto therule A «— B
w.r.t. the head of therule B’ < D in S,,. If D isempty, we can apply succes$o
remove the literal from the instance. Otherwise we do not change the instance,
since we do not distinguish delayed and non-delayed body literals.

NEGATION FAILURE-R. Thistransformation changes the status value of a node
to disposedif the atom occurring in the selected negative body literal of an
active node is known to be true. Exactly the same does the negative reduction
transformation. But instead of setting the status value to disposedt removesthe
rule instance from the set R.

NEGATION SUCCESS-R. Thistransformation changes the status value of a node
to disposedf the atom occurring in the selected negative body literal of an active
node is known to be false, and creates a new child labeled with the same X-
clause asthe parent with the selected literal removed. Exactly the same does the
positive reductiortransformation. But instead of creating a new rule instance,
the body literal is removed in place.

DELAYING. This transformation changes the status value of a node to disposed
if the atom occurring in the selected body literal is not known to be true or to be
false, and creates a new child labeled with the same X-clause as the parent with
the selected literal moved into the sequence of delayed literals. This step is not
needed for the non-ground transformation, since our rules are state-less and we
do no distinguish delayed and non-delayed body literals.

COMPLETION. This transformation changes the status value of all active nodes
for aset A of atoms to disposedif the set A is completely evaluate(tf. Defi-
nition 11.3.7). The same rules can be deleted in .S,, by one application of loop
detection

Let A — B be any rule whose status value is changed from activeto disposed
According to Definition 11.3.7, all active rules A «— B have a positive body
literal B € B such that 75 is completed or B € A holds, and all answers are
used for ANSWER RETURN.

But then A — B is completely instantiated according to Definition 9.2.14 w.r.t.
theremaining rules. If B isaready completed, then the tree 75 does not contain
newor active nodes, but only disposedand answerclauses. All answers have
been used for ANSWER RETURN in F,,, i.e, they have been used for instanti-
ationin S,,. If B € A holds, then dl activerules for B are disposedand all
answershave been used for ANSWER RETURN. Thus the condition of complete
instantiationis satisfied and the rules can be deleted by one application of loop
detection
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(iX) NEGATION FAILURE-L. This transformation corresponds to negative reduction
like NEGATION FAILURE-R, Since we do not distinguish between delayed literals
and non-delayed literals.

(X) NEGATION SUCCESS-L. This transformation corresponds to positive reduction
like NEGATION SUCCESS-R.

(xi) ATOM sUCCESS-L. This transformation changes the status value of a node to
disposedf an atom in the sequence of delayed literalsis known to be true, and
creates a child node labeled with the same X-clause as the parent with the atom
removed. This corresponds exactly to the non-ground transformation success
But instead of creating a new rule instance, the atom is removed in place.

(xii) ATOM FAILURE-L. This transformation changes the status value of a node to
disposedif an atom in the sequence of delayed literals is known to be false.
This corresponds to the non-ground transformation failure that removes a rule
instance from the set R if it contains a positive body literal that isfalsein .S,,.

a

The following definition describes the standard strategy of the SLG resolution.

Definition 11.3.13 (SL G Strategy) The SLG regular strategy expressioa defined
by

(ASingte IIPISINIEIL))" Adetay)”

single

In the inner loop of the SLG expression, the activation of at most one literal per rule
and the reduction of the generated rulesis performed alternatingly. The delay operation
is only triggered if no other transformation is applicable. This corresponds to the
standard SL G strategy that tries to delay as few literals as possible.

Remark 11.3.14 (Activation of Instances) The most significant difference between
SLG and thetransformationisthat in asearch forest we have aseparatetree 74 for each
activated atom A with its own set of clauses, whereas in a non-ground transformation
state S thereis only one global set of rules. In a search tree there can be several trees
Ty for several instances A’ of an atom A, each doing a separate computation. In the
non-ground transformation it is not allowed to activate an instance A’ of another atom
A that is aready activated. O
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Example 11.3.15 (Activation of Instances) Consider the following program P

p(X) < p(f(X)).

and the query atom @ = p(X). In theinitial non-ground transformation state for P
and @ wearenot allowed to activate the atom p( f (X)) since p(X ) isaready activated.
But we can apply loop detectiorto delete the rule from the rule set R and terminate
immediately.

In the SLG resolution we have to activate p(f (X)), p(f(f(X))), and so on and pro-
duce an infinite number of trees. The COMPLETION is not applicable, according to
Definition 11.3.7, because it is not possible to activate all subgoals in a finite number
of steps. O

Remark 11.3.16 (Activation of Non-Ground Negative Literals) Another  differ-
ence lies in the fact that in the non-ground transformation it is allowed to activate
non-ground negative literals. It may be the case that the literal can be reduced later by
positive reductioror negative reduction O

Example 11.3.17 (Activation of Non-Ground Negative Literals) Consider the fol-
lowing program P;:

p(X) <« mnotg(X).

We can activate p(X') and then ¢(X). Since ¢(X) isfasein that state, we can apply
positive reductiorto derive that p(X) is true w.r.t. the well-founded semantics of P.
In SLG, for each ground instance p(t) of p(X) the query p(¢) would succeed. Let
@ = p(a). Then we get the following final search forest:

7, disposed p(a) <« mnotgq(a).

p(a)
answer:  p(a).
Z4(a)

However, for the query p(X ') we get afloundered forest:
T,x) floundered p(X) < notq(X).

Now consider another program P:

p(X) — motq(X).
q(X) <« notr(X).
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In the well-founded model W5, of P, we have that p(X) istruefor X = a and false
otherwise. For the query p(a) we get the expected answer. However, for the query
p(X) the final non-ground transformation state is floundered and contains al rules
from P,. The reason is, that the non-ground literal not r(X') cannot be reduced. In
the remainder thereis no way to represent the answer that ¢(X ) isfalsefor X = a and
true otherwise. O

Remark 11.3.18 (Paralld Activation) SLG is restricted to select only one body lit-
era of aruleinstance at atime. Only negative body literalsor literals depending on the
latter can be delayed to enable the selection of another body literal. Our transformation
approach does not use explicit delaying but treats al remaining body literals equally.
While the delaying of negative body literals is necessary to compute the well-founded
semantics in SLG, the parallel activation of more than one positive body literal can
lead to more efficient search strategies. O

Example 11.3.19 (Parallel Activation) Consider the following program fragment

p(X) = r(X),s(X).
r(a)
s(b)
and the query @ = p(X) where we assume that the goals r(a) and s(b) need a con-
siderable amount of evaluation effort. By the SLG resolution the body literal first
selected in thefirst clause has to be evaluated completely before an answer isreturned.
Then the other body literal can be selected and will fail.

By our transformation the first clause can be instantiated w.r.t. any body literal using
~»1. Thentheoriginal ruleinstance can be deleted by ~»~ and the instantiated rule can
be deleted by ~» i after having activated the other body literal. Thus the query fails
directly without having to evaluate r(a) or s(b). O

«—

Definition 11.3.20 (Parallel Activation Strategy) The parallel activation regular
strategy expressiois defined by

(A (I|P[SIN|F[L)")" -

This strategy expression is similar to the SLG expression of Definition 11.3.13. The
only difference is that we now allow the application of the full activationtransforma-
tion, that is allowed to activate more than one body literal of onerule.

Remark 11.3.21 (Search Space) In Example 11.3.19 we have seen that with our
transformation system we have a shorter proof than can be found in SLG resolution.
However, adding an inference rule to a system can shorten proofs, but it can also slow
down the performance of the system because then it has a larger search space to tra-
verse. Thus, strategies that open up the search space have to be applied carefully. O
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11.4 Relation to Bottom-Up Methods

Section 11.3 illustrated, that it is natural to realize top-down strategies using the non-
ground transformation framework. 1n this section we show that the classical bottom-up
strategies can be modeled as well.

Lemma11.4.1 (Transfor mation Subsumes Definite Bottom-Up Iteration) Let P
be a definite range-restricted program. Then there is a sequence

S~y Soo o %Sy,
of non-ground transformations, such that for each S; = (G1, R;,U;) for1 <i <n
facts(R;)) =Tp 11

holds.

Proof: The proof isby induction on n. Let n = 1. Then we have to show
facts(R1) =Tp 11 =Tp(0).

Let S; = (G1, R1,U;) betheinitial non-ground transformation state for P with all
predicates activated, such that R; = P holds. Then facts(R1) = facts(P) holds.
Since P is range-restricted, we know that T(0) = facts(P) holds. Together the
result follows.

Now assume that the result holdsfor n — 1. Now consider every ground instance A’ «
B’ of arule A «+— B of Psuchthat B’ C facts(R,—1) holds. If A" € facts(Ry,—1)
holds, do nothing. Otherwise apply instantiationto therule A «— B € R, _; for
each ground literal B’ € B’, successively until in the result A” «— B’ al body
literals are ground. A” = A’ is ground, too, since P is range-restricted. Apply
successo each body literal in A’ «— B’ such that the fact A’ is derived. Then
Tp(facts(Rn—1)) = facts(R,,) follows. Together with the induction hypothesis we
get Tp T n = facts(Ry). O

Definition 11.4.2 (Bottom-Up Strategy Expression) Thebottom-up regular strategy
expressions defined by

an (115)" L7
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Lemma11.4.3 (Least Herbrand Model) Let P be a definite range-restricted pro-
gram. Let e be the bottom-up strategy expression of Definition 11.4.2. If 1fp(7p)
isfinite, then

PS5 Up(Tp)

holds.

Proof: First we compute all atomsin Ifp(7p) as facts, according to Lemma 11.4.1.
Then we apply loop detectiorto remove al rules with a non-empty body. All non-
ground rules can be deleted, because they are instantiated completely w.r.t. the set of
facts, that are all ground. If a ground rule has only true body literals, then it could be
reduced by success$n the previous step. If aground rule has afase body literal that is
no fact, then the rule is not completely instantiated w.r.t. the set of facts, too. Thus, all
rules, that are no facts, can be deleted. O

For definite programs, the result of Lemma11.4.3 isnot surprising. We even know, that
every irreducible result for the strategy expression A*,(I|S|L)* is equal to 1fp(Tp),
since thisisthe well-founded model of P. Moreinteresting isthe fixpoint iteration for
normal programs.

Lemma 11.4.4 (Transfor mation Subsumes Relational Grounding) Let P be a
range-restricted normal program. There is a sequence

S~y Sook %S,

of non-ground transformations, such that for each S; = (G1, R;,U;) for1 <i <n
Tp1iC R

holds. If 1fp(Tp) isfinite, then
lfp(Tp) = Ry

holds.

Proof: The proof isby induction onn. Let n = 1. We have to show

Tp(0) C R;y.

Let S; = (G1, R1,U;) betheinitial non-ground transformation state for P with all
predicates activated, such that R; = P holds. Tp () contains al ground instances
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of rules r in P that have no positive body literals (cf. Definition 5.2.1). Since P is
range-restricted, these rules » are ground in P, thus they are contained in R, = P.

Now assume that the result holdsfor n — 1. Now consider every ground instance A’ «
B’ of arule A — B of P suchthat pos(B’) C heads(R,—1) holds. If (A" — B') €
R,,_1 holds, do nothing. Otherwise apply instantiationto therule A — B € R,,_; for
each ground atom B’ € pos(B’), successively until in the result A” — B’ all positive
body literals are ground. The resulting rule is ground and A” = A’ holds, since P is
range-restricted and thus each variable occurring in the head A’ or in a negative body
literals also occurs in a positive body literal. Then Tp(R,,—1) C R,, follows. Together
with the induction hypothesiswe get Tp T n C R,,.

If 1fp(Tp) isfinite, let the fixpoint be reached at the stagen — 1, i.e., Ifp(Tp) = Tp |
n—1. Let

R = Rn_i\lfp(Tp).

All non-ground ruleson R’ are instantiated completely w.r.t. the remaining rules: if all
positive body literals are unifiable with heads from the remaining rules, the instance
has been generated, otherwise it is instantiated completed by definition. If a ground
rulein R’ has only positive body literals with heads in the remaining rules, then the
ruleisinlfp(Tp) and thusnot in R'. If it has a positive body literal not in the heads of
the remaining rules, it isinstantiated completely. O

Definition 11.4.5 (Grounding Strategy Expression) The grounding regular strategy
expressions defined by

o I L*.
Lemma 11.4.6 (Relevant Ground Instances) Let P be a range-restricted normal

program. Let e be the grounding strategy expression of Definition 11.4.5. If 1fp(Tp)
isfinite, then

P S 1fp(Tp)

holds.

Proof: The result follows from Lemma 11.4.4. O
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The characterization of the bottom-up fixpoint iteration for range-restricted programs
has two advantages. First, since only ground facts or ground rule instances are de-
rived, and thus only matching is required instead of unification, efficient evaluation
technigues can be applied. Whenever a combined transformation strategy chooses to
completely evaluate arange-restricted part of a program, one of these optimized imple-
mentations can be used. Second, since the result of such a fixpoint iteration is aways
ground, efficient evaluation techniques optimized for ground programs can be used to
further process the result.

Let us now lift the results from Chapter 6 to the non-ground transformation.

Definition 11.4.7 (Non-Ground AFP Expression) The (non-ground) AFP regular
strategy expressiois defined by

arl" L™ ((P]S)" (N|LIF))*.

Lemma 11.4.8 (Non-Ground AFP Transformation) Let P be a rangerestricted
normal program. Let e be the AFP expression of Definition 11.4.7. If the set 1fp(Tp)
isfinite, then the transformation

PSP

describes the computation the model W}, by the alternating fixpoint procedure.

Proof: The result follows from Lemma 11.4.6 and Theorem 6.1.5. O

This strategy expression is a combination of the bottom-upexpression from Defini-
tion 11.4.2, that generates a ground program according to Lemma 11.4.6, and the AFP
expressiorthat we know already from Example 6.2.10 for ground programs.

Recall from Section 6.1 that the repeated application of the loop detectioristhe reason
for the quadratic worst case time complexity of the alternating fixpoint procedure.
Thus, we apply the obvious optimization to remove the loop detectiorfrom the inner
loop and get the following strategy expression.

Definition 11.4.9 (Non-Ground Optimized Remainder Expression) The (non-
ground) optimized remainder regular strategy expressiedefined by

A" L™ ((PIS|IN[E)"LY)".
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This expression is composed of the bottom-upexpression, the Fitting expression
known from Example 6.2.6 for ground programs, and the loop detectiorin the outer
loop. As we have discussed in Section 6.2, all applications of the fitting expression
together can be executed in linear time, and the expensive loop detection is applied
only if necessary, i.e., if the program does actually contain positive loops.

We have lifted the results from Section 6.2 to the non-ground case to show that the non-
ground transformation is able to apply not only the top-down strategies in the style of
SLG, that are important for efficient query answering, but also the classical bottom-
up strategies, for that optimized implementations are known in order to compute the
complete model of a given program. For instance, if the program is range-restricted,
the grounding phase can be implemented efficiently using relational techniques like
those described in Section 8. The reduction of the ground intermediate result can be
implemented efficiently since no unification or matching is needed any more.

We do not lift the results for magic set transformed programs from Section 7.3 to the
non-ground case, since the non-ground transformation is goal-directed by itself, and
the emulation of a goal-directed evaluation in a goal-directed approach would not be

appropriate.

11.5 Mixed Strategies

We have shown that the non-ground transformation approach generalizes many meth-
ods known for the computation of the well-founded semantics. We have given regular
strategy expressions characterizing the evaluation strategies of those methods. How-
ever, the major strength of our approach lies in the fact that we now can combine
fragments of several strategies in a flexible way and thus compose new strategies by
combining the advantages of several methods.

Example 11.5.1 (Mixed Strategy) Consider the following regular strategy expres-
sion:

((Asingte I"L* ((P|SIN|F)*L*)")" Adelay)”

This strategy starts with the goal-directed activation of the SLG resolution. In the
second step a fragment of the set-oriented bottom-up computation strategy of Defini-
tion 11.4.2 isused. The next step is based on the efficient reduction strategy from the
smodels approach, given in Definition 11.4.9. The fina transformation is the delay
operation, that isto be applied only if no other transformation is applicable. Thisidea
of minimizing the number of delays is adopted from the SLG resolution in order to
keep the search space as small as possible. O
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There are many other situations where the flexible combination of severa strategies
has been demanded by several researchers. We will give here just afew examples:

e A program consists of several parts such that for different parts different strate-
gies are appropriate. Then in our approach we can attach different strategy ex-
pressions to the parts of the program, such that the evaluation engine can apply
the optimal strategy for each part.

e There are different types of queries posed to the same program. For selective
queries the top-down strategy in the style of SLG will be the best choice. How-
ever, if aquery requires to compute the complete relation for a predicate, it can
be more efficient to restrict the program to all predicates the query depends on
and then compute the complete model of this sub-program by applying an effi-
cient bottom-up strategy.

e Whenever during a goal-directed evaluation a sub-query requires the computa-
tion of the complete relation of a predicate, the eval uation engine can automati-
cally switch to a bottom-up style strategy and apply the corresponding efficient
implementation for this sub-query.

e A program may be based on base relations that are stored in an external system
and may change from time to time. Depending on the current extension of the
base relations different strategies may be appropriate.

e In a distributed environment several parts of a program may be evaluated at
different locations by different processors. Each processor may select the eval-
uation strategy best suited for its conditions. For instance, processors relying
on base relations in external systems should use a set-oriented strategy that is
compatible with the page-oriented access methods for the external system. Pro-
cessors specialized on finding single answers quickly, e.g. for existential queries,
should apply a depth-first search strategy processing tuple-at-a-time.

Example 11.5.2 (Experimental Results) Consider again the program of Exam-
ple 6.2.14. In Figure 11.1 the results of four evaluation strategies can be seen.

e For the ground modelcomputation the program has been grounded using the
least fixpoint computation according to Lemma 5.2.4, implemented by therela-
tional algebra described in Section 8.1. To the ground program we applied the
optimized remaindestrategy of Example 6.2.12.

¢ For the magic computation we applied the magic set transformation w.r.t. the
query p(a), then applied the relational grounding. Finally, we applied the well-
founded remaindestrategy of Definition 7.3.10.
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Figure 11.1: Experimental Results: Ground and Non-Ground Strategies

e For the non-ground modetomputation we applied the standard SLG strategy
of the non-ground transformation for the query p(X), using the queue based
implementation described in Section 10.1.

e Finaly, for the non-ground quergomputation we applied the same SLG strategy
for the query p(a).

For this example we get the result, that the model computation by relational grounding
and ground transformation is much more efficient than by non-ground transforma-
tion for the query p(X'). One possible reason for this result is, that by the relational
grounding only matching operations have to be performed and al the joins are applied
to sets of ground rules. For the transformation the efficient implementation described
in Section 8.2 was used. For the query p(X') in the non-ground transformation many
applications of the instantiationtransformation have to be applied. Many unification
operations are necessary for this strategy.

However, for the goal-directed query answering, in this example for the query p(a),
the goal-directed non-ground transformation is much more efficient then the magic set
based ground transformation. In this example the overhead for computation of the
additional magic predicatesis higher than the optimization by the magic filters. O
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The experiment of Example 11.5.2 illustrates, that depending on the application, differ-
ent strategies can achieve significantly different results. Aswe expected, the relational
grounding connected with the ground transformation is very efficient for the model
computation. However, for applications that need only afragment of the well-founded
model, the goal-directed non-ground transformation is more appropriate.



Chapter 12

Conclusion

In this work we have presented a framework that generalizes all major computation
approaches for the well-founded semantics by using a common data structure and pro-
vides a common language to describe their evaluation strategy. Our framework is
based on a set of program transformations. In thefirst part of thiswork we presented a
rewriting system for ground programs. In the second part we have extended the ground
transformation to a goal-directed computation scheme for non-ground programs.

Among others, we have shown the following results:

e The ground transformation system is strongly terminating and confluent. |.e.,
by applying the transformations to a given program in any order, the uniquely
determined normalform is always reached.

e Asopposedtotheresidua program approach, that may get exponential, we guar-
antee that our transformation system can be applied in polynomial timew.r.t. the
program size.

¢ We have shown that the computation performed by our program transformation
does not need more time than the execution of the alternating fixpoint proce-
dure for this program. For many programs for which the alternating fixpoint
procedure needs quadratic time, the transformation method is linear.

e Our approach is aso applicable to magic set transformed programs and sub-
sumes and even optimizes known magic set extensions of the alternating fixpoint
procedure like the well-founded magic sets method and the magic alternating
fixpoint procedure.

¢ Although the non-ground transformation is not confluent, any irreducible (and
non-floundered) transformation state for a program and a query contains a frag-
ment of the well-founded model that is sufficient to answer the query correctly.

183
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¢ We have shown that for a large class of computations of the SLG resolution
the non-ground transformation is able to perform exactly the same computation.
Further, we have shown that by our non-ground transformation queries can be
answered, for that the SLG resolution gets floundered or does not terminate.

¢ We have defined a regul ar-expression-like syntax to declaratively describe eval-
uation strategies just by specifying orders of program transformations. We have
shown that many of the known algorithms can be specified as a specia case of
our transformation system.

e We have provided algorithms that allow to efficiently implement the transforma-
tion framework.

e We have illustrated by experimental results, that the theoretical comparisons
carry over to the prototype implementation.

Although we have implemented the transformation using an efficient queue based al-
gorithm, we do not intend to completely replace existing implementations. Our imple-
mentation is a good tool to apply different strategies to the same application and find
an optimal strategy expression in thisway. However, if fragments of the final strategy
expression coincide with a strategy for which specialized implementations exist, then
these implementations can be applied to execute the corresponding part of the strat-
egy. We have illustrated that for instance the computation of the complete model for
aprogram can be more efficient, if arelational implementation of the grounding algo-
rithm in combination with the efficient queue based ground transformation is used. If
a tuple-oriented top-down evaluation is required as part of another strategy, the SLG
resolution is a good candidate. Another algorithm for the separate evaluation of sub-
goals using relations and magic set techniques is described in [ZF96]. The strength of
our framework lies in the possibility to specify a mixed strategy within one applica
tion and let the optimizer identify predefined strategy expressions and call specialized
implementations for these fragments.

The framework allows aso to prove the correctness of combined implementations:
whenever a part of the algorithm can be described as a sequence of transformations,
possibly using our regular expression syntax, the correctness of the complete system
follows easily. It remains only to show that an irreducible state in the sense of the
transformation system will be reached, i.e., that al transformations that are applicable
are applied eventually.

The results of this work are already used as a basis for the ULTRA logic language
[WF97, WFF98, FWF00, Wic00], where updates and transactions are defined based
on the well-founded semantics.

One topic of ongoing work will be the extension of the transformation framework to
programs with aggregation [VG92, Lef94, KR98]. Aggregation is a concept that is



185

useful for many practical applications, and has many properties in common with the
concept of negation. There are also extensions of the well-founded semantics [DO97,
0J97, 0J99] suited for programs with aggregation that should be considered in this
context.

This aso concerns the new SQL 1999 standard [IS0O99, EM99]. It describes arela
tional query language containing recursion, negation, and aggregation. For the eval-
uation of such queries containing recursion and negation, all the results of this thesis
may be applicable. Thus, if these concepts can be brought together, the result will be
of amajor practical relevance.
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