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Many real world problems can be modeled with geometric intersection graphs. A
(geometric) intersection representation of a graph G = (V,E) is a family {R, },ev
of geometric objects such that two geometric objects R, R, intersect if and only
if the corresponding vertices u, v are adjacent in G. The most prominent class
of intersection graphs are interval graphs, which have representations consisting
only of intervals on the real line. Interval graphs have applications in genetics,
scheduling, archaeology and many more fields. The recognition problem asks the
question whether a given graph belongs to a certain graph class.

Two natural generalizations of the recognition problem are the partial represen-
tation extension problem and the simultaneous representation problem. In the partial
representation extension problem one is given a graph G and a partial represen-
tation, i.e., a representation of a subgraph of G. The question then is whether the
partial representation can be extended to the whole graph G without changing the
given partial representation. In the simultaneous representation problem one is
given multiple graphs G;, ..., Gk that can have shared parts, and the question is
whether there are representations of all input graphs such that shared vertices are
represented by the same geometric objects. Often the sunflower case is considered,
where the shared part of any two input graphs is the same.

We determine the complexity of the partial representation extension problem
and the simultaneous representation problem, especially in the sunflower case for
various intersection graph classes. We also improve the running time for various
intersection graph classes. In particular, we show that the partial representation
extension problem for circular-arc graphs is NP-complete and that the simultaneous
representation problem for interval graphs can be solved in linear time in the
sunflower case, answering open questions from 2014 and 2010.
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Many real world problems can be modeled with graphs. For example, street net-
works can be modeled with vertices for crossings and edges for street-segments
between crossings. In most applications these graphs follow some restrictions. The
graphs modeling street networks are for example mostly planar which means that
each vertex can be assigned a point in the plane and each edge can be drawn as a
curve between the points of its incident vertices such that the curves of two edges
do not cross and share only endpoints (for street networks, this model breaks at
bridges). Small graphs are usually depicted with planar graph drawings if possible;
see Figure 1.1a. It is therefore useful to consider corresponding graph classes. Planar
graphs are the most prominent graph class.

In this thesis, we consider geometric intersection graphs where the vertices cor-
respond to geometric objects and are adjacent if their geometric objects intersect.
For example, interval graphs (INT) are graphs where each vertex can be assigned
a closed interval on the real line such that two vertices are adjacent if and only if
their intervals have a common point; see Figure 1.1b. Such an assignment is called
an (interval) representation. A well-known subclass of interval graphs are proper
interval graphs (PINT), which are graphs with a proper interval representation
where no interval strictly contains another one; see Figure 1.1c. A special case are
unit interval graphs (UINT) which have a unit interval representation where all
intervals have length 1; see Figure 1.1d.

Often, the availability of a geometric representation makes computational prob-
lems tractable that are otherwise NP-complete, e.g., maximum clique and coloring
can be solved in polynomial time for interval graphs [Gar+80; Hsu85].

Many intersection graph classes occur naturally in various fields. The most promi-
nent class are interval graphs. They have been considered in the study of population
biology [PLC91], genetics [Ben59; Zha+94], temporal reasoning [GS93], resource

Figure 1.1: (a) A graph, with (b) an interval representation, (c) a proper interval represen-
tation, (d) a unit interval representation.



Introduction

R G R*
a
b a c

a b

Figure 1.2: Partial representation R’ of interval graph G. The interval representation R*
is not an extension of R’. There is no extension of R’ to G since there is no point of the
interval for b that the interval for ¢ can intersect without intersecting the interval for a.

allocation and scheduling [Bar+01; Kol+07], information retrieval [Gho72] and ar-
chaeology [Ken69]. Moreover, the subclass of proper interval graphs, also known as
indifference graphs, has been considered in mathematical psychology [Rob70]. For
applications of other intersection graphs, we refer to the book of Golumbic [Gol04].

Interval graphs received much attention after it was discovered that genes may
overlap [Ben59; Zha+94]. A linear model of genes could be confirmed by deter-
mining overlaps of (mutant) genes and checking whether the corresponding graph
is an interval graph [Ben59]. Such a check is the recoginition problem. That is, to
decide whether a given graph belongs to a certain graph class and if so, to provide
a corresponding representation. In algorithmic graph theory, we generally ask for
efficient algorithms for recognition problems. We write REcoc(X) for the recogni-
tion problem for the graph class X. For interval graphs, the first polynomial-time
algorithm for REcoG(INT) was introduced in 1965 by Fulkerson and Gross [FG65].
Table 1.1 gives an overview in column RecoG(X). For most of the recognition
problems linear-time or at least quadratic-time algorithms are known.

1.1 Partial Representation Extension

A natural generalization of the recognition problem is the partial representation
extension problem, where besides a graph G also a representation R’ of a subgraph H
of G is given and the question is, whether there is a representation R of G which
coincides with R" on H. Note that for such an extension to exist for intersection
graphs, it is necessary that H is an induced subgraph of G. The problem was first
considered for planar straight-line drawings [Pat06]. Starting about ten years later,
other drawing styles where considered: Angelini et al. [Ang+15] gave a linear-time
algorithm for planar topological graph drawings. More recently, the problem has
also been considered for simple topological and 1-planar drawings [ADP19; Eib+20].

For intersection graphs, the problem was introduced by Klavik et al. [Kla+17a]
at a similar time. We follow the notation of Chaplick, Fulek and Klavik [CFK19]
and denote the partial representation extension problem for a class X of inter-
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section graphs by REPEXT(X). Figure 1.2 shows a simple example of a partial
representation of an interval graph G that can not be extended to G. The recogni-
tion problem is the special case where the given partial representation R’ is empty.
Hence, REPExT(X) is NP-hard if REcoG(X) is NP-hard. Table 1.1 shows established
results for the partial representation extension problem for intersection graphs in
column REPEXT(X). The only major intersection graph class for which the problem
was open prior to this thesis are circular-arc graphs [KW17]. For all other classes
polynomial-time algorithms are known, except for chordal graphs, for which the
problem is NP-complete [Kla+15]. Only for interval graphs a linear-time algorithm
is known [Kla+13]. The partial representation extension problem has also been
considered for contact representations [Cha+14], and rectangular duals [Cha+21].

The partial representation extension problem for unit interval graphs can be
generalized to the bounded representation problem, where lower and upper bounds
are given for individual intervals [Kla+17a]. The partial representation extension
problem is the special case where for each predrawn vertex the lower and upper
bound are set to the endpoints of the corresponding unit interval.

1.2 Simultaneous Representation

Another generalization of the recognition problem is the simultaneous representation
problem. A simultaneous graph is a k-tuple G = (Gy, ..., Gi) of graphs. Here the
graphs are vertex-labeled and may have vertices and edges in common. This
is contrary to the common perspective of graph theory where one is often only
interested in the structure of a graph and thus usually assumes that given graphs are
vertex-disjoint. We often call Gy, . . ., G input graphs. A simultaneous representation
R = (Ry, ..., Ry) of the simultaneous graph G is a k-tuple of representations of the
graphs Gi, . . ., Gk such that each vertex v that is shared by two graphs G; and G; is
represented by the same geometric object in R; and in Rj; see Figure 1.3.

The simultaneous representation problem asks whether a given simultaneous
graph has a simultaneous representation. We assume that each input graph is given
separately. We write SIMREP(X) for the simultaneous representation problem for
the graph class X.

Like the partial representation extension problem, the simultaneous representa-
tion problem has first been studied in the context of graph embeddings (starting
2006) where also shared edges have to be represented by the same arc. This is in
many cases NP-complete [ALN14; Est+07; Gas+06; Sch13]; see Blasius et al. [BKR13]
and Rutter [Rut20] for surveys.

For intersection graphs, the simultaneous representation problem was introduced
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Figure 1.3: A simultaneous interval graph G = (G, G2, G3) and a simultaneous interval
representation of G. The simultaneous graph G is actually a sunflower simultaneous graph
with shared graph S = ({b, d, g}, {dg}) (black).

by Jampani and Lubiw in 2012 [JL12]. In general, the simultaneous representation
problem is NP-complete in all known cases; see the last column of Table 1.1. In light
of the NP-hardness results, it is thus interesting to consider a special case where the
interaction of the input graphs is less arbitrary. We define the intersection of two
graphs G,Has GNH = (V(G) N V(H),E(G) N E(H)). A sunflower (simultaneous)
graph is a simultaneous graph G = (Gy, ..., Gy) where Gy, ..., G pairwise have
the same intersection, i.e., there is a graph S with S = G; N G| for each i # j. We
call S the shared graph of G. We often consider the sunflower case of a simultaneous
representation problem, which restricts the input to sunflower simultaneous graphs.
In this case, the question is whether S has a representation that can be simultane-
ously extended to each of Gy, ..., G¢. Note that for k = 2 the simultaneous graph

G = (G1,G,) is always a sunflower simultaneous graph. We write SIMREP% (X) for
the sunflower case of SIMREP(X). For the case with k = 2 input graphs we write

SIMREP*=2(X). Known results for StvRep® and StMREPF=? are shown in the corre-
sponding columns in Table 1.1. Jampani and Lubiw [JL12] showed that it is possible
to recognize simultaneous chordal graphs with two input graphs in polynomial
time, and further gave polynomial-time algorithms for recognizing simultaneous
comparability graphs and permutation graphs in the sunflower case. They further
showed that SIMREP%(CHORDAL) is NP-complete even for three input graphs. In
another paper [JL10] they gave a polynomial-time algorithm for SIMREPF=?(INT),
which was improved to linear time by Blasius and Rutter [BR16]. However, the
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sunflower case remained open. Chaplick et al. showed that SIMREP@(CIRCLE) is
NP-complete, leaving SIMREP*=2(CIRCLE) open. The simultaneous representation
problem has also been considered for rectangular duals [Cha+22].

In some cases, REPEXT(X) can be reduced to the corresponding simultaneous
representation problem SIMREP(X) with two input graphs, by letting one input
graph be the original graph H and constructing the second input graph in such
a way that it has a combinatorially fixed representation that enforces the partial
representation of H on a combinatorial level. For example, REPExT(INT) can be
reduced in linear time to SIMREP(INT) with two input graphs by a result of Blasius
and Rutter [BR16]. We provide a similar result in Theorem 5.11. However, such
a reduction may fail if the partial representation contains critical elements like
intersections in a single point that cannot be enforced combinatorially. Note that
SIMREP*=?(CHORDAL) is solvable in polynomial time while REPExT(CHORDAL)
is NP-complete, meaning it is unlikely that such a reduction would work for chordal
graphs.

The sunflower case of SIMREP fits in nicely with other problems for intersection
graphs. Golumbic et al. [GKS95] introduced the graph sandwich problem for a graph
class X. Given a vertex set V and edge sets E; C E; C (‘2/) it asks whether there
is an edge set E with E; € E C E, such that the sandwich graph G = (V,E) is

in X. Jampani and Lubiw showed that if X is an intersection graph class, then

StvREp™® (X) is a special case of the graph sandwich problem where (V, E; \ E;)
is a k-partite graph [JL12]. This does not hold if the intersection representation
has additional restrictions, e.g. for proper interval graphs. Sunflower simultaneous
(unit) interval graphs are a generalization of probe (proper) interval graphs, where
each input graph has only one non-shared vertex. Probe interval graphs and proper
probe interval graphs can be recognized in linear time [MN09; Nus14].

1.3 Overview and Results

In this thesis, we consider various geometric intersection graphs besides inter-
val graphs, namely circular-arc graphs (CA), circle graphs (CIRCLE), permutation
graphs (PERM), trapezoid graphs (TRAPEZ), and function graphs (FUN), where the
representations may use arcs on the unit circle, chords of the unit circle, line-
segments between two parallel lines, trapezoids with their bases on two parallel
lines, and continuous functions f: [0,1] — R, respectively; see Figure 1.4. The
representations of circle graphs are called chord diagrams.

We do not consider intersection graph classes where the recognition is NP-hard
like unit disk graphs [BK98], intersection graphs of axis aligned rectangles [Kra94]
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G circular-arc representation chord diagram

o S 9 o

permutation representation  trapezoid representation function representation

Figure 1.4: A graph G and different representations of G.

or string graphs [Kra91]. For them REpExT and StMREP™ are also NP-hard since
these problems generalize REcog. This leaves us with representations that are in
some sense one-dimensional.

Two related graph classes are chordal graphs (CHORDAL) and comparability
graphs (COMP). A graph is chordal if it has no cycle of length 4 or more as an
induced subgraph (that means all such subgraphs have chords). Chordal graphs
can also be considered as intersection graphs of subtrees of a tree in the sense
that a graph G = (V, E) is a chordal graph if and only if there is a tree T and an
assignment of subtrees T, for each vertex v € V such that two vertices are adjacent
if and only if their subtrees share a node of T. For example, interval graphs are
chordal graphs. A graph G = (V, E) is a comparability graph, if it has a transitive
orientation, which is an assignment of directions to the edges of E such that if there
is an edge directed from a to b and an edge directed from b to ¢ then the edge ac
must exist and it must be directed from a to c. Interval graphs, permutation graphs,
trapezoid graphs and function graphs are complements of comparability graphs
since their representations naturally order non-adjacent vertices. For example, the
permutation representation of Figure 1.4 has the line-segment for a left of the line-
segments for d and e, the one for c left of the one for e and the one for b left of the
one for d. By directing the edges of the complement G in that sense from the left to
the right, we obtain a transitive orientation. Interestingly, a transitive orientation of
a comparability graph can be computed in linear time [MS97], while testing whether
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Figure 1.5: Circular permutation representation of C, the cycle of size 6.

the orientation actually is transitive is as difficult as a matrix multiplication [Spi85].
Namely, one can multiply the adjacency matrix of the directed graph with itself
to obtain all edges that are implied. If all of them exist in the original directed
graph, then the orientation is actually transitive. Function graphs are precisely
the complements of comparability graphs [GRU83] since their representations
correspond to realizers of transitive orientations of their complement as posets.
Since the complement of a graph G = (V, E) can be computed in O(|V|?) time, they
can be recognized in the same time as comparability graphs.

We also consider subclasses of interval graphs and circular-arc graphs and other-
wise related intersection graph classes. For circular-arc graphs there are additional
properties which yield a manifold of subclasses that we discuss in Chapter 3. The
considered properties for the representations are unit, proper, normal and Helly,
where unit requires all arcs to have the same length, proper requires that no arc
strictly contains another arc, normal requires that no two arcs cover the circle,
and Helly requires that no three arcs cover the circle while in normal position
(In general, a family of geometric objects has the Helly property if any subfamily
with pairwise non-empy intersection has an element contained in each object.
Circular-arc representations are Helly if this property is satisfied for all subfamilies
of size three). These properties can be combined in various ways. We use letters
U, P, N, H, respectively, in front of CA to indicate the properties of the considered
subclass.

We also consider circular permutation graphs (CPERM), which are intersection
graphs of curves between two concentric circles that pairwise intersect at most
once; see Figure 1.5. Note that all permutation graphs are circular permutation
graphs.

The goal of this thesis is to study REPEXT and the variants of SIMREP for inter-
section graph classes. Especially, we aim to solve open problems and improve the
running times for known results. To solve these problems, we need new structural
insights for various representations.
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Introduction

This thesis consists of two parts. In the first part, we consider the partial rep-
resentation problem for intersection graphs. A typical approach is to use a data
structure D that compactly describes all representations of the input graph G and
to use it to efficiently test whether one of them extends the partial representation.
Sometimes this is done by computing a restricted data structure that describes all
representations of the predrawn graph H that can be extended to G. Such a data
structure is typically obtained by starting with data structure D and keeping only
the information relevant to the representation induced on H. Then an extension
of the partial representation exists if the partial representation is described by the
restricted data structure.

We show that REPEXT is NP-complete for circular-arc graphs, the last major
intersection graph class for which the complexity was unknown. We further
improve the running time for several other intersection graph classes.

In the second part, we consider the simultaneous representation problem for
intersection graphs. A typical approach is to construct a constrained data structure
that compactly describes all representations of a shared graph H of a sunflower
simultaneous graph G = (Gy, ..., Gi) that extend to each of Gy, . . ., Gx. With such a

data structure we can solve SIMREP™ by just checking whether the set of described
representations is non-empty. If so, we obtain a simultaneous representation by
solving REPEXT for each input graph with the same described representation of
the shared graph. A constrained data structure is typically a generalization of
the corresponding restricted data structure that is closed under intersection in the
sense that given two such data structures D;, D,, one can compute a third one
D; N D, that describes precisely those representations that are described by D;
and D,. This generalization is typically achieved by adding constraints to the
data structure. Then the desired data structure is obtained by intersecting the k

restricted data structures for Gy, . .., Gx. We determine the complexity of SIMREPEgg
for several intersection graph classes. We further improve the running time for
some intersection graph classes. We also show that SIMREP is NP-complete for all
considered graph classes.

Tables 1.2 and 1.3 give an overview of our results. In the following we give an
overview of the individual chapters.

Part I: Partial Representation Extension

Chapter 3: Partial Representation Extension for Circular-Arc Graphs. We
show that REPExT(CA) is NP-complete even if the predrawn arcs have pairwise
distinct endpoints. This closes the gap for the partial representation extension prob-
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lem since circular-arc graphs were the last major graph class for which the problem
was still open [KW17]. The question for this result reaches back to 2014 [Kla+14].
From this result we derive that SIMREP*=2(CA) is also NP-complete; see Part II.
We also determine the complexity of REPEXT for most subclasses of CA, leav-
ing only REPEXT(PCA) open. For unit circular-arc graphs and Helly circular-arc
graphs we show NP-completeness of the representation extension problem. For
RePEXT(NPHCA) and ReEPExT(PHCA) we provide linear-time algorithms. For
RePExT(NHCA) we provide an O(n?)-time algorithm. For REpPExT(HCA) we pro-
vide an O(n®)-time algorithm if the endpoints of all predrawn arcs are pairwise
distinct. This is surprising in face of our NP-completeness result for the case where
that restriction is not made since generality properties like this are often assumed.

Chapter 4: Partial Representation Extension for Circle Graphs. We provide
an algorithm that solves REPEXT(CIRCLE) in near-linear time, improving over
the O(n®)-time algorithm by Chaplick et al. [CFK19]. This matches the fastest
known recognition algorithm. Given a chord diagram of the input graph, our
algorithm runs in linear time.

For our algorithm we develop a data structure with a bijection between its con-
figurations and the representations of the corresponding circle graph. This answers
a question of Chaplick et al. [CFK19] and Kalisz et al. [KKZ19].

Chapter 5: Partial Transitive Orientation Extension. We show that, if the
input graph G is a comparability graph, then REPExT(COMP) can be solved in lin-
ear time, improving over the O((n + m)A)-time algorithm of Klavik et al. [Kla+12].
Since the recognition is possible in the time for a matrix multiplication [Spi85]
this yields a running time in O(n?3*”®) [AW21]. For REpExT(PERM) we achieve
a linear running time, improving over the O(n®)-time algorithm of Klavik et
al. [Kla+12]. For REPExT(CPERM) we obtain a linear-time algorithm by a reduction
to REPExT(PERM).

Part II: Simultaneous Representation

Chapter 6: Sunflower Simultaneous Interval Graphs. We show that the prob-
lem SIMREPEgS(INT) can be solved in linear time, while the problem was open

1 follows directly from SIMREP(PERM) being NP-complete
2 Apply the reduction of Bok and Jedli¢ckova for INT, PINT or UINT [B]18]
3 ifall predrawn arcs have distinct endpoints, the problem is solvable in O(n?) time by Theorem 3.21

11
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Table 1.3: Known runtimes for subclasses of major graph classes and CPERM. For SIMREP®
wesetn =, |[V(G;)|andm = }}_; |E(G;)|. Here The results for SIMREP*=? always match

those for SIMREP™ . New results have a green background and have been open before.

X RecoG(X) REPEXT(X) StMREP™ (X) | StMREP(X)
PINT O(n + m)[PDOS] O(n + m) [Kla+17a] O(n + m)Thm. 7.6 NPCThm. 7.24
UINT O(n + m)[PDOB] O(nZ) [Kla+17a] O(nm)Thm. 7.23 NPCThm. 7.25
CPERM | O(n+ m)[Sri%] O(n+ m)Thm. 5.9 O(nZ)Thm. 9.17 NPc!
PCA O(n + m) KNI open open NPc?
NPCA | O(n + m)KN0] poly. [BHZIE] open NPc?
UCA O(n + m)[E508] NP Thm. 3.4 open NPc?
HCA O(n + m)[Ls0e] B open NPc?
NHCA | O(n+m)IS%1 | O(pn3)Thm 3.19 open NPc?
PHCA | O(n+m)ISS7 [ O(n + m)Thm 311 open NPc?
NPHCA | O(n +m)IESS71 | O(n + m)Thm- 38 open NPc?

before and only (linear-time) solutions for REPEXT(INT) and SIMREP*=2(INT) were
known [BR16; Kla+13]. This answers a question of Jampani and Lubiw [JL10]
from 2010.

Chapter 7: Simultaneous Proper and Unit Interval Graphs. We show that

StMREP® (PINT) can be solved in linear time and that StMREPY (UINT) can be
solved in O(|V (U @)| + |E(UU G)|) for a given sunflower simultaneous graph G.

Chapter 8: Simultaneous Circle Graphs. We show that SIMREPﬁ(CIRCLE) can
be solved in polynomial time if the shared graph of the given sunflower simul-
taneous graph G is connected. We complement this result by strengthening the

NP-completeness of SIMREP®(CIRCLE) for G (with disconnected shared graphs)

to NP-completeness of SIMREPE@(CIRCLE) with three input graphs. This narrows
the gap for simultaneous circle graphs to SIMREP¥=?(CIRCLE).

Chapter 9: Simultaneous Transitive Orientations. We improve the running
times for SIMREP@%(COMP) and StMREP® (PERM) from O(nm) and O(n?) to linear,

if the input graphs are comparability/permutation graphs. For StMREP™® (FUN) we
obtain a quadratic-time algorithm if the input graphs are function graphs. We also

solve SIMREPEg(CPERM) in quadratic time.



We assume that the reader is familiar with basic notations and concepts in graph
theory and algorithms, as covered e.g. in the books of Diestel [Die12] and Cormen
et al. [Cor+09]. In this chapter we introduce less common notations and concepts.

Forn e Nweset [n] = {j € N |1 < j < n}. We write a(-) for the inverse
Ackermann function. Unless mentioned otherwise, all graphs in this thesis are
simple and undirected. We write G[U] for the subgraph of a graph G = (V,E)
induced by a vertex set U C V.

Let T be a rooted tree and let i be a node of T. We write T[u] for the subtree
of T with root y and L(y) for the leaf-set of T[x]. Let the lowest common ancestor
of a set N € V(T) be denoted by Icar(N). Let L be a set and let L’ € L. The
ordering <’ of L’ is induced by a linear ordering < of L, if wehavea <’ b & a <b
foralla,b e L.

Let G = (V,E) be a graph. For a vertex u € V let N[u] denote its closed neigh-
borhood {v | uv € E(G)} U {u}. If N[u] =V, we call u universal.

We define the intersection of two graphs G, Has GNH = (V(G)NV(H),E(G) N
E(H)). We further set G\ H = (V(G) \ V(H), ("OV) n (E(G) \ E(H))) and
GUH = (V(G)UV(H),E(G) UE(H)).

2.1 Intersection Graphs and Problems

The intersection graph of a family R of sets is a graph with a vertex v4 for each
element A € R where two vertices v4, vp are adjacent if and only if A and B share
a point, that is, if AN B # (. We only consider geometric intersection graphs where
the family R consists of geometric objects, that is, subsets of RY for some d € N that
are typically connected. For a given class C of geometric objects, e.g. intervals, a C-
representation of a graph G = (V, E) is a family {C, },ey € C with G as intersection
graph. We also describe this by saying that G is an intersection graph of objects in C
(e.g. an intersection graph of intervals). We sometimes consider a C-representation
R = {C, }vev as a function R: V — C: v — C,. Especially, we denote the geometric
object corresponding to a vertex v by R(v) or e.g. by R'(v) for a representation
R’. Note that we mentioned chordal graphs, which are not geometric intersection
graphs but intersection graphs of subtrees of a tree. Some geometric intersection
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graph classes are defined with additional restrictions on the representation. For
example, proper interval graphs are graphs with an interval representation where
no interval is strictly contained in another one. Note that this is not enforceable
by the choice of C. That is, while one can actually enforce the graph class with
unit intervals, one cannot enforce that the representations are precisely the proper
interval representations. For a class of representations Xz, we call the elements
Xg-representations.

The recognition problem for a graph class X asks whether a given a graph G
belongs to X. If G belongs to X and X is defined via a class of representations X,
then the output should also contain an Xg-representation of G. We write REcoc(X)
for the recognition problem for a graph class X. Technically, a graph class is
only determined by which graphs are in it, which means that distinct classes of
representations can yield the same graph class X. In that case, it is implied that Xg
is the class of representations associated with the name used for X. For example,
we ask for a proper interval representation of the input graph G in REcoG(PINT)
and for a unit interval representation in REcoG(UINT), even though it is well
known that PINT = UINT. Namely, every unit interval representation is also a
proper interval representation and every proper interval representation can be
transformed into a unit interval representation of the same graph. The same holds
for the other problems we consider (REPExT, SIMREP) where the representation can
change whether a given instance is a yes- or no-instance. We accept this formal
issue for the sake of consistency with the literature, e.g. [CFK19].

Let X be a class of graphs with a representation in a representation class Xz using
geometric objects in class C. Let G be a graph with an Xg-representation R and
an induced subgraph H. Then R induces the Xg-representation R|y: V(H) — C,
v — R(v). We also say that R extends the induced representation R|y to G. In
the partial representation extension problem for X we are given a graph G and a
representation R’ € Xy of a subgraph H of G. The question is, whether G has
an Xg-representation R that extends R’ to G. We call R’ a partial representation
of G. The recognition problem is the special case where R’ is empty. Let the partial
representation extension problem for a graph class X be denoted by REPEXT(X).
As mentioned above, the set Xz of allowed representations is implied by the name
used for X. We sometimes call G the input graph and we say that the vertices of H
and the objects in R’ are predrawn. Likewise, we call H the predrawn graph.

A simultaneous graph G = (Gy, ..., Gg) is a k-tuple of graphs that may share
vertices and edges. We call the graphs Gy, .. ., G input graphs. We further define
the union graph for G as | J G = U{;l G;. For i € [k] we call the vertices of G; that
are not contained in any other input graph the private vertices of G;.

The simultaneous graph G is a sunflower (simultaneous) graph, if there is a graph S
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such that for any two input graphs G;, G; we have G; N G; = S with S being an
induced subgraph of G; and of G;. We call S the shared graph of G and the vertices
of S shared vertices.

Let X be a class of representations. A simultaneous Xg-representation R =
(R1, ..., Rk) of a simultaneous graph G is a k-tuple of Xg-representations of the
graphs Gy, . .., Gg such that for each vertex v in the intersection of two graphs G;
and Gj it is R;(v) = R;j(v). If G has a simultaneous Xp-representation, we call it
a simultaneous X -graph, or sunflower (simultaneous) X -graph if it is a sunflower
graph. Let X be a class of graphs with a representation in a representation class
Xg. In the simultaneous representation problem for X we are given a simultane-
ous graph G = (Gy, ..., Gy) and the question is, whether G has a simultaneous
Xg-representation. In the sunflower case, the input is restricted to sunflower simul-
taneous graphs. Let the simultaneous representation problem for a graph class X

be denoted by SIMREP(X) and let the sunflower case be denoted by StMREP® (X).
In both problems the number k of input graphs is part of the input. Let the simul-
taneous representation problem for X with a fixed number of ¢ input graphs be
denoted by SIMREPF=¢(X).

2.2 PQ-Trees

Throughout this thesis, we will often use PQ-trees [BL76; Boo75]. A PQ-tree is a
data structure that represents linear orderings of a ground set that satisfy a set of
consecutivity constraints.

Formally, a PQ-tree T on a ground set L of leaves is a rooted ordered tree where
each inner node is either a P-node or a Q-node. P-nodes are depicted as circles,
Q-nodes as rectangles in Figure 2.1. The order of the leaves of T is the order induced
by a preorder traversal of the tree and also called the frontier of T denoted by fr(T).
A PQ-tree T’ is equivalent to T, if it can be obtained from T by arbitrarily reordering
the children of P-nodes and by reversing the order of the children of any subset
of Q-nodes. Note that reversing the order of the children of a Q-node A does not
change the order of the children of any child of A. For each inner node y we say we
flip pr, when we reverse the order of its children.

A PQ-tree represents a linear ordering < of L if < is the order of the leaves of
any equivalent PQ-tree. We write R(T) for all linear orderings of L represented
by T. Given a set L and sets Ly, ..., L, C L, a PQ-tree that represents precisely those
orders of L where each of the subsets Ly, ..., L, is consecutive can be computed in
(IL|+ X, |Lil) time [HMO3].

For an inner node y of a PQ-tree, let L(y) denote the leaves of subtree T[p].

15



16

Preliminaries

T T/ T//
a b e a b e a b e
c d d c d c

Figure 2.1: A PQ-tree T, an equivalent PQ-tree T’ where the leaves a, b, ¢, d, e are consecu-
tive, and a reduction T”" of T with {a, b, ¢, d, e}. We depict P-nodes as circles and squares
as Q-nodes. T” can be obtained from T’ by merging the nodes along the thick path after
splitting the gray P-nodes. This results in nodes with only two children, which we consider
as Q-nodes.

For a leaf y let L(p) = {u}. We say that a node v of T is left of a node A in T if v
comes before A in a preorder traversal. However, the order of a node and one of
its ancestors will never be relevant in this thesis. The null-tree is a special PQ-tree
that represents an empty set of linear orderings.

Given a PQ-tree T on the set L and a subset L’ C L, there exists a PQ-tree T’,
called the projection of T to L', that represents exactly the linear orders of L that
are restrictions of orders in R(T). For any two PQ-trees Ty and T; on the set L, there
exists a PQ-tree T with R(T) = R(T;) N R(T»), called the intersection of Ty and T5.
Both the projection and the intersection can be computed in O(|L|) time [Boo75].
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In this part we consider the partial representation extension problem. In many cases,
the key to solving the partial representation extension problem is to understand
the structure of all possible representations. This can be useful for checking the
compatibility with a partial representation. For interval representations, the basis
for this is the characterization of Fulkerson and Gross [FG65], which establishes a
bijection between the combinatorially distinct interval representations of a graph G
on the one hand and the linear orders < of the maximal cliques of G where for
each vertex v the cliques containing v appear consecutively in < on the other
hand. This not only forms the basis for the linear-time recognition by Booth and
Lueker [BL76], but also shows that a PQ-tree can compactly store the set of all
possible interval representations of a graph. The partial representation extension
problem for interval graphs can be solved efficiently by searching this set for one
that is compatible with the given partial representation. [Kla+13]. We tackle various
RePEXT problems with a similar approach, though the details will vary considerably.

Since the problem is solved for interval graphs, the most prominent intersection
graphs, we start with circular-arc graphs, which are defined similarly to interval
graphs. The complexity of REPEXT for circular-arc graphs was an open question
since 2014 [Kla+14]. We then continue with the similar graph class of circle graphs
and finally consider comparability graphs and closely related graph classes. For
some subclasses of circular-arc graphs we use an approach similar to the approach
for interval graphs by resolving difficulties resulting from the circular structure. For
circle graphs we adapt split trees to obtain a bijection between their configurations
and the chord diagrams of graphs. From this we construct a data structure that
expresses all extendable chord diagrams of the predrawn subgraph. For compara-
bility graphs and permutation graphs we divide the problem along the modular
decomposition into smaller partial representation extension problems that can be
solved using the structural properties provided by the data structure.
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This chapter is based on joint work with Fiala, Rutter and Zeman [Fia+22].

We show that the partial representation extension problem is NP-complete for
circular-arc graphs, the last major graph class for which the problem was still
open [KW17]. This answers a question of Klavik et al. from 2014 [Kla+14].

Additionally, we analyze the partial representation extension problem for several
subclasses of circular-arc graphs; see Figure 3.1b. Surprisingly, for Helly repre-
sentations, the complexity hinges on the seemingly irrelevant detail of whether
the predrawn arcs have distinct or non-distinct endpoints: In the former case the
problem can be solved in polynomial time, whereas the latter case turns out to be
NP-complete. We note that the classical approach for recognizing Helly circular-arc
graphs [Joe+11; LS06], which uses McConnell’s [McC03] algorithm to construct a
circular-arc representation and transform it to a Helly circular-arc representation,
does not extend to REPEXT. The reason is that such transformations cannot be
exploited in the presence of a partial representation, which cannot be changed.

3.1 Introduction

Despite the fact that circular-arc graphs straightforwardly generalize interval
graphs, the structure of their representations is much less understood. It is not
clear whether there exists a way to compactly represent the structure of all rep-
resentations of a circular-arc graph. There are two structural obstructions to this
aim. First, in contrast to interval graphs, it may happen that two arcs have discon-
nected intersection, namely in the case when their union covers the entire circle.
Secondly, intervals of the real line satisfy the Helly property: any subfamily of pair-
wise intersecting sets has a non-empty intersection. Consequently, the maximal
cliques of interval graphs can be associated to distinct points of the line and also
the number of maximal cliques in an interval graph is linear in the number of its
vertices. In contrast, arcs of a circle do not necessarily satisfy the Helly property.
Namely, K3 can be represented by three arcs that cover the circle while having
an empty intersection. Indeed the number of maximal cliques can be exponential.
The complement of a perfect matching nKj is an example of this phenomenon, see
Figure 3.2b.
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Figure 3.1: (a) Relationships between classes of circular-arc graphs. (b) Relationships
between classes of circular-arc representations. We study the underlined classes. REPEXT
is polynomial for blue*, while NP-complete for red~ and open for black’. The result for
RePEXT(NPCA) € P is due to Bang-Jensen et al. [BHZ18].

= 0 O

Figure 3.2: (a) The graph 3K and (b) its circular-arc representation (the arcs corresponding
to the solid vertices are bold). (c) A non-Helly representation of Kj.

To capture the above properties, which may have substantial impact on ex-
plorations of circular-arc graphs, the following specific subclasses of circular-arc
graphs have been defined and intensively studied [Gav74a; LS09; LSS13; Tuc71]:

« Normal circular-arc graphs (NCA) are circular-arc graphs that have a circular-
arc representation in which the intersection of any two arcs is either empty
or connected.

« Helly circular-arc graphs (HCA) have a circular-arc representation that sat-
isfies the Helly property, i.e., there are no k > 3 pairwise intersecting arcs
without a point in common.

« Proper circular-arc graphs (PCA) are circular-arc graphs that have a circular-
arc representation in which no arc properly contains another.

« Unit circular-arc graphs (UCA) are circular-arc graphs with a circular-arc
representation in which every arc has the same (unit) length.

The above properties can be combined together in the sense that a single repre-
sentation shall satisfy more properties simultaneously, e.g. Proper Helly circular-arc
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graphs (PHCA) are circular-arc graphs with a circular-arc representation that is
both proper and Helly [LSS07]. This is stronger than requiring that a graph is a
proper circular-arc graph as well as a Helly circular-arc graph (with each property
guaranteed by a different representation) since PHCA ¢ PCA N HCA [LSS07].

Analogously, since C4 has a unique representation, the wheel W, is a graph
with a Helly representation (the degree-4 vertex intersects all four intersections)
or a normal representation (it intersects three intersections) but no normal Helly
representation (note that the whole circle is not an arc). Thus also NHCA ¢
NCA N HCA.

Moreover, Tucker [Tuc74] proved that every representation of a proper (Helly)
circular-arc graph that is not normal can be transformed into a normal proper
(Helly) representation. Hence, we have PCA = NPCA and PHCA = NPHCA.
Figure 3.1a shows inclusions between the defined graph classes.

We use an analogous notation for the classes of possible representations, i.e.,
for X € {N,P,H} the symbol XCAp for the class of all XCA representations, see
Figure 3.1b. We note that whether a graph G with a partial representation R” admits
an extension depends crucially on the class of allowed representations, as illustrated
by the example of W, above.

Bang-Jensen et al. claim to show that REPExT(PCAg) € P [BHZ18], but their
proof contains a mistake. Namely, they use a reduction to an extension problem
for specific orientations where they start by orienting edges of G’ as follows. An
edge {u,v} is directed from u to v, if R"(u) contains the counterclockwise endpoint
of R’(v). That means, if R’(u) and R’(v) are in non-normal position, then we obtain
both directions for {u,v}, contradicting the claim that this would result in an
orientation of G’. However, what they actually show is REPExT(NPCAR) € P,
since the extension of R’ to G that they obtain from an extension of the specific
orientation (a locally transitive local tournament) is also normal.

In Section 3.2 we give basic definitions and results. In Section 3.3 we give our
NP-completeness results. The remaining sections are divided by subclass.

3.2 Preliminaries

Universal Pairs and Twins. Two adjacent vertices u,v € V form a universal pair
if N[u] UN|[v] = V. Two vertices u,v € V(G) are called twins if N[u] = N[v]. Itis
possible to find the equivalence classes of twin vertices in linear time [RTL76]. If
vertices u, v are twins and if either u is not predrawn or if both u, v are predrawn
with the same arc, then we remove u and in the final representation we just set
R(u) = R(v). We can thus assume that all twins are predrawn with distinct arcs.
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Cyclic Orders. Let < =y, ...,v,-1 and <’ = u, . . ., u,—1 be two linear orders on a
finite set S. We say that < and <’ are cyclically equivalent if thereisk € {0,...,n—1}
such that v; = u;,x, where the addition is modulo n. Clearly, this is an equivalence
relation on the set of all linear orders on S. A cyclic order < on S is an equivalence
class of this relation. For a linear order <, we denote the corresponding cyclic order
by [<].

Every linear order < on S induces a linear order <’ on a subset S’ C S by omitting

all ordered pairs in which the elements of S \ S" occur. In this case we say that <
extends <’ and similarly that the cyclic order [<] extends [<].
Circular-Arc Representations. A circular-arc representation R of a graph G
is a family of closed circular-arcs on the unit circle (but not the whole circle)
R ={R(w) € S' | v € V(G)} such that R(u) NR(v) # 0 if and only if uw € E(G). We
assume that the endpoints of the arcs in a (partial) circular-arc representation are
given in clockwise order. Note that, for any circular-arc representation R and each
connected component C of a graph G the set | J,cy () R(v) is a connected subset of
the circle. With the following lemma, we can assume that G is connected for Helly
representations.

Lemma 3.1. For X € {HCA,NHCA, PHCA,NPHCA} the problem REPEXT(X)
can be reduced in linear time to REPEXT(X) with connected input graph G.

Proof. Let (G,R’) be an instance of REPExT(X) where G is not connected. If X €
{HCA,PHCA} then we first reduce to the same instance for REPExT(NHCA) or
RePEXT(NPHCA), respectively, since two arcs in non-normal position cover the
whole circle and thus occur only in representations of connected graphs. Hence,
assume X € {NHCA, NPHCA}. If there are predrawn arcs of distinct components,
then we can reduce the instance to an instance of REPEXT(INT) or REPEXT(PINT)
by opening the circle at a point on an empty segment between two predrawn arcs
of distinct components since no arc needs to contain that point. We can then solve
that instance in linear time [Kla+17a; Kla+17b] and are done (for the reduction, we
map to a fixed yes- or no-instance, accordingly).

Otherwise, all predrawn arcs are from the same component C. Then check
whether G is a (proper) interval graph in linear time [BHZ18; DHH96]. If not,
(G, R’) is a no-instance (and we provide a fixed no-instance), since between distinct
connected components there has to be some free space on the circle in any CA
representation and by opening the circle at that point, we get a (proper) interval
representation of G. Hence, we can assume that G is a (proper) interval graph. This
also means that G contains no induced cycle of length greater than 3. Since X-
representations are normal and Helly, this means that there is no X-representation
of G that covers the whole circle.
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We can then provide (C, R’) as instance. If it is a no-instance, (G, R’) is also a
no-instance. Otherwise, we obtain an X representation extension of R’ to G from
an extension of R’ to C by inserting a (proper) interval representation of G — C at a
place on the circle that is not covered by the representation of C.

Hence, except for the NP-completeness proofs in Section 3.3, we assume that the
given graph G is connected.

Let R be a representation of a circular-arc graph G. For a vertex v of G, we refer
to the two endpoints of R(v) as tail R(v); and head R(v);,. We use the convention
of traversing the arc from the tail to the head in the clockwise direction along
the circle. We denote such an arc as R(v) = [R(v)s, R(v)y], and its complement
(R(v)n, R(v):) as R(v)“.

Let R be a Helly representation of a circular-arc graph G. Denote by C the set
of maximal cliques of G. We assign every maximal clique C € C a unique point
cp(C) € (yec R(v) and call it the clique-point of C.

Lemma 3.2 ([Gav74b]). A graph G is a Helly circular-arc graph if and only if
there exists a cyclic order < of its maximal cliques such that for every vertex v, the
maximal cliques containing v appear consecutively in <.

Note that if we distribute clique points on the circle according to a cyclic order <
of Lemma 3.2, then a representation R of G can be obtained by choosing for each
vertex v an arc R(v) that covers exactly the clique-points v belongs to.

A crucial part of the REPEXT(INT) algorithm of Klavik et al. is to find a maximal
clique order represented by a PQ-tree that extends a partial order induced by the
partial representation [Kla+17b]. This can be done efficiently.

Lemma 3.3 ([Kla+17b]). Let T be a PQ-tree on a set L of leaves and let < be a
partial order on L. Let ¢ be the number of comparable pairs in <. Then we can find
a linear extension of < that is represented by T in O(|L| + c) time if any exists.

3.3 NP-Completeness Results

We first show the NP-completeness of REPExT(UCA) and then the NP-completeness
of REPEXT(CA) and REPEXT(HCA). All our reductions will be reductions from the
problem 3-PARTITION [G]75]. In 3-PARTITION, a set S = {si,...,s3,} of positive
integers with a total sum of nt for some t € N is given. The question is whether S
can be partitioned into n disjoint triples whose sum is always ¢.

The problem 3-PARTITION is strongly NP-complete even for instances S with
t/4 < s; < t/2 for eachs; € S [G]75]. In the following, we assume our instances
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Py

Figure 3.3: Example of packing of three paths corresponding to the triple 5+ 3 + 2 = 10.
The predrawn arcs are depicted in bold.

have this property. Note that these size constraints on the values s; ensure that
every subset of S that sums exactly to ¢ is a triple.

3.3.1 NP-Completeness for UCA

The reduction for unit circular-arc representations makes use of the limited space
between predrawn arcs and the fact that paths of certain length cover at least a
certain portion of the circle.

Theorem 3.4. The problem REPEXT(UCA) is NP-complete.

Proof. For a given instance of 3-PARTITION, we construct a unit circular-arc graph G
and its partial representation R’. For technical reasons, we assume that t > 8.

Let Py, denote a path of length 2¢. There exists a unit circular-arc representation
of Pyy = (p1, ..., p2e) such that it spans ¢ + ¢ units, for any 1 > ¢ > 0. To this end,
place intervals for vertices with odd index clockwise with gaps of size ¢/(2(¢ — 1))
between them and every interval p,; as a copy of p,;_; that is shifted clockwise by
€/(2¢). Note that this is actually a unit circular-arc representation of P, and that
this spans ¢ + ¢/(2¢) + ¢/(2¢) = £ + ¢ units. On the other hand, each circular-arc
representation of P, spans more than ¢ units since the ¢ unit intervals for the
vertices with odd index have to be placed disjoint.

Let a, b, ¢ be positive integers such that a + b + ¢ = t. It follows that the disjoint
union of Py, Pyp, and P has a representation such that it spans t + ¢ units, for any
1 > ¢ > 0, and therefore, it can be fit into ¢ + 1 units. On the other hand, it does not
fit into ¢ units.

Let X0, . . ., Xn(1+2)-1 be points of the circle of circumference n(t + 2) that divide it
into n(t + 2) parts of unit length, i.e., vertices of a regular n(t + 2)-gon. The graph
G is a disconnected graph consisting of 4n connected components. For each s;, we
take the path P,;,. We further add an isolated vertex v;, for j = 0,...,n — 1. The
partial representation R’ is the collection {R(v;) : j =0,...,n — 1}, where R(v;) is
the arc of the circle from xj(;42) to Xj(;42)+1 in the clockwise direction.



NP-Completeness Results

The predrawn arcs R(vy), . .., R(v,-1) split the circle into n gaps, where each gap
has exactly t + 1 units. By the discussion above, if the s;’s can be partitioned into n
triples such that each triple sums to ¢, then a representation of the disjoint union of
the paths corresponding to a triple can be placed in one of the n gaps, see Figure 3.3.
If the partial representation R’ can be extended, then we a have partition of the s;’s
into n triples such that each triple sums to t.

The certificate for the membership in NP of an instance G, R’ is a linear order <
on Vi corresponding to the cyclic order of the intervals together with a subset of
edges E’ C Eg. Without loss of generality we assume that the predrawn arcs are
R(v1),...,R(vg).

The following linear program, where for each i € {1,...,n} the variable x;
corresponds to the tail coordinate R(v;); has a feasible solution if and only if R” can
be extended to a unit interval representation R where its cyclic order of intervals
(as the equivalence class) contains <, and where the set E’ specifies pairs of adjacent
vertices with tail coordinates at least £ — 1 apart.

x; = R(v;), forallie{1,...,k}
x; = 0 forallie {k+1,...,n}
xp < ¢ forallie {k+1,...,n}
xj—x; =2 0 ifi < jand (v;,vj) € Eg \ E
xj—x < 1 ifi < jand (v;,vj) € Eg \ E
xj—x; > -1 ifi<jand (v,v;) € F
xj—x; > 1 ifi < jand (v;,v)) ¢ Eg
< -1 ifi<jand (U,‘,Uj)¢EG

3.3.2 NP-Completeness for CA and HCA

The reductions to CA and HCA use predrawn universal vertices to create a limited
number of green dots such that each arc has to contain one of them; see Figure 3.4a.
For CA this construction can be adapted such that shared endpoints are avoided by
using gaps that have to be spanned instead of the green dots; see Figure 3.4b.

Theorem 3.5. The problems REPExT(HCA), REPEXT(CA) are NP-complete.
REPEXT(CA) is NP-complete even if the predrawn arcs have pairwise distinct
endpoints.

Proof. We reduce the strongly NP-complete 3-PARTITION problem [G]75]. Let (S, t)
with S = {sy, ..., s3,} be an instance of 3-PARTITION.
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Figure 3.4: (a) construction for green dots with blue universal arcs (b) the instance of
ReEPExT(CA) obtained from {1, 1,2,2,2,3,3,3,4} of 3-PARTITION (predrawn universal ver-
tices not shown). (c) the corresponding solution (d) variant without shared endpoints.

From S and t we construct a graph G as follows: For the set of vertices we choose
V(G) = {u1,.. ., U@s1)ns V15 - - s Uny W1, « oo, Win, 21, - - -, 230}, Where Uy, ..., U(r4q)n are
universal vertices; vertices vy, ...,0p,Ww1,...,w;, form an independent set in G —
{u1, ..., u@41)n}; and each z; is connected to all of uy,...,ux41), and s; private
vertices among wy, . .., Ws,. We use the universal vertices to restrict the places for
clique points of maximal cliques to (¢ + 1)n points. The vertices vy,...,v, play
the role of blocker vertices that partition the possible clique points. Each vertex z;
corresponds to an element s; € S and allocates its neighbors in {wy, ...,ws,} to one
of the partition sets of possible clique points.

Observe that G has exactly (¢ + 1)n maximal cliques, each identified by a vertex
fromuy,...,vpwy,...,ws,. Moreover, each z; belongs to exactly s; maximal cliques.

Let p1, ..., p(t+1)n be distinct points of a circle ordered in a clockwise direction
(the green points). We set p; = p; for j =i (mod (t+1)n) and 1 < i < (¢t + 1)n. For
each u; let R'(u;) = [pi, pi—1]. For eachv;, let R'(v;) = [p(r+1)i> P(1+1)i], (alternatively
these degenerate intervals could be extended to nondegenerate by expanding them
by % distance of two nearest points p;, pi+1). The partial representation R’ is the
just described representation of the subgraph induced by {uy, ..., u@41)n, 01, .. ., Un},
see Figure 3.4 for an example.

When G allows a representation R extending R’, then each maximal clique with
some w; will be placed on some point p; where j # 0 (mod t +1). Moreover clique
points corresponding to some z; must be consecutive and do not correspond to any
other z; or any v;.

Therefore the set system {{s;: R(z;) N {p+1)j41>-- - Pe+1)j4ty # O} : j €
{1,...,n}} yields the desired partition of S. A construction of the representation
from the set system is straightforward.
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To argue that this reduction works also for NP-hardness of REPExT(CA) observe
that we did not put any condition on the representation to enforce the Helly
property, it is guaranteed by the partial representation and the construction itself.

This NP-hardness reduction for REPExT(CA) can be altered to the situation
when the predrawn arcs are required to have pairwise distinct endpoints just by
shrinking each arc R'(t;) by moving its tail by 1 of the distance of the two nearest
points p;, pi+1. The argument is the same, only to guarantee that each w; is adjacent
to all universal vertices uy, ..., U(;+1)n, the corresponding arc R(w;) would have to
cover not only a single point p; for some j, but instead the whole arc to the nearest
tail in the clockwise direction, formally the arc [pj, R'(u;);]. Observe that by this
modification we lose the Helly property as the universal vertices share no common
point.

3.4 Normal Proper Helly Circular-Arc Graphs

We show how to extend partial representations of NPHCA graphs in linear time.
To this end, we use that the extension is essentially unique.

We use NPHCA models as combinatorial abstractions of NPHCA representa-
tions [LSS13]. Namely, an NPHCA model is a cyclic order of the heads and tails in
an NPHCA representation R with the special case, that for any pair of touching
arcs R(u), R(v) with R(u), = R(v); we let R(u), immediately follow R(v);. Note
that this does not cause problems with vertices with the same arc, since we assume
that all twins are predrawn with distinct arcs.

Lemma 3.6. In any NPHCA model, for any equivalence class of twins vy, . .., vk
the tails R(v1), ..., R(vr); are consecutive and the heads R(vy);, ..., R(vg); are con-
secutive.

Proof. Let R be an NPHCA representation that corresponds to the NPHCA model.
Let u, v be twins with t, = R(v); € R(u). Let x be a vertex with R(x); or R(x)y
in [R(u):, R(v)¢] or [R(u)p, R(v)y]. Without loss of generality, we can assume that
R(x); € [R(u):, R(v);] or R(x); € [R(u)n, R(v)y] since we can otherwise reverse
the representation and switch the roles of u and v. Assume R(x); € [R(u)p, R(v)n].
Since R(x) lies in [R(v)p, R(u):], [R(w)e, R():], [R()s, R(w)n], or [R(u)n, R(v)n]
this violates the twin, Helly, normal, or either the normal or the proper property,
respectively. Hence, we have R(x); € [R(u);, R(v):].

Then R(x), € [R(v)n, R(u)¢] or R(x), € [R(u):, R(u),] would violate the twin
or either the proper or the normal property respectively. Hence we also have
R(x)p € [R(u)p, R(v)y]. This means on the one hand, that any neighbor y of x
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(a) (bN

Figure 3.5: How the arcs overlap in Lemma 3.7 if x is non-adjacent to u and (a) R(x); €

[R(w)e; R(v)¢] (b) R(x)¢ € [R(v)s, R(w):].

is a neighbor of u or v. Since u, v are twins, y is a neighbor of both. On the
other hand, a neighbor of u, v is also a neighbor of x since it would otherwise
violate the Helly property with u, v. We can conclude that x is a twin of u, v with
R(x); € [R(u)s, R(v)¢] and R(x)p € [R(u)p, R(v)y]. This concludes the proof.

We use the following slightly modified result of Lin et al. [LSS13].

Lemma 3.7. The NPHCA model of a connected NPHCA graph is unique up to
permuting twins and reversal. It can be obtained in linear time.

Proof. For proper interval graphs it is straightforward to place the heads given the
tails, since the positions are determined by adjacency (and the proper property).
For normal proper Helly circular-arc graphs however, the adjacency of two arcs v, u
can be either obtained by an overlap at the tail of v or by an overlap at the tail of u.
We thus analyse on which side this overlap ocures. Note that it is exactly one side
with an overlap due to the normal property.

Let < = [vy, . ..,v;-1] be an order of the vertices of the graph where the closed
neighborhoods are consecutive. Letv = vjbe avertex with N[v;] = {v;,...,vj, ..., vk}
First note that R(v), has to be placed in [R(v);, R(vk+1):]. We thus check for
u € {vj41,...,vx} whether R(v), has to be placed in [R(v);, R(u);] (or R(u), has
to be placed in [R(v);, R(u);]) as follows. First observe that all universal vertices
are twins and by Lemma 3.6 their tails {t;,..., 1} are consecutive in <. Since G
is non-complete, there are non-universal vertices and R(vj,) has to be placed in
[t;,...,1], i.e., the side of the overlap is fixed.

If v and u are not both universal, then one of them has a non-neighbor x. We
make a case distinction on which of u, v is not adjacent to x. If x is not adjacent
to u, we make a case distinction on where R(x); lies. If R(x); lies in[R(u)s, R(v);],
then R(u), must lie in [R(u)s, R(x):] € [R(u);, R(v);]; see Figure 3.5a. We also
obtain that R(v), must lie in [R(u);, R(v);] and we are done. Otherwise R(x); lies
in [R(v)s, R(u);]; see Figure 3.5b. Then R(x); must lie in [R(x);, R(u);]. To satisfy
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the proper property, R(v), must lie in [R(v);, R(x),] € [R(v):, R(u);]. Since u and v
are adjacent, this means R(u); must lie in [R(v);, R(u);]. Now if x is not adjacent
to v we can apply the same argumentation with the roles of u and v switched. Since
it was also fixed whether R(v)y, lies in [R(u);, R(v);], we are done.

Hence, we obtain for each neighbor u of v whether R(v);, € [R(u);, R(v);] or
R(v), € [R(v)s, R(u);]. Thus, the position of each head with regards to all tails is
determined.

We finally observe that the order of the heads is the same as the order of the tails
due to the normal and proper properties. This completely determines M. It can
also be tested in linear time, whether M actually admits an NPHCA representation
of G.

For the linear runtime note that we can associate a non-neighbor to every non-
universal vertex with a linear total runtime. We then can process each vertex in
time linear in the size of its neighborhood. Therefore, the entire model can be
computed in linear time.

This reduces the problem to permuting the ends of twins appropriately.
Theorem 3.8. The problem REPEXT(NPHCA) can be solved in linear time.

Proof. We solve REPEXT(NPHCA) as follows. Recall that we can assume that all
twins are predrawn. By Lemma 3.7 we can compute an NPHCA model M of the
input graph G (we just try both reversal decisions) and we reject if G is not NPHCA.
Then permute twins to match their order in the partial representation R’ (including
arranging them at the corresponding end if they touch another predrawn arc).

Note that this is simple since the heads (tails) of a twin class are consecutive.
Next test whether the model for R’ is contained in M to ensure that R’ extends
to an NPHCA representation with model M. Additionally, check for each pair
of vertices u, v with R(u), = R(v); that R(u), and R(v); are consecutive in M.
Otherwise, they cannot be placed on the same point and we can reject. Note that
this cannot occur for twin vertices. Each step can be done in linear time.

3.5 Proper Helly Circular-Arc Graphs

For REPExT(PHCA), note that even though all proper Helly circular-arc graphs
allow a normal proper representation [LSS13], we cannot reduce REPExT(PHCA) to
RePEXT(NPHCA) directly, as the given partial representation need not be normal.
However, the existence of a proper Helly representation extending a pair of arcs
in a non-normal position imposes strong conditions on the structure of G: after
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pruning all universal vertices only two disjoint cliques remain. Such instances can
be solved in linear time.

Lemma 3.9 ([LSS13, Lemma 1]). Let R be a proper circular-arc representation
of a graph G. Any two vertices whose arcs are in non-normal position are both
universal, i.e. adjacent to all vertices of G.

Proof. Let u, v be two vertices with arcs in non-normal position. Then a non-
neighbor of u would have to be represented as a proper sub-arc of R(v) (and
vice-versa) in contradiction to R being proper.

Lemma 3.10. A yes-instance of REPExT(PHCA) is a yes-instance of problem
RePExT(NPHCA) if and only if no two predrawn arcs are in non-normal position.

Proof. Clearly, if the partial representation R’ contains two predrawn arcs in non-
normal position, then there is no normal extension of R’.

Conversely, assume that there is no such pair and consider a PHCAg-extension R
of R’. By Lemma 3.9, only universal vertices can have arcs in non-normal position.
If R’ prescribes no universal vertex, we modify R so that all universal vertices
are represented by the same arc R(v) for some arbitrary universal vertex v. If
R’ prescribes a universal vertex v, we modify R by representing all unprescribed
universal vertices by the same arc R(v).

After this modification, if there still exists a non-normal pair of arcs, there also
exists a non-normal pair of prescribed arcs. Since such a pair does not exist by
assumption, it follows that the modified representation is an NPHCAR-extension

of R'.

Theorem 3.11. The problem REPExT(PHCA) can be solved in linear time.

Proof. Let R’ be a partial representation of a graph G € PHCA.

If there is no pair of prescribed arcs in non-normal position, Lemma 3.10 implies
that the problem can be solved with Theorem 3.8. Hence assume that there exists a
pair R’ (u), R'(v) of prescribed arcs in non-normal position that by Lemma 3.9 must
correspond to universal vertices.

Denote by A and B the two disjoint circular arcs whose union is the intersection
of R'(u) and R’(v) and by C and D, resp., the arcs formed by the points of the circle
that belong only to R’(u) but not R’(v) and vice-versa. The two closed arcs A, B
together with the two open arcs C and D cover the whole circle; see Figure 3.6a.

In order to characterize all graphs that allow a representation extension, consider
now any such graph G together with its proper Helly representation R.
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Figure 3.6: (a) Partition of the circle into sections A, B, C and D. (b) Violating the Helly
property by vertices for v,w 4 and wp.

Since R is proper, any arc R(w) € R distinct from R(v) must intersect C to
guarantee R(w) ¢ R(v). With an analogous condition on D we get that either
A C R(w) or B C R(w).

Then let Vy = {wy € V(G) : A C R(wy)} and Vg = {wp € V(G) : B C R(wp)}
be the sets of vertices whose arcs contain A and B, respectively. By definition V4
and Vp are two cliques covering V(G). Since G is not complete, both V4 and V3
contain a non-universal vertex. Any arc intersecting A and B contains either C
or D, thus due to proper and distinct positions of arcs we have V4 N Vg = {u,v}.

Observe that when the arc representing some w4 € V4 intersects B (or vice versa),
then w4 is universal — it would intersect all vertices from V3 on R(w4) N B. On
the other hand, we claim that every arc of a universal vertex intersects both A and
B. Assume by a contradiction that such an arc R(w4) would intersect only A. By
Lemma 3.9, it is in normal position with respect to the arc R(wp) of some non-
universal vertex wg € Vp. Without loss of generality the intersection of these two
arcs is in C. Then as depicted in Figure 3.6b the arcs of w4, wp and v violate the
Helly property, a contradiction. In summary, each universal arc includes one of A
or B, one of C or D and intersects the remaining two.

By identical arguments in slightly altered context we show that after pruning
all universal vertices from G the resulting graph G’ is the disjoint union of two
cliques V; = V4 \ Vg and V} = Vi \ V4. Assume for contradiction that G’ contains
two adjacent vertices wa € V; and wg € Vj. Since wy, wp are not universal,
R(wa), R(wp) must be in normal position by Lemma 3.9. Therefore, the intersection
R(wa) N R(wp) is fully contained either in C or in D. In the first case we get a
contradiction as the arcs R(v), R(w,), R(wp) violate the Helly property, see again
Figure 3.6b. In the other case, the arcs R(u), R(w4) and R(wp) also violate the Helly
property.

By Lemma 3.9, any arc R(w 4) for a non universal vertexw, € V} contains exactly
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Figure 3.7: Position of R(w4); and R(wp), with respect to universal arcs containing D.

one endpoint of each arc R(x) representing a universal vertex. The other endpoint
of R(x) must then belong to R(wp) of eachwp € Vj. This way we get a partition of
the endpoints of universal arcs into two consecutive sets. We indeed describe this
partition more precisely: The arc R(w 4) contains {h; : C C R(u;) }U{t; : D C R(u;)},
while {¢#; : C € R(u;)}U{h; : D € R(u;)} € R(wp). When C C R(u;) then h; belongs
either to A or D. The first case is enforced immediately and in the latter t; € B.
Hence we also have to put ¢; into R(w ).

This necessary condition is also sufficient, namely a partial representation R’ of
a non-complete graph proper-Helly circular graph G with arcs R(u), R(v) in non-
normal position allows an extension if and only if the sets {h; : C € R'(u;)} U {t; :
D Cc R'(u;)},and {t; : C € R'(u;)} U{h; : D C R'(u;)} are consecutive — if no
w4 € V) is pre-drawn, we choose R(w4) to be the shortest arc containing the first
of these two sets within A U C U D and analogously for any wp € V}, see Figure 3.7.
The remaining arcs can be obtained by replication.

Our arguments convert directly to the following algorithm: Accept if G is com-
plete. If the partial proper Helly representation has no pair of arcs in non-normal
position, use Theorem 3.8. Otherwise check whether G’ is isomorphic to the union
of two disjoint cliques; if not, reject. Finally, check whether the endpoints of the pre-
drawn arcs of universal vertices can be split into two consecutive sets as described
above and whether the predrawn non-universal arcs cover these sets appropriately.
If not, reject.

In the affirmative case, a representation can be constructed by replication of arcs
of three representatives: a universal vertex, one vertex from VA and one from V];.
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3.6 Normal Helly Circular-Arc Graphs

Recall that in the case of interval graphs, PQ-trees can be used to capture all
plausible linear orders of the maximal cliques. Klavik et al. [Kla+17b] use this to
solve REPEXT(INT) by determining an order that is represented by the PQ-tree
and that extends a partial order that is derived from the partial representation. We
generalize their approach to REPExT(NHCA).

By Lemma 3.2 a graph G is a Helly circular-arc graph if and only if there exists
a cyclic order < of its maximal cliques such that for every vertex v, the maximal
cliques containing v appear consecutively in < and Hsu and McConnell [HMO03]
use PC-trees to capture all plausible cyclic orders of the maximal cliques of a
Helly circular-arc graph. However, this cannot be straightforwardly applied since
extending a partial cyclic order is NP-complete, even without requiring that the
order be additionally represented by some given PC-tree [GM77]. We overcome
this problem by working with suitably linearized partial orders.

With the following lemma, we can solve instances of REPExT(NHCA) with
universal vertices since they can be considered as instances of the interval case.

Lemma 3.12. Let G be a graph with a universal vertex u. Then every NHCA
representation of G has a point on the circle that is contained in no arc.

Proof. Let R be an NHCA representation of G. Assume that every point of the circle
is contained in some arc. Without loss of generality, we may assume that R(u) is
not strictly contained in any other arc of R. We consider the complement R°(u)
of R(u). Let v;, v, be vertices whose arcs contain R°(u);, R°(u);, respectively, and
whose arcs maximize the intersection with R°(u).

Note that, since R is normal, neither R(v;) nor R(vy) contain R(u). Assume
that one of R(v;), R(vp,), say R(v;) contains both endpoints of R(u). We then have
R(u) € R(v¢) which by the maximality of R(u) implies R(v;) = R(u). By the
choice of v, we find in this case a point close to R(u); that is not contained in any
arc. In the other case, each of R(v;) and R(vj) contains exactly one endpoint of
R(u). In particular, we have v; # v,. Since u is universal and since every point
of R°(u) is contained in some arc, it follows that R°(u) € R(v;) U R(vy,). We obtain
R(vy) NR(vy) N R(u) # 0 (recall that our arcs are closed sets). Due to the normal
property, it follows that R(v;) N R(vy) N R(u) = 0, which contradicts the Helly
property. We conclude that there exists a point p that is not contained in any
arc.

Hence, we assume for the rest of this section that G contains no universal vertices.
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V1 U.Z U3
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Figure 3.8: An example of a construction of a normal Helly circular-arc representation.

Lemma 3.13. A graph G without a universal vertex is an NHCA graph if and
only if there exists a cyclic order < of its maximal cliques such that

(i) for every vertex v, the maximal cliques containing v are consecutive in <.

(ii) for every universal pair u, w, the maximal cliques containing both u and w
are consecutive in <.

Proof. If G has an NHCA representation, then, due to the Helly property, we have
for each maximal clique C a clique point cp(C) where the arcs of all vertices in C
intersect. Let < be the cyclic order of the maximal cliques that corresponds to the
cyclic order of their clique points on the circle. For each vertex v and for each
universal pair u, w the corresponding cliques are consecutive in < since R(v) and
R(u) N R(w) each are connected (the latter due to the normal property).

Conversely, assume that we have a cyclic order < of the maximal cliques of G
with properties (i) and (ii). We obtain an NHCA representation as follows. We first
arrange the maximal clique points on the circle according to <. Then, for each vertex
v, we define the arc R(v) as the smallest subarc of the circle that contains exactly the
clique points of the maximal cliques that contain v; see Figure 3.8. Note that R(v) is
well-defined since v is not universal. This defines a circular-arc representation R of
G since any two intersecting arcs share a clique point. Moreover, the existence of
the clique points shows the Helly property. It remains to show that R is normal.

Assume that there are two nodes u, w such that R(z) N R(w) is not connected.
Then u, w is a universal pair. Thus the cliques containing u and w are consecutive
in < which contradicts R(u#) N R(w) being not connected. Hence, the representation
is normal.
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Figure 3.9: The region of a maximal clique cannot intersect two gaps of another.

Let R’ be a partial representation of G, let C be the set of all its maximal cliques
and let C € C. We define Pre(C) = {R'(v) : v € CNV(G’)} to be the predrawn
arcs corresponding to the vertices in C. We further define Reg*(C) = (") Pre(C)
to be the set of all locations covered by all predrawn arcs of vertices in C and
Reg™(C) = U(R’" \ Pre(C)) to be the set of all locations covered by any predrawn
arc of a vertex not in C. The region of C is the set Reg(C) = Reg*(C) \ Reg™(C);
see Figure 3.10. Note that cp(C) lies in Reg(C) in any extension. We thus assume
in the following that no region is empty.

Lemma 3.14. For C,D € C, we have Reg(C) N Reg(D) = 0 or Reg(C) =
Reg(D).

Proof. IfPre(C) = Pre(D), then clearly Reg(C) = Reg(D). So, assume that Pre(C) #
Pre(D) withanarc R’ € Pre(C)\Pre(D). ThenReg(C) C Reg™(C) C R’ C Reg™ (D),
which is disjoint to Reg(D).

Let C be a maximal clique. An island of C is a connected component of Reg(C)
and a gap of C is a connected component of its complement Reg®(C). We say an
island and a gap are neighboring if they share an endpoint (where one end is open
and the other is closed). Note that every island has two neighboring gaps and every
gap has two neighboring islands.

Observe that if two maximal cliques C,D € C satisfy Pre(C) = Pre(D), then
Reg(C) = Reg(D) by definition. Otherwise, we obtain the following relationship.

Lemma 3.15. Let C,D € C with Pre(C) # Pre(D). Then a single gap of D
contains Reg(C).

Proof. By Lemma 3.14 we have Reg(C) C Reg®(D). Assume that there are two
gaps Ji, J» of D that contain points ji, j» € Reg(C). Let L1, I, be the islands of D
neighboring J; see Figure 3.9. Let i; € I}, i, € I,. For R’(v) € Pre(C) it holds
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that ji, jo € R'(v) and thus i; € R'(v) or i, € R (v) since iy, iy separate ji, j» on
the circle. This implies Pre(C) € {R'(v) : iy € R'(v) Vi, e R(v)} ={R'(v) : i; €
R} U{R () € V(G') : iy € R(v)} = Pre(D) UPre(D) = Pre(D). Likewise,
we obtain Pre(D) C Pre(C), contradicting Pre(C) # Pre(D). Thus, Reg(C) is
contained in a single gap of D.

This means that for C, D € C the clique point cp(C) must be placed in a given
gap of D. We obtain additional consecutivity constraints. For every gap J of a
maximal clique of G, we define the set S; = {C € C |Reg(C) N J # 0} ={C € C |
Reg(C) C J}. Recall that we assumed that no region is empty.

Lemma 3.16. Let < be the clique order derived from an NHCA extension of R’
and let J be a gap of a maximal clique. Then Sj is consecutive in <.

Proof. Direct consequence of Lemma 3.15 since all clique points of S; must be
placed in J and all other clique points must be placed in its complement J°.

Lemma 3.17. There exists a maximal clique D with a single island.

Proof. Let D be a maximal clique with | Pre(D)| maximal. We claim that Reg*(D)
and Reg™ (D) are disjoint. Otherwise there would exist a point p in Reg*(D) N
Reg™ (D) with Pre(D) ¢ {R'(v): p € R'(v)}. This implies the existence of a (maxi-
mal) clique C in G with Pre(D) C Pre(C) in contradiction to the choice of D. Since
R’ is normal, this yields that Reg(D) = Reg*(D) is connected. In other words, D
has a single island.

For the rest of the section, let D be a maximal clique with a single island. Let pp
be a point in the interior of Reg(D) (or the only point in Reg(D), if it is a single
point) and let < be the linear order of points on the circle obtained by starting at pp.
We consider a point p to be on the left of a point q if we have p < q. For two sets of
points P, Q, we write P < Q if all points in P are on the left of all points in Q.

We define a partial order < on C with minimum D (i.e., VC € C \ {D}: D < C)
and with C < C’ for any two other cliques C, C’ with Reg(C) < Reg(C’). Note that
every linearization of a clique order of an extension of R’ starting with D extends <.
For any vertex v let M, denote the set of maximal cliques containing v. Recall that
for any linear order < the corresponding cyclic order is denoted by [<]. Note that
aset S C C\ {D} is consecutive in [<] if and only if it is consecutive in <. On
the other hand, a set S C C with D € S is consecutive in [<] if and only if its
complement is consecutive in <.

Theorem 3.18. Let G be a graph without universal vertices and let R” be a
partial NHCA representation of G. There exists an NHCA representation of G that
extends R’ if and only if there exists a linear extension < of < such that
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1. For any pair of distinct maximal cliques C # C” with Reg(C) = Reg((’), the
region Reg(C) is not a single point.

2. For every vertex v, the set M, is consecutive in [<].
3. For every universal pair u, w, the set M, N M, is consecutive in [<].

4. For every gap J of some C € C, the set Sj is consecutive in [<].

Proof. We first show that, if there is an NHCA-extension of R’, then these properties
are satisfied. We obtain < as the linearization of a clique order of an extension
of R’ starting with D where the clique point of D is pp. By the construction
of <, the order < is a linear extension of <. By Lemmas 3.13 and 3.16, we obtain
Properties 2, 3, 4. Property 1 is necessary, since no two distinct clique points can be
placed at the same point.

For the converse, let <= Cy,..., Cy be a linear extension of < such that Proper-
ties 1, 2, 3, 4 are satisfied. We show that each C; € C can be assigned its clique
point cp(C;) € Reg(C;) such that cp(C;) < cp(C;) whenever j < i. With Proper-
ties 2, 3, such a placement of the clique points yields an NHCA-extension of R’
by representing every non-predrawn vertex u ¢ V(G’) by the minimal arc R(u)
containing exactly the clique points of the maximal cliques from M, as in the proof
of Lemma 3.13.

Let ¢ > 0 be the ﬁ—fraction of the length of the shortest island that is not
a point. This choice of ¢ allows to place all clique points at distance at least ¢
but still within any island or within any side of pp in island Reg(D). For C; = D
we place cp(Cy) on pp. In a greedy way, when the location of the clique points
cp(Cy), ..., cp(Ci-q) is settled, we determine the set P of feasible points for cp(C;)
that is P = Reg(C;) N {p : p > cp(Ci-1) + ¢}. If P has a minimum, we place cp(C;)
there, otherwise we put cp(C;) at inf(P) + ¢ € P. We argue that such a choice
always exists.

. . Reg=(C) pD cp(Cj-1) cp(Cj) pp
‘T ! — —— Reg(C;)
ch(C) e I R R R R R R R R I |
Reg*(C) I J
Figure 3.10: Reg(C),Reg*(C)  Figure 3.11: Argument for the existence
and Reg™(C) forc,d € C, a,b ¢ C. of a placement for cp(C;).
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Assume for a contradiction that C; is the first maximal clique in the order < that
cannot be pe placed, i.e., with P = (. Note that a clique C # C; can only have an
island I consisting of a single point if we have I = Reg(C), since Reg* is a closed
arc and all islands separated by gaps within Reg* have an open end. Hence, by the
choice of ¢, we only place a clique C at the maximum of Reg(C), if Reg(C) consists of
a single point. With Property 1, this cannot happen if Reg(C) = Reg(C;). Therefore,
one clique point must be placed to the right of Reg(C;) before placing cp(C;). We
identify the first maximal clique Cj, j < i that is placed to the right of all points in
Reg(C;). Since cp(C;) ¢ Reg(C;), we have that Pre(C;) # Pre(C;). By Lemma 3.15,
the maximal clique C; has a gap J with Reg(C;) C J, see Figure 3.11.

By definition of <, clique C; has an island I that neighbors J on the left. Since cp(C;)
was not placed on I, the clique point cp(Cj-;) has been placed to the right of I.
By the choice of C;, we have that cp(C;_;) is not placed to the right of J and thus
cp(Cj-1) € J. Since cp(C;) has been placed to the right of Reg(C;) and thus to the
right of ], we have pp ¢ J and thus D ¢ S;. With D < C;_; < C; < C;, where
Cj-1,Ci € Syand D,C; ¢ S; we get a contradiction with the Property 4, since Sj is
not consecutive in [<].

By a result of Klavik et al. [Kla+17b] we can efficiently find a linear order that
extends a given partial order and satisfies a set of consecutivity constraints. This
yields the following theorem.

Theorem 3.19. The problem REPExT(NHCA) can be solved in O(n®) time.

Proof. The problem REPExT(NHCA) is solved by Algorithm 1. The correctness of
Algorithm 1 follows from the already mentioned arguments. For the computational
complexity of the more complex steps note that:

« Line 3: REPEXT(INTR) can be solved in linear time [Kla+13].

+ Line 7: We run the linear-time recognition algorithm for Helly circular-arc
graphs [LS06] on G and read its at most n maximal cliques from any of its
representations.

« Line 9: The regions can be obtained in time (n) by traversing the circle once.
During the traversal two consecutive predrawn endpoints specify possible
islands, which can be assigned to appropriate maximal cliques.

+ Line 15: The comparable pairs of the partial order < can also be determined
during the traversal in Line 9.
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« Line 16: The O(n?) constraints can be computed in O(n®) time. The construc-

tion of the PQ-tree from [HMO03] also runs in O(n®) time.

« Line 18: Possible in O(n?) by a result of Klavik et al. [Kla+17b].

Algorithm 1: The algorithm for the REPExT(NHCA) problem.

O

(5

- )

10

11
12
13
14
15
16
17
18
19
20
21
22
23

24
25

Data: A graph G and a partial representation R’.
Result: An NHCA representation R of G extending R’ or no-message.
if G has a universal vertex then
foreach free space p on the circle do
if REPExT(INTR) with the circle opened at p has a solution R then
L return R

« »
return no

else
Determine the set of maximal cliques C of G ;
foreach C € C do
Determine Reg(C);
L if Reg(C) = 0 then return R’ has no extension;

€= 2n1+1 min{|I|, I is a non-trivial island};

Find C; € C with a single island;

if such C; does not exist then return R’ has no extension;
Set cp(C1) to the middle of Reg(Cy);

Determine the partial order <;

if such T does not exist then return R’ has no extension;
Compute a linear extension C; < --- < C of < represented by T;
if such order < does not exist then return R’ has no extension;
fori=2tokdo

P :=Reg(C))N{p:p>cp(Ciu1) +¢};

if min P exists then cp(C;) := min P;

else cp(C;) :=inf(P) + ¢;

foreach u ¢ V(G’) do draw R(u) to cover exactly {cp(C) : C € M} ;
return R

Build a PQ-tree T on C capturing the constraints stated in Theorem 3.18 ;
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3.7 Helly Circular-Arc Graphs

In light of the hardness result from Theorem 3.5, it is unlikely that the result of
Theorem 3.19 holds for REPExT(HCA). However, the hardness proof crucially relies
on predrawn arcs sharing endpoints. If all predrawn arcs have distinct endpoints,
the problem can be solved in a similar fashion. The most notable difference is that
Lemma 3.17 no longer applies and we have to test every island of clique D for
placing pp. Similar to Theorem 3.18, we obtain the following.

Theorem 3.20. Let R’ be a partial HCA representation of G where the arcs have
pairwise distinct endpoints and let D be a maximal clique of G. There exists an
HCA representation of G that extends R’ if and only if for some point pp € Reg(D)
with the corresponding partial order < as defined in Section 3.6 there exists a linear
extension < of < such that:

1. For every vertex v, M, is consecutive in [<].

2. For every gap J of a C € C, the set Sj is consecutive in [<].

Proof. We first show that, if there is such an HCA-extension of R’, then these
properties are satisfied.

We obtain < as the linearization of a clique order of an extension of R’ starting
with D where the clique point of D is pp. By the construction of <, the order < is a
linear extension of <. By Lemmas 3.2 and 3.16, we obtain properties 1 and 2.

For the converse, let pp € Reg(D) be on anisland I; of D and let <= Cy, Cy, . .., Cx
be a linear extension of < such that properties 1 and 2 are satisfied. We show
that each C; € C can be assigned its clique point cp(C;) € Reg(C;) such that
cp(Cj) < cp(C;) whenever j < i. We relocate pp to the middle of island I;. Note
that the properties 1 and 2 remain satisfied for the new order < since the only
possible change is that relations to cliques with island I; may get lost.

Let ¢ > 0 be the ﬁ—fraction of the length of the shortest island that is not a
single point. This choice allows us to draw all new endpoints at distance at least ¢
but still within any chosen island or side of island I;.

For C; = D we place cp(C;) on pp. In a greedy way, when the location of
the clique points cp(Cy), ..., cp(Ci-1) is settled, we determine the set P of feasible
points for cp(C;) that is P = Reg(C;) N {p : p > cp(Ci_1) + ¢€}. If P has a minimum,
we place cp(C;) there, otherwise we put cp(C;) at inf(P) + ¢ + P. We argue that
such a choice always exists.
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Assume for a contradiction that C; is the first maximal clique in the order <
whose clique point cp(C;) cannot be properly placed. Note that a maximal clique
C # C; can never have an island I consisting of a single point since this can only
occur as intersection of two predrawn arcs ending at that point. Hence, by the
choice of ¢, we never place a clique C at the very last point of Reg(C). Therefore,
one clique point must be placed to the right of Reg(C;) before placing cp(C;). We
identify the first maximal clique Cj, j < i that is placed to the right of all points in
Reg(C;). Since cp(C;) ¢ Reg(C;), we have that Pre(C;) # Pre(C;). By Lemma 3.15,
the maximal clique C; has a gap J with Reg(C;) C J, see Figure 3.11.

Consider the neighboring island I of C; to the left of J. Since cp(C;) was not
placed on I, the clique point cp(Cj-;) has been placed to the right of I. By the choice

of C;j, we have that cp(C;_;) is not placed to the right of J and thus cp(C;_;) € J.

Since cp(C;) has been placed to the right of Reg(C;) and thus to the right of ], we
have pp ¢ J and thus D ¢ S;. With D < Cj_; < C; < C;, where Cj_;,C; € Sy and

D,C; ¢ S; we get a contradiction with property 2, since S; is not consecutive in [<].

From the placement of clique points, we obtain an HCA-extension of R’ so that
for every not yet represented vertex u ¢ V(G’) we choose R(u) to be a minimal arc
containing exactly the clique points of the maximal cliques from M,,.

By the Lemma 3.2, we obtain from properties 1, 2 that this results in an HCA
representation of G extending R’, since the maximal clique points are placed
correctly with regards to both predrawn arcs and new arcs, and moreover, two arcs
intersect if and only if they are predrawn or share a maximal clique. Note that we
can perturb the endpoints of the non-predrawn arcs to avoid shared endpoints.

Theorem 3.21. If all predrawn arcs have distinct endpoints, then the problem
RePEXT(HCA) can be solved in O(n®) time.

Proof. The problem is solved by Algorithm 2. The correctness of Algorithm 2
follows from the already mentioned arguments. For the computational complexity
of the more complex steps note that:

« Line 2: We run the linear time recognition algorithm for Helly circular-arc
graphs [LS06] on G and read its at most n maximal cliques from any of its
representation.

« Lines 3-5: The regions can be obtained in time (n) by traversing the circle
once. During the traversal two consecutive predrawn endpoints specify
possible islands which can be assigned to appropriate maximal cliques.

« Line 8: There are at most O(n) islands for C;.
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« Line 10: The comparable pairs of the partial order < can also be determined
by a traversal as in Steps 3-5.

« Line 11: The construction of the PQ-tree follows the standard approach from
the recognition of Helly circular-arc graphs [HMO03]. Each arc is at the left
start of at most one gap and each of the O(n) maximal cliques has at most
one gap without an arc inside. Hence, there are O(n) gaps and thus O(n)
constraints. T can thus be constructed in O(n?) time [HMO03].

« Line 13: By Lemma 3.3 possible in O(n?) time.

Algorithm 2: The algorithm for the REPExT(HCA) problem.
Data: A graph G and a partial representation R’ consisting of arcs with
pairwise distinct ends.
Result: An HCA representation R of G extending R’ or a no-message.
1 begin

2 Determine the set of maximal cliques C of G;

3 foreach C € C do

4 Determine Reg(C);

5 L if Reg(C) = 0 then return R’ has no extension;

6 £:= 2n1+1 min{|I|, is an island};

7 Choose any C; € C;

8 foreach island I of C; do

9 Set cp(Cy) to the middle of I;

10 Determine the partial order <;

11 Build a PQ-tree T on C with the constraints stated in Thm 3.20;
12 if such T does not exist then continue;

13 Compute a linear extension C; < --- < Cy of < represented by T;
14 if such order < exists then

15 fori=2tok do

16 P :=Reg(C)) N{p:p > cp(Ci—1) +¢};

17 if min P exists then cp(C;) := min P;

18 else cp(C;) = inf(P) + ¢

19 foreach u ¢ V(G’) do draw R(u) to cover exactly {cp(C) : C € M, };
20 return R ;

21 return R’ has no extension;




Conclusion

3.8 Conclusion

We solved REPEXT for several subclasses of circular-arc graphs, letting only the
complexity of REPExT(PCA) open.

Question 3.22. Can REPEXT(PCA) be solved in polynomial time?

Our study of the REPEXT problem has been restricted in two ways: First, we have
considered mostly representations satisfying the Helly property as this allows us
to consider the clique points of maximal cliques. For representations without this
property one would need to use a completely different approach.

Second, for the recognition problem it is irrelevant whether the arcs are closed
or open, but this is not the case for the representation extension. Observe that
touching arcs in REPEXT(NPHCA) imply constraints on the order. For the sake of
completeness it might be worth to check whether the use of open or semi-open
arcs would significantly impact the computational complexity.

Question 3.23. Can REPExT(HCA) be solved in polynomial time if the repre-
sentation uses (semi-)open arcs instead of closed arcs?

Our reduction from 3-PARTITION to REPEXT(CA) relies heavily on predrawn
universal vertices. However, the representation of universal vertices is in general
rather uninteresting, raising the question whether it helps if no universal vertex is
predrawn.

Question 3.24. Can REpEXT(CA) be solved in polynomial time if the partial
representation contains no arc for a vertex that is universal in the input graph?

It might be possible to adapt the approach of Hsu for the recognition of circular-
arc graphs [Hsu95]. It reduces the recognition problem to the recognition problem
of circle graphs. In the next chapter we solve REPEXT(CIRCLE) in near-linear time
by constructing a data structure that provides a bijection between its configurations
and the representations of a circle graph. This may help with adapting the approach
of Hsu.

With REPEXT largely solved, it now makes sense to consider the simultaneous
representation problem for the subclasses of circular-arc graphs.

Question 3.25. What are the complexities of StMRep® for the subclasses of
circular-arc graphs?

In Part II we show that SIMREPF=%(CA) is NP-complete; see Corollary 5.12.
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This chapter is based on joint work with Briickner and Rutter [BRS22].

We study the partial representation extension problem for circle graphs, which
are intersection graphs of chords of a circle. Their representations are called
chord diagrams. We show that for a graph with n vertices and m edges the partial
representation extension problem can be solved in O((n+m)a(n+m)) time, thereby

improving over an O(n®)-time algorithm by Chaplick, Fulek and Klavik [CFK19].

The main technical contributions are a canonical way of orienting chord diagrams
and a novel compact representation of the set of all canonically oriented chord

diagrams that represent a given circle graph G, which is of independent interest.
This answers an open question by Chaplick et al. [CFK19] and Kalisz et al. [KKZ19].

4.1 Introduction

For other forms of graph representations than chord diagrams, there are compact
descriptions of all representations of a graph G, e.g. SPQR-trees [BT90] for planar
graphs and modular decomposition trees [Gal67] for comparability graphs. Both
descriptions express a representation of G by choosing representations for small
graphs that are associated to the nodes of a tree in such a way that a bijection is
obtained between the representations of G and these choices. For circle graphs,
Gioan et al. introduced split-trees [Gio+14] that decompose a graph along splits into
smaller graphs from which G is assembled in a tree structure. They observe that all
possible chord diagrams of G can be obtained by choosing a chord diagram for each
of the small graphs associated to the nodes of the split-tree of G and combining
them suitably with each other. This has the downside that different choices can
lead to the same chord diagram of G; see Figure 4.1.

We strengthen this connection by introducing a canonical orientation of chord
diagrams so that we indeed obtain a bijection between the canonically oriented
chord diagrams of G and choices of canonically oriented chord diagrams for the
nodes of the (canonical) split-tree of Gioan et al. We call such a choice for each node
a configuration. We develop the theory and linear-time algorithms for transforming
a canonically oriented chord diagram to a corresponding configuration and vice
versa.
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~ ~
T T
b b d
(a) (b) (c)

Figure 4.1: (a), (b) split trees with different associated chord diagrams, only the relevant
orientations are shown (c) the chord diagram resulting from the join for (a) and (b).

a

We emphasize the importance of the properties that (i) the correspondence be-
tween configurations and diagrams is a bijection and (ii) the representation is
canonical, i.e., it depends only on the choice of a single root vertex. The former is
essential, as it allows us to compare diagrams by comparing configurations. The lat-
ter is crucial since in our applications we sometimes work with different split-trees
(non-canonical split-trees can be used to represent subsets of all representations,
e.g., ruling out some that do certainly not extend a given partial representation). The
orientations are used to determine the mapping from configurations to diagrams,
i.e., the way the representation combines the diagrams of the graphs associated with
the individual nodes of the tree. If this information were specified by additional,
external information, it would not be possible to stably compare configurations
across different split-trees of the same graph in such a way that equal configurations
imply equal diagrams. Due to the canonical orientations, it suffices to root the
split-trees at the same vertex.

To illustrate the usefulness of our representation, we show how to extend partial
chord diagrams in near-linear time O((n + m)a(n+m)), improving over the O(n*)-
time algorithm of Chaplick et al. [CFK19]. In fact, Chaplick et al. [CFK19] and also
Kalisz et al. [KKZ19] ask specifically whether such a representation of all chord
diagrams exists and whether it can be used to solve REpPExT (CIRCLE) faster as
open questions. We note that, given the data structure computed by the fastest
known recognition algorithm [Gio+14] for G, our algorithm runs in linear time.

We introduce notation and preliminary definitions in Section 4.2. In Section 4.3
we develop the compact description of representations. Section 4.4 shows how these
results can be used to obtain an almost-linear time algorithm for REPExT(CIRCLE).
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Figure 4.2: (a) A graph G (b) an undirected chord diagram of G (c) an oriented chord
diagram of G with reference chord r and starting point at the top.

4.2 Preliminaries

In this section we introduce important concepts that we use throughout this chaper
and Chapter 8. In particular, we recall the concepts of circle graphs and chord
diagrams, and we introduce a way to canonically orient them. Moreover, we also
recall the notion of splits and split decompositions, which are a classic tool in circle
graph recognition algorithms.

4.2.1 Circle Graphs and Chord Diagrams

An (undirected) chord diagram D consists of a set C of chords of the unit circle, i.e.,
undirected straight-line segments that connect pairwise distinct points on the unit
circle. A chord diagram D naturally defines an intersection graph G(D) = (C, E) of
its chords, where {c, ¢’} € E if and only if the chords ¢ and ¢ intersect in D, i.e., if
and only if their endpoints alternate around the unit circle. A graph G is a circle
graph if it is an intersection graph of the chords of a chord diagram.

While chord diagrams are geometric objects, we are most interested in their
combinatorial structure. To break certain symmetries we usually consider oriented
chord diagrams, which additionally have a chord end as a starting point. Then an
oriented chord diagram D can be encoded as the word over the set of chords C
obtained by starting at the starting point and walking around the unit circle in
clockwise direction and recording the encountered chords. For ¢ € C, we refer
to the first end of ¢ that we encounter with ¢ and to the second end with ¢. We
consider the chord ¢ as directed from ¢ to ¢ in the geometric interpretation; see
Figure 4.3 (reference). Unless mentioned otherwise, chord diagrams are always
considered oriented and they are usually treated as their encodings.

We call the chord with the starting point the reference chord of D. We never
change the reference chord. In the following, we consider changes that can be
applied to every chord diagram without changing the represented graph or the

49



50

Partial Representation Extension for Circle Graphs

reference reversed turned reversed & turned
i b p i b Qb
é ¢ ¢ é d d d J
i d d : é N é
ab ba b a a b
abcdbadc acdabdcb adcabcdb abdcbacd

Figure 4.3: The turn and reverse operation on a chord diagram with reference chord a.

reference chord. For a word w we write w™" for the word obtained by reading w
backwards. The reverse of a chord diagram apac is reverse(apac) = ac™ ap™.
Geometrically, this corresponds to mirroring the chord diagram at the reference
chord a; see Figure 4.3 (reversed). The turn of a chord diagram apac is turn(apao) =
acap. Geometrically, this corresponds to choosing a as the new starting point. In a
sense, this turns the chord diagram by 180 degrees; see Figure 4.3 (turned). Note
that
turn(turn(apaoc)) = apac,

reverse(reverse(apaoc)) = apac

and

re

turn(reverse(apaoc)) = turn(ac*ap™)) = ap*ac™ = reverse(acap)

= reverse(turn(apao))

Le., turn and reverse are selfinverse and commute.

4.2.2 Splits and Split Trees

Let G = (V,E) be a graph. Consider a bipartition (V4, Vg) of V with® C V4, Vg C V
and let A C V, denote the subset of vertices of V4 that are adjacent to a vertex
in Vp and let B C Vj denote the subset of vertices of Vj that are adjacent to a vertex
in V4. The bipartition (Vy, Vp) is called a split if all possible edges between A and B
exist in G, i.e., {{a,b} | a € A,b € B} C E. Then (A, B) is called the split boundary;,
see Figure 4.4. Observe that if V4 and Vg are not connected, then A, B are empty.
A split (V, V) is trivial if one of its sides consists of a single vertex. Following
Courcelle [Cou08], we call a split (Vy4, V) good if it does not overlap any other split,
in the sense that for any other split (V¢, Vp) at least one of VAN Ve, VAN Vp, Ve N Ve,
Vg N Vp is empty. A graph is prime if all its splits are trivial, and it is degenerate if
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Figure 4.4: (a) split ({a,b},{c. d,e, f,r}) with boundary ({a b},{c,r}), split
({c,d, e}, {a,b, f,r}) with boundary ({c},{a,b,f}) (b) split ({c,d},{a b,e, f,r}) with
boundary ({c},{a, b, e, f}) and split ({c, e}, {a, b, d, f,r}) with boundary ({c},{a, b,d, f}).
The splits in (a) are good while the splits in (b) overlap and are not good.

Figure 4.5: Split trees of the graph from Fig. 4.2a. (a) shows the base case, in (b) the node A
from (a) is decomposed into p and v along the split ({a, b}, {c,d,e,r, f}). In (c) the node p
from (b) is further decomposed along the split that has {c, d, e} on one side.

every bipartition of the vertices yields a split. It is well known that the connected
degenerate graphs are precisely cliques and stars [Cun82].

Next, we define split trees as introduced by Gioan et al. [Gio+14]. To avoid
confusion with the vertices and edges of our graphs, we refer to the vertices and
edges of split trees as nodes and arcs, respectively. A split tree T is a tree where each
inner node p has a skeleton graph skel(y) and a bijection corr, from V (skel(y))
to the nodes of T adjacent to y; see Figure 4.5. Given an inner node y and a

neighbor v of i, we often need to refer to the vertex v of skel(u) that represents v.

For convenience, we define v,(v) as the vertex v of skel(y) with corr,(v) = v.

Let G = (V,E) be a graph. In the base case, see Fig. 4.5a, a split tree T of G
consists of one inner node A and one leaf for each vertex v € V that is adjacent
to A. We identify the leaves of T with the vertices in V. Define the skeleton of 1 as
skel(1) = G. For every vertex v € V(skel(1)), we define corr)(v) as the leaf node v
of T.

We can further decompose such a split tree. Let A be an inner node and let
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(Va, V) be a non-trivial split of skel(1). Let G4 denote the graph obtained from
skel(1) by contracting V3 into a single vertex b. Symmetrically, let Gg denote the
graph obtained from skel(A) by contracting V, into a single vertex a. Then A can
be split into two nodes p, v connected by an arc {, v}; see Figure 4.5b. Define
skel(y) = G4 and skel(v) = Gg. Observe that b in G4 represents the graph Gp and a
in Gp represents the graph G4. We define corr,(b) = v and corr, (a) = p. For any
vertex v € V(skel(1)) we replace the arc {A, corr)(v)} with {g, corry(v)} ifv € V4
or {v, corr;(v)} ifv € Vp. Finally, for each inner node k adjacent to A consider the
unique vertex v € skel(x) with corr,(v) = A. We redefine corr, (v) = pifv(x) € V4
and corr,(v) = vifvy(x) € Vg. Observe that the result is still a tree and corry is
well defined for each inner node £. Hence, the inner nodes may be decomposed
again. The split trees of G are the split trees that can be obtained in this way:.

The inverse of a decomposition is a join. Let G1, G2 be two (vertex-disjoint) graphs
with v, € G1,v; € G,. Then we define their join at v, as the graph obtained from
G U G; by connecting all neighbors of v, in G; with all neighbors of v; in G, and
removing the vertices vy, v2. We denote the resulting graph by G; @,,,, G2 = (V, E).
For a split tree T with an arc {y, v} let b = v,(v), a = v, (). The nodes y, v can
be joined into a single node A with skel(1) = skel(y) @, skel(v). Moreover, for
any inner node k adjacent to y or v and the unique vertex v € V(skel(x)) with
corri (v) € {y, v} we redefine corr,(v) = A.

Let T denote a split tree and let {y, v} be an arc of T. Removing {y, v} separates T
into two trees T, and T, where T, contains the node y and T, contains the node v.
Let L(T,) € V or simply L(y) denote the set of leaves of T,,. By construction of the
split-tree, (L(T,), L(T,)) is a split of G, which we call induced by the arc {y, v}. For
example, the blue split from Figure 4.4a is induced by the arc {«, £} in Figure 4.5c.
Let (V4, VB) be a non-trivial split of skel(u). This split represents the split (La, Lp)
of G with Ly = Uyey, L(Tcorr#(v)) and Lg = Uyeyy L(Tcorrﬂ(l,)). An example of this
is the red split from Figure 4.4b that is represented by a non-trivial split inside
node ¢ of Figure 4.5c. We call an inner node of a split tree degnerate and prime, it
its skeleton graph is degenerate and prime, respectively. Observe that in the split
tree in Fig. 4.5¢, the node « is prime, and v, ¢ are degenerate.

In a good-split tree every inner arc {y, v} of T induces a good split. For a connected
graph G, a canonical split tree is a good-split tree such that no skeleton has a non-
trivial good split, no inner arc induces a trivial split, and any two arcs induce
different splits. A canonical split tree is obtained by decomposing G (in arbitrary
order) along all its good splits. This is possible since the good splits form a laminar
set. The resulting canonical split tree is denoted by ST(G). It was first defined
by Gioan et al. [Gio+14], who proved several useful statements about it in the
case where G is connected. In particular, it is unique, and nodes have connected
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skeletons that are either prime or degenerate. Moreover, if two adjacent nodes p, v
are both degenerate, then either one of them is a star and one is a clique, or they
are both stars and the vertices v,(v) and v, (y) are either both leaves or both the
star centers of their respective skeletons. The following useful property states
that ST(G) represents all splits of G.

Proposition 4.1 ([Cun82],[Gio+14][Theorem 2.18]). A partition (Vy4, V) of
the vertex set of a connected graph G is a split of G if and only if it is induced by
an arc of ST(G) or represented by a non-trivial split of a (skeleton of a) degenerate
node of ST(G).

4.3 Compact Representation of all Chord Diagrams

Let G = (V,E) be a circle graph. In Section 4.3.1 we establish a correspondence
between the chord diagrams of G and assignments of chord diagrams to the inner
nodes of a split tree of G. For canonical split trees, this correspondence turns
out to be a bijection; this gives the claimed compact representation for connected
circle graphs, answering the open question by Chaplick et al. [CFK19] and Kalisz
et al. [KKZ19]. We further show that this bijection can be computed in both
directions in linear time. In Section 4.3.2 we analyse the possible choices for the
chord diagrams. Altogether, this gives the claimed compact representation for
connected circle graphs.

4.3.1 Configurations of Split Trees

Let G = (V,E) be a circle graph, let r € V be the reference chord of G and let T be a
split tree of G. We root T at r and direct all arcs away from the root. For each inner
node v of T, we define the reference chord r, as the chord v, (i) associated with the
parent node p. A configuration ¢ of T is a mapping that assigns to each inner node y
of T a chord diagram c(y) of skel(y) with reference chord r,;; see Figure 4.6. We also
refer to c(p) as the configuration of p1. Recall that a split decomposition can be used
to split a node A of T into two nodes y, v connected by a (directed) arc (g, v). In the
reverse direction, a join composition can be used to join two nodes y, v connected

by an arc (y, v) into a single node A. The join operation extends to configurations.
The configurations of y and v induce a unique configuration of A as follows.

Let a =v,(v) and let c(v) = r,pr,o. The induced configuration ¢’(1) = c(y) @,

c(v) of A is obtained from c(p) by replacing a with p and a with o. See Figure 4.6b.
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Figure 4.6: (a), (b) (c), show configurations of the corresponding split trees in Figure 4.5
that yield the same chord diagram. We have ¢’(A) = rdcd fbaecerbaf = rdcdfvecervf @, ,,
rybar,ba = c(y) @y, c(v), wherev =v,(v).

Lemma 4.2. Let T be a split tree of a graph G. Then applying a set of joins
in two different orders on T results in the same split tree T’. Further, given a
configuration ¢ for T, the resulting configuration of T is also the same.

Proof. It suffices to prove the statement for a set of two joins. Consider two pairs p, v
and A, k of two vertices in T with {g, v}, {4, k} € E(T), where y, A are the parents
of v,k. Leta=v,(p), b =v,(v),, e =v,(x), d =v,(A). Let, in each of the following
cases, ¢ be the vertex resulting from joining at a,b and let 1 be the vertex resulting
from joining at e, d.

We consider the results T, ¢; of joining first at a, b and then at e, d and the
results T,, c; of joining first at ¢, d and then at a, b (where T;, T, are the split-
trees and cq, ¢, are the configurations). First assume the four nodes p, v, A, k are
pairwise distinct. Then we have c(y) = a1bazbas, c(v) = afrafs, c(A) = d1edzed3,
c(x) = dyidy,. In both, Ty and T, we obtain skel({) = skel(y) @, skel(v) and
skel(n) = skel(1) @4 skel(x) as well as ¢1({) = c2({) = a1fprazfra3 and ¢1(n) =
c2(n) = 81y162y26s.

Next assume p = A. Then we have b,d € c(p), c(v) = af1afs, c(k) = dy1dy,. For
the vertex & resulting from both joins, we have that l;, I;, coi, d have been replaced by
B1, P2, v1, 2 independently in ¢; (€) and c; (&) which implies ¢1 () = c2(¢) and thus
(skel(p) ®p 4 skel(v)) @, 4 skel(x) = (skel(y) @, q (skel(k)) ®p 4 skel(v)).

Finally assume v = A. Then we have c(y) = ajbazbas, e € c(v) = afiaps,
c(k) = dydys. Let f;, B, be the words obtained by replacing ¢, ¢ in f1, B2 by y1, ye.
If we first join at a, b, then we have e € ¢({) = o1 f122 23 and after joining at e, d
we obtain c(n) = a1 fjazf,as. If we first join at e, d, then we have c(n) = afjaf;
and after joining at a, b we obtain c¢({) = a;f]a2f;a3. Therefore, the resulting
vertex £ has in both cases the same assigned chord diagram c¢; (&) = c,(&) and thus,
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we obtain (skel(y) @y, skel(v)) @, q skel(x) = skel(u) @y, (skel(v) &, 4 skel(k)).
For u = k the statement holds by symmetry.

It follows that any configuration c of a split tree T of a circle graph G uniquely
defines a chord diagram D(c¢) for G, which is obtained by joining all internal nodes
of T in arbitrary order. For connected graphs, two different configurations yield
two different chord diagrams.

Lemma 4.3. Let G be a connected circle graph and let T be a split tree. Then the
mapping D that maps configurations of T to chord diagrams of G is injective.

Proof. The proof is by induction on the number k of internal nodes of the split tree.
If k = 1, then the skeleton of the sole internal node y is isomorphic to G. Therefore
a configuration directly corresponds to a chord diagram of G, and the statement
holds trivially.

Now assume k > 1 and let c;, c; be distinct configurations of T. Since ¢; # c;
there is an internal node y of T such that ¢;(u) # cp(u). Since k > 1, y has an
adjacent internal node v. We join y and v into a single node A and we let ¢} and c;,
be the corresponding joined configurations on the resulting tree T'. If ¢| and ¢/, are
different, then by the inductive hypothesis, we have that D(c;) = D(c}) # D(c,) =
D(cy). It hence suffices to show ¢} (1) # ¢} (1).

If v is the parent of y, then letv =v,(y) and let ¢; () = afiapfs, c2(p) = apap;.
This implies f; # f; or f; # f,. We obtain ¢/ (4), ¢;(A) by replacing v, § by f, f»
or f31, B;, respectively. Since skel(4) is connected, there is at least one chord end
between v, ¥ and we obtain ¢} (1) # c;(A).

Otherwise, y is the parent of v. Let u = v,(v) and let ¢;(v) = baibay, c2(p) =
baba). Since ¢y (p) # cz(p), there are two chords x, y with different order in ¢; (p),
c2(p). If x, y # u, then they also have different order in ¢} (1), ¢} (4). If x = u, note
that V(v), V(p) are disjoint and a, &} are not empty. Thus there is a chord in V'(v)
before y in ¢} (A) if and only if 7 comes before y in ¢; (). The same holds for ¢/, c,

which implies ¢} (1) # ¢} (1).

In general, not every chord diagram D of G can be obtained from a configuration
of T since D cannot necessarily be decomposed along an arbitrary split (Va, Vp).
If G is connected, a diagram D can be decomposed only if the endpoints of the
chords in V4 and Vj appear suitably in D. We say that D respects the split (V4, V) if
we have D = py01p,0,p3 where p,, (p3p1) are words over Vy and oy, 0, are words
over V3.

Let D be a chord diagram of G. Let T denote the split tree that consists of a single
inner node A with skel(1) = G and a configuration ¢ with ¢(1) = D. Now consider
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a split (Vy, V) of skel(A) that is respected by D. This split decomposes A into two
nodes p, v such that—without loss of generality—u is the parent of v. Let further
a = v,(v). Because c(A) respects (V4, Vp), it is of the form c(1) = pio1p202p3
such that pq, ps, p3 contain only chords in V4 and similarly, o1, o, contain only
chords in V3. We define the configurations of p, v by setting c¢(p) = p1apzaps and
c(v) = ryo1r,0,. The reference chord r; is the reference chord of skel(y) and r,, is
the reference chord of skel(v).

Observe that splitting a chord diagram along such a split and joining the resulting
two chord diagrams are inverse operations. Let c(4) respect another split(V;, V})
with V; C V4. Then (V, V4 \ V; U {a}) is a split in skel() and c(p) respects it. A
similar observation holds for splits (V}, V;) with V; 2 Vg and ¢(v). Therefore we
can recursively decompose a chord diagram along several splits if it respects each
of them.

Lemma 4.4. Let G be a (not necessarily connected) circle graph and let T be a
split tree of G rooted at some reference chord r. Then the mapping D that maps
configurations of T to chord diagrams of G is surjective on the set of chord diagrams
of G with reference chord r that respect all splits induced by arcs of T.

Proof. We use induction on the number k of internal nodes of T. If k = 1, then
skel(p) for the sole internal node p of T is isomorphic to G, and the claim holds.

Assume k > 1. Let D be a chord diagram of G with reference chord r that respects
all splits induced by arcs of T. Let T’ be the split tree obtained from T by joining
two adjacent internal nodes i, v into a single node A. Clearly T” is a split tree with
k — 1 internal nodes, and by the inductive hypothesis there exists a configuration ¢’
of T" with D(¢’) = D. Because D respects the split induced by {y, v}, ¢’(A) respects
the corresponding split in skel(4). Therefore ¢’(1) can be split into configurations
c(p), ¢(v). For all other nodes k of T we set c¢(k) = ¢’(k). Note that first joining the
nodes p and v yields the configuration ¢’, and therefore D(c) = D(¢’) = D.

Note that, for any configuration ¢ of T, the chord diagram D(c) respects all splits
induced by arcs of T. For good splits the situation is particularly simple.

Proposition 4.5 ([Cou08][Proposition 9]). Let G = (V,E) be a connected
circle graph, let D be a chord diagram of G. Then D respects every good split
of G.

We can conclude the following.

Theorem 4.6. Let T be a good-split tree of a connected circle graph G rooted
at some reference chord r € V(G). Then the mapping D that maps configurations
of T to chord diagrams of G with reference chord r is a bijection.
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a s ) s /
(fo/ ‘b a‘/ bi

Figure 4.7: (a) A star G with a non-good split ({r,a},{b,c}). (b) A split tree T of G with an arc
corresponding to the bad split in (a). (¢) A chord diagram of G that is not represented by T.

Proof. Direct consequence of Lemmas 4.3 and 4.4 with Proposition 4.5.

We can translate between configuration and chord diagram in linear time, which
allows us to use this result algorithmically. Note that in the following theorem the
split trees are not required to be good-split trees, which means there may be chord
diagrams for their graph that they do not represent; see Figure 4.7. This will be
useful when dealing with REPExT (CIRCLE).

Theorem 4.7. Let T be a split tree of a connected circle graph G rooted at some
reference chord r € V(G). Then the mapping D can be computed in linear time.
Conversely, given a chord diagram D of G with reference chord r, it can be tested
in linear time whether there exists a configuration ¢ of T with D(c) = D. If it exists,
the configuration c can also be computed in linear time.

Proof. We store chord diagrams as circular doubly linked lists of endpoints of chords
in clockwise order. We assume that each chord endpoint is equipped with a pointer
to the corresponding vertex and each vertex has pointers to the two endpoints of
its chord.

Let ¢ be a configuration of T. We first store for each chord u in a chord diagram
which of its ends is #. We then process the tree T in bottom-up order. If ¢ con-
tains only a single inner node, then the configuration of this node is the desired
diagram D(c). Otherwise let 1 be an inner node of T whose children are all leaves
and let v be its parent. Let T’ be the split tree obtained by replacing in T the node p
together with all its leaves by a single leafv and let ¢’ be the configuration of T’ that
coincides with c for all nodes of T’. Clearly, ¢’ and T” can be computed from ¢ and T
in O(1) time. We now recursively compute D(c’) in time linear in the size of T".
To obtain D(c), we replace in D(¢’) the endpoints 0,7 of v by the sequences 7, o,
respectively, where c¢(y) = rzro and r is the reference chord of pi. Since we maintain
the order of the endpoints in doubly linked lists, this can be done in O(1) time.
Therefore we only spend O(1) time per node of T.
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Conversely assume that D is a chord diagram of G with reference chord r. We
again process the tree T in bottom-up order. As before, if T contains only a single
inner node y, then c¢(y) = D is the desired configuration. Otherwise let y be an
inner node whose children are all leaves. We denote the set of leaves of 1 by L. Note
that (L,V \ L) is a split of G. Let T’ be the tree obtained from T by replacing y and
its leaves by a single leaf v. Using simple flags, we can decide for an endpoint of a
chord of D in constant time whether it belongs to a vertex of L and if so, whether it
has already been processed. We now treat the endpoints of the vertices in L one by
one. For the first endpoint e we obtain in this way, we scan to the left and right in
the doubly linked list of D starting at e. In this way we determine a sublist [ey, e;]
of D such that all endpoints that lie clockwise between ey, e; belong to vertices of L
and the predecessor of e; and the successor of e, do not. We mark all endpoints
that we encounter in this way as processed. We then scan further the leaves of L.
We do find another endpoint f that is not yet processed since otherwise G is not
connected. We similarly determine a sublist [ f;, f2] around f so that all endpoints
that lie clockwise between fj, f> belong to vertices of L and the predecessor of f;
and the successor of f; do not. If there is an unprocessed endpoint left, this means D
does not respect split (L, V \ L) and we can reject. Hence, assume no unprocessed
endpoint remains.

We thus have partitioned the endpoints of the chords of L into two disjoint
sublists [e;, ez] and [fi, f2] of D. Then let D’ be the diagram obtained from D
by replacing the sublists [ey, e;], [fi, f2] each with v. We recursively compute
a configuration ¢’ of T” with D(¢’) = D’ where for each chord u the end u is
stored. If this succeeds, we obtain the desired configuration c as follows. For each
inner node v # u we set ¢(v) = ¢’(v). Since we know from each predecessor
and successor u of v and § whether it is u, we can set c(u) = rley, e2]r[fi, f2] or
c(p) =r[fi, f2]rles, e2] according to these predecessors and successors, where r is
the reference chord of skel(u). By construction it is D(c) = D. Note that any other
choice of ¢(y) or D(c|r—,,) results in a chord diagram different from D, since [e;, e;]
and [ fi, f2] are non-empty and separated by chords not in L. We can then first
iterate through the list of [el, e2], [ fi, f2] that replaces v and then through other
one to store each endpoint u.

The time spent to compute T/, D" as well to modify ¢’ into ¢ is proportional to |L]|.
Therefore the algorithm runs in linear time.

4.3.2 Configurations of Canonical Split Trees

In this section we describe the (oriented) chord diagrams for degenerate and prime
connected circle graphs. This provides a compact way to describe all chord diagrams
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of a connected circle graph with a canonical split tree where we associate each
inner node with the necessary information. We can describe a chord diagram of a
connected degenerate circle graph G = (V, E) with reference chord r € V with a
cyclic permutation of V using the following mapping ¢¢ , to chord diagrams of G
with reference chord r. If G is a clique, we set ¢g(rp) = rprp. If G is a star with
center x, we set ¢¢ r(xpo) = p"xpoxc® where p ends with r or is empty if x = r.

Lemma 4.8. For a connected degenerate circle graph G = (V, E) with r € V the
map ¢g, is a bijection.

Proof. Two chords cross in a chord diagram if and only if their ends are alternating.
Therefore, ¢, actually maps to chord diagrams of G with reference chord r. Ob-
serve that given a cyclic permutation 7 of V5, we can consider the corresponding
permutation 7’ of V; starting with r or x respectively and find it as a subword
of ¢ (7). Namely, for cliques the first half of ¢, is 7’ and for stars the word
starting at x and ending right before % is 7’. This implies ¢, is injective. We
further obtain surjectivity since each chord diagram for a clique or a star is of the
corresponding form.

For each type of connected degenerate circle graphs one of the operations turn,
reverse and turn o reverse has no effect, while the other ones have the same effect
as reversing the corresponding permutation. For non-degenerate inner nodes id,
turn, reverse, turn o reverse yield pairwise distinct results.

Lemma 4.9. Let G be a connected degenerate circle graph, r € V;, and let ¢ be
a cyclic permutation of V.

1. If G is a clique, we have ¢¢ (o) = turn(¢g,(0)) and
d.r(0™) = reverse(¢g (o)) = turn(reverse(¢g,(0))).

2. If G is a star with center x = r, we have ¢g (o) = reverse(¢g,(o)) and
96, (™) = turn(¢g, (o)) = turn(reverse(¢g,(0))).

3. If G is a star with center x # r, we have ¢g,(0) = turn(reverse(¢g,(0)))
and ¢g (™) = turn(¢g (o)) = reverse(¢g,(0)).

Proof. Let o =rp.

1. If G is a clique, we have

$G.r(rp) =rprp = turn(rprp) = turn(de,(rp))
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and
d.r(rp™) = rp™rp™ = reverse(rprp) = reverse(dg,(rp)).
2. If G is a star with center x = r, it is

¢Gr(rp) = rprp™ = reverse(rprp™’) = reverse(¢c,(rp))

and
dc.r(rp™) = rp™rp = reverse(rprp™’) = reverse(dg,(rp)).

3. If G is a star with center x # r, let p = axf8. We have that

de.r(raxp) = rfxpraxa™ = turn(reverse(rf < xfraxa™"))

= turn(reverse(dg - (raxp)))

and further

PG (rfxa™) = raxa™rf " xf = turn(r " xfraxa*)

= turn(go, (raxp)).

Since turn and reverse commute and are self-inverse, the remaining equations are
implied.

Lemma 4.10. Let G be a connected circle graph, and let D be a chord diagram
of G with reference chord r € V(G).
1. Gisaclique & turn(D) = D & turn(reverse(D)) = reverse(D).
2. G is a star with center r © reverse(D) = D < turn(reverse(D)) = turn(D).

3. G is a star with center x # r & turn(reverse(D)) = D & turn(D) =
reverse(D).

4. Gisnotdegenerate & D, turn(D), reverse(D), turn(reverse(D)) are pairwise
distinct.
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Proof. Let D = rarp. If turn(D) = D, then we have rfra = turn(D) = D = rarp.
This implies « = f and thus D = rara. Hence, we have that H is a clique. If
reverse(D) = D, then we have rf*'ra"" = reverse(D) = D = rarf. This implies
a = " and thus D = rara™’. Hence, we have that H is a star with center r. If
turn(reverse(D)) = D, then we have ra™rf"™" = turn(reverse(D)) = D = rarp.
This implies ¢ = ™ and f = ™. Since G is connected, @ and f must share a
symbol x. Since this symbol occurs only once in @ and in f, it is unique. Hence,
we have that G is a star with center x # r. Since ¢, is a bijection, we obtain
the remaining statements from Lemma 4.9 and the fact that turn and reverse are
self-inverse.

Bouchet [Bou87] showed that the undirected chord diagram of a connected prime
circle graph is unique up to reversal. We can additionally choose the orientation
of the reference chord. We set tr = {id, turn, reverse, turn(reverse) } and for any
chord diagram D we set tr(D) = {D, turn(D), reverse(D), turn(reverse(D))}.

Lemma 4.11. Let G be a connected prime circle graph, r € V(G), and D a chord
diagram with reference chord r. Then | tr(D)| = 4 and tr(D) is the set of chord
diagrams of G with reference chord r.

Proof. By Lemma 4.10 we have |tr(D)| = 4. Let D = rarf and let D be the
corresponding undirected chord diagram. Then turn(D) = rfra is the only other
chord diagram corresponding to D with reference chord r. Let D’ = reverse (D) =
B ra™ and let D’ be the corresponding undirected chord diagram. We obtain
that the only other chord diagram corresponding to D’ with reference chord r is
ra™Vrf™¥ = turn(D’). As stated above, Bouchet showed that the undirected chord
diagram of a connected prime circle graph is unique up to reversal. This means D
and D’ are the only undirected chord diagrams of G and D, turn(D), reverse(D),
turn(reverse(D)) are the only chord diagrams of G with reference chord r.

The following theorem summarizes the discussion.

Theorem 4.12. Let G be a connected circle graph and let T be the canonical split
tree of G with reference chord r € V(G). Let each prime node p be equipped with
a chord diagram of skel(y) with reference chord r,. There is a bijection between
the chord diagrams of G with reference chord r and the choices of

(i) applying an operation 7, € tr to each prime node y and

(ii) choosing a cyclic permutation of V(skel(y)) for each degenerate node p.
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P

Figure 4.8: (a) configuration of a canonical split tree T. Leaves in V(H) are colored blue.
(b) split tree Ty with the corresponding configuration. Node p is degenerate in Ty while p’
is prime in T. skel(k) is an isolated set while skel(x’) is a star.

4.4 Partial Representation Extension

In this section, we solve REPEXT(CIRCLE) for a circle graph G = (V, E) and a chord
diagram Dy of an induced subgraph H C G in near-linear time. The idea is the
following. Assume G is connected and let T be the canonical split tree of G. We
consider a split tree Ty of H that is obtained as a projection of T. Likewise, we
project configurations of T to configurations of Ty. By Theorem 4.6, all chord
diagrams of G are represented by T. We show that the extendable chord diagrams
of H are exactly the chord diagrams that correspond to projections of configurations
of T on Ty. We observe that the projection onto H commutes with all relevant
operations. The possible choices for T described by Theorem 4.12 can therefore
be passed to Ty. This yields a restricted split tree (T, c};) of H that describes all
configurations of H that can be extended to G. We then just check whether (Ty, c};)
represents the given chord diagram Dy.

Chaplick et al. [CFK19] argue that, if G is disconnected and there are distinct
connected components C, C" whose prerepresented chord ends alternate in Dy,
then there is no extension of Dy to G. Otherwise an extension exists if and only if
each connected component of G admits an extension. Testing this requirement as
well as combining representation extensions of the different components can be
done in linear time. Hence, we assume in the following that G is connected. Note
that H may still be disconnected.

We start with a canonical split tree T of G rooted at a reference chord r € V(H),
which by Theorem 4.6 represents all chord diagrams of G. For a chord diagram D
of G let D|y denote the chord diagram for H induced by D (i.e., the chords of H are
placed as in D with the same starting point). Let Ty be the subtree of T whose leaves
are the vertices of H and whose inner nodes are the inner nodes of T that lie on a
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path from r to some leaf in V(H). For each inner node of Ty, we define skelr, (1)
as the subgraph of skelr(y) induced by the vertices v,(V (Tj)), i.e., we keep exactly

those chords that represent nodes that lead to at least one vertex of H; see Figure 4.8.

Finally, we suppress nodes with K, as skeleton in Ty by (iteratively) joining them
with one of their neighbors. Note that Ty is a split tree of H rooted at r, and each
inner node p of Ty stems from exactly one inner node p/ of T. We call Ty the
projection of T onto H.

Let now c¢ be a configuration of T. We define its projection cy by setting cy(p) =
c(y) |skeer (u) for each node p1 of Ty, i.e., it is the restriction of the chord diagram c(y")
to skelr, (i). Observe that the reference chord is not removed, and therefore cg ()
has the same reference chord as c(y'), i.e., cg is a configuration of Ty. The following
lemma shows that the projection (T,¢) +— (T, cy) commutes with all relevant
operations.

Lemma 4.13. We have
(i) D(c)ln = D(cn) and
(ii) for every inner node p of Ty,

turn(cg(p)) = turn(c(y’)) |skelTH (1)

and
reverse(cy(p)) = reverse(c(y)) |skeer (0)-

Proof. For Property (i) observe that it suffices to show that joining two diagrams
commutes with the projection to a subgraph H. It then follows that D(c)|y, where
the join is projected to H, is the same as D(cy), where the skeletons are projected
before the join, coincide.

More formally, let Hy, H; be two induced subgraphs of graphs Gy, Gy, respectively,
and let H = H; &,,,, H, and G = G; &,,,, Go. We show that for any chord
diagrams Dy, D, of Gy, Gy, respectively, it is (Dy &,,,, D2)|n = Di1lm, ®v,p, D2lm,-
To see this, let D; = avyfvoy and Dy = v1pvq0o and let &, B, y/, p’, o’ be the words
obtained from «, f, y, p, 0 by removing all symbols for chords that are not in V(H).
Then we have (D; @,,,, D2)|g = (apPoy)|ly = o’ p’f’c’y’. On the other hand, it
is Dilg, ®,0, D2li, = @022y @y, V19010 = a'p’B'a’y".

For Property (ii), let H be an induced subgraph of G. Let D = rpro be a chord
diagram for G with reference chord r and let p’, ¢’ be the restrictions of p, o to H,
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respectively. Then

turn(D)|g = turn(rpro)|g = (rorp)|g = ro’rp’ = turn(rp’ro’)

= turn((rpro)|yg) = turn(D|g)
and

reverse(D)|y = reverse(rpro)|g = (ra™rp™)|g = ro"™rp™|g

=ro"™rp™ = reverse(rp’ro’) = reverse(D|g).

Let Dy be a chord diagram of H. By Theorem 4.6 there exists a chord diagram of G
that extends Dy if and only if there exists a configuration ¢ of T with D(c)|g = Dg.
By Lemma 4.13(i) this holds if and only if there exists a configuration ¢ of T whose
projection cy satisfies D(cy) = D(c)|g = Dy. We aim to find such a configuration c.
To do this, we make use of the property from Lemma 4.13(ii) as follows. Let ¢’ be an
arbitrary configuration of T. By Theorem 4.12, c is obtained from ¢’ by (i) arbitrarily
choosing a configuration for each degenerate node of T and (ii) by choosing for each
prime node y one of the diagrams c(p) € tr(c’(p)). Note that induced subgraphs of
cliques are themselves cliques and an induced subgraph of a star is either a star
or an independent set. In the latter case an induced chord diagram has the form
P poc where the center of the original star has one end between p™" and p
and one end between ¢ and ¢"". By Lemma 4.13(ii) it follows that cp is obtained
from ¢}, by (i) arbitrarily choosing a configuration for each node of Ty that stems
from a degenerate node of T and is connected, (ii) choosing a configuration of the
form p™Ypoc'® for each node of Ty that stems from a degenerate node of T and is
an independent set and (iii) by choosing for each node p of Ty that stems from a
prime node in T one of the diagrams cg(y) € tr(cj(p)).

We condense these rules as follows. We label the nodes of Ty as prime if they stem
from a prime node in T and as degenerate if they stem from a degenerate node of T.
We call two configurations cy, c}; of Ty equivalent if for each prime-labeled node p
we have cy(p) € tr(cj; (1)) and for each degenerate-labeled node v where skel(v)
is an independent set cy (v) is of the form p™'poo™’. We call (T, c};) the restricted
split tree of H with respect to G and say that (Ty, c};) represents a diagram Dy of H
if Dy = D(cy) for some configuration cy that is equivalent to cj,. By the above
observations, Dy can be extended to a diagram of G if and only if Dy is represented
by (Tu, cj;), where c}; is the projection of an arbitrary configuration of T.

If H is connected, we can compute in linear time the unique configuration cy
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of Ty with D(cy) = Dy using Theorem 4.7 and then check whether it is equivalent
to c}{. If it is not equivalent to c}{, then no such configuration exists since cy is
unique. In the next section we show how to find a configuration cy represented by
(Th, ¢};) with D(cg) = Dy in the case that H is not connected.

4.4.1 Representation Test in Restricted Split Trees

Let G be a connected circle graph with canonical split tree T and a configuration ¢’
and let (Ty, c};) be the restricted split tree of a subgraph H in G. Given a chord
diagram Dy for H, we aim to find a configuration cy of Ty with D(cy) = Dy that is
equivalent to c};. To this end, we proceed similarly as in the proof of Theorem 4.7.
However, H may be disconnected. We can therefore have that when processing a
node y, the two ends of the chord v representing y in its parent k are contiguous.
For example, this happens if k is a star node in T that lost its center in Ty and v, (1)
is the leftmost leaf. If, additionally, y is a node where all chords are at the same side
of the reference chord, the configuration cy is not unique. Further, we only find
a single sequence [ey, e;] of leaves of p. This also occurs, if all chords are on the
same side of the reference chord in y. Without the second sequence [f;, f2] as an
indicator, it is too expensive to find the correct place in the new chord diagram D’
for the second end of the leaf chord v that replaces p. For that reason, we instead
work with relaxed chord diagrams, where not necessarily all ends are placed. More
precisely, a relaxed chord diagram D of a graph G with reference chord r is a word
D = ra over V(G) where eachv € V(G) appears exactly once or twice in ra and
for any two chords x, y with two ends in D we have that x and y alternate in D if
and only if xy € E(G). We say that a chord diagram D’ realizes D if we can obtain
D from D’ by removing chord ends. For nodes in a restricted split tree it is easy to
find configurations that realize a relaxed chord diagram.

Lemma 4.14. Let y be an inner node of a restricted split tree (T, c};) and
let Dy be a relaxed chord diagram of skel(y) with the same reference chord r,
as c;(y). Then it can be tested in O(|V (skel(y))|) time whether there exists a
configuration cy of Ty that is equivalent to ¢}, such that cy(p) realizes Dy. If it
exists, cg (1) can be computed in the same time.

Proof. If j1is a prime-labeled node, we do for each Dj; € tr(c}; (1)) the following. We
traverse D}, and Dy starting at the starting point. Whenever we do not encounter
an end of a chord v in Dy that we do encounter in Dy, we insert that end in Dg. If
both ends of v are already contained in Dy, D}, does not realize Dy. If we finish

the traversal, Dy, realizes Dy by definition and we can choose cy(y) = Dy,. If
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no Dy, € tr(c};(p)) realizes Dy, then reject. Note that the placements of all added
chord ends are necessary and thus this approach is correct.

If p is a degenerate-labeled node that stems from a clique, then skel(y) is itself a
clique. If Dy contains no chord end twice, we just set cg(¢) = DgDpy. Otherwise,
we iteratively choose a maximal sequence [ey, e;] of chord ends where all chords
have only one end (the one in [ey, e;]). First consider the case where there exists
a predecessor f of [ey, e;], then since [ey, e;] is maximal, chord f has two ends
in Dy. Insert a copy of [ej, e;] after the other end of f. Thereby all chords in [ey, e;]
intersect f and each other, and further all other chords with two ends also intersect
the chords in [ey, e;] since they intersect f. If [e;, e2] has no predecessor, then it
has a successor g since there is a chord with two ends. In that case we can argue
similarly that a copy of [e;, e2] can be inserted in front of the other end of g. Hence,
in the end we obtain a chord diagram cy (i) of clique skel(y) that realizes Dy.

If u is a degenerate-labeled node and skel(y) is a star with center x, we start
at an end of x in Dy and traverse simultaneously in both directions (eventually
going from the end of the word to the start or the other way around, respectively)
until all ends are traversed (except possibly the second end of x). At each end of
a chord v with no second end, insert that second end where the other traversal
is at that moment. When a chord with two ends is reached, wait in front of that
chord until the other traversal also reaches that chord and then skip that chord in
both traversals. If the traversals wait at different chords we reject. In that case Dy
induces the subword xaabb or xabab (or some cyclic shifted version of these words)
which cannot be realized by a star with center x. If x has a second end, the traversals
meet and end there. Otherwise, add the second end of x where the traversals meet.
Thereby, all chords for leaves intersect x and no other intersection occurs. By
construction we obtain a chord diagram cy(y) that realizes Dy.

If u is a degenerate-labeled node and skel(y) is an independent set, then we
choose a place that - ignoring ends of chords with only one end in Dy - is not
neighboring two different chords. We then place there a chord end of an artificial
center and proceed as for stars above. Note that if both traversals wait at different
chords, then Dy induces the subword aabbcc or aabcbe (or some cyclic shifted
version of that word) with the chord bordering x and the two chords where the
traversals wait as a, b and c. Hence, Dy can in that case not be extended to the form
p* poc™’. If the process finishes, we remove the artificial center and obtain cx (y)
in the desired form.

Since we essentially only do traversals, the running time is in O(|V (skel(x))|).
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Lemma 4.15. Let (T, c;) be a restricted split tree of a graph H with respect
to a connected graph G and let Dy be a chord diagram of H with the root r of Ty
as reference chord. Then it can be tested in linear time whether there exists a
configuration cy of Ty with D(cy) = Dy. If it exists, such a configuration ¢y can
also be computed in linear time.

Proof. We actually prove a stronger statement where Dy can be a relaxed chord
diagram with reference chord r and D(cy) realizes Dy. We proceed similar as in
the proof of Theorem 4.7.

We process the tree Ty in bottom-up order. If Ty contains only a single inner
node y, then Lemma 4.14 provides the result. Otherwise let ; be an inner node
whose children are all leaves. We denote the set of leaves of y by L. Note that
(L,V'\ L) is a split of H. Let (T}, c};) be the restricted split tree obtained from
(Th, ;) by replacing p and its leaves by a single leaf v with ¢, (v) = ¢}, (v) for every
node v of T},. Using simple flags, we can decide for an endpoint of a chord of Dy in
constant time whether it belongs to a vertex of L and if so, whether it has already
been processed. We now treat the endpoints of the vertices in L one by one. For the
first endpoint e we obtain in this way, we scan to the left and right in the doubly
linked list of Dy starting at e. In this way we determine a sublist [ey, ez] of Dy
such that all endpoints that lie clockwise between ey, e; belong to vertices of L and
the predecessor of e; and the successor of e, do not. We mark all endpoints that
we encounter in this way as processed. We then scan further the leaves of L. If
we find another endpoint f that is not yet processed, we similarly determine a
sublist [ f1, 2] around f so that all endpoints that lie clockwise between fi, f> belong
to vertices of L and the predecessor of f; and the successor of f; do not. If there is
an unprocessed endpoint left, this means Dy does not respect split (L, V' \ L) and
we can reject. Hence, assume no unprocessed endpoint remains.

If we found f, we thus have partitioned the endpoints of the chords of L into
two disjoint sublists [e;, e2] and [fi, 2] of Dy. Then let D’ be the relaxed chord
diagram obtained from Dy by replacing the sublists [e;, e;], [ f1, f2] each with v.

Note that D(cy|r_,,) must realize D’, since [ey, e2] and [ f;, f2] are non-empty and
separated by chords not in L in Dy. We recursively compute a configuration ¢’ of
T}, equivalent to c}; such that D(c’) realizes D" and for each chord u the end # is
stored. If this succeeds, we obtain the desired configuration cy as follows. For each
inner node v # u we set cg(v) = ¢’(v). Since we know from each predecessor and
successor u of 0, b whether it is #, we can define a relaxed chord diagram D, =

rles, e2]r[fi. f2] or Dy, = r[fi, f2]r[e1, e2] depending on whether v is at the place
of [e, e2] or of [fl,fg] Note that cy(p) must realize D), since at the places of v
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Figure 4.9: Example where replacing [e;, e;] by a single v may result in providing a false
configuration cy. We have [ey, e;] = cddc. Setting ¢y = ¢y, provides Dy. If we replace cddc
by a single v in D’, then v can be reversed resulting in chord diagram to the right (turning
p does not help) while D(cg|«,v}) realizes D’ and cy (p) = redrde.

and 0 correpsonding words must be inserted. Hence, we obtain c¢y(y) from D}, by
Lemma 4.14. By construction D(cy) realizes Dy.

In the case where f was not found, we have that [ey, e;] contains all chord ends
of L. Since this might only determine one end of v in D’, we have to proceed more
carefully. Namely, we first check whether it suffices to fix one end of v in D’ by
checking whether y admits a diagram where the endpoints are in different spots, or
whether they have to be in the same position. Depending on that outcome we then
replace [ej, e2] by one or two ends of v for the recursive call. Finally, we adapt cy (u).
In detail we do this as follows. We first check whether we may choose a chord
diagram D, that realizes D;l = r[ey, ez]r with Lemma 4.14. In that case, we may
instead also choose turn(D,), which realizes rr[e;, e;]. We then define D’ as the
relaxed diagram obtained from Dy by replacing [e;, e;] with a single end of v and
not fixing the second end of v. Note that D(cyz,—,) must realize D’, since [ey, e;]
is non-empty and to have these chord ends in the corresponding position, at least
one end of v has to be placed there in D(cp7,,—,,). Again, we recursively compute a
configuration ¢’ of T}, equivalent to c}; such that D(c’) realizes D" where for each
chord u the end # is stored. As argued above, such a configuration ¢’ must exist, or
we can reject. If this succeeds, we obtain the desired configuration c as follows. For
each inner node v # u we set cg(v) = ¢’(v). We further set cg(p) = Dy, if [ej, €3]
was replaced by v and we set ¢y (p) = turn(D,) if [e;, eo] was replaced by o. By
construction, D(cy) realizes Dy.

In the case that we may not choose a chord diagram for y that realizes D), =
rles, ez]r (or rrey, ez]), the only way to obtain [ey, e;] as a sequence in D(cy)
is if both ends of v are contiguous in D(cy|z,—,) (Where they then have to be
replaced by [ey, e2]). Thus, define D’ as the relaxed diagram obtained from Dy by
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replacing [ey, e;] with both ends of v. Note that replacing [ej, e2] by just one end of
v would allow the other end to be non-contiguous in D(cpr,,-,); see Figure 4.9 for
an example.

This further means that any diagram cy (p) that realizes r[ey, e;] yields Dy when
joined with D(cyp,-,,). Hence, we recursively compute a configuration ¢’ of T},
equivalent to c}; such that D(c’) realizes D’ where for each chord u the end # is
stored. We further use Lemma 4.14 to find an allowed chord diagram D, for p
that realizes Dj,. If this succeeds, we obtain the desired configuration c¢ by setting
c(v) = ¢’(v) for each inner node v # p and cy(y) = D,. By construction, D(cp)
realizes Dy.

We can either way iterate through cy(p) to store each endpoint u. The time
spent to compute (T}, D, Dj,) as well as to modify ¢’ into cy is proportional to |L|.
Therefore the algorithm runs in linear time.

4.4.2 The Actual Extension

We can conclude with the following theorem using a straightforward extension.

Theorem 4.16. Given T = ST(G) and a chord diagram D of G, REpPExT(CIRCLE)
can be solved in linear time. In the positive case a representation of G that extends
the given diagram Dy of H can be computed in the same running time.

Proof. From D we compute in linear time a configuration ¢’ of T with D(¢’) = D
using Theorem 4.7. From T and ¢/, we compute in linear time the projection
to the restricted split-tree (Ty, c}{) of H. With Lemma 4.15, we test whether it
represents the given diagram Dy of H and obtain a configuration cy equivalent
to ¢}; with D(cy) = Dy. We now define a configuration ¢ of T as follows. For
each prime-labeled node p of Ty, we define c¢(y') = 7(¢’(¢')) where 7 € tr such
that cy(p) = 7(c};(p)). For each degenerate-labeled node i of Ty, we choose a
configuration as follows. If skely(u) is connected, we have by Lemma 4.8 that
ca() = Pskelyy(u),r(0) for some cyclic permutation o of V (skelr, (1)). We create
a permutation ¢’ of V(skelr(y)) by appending the elements of V(skelr(y)) \
V(skelr, (p)) to o in an arbitrary order. We then set c¢(y’) = ¢p,(0’). If skelr, (n)
is not connected, then skelr(y’) is a star where the reference chord r, is not
the center x and skelz, (1) does not contain x. In that case cy () is of the form
ca(p) = p*poc™ . Then set c(i') = p" xpoaxa™, where a are the elements
of V(skelr(u)) \ V(skelr, (1)). Finally, for each node i’ of T that is not contained
in Ty, we set ¢(y') = ¢’(1). By construction, we have that cp is the projection of c,
and therefore D(c)|g = D(cy) = Dy, i.e., D(c) is the desired representation of G.

69



70

Partial Representation Extension for Circle Graphs

Clearly the amount of work per skeleton is linear, and therefore the overall running
time is linear.

If the canonical split tree of G or a chord diagram of G are not yet available,
we compute them in O((n + m)a(n + m)) time using the algorithm of Gioan et
al. [Gio+14].

Corollary 4.17. RepExT(CIRCLE) can be solved in O((n+m)a(n+m)) time.

4.5 Conclusion

We developed a data structure that compactly represents all chord diagrams for a
connected circle graph. This data structure may be useful when seeking restricted
chord diagrams that satisfy additional constraints. For example, we believe that it is
possible to significantly simplify the circular-arc graph recognition of Hsu [Hsu95]
and to adapt his approach to solve variations of REPEXT(CA).

As an application of our data structure, we have shown how to solve the partial
representation extension problem for circle graphs in almost linear time, improving
over the O(n®)-time algorithm of Chaplick et al. [CFK19]. Using a reduction of
Chaplick et al. this also solves the extension problem for permutation graphs in
near-linear time, improving over the O(n®) algorithms of Chaplick et al. [CFK19]
and Klavik et al. [Kla+12]. In the next chapter we improve this time further to
linear time.



This chapter and Chapter 9 are based on joint work with Miinch and Rutter [MRS22].

Many of the major intersection graph classes relate to the class of comparability
graphs [Gol04]. For example, interval graphs and trapezoid graphs are complements
of comparability graphs and permutation graphs are precisely those comparability
graphs whose complement is also a comparability graph. A comparability graph is a
graph G whose edges can be directed such that for each pair of directed edges ab, bc
with b as shared end, the edge ac exists and is directed from a to ¢. We call such an
assignment of directions a transitive orientation of G.

The partial representation extension problem and the simultaneous represen-
tation problem translate to the setting of comparability graphs where the repre-
sentations correspond to transitive orientations of their edges. We use modular
decompositions to improve the running time for the orientation extension prob-
lem and the sunflower orientation problem to the running time of the recognition
problem or to linear-time if the input graphs are known to be comparability graphs.

We apply these results to improve the running time for the partial representation
extension problem for permutation graphs to linear time. We also give the first
efficient algorithm for the partial representation extension of circular permutation
graphs.

In Section 5.1 we introduce basic definitions. In Section 5.2 we introduce a
generalization of modular decompositions. In Section 5.3 we solve ORIENTEXT. In
Sections 5.4, 5.5 we solve REPEXT for permutation graphs and circular permutation
graphs, respectively.

5.1 Preliminaries

A permutation diagram is a family consisting of segments connecting two hori-
zontal lines Ly, L, see Figure 5.1b. The corresponding intersection graph is called
permutation graph and the class of permutation graphs is denoted by PERM. Note
that a permutation o of [n] describes a permutation diagram which we obtain by
using a line-segment R(i) for each i € [n], ordering the endpoints of R(1),...,R(n)
from left to right on L; and ordering their endpoints on L, according to o.
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a) b) c) 4

Figure 5.1: (a) a graph G with (b) a permutation diagram and (c) a circular permutation
diagram.

Similar to PERM, the class CPERM of circular permutation graphs is obtained
by replacing L, L, with concentric circles and the geometric objects with curves
from L; to L, that pairwise intersect at most once; see Figure 5.1c.

An orientation O of a graph G = (V, E) assigns to each edge of G a direction. The
orientation O is transitive if uv,vw € O implies uw € O. A comparability graph is a
graph for which there is a transitive orientation. A partial orientation is an orien-

&8

and SIMREP, the problems ORIENTEXT, SIMORIENT " and SIMORIENT for compara-
bility graphs ask for a transitive orientation of a graph that extends a given partial
orientation and for transitive orientations that coincide on the shared graph(s), re-
spectively. The key ingredient for the O(n®)-time algorithm solving REPExT(PERM)
by Klavik et al. [Kla+12] is a polynomial-time solution for ORIENTEXT based on
the transitive orientation algorithm by Gilmore and Hoffman [GH64]. Likewise,

the O(n®)-time algorithm solving StMREp™ (PERM) by Jampani and Lubiw [JL12]

is based on a polynomial-time algorithm for SIMORIENT® which in turn is based
on the transitive orientation algorithm by Golumbic [Gol04].

tation of a (not necessarily induced) subgraph of G. Similar to REPExT, SIMREP

We use modular decompositions to describe all transitive orientations of a graph
that extend a given partial representation. With that, we solve the transitive
orientation extension problem efficiently. We further use this approach to solve
RePExT(PERM) and REPEXT(CPERM) in linear time. We build on these results in
Chapter 9.

5.2 Modular Decompositions

Let G = (V,E) be an undirected graph. A module of G is a non-empty set of
vertices M C V such that every vertex u € V\M is either adjacent to all vertices in M
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Figure 5.2: (a) A graph G. (b) The canonical modular decomposition of G with L(y) =
{1,2,3,5,6}.

or to none of them. The singleton subsets and V itself are called the trivial modules.
A module M C V is maximal, if there exists no module M" such that M ¢ M’ C V.
If G has at least three vertices and no non-trivial modules, then it is called prime.
We call a rooted tree T with root p and L(p) = V a (general) modular decomposition
for G if for every node p of T the set L(u) is a module; see Figure 5.2. Observe that
for any two nodes py, pip € T such that neither of them is an ancestor of the other, G
contains either all edges with one endpoint in L(;) and one endpoint in L(y2) or
none of them. For two vertices u,v € V we denote the lowest common ancestor of
their corresponding leaves in T by lcar(u,v). For a set of leaves L, we denote the
lowest common ancestor by lcar(L).

With each inner node p of T we associate a quotient graph G|y that is obtained
from G[L(p)] by contracting L(v) into a single vertex for each child v of y; see
Figure 5.2. In the rest of this chapter and in Chapter 9 we identify the vertices
of G[u] with the corresponding children of p. Every edge uv € E is represented
by exactly one edge rep;(uv) in one of the quotient graphs of T, namely in the
quotient graph G[u] of the lowest common ancestor y of u and v. More precisely,
if v and A are the children of y with u € L(v) andv € L(A), then rep;(uv) = vA. For

an oriented edge uv, rep;(uv) is also oriented towards its endpoint v withv € L(v).
If T is clear from the context, the subscript can be omitted. Let y be a node in T.

For a vertex u € L(u) we denote the child A of p with u € L(A) by repﬂ(u).

A node p in a modular decomposition T is called empty, complete or prime if the
quotient graph G|[p] is empty, complete or prime, respectively. By K(T), P(T) we
denote the set of all complete and prime nodes in T, respectively. For every graph G
there exists a uniquely defined modular decomposition, which we call the canonical
modular decomposition of G, introduced by Gallai [Gal67], such that each quotient
graph is either prime, complete or empty and, additionally, no two adjacent nodes
are both complete or are both empty; see Figure 5.2. Note that in the literature,
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these are referred to as modular decompositions, whereas we use that term for
general modular decompositions. For a prime node p in the canonical modular
decomposition of G, for every child v of y, L(v) is a maximal module in G[L(x)] and
for every maximal module M in G[L(y)] there exists a child v of p with L(v) = M.
McConnell and Spinrad showed that the canonical modular decomposition can be
computed in O(|V| + |E|) time [MS99]. Let i be a node in a modular decomposition
for G. A p-set U is a subset of L(u) that contains for each child A of i at most one
leaf in L(A). If U contains for every child A of u a vertex in L(A), we call it maximal.

Lemma 5.1. Let T be a modular decomposition of a graph G. After a linear-time
preprocessing we can assume that each node of T is annotated with its quotient
graph. Moreover, the following queries can be answered in O(1) time:

1) Given a non-root node v of T, find the vertex of the quotient graph of v’s
parent that corresponds to v.

2) Given a vertex v in a quotient graph G[ ], find the child of i that corresponds
tow.

3) Given an edge e of G, determine rep(e), the quotient graph that contains rep(e),
and which endpoint of rep(e) corresponds to which endpoint of e.

Additionally, given a node y in T one can find a maximal p-set U in O(|U]) time.

Proof. We focus on constructing the quotient graphs. The queries can be answered
by suitably storing pointers during the construction. For every node p in T we
initialize the quotient graph with one vertex for each child of p and equip the
children of y and their corresponding vertices with pointers so that queries 1) and
2) can be answered in O(1) time.

Next, we compute the edges of the quotient graphs. The difficulty here is to
find for each edge wv in a quotient graph G[y] the children A,, A, of p with u €
L(A,) andv € L(A,). For each node y of T we compute a list L, that contains all
edges uv of G with lcar(u,v) = p. Namely, we use the lowest-common-ancestor
data structure for static trees of Harel and Tarjan [HT84] to compute lcar(u,v) for
each edge uv and add uv to Lica(uy). Afterwards, we perform a bottom-up traversal
of the inner nodes of T that maintains for each leaf v of T the processed root r(v) = p,
where p is the highest already-processed node of T withv € L(p).

Initially, we set r(v) = v for all leaves of T, and we mark all leaves as processed.
When processing a node p, we determine the edges of G[p] as follows. We traverse
the list L, and for each edge uv € L,, we determine the children r(u) and r(v) of p.
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From this, we determine the corresponding vertices of G[p] and add an edge with a
pointer to uv between them. This may create multi-edges. We find those by sorting
the incidence list of each vertex by the number of the other incident node in linear
time using radix sort [Cor+09] and an arbitrary enumeration of V(G|[u]). We then
replace all parallel edges between two vertices with a single edge and annotate it
with all pointers of the merged edges. For each pointer from an edge e in G[u] to a
represented edge uv, we then annotate uv with a pointer to e.

Afterwards, we update r(v) for allv € L(p) to p and mark p as processed. To
maintain the processed roots of all leaves, we employ a union-find data structure,
which initially contains one singleton set for each leaf and when a node i has been
processed, we equip it with a maximal y-set containing an arbitrarily chosen vertex
from every set associated with a child of y and afterwards unite the sets associated
with its children. Since the union-find tree is known in advance (it corresponds
to T), the union-find operations can be performed in amortized O(1) time [GT85].

We observe that the total size of all lists L, is O(|E(G)|) and moreover T has at
most 2|V (G)| — 1 nodes. Therefore the whole preprocessing runs in linear time.

Let u be a node in a modular decomposition T of G and let p;p; be an edge
in G[pu]. Let T[G] denote an assignment of directions to all edges in G[ ] for every
node pin T. Such a T[G] is transitive if it is transitive on every G[u]. We obtain an
orientation of G from an orientation T[G] of the quotient graphs of T as follows.
Every undirected edge uv in E with rep(uw) = pyp2 € T[G], is directed from u to v.
We say that T represents an orientation O of G, if there exists an orientation T[G]
of the quotient graphs of T that gives us O. We denote the set of all transitive
orientations of G represented by T by to(T). We get an orientation of the quotient
graphs of T from an orientation of G, if for each oriented edge yu;p, all edges
represented by i p; are oriented from L(p) to L(p). Let T now be the canonical
modular decomposition of G. Then T represents exactly the transitive orientations
of G [Gal67]. It follows that G is a comparability graph if and only if T can be
oriented transitively.

If G is a comparability graph, every prime quotient graph G[u] = (V,, E,) has
exactly two transitive orientations, one the reverse of the other [Gol04], and with
the algorithm by McConnell and Spinrad [MS99] we can compute one of them
in O(|V,| + |E,|) time. Hence, the time to compute the canonical modular decom-
position in which every prime node is labeled with a corresponding transitive
orientation is O(|V| + |E|).
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5.3 Transitive Orientation Extension

The partial orientation extension problem for comparability graphs, called ORIEN-
TEXT, is to decide for a comparability graph G with a partial orientation W, i.e. an
orientation of some of its edges, whether there exists a transitive orientation O of G
with W C O. The notion of partial orientations and extensions extends to modular
decompositions. We get a partial orientation of the quotient graphs of T from W
such that exactly the edges that represent at least one edge in W are oriented and
all edges in W that are represented by the same oriented edge i ;, are directed
from L(py) to L(uy).

Lemma 5.2. Let T be the canonical modular decomposition of a comparability
graph G and let W be a partial orientation of G that determines a partial orientation P
of the quotient graphs of T. Then W extends to a transitive orientation of G if and
only if P extends to a transitive orientation of the quotient graphs of T.

Proof. Let O be a transitive orientation of G that extends W. Let p yi; be an oriented
edge in P. Then p i, represents an oriented edge uv in W. Then wv is an oriented
edge in O and 1y, is in the transitive orientation T[G] of the quotient graphs of T
we get from O. Hence, T[G] extends P.

Conversely, let T[G] be a transitive orientation of the quotient graphs of T that
extends P. Let uv be an oriented edge in W. Then wv is represented by an oriented
edge 2 in P. Then py i, is an oriented edge in T[G] and wv is in the transitive
orientation O of G we get from T[G]. Hence, O extends W.

To solve ORIENTEXT efficiently, we confirm that the partial orientation actually
gives us a partial orientation P of the quotient graphs of the canonical modular
decomposition T. Otherwise we can reject. By Lemma 5.2 we now just need to
check for each node p of T whether P can be extended to G[u]. To this end, we use
that p is empty, complete or prime. Since transitive orientations of cliques are total
orders and prime graphs have at most two transitive orientations, the existence of
an extension can easily be decided in each case.

Theorem 5.3. ORIENTEXT can be solved in linear time if the input graph is a
comparability graph.

Proof. Let W be the given partial orientation of a comparability graph G = (V, E).
We first compute the canonical modular decomposition T of G in linear time [MS99].
After the linear-time preprocessing of Lemma 5.1, we can compute the partial
orientation P of the quotient graphs of T we get from W in linear time by determin-
ing rep(uv) for every edge uv € W. If P does not exist, then there is an edge p;p, in
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a quotient graph that represents an edge e; € W oriented from L(y1) to L(u,) and
an edge e, € W oriented from L(p3) to L(y;). Then W can not be extended to a
transitive orientation of G since in any orientation represented by T the edges ey, e,
are both oriented in the same direction between L(y4) and L(y;). Hence, we can
reject in this case.

Otherwise, to solve ORIENTEXT for G, it suffices to solve ORIENTEXT for every
quotient graph in the canonical modular decomposition T of G with the partial
orientation from P by Lemma 5.2. Let y be a node in T. We distinguish cases based
on the type of p. If y is empty, nothing needs to be done. If i is complete, the
problem of extending the partial orientation of G[u] is equivalent to the problem
of finding a total order of the nodes of G[y] that respects P. This can be done via
topological sorting in linear time. If y is prime, G[u] has exactly two transitive
orientations, where one is the reverse of the other. Therefore we check in linear time
whether one of these orientations of G[x] is an extension of the partial orientation
of G[p]. Otherwise, no transitive extension exists.

Since we can compute T in O(|V| + |E|) time, in total we can decide whether
the partial orientation W is extendable in the same time. we get a corresponding
transitive orientation of G by the extension of P and can also be computed in the
same time.

Since a partial transitive orientation can only be extended to a graph G if it
is a comparability graph, we can just test whether G is a comparability graph,
reject if it is not and otherwise use Theorem 5.3. The upper bound for this test
is the running time of a matrix multiplication [Spi85] with the best currently
peer-reviewed running time in O(n*37286) [AW21].

Corollary 5.4. ORIENTEXT can be solved in O(n?37286) time.

5.4 Permutation Graphs

We give an algorithm that solves REPExT(PERM) in linear time using modular
decomposition and the results from Section 5.3. To do so, we need the following
definitions and observations. Let G = (V, E) be a permutation graph and let D be a
permutation diagram of G. We denote the upper horizontal line of D by L; and the
lower line by Lj.

Proposition 5.5 ((Mon03]). Let G = (V, E) be a permutation graph and let T be
the canonical modular decomposition of G. Then for every permutation diagram D
of G and for every u € T, the vertices in L(y) appear consecutively along both L;
and L, in D.
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Let G be a permutation graph and let T be the canonical modular decomposition
of G. We use Proposition 5.5 to show that for node p € T we can compute a permu-
tation diagram of G[L(y)] by iteratively replacing a line segment representing a
descendent v of 1 in T by a permutation diagram of G[v].

Theorem 5.6. Let G be a permutation graph and let T be the canonical modular
decomposition of G. There is a bijection ¢ between the permutation diagrams of G
and the choice of a permutation diagram D, for each quotient graph y € T. Both ¢
and ¢! can be computed in O(n) time.

Proof. To compute a permutation diagram of G from {D, | y € T} we tra-
verse T bottom-up and compute for every y € T a permutation diagram rep-
resenting G[L(p)] as follows. For every child v of y replace the line segment
representing v in D, by the permutation diagram of G[L(v)]. For every permuta-
tion diagram we store two doubly-linked lists containing the order of labels along
the two horizontal lines, respectively. Then the replacements described above take
linear time in total.

Conversely, assume that a permutation diagram D for G is given as two doubly-
linked lists [;(D) and (D) containing the order of labels along the two horizontal
lines, respectively. We traverse T bottom-up and consider all leaves as initially
visited. Let [; and I, be two doubly-linked lists and initially /; = [; (D) and I, = l,(D).
When visiting a non-leaf node y € T we compute the two doubly-linked lists /1 (y)
and () representing its permutation diagram as follows. As an invariant we
claim that at any time [; and I, are sublists of [;(D) and l;(D) and represent the
permutation diagram of a subgraph of G. Further /; and I, contain for every visited
child v of an unvisited node exactly one entry corresponding to a leaf in L(v).
Clearly the invariant holds at the beginning of the traversal. Now assume we visit
a non-leaf node p and the invariant holds. Let [;(u) and I;(u) be the sublist of [;
and I, consisting of all entries corresponding to leaves in L(y), respectively. The
invariant together with Proposition 5.5 gives us that when visiting a node 1, I (p)
and I;(p) are consecutive sublists of I; and I,. To compute [;(p) and I,(i) we start
at an arbitrary child v of y in [; and [, and search for the right and left end of I; (1)
and [,(p), i.e., on both sides we search for the first entry that does not correspond
to a child of p. Finally, we remove all list entries corresponding to a leaf in L(y)
that is not in L(v) in [; and I,. After this step the invariant still holds. By definition
of the quotient graphs and since they contain exactly one representative per child
of p, I;(u) and () represent the permutation diagram for G[p]. In total these
computations take linear time since for every p € T the number of visited list
entries is in O(deg(p)).



Permutation Graphs

For solving REPExT(PERM) efficiently, we exploit that a given partial represen-
tation D’ of a permutation graph G is extendible if and only if, for every prime
node 1 in the canonical modular decomposition of G, the partial representation
of G[y] induced by D’ is extendible. Since G[y] has only a constant number of
representations, this can be checked in linear time.

In the following, let G = (V, E) be a permutation graph and let D’ be a corre-
sponding partial representation of a subgraph H = (V’, E’) of G. Furthermore, let T
be the canonical modular decomposition for G and let y be anode in T. Let U, € V’
be a (not necessarily maximal) u-set containing as many vertices in V’ as possible.
Let D}, be the partial representation of G[n] we get from D’ by removing all line
segments corresponding to vertices not in U, and replacing every label u by the
label rep,, (u). Let U, be a maximal y-set with U, C U,.

Lemma 5.7. Let D’ be a partial representation of G. Then D’ can be extended
to a representation D of G if and only if for every inner node y in T, Dj, can be
extended to a representation D, of G[p].

Proof. Assume that D’ can be extended to a representation D of G. Then for every
inner node p in T, the restriction of D to U;, where every label u is replaced by the
label rep,, (u) is an extension of D), representing G[p].

Conversely, assume that for every inner node p in T, D;, can be extended to
a representation D, of G[u]. By Theorem 5.6 we get a permutation diagram D
representing G from the D,s. We show that D extends D’.

Let L; and L, denote the upper and the bottom line of D, respectively. Now for
every pair u,v € V' let p = lcar(u,v). By Proposition 5.5 L(1) appears consecutively
along L; and L,. Hence independently of the choice of U}, in D, rep(u) and rep(v)
appear in the same order as the labels corresponding to u and v in D’ along both
horizontal lines. Thus D restricted to V' coincides with D".

Theorem 5.8. REPEXT(PERM) can be solved in linear time.

Proof. Let G = (V,E) be a graph with n vertices and m edges and let D’ be a
permutation diagram of an induced subgraph H = (V’,E’) of G. We first test
whether G is a permutation graph, which is possible in linear time [MS99]. If not,
then there is no extension of D’ to G. Hence, we can assume in the following,
that G is a permutation graph. Especially, G and G are comparability graphs. We
compute the canonical modular decomposition T of G in O(n + m) time [MS99].
By Lemma 5.7, it suffices to check whether Dj, can be extended to a representation
of G[p] for every p e T.

If G[p] is empty or complete, we can easily extend D), to a representation D,

of G[p]. If y is prime, each of G[ ] and G| ] has exactly two transitive orientations
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where one is the reverse of the other. Hence there exist only four permutation
diagrams representing G[u] [Gol04]. Note that given an arbitrary permutation
diagram D, for G[pu], we get the other three representations by either reversing
the order along both horizontal lines, switching L; and L,, or applying both. Hence
we can compute all four representations in linear time and check whether one of
them contains D,.

In the positive case, by Theorem 5.6 we get a representation D of G that extends D’
from the representations of the quotient graphs in linear time.

5.5 Circular Permutation Graphs

Let G = (V,E) be a circular permutation graph. Switching a vertex v in G, i.e.,
connecting it to all vertices it was not adjacent to in G and removing all edges to its
former neighbors, gives us the graph G, = (V,E,) with E, = (E\ {u,v} € E | u €
N(@))U{u,v} € E|u ¢ N(v). The graph we obtain by switching all neighbors of a
vertex v we denote by Gy(,).

Let C be a circular permutation diagram that represents a circular permutation
graph G = (V,E) and letv € V be a vertex in G. The chord v in C can be switched
to the chord v’, if v” has the same endpoints as v, but intersects exactly the chords v
does not intersect in C. Hence, this modified circular permutation diagram C’ is a
representation of G, [RU82]. Here it suffices to know that there exists a v’ that v
can be switched to, hence, we use the term switching chord v, without further
specifying v’.

We show that REPEXT(CPERM) can be solved via a linear-time reduction to
RePExT(PERM) using the switch operation.

Let G be a circular permutation graph and let C,, be a circular permutation dia-
gram representing an induced subgraph H of G. Let v be an arbitrary vertex in G
and let G’ = Gyyy). The circular permutation diagram we obtain by switching all
chords corresponding to neighbors of v in C;, we denote by C,,. Since G’ is a permu-
tation graph Cj, can be transformed into a permutation diagram D), representing
the same induced subgraph. Observe that C, is extendible to a representation of G
if and only if Dj, can be extended to a representation of G’ since an extension of Dj,
can easily be transformed back into a circular permutation diagram extending C,.
This can be checked in linear time using the algorithm from Section 5.4.

To achieve a linear runtime in total we have to switch the neighborhood of a ver-
tex v with minimum degree in G. In case v € V(H) we can easily transform Cj, into
a permutation diagram Dj, representing the same induced subgraph by opening C;,
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Figure 5.3: The circular permutation representation C of a graph with four connected
components. The red line segments mark the positions where C can be opened.

along the isolated chord v. If v ¢ V(H) it is more difficult to find a position where
we can open Cj,.

Theorem 5.9. REPEXT(CPERM) can be solved in linear time.

Proof. Let G be a graph and let C’ be a circular permutation diagram representing
an induced subgraph H of G. We first test in linear time whether G is a circular
permutation graph [Sri96]. Otherwise, there is no extension of C’ to G and we can
reject. Let v be a vertex of minimum degree in G. Then we compute G’ in linear
time [Sri%6]. In case v € V(H) we open C,, along the isolated chord v and check
in linear time whether the resulting permutation diagram can be extended to a
representation of G’. If v ¢ V(H) we proceed as follows.

Let H’ be the graph we obtain from H by switching all vertices that are adjacent
tov in G and let CC(H’) be the set of all connected components in H’. Note that
in C}, the endpoints of chords corresponding to vertices of the same connected
component of H” appear as consecutive blocks along both the outer and the inner
circle and that the only positions where we can open Cj, are between these blocks;
see Figure 5.3. If |CC(H")| = 1 or |CC(H)| = 2 there are only one or two positions,
respectively, where we can open Cj,. Hence in these cases we can construct all one
or two possible permutation diagrams D, representing H’ and check whether one
of them is extendible. Else we distinguish several further cases.

Case 1: |CC(H)| > 2 and there exists a vertex u in G such that u has a neighbor in
every connected component of H’ but is not adjacent to all vertices in H. Note that
if more than two connected components in CC(H’) contain vertices not adjacent
to u, C}, is not extendible. The same holds if two non-adjacent connected compo-
nents in CC(H’) contain vertices not adjacent to u. Else we distinguish further
subcases.

Case 1a: Two connected components in CC(H’) contain vertices not adjacent to u
and the corresponding blocks are adjacent in Cj,. Then the only position where we
can open C,, is between these two blocks.
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Case 1b: Only one connected components in CC(H’) contains vertices not adjacent
to u. Then we can either open to the left or to the right of the block. In this case
we check whether one of the two possibilities gives us an extendible permutation
diagram.

Case 2: there exists no vertex u in G that has a neighbor in every connected
component of H’ but is not adjacent to every vertex in H. Then we remove all
vertices from G that are adjacent to every other vertex in H. If G is empty afterwards,
we can choose an arbitrary gap between two adjacent blocks and open C, there.
Else we iteratively merge for each remaining vertex u all connected components
of H’ that contain a vertex adjacent to u. Since G is connected we end up with
either one or two blocks which gives us only one or two positions to open C},
respectively. We check whether one of them leads to an extendible permutation
diagram.

5.6 Conclusion

In this chapter we showed that the orientation extension problem can be solved in
linear time using the concept of modular decompositions if the input graph is a
comparability graph. Further we were able to use this algorithm to solve the partial
representation problem for permutation and circular permutation graphs in linear

time. In Chapter 9 we build on these results to solve the corresponding SIMREP
problems.
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In this part we consider the simultaneous representation problem. The general
simultaneous representation problem is NP-complete for embeddings [Gas+06] and
for all major intersection graph classes and all other intersection graph classes that
we consider; see Table 1.2 on page 9 and Table 1.3 on page 12. The reduction is
often done from the TOTALORDERING problem [Opa79], which is defined as follows.
Given a finite set S and a finite set T of triples of elements in S, decide whether there
exists a total ordering < of S such that for all triples (x,y,z) € T either x <y < z
or x > y > z. We call these triples betweenness constraints.

We also show NP-hardness of SIMREP for various graph classes via reductions
from TOoTALORDERING. Our constructions are usually straightforward, with non-
adjacent common elements enforcing a total order and individual input graphs
ensuring each constraint in T. Theorem 5.10 is an example.

Theorem 5.10. SIMREP(TRAPEZ) is NP-complete.

Proof. For SIMREP(TRAPEZ) € NP note that the intersections of trapezoids in a
trapezoid representation are completely determined by the order of the trapezoid
vertices on the two parallel lines. This allows to guess and verify the combinatorics
of a representation in polynomial time.

For NP-hardness, we reduce TOTALORDERING to SIMREP(TRAPEZ). Let (S, T) be
an instance of TOTALORDERING where T is the finite set of triples of elements in S.
We start with an input graph G, with vertex set S and no edges. For each triple
(x5, yi» zi) € T we add another input graph G; to our SIMREP(TRAPEZ)-instance,
which is a path P; with x; and z; as starting and end vertex, respectively, y; as
the middle vertex and two private vertices a;, b; (adjacent to y; and to x; and z;,
respectively) as the remaining two vertices.

Assume there is a trapezoid representation of G; where y; is not between x;
and z;. Without loss of generality let x; be between y; and z;. Then the trapezoid
for b; cannot be placed such that it intersects z; and y; but not x;. Hence, in each
trapezoid representation of G; has y; between x; and z;. Observe that if trapezoids
for x;, y;, z; are given such that y; lies between x; and z;, then an extension to a
trapezoid representation of G; always exists.

Let G be the resulting simultaneous graph. If G has a simultaneous trapezoid
representation, then the TOTALORDERING instance (S, T) can be solved by ordering
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the elements of S according to their trapezoids. If on the other hand S has a linear
ordering where each y; lies between x; and z;, then we obtain a simultaneous trape-
zoid representation of G, by extending the corresponding partial representation
to each G;. Hence, the reduction is correct and it is clearly possible in polynomial
time.

Since the general case can usually be dealt with this way, this part focuses on
the sunflower case. Rutter describes two approaches for variants of the (sunflower)
simultaneous representation problem for embeddings [Rut20]. The first one uses
Hanani-Tutte characterizations which do not translate to the setting of intersec-
tion graphs. The second approach is called the constraint-based approach. Here
constraints imposed by the input graphs on the combinatorial embedding of the
shared graph are collected. The goal is to find a combinatorial embedding of the
shared graph that satisfies all those constraints. If such a combinatorial embedding
exists, then a result of Jiinger and Schulz tells that a simultaneous representation
exists [JS09]. It is known how to represent all embeddings of one planar graph even
with constraints with a data structure. However, it is not clear how to intersect
such data structures. So far only restricted cases have been solved.

We tackle SIMREP™ with the constraint-based approach. This means that we
construct a constrained data structures that compactly describe all representations
of a shared graph H of a sunflower simultaneous graph G = (G, ..., Gk) that

extend to all of Gy, ..., Gi. With such a data structure, we can solve SIMREP% by
just checking whether the set of described representations is non-empty. If so, we
obtain a simultaneous representation by solving REPEXT for each input graph with
the same prescribed representation. A constrained data structure is typically a
generalization of a restricted data structure that describes all representations of the
shared graph that can be extended to one input graph. The restricted data structure
is then generalized such that it is closed under intersection in the sense that given
two such data structures Dy, D, one can compute a third one D; N D, that describes
precisely those representations described by D; and D,. This generalization is
typically achieved by adding constraints to the data structure. Then the desired data
structure is obtained by intersecting the k restricted data structures for G, .. ., Gy.

We do not have a chapter for sunflower simultaneous circular-arc graphs, since
the NP-completeness of SIMREP*=2(CA) can be derived from the NP-completeness
of REPEXT(CA) with pairwise distinct endpoints shown in Theorem 3.5. The
following theorem is proven similar to a result of Blasius and Rutter about interval
graphs [BR16].



Theorem 5.11. REPExT(CA) with pairwise distinct endpoints can be reduced
in polynomial time to SIMREPF=2(CA).

Proof. Let the graph G, an induced subgraph H and a representation R’ of H be
given by an instance of REPEXT(CA). The idea is to construct a simultaneous graph
G = (G, Gy) where simultaneous representations of G correspond to extensions of
R’ to G. For a circular-arc representation of a graph let its signature be the cyclic
order of the starting- and endpoints of the arcs of the vertices. We aim to ensure that
the shared graph S of G equals H and G; restricts the representations of S to have
the same signature as R’ (up to reversal). It is straightforward to see that this then
allows to transform any simultaneous representation such that the representation
of G; is an extension of R’ to G (after mirroring the simultaneous representation if
necessary).

Observe that the signature of a circular-arc representation with pairwise distinct
endpoints of a cycle C,, with n > 3 is unique up to reversal. We use this to enforce
a signature for the representation of H as follows.

Let py,...,p2n be the signature of R". Let ¢ be smaller than a quarter of the
smallest distance between endpoints in R". We add for each p; two arcs [;, r; of
length ¢ counterclockwise and clockwise next to p;, and a third arc m; of length ¢
intersecting /; and r; (and containing p;). Additionally, we place for each 1 <i < 2n
an arc ¢; with its ends in r; and li11 mod 2n, intersecting neither m; nor m;i1 mod 2n-
We define G, as the circular-arc graph with the resulting representation R*. Note
that the added arcs represent a cycle and thus have a unique signature up to reversal.
Further note that H = G N G,.

If R’ can be extended to a representation R; of G, then by construction (R, R*)
is a simultaneous circular-arc representation of (G, G;). On the other hand, let
R = (R1, R;) be a simultaneous circular-arc representation of G = (G, Gz). Then we
can assume without loss of generality, that the representations of G, \ H induced
by R, and R* have the same signature. Otherwise, we can just reverse R. Then
The representations of H induced by R; and R* also have the same signature since
every endpoint p; has to be placed between c;_1 o4 2, and c;. This means that R
can be transformed into a simultaneous circular-arc representation R’ = (R], R)
where R] is an extension of R" to G. Especially, there is an extension of R" to G.

Corollary 5.12. SIMREP*=%(CA) and SIMREP(CA) are NP-complete.

We consider the graph classes mostly in the same order as in Part I. We start
with interval graphs as the most prominent intersection graph class followed by
proper and unit interval graphs as subclasses of interval graphs. Since we dealt
with circular-arc graphs above, we continue with circle graphs and close again
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with comparability graphs and closely related graph classes where we use the same
approach.



This chapter is based on joint work with Rutter [RS23].

We show that the simultaneous interval representation problem can be solved in
the sunflower case in linear time, even if the number of input graphs is not fixed.
This answers an open question of Jampani and Lubiw [JL10].

We characterize sunflower interval graphs in terms of linear orderings of maximal
cliques that satisfy certain consecutivity constrains. This allows us to work with PQ-
trees. The algorithms of Jampani and Lubiw [JL10] and Blasius and Rutter [BR15]
for recognizing simultaneous interval graphs with k = 2 input graphs use a similar
characterization and they also use PQ-trees. Jampani and Lubiw iteratively add
non-maximal cliques to orders of maximal cliques and associate nodes of distinct
PQ-trees to achieve necessary compatibility. On the other hand, Blasius and Rutter
synchronize a PQ-tree T that describes orderings of maximal cliques of both input
graphs with two PQ-trees T;, T, for the two individual input graphs. To this end,
they construct PQ-trees for many nodes of T and a 2-SAT formula which describes
dependencies between decisions in these trees. While they establish a more general
framework for simultaneous PQ-orderings, their approach does not work for more
than two input graphs for sunflower simultaneous interval graph recognition.

Similar to Blasius and Rutter, we use a PQ-tree T that describes orderings of the
maximal cliques of the input graphs, synchronize it with PQ-trees for the individual
input graphs, and use a 2-SAT formula to describe dependencies between decisions
in these PQ-trees. However, with each operation, they only synchronize pairs of
PQ-trees while, in a sense, we synchronize multiple PQ-trees at once. Further, we
essentially only construct a single PQ-tree for the synchronization, instead of one
for potentially each node of T, which can be linear in the size of the input.

In Section 6.1, we characterize sunflower interval graphs in terms of linear
orderings of maximal cliques. In Section 6.2, we describe operations on PQ-trees
and dependencies between decisions in the original and resulting PQ-trees. In
Section 6.3, we describe our construction, characterize sunflower interval graphs
in terms of this construction, and give the linear-time algorithm for the sunflower
interval representation problem.
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Figure 6.1: An interval graph G, and an interval representation R of G. A valid clique

ordering is {a, b}, {c,b,d}, {b,d, e}.
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Figure 6.2: A simultaneous graph G = (Gy, G2) with a simultaneous interval representation

of G.

6.1 Simultaneous Clique Orderings

An interval representation R = {1, },ev of a graph G = (V, E) associates with each
vertex v € V an interval I, = [x, y] € R such that for each pair of vertices u,v € V
we have I, NI, # 0 & w € E; see Figure 6.1. A simultaneous interval representation
of a simultaneous graph G = (Gy, ..., Gi) assigns each vertex v € Ule V(G;j) an
interval I, such that the induced interval representation {I, },ev (g, is an interval
representation of G;, for each i € [k]; see Figure 6.2. In the following we only
consider sunflower graphs.

It is well known that interval graphs can be characterized via orderings of
maximal cliques. A valid clique ordering of G is a linear ordering of the maximal
cliques of G such that for each v € V(G) the maximal cliques of G that contain v
are consecutive.

Proposition 6.1 (Fulkerson and Gross [FG65]). A graph is an interval graph
if and only if it admits a valid clique ordering.

Let G = (Gy,...,G) be a sunflower simultaneous graph with shared graph S.

. . <k
For i € [k], let K; denote the set of maximal cliques of G; and let K = | ;_; K.
Note that we use the disjoint union since we want to treat the maximal cliques of
the input graphs separately, even if they coincide with maximal cliques of other
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input graphs. Le., each clique in K is tagged with the input graph G; it comes from.
For a vertexv € V(G;), we define K;(v) = {C € K; | v € C} as the set of all maximal
cliques of G; that contain v and for v € V(S), we define K(v) = {C € K |v € C}
as the (multi)-set of all maximal cliques of Gy, ..., G that contain v. We further
define K(S) as the set of maximal cliques in the shared graph S. A simultaneous
clique ordering of G is alinear ordering o of K such that the following two properties

hold:
Property 1. For eachv € V(S) the set K(v) is consecutive.
Property 2. The restriction of o to K; is a valid clique ordering of G; for eachi € [k].

The following theorem provides a combinatorial description of sunflower interval
graphs which we will use for our algorithm.

Theorem 6.2. A sunflower simultaneous graph G is a simultaneous interval
graph if and only if it admits a simultaneous clique ordering.

Proof. If G = (Gy, ..., Gy) is a simultaneous interval graph, then it has a simultane-
ous interval representation. For i € [k], we choose a point pc for each clique C € K;
such that all intervals for C contain pc and no interval for vertices in V(G;) \ C
contains pc. Such a point must exist since intervals have the Helly property and C is
maximal in G;. We call these points clique points. Then for eachv € V(S) the clique
points in the interval R(v) of v are consecutive and exactly the cliques in K'(v). Note
that Property 1 does not necessarily hold for non-shared vertices. However, for each
input graph G; the clique points are placed according to the induced representation
of G; and thus provide a clique ordering of G;.

On the other hand, given a simultaneous clique ordering o for G, we construct a
simultaneous interval representation of G as follows. We first place distinct (clique)
points for the maximal cliques in K on the real line in the order of ¢ from the left to
the right. We then set for each vertex v € V its interval R(v) to [£(v), r(v)] where
£(v) and r(v) are the leftmost point and the rightmost point for cliques containing
v, respectively. We claim that the clique points and the consecutivity constraints
then enforce correct adjacencies. Namely, two vertices u, v of the same input graph
G; have intersecting intervals R(u), R(v) if and only if those intervals share a clique
point. It remains to show that R(u), R(v) share a clique point if and only if u,v are
adjacent. First observe that if u, v are adjacent, then there is some maximal clique
containing both and its clique point is contained in R(u) and R(v) by Properties 1, 2.

For the other direction, let R(u), R(v) share a clique point. We aim to show
that there is a clique containing u and v, which implies that u and v are adjacent,
concluding the proof. Since R(u), R(v) share a clique point, one of the intervals,
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lets say R(u), contains an endpoint of the other one. That endpoint p is a clique
point for a clique C;, € K;(v) by definition of R(v). If v ¢ V(S), then C, is a clique
in G; that also contains u by Property 2. We can argue analogously if R(v) contains
an endpoint of R(u) and u ¢ V(S). If both u and v lie in V(S), then C,, contains u
and v by Property 1. Finally, consider the case where u ¢ V(S),v € V(S) and R(v)
contains no end of R(u), meaning that R(v) C R(u). Since S has a maximal clique G,
containing v and G; has a maximal clique C, containing C,, R(v) must contain a
clique point for C; and thus u and v are contained in clique C;.

6.2 Operations on PQ-Trees

By Theorem 6.2, we can recognize sunflower simultaneous interval graphs by testing
the existence of a simultaneous clique ordering. We use PQ-trees to describe clique
orderings that satisfy the properties of a simultaneous clique ordering. Namely, we
use a PQ-tree T with leaf set K to describe all linear orderings satisfying Property 1
and PQ-trees T}, ..., T} where each T} represents all valid clique orderings of G;.
A simultaneous clique ordering is then a linear ordering o € R(T) that induces
orderings in R(T}), ..., R(T)).

To find such a linear ordering o, we “synchronize” these PQ-trees. One step will
be to construct a PQ-tree Ts on K(S) that describes the maximal clique orderings
of S that are in some sense compatible with the linear orderings in R(TY), ..., R(T).
Another aspect is to describe the dependencies between decisions at Q-nodes in all
constructed PQ-trees. In this chapter, we consider P-nodes with only two children
as Q-nodes.

Consistency and Reverse-Consistency. We say that an ordered pair of
leaves (A4, A2) is forward directed if A; comes before A, in the leaf ordering of the
PQ-tree. Otherwise, we call it backward directed. Hence, a pair of leaves is either
forward directed or backward directed. Note that the corresponding children vy, v,
of Ica(Ay, A2) with A; € L(vy) and A, € L(v;) are ordered the same way as A1, 4.
Hence, if p is a Q-node, flipping p changes the order of A, A;. Let Ty, T, be two
PQ-trees on sets Ly, L, with Ly C Ly and let yy, pp be two Q-nodes in Tj, T, such that
there are two leaves A;, A, whose order is affected by flipping p1; or y,, respectively.
More formally, let ;1 be a Q-node in Ty with children v;, v, and let y; be a Q-node
in T, with children v2, v5, such that there exist two leaves A€ L(v}) NL(v*) and
dy € L(V) NL(V2).

We say p; and p, are consistent, if for each pair (A1, ;) of leaves with y; =
lcar, (A1, A2), p2 = lcar, (A4, A2) we have that (A4, A;) is forward directed in T; if and
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Figure 6.3: The Q-node ¢’ in T; N T, is consistent with g; and reverse consistent with ¢s.

only if it is forward directed in T,. We say p; and py are reverse consistent, if for
each pair (14, A;) of leaves with py = lcar, (41, A2), p2 = lear, (41, 42) we have that
(A1, A2) is forward directed in T; if and only if (A4, A3) is backward directed in T5;
see Figure 6.3. Observe that y;, y; cannot be both consistent and reverse consistent
at the same time. Consider the case where y, pi2 are neither consistent nor reverse
consistent. Then 4, p; order at least one pair of leaves differently (one forward
and one backward directed) and at least one pair of leaves the same way (forward
or backward directed). This remains true even after flipping one or both of i,
Uo. Hence, in that case no linear order in R(T;) can be extended to a linear order
in R(T3), since at least one pair of leaves is ordered differently.

We use four operations on PQ-trees for the construction of the PQ-tree Ts that
orders the maximal cliques of the shared graph: reduction, intersection, projection and
pruning. While the first three operations are frequently used for PQ-trees, pruning
is less common, but was for example used in the context of level planarity [BR17]
where the algorithm is attributed to Di Battista and Nardelli [BN88].

To achieve a linear running time for our algorithm, we track what happens to
Q-nodes when applying these operations in a PQ-tree, similar as in [BR16].

Reduction. Let T be a PQ-tree with leaf set L. The reduction of R(T) with a
set L’ C L is the set R'(T, L’) of linear orderings in R(T) where L’ is consecutive. A
PQ-tree T" with R(T") = R'(T, L’) can be computed from T in O(|L’|) time [BL76].
This operation is the main operation for PQ-trees, since it allows to efficiently
compute a PQ-tree T on L where sets S1,...,5; C L are consecutive.

Proposition 6.3 (Booth and Lueker [BL76]). Let L be a finite set and let
S1,...,Sk € L be non-empty sets. A PQ-tree T on L that represents the linear
orderings of L where Sy, . . ., Sg are consecutive can be computed in O(|L]| +Zf:1 |S;:])
time.

While the reduction for PQ-trees was originally described by applying a variety of
templates, Hsu gave an alternative description [Hsu01]; see also [FPR21]. Roughly
speaking, we find a certain path P in T that separates L’ and L\ L’, split P-nodes on P
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suitably and merge the resulting nodes on P to a single P-node. Finally we remove
some degeneracies (especially, if P consists of a single P-node A, the resulting Q-
node is smoothed, effectively just splitting A into two P-nodes); see Figure 2.1. For
more details, we refer to the papers of Booth and Lueker [BL76] or Hsu [Hsu01].
We only use the running time result for the construction of PQ-trees satisfying
given consecutivity constraints mentioned above. Especially, we do not need to
keep track of the consistencies between Q-nodes for the reduction.

Intersection. Let Tj, T; be PQ-trees with leaf set L. The intersection Ty N T, is a
PQ-tree on L representing R(T;) NR(T3). It can be computed in O(|L|) time [Boo75].

For any two elements A, B € L where p = lcar, (A, B) is a Q-node, one can see that
lcar,n1, (A, B) = lcar,nr, (Lt (1)) is a Q-node as follows. We obtain Ty N T, from T,
by applying a reduction on T; for each consecutivity constraint of T,. Since the
only possible change to Q-nodes in reductions is being merged with other nodes to
a Q-node of higher degree, the lowest common ancestor of A, B remains a Q-node
and least common ancestor of all leaf sets it was least common ancestor of before
(Note that the reduction of a PQ-tree for a given set is unique up to equivalence).
The same holds for T; in place of T;.

This means that for every Q-node g in Tj, the node ¢’ = Icar,nr,(L(q)) is also
a Q-node that is consistent or reverse consistent with q. Further, no other node
p of 1 N T, exists such that there are two leaves Ay, A; with g = Icar, (A1, A2),
p = lcar,nt, (A1, A2). The same holds for T,. We say that ¢’ contains q. Haeupler et
al. [HJL13] showed that one can modify Booth’s algorithm such that given two
PQ-trees Tj, T; it not only outputs Ty N T, but also the consistencies between the
Q-nodes of Ty N T; and the Q-nodes of T, T, in linear time. We extend this result to
the intersection of multiple PQ-trees.

Lemma 6.4. Let Ty, ..., Ty be PQ-trees over a set L. Then we can compute their
intersection T = (X, T; and the consistencies between the Q-nodes of T and the
Q-nodes of each T; in O(k - |L|) time.

Proof. LetS; = Ty and forevery j € {2,...,k} let S; := S;_1NT;. To compute T = S
we stepwise compute S; = S;_; N T; for every j. During the computation of T we
construct a DAG D whose vertices are the Q-nodes of T,..., T and S, ..., Sk.
Initially D contains no edges. For every j we add a directed edge from every Q-
node g in Tj and S;_; to the Q-node ¢’ in S; that contains q. We label the edge with 1
if ¢’ and g are consistent, and with -1 otherwise. By the result of Haeupler et al.,
this can be done in O(k - |L|) time [HJL13]. Note that by construction every vertex
has at most one outgoing edge and for every Q-node qin Ty, . . ., Ty there is a unique
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path to the Q-node ¢’ in Sy that contains it. The product of the edge labels along
this path is 1 and -1 if ¢’ and g are consistent and reverse consistent, respectively.

To determine for every Q-node q in Ty, . . ., Ty which Q-node in T contains it and
whether they are consistent or reverse consistent, we start at the sinks in D and
backward propagate for every vertex in D the information which unique sink ¢’
can be reached from it and what is the product of edge labels along the path to ¢'.
This needs O(k - |L|) time since D has O(k - |L|) vertices and edges.

Projection. Let T be a PQ-tree with leaf set L and let L’ C L. The projection
R*(T,L’) from R(T) to L’ is the set of linear orderings of L’ induced by the linear
orderings in R(T) on L’. The projection T’ of T on L is a PQ-tree on L’ with R(T’) =
R*(T,L’). It can be computed in O(|L|) time from T by only keeping nodes y with
L(p) NL" # 0 and smoothing all nodes with a single child (that is, removing the
node and adding an arc connecting its parent with its child). Here all Q-nodes in T’
are consistent to their respective copy in T.

Prune. LetT beaPQ-tree withleafsetL,let¢’ ¢ L andlet L’ C L be consecutive
in each o € R(T). For any o € R(T), the prune of L’ to ¢’ in ¢ is the result of
replacing L in o by ¢’. The prune of L’ to ¢’ in R(T) is the set containing for each
o € R(T) the prune of L’ to ¢’ in 0. For pruning PQ-trees, we first observe that
consecutive sets of leaves correspond to simple substructures of PQ-trees.

Lemma 6.5. Let T be a PQ-tree with leaf set L and let L’ C L be consecutive in
each o € R(T). Then, there is either a P-node A with L(1) = L” or a Q-node y with
a consecutive subset of children vy, ..., v; such that ngl L(v;)=1L".

Proof. We consider v =1ca(L’), i.e., L’ C L(v) and there are two distinct children
pa,p2 of vwith L' N L(py) # @ and L' N L(pp) # 0.

First assume v is a P-node. Then for any other child & of v we have L(£) C L’ since
otherwise we could violate the consecutivity of L’ by placing & between p; and .
We further have L(p;) € L and L(up) C L/, since otherwise the consecutivity of L’
is violated after flipping p; and y,. Hence, we have L(v) = L.

Next let v be a Q-node, and let y, p be the leftmost and the rightmost child of v
with descendants in L’. Since L’ is consecutive, all children between y; and p, only
have descendants in L’. If y; or p, had a descendant not in L', then the consecutivity
of L’ could be violated by flipping it. Hence, v has the stated property.

With this insight, the prune of L’ to ¢’ in T is obtained as follows. By Lemma 6.5,
either Ica(L’) is a P-node with L(lca(L’)) = L’ or lca(L’) is a Q-node with con-
secutive children vy,...,v; such that L’ = ngl L(v;). If lca(L’) is a P-node, the
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prune is obtained by replacing Ica(L’) and its subtree by a single leaf #’. Otherwise,
the prune is obtained by replacing vy, ..., v; by £’ as a child of the Q-node lca(L’).
Clearly, given L’, the prune can be computed in O(|L’|) time from T with a bottom-
up approach. We introduce additional consistencies. Namely, we consider each
Q-node p of T consistent to its copy ' in the prune of L’ to ¢’ in T, if that copy
exists. These consistencies are trivial and not explicitly computed.

6.3 Algorithm

We use Theorem 6.2 to recognize sunflower simultaneous interval graphs by decid-
ing whether a given sunflower simultaneous graph G has a simultaneous clique
ordering. The rough idea is the following. For Property 1, we construct a PQ-tree T
on K where K(v) is consecutive for eachv € V(S). For Property 2, we construct for
each i € [k] a PQ-tree T/ on K; where %;(v) is consecutive for eachv € V(G;). Le,
each T/ represents the valid clique orderings of G;; see Figure 6.4. By construction,
a simultaneous clique ordering of G is then a linear ordering o € R(T) that induces
a linear ordering in each of R(T}), ..., R(T}).

This means that we obtain o as the order of leaves of T, if for i € [k] any two
cliques A, B € K are ordered the same way in the order of leaves of T and in
the order of leaves of T;. We construct PQ-trees Ty, ..., Ty by restricting T}, . . ., T];
such that they are “compatible” with T while only loosing linear orderings that
do not match any simultaneous clique ordering. We will show that if lcar (A, B) is
a Q-node, then so is Icar; (A, B). This allows to ensure the same ordering of A, B
in T and T; by making each pair of backward-consistent Q-nodes consistent. We
achieve this with a 2-SAT formula @. If ; = Icar (A, B) is a P-node, then we cannot
just arrange the children of y according to T;, since this can also affect the order
of maximal cliques for other input graphs. However, we can resolve this problem
as follows. We will see that, if A or B is a child of p directly, then its position
can be chosen according to T; without affecting the order of the cliques for other
input graphs. Otherwise, p has two inner nodes vy, v, with A € L(v;), B € L(v3)
as children. The next lemma then shows that the order of v; and v, is in a sense
decided by the order of two shared intervals (“below” v; and v, respectively). This
allows us to synchronize T and Ty, . . ., Ty by considering corresponding valid clique
orderings for K(S). Namely, we use the operations on PQ-trees from Section 6.2
to obtain a PQ-tree Ts on K(S) that is in a sense compatible with T, ..., Ty and T.
In T, we order the children of a P-node y that are inner nodes according to the order
of corresponding shared intervals whose order is given by the order of the leaves of
Ts, and we apply corresponding orderings in each T;. This ensures compatibility of
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Figure 6.4: Top: Simultaneous representation of a sunflower simultaneous graph G =
(G1,G2) with V(Gy) ={a,b,c,r,s,t,u} and V(G;) = {x,y,r,s,t,u}. Below are the PQ-trees
for G with circles for P-nodes and squares for Q-nodes, as defined in Section 6.3. The leaves

are cliques described as strings of the contained vertices.
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the orders of Ty, . . ., T, since all children of y that are leaves are private to some T;
and can be arranged accordingly in T.

Note that each consecutivity constraint for T is a set K(v) withov € V(S). In
that sense, by the following lemma each child of a P-node in T has a private shared
vertex v € V(S) if it is an inner node.

Lemma 6.6. Let L be a finite set and let {S;,..., S} C 2L with |S;| > 2 for
i € [k]. Let T be the PQ-tree on L obtained by making Si, .. ., Sk consecutive. Let y
be a P-node and let v be a child of p that is not a leaf. Then if v is a P-node, there
is an S; with L(v) = §;. If v is a Q-node, there is an S; with Ui.zl L(vj) = S;fora
consecutive subset of children vq,...,v; of v.

Proof. Let v be a P-node and suppose there isno S; with L(v) = S;. First observe that
by Lemma 6.5, for any S; with S; N L(u) # 0, we have either L(u) € S; or S; € L(A)
for some child A of p. This means that, after contracting the arc v, no S; can be
violated. However, the contraction allows to order other children of i between
the children of v. Thereby L(v) is no longer consecutive in all represented linear
orderings. This contradicts T originally representing all linear orderings where
Si, ..., Sk are consecutive, since in each o € R(T) for the original T, leaf set L(v) is
consecutive.

Next, let v be a Q-node and suppose there is no S; with Ui’:l L(vj) = S; for any
consecutive subset of children vy, ..., vy of v. If v has precisely two children, we treat
it as a P-node and argue as above that there is an S; with L(v) = S;. Hence, assume
that v has at least three children. By Lemma 6.5, for any S; with S; N L(p) # 0,
we then have either L(y) € S; or S; € L(A) for some child A of p. This means
that after switching the label of i from Q-node to P-node, still all represented
linear orderings have all S; consecutive. This contradicts the choice of T, since by
making p a P-node, T represents additional linear orderings.

Note that Lemma 6.6 is in a sense the converse of Lemma 6.5 for the children of
P-nodes; it allows to infer the existence of certain constraint sets from the structure
of the PQ-tree.

6.3.1 Polynomial-Time Algorithm

We now describe the construction of the 2-SAT formula @ and all relevant PQ-trees.
For @, each Q-node A (of any constructed PQ-tree) is assigned a Boolean variable x;
that tells whether it should be flipped, and we add (x; < x,) for consistent nodes y
and we add (x; « x,) for backward-consistent nodes v to . We describe for which
PQ-trees we need to consider the consistencies after introducing all PQ-trees.



Algorithm

Let G = (Gy, ..., Gy) be a sunflower simultaneous graph and let T be the PQ-tree
on K that enforces consecutivity of each set K'(v) withv € V(S); see Figure 6.4.
Note that if T is the null-tree, then there exists no simultaneous clique ordering
since Property 1 cannot be satisfied, and by Theorem 6.2 there is no simultaneous
interval representation of G. Hence, we assume in the following, that T is not the
null-tree.

For i € [k], let T|; be the projection of T on X, and let T, be the PQ-tree on K;
that enforces consecutivity of each set K;(v) withv € V(G;). Note that T describes
all valid clique orderings of G;. We are interested in the PQ-tree T; = T|; N T/,
which restricts the valid clique orderings of G; to those that are compatible with
Property 1; see Figure 6.4. With Property 2 this means that, if any T; is the null-tree,
then there is no simultaneous clique order. Hence, we assume in the following that
no T; is the null-tree.

We would like to synchronize Ty, . .., Ty with T. However, they have distinct leaf
sets. Thus, we cannot just intersect them. Instead, we aim to describe the clique
orderings for S that can be induced by Ty, . . ., Ty with PQ-trees. This allows us to
find a clique ordering for S that is compatible with all T3, . . ., T;. With the Q-nodes

flipped according to a solution of @, this will be enough to synchronize Ty, ..., Ty
with T.
We next aim to prune Ty, . . ., Tj, to maximal cliques of S. For any clique A € K(S),

we define K;(A) as the set of maximal cliques of G; that contain A as a subclique.
Itis Ki(4) = {C € Ki | A € C} = MyealC € Ki | v € C} = Myea(K(®) N K.
The critical observation is that, since the intersection of consecutive sets is itself
consecutive in a linear order, K;(A) is consecutive in T; and thus in T;. Note that for
distinct A, B € K(S), the sets K;(A) and K;(B) are disjoint, since the set of shared
vertices in a maximal clique C € K;(A) N K;(B) would otherwise be A as well as B.

We can now construct for each T; a PQ-tree describing the corresponding or-
derings of K(S) as follows. For i € [k], let T* be the PQ-tree obtained by starting
with T; and pruning for each A € K(S) the set K;(A) to leaf A. Then, let T;|s be the
projection of T* on K(S).

Finally, let Ts = ﬂle Ti|s be the intersection of all T;|s; see Figure 6.4. By construc-
tion, R(Ts) contains all clique orderings of S that can be induced by a simultaneous
clique order. Hence, if it is the null-tree, there is no simultaneous clique order.

For each 1 < i < k, we add clauses to @ for the consistencies between T and T|;,
between T|; and T;, between T; and T*, between T* and T;|s, and between T;|s and Ts.
If @ is not satisfiable, then there is no simultaneous clique ordering. On the other
hand, with this, the necessary conditions are also sufficient.
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Theorem 6.7. (Gy,...,Gy) is a sunflower interval graph if and only if @ is
satisfiable and neither T nor Ts is the null-tree.

Proof. If (Gy, ..., Gy) is a sunflower interval graph the requirements are necessary
as discussed above. Hence, assume that neither T nor Ty is the null-tree and that @
has a satisfying assignment I". By Theorem 6.2, it suffices to find a simultaneous
clique ordering. We aim to operate on T and each T; such that the order o of T
induces the order of each T;, thus ensuring that o is a simultaneous clique ordering.
We first flip all Q-nodes according to I' (that is, flip each Q-node A where x; is true).
This ensures that any two cliques A, B in K or C(S) are ordered the same way
ineach of T, Ty, ..., Ty or Tq|s, . . ., Tx|s, Ts where lca(A, B) is a Q-node and the sets
Ki(A), K;(B) are ordered in T; the same way as A, B are ordered in Tj|s, for i € [k].

We next order the children of the P-nodes of T. Let u be a P-node of T. Then,
by Lemma 6.6 for each child v of p that is an inner node, there is a vertexv € S
such that K'(v) € L(v): We choose an arbitrary clique C, € K(S) that contains v.
We then order the children v of i that are inner nodes according to the order of
the corresponding cliques C, given by Ts. For i € [k], we order the sets K;(C,)
in T; accordingly. First note that these sets are not empty since each G; contains
a clique containing C,. Next note that this orders any two leaves 1,4, € K; with
u = lcar (A1, Ay) that are not children of u the same way in T; as in T since for the
corresponding children vy, v, of u we have that L(v,) and L(v,) are consecutive in
T and thus also in T;. E.g., even if v; is a Q-node and %;(C,,) does not contain A,
this rearrangement still ensures the correct ordering of A; and A; in T;. Finally note
that this does not flip any Q-nodes of T; since projection and intersection preserve
Q-nodes that order two leaves of the projection set [BR16]. Le., for each pair of
cliques A, B € K(S) such that the order of K;(A), K;(B) is decided by a Q-node y
in T;, there is a Q-node in Ty deciding the order of A, B the same way as p orders
Ki(A), Ki(B) (after flipping Q-nodes according to I').

With this, for any P-node p of T and any two children vy, v, of y that are inner
nodes, each T; orders any pair of A € L(vy) N K; and B € L(v;) N K; the same way
as T. This allows us to order the children of y simultaneously according to Ty, . . ., Tj
where each inner node v is ordered as any leaf C € L(v) N K. Note that each child
of u that is a leaf is contained in a single T;, i.e., it can be placed solely considering
the order in T; (which ensures the correct order with regards to the children of y
that are inner nodes). Since L(v) N K; is consecutive in T;, the choice of C, does
not matter. Le., we find an ordering of all children of y that is compatible with the
orderings given by Ti,. .., T;. It remains to show that T now actually provides a
simultaneous clique ordering. Property 1 is satisfied by the definition of T. For
Property 2 we verify that the order of K; induced by T is the same as the one given
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by T;. Consider any two cliques A, B € K. If lcar (A, B) is a Q-node, then A, B are
ordered the same way in T and T;, since we flipped the Q-nodes according to .
If lcar (A, B) is a P-node, then they are ordered the same way in T and T; by the
operations we just applied on the P-nodes of T.

All three requirements in Theorem 6.7 are in some sense necessary; see Figure 6.5.
Theorem 6.7 allows to recognize sunflower interval graphs in polynomial time
by constructing T, Ts and @. If G is a simultaneous interval graph, we obtain a
simultaneous clique ordering of G by following the construction in the proof of
Theorem 6.7. With the construction in Theorem 6.2, we then obtain a simultaneous
interval representation.

Corollary 6.8. Sunflower interval graphs can be recognized in polynomial time.
For yes-instances a simultaneous interval representation can also be constructed in
polynomial time.

6.3.2 Linear-Time Algorithm

To achieve a linear running time, we use that the construction steps can be done
efficiently, while also computing the consistencies between Q-nodes, as discussed
in Section 6.2. However, we cannot afford to compute the projection from T on K;
for each i € [k] separately, since this could result in an additional factor of k for
the running time. Instead, we use the next lemma to compute the projections
simultaneously.

Lemma 6.9. Let T be an ordered tree with leaf set L andlet S = {S;,...,S;} C 2.
Then, for each S; € S the projection T* of T on S; can be computed such that each
node of T* holds a reference to its original copy in T, with a total running time in

O(IL| + XL, ISi])-

Proof. Observe that a preorder traversal of a T* is a subsequence of a preorder
traversal of T. We create a list U that contains a tuple (S;, A.p) where A.p is the
position of A in the preorder of T, for each S; € § and A € S;. We then sort U
lexicographically in linear time using radix sort [Cor+09]. Then, for each set S; € S,
the tuples with S; are consecutive and provide the order of the leaves in §; in the
preorder traversal. For any S;, we find all nodes of T* in T with the following
observation. Let u be a node of Tl.* and let v4, v, be two children of y with v; < v, in
the preorder. Then y is the lowest common ancestor of the rightmost leaf in L(v;)
and the leftmost leaf in L(v,). Hence, each inner node of T* is the lowest common
ancestor of two consecutive leaves. We use the lowest common ancestor data
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Figure 6.5: Variants of a sunflower graph G = (Gy, G;) where G; and G, are interval
graphs, but G is not a simultaneous interval graph. a) T is a null-tree since the sets
{abc, bx}, {abc, ay} and {abc, cz} have to be consecutive, while abc can only have two
neighbors in the linear ordering. b) Ts is a null-tree since G, forces b to be in the middle of
a and c, while G, forces a to be in the middle of b and c. ¢) @ cannot be satisfied since ¢
is consistent to ¢ and v while A is consistent to p and backward-consistent to v (note that
these consistencies are implied in @ via the other constructed PQ-trees).
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structure for static trees by Harel and Tarjan [HT84], to compute for every pair of
nodes A4, A, in S; that are consecutive in the preorder the least common ancestor
lcar (A4, A2) and place it between A; and A, in a copy U; of S; ordered as the preorder.
This is already preparing the last step, which is to compute for each node of T* its
parent. Now every node A € §; is descendant of both its neighbors 3, yp in U;. If
U1, [p are distinct, the later one in the preorder is the parent of A (and descendant
of the other one). By removing S; and then all duplicates from U;, we get a list of all
nodes of S; of height 1. Note that all duplicates of a node A are consecutive, when
they are removed. By repeating the same for each height, we get the parents of all
nodes.

With that, the construction of the PQ-trees is straightforward.

Corollary 6.10. Sunflower interval graphs can be recognized in O(Zé‘z1 (|V(Gy) |+
|E(G;)|)) time, where (Gy, ..., Gg) is the input sunflower graph. For yes-instances
a simultaneous interval representation can be constructed in the same asymptotic
running time.

Proof. We follow the construction of T, Ty, ..., Tg, Tqls, - - ., T|s, Ts for Theorem 6.7.
For each constructed PQ-tree, we maintain the consistencies to the PQ-tree(s) it
is constructed from (except for consistencies to unchanged copies of a Q-node,
where we use the same variable). The trees T and T/, . . T,: can be constructed in
O(Zle(lV(Giﬂ + |E(G;j)|)) time by Proposition 6.3. Then, T}|i, ..., T|x can be con-
structed in O(Zle(lV(Gi)l + |E(G;)|)) time by Lemma 6.9. The PQ-trees Ty, ..., Ty
can be constructed in the same total time by Lemma 6.4. Ti|s, ..., Tx|s can then
be constructed in O(Z{.‘:l(W(Gi)l + |E(G;)|)) by computing the projection and
prunes directly. However, we store the smoothed nodes and pruned subtrees (or
sets of subtrees), such that we can compute easily a linear order in R(T;) whose
prune is a given linear order in R(T;|s) (after projection to K(S)). Finally, Ts can
be computed in O(k - (|V(S)| + |E(S)|)) time. The 2-SAT formula ¢ can easily be
computed from the maintained consistencies. A solution for @ can be computed in
linear time [APT79]. With Theorem 6.7 this suffices to decide whether there is a
simultaneous interval representation.

To compute such a representation in linear time, we construct the simulta-
neous clique ordering a bit differently than in Theorem 6.7. We first operate
on Tils, ..., Tx|s such that their leaves are ordered as in Ts. This can be done in
O(k - (JV(S)| + |[E(S)|)) time. Then we reverse the smoothing and pruning from
Ti, ..., Tx (using the stored nodes and subtrees) to obtain corresponding linear or-
derings in R(Ty), ..., R(T}). This can be done in time linear in the size of T3, ..., T,
ie,in O(Zle(lV(Gi)l +|E(G;)|)) time.
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In the proof of Theorem 6.7 we established that the obtained linear orderings
can now be merged to a simultaneous clique ordering. We only need to ensure
the consecutivities for the shared vertices. Then, we compute for i € [k] the first
and last position s!, # of each shared vertex v € V(S) in the clique ordering of T;
by iterating over the clique ordering once. For i € [k], we sort a list of all these
positions in O(|V(G;)|+|E(G;)|) time using counting sort [Cor+09]. After removing
duplicates of positions appearing multiple times, we assign each shared vertex v
the positions §!, fll-) of 57, t/ in that sorted list. We can then consider for each vertex
v € V(S) two k-tuples &’ = (3},...,8}) and ¥’ = (},...,1}). We sort a list Lg of all
these k-tuples lexicographically in O(k - |V (S)|) time using radix sort [Cor+09].
This provides us with an order of the start and endpoints of the intervals of the
shared vertices in a simultaneous interval representation.

We get a simultaneous clique ordering o by simultaneously iterating over the
sorted list Ls and the clique orderings of Ti,. .., T} as follows. At each entry s”
(or t’) of Lg, append to o for each T; all cliques between the last appended clique
and position s} (or t/). After the last entry of Ls, append the remaining cliques
to 0. Since we followed the construction of the proof of Theorem 6.7 there is a
simultaneous clique ordering inducing the clique orderings of T, . . ., Tx. Thus, we
have for any two entries r = (ry,...,rg), 1’ = (r},...,r;) thatr < r’in Ls only if
ri < rj,forall i € [k]. This ensures that each clique C is appended when C N V(5)
are precisely the shared vertices v for which s” is processed, but #’ is not. Hence,
Property 1 is satisfied and o actually is a simultaneous clique ordering. With that a
simultaneous interval representation can be computed straightforwardly, by placing
a point for each clique on the real line in that order and then assigning to each
vertex v the interval [s,, t,] where s,, t, are the points for the first and last clique
containing v, as done for Theorem 6.2.

6.4 Conclusion

We solved the sunflower simultaneous representation problem for interval graphs
in linear time. However, we assume each input graph is given separately, while a
more compact input description is possible if the number of non-shared vertices
is very small. In that case, the input can be given as a single graph | J G = Ule G;
with labels at the non-shared vertices describing which input graph they belong to.
Our approach would then have a running time in O(k - (|V(U @)| + |E(U G)1))-

Question 6.11. Can the sunflower simultaneous representation problem for
interval graphs be solved in o(k - (|V(U G)| + |E(UU G)|)) time if the input is given
as the union graph | G?



Conclusion

Note that it is not clear how to even verify that each input graph is an interval
graph with less time.

While the general simultaneous representation problem is NP-complete for
interval graphs if the number of input graphs is part of the input, and it is solvable
in linear time for k = 2, we do not know the complexity for fixed k > 2.

Question 6.12. Can the simultaneous representation problem for interval graphs
be solved in polynomial time for a fixed k > 2? In particular, considering k as a
parameter, is the problem in XP? Is it FPT?
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This chapter is based on joint work with Rutter, Strash and Vollmer [Rut+19].

Proper interval graphs are interval graphs where no interval strictly contains
another and unit interval graphs are interval graphs where each interval has
length 1 [DHH96; FMM95; Heg+15; Skr82]. We show that the simultaneous rep-
resentation problem for proper interval graphs can be solved in linear time in the
sunflower case and that the simultaneous representation problem for unit inter-
val graphs can be solved in O(|V| - |E|) time where G = (V,E) is the union of
all input graphs. We further show that both recognition problems are in general
NP-complete if the number of simultaneous graphs is not fixed. The restriction to
the sunflower case is in this sense necessary.

We begin by introducing basic notation and existing tools throughout Section 7.1.
In Section 7.2 we give a characterization of simultaneous proper interval graphs,
from which we develop an efficient recognition algorithm. In Section 7.3 we char-
acterize simultaneous proper interval representations of simultaneous unit interval
graphs, and then exploit this property to efficiently search for a simultaneous unit
interval representation among the set of all simultaneous proper interval graph
representations.

7.1 Preliminaries

An interval representation R = {I, | v € V} of a graph G = (V,E) associates
with each vertex v € V an interval I, = [x,y] of real numbers such that for
each pair of vertices u,v € V we have I, N I, # 0 if and only if {u,v} € E, ie,
the intervals intersect if and only if the corresponding vertices are adjacent. An
interval representation R is proper if no interval properly contains another one, and
it is unit if all intervals have length 1. A graph is an interval graph if and only if it
admits an interval representation, and it is a proper (unit) interval graph if and only
if it admits a proper (unit) interval representation. It is well-known that proper and
unit interval graphs are the same graph class.

Proposition 7.1 ([Rob69]). A graph is a unit interval graph if and only if it is a
proper interval graph.
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Figure 7.1: A simultaneous proper interval representation of a sunflower graph G con-
sisting of two paths G; = (s1,a, b, ¢, s2) (dashed) and G, = (s1,d, s2) (dotted) with shared
start and end sy, s, (bold). They have no simultaneous unit interval representation: The
intervals a and ¢ enforce that b lies between s; and s,. Interval d therefore includes b in
every simultaneous proper interval representation. In particular, not both can have size 1.

However, this does not hold in the simultaneous case where every simultaneous
unit interval representation is clearly a simultaneous proper interval representation
of the same graph, but not every simultaneous proper interval representation
implies a simultaneous unit interval representation; see Figure 7.1.

We use the well-known characterization of proper interval graphs using straight
enumerations [DHH96]. Two adjacent vertices u,v € V are indistinguishable if we
have N[u] = N[v] where N[u] is the closed neighborhood. Being indistinguishable
is an equivalence relation and we call the equivalence classes blocks of G. We denote
the block of G that contains vertex u by B(u, G). Note that for a subgraph G’ € G
the block B(u, G’) may contain vertices in V(G’) \ B(u,G) that have the same
neighborhood as u in G” but different neighbors in G. Two blocks B, B are adjacent
if and only if uv € E for (any) u € Bandv € B’. A linear order o of the blocks
of G is a straight enumeration of G if, for every block, the block and its adjacent
blocks are consecutive in 0. A proper interval representation R defines a straight
enumeration o(R) by ordering the intervals by their starting points and grouping
together the blocks. Conversely, for each straight enumeration o, there exists a
corresponding representation R with ¢ = o(R) [DHH96]. A fine enumeration of a
graph G is a linear order 5 of V(G) such that for u € V(G) the closed neighborhood
Ng[u] is consecutive in 7.

Let o be a binary relation (not necessarily a partial order). Then we write a; <, a,
for (ay, a;) € o,and we write a; <, azifa; <, a; and a; # a,. We omit the subscript
and simply use < and < if the relation it refers to is clear from the context. We
denote the reversal of a linear order o by ¢”, and we use o to concatenate linear
orders of disjoint sets.

Proposition 7.2 ((DHH96; HSS02; Rob68]).
(i) A graph is a proper interval graph if and only if it admits a fine enumeration.

(if) A graph is a proper interval graph if and only if it admits a straight enumera-
tion.
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(iii) The straight enumeration of a connected proper interval graph is unique up
to reversal.

The following lemma allows us to restrict ourselves to sunflower simultaneous
graphs G with connected union graph.

Lemma 7.3. Let G be a simultaneous graph and let Cy, .. ., C; be the connected
components of | J G. Then G is a simultaneous (proper/unit) interval graph if and
only if each of the simultaneous graphs G; = (G1 N C;,...,Gr N C)), i € {1,...,1}
is a simultaneous (proper/unit) interval graph.

Proof. Clearly, a simultaneous (proper/unit) interval representation R of G induces
a representation for each G;. Conversely, given simultaneous (proper/unit) interval
representations R; of G; for i € {1,...,1}, we can combine them such that all
intervals in R; are placed to the right of all intervals in R;_; fori € {2,...,1} to
obtain a simultaneous (proper/unit) interval representation R of G.

7.2 Sunflower Proper Interval Graphs

In this section, we deal with simultaneous proper interval representations of sun-
flower graphs. We first present a combinatorial characterization of the simultaneous
graphs that admit such a representation. Afterwards, we present a simple linear-
time recognition algorithm. Finally, we derive a combinatorial description of all
the combinatorially different simultaneous proper interval representations of a
simultaneous graph with a connected union graph, which is a prerequisite for the
unit case.

7.2.1 Characterization

Let G = (V,E) be a proper interval graph with straight enumeration ¢ and let
U C V be a subset of vertices. We call o compatible with a linear order { of U if we
have for u,v € U that u <; v implies B(u, G) <, B(v, G).

Lemma 7.4. Let G be a sunflower graph. Then G admits a simultaneous proper
interval representation R if and only if there exists a linear order { of the shared
vertices Vs and straight enumerations o; for each G; that are compatible with .
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Figure 7.2: An illustration of the construction in the proof of Lemma 7.4. Top: Graph
G; on the left, Graph G; on the right. They share the clique {1, 2,3} and their straight
enumerations o1, 0, are compatible with the order of shared vertices 1 < 2 < 3. The
interval representations of G; and G, are shown as visualization and are not a determining
factor in the construction of {; and {,. Bottom: The constructed simultaneous interval
representation R = (Ry, R;) with the linear order oy from which R is derived. The shared
intervals are represented by black bold lines, representation R, is illustrated by dotted red
lines while R; is illustrated by dashed green lines.

Proof. Assume R = (Ry, ..., Rk is a simultaneous proper interval representation of
G with corresponding straight enumerations o; = o(R;). Let { be a linear order of Vs
according to their left endpoints in R, breaking ties arbitrarily. We claim that each
o; is compatible with . If o; is not compatible with , there exist vertices u <; v
such that B(v, G;) <4, B(u, G;). By the definition of extracted straight enumerations,
this implies that the interval of v has its left endpoint before the interval of u in R,
which contradicts u <; v.

Conversely, we show how to construct a simultaneous proper interval representa-
tion R of G using a linear order { of Vs and straight enumerations o; of each G; € G
compatible with {. Anillustration of the following construction is given in Figure 7.2.
For each graph G; with vertex set V; = {vy,...,v4} let M; = {x1,y1,...,%4,yq} be
the set of corresponding interval endpoints. We construct a linear order {; of M; as
follows. For any two vertices vj,v; € V; we define {; as

B(Uj» Gl) <O'i B(Ul’ Gl) or

) (7.1)
B(vj,G;i) = B(v;,G;) and j < I

xj<gxandy; <,y ©
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xj <¢, Y1 © B(v),G;) <o, B(v,G;) orv; € N[v]

7.2
Y1 <y, xj © B(v,Gy) <4, B(vj,G;) andv; ¢ Nv]. (7.2)

Since o; is compatible with {, it is clear that the restriction {" = z; <g/ -+ <gr zgjyy]
of {i to {xj,y; € M;: w; € Vs} is the same for all i € {1,...,k}. Therefore, each
linear order {; can be represented as {; = {1 0z;0{?0z50---0{F 025,0 ", which
allows us to combine all {; as follows. Let {/ = {11 o--- (Ii, forj € {1,...,2p+1}. For

the union set M = U{;l M;, which contains the interval endpoints of vertices in Vs
only once, we construct the linear order {jy = (' 0z;0{%*0zp0---0{? 0zy, 0 {**1.
Additionally, for each m € M we define #,,(m) as the number of elements before
m in {y. That is, #y(m) = {m" € M : m’ <, m}|. This allows us to construct
the interval representations R; = {[#(x,), #0m(vy)] : v € V;}, which yields the
simultaneous interval representation R = (Ry,...,Ry). It remains to show that
each R; is a proper interval representation and that it is an interval representation
of the respective graph G;.

Suppose for sake of contradiction that there exists an interval representation
R; that is not a proper interval representation. Then there exist two verticesv; #
v; € V; such that the interval of v; properly contains the interval of v; in R;. By
construction of R; this implies x; <, x; and y; <;, y;. Using the construction rules
(7.1), this is only possible if B(v;, G;) = B(v;, G;) and j = [, which contradicts the
assumptionv; # v;.

To show that each interval representation R; is a representation of G;, we show
that R; models exactly the edges of G;. For any two verticesv;,v; € V; with {v;,v;} ¢
E; we havev; ¢ N[v;] and thus B(vj, G;) # B(v;, G;). Without loss of generality,
assume B(v;, G;) <o, B(v;, G;). By (7.2) it follows that y; <y, x;, which means that
the interval of v; ends before the interval of v; begins in R;. Conversely, letv;,v; € V;
share an edge {u;,v;} € E;. By (7.2) it follows that x; <, y; and x; <;,, y;. This
means that both intervals begin before either of them ends in R;. Therefore each R;
is a proper interval representation of G;. Note that by construction o(R;) = o;.

Let G = (Gy,...,Gg) be a sunflower graph with shared graph S = (Vs, Es) and
for each G; let o; be a straight enumeration of G;. We call the tuple (o1, ..., o)
a simultaneous enumeration if for any i,j € {1,...,k} and u,v € Vs we have
B(u,G;) <4 B(v,Gi) = B(u,G;) <, B(v,G;). That is, the blocks containing
vertices of the shared graph are not ordered differently in anonther straight enu-
meration.

Theorem 7.5. Let G be a sunflower graph. There exists a simultaneous proper
interval representation R of G if and only if there is a simultaneous enumeration
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(01,...,0r) of G. If (01,...,0r) exists, there also exists a simultaneous proper
interval representation R with o(R;) = o; fori € {1,...,k}.

Proof. Let S = (Vs, Es) be the shared graph of G. If G is a simultaneous proper inter-
val graph, there exist straight enumerations o; of G; that are compatible with a linear
order { of Vs by Lemma 7.4. By definition of compatible, for any vertices u <, v we
have B(u, G;) <, B(v,G;) for each i € {1,...,k}. Since { and all straight enumera-
tions are linear orders, we have B(u, G;) <,, B(v,G;) © B(u,Gj) <, B(v,G)) for
any i,j € {1,...,k}. Asaresult, (0y,...,0f) is a simultaneous enumeration of G.

Conversely, let (o1, ...,0r) be a simultaneous enumeration of G. Then {p =
{(w,v) € Vs x Vs | i : B(u,G;) <4, B(v,G;)} is a partial order of Vs. Let { be a
linear order of Vs extending {p. By definition of simultaneous enumerations and
construction of {p, each straight enumeration o; is compatible with {. Then G is a
simultaneous proper interval graph by Lemma 7.4. Additionally, the construction
in Lemma 7.4 yields a simultaneous proper interval representation R = (Ry, ..., Ry)
with o(R;) = o; for each R; € R.

7.2.2 A Simple Recognition Algorithm

In this section we develop a very simple recognition algorithm for sunflower graphs
that admit a simultaneous proper interval representation based on Theorem 7.5.

Let G be a sunflower graph. By Proposition 7.2, for each graph G;, there exists a
PQ-tree T that describes exactly the fine enumerations of G;. We denote by T; = T |
the projection of T; to the vertices in S. The tree T; thus describes all proper interval
representations of S that can be extended to a proper interval representation of G;.
Let T denote the intersection of Ti,...,Ty. By definition, T represents all fine
enumerations of S that can be extended to a fine enumeration of each graph G;. By
Theorem 7.5, G admits a simultaneous proper interval representation if and only
if T is not the null-tree.

In that case, we can obtain a simultaneous representation by choosing any
order O € R(T) and constructing a simultaneous representation S of S. Using
the algorithm of Klavik et al. [Kla+17a], we can then independently extend S
to representations R; of G;. Since the trees T; can be computed in time linear in
[V (G;)| + |E(G;)|, and the intersection of two trees takes linear time, the testing
algorithm takes time linear in Zle |V(G;)| + |E(G;)|. The representation extension
of Klavik et al. [Kla+17a] runs in linear time. We therefore have the following
theorem.

Theorem 7.6. Given a sunflower graph G, it can be tested in linear time
whether G admits a simultaneous proper interval representation.
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7.2.3 Combinatorial Description

Let G be a sunflower proper interval graph with shared graph S and simultaneous
representation R. Then, each representation R € R uses the same intervals for

vertices of S and implies the same straight enumeration os(R) = o5(R) = c({I, €
R:v e V(S)}).

Lemma 7.7. Let G be a sunflower proper interval graph with | G connected.
Across all simultaneous proper interval representations R of G, the straight enu-
meration os(R) of the shared graph S is unique up to reversal.

Proof. Let R be a simultaneous representation of G and let o5(R) be the straight
enumeration of S induced by R. Since | J G is connected, for any two blocks B;
and B;y; of S consecutive in o5(R), there exists a graph G € G such that B; and
Bi;41 are in the same connected component of G. Since S is an induced subgraph
of G, for any two vertices u,v € V(S) with B(u,S) # B(v,S) we have B(u,G) #
B(v, G). This means that a straight enumeration of G implies a straight enumeration
of S. Additionally, the straight enumeration of each connected component of G
is unique up to reversal by Proposition 7.2. As a result, for any proper interval
representation R of G, the blocks B; and B, are consecutive in os(R). This holds
for any two consecutive blocks in o, which means that the consecutivity of all
blocks of S is fixed for all simultaneous representations of G. As a consequence
os(R) is fixed up to complete reversal.

Let G be a proper interval graph consisting of connected components Cy, . .., Cy
with straight enumerations oy, . .., 0. Let 01 o - - - 0 0 be a straight enumeration
of G. Then we say the straight enumeration 0’ =0y 0---00;_ 100} 00110+ 00}
is obtained from o by reversal of C;; see Figure 7.3. For a sunflower graph G, we call
a component C = (V¢, Ec) in G; loose, if all vertices in Vs N V¢ are in the same block
of S. Reversal of loose components is the only “degree of freedom” among the set
of simultaneous enumerations, besides full reversal.

Lemma 7.8. Let G be a sunflower proper interval graph with a simultaneous
enumeration (o1, ...,0r) where |G is connected. Then for any simultaneous
enumeration (o7, ..., GI’C) of G, the straight enumeration o] can be obtained from
o; or o] by reversal of loose components.

Proof. By Theorem 7.5, let R and R’ be simultaneous proper interval representations
of G with o(R;) = 0; and o(R}) = 0. Then by Lemma 7.7, o5(R’) is either equal to
os(R) or equal to os(R)". Without loss of generality assume os(R’) = as(R). We
now show that o] can be obtained from o; by reversal of loose components.
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Figure 7.3: (a) Simultaneous proper interval representation of G; (green solid), G, (red
dotted), G5 (blue dashed) with shared graph S (black bold). S has three blocks A, B, C. We
denote the component of G; containing a block D by Ci,. C3, C2, C3, C2 are loose. C? is
independent. (C2, C%) is a reversible part. (Cé) is not a reversible part, since Cé is aligned
at C and not loose. In (b) Ci and (C?, C%) are reversed.

Let 1 < i < k. For each connected component of G;, its straight enumeration is
unique up to reversal by Theorem 7.2. This means that o; and o] can only differ by
reversal and reordering of straight enumerations of individual components of G;.
Since | G is connected, each component of G; contains at least one vertex and thus
at least one block of S. Since we have o5(R;) = o5(R}), the order of blocks of S in o;
and o] is identical. This means that the straight enumerations of components of G;
are ordered identically in o; and o] and that no straight enumeration containing
vertices from more than one block of S is reversed. As a result, the only difference
between o; and o7 is the reversal of loose components of G;.

To obtain a complete characterization, we now introduce additional terms to
specify which reversals result in simultaneous enumerations; see Figure 7.3. Let
G = (Gy, ..., Gi) be a sunflower proper interval graph with connected union graph
and shared graph S. We say a component C of a graph in G aligns two vertices
u,v € S if they are in different blocks of C, i.e., B(u,C) # B(v,C). If in addition u
and v are in the same block B of S, we say C is oriented at B. If there is another
component C’ among graphs in G oriented at B, the orientation of their straight
enumerations in a simultaneous enumeration of G are dependent; that is, they
cannot be reversed independently.

Lemma 7.9. Let G be a sunflower proper interval graph with simultaneous
enumeration (oy,...,0%). Let C € G; and C' C G; be components oriented at a
block B of S. Then there exist two vertices u,v € B such that B(u,C) <,, B(v,C)
and B(u,C’) <,; B(v,C").

Proof. Lets,t € B be from the “leftmost” and “rightmost” block of o; that contain
vertices of B, respectively, i.e., for all x € B we have B(s,C) <,. B(x,C) <,, B(t,C).
Let s’,t" € B be analogous vertices for o; and C’. Since C and C’ are oriented at B,
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it follows that B(s, C) # B(t,C) and B(s’,C’) # B(t’,C’). This means that any two
vertices u € B(s,C) N B(s’,C’) andv € B(t,C) N B(t',C’) fulfill the lemma. It thus
suffices to show B(s,C) N B(s’,C") # @ and B(t,C) N B(t',C") # 0.

If s" € B(s,C) we have B(s, C)NB(s’,C’") # 0. Otherwise, we have s’ ¢ B(s, C) and
it follows that B(s, C) <4, B(s’, C). By definition of simultaneous enumerations this
implies B(s,C’) <5, B(s",C’). By definition of s’, it follows that B(s,C’) = B(s", ()
and thus B(s,C") N B(s’,C’) = B(s,C’) # 0. The proof that B(t,C) N B(t',C") # 0
works analogously.

For each block B of S, let C(B) be the connected components among graphs in G
oriented at B. Since a component may contain B without aligning vertices, we have
0 < |C(B)| < k. If C(B) contains only loose components, we call it a reversible part;
see Figure 7.3. Note that a reversible part C(B) contains at most one component of
each graph G;. Additionally, we call a loose component C independent, if it does not
align any two vertices of S. Let (o7,...,0%) and (o7, .. .,0,’() be tuples of straight
enumerations of Gy, ..., Gx. We say (o7, .. .,0,’() is obtained from (oy,...,0x) by
reversal of reversible part C(B), if o/, .. ., 0,’( are obtained by reversal of all compo-
nents in C(B). Similarly, (o1, ..., 0i_1,0{, Oi41, . . ., 0k) is obtained from (o1, .. ., o%)
by reversal of independent component C, if o}’ is obtained from ¢’ by reversal of C.

Theorem 7.10. Let G = (Gy,...,Gi) be a sunflower graph with connected
union graph and shared graph S and simultaneous enumeration p = (o1, ..., o).
Then p’ = (07, ..., 07) is a simultaneous enumeration of G if and only if p’ can be
obtained from p or from p” by allowed reversals.

Proof. We first show that p’ is a simultaneous enumeration if it is obtained from p
by reversal of an independent component or a reversible part or if p” = p”. Let
i,je{l,...,k}andu,v € Vs with B(u, G;) # B(v, G;). Since p is a simultaneous enu-
meration, we have B(u, G;) <5, B(v,G;) = B(u,Gj) <, B(v,G;) and B(u, G;) >,
B(v,Gj) = B(u,Gj) 24 B(v,Gj). Let p’ = p". Then we have B(u,G;) <,
B(v,Gj) = B(u,G;) >5, B(v,Gj) = B(u,G)) 25, B(v,G;) = B(u,G)) <o/ B(v, Gj).
Next let p” be obtained by a reversal of an independent component C in G;. Then we
have for x,y € Vs N V(C) that B(x, G;) = B(y, G;). For u,v € Vs with {u,v} ¢ V(C)
we have for j € {1,...,k} that B(u,G)) <, B(v,G;) © B(u,G;) <p! B(v,G;) and
thus p’ is also a simultaneous enumeration. Finally let p” be obtained by reversal of
a reversible part C(B). For u,v € Vs with {u,v} ¢ V(B) we have as in the previous
case for j € {1,...,k} that B(u,G;) <,, B(v.G;) © B(u,G;) <p/ B(v,Gj). For
u,v € V(B) we have for i € {1,...,k} with B(v,G;) # B(u,G;) that B(u,G;) <,
B(v,Gj) © B(u,G;) >, B(v,Gy). For i, j € {1,..., k} with B(v, G;) # B(u, G;) and
B(v,Gj) # B(u,Gj), we obtain B(u,Gi) <,; B(v,Gi) = B(u,Gi) >4 B(v,Gi) =
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B(u,Gj) <, B(v,G;) = B(u,Gj) >g/ B(v,Gj). We conclude that p’ is also a
simultaneous enumeration.

It remains to show that every simultaneous enumeration p’ can actually be
obtained from p or p” by the provided reversals. By Lemma 7.8 we obtain p’ from
p or p" by reversal of loose components. Without loss of generality assume p’ can
be obtained from p by reversal of loose components. First note that the order of
two vertices u,v € Vs by o; with i € {1,...,k} and B(u, G;) # B(v, G;) is affected by
the reversal of the component C in G; containing u and v and by no other reversal.
Assume we have two components C, C’ of G;, G; oriented at a block B of S where
C is reversed and C’ is not. By Lemma 7.9 we have two vertices u,v € B such that
B(u,C) <4 B(v,C) and B(u,C’) <,; B(v,C’). Since C is reversed and C’ is not,
we obtain B(u, C) >4/ B(v,C) and B(u,C") <o/ B(v, C’") which contradicts p’ being
a simultaneous enumeration. This implies, that for every block B of S either all
components oriented at B or none of them are reversed. If one of them is not loose,
this implies they are all not contained in a reversible part. If they are all loose, then
the reversal of all of them is just the reversal of the reversible part at B. Hence, we
actually only reversed independent components and reversible parts.

7.3 Sunflower Unit Interval Graphs

In the previous section we characterized all simultaneous enumerations for a
sunflower proper interval graph G. We say a simultaneous proper/unit interval
representation of a sunflower graph G realizes a simultaneous enumeration { =
(&1,...,¢) of I, if for i € {1,...,k} the representation of G; corresponds to the
straight enumeration ;. In Section 7.3.1 we provide a criterion for determining
whether a given simultaneous enumeration { of G is realized by a simultaneous
unit interval representation of G. Namely, the criterion is the avoidance of a certain
configuration in a partial vertex order of | J G induced by {. In Section 7.3.2 we
combine these findings to efficiently recognize simultaneous unit interval graphs.
To this end, we search among all simultaneous enumerations for one that avoids the
forbidden configuration by reversing reversible parts and independent components
accordingly.

7.3.1 Simultaneous Enumerations of Sunflower Unit Interval
Graphs

We first obtain a combinatorial characterization by reformulating the problem of
finding a representation as a restricted graph sandwich problem [GKS95].
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Lemma 7.11. A sunflower graph G has a simultaneous unit interval representa-

tion that realizes a simultaneous enumeration { = ({3, .. ., (i) if and only if there is
a graph H with V(H) = V that contains Gy, . . ., Gi as induced subgraphs and that
has a fine enumeration o such that for i € {1, ..., k} the straight enumeration ; is

compatible with o on V;.

Proof. Given a simultaneous unit interval representation R of G that realizes {,
one obtains H as the intersection graph of all unit intervals in R, whoese fine
enumeration o is compatible with each {;. On the other hand, a unit interval
representation of H corresponding to a fine enumeration o that is compatible
with each ¢; induces unit interval representations for Gy, .. ., Gy that correspond to
{1, ...,k where S is represented in the same way.

Our approach is to obtain more information on what graph H and the fine enu-
meration o must look like. We adapt a characterization of Looges and Olariu [LO93]
to obtain four implications that can be used given only partial information on H
and o (as given by Lemma 7.11); see Figure 7.4. For the figures in this section we
use arrows to represent a partial order between two vertices. We draw them solid
green if their endpoints are adjacent, red dotted if their endpoints are non-adjacent
in some graph G;, and black dashed if they may or may not be adjacent.

Proposition 7.12 (Looges and Olariu [LO93]). A vertex order of a graph H is a
fine enumeration if and only if for v, u,w € V(H) withv <, u <, w and vw € E(H)
we have vu, uw € E(H).

Corollary 7.13. A vertex order of a graph H = (V, E) is a fine enumeration if
and only if there are no four vertices v, u, x,w € V withv <, u <, x <, w such that
vw € Eand ux ¢ E.

Proof. The condition for three vertices provided by Proposition 7.12 (3-vertex con-
dition) consists of two special cases of the condition for four vertices v, u, x, w
of this corollary (4-vertex condition) where v = u or x = w while the other three
vertices are distinct. On the other hand, if the 4-vertex condition is not met for
v, u, x,w, then we distinguish the two casesvx € E and vx ¢ E. In the first case the
3-vertex condition is violated by v, u, x and in the second case it is violated by v, x, w.
Hence, the 3-vertex condition and the 4-vertex condition are equivalent. Therefore,
by Proposition 7.12 a vertex order is a fine enumeration if and only the 4-vertex
condition is satisfied.
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v w v w v w v w
SO S S T R S S e S o
a, L.l ’ ) SR ) S ) S | Svipd
X u X X u X u X

(a) (b) (c) (d) (e)

Figure 7.4: (a): The forbidden configuration of Corollary 7.13. (b)-(e): The four implications
of Corollary 7.14.

s1 a b c so s1 d e f s a b c
Gle—o o oo G2 o o o o o

Figure 7.5: A sunflower graph G = (Gy, G2) with shared vertices sy, sz (black, bold). Let ¢
be the simultaneous enumeration realized by the given simultaneous proper interval
representation. In (Gy, (1) we have the (sy,s2)-chain C = (s1,a,b,¢,s;) of size 5 (green,
solid). In (G, {») we have the (s1, s2)-bar B = (s1,d, e, f, s2) of size 5 (red, dotted). Hence,
sunflower graph G has the conflict (C, B) for the simultaneous enumeration .

Corollary 7.14. Let H = (V,E) be a graph with fine enumeration o. Let
v,u,x,w € Vand u <, x as well asv <, w. Then we have (see Figure 7.4):

(i) weEAV S, uANx <,w=>ux €E
(i) ux EAv<suAx<,w=>ww ¢E
(iii) vw e EAux ¢ EAv <su > w <45 X

(iv)vw e EAux ¢ EAx <,w = u <, 0.

Now we introduce the forbidden configurations for simultaneous enumerations of
sunflower unit interval graphs. Throughout this section let G be a sunflower graph
with simultaneous enumeration { = ({3, ..., (k). For a straight enumeration 7 of
some graph H we say for u,v € V(H) that u <y v, if u is in a block before v, and
that u <, v,if u =v or u <, v. We call <, the partial order on V(H) corresponding
ton. Note that for distinct u,v in the same block we have neither u >, v nor u <, v.
We write u <; v and u <; v instead of u <, v and u <, v, respectively.

Let u,v € Vs withu # v. Fori € {1,...,k} a (u,v)-chain of size m € N in
(Gi, §;) is a sequence (u = cy,...,cp = v) of vertices in V; with ¢; <; -+ <; ¢y
that corresponds to a path in G;. A (u,v)-bar between u and v of sizem € N in
(Gi, ;) is a sequence (u = by, ..., by, =v) of vertices in V; with by <; - -+ <; by, that
corresponds to an independent set in G;. An example is shown in Figure 7.5. If
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Gl cC1 C2 C3 é C1 C2 C3
Gy 51 Mo popo TSz 51 M pb g TS
b1 b2 b3 b1 by b3

(a) (0)

Figure 7.6: (a): A simultaneous enumeration with conflict. (b): Result with added orders
after scouting, starting at s, and finding the conflict in s;.

there is a (u,v)-chain C in G; of size | > 2 and a (u,v)-bar B in (G}, {j) of size at
least [, then we say that (C, B) is a (u,v)-(chain-bar-)conflict and that G has conflict
(C, B) for {. Note that one can reduce the size of a larger (u,v)-bar by removing
intervals between u and v. Thus, we can always assume that in a conflict, we have a
bar and a chain of the same size [ > 2. Assume G has a simultaneous unit interval
representation realizing {. If a graph G; has a (u,v)-chain of size [ > 2, then the
distance between the intervals I, I, for u,v is strictly smaller than [ — 2. On the
other hand, if a graph G; has a (u,v)-bar of size [, then the distance between I, I, is
strictly greater than [ — 2. Hence, G has no conflict. The main result of this section
is that the absence of conflicts is not only necessary, but also sufficient for { to be
realized by a simultaneous unit interval representation.

Theorem 7.15. Let G be a sunflower proper interval graph with simultane-
ous enumeration {. Then G has a simultaneous unit interval representation that
realizes ¢ if and only if G has no conflict for .

Let a* be the union of the partial orders on Vi, .. ., Vi corresponding to {3, . . ., (k.
Set a to be the transitive closure of a*. We call « the partial order on V induced
by {. The rough idea is that the partial order on V induced by the simultaneous
enumeration { is extended in two sweeps to a fine enumeration of some graph H
that contains Gy, . . ., G as induced subgraphs; see Figures 7.6, 7.7. For (u,v) € «
we consider u to be to the left of v. The first sweep (scouting) goes from the right
to the left and makes only necessary extensions according to Corollary 7.14 (iv).
If there is a conflict, then it is found in this step. Otherwise, in a second sweep
(zipping) from left to right, we greedily order the vertices by additionally respecting
Corollary 7.14 (iii) to obtain a linear extension where both implications of Corol-
lary 7.14 (iii), (iv) are satisfied. In the last step we decide which edges H has by
respecting Corollary 7.14 (i), (ii).

For h € {1,...,k} we say two vertices u,v € Vj, are indistinguishable in G if we
have Ng,(u) = Ng,(v) for alli € {1,...,k} with u,v € V;. In that case u, v can be
represented by the same interval in any simultaneous proper interval representation.
Thus, we identify indistinguishable vertices. If u,v € V} are not indistinguishable,
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di dz d: di do d: di do d
Gl 1 2 3 1 2 3 1 2 3 dl d2 d3
\ N & A T TTmmms
Gy 51 o po- V82 51 g g V82 s il Vs s1 TarT TasT s
ay as ai a2 ay a2

(a) (b) (©) (d)

Figure 7.7: (a): A simultaneous enumeration without conflict. (b): Result with added orders
after scouting. (c): Resulting linear order after zipping. Note that a; comes before d; in the
linear order thanks to scouting. Choosing otherwise would imply a contradiction at sy. (d):
Resulting unit interval representation for the sandwich graph.

then we have Ng,(u) # N, (v) for some j € {1,...,k}. In that case u, v are ordered
by {; and therefore by a. That is, we can assume « to be a linear order on V; for
i € {1,...,k}. Note that u, v may be ordered even if they are indistinguishable in
some input graphs.

Fori € {1,...,k}, let Gf = (V;, (‘g’) \ E;) be the complement of G;. We set E =
{(w,v) € |uw € E;U---UE}and E* = {(u,v) € a|uw € E(G] U---UGE)}.We
call a partial order o on V left-closed if we have

Yo,w,u,x €V: (ow €E A ux €EX A x <o w) = u <4 0. (7.3)

Note that a fine enumeration of a graph H with Gy, ..., Gy as induced subgraphs
is left-closed by Corollary 7.14 (iv). We describe the result of the scouting sweep
with the following lemma.

Lemma 7.16. A sunflower graph G has no conflict for a simultaneous enumer-
ation ¢ if and only if there is a left-closed partial order 7 that exte