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Abstract

This cumulative dissertation contains selected contributions to the field of asymptotic
geometric analysis and high-dimensional probability. It is divided into two chapters:

Chapter 1 explains some of the necessary theoretical background. In Section 1.1 it
first gives a very concise history of asymptotic geometric analysis in general and then
of the objects under study in particular, setting out some cornerstones in the discovery
of the functional-analytic, geometric, and probabilistic properties of the spaces under
consideration.

The next section (1.2) gives the precise definitions and very basic properties of the
three £, -type spaces that play a role in the contributed articles: the classical ¢,-sequence
spaces, the mixed-norm sequence spaces, and the Schatten-classes S, each in its infinite-
and finite-dimensional version.

Section 1.3 is dedicated to the interplay between geometry and probability, expounding
the general idea, introducing a few of the common tools, and exemplifying these on
two kinds of limit theorems: Schechtman—Schmuckenschléger-type results and Poincaré—
Maxwell-Borel lemmas.

The first chapter concludes with Section 1.4, addressing a small sample of open ques-
tions pertaining to the contributed articles which are not answered in said articles and
may be the interest of future research.

The entirety of Chapter 2 consists of the contributed articles.

Kurzfassung

Diese kumulative Dissertation enthélt ausgewéhlte Beitrage zum Gebiet der asymptoti-
schen geometrischen Analyse und der hochdimensionalen Wahrscheinlichkeit. Sie ist in
zwel Kapitel geteilt:

Kapitel 1 erklart ein wenig des notwendigen theoretischen Hintergrunds. Abschnitt 1.1
bringt eine sehr kurz gefasste Geschichte der asymptotischen geometrischen Analyse im
Allgemeinen und der Studienobjekte im Speziellen und legt einige Eckpunkte der Ent-
deckung der funktionalanalytischen, geometrischen und probabilistischen Eigenschaften
der betrachteten Rdume dar.

Der néchste Abschnitt (1.2) gibt die genauen Definitionen und sehr grundlegenden
Eigenschaften jener drei /,-artigen Raume, die in den beigetragenen Artikeln eine Rolle
spielen: die klassischen £,-Folgenrdume, die Folgenrdume mit gemischter Norm und die
Schattenklassen S, jeweils in der unendlich- und der endlichdimensionalen Version.

Abschnitt 1.3 ist dem Zusammenspiel von Geometrie und Wahrscheinlichkeit gewid-
met, er erértert die allgemeine Idee, stellt einige der gebrauchlichen Werkzeuge vor und
gibt zwei Beispiele von Grenzwertsétzen dazu: Schechtman-Schmuckenschlager-artige Er-
gebnisse und Poincaré-Maxwell-Borel-Lemmas.

Das erste Kapitel schliefst mit Abschnitt 1.4, der einen kleinen Satz von offenen Fra-
gen anspricht, die zu den beigetragenen Artikeln gehéren, darin aber nicht beantwortet
werden und die das Interesse kiinftiger Forschung sein mégen.

Kapitel 2 besteht zur Génze aus den beigetragenen Artikeln.
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1 Introduction

The local theory of Banach spaces studies a Banach space through its finite-dimensional
subspaces, with the dimension tending to infinity, and already early in its development the
deep connection to probability theory was discovered. In fact, the theory of probability
in Banach spaces can be traced back to the work of Fortet and Mourier on the law
of large numbers and the central limit theorem for sums of independent and identically
distributed Banach space valued random variables from the early 1950s. The development
of probabilistic methods in the local theory has been strongly influenced by the work
of Maurey and Pisier on the type and cotype of Banach spaces [51, 52, 53, 54, 65|,
by V. Milman in form of the concentration of measure phenomenon [59, 56, 57, 58],
and by Talagrand and his work on Gaussian processes [89, 90, 91|, just to mention a
few. In particular, it has become clear that the power of probabilistic methods can
hardly be overestimated. Within the last few decades a new field of mathematics has
emerged from the local theory, known as asymptotic geometric analysis, and lies at the
crossroads of functional analysis, convex and discrete geometry, and probability theory.
This isomorphic rather than isometric theory explores high-dimensional phenomena, in
particular in the context of convex bodies (a special case of which are unit balls of normed
spaces). A central theme in this theory is the interaction of randomness and pattern,
where the diversity and complexity one expects in high dimensions is compensated by
concentration of measure and other effects caused by convexity. Two of the arguably most
groundbreaking and famous discoveries of recent years include Klartag’s famous central
limit theorem for convex bodies [42, 43| and Eldan’s ingenious stochastic localization
technique [16, 18, 17|. This shows that some of the results obtained in asymptotic
geometric analysis are themselves of a probabilstic flavour while others emloy in their
proofs powerful and at times novel tools from probability theory.

This cumulative thesis deals with contributions to the non-asymptotic and asymptotic
geometric analysis of certain £,-type spaces, where the articles have been chosen with
an eye towards the probabilistic aspect, both in the applied methods and the statements
brought forth thereby.

1.1 Classical and non-commutative / -type spaces

The great interest in the classical sequence spaces ¢, (where p € (0,00]) and their fi-
nite-dimensional versions £} stems from the fact that, on the one hand, because of their
relatively simple formal definitions they are amenable to direct calculations or sharp es-
timations and thus lead to a multitude of results; and on the other hand, in surprisingly
many cases they give hints to the behaviour of general Banach spaces or provide the
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extreme cases, indicating the breakdown of a given property. Numerous analytic, geo-
metric, and probabilistic results have been obtained in the past, of which we mention
only a few here; in particular we shall mostly focus on the asymptotic theory of these
spaces, i.e., when the dimension tends to infinity. Kasin [40] has proved that ¢2" can be
decomposed into the orthogonal sum of two n-dimensional subspaces on each of which
Il and ||||2 are universally equivalent. The entropy numbers of the natural embedding
,y — £y have been computed by Schiitt [83] for the normed case, and by Edmunds and
Triebel [15], Triebel [93], Guédon and Litvak [25], and Kiihn [48] for the quasi-normed
case; confer also the summary by Kossaczka and Vybiral [47]. The corresponding Gelfand
numbers and widths of the same embeddings were studied first by Steckin [87] and have
been completely determined by Gluskin [22, 23] and Garnaev and Gluskin [21]. Figiel,
Lindenstrauss, and Milman [19] have found bounds for the dimensions of almost Euc-
lidean subspaces of £} for p € [1,00). On the geometric side, the volume of the £;-unit
ball is known at least since Dirichlet [13|, and the distribution of mass within the unit
ball has been investigated by Schechtmann and Zinn [79], Schechtman and Schmucken-
schliager [78], and Schmuckenschléger [80, 81] by means of probabilistic tools; specifically
they have found a probabilistic representation of the uniform distribution on the unit
ball which has turned out to be very fruitful for further investigations. The surface and
the cone measures on the £}-unit sphere and their relationship has been treated by Naor
and Romik [61] and Naor [60]. The probabilistic approach to the geometry of £} has been
further extended by Barthe, Guédon, Mendelson, and Naor [6]. Paouris, Pivovarov, and
Zinn [63] have established a central limit theorem for the volume of random projections
of the cube. Beyond that, the £, -spaces play a fundamental role in the theory of com-
pressed sensing in the case p € (0, 1] since then the unit ball of {y is a good model for
compressible vectors. Also in machine learning, in particular the field of support vector
machines, the use of an ¢;-penality is widespread and has been analyzed, see Kolleck and
Vybiral [45], e.g., or the book by Steinwart and Christmann [86].

The £,-spaces allow for generalizations in various directions, one of them being the class
of mixed-norm sequence spaces, both infinite- and finite-dimensional; in the latter case
the vectors usually are written as m-by-n matrices, and we denote the space by £;*({7).
Also these spaces are quite well-studied with respect to their functional analytic and
geometric properties. For example, Schiitt [82], while building on the work of Johnson,
Maurey, Lindenstrauss, and Tzafriri [29], has shown that the symmetric-base constant
of £3(¢;) is unbounded as n — oo. Raynaud and Schiitt [74] have proved that if £,(¢,)
embeds into Lj, then p < g. Regarding the converse, a result of Prochno and Schiitt [68]
implies that if 1 < p < ¢ < 2, then £;({y) embeds uniformly into Li; the last-cited
result has been generalized by Schechtman [76]. With import on approximation theory,
Schechtman [77] has proved that £,(f,) does not admit a greedy basis when p # ¢, and
very recently, the entropy numbers of natural embeddings have been investigated by
Mayer and Ullrich [55]. Also rather recent are the volumetric results for the unit balls of
£y (€y) with real or complex entries by Kempka and Vybiral [41]. Yet compared to the
{},-spaces, essentially nothing has been known about £} (ZZ) from the probabilistic side;
in particular no probabilistic representation of the uniform distribution on the unit ball
has been available.



1.1 Classical and non-commutative £,-type spaces

Another long-known object of study in functional analysis are the Schatten-p classes
S, that is, spaces of compact operators with p-summable singular values, or their finite-
dimensional versions Sy of n-by-n matrices. Often they are considered the noncommutat-
ive counterparts of the £ -sequence spaces, seeing that they resemble the latter in various
ways, while they also display stark differences. For instance, on the one hand, both types
of spaces are lexicographically orderd, are uniformly convex for p € (1,00), and satisfy
trace duality relations with corresponding Hélder’s inequalities. On the other hand, the
entropy numbers and Gelfand numbers of the natural embeddings S — S7 are known
from the works of Hinrichs, Prochno, and Vybiral [27, 28] and Prochno and Strzelecki [69],
but the values differ from those of the corresponding sequence spaces. In particular, due
to the definition of S, in terms of singular values, the structure is considerably more in-
volved and therefore trying to obtain complementary results in this setting adds further
difficulties, while still being amenable to direct analysis. Among other known properties
of the Schatten classes, let us mention that Gordon and Lewis [24] have obtained that
the space S, for p # 2 does not have local unconditional structure and therefore does not
admit an unconditional basis, Tomczak-Jaegerman [92]| has shown that the space S; has
Rademacher cotype 2, and Szarek and Tomczak-Jaegerman [88| have provided bounds
for the volume ratio of S}'. Saint Raymond |75] has computed the asymptotic volumes of
real and complex Schatten balls up to a yet undetermined factor, and Konig, Meyer, and
Pajor [46] have established boundedness of the isotropic constant for all p € [1,00). Gué-
don and Paouris [26] have proved concentration-of-mass properties, Barthe and Cordero-
Erausquin [5] have studied variance estimates, Chavez-Dominguez and Kutzarova [10]
have determined the Gelfand widths of certain identity mappings between finite-dimen-
sional Schatten classes, Radtke and Vritsiou [72| have proved the thin-shell conjecture
and Vritsiou [94] the variance conjecture for the spectral norm, i.e. p = co. In a series
of papers Kabluchko, Prochno, and Théle 34, 35, 36| have refined some of the previous
works by giving the precise asymptotic volume of Schatten balls, they have computed
the volume ratio, considered the volume of intersections in the spirit of Schechtman and
Schmuckenschléger 78], and derived Sanov-type large deviations principles for the em-
pirical measures of singular values of random matrices sampled from Schatten balls; an
essential ingredient to their proofs is a probabilistic representation of the singular values
of a matrix sampled uniformly from the unit ball. The large deviations result stands in
line with the study of large deviations for spectral measures of random matrices initi-
ated by Ben Arous and Guionnet [7], and Kaufmann and Thiéle [39] have generalized the
underlying distribution to a certain mixture of uniform distribution and cone measure
on the sphere in the spirit of Barthe, Guédon, Mendelson, and Naor [6]. The question
of volume of intersections has also been taken up by Sonnleitner and Théle [84]. Very
recently Dadoun, Fradelizi, Guédon, and Zitt [11] determined the asymptotics of the
moments of inertia of Schatten balls, thereby also providing the limit of the isotropic
constant, and confirmed the variance conjecture for p > 3.

We also refer the reader to two surveys dealing with probabilistic methods in asymp-
totic geometric analysis which are related to the present dissertation. Prochno, Théle,
and Turchi [70] review results pertaining to the £;-balls; and the recent paper by Prochno [67]
discusses the moderate and large deviations approach in a broader scope.
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1.2 Definitions and basic properties of / -type spaces

The definitions and statements in the following Sections 1.2 and 1.3 are standard, unless
specifically cited; for Section 1.2 we refer to the textbooks, e.g., [4, 9, 29, 50, 64, 85, 95,
96]; and for Section 1.3 the reader may consult, for instance, [14] or [44] for the basic
probabilistic notions.

1.2.1 7 -spaces

Given p € (0,00], define the map |-||,: RY — [0, 00] by

1
(Zzozl|xk|p) P for p < 00,
SUPpen k| for p = o0;

|(2x)kenllp == {

then therewith the classical £,-space is the space of real sequences defined by

b, = L,(N) = {r € RN 2 ||z||, < oo}
On £, ||-[|, is a quasinorm; more specifically, for p < 1 it is a (proper) p-norm (this means,
instead of the triangle inequality we have the p-triangle inequality: |z+y|b < [|z|b+]y|b
forall x,y € £,), and for p > 1 it is a true norm. For any given x € RN, the map p — ||z,
is nonincreasing; consequently, the spaces ¢, are ordered lexicographically, i.e., if p < g,
then ¢, C £, and the embedding is continuous. With the component-wise product on RN
defined by (zn)nen: (Yn)nen = (ZnYn)nen, we have Holder’s inequality [|lz-y[l» < [|z(p[lyllq
for any =,y € RN and p,q,r € (0, o0] such that %—i—% = % Holder’s inequality also is one
ingredient to prove (£,)* = {,, where p € [1,00) and ¢ € (1, 00] with % + é = 1. Apart
from the ordering, all results follow from the fact that £, = L,((N, P(N), 1), R) where p
is the counting measure on N which conveniently is o-finite.

Via the natural embedding R” < R” x {(0)k>n+1} C RY, where n € N, we define
the finite-dimensional /,-spaces £ := (R", [|-||;), which is a finite-dimensional subspace
of £,. In addition to the above mentioned properties which £} inherits from ¢, we also
have ||z, < n'/971/P||z||, for any 0 < ¢ < p < 0o and = € R" (another consequence of
Holder’s inequality). We denote the £7-unit ball by By := {z € R" : ||z[[, < 1}.

1.2.2 Mixed-norm spaces

Among the generalizations of £,-spaces are the Orlicz-spaces (which basically substitute a
more general convex function for the power |-|P in the definition of the norm), the Lorentz-
spaces (which are equipped with a weighted ¢,-norm of the nonincreasing rearrangement
of vectors), and, most important to this thesis, mixed-norm spaces. For a more general
definition of the latter let Z be a partition of N, let p € (0, 00|, and for each I € Z let
qr € (0,00], then the corresponding mixed norm (actually mostly a quasinorm) on RY is
defined by

Izr)kenllp.a = || (Ize)rerllar) ezl
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where q := (q1)7e7; and let the corresponding mixed-norm space be denoted by ly g (By
recursively partitioning the elements of the previous partition, in theory one could get
mixed norms of arbitrary order.) When viewed as a p-direct sum,

bpq = @IJ €y (1),

Iel

for p,qr € [1,00) (I € Z) the dual space is obtained immediately as

(bpq)" = (@p £q1(1)> = o gq? (1) = Ly g

IeT IeT

where p*, ¢ € (1, 00] denote the Holder conjugates, that is, % + 1% =land L+ 1L =1,

ar 4
for any I € 7.

An important special case is Z = {[(i — 1)n + 1,in] : i € N} and ¢q; = ¢ for all
I € 7, where n € N, then via the rearrangement (zj)gen < ((x(i—l)n-Fj)jS”)ieN
identify RN with the space of infinite matrices RN*". This leads to the study of the finite-
dimensional spaces £," = £ (€7) := (R™*™, ||-]|5.4), where m € N and now

we can

1(i)izmg<nllpg = [ (1(@ig)i<nlle) sl

With the special choice n = 2, ¢ = 2 and via identification (C,|-]) = (R?,|-]|2) the
real mixed-norm spaces also encompass the complex £ -spaces, when multiplication with
complex scalars is irrelevant.

1.2.3 Schatten-p classes

Closely related to these classical /,-type spaces treated above are the Schatten classes
of operators: let Hy, Hy be real or complex Hilbert spaces and let A: Hy — Hy be
a compact operator, then there exist orthonormal systems (un)nen in Hy and (vp)nen
in Hy and a nonincreasing sequence s(A) := (sp(A))nen of nonnegative real numbers
converging to zero such that, for any x € Hy,

Az = Z Sn(A) <Un, ‘T>Un;
n=1

this is called the singular value decomposition of A, and the numbers s, (A) are called
the singular values of A and are uniquely determined by A (whereas (up)nen and (vy)nen
are not), being the eigenvalues of the positive-semidefinite Hermitian operator (A*A)l/Q.
Then for p € (0,00] the Schatten-p norm of A is defined by

[Alls, == lls(A)lp,

and the Schatten-p class S, := S, (H1, Hz) is the set of all compact operators A: Hy — Ho
with [[Alls, < oco. This last condition can be expressed equivalently as s(A) € £,,, but in



1 Introduction

the case p = 0o we actually know more, since not only is s(A) bounded, but it even is a
zero sequence, as has been mentioned above; therefore, while for p < oo it is natural to
associate S, with £, to S, there corresponds cp, the space of zero sequences endowed
with [|-[|so. (If Hj is separable, then the counterpart of ¢ is L(H1, H), the space of all
bounded operators equipped with the operator norm.) Like £, (S, HHSP) is a complete
quasinormed space, and |||| s, is a p-norm for p < 1 and a norm for p > 1; moreover,
for a given compact operator A the map p — [|A|s is nonincreasing, hence the spaces
S, are lexicographically ordered, with continuous embeddings. The elements of S; are
called trace-class or nuclear operators (equipped with the trace norm or nuclear norm),
and those of S, Hilbert—Schmidt operators (equipped with the Hilbert—Schmidt norm
or Frobenius norm); S, simply is the space of all compact operators, and [|-||s_ = s1
equals the operator norm. For p,q € [1,00] with 1411 — 1 we have the following
Holder’s inequality: for any A € S, and B € S, [Rtr(A*B)| < [tr(A*B)| < [|[A*Bl|s, <
|Alls, [ Blls,- At least for Hy = Ha, with regard to duality we also know (S),)* = 5 for
p € (1,00] and % + % =1, and (S,)* = L(Hy).

The natural finite-dimensional version is S}Tb’xn = (K™ |-[s,), where m,n € N,
K € {R,C} and S € {1,2} is the R-dimension of K, and any matrix A is identified with
the induced map K" — K™, z — Ax.

The term “noncommutative” comes from noncommutative probability theory: a non-
commutative probability space is a pair (A, ) consisting of a unital C-algebra A and
a linear functional ¢: A — C such that ¢(1) = 1; the elements a € A are called non-
commutative random variables. (Recall that multiplication in an algebra need not be
commutative, hence the name.) Now S)'5" is a unital C-algebra and ¢ := Lt is lin-

ear and satisfies p(I,) = L - n = 1, thus (Sg;",%tr) is a noncommutative probability
space and Schatten-class matrices are noncommutative random variables. By a slight ab-
use of language the qualifier “noncommutative” is applied to nonsquare and noncomplex
Schatten-classes as well.

Only in passing we mention that, motivated by physical applications, also matrices
over H, the skew field of quaternions, have been studied. For instance, the equivalents

of unitary matrix and singular value decomposition can be found in |3, Appendix E|.

1.3 Interplay between geometry and probability

1.3.1 Probabilistic representations

As already mentioned, local theory of Banach spaces investigates a given Banach space
(X, ||-I) through its finite-dimensional subspaces; those are usually identified with R™.
Then the behaviour of (R”, ||-||) as n — oo is observed. This means that we would like to
get asymptotic results, and since probability theory provides a wealth of limit thoerems,
it seems attractive to integrate probabilistic methods into local theory.

It should not go unmentioned that the emergence of deterministic behaviour, or “order”,
in high dimensions usually can be attributed to some underlying structure: in probablity
theory one of the strongest forms of structure is stochastic independence, while in geo-
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metry that role is played to some extent by convexity; in either case, although higher
dimensions allow for more degrees of freedom (more “chaos”), the presence of underlying
structure has the effect that randomness “cancels itself out”. But it should be noted
that even so convexity alone facilitates calculations only to a certain degree, and many
questions still have to be dealt with case by case — there still is no general theory that
would allow us to calculate an arbitrary quantity with a few penstrokes.

Returning to integrating probabilistic methods, the basic idea to do so is the following:
Given a Banach space (X, |-||) as before, the norm ||-|| is returned as the Minkowski
functional of the unit ball {# € X : ||z|| < 1}; thereby the study of Banach spaces is
reduced to the study of their unit balls. In the finite-dimensional case of (R™, ||-||) the
unit ball B™ has nonzero finite Lebesgue measure, hence it makes sense to investigate
B" via its associated uniform probability distribution, #(B"™). Then, given a sequence of
random vectors (X (™),,cyy where X(™ ~ U/(B™) for each n € N, we study its asymptotics
as n — 00.

This study is rendered non-trivial by the fact that the components of X (™ are stochastic-
ally dependent because of the constraint X € B" (unless the norm equals ||-||s); but
the probabilistic limit theorems already alluded to often demand independent random
variables or admit at most a controlled form of dependence. This motivates probabilistic
representations of U(B™); loosely speaking, we would like X (%) 4 fu(Z™) where 2™ is
a random vector with independent components and the distribution of each component
is “casy” to handle, and also the map f(™ should allow “casy” manipulation, according
to the task at hand.

The prime example in our framework of £,-spaces is the following result, going back
to Schechtman and Zinn [79], and independently Rachev and Riischendorf [71].

Proposition 1. Let n € N and p € (0,00]. We have X ~ UBY) if and only if
(Y1,...,Yn)
(Y1, Ya)llp

where the R-valued random variables U, Y1, ..., Y, are independent, U ~ U([0, 1]) and for
each k € [1,n] the law of Y}, is the p-generalized Gaussian distribution vy, determined by
its Lebesgue density,

x ) d Ul/n

1 —|z|P
(@) _ ) g e Jorp <o,

dz % INEEY () for p = oo.
Specially for p = co we have the representation
x™ Ly, Y,
where Y1,...,Y, are as above.

In this case the fact that ||-||, is a proper quasinorm whenever p < 1, is irrelevant;
we can treat the convex and the non-convex case uniformly. It is another, and in itself
nontrivial, question how suitbale probabilistic representations can be obtained; as already
stated at the beginning of this section, as of the date of this dissertation there is no general
recipe.
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1.3.2 Limit theorems

Among the probabilistic tools are the classical limit theorems such as weak and strong
laws of large numbers and the central limit theorem; large deviations principles have seen
increased use within the last few decades. For the convenience of the reader we provide
simple formulations of those here. Let (X, )nen be a sequence of i.i.d. integrable R-valued
random variables, and for n € N put S,, := >"}_; X.

o Weak law of large numbers (WLLN). (L5,)nen 5 E[X1], that is, for any € > 0,

lim ]P’H% —E[Xl]‘ > s} —0.

n—oo

e Strong law of large numbers (SLLN). (£5,)nen 2% E[X4], that is,

IP[ lim 2% = E[Xl]} — 1.

n—oo N

o Central limit theorem (CLT). (ﬁ(é’n —n]E[Xl]))nGN 4 Z, that is, for any = € R,

ng} =P[Z < 1],

where Z ~ 75 (the standard Gaussian distribution) and o := Var[X;]"/? € (0, c0).

e Large deviations principle (LDP), specifically Cramér’s thoerem. Assume A(t) :=
log E[e!X1] < oo for all ¢ € R and define A*(z) := inf{tx — A(t) : t € R}, then, for
any Borel-measurable A C R,

lim IP’[

n—o0

—inf A*(A°) < liminfllogp[& € A} < limsupllogP[& € A] < —inf A*(4),
n—oo M n n—ooo M n
where A° and A denote the interior and closure of A respectively.

The strength of LDPs lies in the fact that, while being a strengthening of the LLNs,
they retain more information about the input distribution: confer the versions presented
above, where for the CLT the only relevant data of the law of X; are its expectation and
variance, that is, its first two moments— in this sense a CLT is universal; whereas the
LDP is governed by A* which, since actually (A*)* = A under the above assumptions,
contains all moments. This is important in asymptotic geometry because through an
LDP we can still distinguish classes of bodies in high dimensions.

In the geometric setting of norm unit balls B” in R", if ||-|| is invariant under per-
mutations of the coordinates, then X ~ 2/(B™) has exchangeable coordinates, hence
the empirical measure L,, := % dopq0 x(m already determines the marginal distribution
of X {n). Therefore in this case an LDP for (L,,),en yields valueable information about
the asymptotic geometry of B™.

As an aside we mention another type of limit theorem, which is closely related to both
the CLT and LDP: the moderate deviations principle; in a simple case this treats the
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behaviour of P[Y"}_, (Xi — E[X1]) > byv/na] where (by)nen is a sequence in (0, 00)
such that both lim, ., b, = 0o and lim, s % = 0, this means that the scale of
the deviation b,\/na lies between that of normal (y/na) and large deviations (na). A
moderate deviations principle then takes the shape of an LDP, but with a slower speed
and the rate function of an appropriately scaled Gaussian distribution.

1.3.3 Examples of limit results

Here we present only two types of geometric limit theorems which involve probabilistic
tools: Schechtman—Schmuckenschlager-type results and Poincaré—Maxwell-Borel lem-
mas. The first named results yield information about the distribution of volume, and the
second ones about the distribution of coordinates.

Schechtman—-Schmuckenschlager-type results In order to motivate the probabilistic
method we consider a very simple case, namely we want to determine

lim vol, (r,By, Nts,BY)
n—oo

for any t € (0, 00), where r,, := vol, (B )~/ and s,, := vol,,(B}) =" so that vol,, (r,BZ ) =
1 = vol,,(s,BY}) and consequently vol,, (r,B% Nts,BY) € [0, 1]. Since we know

27L
voly(By) = 2" and  vol,(BY) = —,
n!
we get immediately
1 nlt/n
=5 and s, = 5 Zi(l-i-hn),

where the last identity follows from Stirling’s formula, with lim, . lozﬁhn =1 As
already expounded in Section 1.3.1, we associate B with its uniform distribution ¢ (BL,),
and by Proposition 1 we have X = (X1,...,z,) ~U(BY) iff X1,..., X, are i.i.d. with
X1 ~ U([-1,1]) (which in this case can be deduced from the fact that BY = [—1,1]"
and the uniform distribution on a box is the product of its marginals). Therewith we
can rewrite as follows,

vol, (r,BY, Nts,B}) = Plr,X™ € ts,BY]

& 1+ hy)
—Plix™, = < 5n _ (A ha)
X = Yo < 22 = ),
k=1
1 « 1+ hy
=P|- Xl < t]. 1
o = e 1)

k=1

Since the sequence (| X|)ken is i.i.d. with |X1| ~ U([0, 1]), the LLNs tell us

() el =
k=1

neN
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almost surely and in probability, hence also in distribution, which yields, continuing
from (1) and together with lim,_,o hy = 0,

4 [S]
nh_)IngVOln(Tnto Nts,BY) = PE < t] {? ii i ;
Here we see the emergence of a threshold behaviour: at a threshold, or critical, value of ¢
the value of the limit jumps from “nothing” to “all”. To put it another way, “almost no”
mass of 7, B is contained in ¢s,B7} for ¢ < %, whereas “almost all” mass is contained in
ts,BY for ¢ > §. But because the LLNs yield a degenerate limit distribution, they do
not allow the assessment of the critical case t = £; we need more information about the
fluctuations of L 3" || X} | around its mean 3. T hls is provided by the CLT, in our case

(U\l/ﬁ ;(\Xﬂ - ;))nEN %z,

1/2_ Rearranging (1) accordingly leads

vol, (rnIB% ﬁ2snIB%”>— {fZOXk‘—l) W}

Now we notice that we need to know the finer asymptotics of h,, in order to compute the
limit. In our case

where Z is standard Gaussian and o := Var[| X1]]
to

_ log(n) 2nh,
—2y/n log(n) n—oo

V7 b 0-1=0,

therefrom we conclude

2

Based on what can be observed in the previous example, the basic procedure for a
Schechtman-Schmuckenschléger result can be formulated thus (confer also the exposition
given by Sonnleitner and Théle [84, Section 2|): Consider two sequences (K, )nen and
(Ly)nen of star bodies, where K,,, L,, C R™ for each n € N and vol,,(K,,) = 1 = vol,, (L)
(otherwise rescale the bodies); we would like to know how the mass of K, is distributed
with respect to Ly, so we consider the quantity vol,, (K, NtL,) with ¢t € (0, 00). Following
the general idea laid out in Section 1.3.1 we take X (™ ~ U/(K,), then

lim vol, (rnIB% n= 5 snIB%"> [P[Z < ﬂ} _1

n—00 20

Viu(t) == vol, (K, NtLy,) = PIX™ e tL,] = P[|IX™|,, <], (2)
where |-|p, denotes the Minkowski functional of L,. Now if there exists a constant
terit € [0, 00] such that

(|X |Ln)n6N _> Lerit,

then Equation (2) immediately implies

0 ift tcriy
limVn(t):{ S Lo

1 if t > tai;

10



1.3 Interplay between geometry and probability

this is the threshold behaviour seen in the example (one also speaks of a phase transition).
And again, for treating thge case t = .4 we need more knowledge about the fluctuations
of | X (”)\ L, around teit. So now assume that there exists a sequence (ap)nen in (0, 00)
such that

(an (XL, — teie)), oy > Z.

where Z is a nondegenerate random variable; if additionally 0 is a continuity point of Z,
then from (2) we obtain

lim V,(teit) = P[Z < 0].

n—oo

The (almost) complete picture in the case of £,-balls which was solved by Schechtman

and Schmuckenschliager [78] and Schmuckenschliager [80, 81] may be formulated as given
below; one may check that inserting p = oo and ¢ = 1 reproduces the value A1 = %

from our example at the beginning.

Proposition 2. Let p,q € (0,00] with p # q and q < oo, denote the unit-volume £ -ball
by Dy and let t € (0,00), then

0 if Apqt <1,
lim vol, (D N D) = 4 5 if Apgt =1,
1 if Apgt > 1,
where for p < oo,
nl/p Voln(BZ)l/n el/Ppl/aT(1 + %)Hl/q

A

= i =
P4 nsso ni/avol, (By) /n B[V /1 el/aql/aT(1+ 1) D(4L)1a
and Aso g :=limy, o0 Ap 4. Here Y1 ~ 7, as in Proposition 1.

It should not go unmentioned that corresponding results have been produced for Orlicz
balls by Kabluchko and Prochno [32], and for Schatten balls of Hermitian matrices by
Kabluchko, Prochno, and Théle [35]; in either setting the critical case is still wanting.

Poincaré—Maxwell-Borel lemmas This type of limit theorem (also called Maxwell’s
principle) has its roots in kinetic gas theory and goes back to Maxwell and to Borel [§]:
they observed that any fixed number of coordinated of a random vector sampled uniformly
from the ¢3-unit sphere S5~ ' := {x € R" : ||z|]s = 1} are asymptotically independent
and have identical Gaussian dsitribution as n grows large; see Rassoul-Agha and Sep-
paldinen |73, p. 81| for a formal statement. (Often the theorem is attributed also to
Poincaré [66], hence the name, but see the discussion in Diaconis and Freedman [12].)
It is not too difficult to get a statement for £7-balls. In the case p = oo we already know
that a random vector X (™ ~ U(B™2) has independent U([—1, 1])-distributed coordinates,

hence any subcollection (X,gn))ke 1, for some nonempty index set I, has independent

11
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U([—1, 1])-distributed coordinates. In the case p < oo we refer to Proposition 1 and have
X™ ~ U(By) iff
xm 4 gm _(Yi)icn 3)
||(Yi)i§n”p,
where (Y;)ien is an i.i.d. sequence with Y7 ~ ~,, independent from U ~ U([0, 1]). Now
fix k € N and let n > k, then (3) immediately yields for the first & components of X

(Yo)i<k ut/n

(m)y 4 rri/n Ay
A% i<k — U = }Qz k-
( ) < ||(E)z§n”p (Z?:l‘yé‘p)l/p ( ) <

Clearly (Y;)i<k does not depend on n; since U > 0 almost surely, we get (Ul/”)nz;,C 251,

and the SLLN yields
1 n
(3mp) 2= mpvip =1,
i nzk

Taking all this together we obtain

1/p [fl/n (}/) [Il/n ()/) » (}f)
b (S (v )P Visk = i)i<k —— i )i<ks
(i) G e

and as we have equality in distribution for any n, this also implies
d
nP(X)ick —— (Vi)ik
n—oo

Thus also the components of X (™ are asymptotically independent. Note that the case
of ngl can be recovered from the calculations given above by having U = 1 almost
surely, since ||(Y;)i<nlly ' (Yi)i<n ~ U(SE™1), owing to the orthogonal invariance of the
multivariate standard Gaussian distribution.

Speaking more generally, for a Poincaré-Maxwell-Borel lemma let (K}, )nen and X (n) ~
U(K,) be as in the Schechtman-Schmuckenschléger setting; we would like to know the
typical distribution of the first few coordinates X {n), o X ,En), where k € N with £ < n;
phrased a bit more precisely, we seek a limit theorem

(AR (x o x My ety G k) (4)

n )nEN

where A%k) € RF¥*k and b%k) € R* for each n € N, and Z®) is an RF-valued, nondegenerate
random vector. In a quantitative version the laws ,u%k) of A,(Ik) (X fn), e, X ]gn)) + b,(lk) and
v#) of Z() are compared with respect to a metric on M (RF), such as the Lévy Pro-
khorov metric, the bounded-Lipschitz metric, or even more strongly the total-variation
metric dry. For the /,-balls, e.g., the total variation distance is bounded from above by
C % with some global constant C' € (0, c0), implying that k£ may even grow with n as fast
as sublinearly; the precise statement is as follows, based on Rachev and Riischendorf |71,
Theorem 4.5] who found the general theorem for which Diaconis and Freedman [12] had
sought (note that different normalizations of dry exist, affecting the constant factors).

12



1.4 Open questions

Proposition 3. Let p € (0,00], let k = k(n) such that limn_,oog = 0, and for each
neN let X ~ U(BYy), then

i 2 k k
dry (0P (X{)ick, (Vi)ick) < \/7 + r(7>,

en n

r(h)

where (Yn)nen is as in Proposition 1, and r satisfies limy_,o == = 0. In particular, for
ke N fized,

(nl/p(Xi(n))iSk’)nzl i> (Yz)zﬁk

To some extent the most general Maxwell principle which has been proved so far, is
for generalized Orlicz balls by Johnston and Prochno [31] (‘generalized’ meaning that the
conditions on the Orlicz function are considerably relaxed); they provide a quantitative
statement in terms of drv.

In the particular case that, for every n € N, the canonical basis egn), ceey eﬁl”) is 1-sym-
metric for K, (that is, Y, ExTren(k) € Ky iff > oy zrer € Ky, for every choice of signs
ex € {—1,1}, coordinates z1,...,z, € R, and every permutation 7 € &,), X has
symmetric, exchangeable components, hence we can choose A%k) = apl; and bﬁf) = 0;
furthermore let P, ;, denote the projection onto the first k& components, then we can
rewrite (4) as

(anPosX™), 4,z

We can view P, j as a special instance of the orthogonal projection onto a k-dimensional
subspace, namely that one spanned by egn), ey e,(:). It turns out that for £,-balls, among
others, these coordinate subspaces yield the exceptional limit behaviour of projections,
as the limit law is 'yf?k (the k-fold product measure), whereas the typical behaviour
is described by Klartag’s central limit theorem for convex bodies [42, 43]: when the
dimension n is large, for most k-dimensional subspaces £ C R™ the orthogonal projection

anPrX (") will be close to a k-dimensional standard Gaussian variable Z®).

1.4 Open questions

The contributed articles treat their respective topics by no means exhaustively and leave
many points unanswered. Some of those open points come from the direct comparison
with results about the classical £j-spaces: for the latter, not only do there exist weak
limit theorems for the norm of a random point (the basis for Schechtmann—Schmucken-
schlager results, as explained above), but also for the Euclidean norm of random projec-
tions together with corresponding Berry—Esseen bounds (see Alonso-Gutiérrez, Prochno,
Thale |2] and Johnston, Prochno [30]), and these weak limit theorems are complemented
with moderate and large deviations principles (Gantert, Kim, Ramanan [20], Alonso-
Gutiérrez, Prochno, Thiéle [1], Kabluchko, Prochno, Thiéle [33, 37]) and sharp deviations
(Kaufmann [38|, Liao, Ramanan [49]). Moreover, not only projections of random points
onto (random) subspaces are of interest, but also the volume of hyperplane projections
and sections (see the survey of Nayar and Tkocz [62]); in this case the results themselves

13



1 Introduction

are not probabilistic but the tools are. The lack of results of this kind is a fact true not
only for £ -ellipsoids and £}’ (fg)—balls (indeed, very little is known about the geometry of
the latter) but also for S;**"-balls, even in the comparatively better studied Hermitian
case.

With regard to Sj**"-balls the gaps are more serious: apart from p € {2,00} (the
former corresponding to the Euclidean case, and the latter solved in the contributed
articles) we do not know the volume of the S, "-unit ball unless asymptotically for m =
n; also, again excluding p € {2, 00}, we do not have a simple probabilstic representation
of the uniform distribution on the unit ball, and this poses a great hindrance to further
investigations; and, still excluding p € {2, 00} and m = n, we have not identified yet the
minimizer of the rate function in the Sanov-type LDP for the singular values of matrices
from the S)**"-unit ball and its logarithmic energy. Whereas the missing limit theorems
in the case of £)-ellipsoids and E;”(Eg)—balls presumably can be tackled by adaptation
of the existing tools modulo technicalities, this is not so clear for the S;**"-balls since
there are no obvious role models which could be adapted and the results would have to
be proved from scratch.

14
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2 Contributed articles

2.1 Spectral flatness and the volume of intersections of
p-ellipsoids

Abstract

Motivated by classical works of Schechtman and Schmuckenschléger on intersections of £ -balls
and recent ones in information-based complexity relating random sections of ellipsoids and the
quality of random information in approximation problems, we study the threshold behavior of
the asymptotic volume of intersections of generalized p-ellipsoids. The non-critical behavior is
determined under a spectral flatness (Wiener entropy) condition on the semi-axes. In order
to understand the critical case at the threshold, we prove a central limit theorem for g-norms
of points sampled uniformly at random from a p-ellipsoid, which is obtained under Noether’s
condition on the semi-axes.
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1. Introduction and main results
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works is a well-known paper by Schechtman and Zinn [15] in which, motivated by a question of

* Communicated by E. Novak.

* Corresponding author.
E-mail addresses: michael.juhos@uni-graz.at (M. Juhos), joscha.prochno@uni-passau.de (J. Prochno).

https://doi.org/10.1016/].jco.2021.101617
0885-064X/© 2021 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jco.2021.101617
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jco
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jco.2021.101617&domain=pdf
mailto:michael.juhos@uni-graz.at
mailto:joscha.prochno@uni-passau.de
https://doi.org/10.1016/j.jco.2021.101617

M. Juhos and J. Prochno Journal of Complexity 70 (2022) 101617

V.D. Milman, the authors studied the proportion of volume left in a volume normalized E’I;—ball af-
ter removing a multiple of a volume normalized Zg—ball. A fundamental element in their approach
is a probabilistic representation of the cone probability measure on an E’I’,—sphere (more precisely,
on the positive orthant), which can be easily extended to a representation of the uniform distribu-
tion on the whole ball. Independently, this probabilistic representation had been found by Rachev and
Riischendorf [13], but with a different objective: they proved a Maxwell-principle for E’; -spheres, com-
plementing the classical Poincaré-Maxwell-Borel lemma for the Euclidean sphere. This representation
has again been put to use in a work of Schechtman and Schmuckenschldger [14], where the authors
investigated the limit limy_, o, vol, (]D)g N t]D)g) and its dependence on the parameter t € (0, co). Here,
we denote by D} the volume normalized version of the closed unit ball B} of ¢}; recall that for
0<p<ooand x=(x)_, eR",

n 1/p
(XwP) ™ i p<os,
i=1

max |X;| :p=o00
1<i<n

X[l p :=

defines a quasi-norm on R", which is a norm whenever 1 < p < oco. Using a law of large numbers,
they showed that the limit exists and is equal to either zero or one, depending on whether t is
smaller or greater, respectively, than a certain threshold determined solely by the parameters p and
g. The asymptotic behavior at the threshold remained unanswered for nearly a decade until Schmuck-
enschldger [16] used the Berry-Esseen theorem to show that the limit is 1/2 in the case p = oo,
independent of q. Another couple of years later Schmuckenschldger [17] provided a complete answer
by proving a central limit theorem for the g-norm of a vector sampled uniformly at random from the
EZ—sphere; again the limit is 1/2 irrespective of p and q.

The previous results have been revisited by Kabluchko, Prochno, and Thdle in [8] (see also [9]).
Not only did they prove (multivariate) central limit theorems for g-norms of vectors distributed
uniformly in B?, but also non-central limit theorems (i.e., convergence in distribution to expo-
nential and Gumbel distributions) for extreme values of p and q; furthermore they showed that
limp_, oo volp (D} Nty D) can be any number in the interval (0, 1) (not just 1/2) with an appropriate
sequence (tp)nenNy converging to the threshold. They also present results concerning the intersection
of more than two balls, intersections of “neighboring” balls, and investigate large deviation principles
for g-norms of random vectors sampled from ¢%-balls, where the authors have taken up the thread
laid by Gantert, Kim, and Ramanan [2]. The topic of large deviation principles in geometric settings
has been researched much since then, but the present paper does not touch upon it.

Another notable generalization of the results of Schechtman and Schmuckenschldger has recently
been accomplished by Kabluchko and Prochno [7]: they have considered the intersection of Orlicz
balls

n
" (nR) = {(xl,...,xn) eR": > M(x) §nR},
i=1
where R € (0, 00), and M: R — [0, c0) is an Orlicz-function, that is, an even, convex function with
M(x) =0 iff x =0. Like in the case of E’;—balls there is a threshold for the parameter R, depending
only on the two Orlicz functions involved (one for each ball), such that the limit is either zero or one;
the authors conjecture that the limit equals 1/2 at the threshold. Whereas the proof of Schechtman
and Schmuckenschldger only needs a (weak) law of large numbers and builds upon the Schechtman-
Zinn probabilistic representation, Kabluchko and Prochno require completely different and finer tools.
The lack in a corresponding probabilistic representation for Orlicz balls is overcome by means of the
maximum entropy principle from statistical mechanics and Petrov’s sharp version of Cramér’s large
deviation theorem [12], which says that, under suitable conditions, the probability in the weak law of
large numbers converges exponentially fast towards zero with a specified rate.
Motivated by the previous body of research and by recent works in information-based complexity,
where the asymptotic geometry of ellipsoids is related to questions about the quality of random in-
formation in approximation problems [3-5] and because volumes of intersections appear naturally in
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tractability questions for multivariate numerical integration of certain classes of smooth functions [6],
the present paper undertakes another generalization of the results of Schechtman and Schmucken-
schldger, where, instead of the isotropic E'Z,-balls, we shall investigate p-ellipsoids, which are defined

as follows: for 0 < p<oo,ne N, and 0 = (071, ...,0p) € (0, c0)",
L x; (P
5g,0:={(x1,...,xn)eR”;Z‘gf 51}
i=1 !
if p <o0, or
n n Xi
Eoo =1X1,..., %) e R" : max|—| =<1
’ 1<i<n! Oj

if p = o0, and we refer to 837(, as the p-ellipsoid with semi-axes o1, ..., 0,. We shall denote by gg’a
ttle unit volume dilation of 53’0 (i.e., vol, (5270) =1) and study the asymptotic of limy_,  vol, (527011 N
tggﬁtn), where p, g, and t are fixed, and where oy, T, € (0, o)™ for each n € N.

1.1. The main results

We shall now present our main results on the threshold behavior of the asymptotic volume of
intersections of p-ellipsoids. Note that by a simple linear transformation argument it is enough to
consider the intersection of volume normalized E’Z,—balls with volume normalized g-ellipsoids (we
shall elaborate in more detail in Remark 1.1 below). As we will see, the result in the non-critical
case is proved under a so-called spectral flatness condition, also known as Wiener entropy, on the
semi-axes of the ellipsoid.

Before we state this and the other results, let us briefly introduce some notation. For any p €
(0, oc], the p-generalized Gaussian distribution (p-Gaussian distribution for short) y, on R is defined
by

1 o IP/pgx -
e X :p<oo,
51[_1,1](x)dx : p=o0.

We introduce the following shorthands for the moments of y,: let X ~ ¥, and q,r € [0, oo], then

Mp (@) :=E[IX|7],  Vp(@):=Var[|X|1],  Cp(g,r) = Cov[|X|%, |X|'],

and we adopt the conventions My, (00) := 0, Vo (00) := 0, and Cyo (00, 00) := Cx (00, q) := 0; also
note Mp(p) =1 and V,(p) = p for p < oco. In what follows o shall always denote an infinite tri-
angular array with positive real entries, namely o = ((03,i){_;)neN € [[env (0, 00)". For n e N and
p e (0,00] let ry p := voln(B’;)_l/ " denote the radius of the volume-normalized ¢} -ball Dy.

The first result is a generalization of a celebrated theorem for Z'Z,—balls obtained by Schechtman
and Schmuckenschldger in [14].

Theorem A. Let p € (0, 00] and q € (0, 00), and let 0 = ((0n,1)}_1)neN € [ [1eny (0, 00)" be given. Assume
that the limit

exists in [0, oo] and that

n 29 1 n

. ) " -2q | _

i | (TTons) 5 Xoni] <o ™
i=1 i=1
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Define
ra+H+e 11 1

1 p p
_1 er g (—)q p <o

_1 n 1rmg ra+Hratlyiza q

Apq:=Mp(q) ¢ nll>ngo — = 1 q q—i] f
1) q —

n P rp r(1+%)(qe) p = oc0.

Then, for all t € [0, 00),

lim vol, (D} NtER, ) =

n—oo

0 . tAp’q < Fq’o-
1 . tAp7q > Fq’a',

where we have set oy := (0n,i)}_;-

Remark 1.1. (1) Theorem A and Corollary 1.3 (below) also cover the case of the intersection of a
p-ellipsoid with a g-ellipsoid, because

voly (&1, NtER ) = volp(det(Z) /" =D} Nt det(T)/"TD])
=vol, (D) Ntdet(z~'T)~/"(=7'T)D])
=vol, (D} NtE! ),

where o = (0y)]_;, T = (1), ¥ =diag(o), T =diag(t), and p = (ai_lri ;. The sufficient condi-
tions must be fulfilled by p then.
(2) By the inequality of the arithmetic and geometric means we see

n i n 1(=q) 1" -3
) —q —q
<1_[Un,l> - (1_[0”’1 ) 2 (E Zan7i ) ’
i=1 i=1 i=1
where equality holds true iff 05,1 =--- = opn n; hence one sees Fg s > 1 actually.

Our second theorem is a central limit theorem (CLT) for a properly scaled g-norm of a vector
sampled uniformly at random from a p-ellipsoid and obtained under the so-called Noether condition
on the semi-axes. It thus partly generalizes [8, Theorem 1.1], which treats several distinct values of q
simultaneously and in addition contains two non-central limit theorems.

Theorem B. Let p, q, 0, Fq ¢ be given as in Theorem A. Furthermore, let o satisfy (1) and Noether’s condition

max o, ;

. 1<i<n
lim _n_—Zq =0, (2)

n—oo -

> izt On.i

and in the case p < oo let the following limit exist,
n —-q
Zi:l On,i

n—00 n(Z?:l O.n—’iZQ)l/Z'

Foreachn e N, let Z,, ~ Unif(IBg) and Xy, :=diag((on,i)}_;). If p #q or Ggo < 1, then,

_q —_
er'lzl an,i nl/p Hzn 1Zn||q — i N(O 52)
n —2q\1/2 M ( )1/q (Z” O_Fl)l/q ’
(Zi:] O'n,i ) p'q i=1%n,i neN

with
2 V@ 26(p.9Gls  Gio
q*>M,(q)? paM,(q) p
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Remark 1.2. (1) If it exists, we know G4 4 € [0, 1] because of the comparison of the £1- and £;-norms
on R". Moreover, if Fg ¢ < 00, then because of

Z?=1 _q (H? 10n, i)q/n : P 1‘7n_iq
_ 1 2 2 — 1/2°
\/7(21 10 ZQ) / ((nz 1 On, 1) n 1 Zl 10 2q) /

Ggq,o exists if and only if

n 2q n
. n 1 —2q
lim l_[on’,- - E Opi
n—oo n
i=1 i=1

exists. Note that the latter limit is at least one for the same reasoning as in Remark 1.1 for Fg 4, and
hence division by zero is precluded.
(2) Let X ~ yp, then we can express

1] GS,UIXI"]+ Goo(1—GZ 5)
qu(Q) D p

and therefore s =0 if and only if p =q and Gq,¢ =1, which is what we have excluded.

The CLT in Theorem B allows us to determine the asymptotic behavior in the critical case at the
threshold tit = A, qu o, Which is not covered by Theorem A. It presents the generalization of The-
orem 2.1 in Schmuckenschlager [16] for p = 0o and of Theorem 3.2 in Schmuckenschldger [17] for
p < oo.

Corollary 1.3. Let p, q, 0, Fq ¢, Gg,4, S be given as in Theorem B, but with Fq ¢ < 0. Define, forn e N,

(Hz 10 )1/’1( Zl 10 nl)l/q

h, =
n Fq’o-

Then in the critical case teic = A;}] Fqo,if
21Oy
llm 1 n i (
" n—>oo —2q 1/2
(Zl 1 )

exists, it holds true that

—1) e [—o00, 0]

llm VOln (D N tCl'lt ’O-n) = q)<_E>,

n—oo S

where ® is the CDF of the standard normal distribution.

Remark 1.4. Different from the case of balls treated in [8, Corollary 2.1], for ellipsoids it makes sense
to separate the critical from the non-critical case for t (the present Corollary 1.3 and Theorem A,
respectively), because the latter needs weaker premises compared to the former as is evident from
our formulation above.

1.2. Organization of the paper
The rest of this paper is structured as follows. In Section 2 we discuss notation and preliminaries.
Examples of semi-axes satisfying the assumptions in our theorems are presented in Section 3. In the

final Section 4, we provide the proofs for our main results.

5
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2. Notation and preliminaries

We shall now present the notation used throughout this paper followed by a short subsection
discussing the uniform distribution on p-ellipsoids.

2.1. Notation
The Landau-symbols will be used in the proofs: for real sequences (as),cn and (bp)yen define

an =O(by) ;<= 3IM € (0,00)IAng > 1VYn >ng: |ay| < M|by|,
ap =0(by) :<==Ve e (0,00)dng >1Vn>ng: |an| < &|bnl,
anp = 0O(by) ;<= 3Im, M € (0,00)3ng > 1VYn >ng: m|by| < |an| < M|by|.

Mostly we will use the symbols O, o, and ® loosely as stand-ins for sequences with the respective
property, e.g., 1+ O(%) is to be understood as 1+ a, with some a, = O(%). In particular O(1) stands
for a bounded sequence, o(1) for a null-sequence, and ®(1) for a bounded sequence which is also
bounded away from zero.

2.2. p-ellipsoids and the uniform distribution on them

We assume that all random variables are defined on a common probability space (2, A, P); the
expected value, variance, and covariance with respect to P are denoted by I, Var, and Cov, respec-
tively.

Recall the definition of the p-Gaussian distribution y;, and its moments at the beginning of Sec-
tion 1.1. The uniform distribution on a set A C R" with positive volume is denoted by Unif(A), and
the (multivariate) normal distribution with mean (vector) u and variance (covariance matrix) v by

N (i, v); note N(0,1) = . Equality and convergence in distribution are indicated by 4 and i,
respectively.

Let us continue with two important properties of p-ellipsoids. The first concerns the relation be-
tween balls and ellipsoids. Set X := diag(c') € R"*". Obviously by definition x € £ , if and only if
> Ixe Bg, and therefore é’gﬂ = Elﬁ%g. From this follows voln(é‘g’a) = det(E)voln(Bg). Furthermore,

we have

- e, TB" =D"
En — D, — p — p ) (3)
PO volp(E5 )M det(2)1/m vol,(BE)1/" det(2)1/n

Equation (3) also implies that gg’a is invariant under scaling of o, that is, for any c € (0, c0) the
identity ggm = ggﬂ holds true, where co := (coy)i_;.

The second statement relates the uniform distributions on balls and ellipsoids: let X be an R"-
valued random variable, then X ~ Unif(IB%g) iff XX ~ Unif(é’g’o). Indeed, let X ~ Unif(IBg) and let

A C R" be a Borel-set, then

vol, (X" 1TANB" vol, (T~ 1TANn - 1gn
P[EX e A]=P[X e = 1Al = a p) _ Vohn( p.o)

vol, (B}) N vol, (21} )
volo (71 (ANE) ) voln(ANES )
 vol (2718 ) voln(ER )

hence X ~ Unif(gg’a) as claimed. The reverse direction follows similarly.

6
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3. Examples

We now provide two non-trivial examples of arrays of semi-axes, either of which generalizes the
case of balls and yet can be shown directly to satisfy the conditions of Theorems A and B. Either ex-
ample is simple in that the rows of the array arise as successive initial segments of a single sequence
of positive numbers. We call (03),enN C (0, 00) eventually periodic if and only if there exist ng € Ng
and d € N such that oy, g =0y for all n >ng + 1.

Proposition 3.1. Let p € (0, 00], q € (0, 00), let (op)peN C (0, 00) and define o := ((Ui)?zl)neN-

(a) Let (on)nerN be eventually periodic. Then o satisfies the premises of Theorems A and B with

d

d 1/d /4 1/q
—q
Foo = (1_[ Gno—i-i) (E ZUH(H_,-) ,
i=1 i=1
and Corollary 1.3 is valid with

d —q
E S o b
i=1
Ggo = ol and z=0.

VAL 0 )"

n0+i

(b) Ifo, =n~¥ for some @ € R and for alln € N, then o satisfies the premises of Theorem A iff o > — %, and

then
eO[
Fog=——.

77 (aq+ 1)1/

Next, o satisfies the premises of Theorem B and Corollary 1.3 iffo > — zl—q, and then there hold
2 1
g0 = veoq+ and z=0.
aqg+1

Remark 3.2. Ellipsoids with semi-axes like those in Proposition 3.1, (b), have been studied in geo-
metric functional analysis and information-based complexity, see, e.g., Hinrichs et al. [4, Corollary 6].
Moreover, they arise asymptotically as singular values of embeddings of Sobolev spaces; see, e.g.,
Novak and WoZniakowski [11], Section 4.2.4 and Remark 4.43 and the references therein.

Part (a) of Proposition 3.1 shall be tackled directly. In order to prove Proposition 3.1, (b), we need
two elementary preliminary lemmas, either of which concerns the asymptotics of the terms involved.
Their proofs are included for the sake of completeness.

Lemma 3.3. Forany @ € R,

= 14 S50 o)) 1 -0((250))

2n n e?

Proof. This is little more than an application of Stirling’s formula and Taylor’s expansion of the expo-
nential function: we have

n!“/"=< 27rn(2)neR”>ﬁ
e
_ Z_z ealogz(frm)_._%
n% alog(2mn aR log(2mTn R, 12
(1 A e (A2 )
e¥ 2n n 2n n
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. . _ 1 Rn | logmrm)\2 _ 1
The claim follows by observing R, = O(;;) and (T + T) =o0(3). O

Lemma 3.4. Let @ € R. Then,

o) Lo < —1,
i — log(m)(1+ O(55)) =1,
~ | B+ ok ) ‘@ e (—1,0),

n«
o+1
(1 (%)) 1= 0.

Proof. Case o < —1: This follows because of Z;’il i =¢(—a) € (0, 00) (Riemann-zeta-function).
Case o € [—1, 0): The claim follows from the integral criterion applied to the function x € [1, c0)
x*. To elaborate,

n—1 n n n
([Zi“ —/x“dx,Zi“ —/x“ dx])
is a sequence of nested intervals determining some S € (0, c0), and the error is bounded by
n n n n—1 n
—fxo‘dx—,B < (Zi“ —/x“dx) — (Zi“ —/x“dx)

The claim follows from fln x~1dx =log(n) for « = —1, and from fln xYdx=*%
Case o > 0: Now x € [0, 00) — x¥ is monotonically increasing, hence we have

=nY.

L for o € (—1,0).

n

n n(x+1 n
Z(i—l)“s/x“dx— < i“
, +1
i=1 0 i=1
equivalently,
1 n 1
nt <) i< nt +n*
a+1 " 4 Ta+1 ’

i=1

and this implies the claim. O

Proof of Proposition 3.1. (a) Using division with remainder, write n —ng = m,d + rn with my,, r, € Ng
and r, <d —1, for each n € N with n >ng + 1. Then limp_ o My = 00 and limy_, o0 - m = =d hold. These
imply

n 1/n no 1/n , d mp/n , n 1/n d 1/d
<l—[0i> = (Hﬁi) (H0n0+i> <H0no+i> —>n_>oo <H0n0+i>
i=1 i=1 i=1 i i=1

i=1
and analogously

1o 13
n Zaiﬂ Z ! + n no+1 T Z %o+ 150 d Zafmui
i=1 i=1

i=1

for any 8 € R. From these results it follows that

1/q

d 1/d
foo = (TTow) (330ts)
i=1
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as well as (referring to Remark 1.2)

G . Zl 1 n0+1
q,0 — _2q 1/2 )
ﬁ(Zi:] On0+i)
and (w.lLo.g. n>ng+d)
max o, 2 max o4
1<i<n ! 1<i<n no+i

Journal of Complexity 70 (2022) 101617

“2q ) d
Yo Y0 q+mn2,~=10no+,+2

2q n—o00

Recall the definition of h, and z in Corollary 1.3; concerning z, we obtain

ot P o

—q
+ mn Zl 1 n0+1+ Z n0+1

(hh —1) =+/n

—2q 1/2 1vn0 4, my 2q\1/2
(Z?:] ) (_ Ziil 0; + m? Zi=1 Uﬂo-H +a Z n0+i)

((n, L) (A o)
(l_[z 10 )Ud( Z? 1(7'_q)1/q

le

=n

-2
(mTZl 10 q+0

)

—(no-H‘n)/d n 1/n
( 1_[0’ Hano-i-i) 'Hano+i> :

i=1

(n—no—rn

=Jﬁ®(1><(1 +
= ﬁO(%) — 0.

n—-oo

+Z no-H) /CI_1>
Zl 1 no-‘r-l

o()(+o()" 1)

(b) Throughout we have [[i_;0; =[]iL;i"* =n!"%. Using both Lemma 3.3 and Lemma 3.4, we

obtain, for o < —%,

72aq

n!—Zaq/n leaq = (1 . O(logn(n)

so (1) is violated.
In the case o = —1/q, we get

w2 L3220 (140D o — o,
i=1

and again (1) is violated.

) o) - co.

Now consider o € (—%, 0). In that case, again by Lemma 3.3 and Lemma 3.4,

n! oc/n( iﬂq) /q:g<1 _'_O(loé;(n)

eOl

=~ ol +o(

))(+of

(1+0(omr))
)
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and therefore
eOl
(aq+ 1)1/

In the range o € (—%, —;—q), we see

Fq,a:

2
n!—Zaq/n leaq _ ZZZ (1 +O(losi(n)» On2) 0,

thus (1) is fulfilled, but Noether’s condition fails since
max i2%4
1<i<n

20— ©(1)

Yet for o = _21_q we know

=0().

n

e 3 = (140 P (140 () o ©

i=1

and
e i :
Yiitt logm (14 0(ks))
Also,
S it 73 (1+0(%)) 2 1
(0, i) logm) (1 + (o)) ~ log(n)!/2 (1 O(log(n)))’

which leads to

Gq’a' = O

Regarding z we have

n :—1/2 Jn
(ZZ?::WW”PW@(”(( “9( gn()»(”o(%))‘l)

Jn 1
= togu iz @0(0 (%)w( Ogn(n)»

1
- log(n)1/2 om n—00 0=z

For « € (—zl—q, 0), we get

—Zozq

_ log(n) n 1
3= (-0 g 0+t
" Zl e—209 Tt O( n (2aq + 1)n? 1O aar ) o

Concerning Noether’s condition we have

max i2%4

1<i<n B 1 0
n 22aq ~ 20+ ’
11 n 1 n—oo

Zl_l 20q+1 (1 + O(nlaqﬂ ))

10
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so that too is satisfied. We also observe

n os| n“fJ+l( +O( ))
S ERsold) om0
(S 200 [ (14 O(aaer))] @q+1 n20a+
therefore
_ V2T
T ag 41
and

=i (10( 58 10k )) 1)
_\/_@(1)< ( aqﬂ) (103(“) )

= (i) +O () O

Lastly we have to examine the range o > 0. First,

n 1/ —o o Y
(i) o) (o)

o

= (aqiw(l + O(log#»(l “9(%))

thus, as before,

eOl

Frog=———.
T (g + DV
Moreover,

—2aq n2aq+1

I Z (%0 = W<1 +O(logn(n))> aq + 1)n? <1 +O(%>) o

i=1

Concerning Noether’s condition we get

max i2%4

1<i<n nZaq
ZU i2aq ~ 2ot 1+ 0(1)) n—>e 0

i=1 saq1 (1 +0(3))

Also
aq+1
Y (1 0G) «/20661+1<1 +0(1)>
o 1/2 [ p2agtl 172 ’

(Ximr 209) " [Sagr (1+0(3))] ®q+1

which again yields

J20q+1
ag+1

q.0 =
Finally,

11
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R = o (1)) 1+ 0(})) )
SCUCORED)

() +o("5) 0=

This completes the proof. O

4. Proofs of the main theorems
4.1. Proof of Theorem A

The proof of Theorem A essentially follows along the lines set out in [14], while making the nec-
essary adaptations to account for the possibly unequal semi-axes.

The handling of Unif(B}) for p < co is made amenable to probabilistic methods by the following
representation, which has its roots in Schechtman and Zinn [15] and independently also in Rachev
and Riischendorf [13] and which was further elaborated upon in Barthe et al. [1].

Proposition 4.1. A random vector Z has law Unif(IBg) if and only if there exist independent random variables
U and X1, ..., X, with

U ~Unif([0,1]) and X;~yp for1<i<n
and such that

(X1, ..., Xn)

zLyim .
(X1, .. Xa)llp

The main ingredient of the proof of Theorem A is the following weak law of large numbers for
triangular arrays.

Proposition 4.2. Let ((Yn,i){_;)neN be a triangular array of real-valued square-integrable random variables

such that, for any n € N, the random variables Yy 1, ..., Yn.n are uncorrelated, and let (bp)neny C (0, 00) be
a sequence. If the following condition holds true,

lim — ZVar[Yn il= (4)

n—oo 2

then

1 n
(— Z(Y"’i — ]E[Yn’,-])> — 0 in probability.
bn i=1 neN

Proof. A simple application of Chebyshev’s inequality yields, for any ¢ € (0, c0),

[ Z(Yn, E[Yn1]>‘>s}<LVar[Z<Yn,i—E[Yn,i])]
; 8 i1

.l n
= —5— ) Var[Yn;l,
ZEpS

and this immediately implies the conclusion. O

12
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Proof of Theorem A. Case p < oo. Let n € N and t € [0, 00). Let X;; = (X1,..., Xp) ~ yp‘g’” and U ~
Unif([0, 1]) be independent, then rn,pU”” |I>é1"\|p ~ Unif(]D)g) and therefore, using (3) and writing X, :=
diag(oy),

Xn

1 Xnllp

(1 U det(2) V751X, . tD"]
1Xnllp 1

1 10y 1
FrnpUn (i %‘q) o

i7p =g
- (Z?:l |Xi|p)

VU (3 i (|5 - )+ PR S )

voly, (Dg N t‘gg,gn) =P _rn,pU% e tdet(x,) /" Zn]D)g}

=P

Tn,i T
= Ty 17 = t]’
- ”_1/qrn,q(ﬁ Dict |Xi|p)
(5)
where in the third line we have introduced T, ; := (]_[’}:1 On. j)_]/ "on.i for better legibility. Now by

the strong law of large numbers,
1 n
lim — Z|X,~|p = M,(p) =1 almost surely,

n—oon 4
i=1

and also lim_, oo U/ =1 almost surely. Furthermore, by Proposition 4.2,
n

Jim =3

XMy
Tn,i ‘L’,ii

) = 0 in probability;

note that the condition (1) on o corresponds precisely to the condition (4) when applied to Y, ; :=
|%|q while plugging in the definition of 7, ;. Therefore, the random variable on the left-hand side

of (5) converges in probability, for n — oo, towards %. Since convergence in probability implies
convergence in distribution, we get

~ F
lim vol, (D} Ne&! )= P[ﬂ < t]

n—oo p.q

and the claim follows.
Case p = oo. Again let n € N and t € [0, 00). Let X, = (X1,..., Xp) ~ y2" = Unif(B,), hence
%Xn ~ Unif(D,). Again invoking (3) and writing X, and 7, ; as before, we obtain

voly (DX, N &, ) = P[1 X, € tdet(Sy) ™7 Z,D)!]

[(Z?zl X |1/ ]
, oy

2rn.q

Tn.l

. <t]|.
2n—ar, - i|

Employing essentially the same arguments as in the case p < oo, the left-hand side is seen to be

converging in probability, for n — oo, towards ji“q, and the conclusion follows as before. O

. —q\1
[(% ZZ:l(‘%‘q - Mofxsq)) + M@ 5 i) .
=P

13
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4.2. Proofs of Theorem B and Corollary 1.3

The proof of Theorem B is more involving and requires preparations which are dealt with in the
subsequent lemmas. The general strategy underlying the proof is the same as developed by Kalbuchko,
the second named author, and Thdle in [8, Theorem 1.1 (a)].

We are going to use the following multivariate version of the Lindeberg-Feller-CLT in the proof
of Theorem B. As usual, expectations of vectors and matrices are to be understood component-wise;
0 < R? is the zero-vector and I; € R%*? the identity-matrix. For vectors x = (x)T_,, y = ()", e R"
we define their tensor product by x® y := (xiyj)ﬁj:] e R,

Proposition 4.3. Let ((Xn,i){_,)nen be an independent array of centered, square-integrable R9-valued ran-
dom variables. Define Sy := Y1 | E[Xn; ® Xn.i] € R¥*? and s := Amin(Sn)'/? (the square root of the
smallest eigenvalue of Sy, ); assume s, > 0 for all n sufficiently large. If the following multivariate Lindeberg-
condition is satisfied:

1 ¢
im — > E[I1Xnill3 L)X, ll22e5:1] =0 forall & € (0,00),
i=1

n— o0 S% 4

then

n
—-1/2 d
(sn / §:xn,i> S N, Iy).
i=1 n

eN

The proof of Proposition 4.3 is accomplished via the following theorem, slightly adapted from
Klenke [10], Theorem 15.56. Here ((x))i_,, (yi)i_;) := > 1 xiyi denotes the standard inner product
on R".

Theorem 4.4 (Cramér-Wold). A sequence (Xn)nen of R9-valued random variables converges in distribution
to the R4-valued random variable X if and only if, for any € RY with ||All2 = 1, ((A, Xn))neN CONVerges in
distribution to (), X).

Remark 4.5. The restriction to ||A||; = 1 in comparison to [10] is immaterial: let » € R¢ be arbitrary,
then in the case A =0 we have (0, X;;) = (0, X) =0 and the convergence is immediate; in the case

A # 0 note ”ﬁ =1, hence Xl — (A X,) 4, (A=, X) =X and because the map x ~>

(212 IAll2” n—soo ‘lAl2” 14112

I

. . . d
[IA]l2x is continuous we infer ({(A, Xp))new — (X, X).

Proof of Proposition 4.3. Note that if Z ~ N(0, Iy), then (A, Z) ~ N(0,1) for every A € RY with
IAll2 = 1. By the Cramér-Wold-theorem it is therefore enough to show

n
(<?», Sy '/ an,i>> 9 N(,1) forall eR%with Al =1.
i=1 neN

Let € R with [[A]l; = 1. We set Y ; := (%, S, /*Xn;) and will show that the array ((Yni)",)neN
satisfies Lindeberg’s condition (in one dimension). Obviously the latter array is independent and cen-
tered with square-integrable entries, and for any n € N we have

n n n
Var[z Yn,,-] = " Var[Yyl = <,\, Su /2> ElXni ® Xn,i]S;1/2k> 1.
i=1

i=1 i=1

Hence, it suffices to prove, for any € > 0,

14
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n
. 2 .
Jim D E[YRi iy, 2] = 0:
i=1
_ d . . .
then Y1, Yni= (1, S, 172 > Xni) — N(0, 1) it true, as desired. We can estimate

—-1/2 —-1/2
Yol = (0 Sy 2 X )l < A2 11Sn 202 1 Xnill2 =
P 1Xn.ill2
M Xnill2 = Amin(Sn) ™2 | Xn.ill2 = —==,

n

= Jomax(Sp "/

where ||-||2 denotes the spectral norm of a matrix, which equals the greatest eigenvalue in the case
of a positive semidefinite matrix, here denoted by Amax. This leads to

n
D E[Y2 1y, 6] < 2 ZE (X013 11X sl e501]
i=1 ni=1

for any ¢ € (0, 00), and by the premises of the proposition this implies the claim. O

We introduce the following notation in preparation for the proof of Theorem B: let (Xp)n,erny be a
sequence of independent, y,-distributed random variables. With these we set

Z; 10 (lxllq_Mp(Q)) Tn = 2?21(|Xi|p_1)_
(Vo@ Xy 0,20 Ve

the n,’s are going to be needed (and in fact are defined) only for p < oco.

Lemma 4.6. Let the premises of Theorem B hold. Then in the case p < oo the following convergence is valid,
(), ()= ((0)- (5 9))
77n neN n O ’ p 1 ’

_ Cp(p,9Gq,o
VP Vp(@)

And in the case p = oo,

where

(EnneN ~— & ~ (0, 1).

Proof. Case p < oo: We rewrite,

©)-(F e

where we have defined
i 0 q
Oni = | (Tioion D2 and ¢:= Xil ' = Mp(@))
’ 0 1 1XilP —1
N

the diagonal matrices 6, ; always are regular, and the sequence ({;)p,cN consists of independent and
identically distributed random vectors. We are going to apply Proposition 4.3 to get a CLT for the
array ((0n,i¢i)i_;)nen- The covariance matrix is

15
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V(@) Sl cop.q)
n p ST o2z PP
Sni= Y E[@nit) ® Gnitd] = | g i) G
i=1 ch(paﬁn D

and its smallest eigenvalue is

v v 2 1/2
2. Pt p(Q)_[(p+ p(Q)) _pvp(q)Jrg%Cp(p’q)z} ,

2 2
where we have abbreviated g, := mzf]—f;jj)m By definition we know Gg ¢ = limy_. o gn, therefore
also
3:= lim 52— p+ \Z/p(q) [<p + Zp(q)>2 V@4 G, Cp(p’q)z]l/z
_p+t ‘z/p(Q) 3 [(p + gp(q))2 _a- pz)pvp(q)]”z

exists, and by the premises of Theorem B we get |p| < 1, hence so > 0. Now there exists n; € N such
that s, > %50 for all n > ny. Next we have the estimate

—2q
-2q max o
2 an,i 1<j<n o 2
6n,i¢ill3 < max ﬁ Igill5 < r— T 1ill3, (7)
2 =100 i=1%,j
. L S n o X . .
where the second inequality is valid since, because of ) ;_; ﬁ =1, there is at least one index
109,
_zq !
ie{l,...,n} such that — > % We also get the similar estimate
j= 10,”
o, 1
2 n,i 2
||9n,i§i||2 =< (ﬁ + H)Hgl”z (8)
>it On,j

By its definition, ||¢; ||% is integrable and hence almost surely finite, and the family of events ([||¢1 ||% >
Xz])xe(o,oo) is monotonically decreasing, which implies

lim 1

Jim 125020 = Ty 2200 =0 almost surely.

Dominated convergence then leads to

. 2 .
lim E[[121113 1)) 22,0 ] = 0.
Therefore, for any € € (0, co) there exists xg € (0, co) such that, for any x > xg,
2
ES
2 0
E[16112 gy 201 ] < 3

Now concerning the multivariate Lindeberg’s condition let §, & € (0, c0) and let x > xo as before. By
Noether’s condition (2) there exists n, € N such that, for all n > nj,

max o, .
1<i<n nt 52 2

2S 2‘
lea i 4x

Let n > max{ny, ny}. Together with estimate (7) the last display gives

16
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[6n.icill3 = 82521 C IIgill5 = *°]

for any i € {1, ..., n}, which finally yields, employing also (8),

1 4 O‘_-Zq 1
2 n,i 2
5_2ZE[Hgn’igillz1[“@1,1’{1‘“%2525%]] S 5_2 ( n _2q + H)E[“Cl“z 1[||§'1H%ZX2]]
n =1 0 i=1 \2j=10yj
4 esg
<= -(1+1) =g,
o 8

and this proves that the array ((9n,i§i)?:1)neN satisfies Lindeberg’s condition. Now from Proposi-
tion 4.3 we conclude

n
_ d
(Sn 12 Zen,i;,-) S Z~ N, ).
i=1 neN

From the definition of S, in (6) we see that Sg :=lim;_, o S, exists, and therefore via Slutsky’s theo-
rem we obtain

1 1
—L_ 0 n ——— 0
S (W0 ) s Y e s (0 sz
Nn 0 — 77 n—oo 0 —

VP i=1 VP

(Recall Slutsky’s theorem: given sequences (X;)neN and (Yp)pen of random variables and a con-
tinuous function f, then (f(X;, Yn))neny converges to f(X,y) in distribution whenever (X;)neN
converges to the random variable X in distribution and (Yn),eny converges to the constant y in
probability; in particular the latter is fulfilled if (Y,),eny is @ convergent deterministic sequence.)
The limit random vector follows a normal distribution with expectation 0 and covariance-matrix

1 0 -1 _ 0
Vo (@) 12, <12 [ V(@
( Opq L)so IS, ( Opq L)

NG NG
1 0 1 0
_( D )( Vp(@) cq,acp(p,q>>< D )
- 1 Gy6C 1
0 75 q,0 p(paQ) p 0 75
1 Gq,0Cp(p.qQ)
_ \/Pvp(Q)
- Gq.0Cp(p.q) 1
VpVp(@)
_(1 »
={, 1)
as claimed.

Case p = oo: We do not spell out any details here, because the proof is analogous to the previous
setup, apart from the fact that only the first component of every vector and the (1, 1)-entry of every

matrix is taken into consideration. In that case we have S, = Sg = s% = s% = V,(q) throughout, and
-2q

inequality (8) reduces to the equality 6,.;¢i|> = % g2 O
j=1%n,j

We are also going to use the following result, which allows the passing from convergence in
distribution to almost sure convergence; it is commonly known as Skorokhod-representation or Sko-
rokhod(-Dudley)-device and can be found, e.g., in [10], Theorem 17.56.

Lemma 4.7. Let E be a Polish space and let (Xp)neNy be a sequence of E-valued random vari~abies converging in
distribution to the E-valued random variable Xo. Then there exist a probability space (2, A, P) and E-valued
random variables Xo, X1, Xa, ... defined on Q such that

17
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)~(n 4 Xn foralln e Ny

and, as n — oo,

Xn— Xo P-almost surely.

Proof of Theorem B. Case p < co: With Proposition 4.1 we get (write X, := (X))

X; 19\1/q
a1 Xalg 1 (Zilgs])
1% Zullg = Un =22 = U =
1Xnllp (30, 1XilP)
—2q\1/2 —q\1/q
(Vo@'? (X100 1) 0+ Mp@ Xy 0, )

Il
c
Si=

(V/Ip nn +n)1/P
V@2 (X0, 2912 )”‘7
_an1 1 p 2
Mp@'1 (X 0, 1) ”’( TM@ Ty e o

nl/p (1 _’_\/gnn)l/l-"
N | — 1/2
Mp (Q)]/q (Z?:l Gn,iq) fa F((Z?:1 Gn,z'zq) / Nn )

nl/p én,

Z?:l O'n_,iq \/ﬁ

Il
c
I

S|=

)

where we have defined the function

Vo@'? \1/q
(1+ Mp (@ X)

1+ /Dy

By the Skorokhod-representation tbere exist a probability-space (SNZ, A, Iﬁ) and random variables En,
nn for n € N and &, 77 defined on 2 such that

F(x,y):=

En i) S Gronn) and EH L E )
and such that

((gn, ﬁ”))neN —> (E, ﬁ) ﬁ—a.s.

From condition (1) we obtain, writing 7, ; like in the proof of Theorem A and also respecting Re-
mark 1.1,

—2q\1/2 1 —2q\1/2
(im0, _ (n_z i1 T ) 0 —0
Z?:] O'n_,iq % Z’i;l Tn_lq el Fq,a

N
and therefore (% é,,)
neN

. — 0 and (%)neN — 0, either convergence being almost sure. A

i=1%n,i

Taylor expansion of F around (0, 0) yields

V,(@)1?%x
Fooy)y=1+ 2D "% Y o021 y2).

aMp(@ /P

Furthermore, we know U'/" = el¢()/m =1 4 O(1) almost surely. Putting things together, we get

_ d 1
I, Znllg=U"

—q\1/q —2q\1/2 ~
My (Q)]/q (Z?:l Un,iq) F((Z?zl On.i q) ’g Nn )
_ ns - —

18
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—q\1/q —2q\1/2
— MP (q)l/q (Z?:l Jn,zg) (.1 Vp (q)l/Z (Z?:l O—n,i q) g
ni/p M@ Yo f

~ n —2q
o 1
L +o(—z; s+ —))
(> On,i ) "
or equivalently,
_q .
Z?:] O_n,i ( nl/p ”En 1Zn||q . 1) d
—2q\1/2 -q\1/a o
(Z?:] Gn,i ) Mp (q)l/q (Z?:l Un,i )
_ - ~29\1/2 -
d Vp(Q)l/z ~ Z?:l O‘n,iq n O((Z?:l On.i q) 4 Z?Zl G”ai(l ) (9)
n —q —2q\1/2 J°
2i=10n n(Xis Un,iq) /

© qMp(q) Sn = ﬁ(z?zla—;q)l/z «/5+

n,i

From the definition of G4 4, we obtain
n —q n —q
Zi:] O'n,i . 1 Zizl Un,i
n —2\1/2 — _/p n —-20\1/2 n—>oo
N30, ) vn V(o)
Therefore, the right-hand side of (9) converges almost surely, and hence also in distribution, towards

Vp@'? ~  Ggo

0-Ggo =0.

7~ N(0,s?),
M, @ § NG n 0,s%)
where
2 Vp(q) ~ zvp(Q)l/ZGq,a ~ o~ Gczz,a ~
=—-——=V ———=C N+ —V
M, (q)? ar[€] 4PV @) ov[&, 7] p ar[7]

_ V@ 2Vp@"2Ggo Cp(p. DGy | Cho
*Mp@?*  a/PMp@  /pV,(q) p
_ V@ 26(.0G, | i,
q*Mp(q)? paMp(q) p
From (9) also follows convergence in distribution of the left-hand side, which is exactly what we have

claimed.
Case p = oo: Here Z, = X; and so we have

q>1/q

n 1/2 n
= (vooaz)”2 (Z o,;fq) En + Moo (q) Za,;?)
i=1 i=1

Xi

n
—1
157 Znllg = (le ~
1=

n,i

1/q

n 1/q Vo (@) V2(3L o 20\1/2 1/q
= Moo (q)/* (Zq;’) (1 4 2> (Z‘;l “”_q) sn)
i=1 MOO (q) Zi:] Gn,i

n 1/q Voo (@)2(3 o 20\1/2
:Moo(q)”‘J(Za{,?> (1+ > (Z“,f ””_q) £n
P— qMoo (@) 31 0y ;

Z?:l On_izq
o)
i=1"n,i
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where we have used Taylor's expansion of x — F(x,0) with the same F as in the previous case;
equivalently,

—q _ —2q\1/2

Y10, 1= Zallg Voo(q) /2 (XCiio,)
n —2q\1/2 1/ n —q\1/q —1)= qM oo (q) nt O n —q ’

(i On.i ) Moo ()9 (31 Gn,i) o0 2 =10

Lemma 4.6 says that (&;)npeN 4 & ~ N(0,1) here. By applying the Skorokhod-representation to
(én)nery and &, and observing the conditions on o as before, we obtain convergence in distribution

towards N (0, qz‘l(j"(?;)z ). Note that by setting = =0 and respecting our convention Co (00, q) = 0 the

formula for s? given in Theorem B also is valid for p = co as just proved. O

The proof of Corollary 1.3 is now a straightforward application of Theorem B.

Proof of Corollary 1.3. Beside the actual statement we are also going to prove that the results of
Theorem A are reproduced by the CLT. So let t € (0, c0) and n € N, then we can write

o tr
voly (D2 N EER ) = voly (1, p B N try g det(Sy) "7 T,Bl) = P[Zn c r”’q det(S,) "7 ang]
n,p
_ try, _1
= P[IZ7" Zallg = —" det(Z0) 77 |
rn’p

—-q _
_P[ Yic1 O ( n'/P |12, Zullg _1)
- —2q\1/2 —q\1/9
(> Oni q) Mp (@)1 (3i Un,iq)

Z?:l O_n_zq ( tn!/P T'n,gq det(zn)_l/n _ 1>i|
oq\1/2 —an 1/ :
(X000 T pMp(@V9(Xis, 0, 1)

Observe that on the right-hand side, we have

n —q _
Zi:l On.i oo and nl/p 'n,q det(X2y) 1/n Apgq

—2q\1/2 —— ,
(=1 0 ) e Fn.pMp (@)1 (31 C’n,iq) M nooe Fog

and so, if tAp ¢ < Fgs, then the term in parentheses converges towards a negative number and the
volume in question converges towards zero, and similarly if tA, 4 > Fq s, then the volume converges
towards one. It remains to examine the critical case tAp 4 = Fq . Closer inspection of the convergence
towards A, 4 (for which see [8], proof of Corollary 2.1) reveals

nl/p Tng _ A (1 +(’)<1)>
ntar, ;Mp(q)i/a — P9 n//J’
thus we can rewrite

Foon!Pragdetn ™" (1+0(;))7 -1
N -
Ap.atnpMp@VI(X1 0, 1) a n//

- O(%) - hnh: -

By the comparison of the ¢;- and ¢;-norms, we see

Z?:l O'n_iq
1< ——— 55 <n,
(Zi:l On.i )
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and together with lim,_, oo h, =1 there follows

—q _
> Op.i < Fqon/Pryqdet(Zy)~1/" .

—2qy1/2 —q\1/a ) N
(10, \ApgrnpMp@4 (1 0, ) s

n,
This leads to the desired result. O
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2 Contributed articles

2.2 Limit theorems for mixed-norm sequence spaces with
applications to volume distribution

Abstract

Let p, q € (0, 00] and £3*(£7) be the mixed-norm sequence space of real matrices x = (; j)i<m,j<n

endowed with the (quasi-)norm ||z|.q = ||(|[(%i;)s<nllq) We shall prove a Poincaré-

izmllp
Maxwell-Borel lemma for suitably scaled matrices chosen uniformly at random in the (7 )-
unit balls B}".", and obtain both central and non-central limit theorems for their £,(£,)-norms.
We use those limit theorems to study the asymptotic volume distribution in the intersection of
two mixed-norm sequence balls. Our approach is based on a new probabilistic representation of

the uniform distribution on By
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1 Introduction and main results

The asymptotic theory of convex bodies is intimately linked to probability theory
whose methods and ideas have been key elements in obtaining numerous deep results
of both analytic and geometric flavour. It has led to the development of a quite powerful
quantitative methodology in geometric functional analysis and allowed to form a qualit-
atively new picture of high-dimensional spaces and structures. The role of convexity in
high-dimensional spaces is similar to the role of independence in probability and guaran-
tees a certain regularity of the otherwise complex structure of a high-dimensional space.
One of the most classical results of stochastic-geometric and high-dimensional flavor is
probably the Poincaré-Maxwell-Borel lemma, which asserts that any fixed number of co-
ordinates of a vector chosen uniform at random from the boundary of the unit Euclidean
ball BY is approximately Gaussian (see, e.g., [5]), and in the more modern spirit there
is the pioneering work of V.D. Milman on the concentration-of-measure phenomenon,
which has led to several major breakthroughs (see, e.g., [1, 18]). The arguably most
prominent example of the last two decades is Klartag’s central limit theorem for convex
bodies, showing that the marginals of a high-dimensional isotropic and log-concave ran-
dom vector are approximately Gaussian distributed [16]. Besides Klartag’s central limit
theorem for convex bodies, a number of other (weak) limit theorems have been obtained
for various geometric quantities in the last decades, demonstrating their regularity and
universality; we refer to the survey [22] for references. Several of those results have
led to a deeper understanding of the volume distribution in high-dimensional convex
bodies.

The motivation of the present paper is essentially twofold and will be elaborated
upon in view of classical and preceding works before presenting our main results.

Motivation 1: Poincaré—Maxwell-Borel type results. Having its roots in kinetic gas
theory, and going back to Maxwell and later Poincaré and Borel, it is observed that the
first k coordinates of a random point on the (n — 1)-dimensional Euclidean sphere SS*I
are asymptotically independent and Gaussian as n tends to infinity; to be precise,

lim dry (L(Vn(X]")i<k), L((Zi)i<)) = 0,

n— oo

where drv denotes the total variation distance, (X");<, is sampled uniformly from ssg—l
and Zi,...,Z; are independent standard Gaussian variables, and k£ € IN is fixed. We
refer to Diaconis and Freedman [5, Section 6] for a more detailed account and give a
more detailed statement in Proposition 2.1 below. In [5], Diaconis and Freedman prove
an analogous result for the simplex and exponential distribution. Generalizations to the
Ep—sphere were obtained by Mogul’skii [19], where the point was distributed accord-
ing to the normalized Hausdorff measure, and by Rachev and Riischendorf [23] for the
cone probability measure. The latter authors exploited a probabilistic representation

relating a p-generalized Gaussian distribution to the ¢, -balls, allowing one to make a
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transition from a random vector with dependent coordinates to one with independent
ones. Naor and Romik [20] showed that the normalized Hausdorff measure and the
cone probability measure are asymptotically equal (their equality for p € {1,2, 00} irre-
spective of dimension being long known prior), thereby unifying the previous results.
A further generalization to Orlicz balls (and even beyond) was undertaken recently by
Johnston and Prochno [9]. We stress that all results cited have been proved for the
total variation distance of probability measures. In the present article we only consider
the weak topology on probability measures (equivalently: convergence in distribution
of random variables).

Motivation 2: Schechtman-Schmuckenschlager type results. Instigated by a ques-
tion of V. D. Milman, Schechtman and Zinn [27] found an upper bound on the volume left
over from an /,-ball after cutting out a dilated /,-ball; incidentally the authors utilized
the same stochastic representation as did Rachev and Riischendorf (see above). A few
years after, Schechtman and Schmuckenschlager [26] used that probabilistic represent-
ation in order to investigate the limit of the volume of the cut-out portion in the very
same setting as before, revealing the following threshold behaviour: below a certain
critical dilation factor depending only on p and ¢ the limit is zero, and above that it is
one, provided the /,-ball has unit volume. More formally, writing D for the n-dimen-
sional unit-volume Zp-ball,

lim v, (Dy NtDy) =

n—oo

0 iftd,, <1,
1 iftA,, > 1

About a decade later, Schmuckenschlager [28, 29] determined the asymptotics at the
threshold itself and found the limit to be 1/2 by proving a central limit theorem that
revealed this behaviour. We refer to Proposition 2.2 below for the precise statement.
More recently, Kabluchko, Prochno, and Thale [12, 14] revisited the results of Schecht-
man and Schmuckenschlager, providing a unified framework and also generalizing the
previous works in various directions, yet still treating /,-balls and using the probabil-
istic representation. A further step was taken by Kabluchko and Prochno [11], studying
the intersections of Orlicz balls and observing a similar thresholding behaviour; here
much finer tools from large deviations theory and statistical mechanics where required,
and it is not even known whether the limit at the threshold itself exists. Another gener-
alization from /,,-balls to /,-ellipsoids, i.e., axis-parallel-scaled balls (a case not covered
by Orlicz balls), was recently obtained by Juhos and Prochno in [10]; the phenomenon
of the threshold emerges again. The case of intersections of unit balls from classical
random matrix ensembles has been treated by Kabluchko, Prochno, and Thale in [13].
Let us point out that understanding the asymptotic volume of intersections of scaled
unit balls naturally appears, for instance, when studying the curse of dimensionality for
high-dimensional numerical integration problems [8].

Suspecting a universal behaviour among symmetric convex bodies, we tackle an-
other generalization, namely finite-dimensional sequence spaces with mixed /,-norms,
and consider the asymptotic volume of the intersection of two balls: the thresholding
behaviour is found to be valid also in this case, and for a wide range of parameters
the limit in the critical case is determined; little surprisingly, owing to the larger set of
parameters as compared to the Ep-balls, this limit’s value is much more varied and the
overall analysis is considerably more delicate.

Let us point out that the study of mixed-norm spaces is a classical one in approxim-
ation theory and geometric functional analysis and we refer, for instance, to the work
of Schiitt regarding the symmetric basis constant of these spaces [30], the characteriz-
ation of mixed-norm subspaces of L; by Prochno and Schiitt [21] and Schechtman [24],
the work on non-existence of greedy bases for the mixed-norm spaces by Schechtman

EJP 0 (2023), paper O. https://www.imstat.org/ejp
Page 3/44


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

[25] and the study of volumetric properties of these spaces by Kempka and Vybiral [15]
as well as the recent work of Mayer and Ullrich on the order of entropy numbers of
mixed-norm unit balls [17].

We would like to add that, naturally, it would be interesting to consider even more
general norms. The main hindrance, though, is that each of the results referenced in the
motivation above, and others more, has required tools tailored to the specific problems;
to our best knowledge there is no unified theory yet that would allow us to assess such
questions “in one fell swoop.” Current research is conducted, e.g., for Schatten norms
of not necessarily square matrices.

The mathematical setup

In order to be able to present our main results, we shall briefly introduce the most
essential setup; more details can be found in Section 2 on notation and preliminaries.

For p,q € (0,00] and m,n € IN define the finite-dimensional mixed-norm sequence
space ('({}) to be the space R"™*" endowed with the (m - n)-dimensional Lebesgue
measure v,,,, given for any measurable A C R™*" by

Umn(A) = / Ta(r)deir---dayp - damy - dTm n,
]RITYIX‘H,

and with the quasinorm
12lpg = | (1) i<nlle) sl -

where z = (2 j)i<m,j<n € R™*", and ||-||, is the usual £,-norm, that is,

(i|xi|p)1/p if p < o0,
i=1

[(zi)i<nllp = ,
max|z;| if p = 0.
i<n

In particular, we consider the unit balls
By = {;v eR™ " ¢ ||x|lp,g < 1};

the £,-unit ball and sphere in R" are written B} and S;}*l, respectively; w, denotes the
volume of Bj.

We seek to characterize Unif(IB}";"), the uniform distribution on B}';". Given a ran-
dom matrix X = (X j)i<m j<n ~ Unif(B};"), define

Ri = ||(Xi )j<nlly and ©; = (0:,)j<n == (%)M fori e [L,m);  (1.1)
then clearly (R;)i<., € B}' N[0,00)™, ©; is almost surely well-defined and ©; € Sg‘l.
The notations R; and ©;, ©; ; are used throughout this article with the meaning given
in (1.1); note that they actually depend on the parameters p, ¢, m,n, but we suppress
this in our notation.
For p € (0, ] the p-generalized Gaussian distribution, or p-Gaussian distribution for
short, is defined to be the probability measure on R with Lebesgue-density

1 —lzlP/p if
e 1 < 00
{2p1/p F(%-‘rl) p s

%]l[,l’l](a:) if p = co.
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1.1 Main results—a Schechtman-Zinn probabilistic representation

The first main result, which facilitates all computations and is essential to our proofs,
is a probabilistic representation of the uniform distribution on B}';", generalizing the
classical result of Schechtman and Zinn [27] and Rachev and Riischendorf [23]. Given
the numerous applications of the classical probabilistic representation, the following
result clearly is of independent interest.

Proposition 1.1. Let p,q € (0,00] and m,n € N, and let X ~ Unif(B}"").
(a) The distribution of (R;);<.m has Lebesgue-density

(2n)m . n—1
fre ok (T1y ey Tm) = " Hri 'ILBZLQ[O’OO)m(Tl’...,T'm).
p/n =1

Therefore, (R;);<m can be represented as

1/(mn ‘fi‘l/” 5
(Ri)i<m = {U - <(Zk’":1|£k\”/")1“°)i§m ifp < oo,

- (&™) i<m if p = oo,
where U, &4, ..., &, are independent random variables with U distributed uniformly on
[0,1], and &, ... ,&,, are 2-Gaussian.
(b) The random vectors (R;)i<m,©1,...,0,, are all independent, each O, is distrib-

uted according to the cone measure on SZ‘I, fori € [1,m], and therefore can be repres-

ented as
0,2 (L) ’
|(15,0)1<nllq/ d<n

where (1; j)i<m,j<n iS an array of independent g-Gaussian random variables.
(c) The components X; ; of X have the representation

Xi; = RO,
1/(mn) &' Niyj :
aJU ST e Tomienlly, P <0, (1.2)
1/n Ni,j . _
ISIRAS Tes e ifp = oo,
where U,&1,...,&m, M 1,5 ---,m,n are as before.

1.2 Main results— Poincaré-Maxwell-Borel principles

One type of limit theorem which we are considering is a Poincaré-Maxwell-Borel
principle, that is, a statement about the limiting distribution of the first few coordin-
ates of a random vector. In the following two theorems, we shall always assume
(Xij)icmj<n ~ Unif (B7").

Owing to the nature of the space £;'(¢;), having two parameters for dimension, in
the sequel limit theorems will usually be considered for three different regimes: firstly,
letting m — oo while keeping n fixed; secondly, vice versa, keeping m fixed while letting
n — oo; and thirdly, letting n — oo while treating m as dependent on n and going to
infinity as well.

In order to keep the amount of case distinctions at a minimum, for the case of the
parameter value p = co we agree on these conventions:

¢ 0 for any c € R, P for any ¢ € (0, c0), pt/P=1.
D ¢

EJP 0 (2023), paper O. https://www.imstat.org/ejp
Page 5/44


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

For the formulation of our results we introduce the following quantities (whose super-
scripts denote indices, not powers):

u po/r T(H +1) ‘ . 4 .
@ = orp € (0,00] and « € (0, 00),
P T o+l (L1 p € (0,00] (0, 00) (1.3)

P

M} =1 forp= oo,
and

o,B . o+ B v )
CpyP =My — My M7, V= Cp* forpe (0,00] and a, 8 € (0,00),
B — _
ChP:=Vy:=0 forp=ocandf € (0,00).
We can now formulate the first Poincaré-Maxwell-Borel principle for the case where

m — oo while n is fixed. By £(X) we denote the distribution, or law, of a random
variable X.

Theorem A (m — oo, n constant). Let p,q € (0,00, let k,n € N be fixed, and let
&1,...,& be independent £-Gaussian random variables.
(a) The following weak convergence holds true,

(m*? X j)i<k,j<n ﬁ (I&1"™ ) i<k

(b) The empirical measures satisfy

1 m
o Z5m1/p R # L&),

i=1

and

1 m
m Z O/ (Xi,5)j<n —— £(|§1‘1/n @1)'

e m—o00
i=1

The convergence is to be understood as convergence in probability in the space of
probability measures on R and R", respectively, endowed with the Lévy-Prokhorov
metric; cf. Lemma 3.3.

We now formulate the second Poincaré-Maxwell-Borel principle for n — oo while m
is either fixed or tends to infinity with n.

Theorem B (n — o0). Let p,q € (0,00], let m € N be fixed or let m = m(n) — oo as
n — oo, let k,l € IN (k < m if necessary), and let (1; ;)i<k,j<i be an array of independent
q-Gaussian random variables.

(a) The following weak convergence holds true,

d
(m"P 01 X jick j<t —— (m3)ikj<i-

(b) The empirical measure satisfies
1 m n P
mn Z Z Ot/ i,y 2o £
=1 7=

The convergence is to be understood as convergence in probability in the space of
probability measures on R endowed with the Lévy—-Prokhorov metric; cf. Lemma 3.3.

EJP 0 (2023), paper O. https://www.imstat.org/ejp
Page 6/44


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

1.3 Main results —weak limit theorems

Here we present three weak limit theorems for || X||,, 4,, where X ~ Unif(B}17 )
and (p1,q1) # (p2,¢2) in general (for (p1,q1) = (p2,¢2) see Remark 1.3 below). We start

with the case m — oo while n is fixed.

Theorem C (m — oo, n fixed). Let p1,q1,q2 € (0,00] and p2 € (0,00) with (p1,q1) #

(P2, q2), letn € N, and for each m € N let X™ ~ Unif (B} ). Then

<\/»< ml/p1—1/pz X ) .
m n . " p2,q92 1) — 0N,
(M |01 [52]) /7>

where N is a standard Gaussian random variable, and

/n‘r /n 2 /Tl
a1 1 207 M7 E|]132]
: 2 n n .
L PE pipa MY (pa MY E[04]122)?

Remark 1.2. It can be shown that o2 = 0 iff (p1,q1) = (p2, ¢2).

The following weak limit theorem covers the case where n — co while m is fixed. We
obtain both central and non-central limit behaviour, depending on the relation/values of
the parameters pq, ¢1, and ¢o.

Theorem D (m fixed, n — o0). Let p1,q1 € (0,00] and pa, g2 € (0,00) with (p1,q1) #
(P2, q2), let m € N be fixed, and for eachn € N let X™ ~ Unif(B}}7 ).
(a) If g1 # q2, then

ml/P1—1/p2 pl/q1—1/q2 § )
(v 1)) S
q1 .

where N is a standard Gaussian random variable, and

o (Y e Vg )
m\ ¢  @@MP  (@Md?)?

(b) If g1 = g3 and p; < oo, then

m—1
1/py—1 d P1 — D2 2
(mn(1—m /Py /pZHXan27(I1))n21 —E+ 2 ;Ni’
where F is an exponentially distributed random variable with mean 1, Ny,..., Ny 1
are standard Gaussian random variables, and E, Ny, ..., N,,_, are independent.
(c) If g = g2 and p; = oo, then
d m
(mn(l - mil/p2 ||Xn||}727lh ))n>1 - Z Ei?
B i=1
where F4, ..., E,, are independent, exponentially distributed random variables with

mean 1.

Remark 1.3. Statement (b) above remains true even if p; = p; and m = m(n) — oo;
this is because then || X"||,, , = U™, and (mn(1 —Ut/tmm)y) 4 E.

The third weak limit theorem now treats the case where both m and n tend to infinity.

Theorem E (m,n — 0o0). Let py,q1 € (0,00] and ps, g2 € (0,00) with (p1,q1) # (p2, q2), let
m =m(n) — co asn — oo, let N be a standard Gaussian random variable, and for each
n € N let X™ ~ Unif(B]*" ).

P1,91
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(a) If ¢1 # qo, then

( ( ml/P1—1/p2 x| ) O N
vmn — " paige — 1) — oN,
(MP2/" E[[|©,][52])1/»2 1

p1/n

where . 0 .
1 1,92 2
— ‘/‘11 20‘11 ‘/‘11

Q% (11612Mg12 (szng .

0'22

(b) If g1 = g and p; < oo, then

ml/p1—1/p2 N a |p2—pil
ﬁm(|mme LN Bt G
P2 n>1 \/5101

(c) If ¢ = g2 and p; = oo, then

\/FL”( X ||P2,q1 . 1> £> N.
ml/Pz(Mgg/")l/PQ o1

1.4 Applications — asymptotic volume distribution in intersections of mixed-
norm balls

Kempka and Vybiral [15] have studied the volume of unit balls in the mixed-norm
sequence spaces. Our distributional limit theorems of Section 1.3 now allow us to ob-
tain Schechtman-Schmuckenschlager-type results on the distribution of volume in the
mixed norm spaces; for that we write 77" := vy, (]Bgf;ln)l/ (mn) (notice that vy, ((r7") -

p.q
B}'.") = 1), and for any py,q1,p2,q2 € (0,00] and ¢ € (0,00) we set

VIR () i= v (75, By G, M 6) ™ BRYG,)-

Clearly V™"(t) also depends on p1, g1, p2, g2, but since those parameters are fixed, and
since we wish to keep the notation simple, we will suppress them.

Corollary 1.4 (m — oo, n fixed). Let p1,q1,q2 € (0,00] and py € (0,00) with (p1,q1) #
(p2,q2), let n € IN be fixed, and let t € (0,00). Define

Apy aripagain = (W) 1/"(6)1/1011/1)2]?}/171 1 .
wp Tor+1)) \n ' (Mgl 7))
Then
0 jftAPlyunz,qmﬂ < 1’
n}i_lfloo ViR (t) = % iftAp, q1ipa,qein = 1,
L iftAp, giipesgein > 1.

In order to formulate the next result we remind the reader of the gamma-distribution
I'(e, B), defined for shape parameter a € (0,00) and scale parameter 8 € (0, 00) via its
Lebesgue-density: for any measurable A C R put

a—1_,—z/8
(o, B)(A) ::/ L (00 (x)da.

a4 BT(a)

Corollary 1.5 (m fixed, n — o). Let p1,q1 € (0,00] and p3,q2 € (0,00) with (p1,q1) #
(p2,q2), let m € N be fixed, and let t € (0,0). Define

1 1/q1
Agrgn i= 41—‘(‘111 +1) el/ai—1/az ql/ (qu)fl/qz
1, . 1 1 q1 :
F(Q2 + 1) 4> o
EJP 0 (2023), paper O. https://www.imstat.org/ejp
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Then
lim V™" (t) =

n—oo

0 iftAy 4 <1,
1 iftAg, g > 1.

In the case tA,, 4, = 1, we have

lfQ1 7& q2,

lim V™" (t) = if g1 = q2,p1 < oo,andm =1,

n—oo

O =

ifq1 = g2 and p; = o0

and in the case q1 = q2, p1 < 00, and m > 2 there is the more involved expression

 mne (m—1 P p1(m —1)log(2L)
nl;rréoV (t) = F(T,2max{1, p—Q}) ((0, o

m—1_  ( m 1(m — 1) log(2)
+F(21,2m1n{1,z2})<<p p1—p2g ,oo)).

Remark 1.6. 1. We stress that A, 4, does not depend on any of p;, p2, m, as opposed
to Ay, 41:ps,q2in in Corollary 1.4. Also notice that the subcases for lim,, .o, V™" (t) at the
threshold tA,, 4, = 1 correspond precisely to the subcases in Theorem D, which yield
different limiting distributions.

2. The point W is the posmve intersection point of the two gamma
densities involved; since the density of I'(51, 2 mm{l B }) takes strictly smaller values

on (%"f’”/m) co) than that of F( Zmax{l B1}) does, it follows that
lim,, oo V™™ (t) < 1 in the last mentioned case of Corollary 1 5.
A simple estimate also yields lim,, oo lim, oo V™™ (A ! ) = 0 in the case ¢1 = ¢o,

q1,q92
so we have a kind of continuity here.

Corollary 1.7 (m,n — oo). Let p1,q1 € (0,00] and ps, g2 € (0,00) with (p1,q1) # (p2, q2),
let m =m(n) — co asn — oo, and let t € (0, 00); define Ay, 4, as in Corollary 1.5. Then

{0 iftAg 4 <1,

lim V™" (t) = )
1 iftAg, 4 > 1.

n—oo

Concerning tA,, 4, = 1, in the case ¢, # g2 assume

e L. = N
= lim vmn . 0 e =
n— oo (Mp2/7) [”@ |p2])1/p2 Tp q q1,92

p1/n

exists in [—oo, 0o|; then

lim V™ (A}

n= o0 q1,:92

): @(JilM) l.fql#q%
0 jfc]lqu?

where ® denotes the CDF of the standard normal distribution and o is defined in The-
orem E, (a).

Remark 1.8. We leave as an open problem the formulation of simple precise conditions
under which the limit M exists; one main obstacle is determining the exact asymptotics
of E[[|©172].

Remark 1.9. From the definition of ||-||,, it is clear that any of the conditions m = 1,
orn =1, or p = g reproduces the usual /,-norm, and indeed it may be verified that all
results presented in this paper are consistent with the previous results pertaining to
¢,-spaces stated in the introduction.
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2 Notation and preliminaries

In this section we shall introduce the notation used throughout this paper, provide
some background information on mixed-norm spaces, and present and prove several
technical results needed in the sequel.

2.1 Notation

We suppose that all random variables occurring in this paper are defined on a com-
mon probability space (€2, A, P). Expectations, in particular variances and covariances,
are taken with respect to P and are denoted by E[-], Var[-] and Cov][,-], respectively;
for a finite-dimensional random vector [ indicates the expectation vector and Cov the
covariance matrix. A centred random variable has expectation zero.

Let X be an E-valued random variable, for some measurable space F, and let p
be a measure on E. We write X ~ pu to express that X has law, or distribution, u
(equivalently, i is the image measure of P under X); the law of X also is addressed as
L(X). Instead of L(X) = L(Y) we usually write X Ly,

If F is a separable metric space and X, X;, Xo,... are E-valued random variables,
then almost sure convergence, convergence in probability, and convergence in distribu-

tion of the sequence (X, )nen to X are denoted by (Xn)ne]N 25 X, (Xn)nelN L X, and
(X)) nen LN X, resp., or equivalently X, ~——+ X, X, ——» X, and X, ——» X, resp.

The Euclidean space R"™ is endowed w1th its Borel o- algebra and the n- d1men51onal
Lebesgue-volume v,,. For a Borel set A C R™ with v,(A) € (0,00) let Unif(A) stand for
the uniform distribution on A with respect to v,,. For a vector ;1 € R" (zero vector 0)
and a positive-semidefinite matrix ¥ € R™*" (unit matrix I,,) let N'(u, ) be the n-di-
mensional normal, or Gaussian, distribution with mean p and covariance matrix X. £(1)
denotes the standard exponential distribution.

The (measure-theoretic) indicator function of a set A is written 1 4.

For nonempty sets A C R” and A C R we put AA :={Xa : A\ € A,a € A}; especially
M = {\}A.

For a probability measure ; and an index set I, u®! := &), i denotes its [-fold
product measure; in particular, u®" := @, u.

Indices of vector coordinates or sequence terms are by default natural numbers
starting at 1; therefore an expression like (z;);<,, is to be understood as (z1,z2,. .., ).
Likewise, interval notation is used for natural indices.

We are going to employ Landau notation in our proofs; in particular we will use O, o
and ©. We recall their definitions:

O(by,) <= 3IM € (0,00)3Ing € NVn > ng: |an| < Mb,,
ap, = o(b,,) <= Ve € (0,00)Ing € NVn > ng: |an| < eby,
an = 0(b,) <= Im, M € (0,00)Ing € NVn > ng: mb, < |a,| < Mby;

where (a,),>1 and (b,),>1 are real sequences, and b,, > 0 for all n € IN. Mostly we will
use O(b,,) etc. as a stand-in for a,, in formulas.

2.2 The /,- and mixed-norm sequence spaces

¢,-spaces Forn € Nandp € (0, 00] let ¢}, denote the n-dimensional /,-space, that is,
R™ equipped with the quasinorm

n 1/p
(E |z [P) for p < oo,
[(@i)i<allp = q =1
max| ;| for p = oc;
i<n
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this is a norm iff n = 1 or p > 1. The unit ball and unit sphere are written B} and S;}fl,

_ (@ra/ptin”
—  T(n/p+1)
w, for Borel sets A C $777; it is the
unique probability measure such that the folloz/ving polar integration formula is valid
(see, e.g., [20, Prop. 11): for any measurable map h: R™ — [0, o],

/ h(z)dz = nw)! / / " h(rg) dep = (0) dr.
JRr [0,00) /537"

The uniform distribution on B} has a nice stochastic representation in terms of in-
dependent random variables with known distributions, having its roots in [27] and in-
dependently [23]. In order to formulate it, let v, denote the p-generalized Gaussian
distribution on R; recall from the introduction that it is defined via its Lebesgue density

resp.; the former’s volume is w) := v, (B}) . On the sphere we introduce

the normalized cone measure £}~ *(A4) :=

dry, () _ {zpl/prlu/pﬂ) e 12”7 if p < o0,

dz % T—y () if p = co.

In particular, v, = N(0,1) and v,, = Unif([-1,1]). An easy calculation shows M) =
Jglz|* dv,(x) for a € (0,00), where M has been defined in (1.3). Now let X be a
random vector in R™ and p € (0,00), then X ~ Unif(B}) iff there exist independent
random variables U ~ Unif([0, 1]) and Y3, ...,Y; ~ v, such that

(}/z)zgn

d 1/n
X=U"'" ——=—0.
1(Y)i<nllp

(2.1)

Obviously ((Yi)ii"' € $7~1, and actually its distribution is k?~1. Notice that B? =

Yi)i<nllp P
[~1,1]" and hence Unif(B”,) = 42", therefore the coordinates of X ~ Unif(B”) already
are independent.
In order for the reader to compare the known results for /,-balls with the new ones
for /,(¢,)-balls presented in Subsections 1.2-1.4 we give the precise statements here.
For the Poincaré-Maxwell-Borel principle recall the notion of total variation distance
of probability measures: let (E,£) be a measurable space and let y and v be probab-
ility measures on E, then their total variation distance is defined to be drv(u,v) =
2sup geelu(A) — v(A)|; if p and v are absolutely continuous w.r.t. a common measure A
on E with densities f and g, resp., then dry(u,v) = [,|f — g|d\ can be shown. Con-
vergence w.r.t. dry of the laws of random variables implies convergence in distribution.
The following goes back to [23, Theorems 4.1, 4.5].

Proposition 2.1. Let p € (0,0c], let k = k(n) = o(n), and for eachn € N let X" ~ ",

then
2 k k
dry (L (0P (X)), 72 < ’/7? L 0(7).

en n

In particular, for k € IN fixed,
(nl/p(Xin)iSk)n21 i> (gi)igka

where (§;)i<k ~ ’)’?k-

The /,-versions of the weak limit theorems and the asymptotic volume of intersec-
tions reach back to [26, Theorem], [28, Theorem 2.1], and [29, Theorem 3.2]. The latter
two papers introduced weak limit results, the first one more covertly by using the Berry-
Esseen theorem, the second one directly. That thread was taken up in [12, Theorem 1.1]
and subsequent works.
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Proposition 2.2. Let p € (0,00] and g € (0, 00) with p # q.
(a) Either let X™ ~ Unif(B}) foralln € N, or let X" ~ x~! for all n € IN, then

(vt il -1))  Sow
n| ————|IX"||, — 1 — oN,
ape X))

where N ~ N(0,1) and

/e L
0% = — — .
P> paMy - ¢*(Mp)?
(b) Lett € [0,00) and define
1
A, .= rG+Y el/p=1/a pr (M)~
p,q 1‘\(% + 1) ql/q P
Then

0 iftAp,q, <1,
Tim o, ((wp) "V By N t(wy)TVBY) = {5 iftA,, =1,
1 iftA,, > 1.

€p(€q)-spaces One possible generalization of /)] is our object under investigation, the
mixed-norm sequence space £,'(¢;): Let m,n € IN and p, g € (0,00, and endow the real
space of matrices R”*™ with the (m - n)-dimensional Lebesgue-volume, v,,,, and with
the £,(¢,)-quasinorm

I(@i.i)izm.i<nllpg = [ (1(@is)inlla) i<l

Pictorially speaking, for ||-||, , first take the ¢g-norm along rows, then take the p-norm of
the resulting numbers. For the sake of completeness, albeit irrelevant for the purpose
of the present paper, we remark that ||-||,,, is a norm iff both ||-||, and |||, are norms.
Also notice £, (€)= (7, € (£}) = 07", and £ () = £,

The corresponding unit ball shall be written B]";"; in particular we have B} =

(]Bg)m, that is, the m-fold Cartesian product. The precise volume of ]BZ?;I" has been
computed recently by Kempka and Vybiral [15], who have showed that
2m F(% + 1)1“(% +1)m

Wpg = vmn(By ) =

(2.2)

A probabilistic representation of Unif (]BZ?;I") parallel to Equation (2.1) is precisely
the content of Proposition 1.1. Higher-order mixed norms are introduced in the Ap-
pendix.

2.3 Auxiliary tools and results

First we state two of our main devices in dealing with convergence in distribution of

random variables, presented such as fits our needs. The first is a combination of Slut-
sky’s theorem proper, a consequence of [3, Theorem 3.1], and the continuous-mapping
theorem [3, Theorem 2.7]; with a slight abuse of language we will refer to the present
version as ‘Slutsky’s theroem.’
Proposition 2.3 (Slutsky’s theorem). Let E/, F, G be separable metric spaces, let X, X1,
Xo, ... be E-valued random variables, letY,Y1,Y5, ... be F-valued random variables, and
let f: E x F — G be continuous. If (X,),>1 4 X, and (Y,,)n>1 LN Y, and Y is almost
surely constant, then (f(X,,Yy)), -, 4 F(X,Y).
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The second allows us to handle remainder terms in Taylor expansions, hence we will
call it the ‘remainder lemma.’ In general it appears to be well-known and widely used;
nevertheless, as we cannot find a good reference, and for the convenience of the reader
we also provide a proof.

Lemma 2.4 (remainder lemma). Let d,l € N, let R: R? — R be a function for which
there exist M,§ € (0,00) such that |R(x)| < M||z||! for all z € R® with ||z|| < §, where
||| is an arbitrary norm on R%; let (ay,)n>1 and (3,)n>1 be real sequences such that
L = 0(1) and B, = O(|a,|'), and let (Z,),>1 be a sequence of R?-valued random

Qn

variables such that (., Zp)n>1 L. 0. Then (5"R(Z"))n>1 Poo.

Proof. Let e € (0,00), then for all those n € IN where 3,, # 0 (for all others the following
probability is zero already),

P(I8R(Z0)] 2 <] = P8 R(Z0)] = < A2l < 8] + RIBLR(Z)| > € A ) > ]
< P[J6ul M1 Zall 2 ] + P12, 2 5
=P, > (

‘O‘n|l €

Bn| M

1/1
)|+ Pllanz 2 el

By the premises there exist ng € IN and C € (0, 00) such that | < C and |8,| < Clay,|!
for all n > ng, and this implies

P16z > €] < Planz, ||>(034)”’]+n>[|%znzg}.

Because of lim,,_,, o, Z, = 0 in probability, the claim follows. O

In the remainder of this subsection we gather diverse auxiliary results together with
their proofs.

Lemma 2.5. Let p, g € (0,00] and let (&,)n>1 ~ vff’]N. If either ¢ < oo or p = q = oo, then

(€ izalla) oy 22 (MDY,

Proof. Case q < co: We have

1/q
_l/q”(gz 7,<an ( Z|£1|q> )

and the claim follows from the SLLN.

Case p = ¢ = oo: Here |[|(&)i<nllcc = max{|&| : ¢ < n} =: M,. First we show
(Mp)n>1 41 by establishing (P[M,, < #])n>1 — 11 )(2) for all z € R, then, because
1 is constant, convergence in probability follows. Clearly M, € [0,1], hence P[M,, <
x] = 1 o0y (z) for all z € R\ [0,1] and n € IN, so convergence is immediate; and for any
z € [0,1] we get

P[M, <z]|=P[Vi e [1,n]: |§| < z]
= H]P[|€i| <] =Pl&| <a]”

= 2" —— 11 0)(7),

n—oo

where we have used independence for the second equality and identical distribution for
the third. This proves (M,,)n>1 49,
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Via the Borel-Cantelli lemma it suffices to show

D> P[IM, — 1] >¢] < o0

n=1

for any € > 0 in order to strengthen convergence in probability to almost sure conver-
gence. Solete > 0, wl.o.g. € < 1, then

P[M, — 1| >e] =P[M, <1—¢] + P[M, >1+¢]
:(1_€)n7

where recall M,, < 1. But }>° (1 —¢)" = =% < oo, and the proof is complete. O

n=1

Lemma 2.6. Let p € (0,00], ¢, € (0,00), and for eachn € N let &, ~ v, /,,.-
1. We have the following asymptotics, as n — oo:
(a) Ifp < oo,

Bl = aps 1 WD L (P33 p o1y

p/n 2 n \8p2 12p 8 12¢/n? n3
and ) )
q/n,r/n_gl q +q7“+r _q—l—r 1 ﬂ i
Co/n o p n+( 2p? D +2)n2 +O(n3)'
(b) Ifp = o0,
0o k
mo~ (9 g (i)
M=% =1+ 0(—
k=0
and
> =/ /k 1 gr 2(q+r) 1
/n,r/n _1\k _ k=l - 4" S S -
oy =S () ) = (-2 o))

k=2 =1

and for any « € (0,00) we have (here E ~ £(1))
/n _ /n|% g « 1|
B[|[&|"" = ML |"] = ()" BB - 11°1(1+ 0(1)).

2. We have the distributional limits:

(a) Ifp < oo,
n d ¢
where N ~ N(0,1).
(b) Ifp = o0,
n d
(Tl(]. - |£n|q/ ))nE]N - qE7
where E ~ £(1).
Proof. 1. (a) Recall the formula in Equation (1.3),
(g/n)/(p/n) q/n+1 +n
A/ (2) (% +1) _ (g)q/f’ r(£=)
n 1 n )
»/ 41 T(om+1) n r(z)
and subsequently CZ;;”"/ "= Mé%r)/ " M;;ZM;//:. The result now is a simple con-

sequence of Stirling’s formula, I'(z) = 27 25~ 1/2e% efi(?)

know R(z) = 3= + O(Z%).

for z € (0,00), where we
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(b) Note that of course 2> = oo for all n € N and thus |£,| ~ Unif([0, 1]), hence by direct

calculation
1

144

the result then follows from the geometric series. Therewith we also get

1
Mgo/”:/ 29" da =
0

1 _ 1
G ()

Cg({n,r/n — Még+r)/n o Mgo/nM;'o/n —

and we use the geometric series again and the Cauchy product of series.
Let a € (0,00). It suffices to show sup, e E[|n(|&,]7" — M%")!a] < oo; then the
convergence of moments follows together with

n(|a|?™ — MI™) = n(1 — MY™) —n(1 - |&.]7") ——= ¢ — qE = ¢(1 - B),

n— oo

where we have anticipated 2.(b), whose proof is independent. We may restrict ourselves
to a > 1, then |z + y|® < 297 1(|z|* + |y|*) by Holder’s inequality, and so

E[[n(len ™ = MIM)|"] < 227 (Jn(1 = ME™M|* +B[|n(1 ~ |&.[7)]"]);

)

now since |n(1-M%")|" converges and hence is bounded, we must ensure sup,,c E[|r(1—
€ |2/ ™) m < oo. Exploiting Taylor expansion of the exponential function we have

log|&,, log|&y,
€] o/™ = eoloslénl/m — 1 4 %'“ + R(%'“),

where we know R(z) = % 2% with some y between 0 and z, for any z € R (Lagrangian

form of remainder term). In our case, since |£,| ~ Unif([0,1]), we have ’ﬂ%‘f’”‘l <0
almost surely, thus we can estimate

‘R(qloglﬁnl)’ < q210g|£n|2.
n - 2n2

In particular we can write E := —log|¢,| ~ £(1), then we get
«
e ja/m)|o] = _ar(29E
E[[n(1 - 6.]7)|"] EHqE nR(— )H
< 9ot <qa E[E°] + n® EHR(_(]E)‘ D

n
q2a E[EQa])

S 2(1—1 <qa E[Ea] 4

and clearly this last expression remains bounded in n € IN.
2. (a) We show the result for ¢ = p first. Let n € IN and h: R — R measurable and
nonnegative, then

n 1 - nya—|z|P/" n
E[h(|&.[P/™)]) = T / h(jz|P/mye el B/ gy

2(5)""T(2+1) Jo

(8)7" (5 +1) o p

= /; /0O h(,’L‘) mn/p—l e—m/(p/n) da;
n/p n
(R)"T(E) Jo
EJP 0 (2023), paper 0. https://www.imstat.org/ejp
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this shows that |§n|p/ ™ follows a gamma distribution with shape parameter % and scale
parameter £. Then because of the semigroup and scaling properties of the gamma
distribution, there exists a sequence (g;);>1 of independent random variables, each
having a gamma distribution with shape % and scale p, such that

nd 1y
|£n‘p/ :ﬁzgﬁ
j=1
The classical CLT yields
Vi & Z DS VBN

with N ~ N(0,1), where we have used E[g;] = 1 and Var[g:] = p. Since

\FZ = 1) = V(" - 1),

this concludes the case ¢ = p.
For general ¢ call Z,, := /n(|£,|P/" — 1), then we have

Vil = 1) = vir((1+ Z2)"" -1).

Taylor expansion gives

n q Zn Zn q - S
V(|| — 1) = \/ﬁ(l + » JFR(%) - 1) =, + \/HR<%)3
where the remainder satisfies |R(z)| < Mz? with some M > 0 for all z € R suffi-
ciently small. From the case ¢ = p we know (Z,,),>1 4 /PN, so by Slutsky’s theorem
nl/4 E \7;7 =n 4=, ——» 0; thus by the remainder lemma fR(\“/l) f;: 0, and
another application of Slutsky s theorem leads to the desired statement.
(b) Using Taylor expansion of the exponential function as in the proof of 1.(b),

log|&,, log|&,,
i = sl =1 ] sl

where the remainder satisfies |R(z)| < Mz? with some M > 0 for all # € R sufficiently
small. Rearrange,

n(l - |§n|Q/n) =—q 10g|§n| —nR

As before we know |¢,| ~ Unif([0,1]) for all n € IN; this implies —log|¢,| ~ £(1). Also
Vn ‘ﬂ%‘g"' = qn~'/?logl¢,| =22 0, so the remainder lemma yields nR(‘“%lé"‘) .o
n—oo

n— oo

Thus follows the claim. O

(qloi\fnl).

Lemma 2.7. Let p,q € (0,00) with p # ¢, and for eachn € N let &, ~ Vp/ns define

n ‘1/”
7. n<|§ w0 = ML g P/ — 1)
= .

q/n
Mp/n p
Then
d 49— P ;2
Z T (N?-1),
( n)nZl 2p ( )
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where N ~ N(0,1); and for any o € (0,00) we have
sup{E[|Z,|*] : n € N} < oo,
in particular convergence of moments holds true, i.e., (E[|Z,]|%])n>1 — |%|CY E[|N? —
11%].
Proof. First we prove the claimed weak convergence. From the proof of Lemma 2.6,
2.(a), we know
p/n 4 l )
134 - ; gi

with (ga)n>1 ~ (5, p)®™; we also know

Zui= VA& P = 1) £ 223 (e - 1) 4 Vi N

n—oo

with N ~ N(0,1). Then we have |¢,[/* = 1+ =z, and via Taylor expansion of z
(1+ 2)%? we get

1 ¢ En  qlqg—p) 5} Zn /n En
R L T = L YRS
n(qu/n MRV T I W pin) o pyn

p/n
(= My) VAQ-MYD o gp L, m (=)
q/n q/n - oaga/m T q/n ’
aMy)n pMp), 2p° My, gMyn AT

where the remainder term satsifies |[R(z)| < M|z[® for all |z| < 1 with some M > 0.

From Lemma 2.6, 1.(a), we know Mg//: =1+ % + O(-%); this means both

n(l— My q—p

qu/n n— 00 o 2p

and

the latter also implies via Slutsky’s theorem

Val-Myn

Equally by Slutsky’s theorem we get

nl/3 =n
\/ﬁ n— 00

thence with the remainder lemma,

and another application of Slutsky’s theorem leads to

d 4g—p  4qg—p q—p
(Zn)n21_>_ 27]) + 2p2 (\/ﬁN)2:7(N2—1)
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Page 17/44


https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for mixed-norm sequence spaces

Now we prove the boundedness of moments. Let o > 0, w.l.o.g. such that & > 1 and
229 > 1. Let n € IN, then

]EUZ,,JQ} - E[|Zn|a ]l[|En‘<7l1/4]] + ]EUZn|a ]l[|3"|2n1/4ﬂ, (23)

and we are going to show that either term on the right-hand side remains bounded as
n — oo. For the first expectation on the right-hand side of (2.3) we use the same Taylor
expansion as before and additionally apply the inequality |Zf=1 ai|a < ket Zlehmo‘
(which is a direct consequence of Holder’s inequality), that is,

n(l— M"Y (/a(l — MY e
E[|Zn|* 1z, |<n1/4] S4Q1E{< ( q/i/n) +‘ ( q/np/") 1= |
qu/n pMp/n
[e) « —_
q—Dp - 2« n Zn o
e () |R(S)[) e
’QpQMg//: qu//: NG [IEnl< ]
q/n\ o _ a/ny o
<4al( w _|_’\/7W E[Z,|%]
= MY A -n
q p/n p p/n
’q_p QE[: I2a]+( o )aE{R =) [
oA/ =n q/n ‘ (7)‘ [IEnl<nl/4] .
2p M;b/n qMP/” \/ﬁ

We already know that the first three deterministic coefficients converge in R; because of
IE[|g1]?] < oo for all 8 € R>( and of [2, Theorem 2] also E[|Z,,|%] and E[|Z,|?%] converge

as n — oo. Finally if |Z,| < n'/4, then |E\/—TL| < n~1/* — 0; hence eventually for all n,
n n— 00

on the event [|Z,| < n'/4] we have |%| < 1, and then

—_
—
Zn

Jn

3a
} =02 M E[[E,*] —— 0,

n—o0

"‘XEUR(ﬁ)\ 1n5n|<nw]} SH“E[M“
because also E[|=Z,|3*] converges as n — cc.

Now we attend to the second expectation on the right-hand side of (2.3). First we
apply Holder’s inequality,

E[|Za|* Lz, jsp14)] < B[ Za]?] 2 P[Z,| > n'/4)12. (2.4)

The first factor on the right-hand side of (2.4) is dealt with rather crudely, we simply
estimate

fn q/n _ Mq/: - p/n _ 1 2c
E[|Zn|2a] nzaEH| l q/n L B |£ | :|
qu/n p
2aq/n a/my\20 n o
< n2a 32a—1 <EH§" ! ] + (MP/TL) + E[||§n|p/ - 1|2 }>
- n 2a ’
(gM?] )2 P

for the individual summands we see

n

200/ — || L $7,
Bl ") = B[ 3 o

2aq/p 2aq/p—1 M
n a a
} > Ellgi|**97] = Ef| g1 [**9/7),
=1

[ —
- p2aq/p

and

Bl - 17 = B[ 1 3 - 1)

2 n2a,1 n
| <o 3 Bl - 1] = Blls - 1)
=1
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so we have
E[|Z,[**]"/? = O(n®).

The second factor on the right-hand side of (2.4) equals PP Hn’3/4 S — 1) > 1] 1/2,

because the moment generating function of g; is finite in a neighbourhood of 0, the
series 2@1 (gn—1) satisfies a moderate deviations principle, hence by [4, Theorem 3.7.1],

S U | S (R R SRS G |
oo n OB n3/4zg’_ =T 2Varfgr 1] 2

i=1

This implies that eventually,
7|

E[|Zn|a ﬂ[|5n|2n1/4ﬂ < Cn ef\/ﬁ/(Sp) — 0. O

n—oo

n

1
34 > (g - 1)‘ > 1] < e~ V(D)
n

=1

and in total we obtain

Lemma 2.8. Let p € (0,0], ¢ € (0,00), either let m € IN be fixed or let m = m(n) — oo
asn — oo, and for eachn € N let (&) i<m ~ 'y?”;. Then

1 & P
(5 Xkest) B
it n>1

Proof. Actually we are going to show that convergence is in Ly, that is,

m 2
1
il Ja/n _
EKm }E_llén,zl 1) ] —0.

First note
m

;;K"’Aq/n -1= %Z(Mﬂ,z

=1

Y= M) + (M) - 1),

and from Lemma 2.6 we know (Mg//:

1 m . 2
E Km S (il - Mg//n)) ] — .

i=1

Jn>1 — 1, hence it suffices to prove

Soletn € IN, then the random variables |¢,, ;|9/™ — M;I//Z, i € [1,m], are i.i.d. and centred,
hence

1 & S\ Lo )
E[(m Z(|fn,i|‘Z/n _ Mg//n)> } = Var {m Z(|fn,i|q/" _ Mg//n)
i=1 —

1 " n
= EV&I‘“é}LJ‘q/ — M;g//n}

In any case we have % < 1 and from Lemma 2.6 again we get

Var[|g, 1|/ — MY"] = Var[|g,19"] —— 0,

p/n n— oo

and this finishes the proof. O
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The next lemma states a moderate deviations result for p-Gaussian variables. Note
that the case p > ¢ treated below actually is covered by the standard theory, because
then the moment generating function is finite in a neighbourhood of zero.

Lemma 2.9. Let p € (0,00] and ¢ € (0,00), and let ((n)n>1 ~ SN, Ifp < g, then

let 8 € (3, 27717/11)" else if p > q, then let 3 € (1,1). Then the moderate deviations of

(X (&l - Ml‘j))n21 are determined by the following, where t € (0, 00),

n

D (117 — pg)

1
lim n'~2# 1ogIP[
i=1

n— o0 nbB

t2
>t = ——.
- } 2V

Proof. This follows easily from [6, Theorem 2.2] by plugging in b, = n” and using the
tail-estimate for Vps tO wit, if p < oo, then

pl—pe—z"/p

P& ] > 2] = PP T+ 1)
p

(I+0(1)) as z— oo,
and if p = oo, then || < 1 a.s. and hence P[|§;] > z] = 0 for any = > 1. Then
condition (2.3) in [6] is equivalent to

s(2-2)+1>0,
q

and our indicated values for [ satisfy that. The rate function is stated explicitly in (2.7)
of [6]. O

The following lemma slightly extends the results [12, Theorem 1.1] and [14, The-
orem Al. The case of X,, ~ k" ! and ¢ < co actually is addressed in [22, Theorem 4.4,
1.] and its subsequent remark; but the proof merely glosses over said case, in particular
it is not mentioned how to handle ||(&;)i<n /|- For the sake of completeness, we provide
a proof here.

Lemma 2.10. Let ¢; € (0,00] and p,q2 € (0,00) with ¢1 # g2, and either let X,, ~
Unif (B}, ) for any n € N, or X,, ~ x7"! for any n € IN. Define (Y,,)n>1 by

nP(1/a1—1/q2) »
Then
(Yn)nzl i> pUN7

where N ~ N(0,1) and
_veoopm v

2.
' Q% Q1Q2Mgf q%(Mgf)Q

g

Moreover, for any « € [1,00),
sup E[|Y;,]%] < oc. (2.5)
nelN
Therefore (]E[|Yn\a])n>1 — p®o® E[|N|*], and if « is integer;, (E[Y,%]),>1 — p*o® E[N?],
and in particular B
(E[np(l/ql’l/%)||Xn||52])n21%(Mgf)”/‘”. (2.6)

Proof. Concerning convergence of (Y,,),>1 for p = 1, the only case still open is X, ~
Iiggl and g2 < co. Let (&)121 ~ ’Yg%]N, then

(€)icnllen (0 lEi]o)
5 .

( i)iSn”oo B ”(fl)ZSnHoo

a ||
||X7L||(I2 = H
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Define

I

1 n
Zoo= e Do (6l™ — ME) and Hoi= VA= (E)icollo)
i=1

then by the CLT (Z,,)n>1 94 5N with N ~ N(0,1) and 0? := V2. Furthermore, as has
already been glimpsed in the proof of Lemma 2.5, U,, := ||(&;)i<n|l% ~ Unif([0, 1]), hence
(Un)n>1 converges in distribution. Via the exponential series we have

H, = (1 - Ui/") _ _JnRs (log(U ))7

where R;: R — R satisfies |Ri(x)| < M|z| for all # € R s.t. |x| < 4, with suitable
8,M; € (0,00). Now Slutsky’s theorem implies n'/2128Un) — =1/2160(17,) —— 0 in
distribution and hence in probability; from the latter and the remainder lerﬁa;o (with
I = 1) there follows (H,,)n>1 P, 0. Now we may write

o (NME 4+ nz,)" "

1Xaller & S
\/ﬁ
1 E,\l/ae
= nl/q2(Mq2)1/q2 (1 Bl Mcd 1\{/5)
L=
1 = H, =, H
— pl/az(prat/ez (1 R (L -n
w0t (14 e T (S )
and rearranging terms gives
n_l/ d = En Hn
W(an oo = )‘ a7 He o+ ViR (2 2.

where we have employed the Taylor expansion

(1 + Mq2)1/q2 x
i, o

+y + Ra(x,y),

with the remainder term satisfying |Ra(x,y)| < Mal|(x,)||3 in a suitable neighbourhood
of (0,0). Notice n'/4(Zz, Iz) = (n=1/4Z,,n~1/4H,) for any n € IN; since (Z,),>1 con-

woAv
verges in distribution, Slutsky’s theorem implies (n!/ 4( =, \F))n>1 LN (0,0), and with

the remainder lemma we infer (y/nR, (=2 ==, \F))n>1 P. 0. Another application of Slut-
sky’s theorem finally yields the desired convergence

n—l/ d O'N
f(qu)l/qz”X g2 — ) oo gaMEZ
For p # 1 notice
Zn p nl/qlil/(n n
Yn—\/ﬁ((lJr\/ﬁ) 1), where Z,, := \/ﬁ((Mgf)l/%X qzl)-

Now by what we already have proved, (Z,,),>1 4 4N, and again via Slutsky this implies

(nt/4 Z\F)n>1 (n=Y4Z, )1 L. 0. But then Taylor expansion yields
Y, = a1+ Z+R( ) 1 Z+fR(Z”)
n — - = n — |
) p f 3 f y 2 3 \/ﬁ
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again the remainder term satisfies |R3(z)| < Mz?, and the remainder lemma and Slut-
sky’s theorem lead to the desired conclusion.

The boundedness of moments in (2.5) is subtler to prove. Let a > 1, and choose
as in Lemma 2.9, but with 8 < 3. We treat the case X,, ~ Unif(IB},) only; the result for
Iigl_l follows by replacing U with 1 in what follows.

Case ¢; < oo: Take (&;);>1 ~ 73’1“ and U ~ Unif([0, 1]) independent, and define

n

1 n
T 1= \5z|42 ng and y, = — (‘§i|m - 1)
T P>

1’:

then
1 -1 ). P @
|Yn|a d ne/2 np( /:21 , /42) p/n H(&)zﬁn“gz _1
(Mg )p/ae [1(&)i<nllg:
Ty p/qz a
_ na/2 Up/n (1 \/ﬁ) ; -1
. \P/4
(1+ )
Define the event A,, := [|z,,| < n®~1/2 A |y,| < n~1/?], then
E[|Y,]*] = E[[Ya|* La,] + E[[Ya]* Lag ], (2.7)

and we are going to show that either expectation on the right-hand side of (2.7) is
bounded for n € IN. For the first one, write

(1 + z)P/e

W =14 Ry(z,y),

i.e., R4 is the zeroth remainder term of Taylor’s expansion, which may be bounded as
follows,

|Ra(z,y)| < ex(x| + lyl) for o], |yl < 3,

where ¢; € (0,00). Making use of |z + y|* < co(]z|* + |y|*) (to be precise, co =
max{1,2%71}), we get

BV, L] =02 [0 (14 a2 L)) <[

< cyn®/? <E[(1 - urimye] +1E[U”“/"}EHJ*Q(\QE}l f)‘ D

Pla+1)I(2+1) || |1y |*
a/2 P (e n Yn
< con ( I‘(a—i—%—i—l) +6102E[na/2+na/2]>’ (2.8)

where we have used independence of U and {x,,, ¥, }, and on A, the estimates n=1/2 |0,
n=1/2|y,| < n~! hold true, therefore eventually they are smaller than 3 since 8 < 1.
Now it is well known that

L(z+y)

Jim ey =L (2.9)

for any fixed y > 0, so the first term within the parentheses in (2.8) behaves like n=.
For the second term notice that (z,),>1 and (y,)n>1 satisfy the central limit theorem,
and B[||&]% — Mg7|"] < oo for j € {1,2}, hence by [2, Theorem 2] E[|z,,|*] and E[|y,|°]
converge to the corresponding (finite!) moments of the respective normal distributions.
This concludes limsup,,_, ., E[|Y,,|*14,] < o0
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In order to tackle the second summand in (2.7), first apply Holder’s inequality to get

—3pa/ 1/3
E[|Yn|a]lAc]gn“/QE[]lAc}l/gE[(lJrf;",) : QI]
n n n

.EUUP/n(l_’_ \‘T/%>P/f12 B <1+\y/%)13/(h

With the union bound the first expectation on the right-hand side of (2.10) is further
estimated E[1 4 | < P[|lz,| > n®~1/2] + P[|y, | > n®~1/2]. Writing out we have

(2.10)

304:| 1/3

n

> (l&l™ = M)

i=1

(M)
:eXp(—nQﬂ 1 2‘2}12 (1+0(1))),

1

. B-1/21 _ _
Pllzn| >n |= P[nﬁ

> g |

where the asymptotics are argued by Lemma 2.9; an analogous result is obtained for
Yn, hence hmnaoo ’I'LCE/2 IE[]IA%]l/B =0.

The second expectation in (2.10) can be computed explicitly, because 1 + % =

L5 " 11&|™, and the latter follows a certain gamma-distribution, which yields
n—3pa

n \ —3p0/a n\3pe/a T(FF2)
E{(”%) 3 }Z(m)g T

@

and that converges to 1 as n — oo by (2.9). Finally the third expectation in (2.10) is
bounded from above, up to a constant factor depending only on «, by

e[ 2 B[+ 2y

Vn Vn
The y,-term we have dealt with before (just replace —a by «), and E[U3P*/"] < 1. Simil-
arly to y, we have 1 + “= = ﬁ Yo 1]&]%2, whose law is not known explicitly though;
q1

nevertheless all moments of |£;|% are finite, and (1 + x—\/%)nzl — 1 almost surely by the
SLLN, and by [7, Theorem 10.2] convergence is valid also in the L,-sense, which in its

turn implies
T, \3Pe/qz
lim (1 i) = 1%pe/a2 — 1,
no { " Vn }

Taken together this amounts to limsup,, , ., E[|Y;,|* 1 4c | = 0 and thus, returning to (2.7),
lim sup,,_, ., E[|Y,]%] < oco.

Case q; = co: We are not going to spell out the details here, since the line of reason-
ing is analogous to the first case. Take U and ({,)»>1 and define z,, as before, but set
yn = H,, as in the proof of the CLT for || X,, ||, given above, so the representation reads

(1_"_%)]7/(]2_1a

(- %)

|Yn|a g na/2 Up/n

The remainder of this case’s proof is conducted with the obvious adaptations; in partic-

ular notice y, 4 V/n(1 — U'Y™) which may be used to calculate moments and P[|y,| >
B—1 /2}
n .

Lastly, the convergence of (E[|Y,,|*]),>1 now is almost immediate, as boundedness

of {E[|Y,,|*"1] : n € IN} implies uniform integrability of (|Y,,|*),>1, and together with
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(IYn]®)n>1 4 p®o®|N|“ this implies the claimed convergence; analogously for integer «
and E[Y,%]. Statement (2.6) follows from the relation

_ ‘ Y,
pPU/a=1/a) | x, | = (Mg2)P/e (1 n 7%)

and the fact (E[Y,]),>1 — po E[N] =0. =

3 Proofs of the Poincaré-Maxwell-Borel principles

In this section we present the proofs of the Poincaré-Maxwell-Borel principles, that
is, Theorem A and Theorem B. We shall start with the probabilistic representation of
Schechtman-Zinn type, which facilitates computations.

3.1 Proof of the probabilistic representation

In this subsection we present the proof of Proposition 1.1, which provides us with a
probabilistic representation of the uniform distribution on the unit balls in mixed-norm
sequence spaces.

Let h: R™*™ — [0, 00) be an arbitrary measurable function, then

1
E[h(X)] = W/ h(z) Lgm.»(x)dz,
wpq Rmxn P,q
or writing z in terms of its rows 1, ..., Ty,
Eln(x wp,q / ]R,Lhwl""7xm)ﬂ]Bgf;1”($17-~-,wm)dxm~-~dx1.

Introduce polar coordinates for each row separately, that is x; = r;6; with r; € [0, 00)
and 6; € $7~'—notice that this corresponds to our decomposition (Xj ;)j<n = Ri©;
introduced in (1.1)—to get

m nym
Eh(X)] = % / rpt / e / rnl / h(r101,...,7m0m)
Wp,q [0,00) sp=t J[0,00) sn-1
Agrn (ri61, . TmOm) de" (0, drpy - - - d/@ffl(ﬁl) drs.

q

Finally use (7;60;)i<m € By iff (ri)i<m € B}, plug in wy’" = 27 mw;}n
tion (2.2)), and gather terms to arrive at

el = [ C T )

(wy)™ (see Equa-

./(SH) h(ri01, .. ) d(sp O™ (01, 0p) d(r1, ).

Now we recognize that the last integral proves the claimed density of (R;);<m, the
claimed independence and the claimed distribution of the ©;, i € [1,m].
It remains to show the representation of (R;);<,,. To that end define (S;)i<m =

(R);<m, hence R; = Sl/" for each i € [1,m]; this yields the Jacobian n="™ []", 11/"71
and (5;);<m has density

(Q,n)m mn 1 B L - m 1 .

fSla“-vSm (51""a3m) = o H(Sz/n)n 1]1]13;”0[0,00)7"(31/”7“- 1/n mH fm=
p/n =1
2m
= — ]l]B'm N[0,00)™ (81, ey Sm).

w;’;n p/n
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Therefore (S;);<m ~ Unif(B”

oy [0,00)™), and by Schechtman and Zinn it can be written

1/m ‘57‘ :
(S)im = {U " (e ) im P <00
(&) i<m if p = oo.

Transforming back to (R;);<.m concludes the proof. O

3.2 Proofs of the Poincaré-Maxwell-Borel principles
Lemma 3.1. Let p,q € (0,00]. Then for any fixed k,l € N (k < m, | < n where neces-
sary):
(a) (ml/p Ri)i<k L> (|§i|1/n)i<k for fixed n € IN, where (fi)i<k ~ ’}/?/kn,
- m—o0 - -

(b) (m'? R;)i< % (1);<k for either fixed m € IN or m = m(n) — oo, and

d kxl
(©) (7601 )izhict —— (ig)izki<t, where (mig)ick <t~ v5 0.

Proof. (a) Case p < oco: We use Proposition 1.1, (a),
d Ul/(mn)
(mY? Ry)icp = ppp—— 1/p(|§i|1/")igk- (3.1)
(E Zi:1|§i|p/n)
By the SLLN, L 77" |¢;p/n 22 sz//:; = 1, hence the right-hand-side converges a.s.
m—00

to (|€¢|1/ ")i<k, and convergence in distribution follows.
Case p = co: Obvious because of (R;)i< = (|&|Y/™)i<-
(b) Case p < oo: By Lemma 2.8 we know both (L 37 (&™) _ L 1 and

(&™) =1 = 1 for each i € [1,k] (apply the lemma with ¢ = 1 and m = 1), hence the
right-hand-side of (3.1) converges to 1 in probability, therefore (ml/ P R;)i<k converges
in distribution towards a constant and thus also in probability.

Case p = 00: Now (Ry)i<k = (|&|Y/™)i<r —— (1)i<k via Lemma 2.8.
- - n— o0 -

(c) We have by Proposition 1.1, (b),

d

Vea d Ni,j
(n10; ) i<k, j<1 = <n1/q|(

) . (3.2)
ni,j’)j’San i<k,j<l

By Lemma 2.5 (09| (1; ;) jr<nllg)n>1 ~—> 1, so the right-hand-side of (3.2) converges
to (1s,;)i<k,j<i almost surely. .

Remark 3.2. Statements (a) and (c) of Lemma 3.1 can be seen as consequences of Pro-
position 2.1; this is immediate for (c), and for (a) recall from the proof of Proposition 1.1
that (R} )i<m ~ Unif(IB;“/n N[0, 00)™).

For a separable metric space F let M;(E) denote the convex set of probability meas-
ures on (E,B(F)) endowed with the topology of weak convergence of measures; then
M (FE) is separable too. This topology on M;(E) may be metrized by, e.g., the Lévy-
Prokhorov metric dp. We denote by Lip,(E) the space of bounded, Lipschitz-continuous
functions on E, equipped with the norm || f||vip := max{|| f||cc, | f|rip} Where |f|rip is the
Lipschitz-constant of f.

Lemma 3.3. Let (u,)nen be a sequence of M, (F)-valued random measures and j €
M, (E) a deterministic measure. Then

(ftn)n>1 — o = Vf € Lipp(E): (/Efdun) E>/Efdu.
nelN
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Proof. =: Let f € Lipp(E), then the map v — fE f dv is continuous at p w.r.t. dip, hence
for any e > 0 there exists § > 0 such that, for any v € M;(E),

/Efdu—/Efdu‘<a.

[ raw - [ fdu‘ > | < Plaio(n.n) 2 8] 0
E E

n—oo

dLP(M,V) <=

Now let € > 0, then

i

«<: Let ¢ > 0. The open ball BIF(4) is open in the weak topology, thus there exist
m €N, fi,..., fm € Lipp(F) and ¢ > 0 such that

m

Nfremie s | [ nar- [ ra <s} e,

i=1

The union-bound then implies

]P[d]_p(,un,,u) > ] = P[Mn S BLP( )C]

<P[uneU{yeM1 ‘/ fidv — /f,du‘>6H

< ZPH/ o~ [ | 2 5] 0.
= E B n—00
Proof of Theorem A. (a) We have
(mYP X, )ick j<n = (MYPR;O;)i<k.

O

The claim follows from Lemma 3.1, (a), together with the independence of (Ri)igm from
O4,..., 0,,.
(b) Case p < oo: The stochastic representation of (R;);<,, implies

1 m d 1 m
E Zl 6m1/p R; = E Zl 6U1/(m") (% Z’ZLZI‘gk‘p/n)—l/plfill/n.
For the sake of legibility call C,, := U/ (") (L Z:’;’ﬂfi\p/”)_l/p, then (Cp,)m>1 - 1.
Now it suffices to prove

m

1
(m > 5cm|51-|1/") L&),

i=1 m>1

since then (& Y7 6,1/r g,), ~, — £(I&[*/™) in distribution and, because the latter is

constant in M (R), also in probability.
We apply Lemma 3.3. Let f € Lipp(R), then

e > HCle ™) = Elf(ls )]
=1

'ch 1) — Zf (&) +

m Zlf (Cml&ilM") = (1™ + ’m >l - IE[f(&ll/")]‘

IN

‘ S A — BLf (] )

i=1

I A

N

< lplCon =115 S+ |23 76 - Bl )]
i=1 i=1
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the last line converges a.s. to zero because the sums obey the SLLN, and thus also in
probability.

Essentially the same argument is valid for = 3™ 6,1/ y,. Write m!/? X; L Cnl&lme;
with C,, as before, and let f € Lip,(R™), where the Lipschitz constant is taken with re-
spect to ||-||4, then

L3 f(Culel 0 ~ Bl (el 0]
i=1
> (el o)

i=1

1
m

1 m
< Jl/ng.
< ‘m ;:1 f(Cnl&]7™0;)

" ‘; S J(1&l"0,) — Elf (6] 0y)
=1

IN

S FCnlel 00 ~ Sl )] + ’;Zﬂw/"@i) —E[f(j&["/"01)]
=1 =1

IA

> flel o) ~ Bl (al o]

=1

1 m
| fILip|Cm — 1] o Z|§i|l/" +
=1

again the sums obey the SLLN and hence the desired convergence is implied.
Case p = oo: Notice that by the stochastic representation we are dealing with inde-
pendent random variables and thus the convergence is immediate. O

Proof of Theorem B. (a) Recall
(M9 X §)icm jen = (MYP R 090, 5 )i<m, j<n-

Lemma 3.1, (b) and (c), imply the convergence in distribution of (m'/? n'/9 X; ;)< ;<
as claimed, where the joint convergence of (R;)i<m, ©1,..., ©,, may be argued either
by their independence or by Slutsky’s theorem.

. mn m n) 1 n
(b) Case p < oo: Write C,,, = UY( )(% S &™) /P and Din = &V
(n=Y9|(ni;)j<nlly) ", then (U (™), o, 2% 1 and Lemma 2.8 imply

P
(Cm,n)nzl — 11

also (|&|Y™)n>1 P, 1 for each i < m by applying Lemma 2.8 with m = ¢ = 1, which
together with Lemma 2.5 yields
(Din)ns1 - 1.

Now take any f € Lipy(R) and consider

m n

Z Z f(CnL,nDi,nni,j) - E[f(nl,l)] )

’ 1

mn < ©
=1 j=1

we have to show that the probability of this expression being smaller than any positive

number converges to one. So let ¢ > 0. Define B,, ,, . := Z?:l Lp, . ~1]>¢), then By, ¢

is binomially distributed with parameters m and P[|D;, — 1| > ¢], and there holds
(L Bpn.c)n>1 — 0: indeed, let § > 0, then

m

1 1
P H EBm,n,e > 6:| < m Var[Bm,n,e]
1
= — Pl|D1y — 1/ 2 | P[IDyn — 1< &),
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and because of (D1 ,)n>1 B) 1 the latter converges to zero as n — oo, irrespective of
whether m is fixed or diverges. We also have the laws of large numbers

m n P m n P
(ﬁ > i1 Zj:l f(ni,j))n21 — E[f(m,1)] and (ﬁ die1 Zj:1|77i,j )nzl - Mql- Now
there exists an ny € IN such that, for any n > ng, the probability of the event that
|Cmn — 1] < ¢ and 2Hf||<>0%Bm,n,e < ¢and |ﬁ Z:il Z?:1 f(nig) — E[f(nl,l)H < ¢ and
| iy 2ol = M| < 1 —e¢. Let n > ng, then on the
same event, for any ¢ € [1, m] such that |D;,, — 1| < &, we have

|CronDim — 1] < |Crpl|Din — 1+ |Cron — 1| < (1 +e)e+e = e2 + 2,

and therewith

1 m n
’mn 2 g J(ComnDintii) = E[f(nl,n]]

1 1 &
= ’mnzzf (CrnnDinthi j) mnzzf i)

=1 j=1 =1 j=1

+ lnin i Zn: fmig) — E[f(m,l)]‘

i=1j=1

1 m n
> D N F(ConnDintiig) = fmi3)] +e

i=1 j=1

1 m n
et — S e —1j<e [ F(ConDinnig) = F(0i5)]

i=1 j=1

IN

m n

1
+— S 1o, —1za| f(Conn Dimni ) = £ (i )]
i=1 j=1

m n

|f|L1
S D Lip—ti<ellCmnDin — i1

=1 j=1

1 m n
+ % Z Z ﬂ[\Di,”71|25] (‘f(am,nDi,nni,j” =+ |f(771,j)|)

i=1 j=1
le . 2 Bm s
< | | P(e +2€ ZZ|ni7j|+ Hf”O:n ,ML,E
=1 j=1
< e+ | flLip(e® +26)(M] +¢) +e.

Because this estimate holds for all n > ny with probability at least 1 — ¢, convergence in
probability is established.

Case p = oo: Again let f € Lipp(RR), then with the same notation and techniques as
before,

‘%iii(&wm) E[f(m,l)]‘ < ’T;n ZZ/’" inij) ZZf Nij)

B i=1j=1 zl]l
1 & &
+ ‘mn sz(maj) - E[f(nu)]‘
i=1 j=1
1 & &
< mn Z ’f(Di,nni,j) — f(m-yj)| + o(1)
i=1 j=1

The remaining argument is the same as in the case p < oo, only formally C,,, =1
throughout. O
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4 Proofs of the weak limit theorems

In this section we present the proofs of the weak limit theorems, that is, Theorem C,
Theorem D, and Theorem E, as well as of Corollaries 1.4, 1.5, and 1.7.

4.1 Proofs of the weak limit theorems
Recall that Theorem C treats the regime m — oo while n is fixed.

Proof of Theorem C. Case p; < oco: Appealing to Proposition 1.1 we have

(S0 &P/ O 22) /P2

m 4d r71/(mn)
X =U
” ||P2>Q2 (Zi:1‘§i|pl/n)1/171

Define

S = o= (I =)
mz:l

and
1 m n n
Mo i= D (61104l — M Bl 2))
i=1

then by the multivariate CLT we know

m m>

. n co i Ee 5]
CPm PO ||P2] Varlg [P0 ]|72]

piL/n

For brevity’s sake we set u := M;:f//: [1©1]|22]. Therewith we get

Ul/(mn) (m:u + \/7H )1/p2

X |pg.q. = (m + /i o) 17
_ ml/e /e Ul/(mn)w
ml/p1 (1+%>1/p1
_ /P (1 log(U) o H,, +R<log(U)’ Em Hm))
ml/pi=1/p2 mn pivm | b m - ym’/m

where for the third equality we have performed the Taylor-expansion

1+£ 1/1’2
eu/n%zl_kg_ﬁ—kl—FR(u,aﬂy),
(1+x) /p1 n  pr pp

where the remainder satisfies |R(u, z,y)| < M||(u, z,y)||3 in a suitable neighbourhood of
(0,0,0). Rearranging yields

1/p1=1/p log(U) = log(U) E, H

m d Og( ) Zm Og( ) Sm m

\/m< X s 1) _Em e o R( —)
ptiee 1 e nm/mo p1 pap Tym’/m
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We have m”“(%, 3’%, %) = (m~3/*log(U), m~Y/4Z,,,m~/*H,,), and this converges
in probability to (0, 0,0) as m — oo by appealing to Slutsky’s theorem and the known dis-

tributional convergence of (Z,,, H,,). The remainder lemma then implies (\/ﬁ R(%7

\_F \/ﬂ>)m>1 L, 0. Since we also know (m~/21og(U))m>1 — 0 almost surely and thus

in probability, by Slutsky’s theorem the right-hand-side of the last display converges to
the random variable o N, where N ~ N(0, 1) and

11 —L
o (-1 Dys ()
pP1 p2p papt
a simple calculation shows that this is the desired variance.

Case p; = oo: Omit UY/ (™) and Y"1 [&|P*/" from the probabilistic representation
and reiterate the argument. O

The regime for Theorem D is n — oo while m is fixed.

Proof of Theorem D. (a) Case p; < co: We define, fori € [1,m)],

S0 = V(G - 1),
nP2(1/q1—-1/q2) ,
R lp2 .

o = i (" 10U 1)
then, since &;,...,&m,,01,...,0,, are independent for eachn € IN, so are =, 1,...,Zp,m,
Hp1,...,Hym, and by Lemma 2.6, 2.(a), ((Eni)i<m)n>1 4, (v/P1N1,i)i<m and by Lem-
ma 2.10 (Hpi)i<m)n>1 4 (p20N2i)i<m With (N1;)i<m, (N2,i)i<m ~ N(0,I,,) independ-
ent. This leads to

n 1/
4 't/ (mn) (Zz 1|§7|p2/ ||® ||P2) "
(S fedoam)

1
_ (Mg)H/az {71/ (mn)
ml/pi—1/p2 nl/a1—1/q2

(M) /az log(U) - Hyi
= ml/pi—1/p2 a1/ 1+ T m Z

X 1522

(& 5m (14 37 (1 4 ) o

where we have introduced the Taylor polynomial expansion

,L m 1 + oz p2/p1 1 + 1/p2 1 m
eu/m (rn Zz 11( ) ( 1/51)) =1+ E + — Zyl —+ R(u, (l’i)igm, (yi)igm)
(i (L + ) mep2mi

(the partial derivatives of first order w.r.t. z1,...,x,, are indeed zero), where agaln

the remainder term satsifies |R(u, (xl)z<m,(yl)l<m)| < MH( x1)1<ma(yl)z<m)H2 in a
neighbourhood of 0. Rearranging yields

1/p1—1/p2pl/a1—1/q2 1 1
Vi ||X“||p2q2—1d°g —
(M)t a2 7 Vn p2m
log(U) En 1 Hn i
R ’) (i) icn)
+ f ( \/ﬁ i<m \/E i<m
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and we apply the usual argument: ((Z,;)i<m)n>1 and ((Hy ;)i<m)n>1 converge in dis-
tribution, hence from Slutsky’s theorem we infer n”“(%, (:\;ﬁl )igm’ (If;ﬁ)lgm) =

(n=3/*1og(U), (n"Y4Z,, i)i<m, (R~ *Hp1)i<m) — 0 in distribution and in probabil-
n—oo

ity; the remainder lemma then gives (\/HR(logT(LU), (E\;El )i<m, (H\}"L")Km))n>1 Po0; we

also have (&) — 0 almost surely and in probability; and a final use of Slutsky’s
my/n /n>1

theorem leads to the desired result.
Case p; = co: Now according to Lemma 2.6, 2.(b),

—_ d
Eni =0l = &%) —— pa B,
n—00

where (E;)i<m ~ £(1)®™ is independent of (N2 ;)< introduced before; and therewith

2)1/q2 1/p2
n d (Mgl ) 1 Sni Hn ‘
||X ||P27QZ - mfl/pZ nl/qlfl/qQ E Z(l - ) (1 + \/> )

(qu)l/qz
_ q1 Z un '3 + Z n 7
m~—1/p2 pl/a1—1/q2 7 pamn pgmf

(B () )

and the rest follows as before, with the modification \f(‘” d )i<m (n -2z, Eni)i<m L

n— oo

0 and similarly for the remainder term.
= ||©i|ls, = 1 and therefore we have

4 - (Zm & ‘P2/n) 1/p2 |
(i, |&fpa/m) Vo

We perform Taylor expansion of the same function as in (a), case p; < oo, but restricted
to (¥:)i<m = 0 and writing out second-order terms, to wit,

X"

||P2»fh

LS (14 @y)P2/P ez u u?
gu/m (m ?Pln(l ) 1/)p1 =1 —|— + G} + 2 PLoT Ax + R(u, z),
(5 Xt (1 + 1)) m? o 2pim
where A = (aid‘)i)jgm e R™*™ is given by Q5 = M — 1 and aij = —1 for all 1,j € [1,m]

with i # j, and the remainder term satisfies |R(u,z)| < M||(u,z)||3 with some M > 0 for
all ||(u, x)||2 sufficiently small. So this gives

n 4 1/pa—1/p log(U) | log(U) L P2 (E )
X = 1
Xz an = m ( + mn + 2m?2 n2 2p3m2

or equivalently via rearrangement,

log(U)?2
mn(l—mP e x4 gy - BUN  Pobr e gt e

2mn 2pim
1 B
_mnR< og(U),( n,i) )
n \/ﬁ i<m
We choose (I,a,8,) = (3,n'/3 n) for the remainder lemma; indeed, n1/3(%,

(E\/ﬁ)z<m) = (n=?/31og(U),n"Y%(Z,:)i<m) converges to 0 in probability as n — oo,
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. . . log(U Eni

therefore the remainder lemma implies (nR(%, ( NG
. 2

we have (%)nzl — 0 almost surely and hence in probability. Thus via Slutsky’s

theorem we obtain

)ico)) o1 P, 0. Additionally

4 —log(U) + M(Nl,iﬁgmA(Nl,i)igm,

(mn(l—ml/pl_l/szXanzm)) 2p1m

n>1

and it remains to argue that the right-hand side has the claimed distribution. That
—log(U) ~ £(1), is common lore. Since (&;)i<m is independent from U, (N1 ;)< can be
assumed independent from U. The matrix A is symmetric and has eigenvalues m with
multiplicity m — 1 and 0 with multiplicity 1, hence its spectral decomposition reads A =
O diag(m, ..., m,0)O" with orthogonal O € R™*™. The standard Gaussian distribution
is orthogonally invariant, that is (N;)i<m = OT(N1;)i<m ~ N(0, I,,,), and thereby

i<m i<m

m—1
(Nl)i)T A(Nl,i)igm = (Nl)T dlag(m, . ,m,O)(Ni)igm =m Z NzQ
=1

Because (V;);<m still is independent from U we have finished.
(c) Using the same expansion as in (a), case p; = oo, and restricting to (yi)igm =0
like in (b) while naming R'(z) := R(x,0), we arrive at

d m 1/p2
X oy & (Z|si|m/")
=1
Y T e T (E”) .
m ( ; pamn * ( n i<m

The result follows, after a rearrangement, from p%(an,i)igm 4 (1)®™, managing the

remainder term as in (b) above. O

In Theorem E now we consider n — oo and m = m(n) — oo. The proof features
the Lyapunov CLT: let ((Z,;)i<m)n>1 be an array of R-valued random variables with
independent rows (i.e., for any n € IN the variables 7, 1,...,Z, , are independent),
and call s, == (3", Var[Zm])l/Z. If s, > 0 for all n € IN and Lyapunov’s condition is
statisfied, sc., there exists some § > 0 with

1 m
lim_ o > B[ Zni - BlZn]PT] =0, (4.1)
noog=1
then
1 & d

As an aside, note that actually Lyapunov’s condition implies Lindeberg’s condition which
in its turn implies the CLT.

Proof of Theorem E. (a) Case p; < oo: Recall the representation

m , 1
(S [afre/m @ |p2) /72

n 4d 771/(mn)
HX LHPz#Zz =U 1
(el /m) 7
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=2

: =1 =3
Define the random variables Z; ;, =7, ;, and =} ; by

e/ — e

Zha =GP -1 =2 . ) pi/n
n,t 4 ’ —n,i * p2/n )
Pl/n
= . |19allgs — Ell©][g:]
o Ef[©1)g]
and their sums
m m
Zy =Y =F, forke{1,2,3} and Z,:=)» =25
i=1 i=1
then
p2/n 1 m —_ —_ 1/
P d (Mpl/n E[l|©11g3]) /P {71/ (mn) (o Zi:1(1+‘:‘i,i)(1+‘zi,i)) "
P22 1/p1—1/p2 1 ~—m _ 1/p
" (X (1+EL)
m =1 n,i
_ O REISEDY ™ (Lt £ 2+ L2+ L28)”
m1/p1—1/p2 (1+iZ1)1/p1

(MPIRBOEDY? f tog)  ZD 724+ 78 4 78
— 1+ = +
ml/p1i—1/p2 mn pim p2m
log(U) Z} 72 73 Z4

mn "m’' m’ m’ m

where we have introduced the Taylor expansion

1+Z + 22+ 2 1/p2 z 2o+ 23+ 2
w ( 2+ 23 + 24) =14u— 2+ 25T 4 R(u, 21, 20, 23, 24),

(14 21)t/m P p2

with the remainder term satisfying |R(u, 21, 22, 23, 24)| < M||(u, 21, 22, 23, 24)||3 in a suit-
able neighbourhood of 0. Then we can rearrange as follows,

W( X, - 1) alogU) VnZy VuZi+ 2+ 7
(lelz//: E[[|©1]153]) /72 e vmn o piym p2y/m
log(U) 2z} z2 z3 Zz}

+ \/%R(a 7771a T ,>a

mn m m m m

and we are going to argue that only /- Z? makes a nontrivial contribution to the limit
as n — oo, in the sense that all other terms converge to zero in probability; Slutsky’s

theorem yields the result then.

log(U) as. =1 =2 =3 :
Clearly (7£=),~, — 0. Next, =} ;, =7 ;, and =} ; are centred, and therefore so is

ZF for k € {1,2,3,4}. The respective variances are as follows, where we use Lemma 2.6,
1.(a),

] = vt = = (o)) - el

analogously,

n 2
v [ 2] Varllal - M 1 ZE40GR) o
ar|—| = Py 5 = E 1 5 = C) % .
m(Mpl/n) (1"'0(5))
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Defining Y,, as in Lemma 2.10 and employing (E[Y,*]),>1 — p5o® E[N*] as stated there,
we get

(M42 )pz/qz E[Y,] (Mq2>p2/q2 1
p2l— o) nl) _ q1 L
Efll61l3;] = np2(1/a1—1/42) (1 + vn ) -~ nr2(t/a=1/a2) (1 * 0(\/5))
and
(M32)2p2/ a2 Var|[Y,,] pao?(M3z)?pz/42
P21 q1 nlo_ q1 .
VarllOIG) = S — = pama v O o();

these lead to

3 Vi O ||P2 2 2
[ 8] - LYo gy

m ] m E[e:z]2  mn

and therewith also to

74 1 Va p2/n] Var[||©, ||P2 1
w[E]- 1)
m me (M2 )? Ell|O1][63]? mn
We further note that
m 3
SB[ = " (M) 1Y, ~ E[Y,)]
T Ee R [ 7a e | T

i=1
m
- mpw E[IN[*](1+ o(1)).
But then the array ((Z} ;)i<m)n>1 satisfies Lyapunov’s condition (4.1) with § = 1 since

Yim  BlZ P _ O(mn?) @(i)
Var[Z3P3/2 ~ 0(m32n=3/2) ~ T\ ym/)’

and hence we get the CLT (Var[Z3]~1/223),>1 % N, or rather

<1 / n Zf’L) 4 paoN.
m n>1

On the other hand there is still Var[,/Z Z:] = ©(%), and a little bit less obviously
(employ Lemma 2.6 again; alternatively, Lemma 2.7 with weaker asymptotics),

/n p1/m,p2/n p1/n
72z} Voiin 200 v )2 1
Var[,/” ("n)} n( i hn Py ) (P2 — 1) (1+0(5))
m\py  p1 (M) pipa M) P 2pin n

v 2 1
wherefore by Ceby$év’s inequality both /= (% — %) and /2 Z} converge to zero in

probability. For the remainder term we consider

(mn)1/4 IOg(U) ﬁ Zf?% ﬁ ﬁ
mn "m’m’ m’ ' m

log(U) n'/*ZL nl/* 72 /473 nl/tz2
- ((mn)3/4’ M3/ 34 0 3/4 0 34 >

Again ((mn)~3/*1log(U))n>1 =2 0 is obvious. For k € {1,2,3} we have Var[m=3/4n'/4 Z¥] =
O((mn)~1/?), and also Var[m=3/4n'/1Z4] = ©(m~'/2n=3/2); hence the respective com-
ponents converge to zero in probability via Ceby$év’s inequality. This establishes that
the conditions of the remainder lemma are met, and finally the remainder term con-
verges to zero in probability.
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Case p; = oo: There is no need to iterate the argument in its entirety; for one, omit
U and Z} from the previous case, and for another, we have different asymptotics for the
variances; to wit, referring to Lemma 2.6, 1.(b),

2 p2/n j 2
] oy~ we o6

1
m m (ME2/™)2 m(l—l—(’)(%))Q mn?

and correspondingly,

m

Var[Zﬂ _ B9 4 o).

These imply Var[,/Z Z2] = ©(+) and Var[\/Z Z,] = O(;), hence (/% Z7) 50
and (1 / Zf;)n N P, 0via éebyéév’s inequality. For the remainder term we consider

—— z; Zj Zu\ _ (nVizn nithzy iz
m’' m’ m m3/4 7 m3/4 7T p3/4

We have Var[m~3/4n1/4Z2] = ©(m~'/2n=3/2) and also Var[m=3/4n'/4 Z%] = ©(m~1/2n=5/2),
and Var[m=3/*n'/*Z3] = ©((mn)~'/?) remains unchanged; hence the respective com-
ponents converge to zero in probability via éebyéév’s inequality. The remainder lemma
does the rest.

(b) Define =
tion

Z!, and Z2 as in (a), then we have the probabilistic representa-

nz' Hn [

(Zm ‘§L|p2/n)l/132
(S el /my o
( Mpz/n MPQ/”zQ)l/P'z

n d mn
||X ||p2,q1 - Ul/( )

— Y/ (mn) pi/n p1/m
(m + Zl)l/Z’l
p2/ny1/ 1/p
_ (Mpl/n) s Ul/(mn) ( + m) ’
 ml/pi—1/p2 (1_|_ )1/p1
(e log(U) 7} 72 log(U) 7} 72
Pl/’ﬂ Og( ) n n Og( ) “n “n
1+ - + +R b 9 9
m1l/p1—1/p2 mn p1m - pam mn - m- m

where we have used the same Taylor expansion as in (a), but evaluated at 23 = 24 = 0,
and the remainder term satsifies |R(u, z1, 22)| < M]||(u, 21, 22)||3 with some M > 0 in a
neighbourhood of (0,0, 0). Rearranging yields

ml/p1—1/p2 a log(U) n (22 Z} log(U) z} Z2
/ Xn 7]_ = _— AV R Jal
mn((Mﬁf//:)l/m 12l ) Vm +\/m(p2 p1)+ " ( m m>

We know (m~/2log(U)),>1 —>+ 0; in order to apply the remainder lemma we have to
ensure —
log(U) Z, Z
/2 (BN 2 Zuy ¥ )
mn m m n—00

but we have m1/4n1/271°1§f5) = m3/4

n~?1og(U) 1—S> 0, and with reference to the
proof of (a), Var[ml/‘*nl/Q%S] =m'?ne(:L) = e(m1/?) —— Ofor k € {1,2}, hence
n (oo}

via Ceby$év’s inequality m1/4n1/2(%, Z—:) —2 5 (0,0).

m7 n—oco
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Z2

1
It remains to show that \/’L (—” - —”) converges to the claimed distribution. Written
m \ p2 P1

out, the term in parentheses reads

7: 7} i(lé‘-I”/” My |€ip1/”—1).

Pz/n
Mpl/n p1

i=1

I3 ‘P2/" MT’2/"

p1/n_
call Z,; = MPQ/;’”” |§1|1;1 ! then E[Z,:] = 0, and we are going to demon-

p1/n
state that the array ((Z,,;)i<m)n>1 satisfies Lyapunov’s condition. Let § > 0, then from

Lemma 2.7 we get, for any i € [1,m],

_ )
EHZn? } — 20 E[|nZn,i|2+5] — 29 u‘% EUNQ o 1|2+6](1 + 0(1)),

2p;

and as we have established already in the proof of (a),

i = Var{iZW} = W(l +O<%))

These now show

—2-5|pa—p1 |29 2 246
1 mn 270 | PP TR NZ — 1240] (1 4 o(1))
$2+8 ZE Zn, |2+5] = - 246 1
sn' " i ml+0/2n =20 BB FTE(1 + O(3))

1 E[|N%—1]2H]
- m5/2 21+5/2 (1 + 0(1)) n— 00 0’

that is, Lyapunov’s condition is satisfied, and hence we have the CLT

2 1
STLZ |p2—§1|f<”0( D) G 0r) e VN,

i=1
equivalently,

L(Zj_ﬁ)éwﬁf
VM pa p1/ nooe \/2p ’

which concludes this part’s proof.
(c) Keeping Z,% as before, we have

d m 1/p2
1X " & (sz/n)
=1

72\ 1/p2
= m!/P2 (Mp2/m) /P2 (1 + n)
m

2 2
— ml/p2 (Méﬂg/n)l/m (1 + ﬁ + R<Z"))’
pam m

equivalently

mn( HXanz,fh _1> 4

Z2
Z2 +/mnR ,
ml/m(MgO?/")l/m tvmn (m)

pz\/>

where the remainder fulfils |R(z)| < M2? in some neighbourhood of zero. Like in the
proof of (a), case p; = oo, we use Lemma 2.6, 1.(b), to see

wls ] < i 21 0(7)) = (1 +0(7)

m
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and via Ceby$év’s inequality this immediately implies (m'/4n'/ 2%21)1»1 L. 0, and thus
by the remainder lemma the remainder term converges to zero. -
Since Z2 = Y., el gz
j63lP2/m—az2/n
((T/"oo)igm)nZI
ponents are centred already); so let 6 € (0,00). Employing Lemma 2.6, 1.(b), again we
have, for any i € [1,m],

ek , we are going to prove that the triangular array

satisfies Lyapunov’s condition with any § € (0,00) (the com-

p2/n

Hﬁv’z/" ME" 2”]:(”5)2”E[|E—1|2+5]<1+o<1>> 3 BB - 1]*+]

(1+ o(1))2+9 - n2+o (1+0(1)),

so together with the by now well-known Var[Z2] = m” 2(1+0(1)) we get

‘pz/n_ [foz/n |2+5}

m 1€
S E| i mn=2-Sp2 S B[ E — 1249)(1 + o(1))

Var[Z2]1+9/2 - m1+5/2n 2— 5p§+5(1 + O(%))
E[lE —1]*]
. d
So this shows (Var[Z3]7'/2 Z}) ., = (5% (1+0(3)) Z27) ., = N ~N(0,1), and finally
n d
Z,%) SN,
<p2\/m n>1
and through an application of Slutsky’s theorem the proof is finished. O

4.2 Proofs of the corollaries

The key observation is the following: let X ~ Unif(B7" ), then (r™" )71 X ~

Unif((r™" )~ B™" ), and therewith, for any ¢ € [0 o o
P1,q1 P1,q1 4 y € [ 700)'

Vm,n(t) — vm’n((rm,n ) ]BHL n e t( m,n ) IBm \n )

P1,91 P1,91 p27‘12 Pp2,92

=P[(r] X et(r™

P
Tpra) Bm"]=lP[lle,q2 < b t]. (4.2)

;02 (Zz) P2,92
Dp2,q92

Proof of Corollary 1.4. We use Theorem C, thus, continuing from Equation (4.2),

vty = e[y — e, 1)
e (¢) = m Xm -
n 1/ P2,92
(M2 Efj|en [52])
( ml/p1—1/p2 7«;?21 )}
<vm t—1)].
(M2 E[O4]52]) 7 Tieas

The last random variable converges in distribution to a centred nondegenerate normally
distributed random variable N, hence we must determine the limit of the right-hand-
side. Recall the definition of the radii r’y; at the beginning of Section 1.4; expanding
the gamma-functions in the volumes v, (IB}"7.) (which see Equation (2.2)) using Stirl-

ing’s formula we arrive at

ml/p1—1/p2 Tpiay _ {Apl,ql;p%qzm(l + (’)(%)) if p; < oo, w3
Ups prto 1 . .
(lejz//: [H@l ”53]) /pe "'p2.a2 Al’l,ql;pqu;n(l + O(%)) 1fp1 =

This implies

I mifnte e

11m B _ ) )

1/p P1,41;P2,42;M)
m—00 (M;,)f//: H|@1|p2]) 2 ’I”p2 q2
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and therewith the cases tA, 4 .ps,qoin < 1 0T tA, 41:ps g2n > 1 are immediately accoun-
ted for. In the threshold case tA, 4,:p,,0.;n = 1 We need the information in Equation (4.3)
that the correction-term is of order o(m~!/?) in either case; this yields

( ml/p1—1/p2 r;?:% t— 1> — \/ﬁ(tA . . (1 + 0<L>) _ 1)
(M2 Bl z]) 7 T prosan (U O\
=Vmo (T) o(1),
and finally .
w}iﬁmoo V() =PIN < 0] = 7 O

Proof of Corollary 1.5. Case q; # q2: Here we invest Theorem D, that is,

mi/P1i—1/p2 pl/a—1/q2

V) = Vi T e 1 1)
q1

ml/p1i=1/p2 p1/a1—1/g2 7”;3 Zl
< J—
- \/ﬁ< (M) pmon 1)]

Like in the proof of Corollary 1.4 we use asymptotic expansion; to wit, this reads

ml/p /e gt/ o=V il J Ag g (14 0() if g1 < oo, (4.4)
(Mg )t/ e Toade | Agrgs (1+O(2B™)) if g =

On the one hand this yields

ml/p1=1/p2 nl/a1—1/q2 o

lim P1,91 — A
q2\1 m,n q1,92>
n—oo (M{7)Y/ e Tpy,q2

and therefore the result is immediate for tA,, 4, < 1 or tA, 4, > 1. On the other hand,
for the threshold-case tA,, 4, = 1 Equation (4.4) tells us that either way we are off by at
most o(n~'/2). Thus

ﬁ(ml/pl(;;:;;)lle /a2 :ii t— 1) \/ﬁ(tAql,qz (1 + 0(%)) - 1)
1
no(%) = 0(1),

and the conclusion follows as in the proof of Corollary 1.4.
Case q1 = g2 and p; < oo: The starting point is similar to the above,

m,n ml/p1 n 1/p1 7‘;’1 Zl
v (t) :IP|:mn(l— WHX pz,th) 2 mn(l m7n t):|

1
m /P2 riﬂz q1

The asymptotic reads

ml/m g (m —1)log(p1/p2) 1
W 0(7); 4.5
ml/p2 7“;2’,21 2mn i n? @
this implies
m!/P 7‘2? 2’1 i
lim =1= Aqqu

n—oo ml/P2 1y,

and again the result follows easily for tA, , =t < 1 ort¢ > 1. In the threshold case
t = 1 there follows from Equation (4.5),

ml/pr pmm _
mn<1 mer Tpl q1 t> (m 1) 10g(p1/p2) " O(l>,

il 7, 2
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and therefore

P1— P2 e (m — 1) log(p1/p)
lim V™ (1) =P |E + 222 N2> V0T 1/12
g, V) [+2p1§z— 2

For m = 1 this simplifies to

lim V(1) =P[E > 0] = 1.

n—oo

In the case m > 2 note that /"' N? ~ (5L 2) (the chi-squared distribution with
m — 1 degrees of freedom). Because £ and Z?;l N? are independent we can compute
the given probability explicitly as follows, where we have to distinguish whether p; < p»
or p; > po. Here we treat only the former in detail; the latter is done analogously. First

we have

m—1
P1— P2 9 (m— 1)105%(101/172)]
PlE+ 2L P25 N2>
{ 2p1 ; 2

o x(m—B)/Q o 0 B
:/ —)e 1/2[ e y]llRZO(y) dy dz;
0

Q(mfl)/QF(—mgl m—1)log(p1/p2) _ (P1-p2)z
P1

then for any z > 0 we have (m=1)log(p1/p2) _ (p1=pa)z ~, 0iff 2 > p1(m—1)log(pi/p2) and
2 2p1 = = P2 ’

since p; < po this last expression is positive. Hence for = < W the inner
integral is 1, and else it is

oo
_ _ (m=1)log(p1/p3) | (P1—P2)z po\ (Mm=1)/2 2 _pe
/( e Y ]l]Rzo (y) dy =e 2 + o — <;> e2 2py .
1

m—1)log(py/p2) _ (pP1—PpP2)x
2 2p1

So by splitting up the outer integral we reach

m—1
IP{E—kpl D2 Z Ni2 > (m— 1)10g(p1/]92)}
i=1

2p1

2
w m(m*‘?’)/z
— T et/2(y
0 20D 2T ()
T x(m—“”’)“e—x/z(@)(m*”/ ? 5B dg,
p1(m=1) 1os(ry /p2) 2(m=1)/2D (L) 21 ’
P1—P2

now the first summand obviously equals

p1(m—1)log(py/p2)

T AR ety m (M o) ( (o, 2 D)

0 2(m-1)/2p(m-1) 2 7’ " P2 ’

and the second summand evaluates to

* ﬂe—zm(@)(m‘we%*?if de

p1(m=Dloa(p /py) 2(m—1)/2T(1=L) P1

P1—pP2
00 p(m=3)/2 -
= / CEYP e ?2n/r2 dx
sl (S1) DT (2
m—1 2p p1(m — 1)log(X*)
_p(mot ).
2 " p p1— P2
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and because of min{1, ]’;—; = Z—;, max{1, g—;} = 1 this equals the claimed expression.
Case q1 = q» and p; = oo: Now we are working with
1 PN
V) = Plmn(l —m™ /P2 X" >mn|l—- ——L __¢]].
(t) = B mn I ) 2 o (1=
This time we have . )
Too, m — 1) log(n 1
I/OO;q;n’n — 1 _ ( ) g( ) + O(7>7 (4:.6)
mlt/pP2rp o) 2mn n
whence we see
ri, A
lim ——— =1=
nl_{rolo ml/p2 7“1772’,21 q1,91)

and the noncritical cases follow as before. For the threshold-value ¢ = 1, Equation (4.6)

results in _— ( ) log(n)
Too) m — 1) log(n

I L = o(1),

(1= ) 2 oW

which leads us to .
: m,n — . > —
lim V(1) =P {Zl E; > oo} 0. O

Proof of Corollary 1.7. Case q; # ¢q»: Referring to Theorem E we have

v ) IP[ ( ml/p1—1/p2 1 .
(M2 || ©4]|52]) /72

ml/p1—1/p2 pmn
< \/mn< PLa t—l)}
(M2 ]| 01 [[F2]) /72 Tr2la

p1/n
Notice that in any case

1/p1 p1/q1 pm,m

m n i

: P1,91 M 92 1/q2 A
lim - ( q1> q1,92

n—o0 mi/pP2 pl/az pt 0
and
lim 7 1 = (Mgz)—l/th
n _ 1 ’
nooe (MP2 V||t =1/92 0, |[52]) 1/

and from these follow the limit values for the cases tA,, 4, < 1 and t4, 4, > 1. In the
remaining case tA,, 4, = 1, by our assumptions the probability converges to the claimed
value Pl[oN < M| = ®(c~ M).

Case 1 = g2 and p; < oo: Again we rewrite
ml/p1—1/p2
(ME2/ )1/

1/ n

1/p1_1/p2 ,rm,n
Smn<m p1,q1t_1>:|.

pa/ny rm,n
(Mpl/n) /P2 Tpoqy

V(o) = e[V X"y~ 1)

The asymptotic expansions needed here are

1 B Lo ) so(ts)

1/p1 m,n
m Tpiig

ml/rz oy 2n m mn?
and )
p2/nN—1/ps _ 1 P2 —P1 (7)
(M m) =1 2pin o n2/)’
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they lead to the claimed results concerning tA,, 4, =t < lort > 1. For ¢t = 1, plugging
in yields

1/171 1/p2 pmn,n
mn(( Ph‘ht_1>

ME2[")1p2 Tpay
(=T v o () (R (1 Tre () +o(m)) 1)
_ ( (10 (ij) _ p2p_1pl - log(ll:;/pl) +@(%)> +O(mn2))

=7 (oe(3) - 202 - e (R)) o)

and since the logarithm is strictly concave and p; # ps (forced by ¢; = ¢2) we know

5

ﬂ

log(&) p2 — p1<p7_1_p2—p1:07
D1

p1 P1 P1

hence the limit as n — oo is minus infinity. This gives the claimed limits.
Case q1 = g2 and p; = oo: Lastly we have

o B in )

ml/p2 (Mgg/n)l/m

1 ,rmn
<mn< ’qlt—lﬂ

ml/p2 (MP2/TI)1/p2 Thya1

As usual we expand,

o =1 IR . o )
i) o[ 50)) . otz

and ) )
(Mgg/n)—l/pQ :1_;'_7_’_0(72)7
n n

and they account for the cases tA,, 4, =t < 1 ort > 1. Lastly concerning ¢ = 1, plugging
in gives us

1 oy
\/ETL( mt]Ll - 1)

m/pz (ME2/™)1/p2 Tp3a

%m(0+i+ogg)0MWWW@Q+00%W§)

2n n
2

i BCIIp) (1 (B )y oVBI) )

2mn

- (1o )
i BEIID) (4 0B ) 4 o8

2mn m2n?

= \/>log(27m/p2)( (1 + O(logl(n)))

stastira oy (-+O(75))) + 0 (R )
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Now we observe
log(2mmn/p2) log(m)

mlog(2mn/p2)  mlog(2nn/ps)  m

Y

which converges to zero. So in total we get

m /mn - = —0Q,
n—o0 m/p2(ME/™ /P2 Thyla

and the conclusion easily follows. Notice that this result is consistent with the previous
case pa < p; < 00. O
A Appendix: Higher-order mixed-norm spaces

It is not difficult to generalize the idea of mixed norms to higher orders in the fol-
lowing sense. Let k € IN, let p;, = (p;)j<x € (0,00]* and n; = (n;);<; € IN¥, then on

R*®k := R™ X > define the k™-order mixed norm with exponents pi,...,p; recurs-
ively by ||-/lp, := ||‘|lp,, and for k& > 2,
|| (xi)iexnk Hpk = H (ll(xi7ik)i€><nk71 ||pk—1)ik§nk Hpk'

We call /3% := (R*™, ||-||p, ) the (real) finite-dimensional k™-order mixed-norm sequence
space, then we have the recursion /pF = {p* (lpi=1). Let BJ: be its closed unit ball,
whose (np - --ng)-dimensional Lebesgue volume we denote by wg’;, and ng its unit
sphere with associated cone measure 3¢ . Via the usual identification (C, |-|) = (R, [|-||2)
we may also subsume complex mixed-norm spaces under the real ones, to wit
~ 2\ _ p(2ng)
Cor(C) = Lpr (L) = E(Q,pk)'
Notice that compared to the definition in Section 2.2 we have reversed the order of
indices here in order to write the recursion in a more natural manner (append new
indices at end, not at beginning), so what we have notated ]B;’f&” there, corresponds to

(n,m)
]B(q’p) here.

The recursive structure of /7" lends itself well to calculate wp’ in a recursive way as
well. For the following assume k > 2. Then we have

apr= [ ggle)ds
= / L (4,01 )iexni—y)in<ny ) da-
(RX™h—1)7 k

Ng—1

On each of the n;, component spaces introduce /p;;-polar coordinates, i.e., (2;, )iexn,_, =

74,.0i, with r;, € [0,00) and §;, € $p;~} for each iy € [1,n;]; therewith we get
||((mi7ik)’iexnk—1)ikfnk ||Pk = H (”Tzkelk ||Pk—1)ikgnk Hpk = ||(r’ik)ik§”k ||I)k

and hence ]11133’; (4,0 )iexcnp_1 in<ng) = ]llBZ,’; ((riy )irn<ny)- This yields

ng
ng __ ng_1\"k ny-ng—1—1 ng_1\®n
wpk = (n1- np_1wpr)) / /nki1 ]1132{? (r) H Ty, d(kprZ1)®™(0) dr
[0,00)"k J(Spy— )"k in=1
Nk
_ Nng_1\ng nynrp_1—1
— @R [ ) T (o ) dr.
[0,00)"k ip=1
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1/«

Now transform s;, := r; """ for each iy € [1,n;]; recall [|(z)i<nllp = [[(|2i|*)i<nll,)a

for any a € (0, 00), which gives

N1 Nj— 1/(n1--np_ 1/(ny-nk—
17l = 0™ Yime e = Yl ae)

hence ]l]BZk( r) =1 (s) and thus

Pk/(nl Mp—1)

pi/(n1-mp_1)

W = (W) /[ e (s) ds

(wpk 1)nk wpk/( e Mg—1)
2k ’

which is the desired recursive formula. Via induction on k this leads to the explicit
formula

k

() ) :
ng _ oni-ng pj/(ni--nj—1
wPII: =2n H QN ng U 1 n] + 1)ng+1

)njurlmnk

j=1
In the special case of EE;";)L)(C) this yields

mn mn 2m
(2;m,n) _ 92mn F( + 1)2 F( +1) F( +1)" T
2.p,9) [(Z+1)mn r(%m 1n F(%T” +1) D2 4+ 1)n (22 4 1)

and this equals the value given in [15, Theorem 5].
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2 Contributed articles

2.3 Asymptotic theory of Schatten classes

Abstract

The study of Schatten classes has a long tradition in geometric functional analysis and related
fields. In this paper we study a variety of geometric and probabilistic aspects of finite-dimensional
Schatten classes of not necessarily square matrices. Among the main results are the exact and
asymptotic volume of the Schatten-co unit ball, the boundedness of its isotropy constant, a
Poincaré-Maxwell-Borel lemma, for the uniform distribution on the Schatten-oo ball, and Sanov-
type large deviations principles for the singular values of matrices sampled uniformly from the
Schatten-p unit ball for any 0 < p < oco.
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1 Introduction

1.1 General overview

—_ =

The Schatten classes (or Schatten-von Neumann classes) of compact operators are a classical
object of study in functional analysis, and their finite-dimensional counterparts, that is, spaces
of matrices endowed with the £,-norm of their singular values, have attracted much attention
within the last few decades and many results have been produced in a number of disciplines,



among them local theory of Banach spaces, random matrix theory, and (asymptotic) convex
geometry.

The Schatten-p class S,,, where p € (0, 00], consists of all compact linear operators between
two given Hilbert spaces whose sequence of singular values lies in the sequence space £, and
thus it subsumes the special cases of nuclear or trace-class operators (p = 1) and of Hilbert—
Schmidt operators (p = 2). It was introduced by Schatten in [48, Chapter 6, pp. 71| (though he
said “completely continuous” for “compact”), having its roots in earlier works by himself [47] and
with von Neumann [49, 50| concerning nuclear operators on Hilbert spaces; those works were
generalized by Ruston [44] to Banach spaces and by Grothendieck [16] to locally convex spaces.

From the point of view of the geometry of Banach spaces, Gordon and Lewis [15] obtained
that the space S, for p # 2 does not have local unconditional structure and therefore does not
admit an unconditional basis, Tomczak-Jaegerman [55] showed that this space has Rademacher
cotype 2, and Szarek and Tomczak-Jaegerman [54] provided bounds for the volume ratio of S7.
Saint Raymond [46] computed the asymptotic volumes of real and complex Schatten balls up
to a yet undetermined factor, and Konig, Meyer, and Pajor [33] established boundedness of the
isotropic constant for all p € [1,00). Guédon and Paouris [17] proved concentration of mass
properties, Barthe and Cordero-Erausquin [5] studied variance estimates, Chévez-Dominguez
and Kuzarova [8] determined the Gelfand widths of certain identity mappings between finite-
dimensional Schatten classes, Radtke and Vritsiou [42] proved the thin-shell conjecture and Vrit-
siou [57] the variance conjecture for the spectral norm, i.e. p = oo; Hinrichs, Prochno, and Vy-
biral [20] computed the entropy numbers for natural embeddings S < Sy, and in [21] the same
authors determined the corresponding Gelfand numbers; Prochno and Strzelecki [40] improved
the last stated results and complemented them by the approximation and Kolmogorov numbers.
In a series of papers, Kabluchko, Prochno, and Théle [27, 26, 28] refined some of the previous
works by giving the precise asymptotic volume of Schatten balls, they computed the volume ratio,
considered the volume of intersections in the spirit of Schechtman and Schmuckenschléger [51],
and derived Sanov-type large deviations principles for the empirical measures of singular values
of random matrices sampled from Schatten balls. This last results stands in line with the study
of large deviations for spectral measures of random matrices initiated by Ben Arous and Guion-
net [7], and Kaufmann and Théle [29] have generalized the underlying distribution to a certain
mixture of uniform distribution and cone measure on the sphere in the spirit of Barthe, Guédon,
Mendelson, and Naor [6]. The question of volume of intersections has also been taken up by
Sonnleitner and Théle [53]. Very recently Dadoun, Fradelizi, Guédon, and Zitt [11] determined
the asymptotics of the moments of inertia of Schatten balls, thereby also providing the limit of
the isotropic constant, and confirmed the variance conjecture for p > 3.

One of the main deficiencies of most results mentioned above is that they have only been ob-
tained for Schatten classes of square matrices, some even more specially for Hermitian matrices,
which is in a sense quite restrictive. The aim of the present article is to extend the scope of
some of the results to Schatten classes of m-by-n matrices for arbitrary m,n € N, in as far as
that is possible or sensible, thereby complementing and generalizing the existing literature. As
we shall see, this is far from being trivial in several situations.

Let us be more specific about the results obtained in this paper. First we provide the exact
and asymptotic volume of the Schatten-oo unit ball of m-by-n matrices (Theorem A); the former
is done via a Weyl-type integral transformation formula (similar to the one already used by Saint
Raymond [46]) and evaluating the Selberg integral that appears. Next we provide bounds for
its isotropic constant (Theorem B), thereby adding to the work of Kénig, Meyer, and Pajor [33];
notably, we are also able to give the precise limit as n — oo in the case when lim,,_, % exists.
As the last major purely geometrical result, we clarify the relation between the Hausdorff and
cone measures on the Schatten-p unit sphere for arbitrary p (Theorem C); in the case of the



classical £,-spheres this was done by Naor and Romik [38, Lemma 2|, and, interestingly, the
formulas for the Radon—Nikodym derivatives turn out to be formally equal.

We then continue to explore asymptotic properties of the Schatten-oco balls via a probabilistic
representation of the uniform distribution on the ball (Proposition 4.1) in the spirit of Schecht-
man and Schmuckenschléger [51] and of Rachev and Riischendorf [41], who introduced those for
the classical £,-balls, leading us to a Poincaré-Maxwell-Borel result (Theorem D) stating that,
fixing the number m of rows and letting the number n of columns tend to infinity, the projection
onto the first k£ columns converges to an m-by-k matrix with i.i.d. Gaussian components. Under
the same premises we also prove a central limit theorem for the inner product of two points
sampled independently from the unit ball or sphere (Theorem E).

Then we introduce an apparently new notion of symmetry of (probability) measures w.r.t.
a given convex body, and apply this notion, together with two-sided unitary invariance, to
Schatten classes. As the main result (Theorem F), we produce a probabilistic representation
of those random matrices whose distribution follows this new symmetry w.r.t. Schatten-p balls,
thereby subsuming the representations for the singular values applied by Kabluchko, Prochno,
and Thile |27, 26, 28] in the non-Hermitian case.

Finally, we present Sanov-type large deviations principles for random matrices sampled from
Schatten-p balls for any p € (0, 00] (Theorems G and H). This extends the result for non-Her-
mitian random matrices given in |28]. It is important to note here that for non-square matrices
the joint density of singular values contains an additional dimension-dependent nonconstant
factor, which renders the adaption of the proof in places highly nontrivial.

1.2 Organization of the paper

Since the present paper contains a wide range of results it is structured according to the general
themes of those results, and the (mostly short) proofs directly follow their propositions; the ex-
ception is Section 6 where the central results are collected at the beginning and the corresponding
(extensive) proofs are deferred to subsections.

Section 2 lays out the mathematical setup including the norms and spaces, as well as fre-
quently used auxiliary results.

Section 3 treats the elementary geometric properties of Schatten balls, including Theorems A,
B, and C.

Section 4 contains the results pertaining to the weak limit theorems for the Schatten-oo ball,
that is Proposition 4.1 and Theorems D and E.

Section 5 deals with K-symmetric measures and concludes with Theorem F.

Finally Section 6 is dedicated to the Sanov-type large deviations principles for the empirical
spectral measures stated in Theorems G and H.

2 Mathematical setup

2.1 Norms and spaces

Let K € {R,C}, and by 8 € {1,2} denote the R-dimension of K. (Most of the present results
remain valid even for K = H, the skew field of quaternions; then 5 = 4.) The nonnegative
and positive real numbers are written R>¢ and Ry, resp.; i is the imaginary unit, and R(x),
$(x), T denote the real part, imaginary part, and complex conjugate of x (applied entrywise
for vectors and matrices). For the d-dimensional Lebesgue measure we write vg. For m,n € N
with m < n consider K™*" the Smn-dimensional real vector space of (m x n)-matrices. This

is endowed with a Euclidean structure via the inner product (the Hilbert-Schmidt or Frobenius



inner product)

(2,y) = Rtr(zy") <Z > x”ym),

i=1 j=1

where tr means the trace of a square matrix. I, denotes the (m X m)-identity matrix. The
collection of self-adjoint (m x m)-matrices is denoted by Sym,, 5, and that of self-adjoint and
positive-definite (m x m)-matrices by Pos;, 5. On Sym,, 5 define the usual partial order (also
called Loewner-order): for a,b € Sym,, 5, a < biff b — a is positive-semidefinite, or equivalently
&*al < D¢ for all £ € K™. (Elements of K™ are always considered column-vectors here.)
Recall that for any € K"*™ the (m xm)-matrix zz* is symmetric and positive-semidefinite,
and hence all the latter’s eigenvalues are nonnegative real numbers, whose nonnegative square-
roots are called the singular values of x. Let s(x) := (si(x))i<m € R™ be the vector of the
singular values of x, arranged non-increasingly.
For p € (0, 00] call ||-||, the £,-norm on K™ (which is a proper quasinorm iff p < 1), i.e., for
§=(&)i<m,
el = { ZileP)™itp < oo,
P ax{|&| : i <m} if p= oc;
the corresponding space is written £ := (K™, ||-[|), the unit ball is denoted by B}s, the unit
sphere by Spﬁ, and w)'s 1= vgm(B)lg). On K™ define the Schatten-p-norm |[|-||s, by

lzlls, = lls(@)ll, = tr((zz")"*)!/P for z € K™*".
In particular, |z|[s = s1(z) is the spectral norm of z and ||z|[s, = [[s(z)|2 = (z,z)/? is the
Hilbert-Schmidt or Frobenius norm. The space S, := Zlﬂxn = (K™, ||-[s,) is called a (finite-

Ban

dimensional) Schatten-p class; we denote its unit ball by and its unit sphere by SS B

mXxn Bmxn

additionally define wg 5" := vgmn( s 5
p7

Remark 2.1. The assumption m < n is no severe restriction: given arbitrary m,n € N and
x € K™*" the Hermitian positive-semidefinite matrices z*x and zz* have the same positive
eigenvalues with matching multiplicities and the rest are zero, hence singular values are defined
also for “tall” matrices, and we have (s;(z*))i<r = (si(z))i<, and consequently [|z*[[s = |z[s,
where » = min{m, n}. There are results in the literature that also take the zero singular values
into account, e.g. [19, Theorem 5.5.10].

2.2 Auxiliary notions and results

Recall that a matrix v € K™ is called semiunitary (semiorthogonal if K = R) iff u*u = I,,.
The collection of semiunitary (semiorthogonal) (n x m)-matrices is called the Stiefel-manifold
and notated by U, .5 (it is indeed a submanifold of K"*™); in particular Uy,.g := Up, s
denotes the set of unitary (orthogonal) matrices, they satisfy u*u = uu* = I,,.

For any € K™*" there exist u € U,.3 and v € U,,.3 such that = v diag(s(x))u*, the so-
called singular-value-decomposition of x; by slight abuse of notation, here we mean diag(§) :=
(&i,5)i<m,j<n € K™*™ for a vector K™, i.e., the matrix whose entries on the main diagonal are
the components of £ and are zero else.

The conventions for integration (which can be justified by exploiting that all domains of
integration concerned are Riemannian submanifolds of some full matrix space) are as follows,

!Our notation differs from the convention of writing S;”_l, where in the real case m — 1 is the dimension
indeed. But already in the comlex case this is contradictory because 0B,'; has real dimension 2m — 1. Therefore
we have opted to only notate the number of components.



where for 8 = 1 ignore all imaginary parts: on K™*" the volume form is (up to sign, as are the
subsequent) AiZ; AJ_; (AR (x;5) A dS(2;,7)) (which corresponds to Smn-dimensional Lebesgue
measure); on Sym,, 5 and Posy, g it is AIL; (/\j L AR (z45) A /\] 1d\s(:l:”)); and on Uy, .3,
Njy (/\?:j+1 R(>pi T dagj) A Ni=; S(Xhei Tridak)) (where @ j for j > m + 1 are such
that for the augmented matrix, (2; ;)i j<n € Up,s); in all cases we write shortly dz. Note that
the induced measure on Uy, ,,.5 is invariant under left and right multiplication with unitary
matrices; in particular, on U,,.5 this gives a Haar measure.
For z € C with R(z) > M define the multivariate gamma function I';, g by

T g(2) = / det(z)>~1=B0m—1)/2 = 61(2) g — 7BmOm—1)/4 H F( ﬂ2k>
Posp,, g

The Riemannian volume of U, is known at least since Hurwitz [25] (note that actually
Hurwitz considers {u € U,.g : det(u) = 1}, the special unitary group) and is a special case of
the Riemannian volume of U, ,,.3 which equals

Qi 1= 2=/ / du

Un,mis
gm+pm(m—1)/4 7.[.[3(2mnfm(mf1))/4 gm+pm(m—1)/4 ﬂ,ﬁmn/Z (1)
[T T(2) L5 (%)
In particular we set Q.3 := Qy, .3, the volume of U, g; then Q.5 = 2_5’”(”_7”)/2%.
The Selberg integral (see [52|) will be of some importance to our results: let m € N and let

a, B, € C with R(a), R(8) > 0 and R(y) > —min{ L, = —} then

m’m l’m 1

m—

m 1
el (1 — g,;)P1 erge = 1T Lt M)LE+ )Ly + 1+ ky)
/0 bm H(QEZ (== 1<il<_g[‘<m‘xZ oyl de kl_IO T(a+ B+ (m—1)y+ky)I(y+1)

Often we are going to need the asymptotics of the product of gamma-functions as they appear
in Q2 .3 and the Selberg integral. Here we also remind the reader of the Landau symbols: for
sequences (an)neny € KY and (b,)pen € ]RIEO, we write a, = O(by,) to mean, |a,| < Cb, for
eventually all n € N, with some C' € R~; and a,, = o(by,) to mean lim,,_, ‘g—: =0.

Lemma 2.2. For any 8 € Rsg we have

1og<]£[1r(62k>) - Zﬁlog(ﬁ;) B 358n2 N (B —42)n 10g<%n)

2
n 2 2-py , P —66+4 pn 1
+ 4log(47r e )+7245 log(—2 )—i—Ag—i—O(n),

where Ag € R is some constant.

Proof. Let 8 € Rsq. We notice log([T;_; ( ) =Yy log(F( %)), hence we apply the Euler—
Maclaurin summation formula to the function f: Rsg — R, z — log(T’ ( =), that is,

/f dx—i— ) f() fn /H " (z) da,

where Hj(z) := $B3(z — |2]) with the Bernoulli-polynomial Bs(z) = 2* — 32° +

5



We already know the asymptotics of the gamma—function through Stirling’s formula,

log(T'(x)) = zlog(z) — x — %log( )+ = 10g(27r) + L + R(x),

122
where R satisfies R(x) = O(273) as # — oo. Therewith we get
Bn? 6n Bn?  Bn® n 6n n
/ fl@ 10g(7>‘7‘7‘§10g(7>+5
+§log(2ﬂ)+6ﬂlog +c+/ R(x

where we already have gathered all constant terms. Now since |R(x)| < Cx~3, R is integrable
over [1,00), hence the limit ¢; := lim,,_, (c + fln R(z) dm) exists in R, and

cl—c—/ R(z)dz| =
1

/1n f(z)dz = 62n210g<ﬂ2n) - 368712 Z og(%)

+ glog(%re) + — 63 log<ﬂ ) +c —i—O(—Q)

C

dx| < —:
z)dz = 2n?’

this results in

Obviously

10 St(5) -~ hn() +e0(3)

We also have, via the polygamma-functions,

f/1(2) 4 PR (ﬂn) %log(ﬂz ) +O(%>

because of 1g(z) = log(z) — 5= + O(z~2). Lastly we have f”(z) = (g) (—), as Po(x) =
O(z~2) and Hj is bounded, the function Hsf" is integrable over [1,oc), thus the limit c3 :=
lim,,—s o0 fl Hs(z)f"(x) dx exists in R, and the error satisfies

n
03—/ Hs(z)f" (z)dz| =
1

with some constant C' (different from the previous occurrence). The statement of the lemma
now follows by gathering terms and defining Ag := ¢1 + ¢3 + c3. O

/// dx

¢
n

Remark 2.3. For € {1,2} the statement of Lemma 2.2 could also be obtained by expressing
the product in terms of the Barnes-G-function whose asymptotics are well-known. But this
approach fails for general 5, and even for § = 1 the calculations are tedious.

For the present investigations the following transformation formulae for integrals with respect
to two important matrix factorizations turn out to be useful. (Others exist that we do not need.)

Proposition 2.4. Let f: K™*" — K be measurable and either nonnegative or integrable.
1. (Polar decomposition [9, Lemma 2.1], also [58, Proposition 2.27])?

/ f(z)dr =27 m/ / 1/2 u*)du det(r)ﬁ("*mﬂ)/%1 dr.
Kmxn Pos, 5

nt

2Note that [9] works with “tall” matrices, i.e. m > n, so the representation needs to be transposed; also the
measure on Uy, m;g is normalized differently.



2. (Singular value decomposition [10, Lemma 1.5.3, (i)])

9Bn(n—1)/4+Bm(m—1)/4+8m/2
/ f(z)dz = / / / f(vdiag(s)u™) dudv
KmXxXn m

257 2 IO

i=1 1<i<j<m

In particular, if f = F o s, where F: R™ — K (“f depends only on the singular values of
x”), then [3, Proposition 4.1.3]

2m/2 Q5 Hm B(n—m+1)—1 H 9 9
_ m; n; n—m s — ﬁ
/Kmxn F(S(x)) dx - 26mn/2 m'QTBQn—mﬁ / F(S) Si ‘Sl Sj’ ds.

R™ . i
>0 i=1 1<i<j<m

Remark 2.5. Some comments on Proposition 2.4, part 2, seem in place. The form given in the
present work does not completely match the one given in [10]. Apart from the same notational
differences as mentioned in Footnote 2, the major discrepancy is the domain of integration
for the singular values: Chikuse assumes them to be ordered decreasingly, whereas we impose
no such restriction. But this poses no serious obstacle, for the following argument: define
wm = {x € RYy : & > -+ > x,}, then almost every s € R} can be uniquely written

s = 75, where 7 € Up,g is a permutation matrix and s’ € W™; therewith vdiag(s)u* =

(vr) diag(s") (u diag(T, I,—m))*; also write h(s) := [~ shn—m+)-l Hi<j|812 - s?|f3, then clearly

=11
h(rs) = h(s). Now decompose RYy = U, epm. m, TW"™", neglecting the set of vectors for which

at least two coordinates are equal. Then for any permutation matrix 7,

/er /Um;ﬁ /Un;ﬁ f(vdiag(s)u™)h(s) dudvds

_/ m/UW /UW Flvdiag(rTs)u")h(rTs) dudv ds
_ / ) / y / B F(orT diag(s)(udiag(rT, L))" )h(s) dudv ds

:/ m/Um:ﬁ /Unﬁ f(vdiag(s)u™)h(s) dudvds,

where we also have used that on U,.3 and U,,.3 we are integrating with respect to the (scaled)
Haar measures. This leads to

/Rm /UW /U Wf(v diag(s)u”)h(s) dudvds

. /Wm/ / F(v diag(s)u*)h(s) dudv ds

T perm. m.

= m!/ m/Um;B /Umﬁ f(vdiag(s)u™)h(s)dudvds.

Summing up, an additional factor m! has to be taken into account.

Lastly, for any set A we denote the (set-theoretic) indicator function by 14, thatis, 14(z) =1
if z € A, and 14(z) = 0 else. Further notions and notations shall be introduced on the fly as
needed.



3 Geometry of Schatten-p balls

The first result is an explicit expression for the exact and asymptotic Smn-dimensional Lebesgue
volume of IBS?O:% In the case m = n this has already been accomplished in principle by Saint
Raymond [46, Théoréme 1|, though he does not evaluate the Selberg integral encountered. A
statement concerning Bmxn for p < oo is found in Proposition 6.10.

Theorem A. The exact volume of IB%’;X% is given by
-1 k -1 k
wgnxrlé _ HZL:O F( /37) HZ:() F(]‘ + %) 7Tﬁ'mn/Z
o0 -1 k

Tyl + B(#”)Fn,/s(l + Szl

Bmn

Liin,g

Hence follow the asymptotics of the volume radius,

mxn\1/(fmn)
(Wg )

[e o))

_( 2med/2 )1/2< m )(M+2/B—1)/(4n)( n )(n+2/ﬂ—1)/(4m)
- \p )

(m+n (1 +rg(m,n)),

m-+n m-+n

where 13 N? — R satisfies C; < mn rg(m,n) + 52;4%3;4 log(% + %) < Cs for allm,n € N and

B € {1,2}, with global constants C1,C5 € R.
In particular, consider m as depending on n, then if ¢ := lim, o, ™ € [0,1] ewists, then

>1/2(1 N C)_l/(4c) (1 N i)c/zi7

where in the case ¢ = 0 we interpret (14 ¢)'/¢ =e and (1 + e =1.

3/2

lim (Bn)'/2 (g )Y O = (T

n—00 X 1+e¢

Proof. We apply Proposition 2.4, part 2, to f := 115%73““5 = 1pm | os and get

28m/2 502
mxn __ m; 3% én; 3 ﬁ(n m+1)— 2 218
“SooiB T oBmn/2 mlQy 0 /[01 H H |si — s5|7 ds.

n—m:f3 1<i<j<m

Via the transformation s; — s} /2 the last integral is identified as Selberg’s integral whose exact
value equals

(5(n—m+1)

- k k k

Sln=m+1)-1 2 g _gm TT DT+ ST+ P0G +1+5)

I+ [] 15— Pas=2]] J |
R - T 41

1<i<j<m

Plugging in and rearranging terms yields the claimed result.
The asymptotic formulas are an application of Lemma 2.2; in order to apply it, it helps to
rearrange terms a bit via I'(z + 1) = aI'(x), like this,

[ PO+ TS T+ 5 2 D)) (20 1T, D) T, T(5)
[+ 2 BTEMT(EMT(m+n) T[T

=3
3

Now thence follows, after gathering terms,

(men)l/(gmn):(62we3/2>>1/2< m ><m+2/6—1>/<4n>( n )(n+2/5—1)/(4m)

S...B (m+n m+n m+n
2_ Zmn
' ( mn )(5 66-+4)/(248 )e(cﬂ+0(1/m+1/n))/(mn)
m+n ’



where cg := Aﬂ 48 2i2§+4 log(g). Note ™tn —

the inequality of arithmetic and geometric means
1 as n — co. Therefore

because of m,n > 1; furthermore by
(’mn)*l/Q and hence (%_F%)l/(mn) N

( mn )(62_6B+4)/(2462mn)e(cﬂ+o(1/m+1/n))/(mn)
m-+n

=1+ 1{—ﬂ2;fﬁ€+410g<; —1—%) +05+O(%+ %)} + Rg(m,n),

where Rg(m,n) is of the order of the square of the first-order term; from this it also follows that
mn Rg(m,n) is bounded. Naming

1{_62—6,8—1—410 (1

rg(m,n) := o 2432 g E‘i‘%)-l‘cﬁ—l-()(%—k%)}—i-}%g(m,n),

we arrive at the claimed result.
Assume now that ¢ = lim, o 7' € [0, 1] exists, then we define ¢, :=
write m = ¢,n. Using this yields

( T_ >(m+2/ﬁ_1)/n< ,jr )(n+2/ﬁ—1)/m: <1+i)—cn+(1_2/ﬁ)/n(1+Cn)_1/cn+(1—2//3)/m'
m-+n m+n n

m

™ € (0,1) and we can

Now limy, o0(14¢,) "V = (14¢)71/¢ (= e~ L if ¢ = 0); furthermore lim,, o0 (1+¢,,)1=2/8)/m =
1, which is clear if ¢ = 0, irrespective of whether m is bounded or not, and in the case ¢ > 0
we have lim,,_,oo m = oo and the result follows again; the limit lim, (1 + é)_cn =(1+ %)_C
(= 11if ¢ = 0) is unremarkable; and concerning the remaining term observe ¢,n = m > 1, thus

1<1+ L <1+ n; hence irrespective of the value of 3, (1+ )(1 2/B)/n is sandwiched between
1 and (1 + n)(1=2/8)/n either of which converges to 1 as n — oo, and therefore also
(1=2/B)/n
(1+ —) — 1. O
Cn n—00

Remark 3.1. In the quadratic case (i.e. m = n) Saint Raymond has derived the following asymp-

totics [46, Corollaire 4|:
(wan )1/(,8712) ~ 1 277-63/2
S0P 2\ Bn

where a,, ~ b, means lim, ‘g—: = 1. It is easily seen that Theorem A reproduces his result
when taking ¢ = 1.

Recall that a conver body is a subset K C R? (d € N) that is compact, convex, and has
nonempty interior. A convex body K is said to be isotropic iff vq(K) =1, it is centred, i.e.,

/ xdxr =0,
K

3L € [0, 00)V8 € RY: / (2,002 dw = L2|0]12
K
The last condition can be expressed equivalently as

and

aLe[o,oo)vZ'e[l,d]:/a;fdxzﬁ A Vi g e[l d): <i7éj:>/wia:jdx:()>.
K K

For convex bodies in C? one would have to check the above conditions for the 2d real components
R(x1),S(z1), ..., R(xq), S(zq). We provide below an equivalent characterization using directly
the complex components.



Lemma 3.2. A centred convex body K C C* with unit volume is isotropic iff both of the following
conditions are satisfied:

3L e RV € [1,d]: /|a:i|2d:n:L2 @)
K

and

Vi,je[l,d],i;ﬁj:/x?dx:/xixjda::/xixjdxzo. (3)
K K K

Proof. Let i,j € [1,d] with i # j, then using R(z) = £ and I(z) = 25 we can rewrite,

2i

2 12
/?sz dm—/ ~(a? +2xlml+x)d:c—/ de—i— 24 dz, (4)
K 2 K 2

and similarly,

/ R(z))R(z;) dz = / R@ai) g 4 / ") g, (5)
K K 2 K 2
2 12
/%(xi)2dx:/ ! — (27 — 22T + 27 )da:——/ de—k/ ﬂdx, (6)
K K —4 K 2 K 2
/%(mi)%(xj)da::—/ de—i—/ R@iTj) g, (7)
K K 2 K 2
and without the restriction ¢ # j,
(s (s
/ R(xi)S(z; da:—/ \y(%x])dx—/ \s(xlxj)dx. (8)
K 2 K 2

=: Let K be isotropic, then we know from (4) and (6), for some L € R,

2 12 2 12
/ LE(:EZ) dz + il de = L* = —/ L(%) dx + il dx;
K 2 K 2 K 2 K 2
/ R(z?)dz =
K

/ |zi|* do = 2L
K

In like manner we obtain from (5) and (7) that

/ R@iz;) dz +/ R(wiz;) dr =0= —/ R@iz;) dw +/ Rziz)) dz,
k2 k2 k2 k2

/K R(zizj)de =0= /K R(ziz5) do

Swap i and j in Equation (8), then 3(z;7;) = S(2:Z;) = —(247;), and therefore
/ S(ziz;) dx—/ S(zizj) dx:O:/ S(ziz;) dx+/ S@iT) g,
K 2 Kk 2 k2 Kk 2

10

substract the two equations to get

and add them to get

hence




and again from both subtracting and adding there follow

/ S(zjzj)de =0= / S(zi75) da.
K K
Putting all things together yields the claim.
<: Separate the real and imaginary parts in Condition (3) (all are zero), and together with
(2) substitute them in Equations (4)—(8) to get the desired isotropy. O

Remark 3.3. In relatively recent years interest in the study of complex convex bodies has grown,
in the sense that the ambient space C¢ is considered over C, not over R; examples are the works
[32, 30, 1, 24, 31, 23, 14|. This also leads to a different notion of isotropy; more specifically, a
compact convex set K C C? is called (complex) isotropic iff it has unit volume, it is centred,
and it possesses a constant L € [0, 00) such that,

v € C?: / |2*0|? dz = L?||0||3;
K
contrast this to real isotropy where the last condition reads,
v € Cd: / R(2*0)2 dz = L2|0]12
K

These two notions are not equivalent, the class of complex isotropic bodies is strictly larger; see
[34, Theorem 2.1].
The authors stress that the present article considers real isotropy only.

Proposition 3.4. The volume-normalized ball, (wg”ﬁ”)*l/(ﬁm") IB%g”Xél, is isotropic.
p7 p?

Proof. Since (wg;‘jﬁn)_l/ (Bmn) IB%g:g differs from Bg:; only by a dilation, it suffices to consider

the latter. Being a norm unit ball, IBSZ‘X; is centred; thence it remains to check the second
p?

moments, and we will exploit the unitary invariance of Bg”xﬁ” throughout (inherited from the
p7

singular values). Let (i,7) € m x n, then let v € U,,.5 swap the first and i*" row and u € U,,.4
swap the first and j™ column, effecting

2 _ 2 _ 2
/ zijde = / riyde = / x1, dx,
Bmxn /U]BmXTL Bmxn

u
Sp.B Sp,B Sp.B
so the diagonal moments are equal to a common value.

Now let (2,7), (,7") € m x n with (¢,7) # (¢, 5'). If i # ¢, define v € Uy, to multiply the
'™ row by —1; therewith

/E;mxn i Ty 5 dx = /Bmxn $i,j(_xi’7j') dr = — /Ban Li,jTi 5! dz,
v

Sp.8 Sp.B Sp.8

which results in the integral being zero. If i = ¢/, then j # j' by assumption; and then multiply
the j/*" column by —1. Eventually all off-diagonal moments are zero, and in the case § = 1 this
finishes the proof.

In the case = 2 we apply Lemma 3.2; performing the same steps as before with the integral
fBg;x’; z; ;T 5 do we see, for (i,7) = (¢, j'),

/ |z4* da = / 1,1 )% da,

Sp,2

11



and for (4,7) # (7, 5'),

/ o Tig Ty dx = 0.
IBTVL

Sp,2

It remains to show fB?m x% 1dz = 0, but in order to do so let v € U,,.o0 multiply the first row
pr2 ’

by i, therewith
/ xil dz = / (i:v171)2 dz = —/ x%l dz,
BTXn VBT XN BTXn

Sp,2 Sp,2 Sp,2

which leads to the desired statement. O

For a convex body K C R? which is isotropic up to dilation, the isotropy constant Ly €
(0,00) is defined via

1
2 - 2
LK“dmmKﬂ+Wd/;W“bd$

1 flalde
dvd(K)z/d fK dz

Theorem B. The isotropy constant Lymxn remains bounded in m and n; to be precise,
Soo,B

1
2 _
LB?Q?@ ~ 9med/2 cs(m, ),

where we know )

e1/2(1+ Cn) < cp(m,n) <e (1+c2(%+f)>

n

for all m,n € N, with global constants C1,Cy € R.
In particular, consider m as depending on n, then if ¢ := lim, o 7+ € [0,1] exists, then

1 1N\ /2
lim LBW” = (1+c>1/(2c)<1+2> 7

n—oo Bg s 2med/2

with the same interpretations for the case ¢ =0 as in Theorem A.

Proof. Note that in our case (z,z) = ||s(z)||3 and 1Bg1><nﬁ = lgm | os, therefore
+1)-1
Sy @@y de [ dmn (IsIBTIL, /"7 g ls? - 537 ds
o B(n—m+1)—1
Py, @ g ta O TT 7D gls? — s217ds

but via the transformation s; — 53/ ? this quotient equals

m n—m+1)/2—1
Syl Ty 77 2L lsi — 5507 ds
m n—m-+1)/2—1
f[o,l]m [T Siﬁ( v [Tic;lsi — sj]7 ds

and after observing that the integrand of the enumerator is symmetric, we can apply a theorem
of Aomoto’s [4] and obtain the exact value
fBgnan (x,x)dz mn

= 3 .

12



Using this together with the asymptotic volume from Theorem A, we have

(1+r5(m,n))_2,

m

9 B m+n m + n\ (m+2/8-1)/2n) rm 4 n\ (n+2/8-1)/(2m)
L]BTVLXTL - ) ( ) ( n )

Seors 28327 (m—i—n—i—f—l

with rg(m,n) as in Theorem A. In order to find suitable bounds, we consider

m+n )+m+g—1log(m+n)

m+n +3—1 2n

n+2-1
A

2m

log(cg(m,n)) := log(

_|_

og(m + n) — 2log(1 + rg(m, n))
n
Recall the general estimates for the logarithm: for any z > 0 we have
1
1——<log(zx) <z—1.
x

On the one hand, together with %L log(L + 1) <log(1 + rg(m, n)) < -2 with suitable global
constants c1, co € R, this yields the lower bound

m+n+2-1 m—i-f—l n+ % —1 )
log(cg(m,n)) > 1 — b + (1— o >+ o (1— n ) 2

1 202

2 mn’

m-4+n 2n mn

On the other hand for an upper bound we get

2
m+n m+g—1,/m+4n
log(cg(m,n) < ——— — 1+ ( 1)
8(cs(m,n)) mtn+3-1 on
n+2-1 2 1
P (L)
2m n mn m o n
m+4+n 2—p 2- 2c1 1
e T T Bl
m—i—n—i—B—l 28m 203

obviously mﬁ:i%_ o < et < 2, and it remains to show that L +1 dominates -L-log(L + 1)

when at least n grows indefinitely. But we have

1 1,1
——log(--+ =) _ log(m +n)  log(mn)
%_1_% m-4+n m-+n

?

clearly the first summand is bounded, and via the inequality of arithmetic and geometric means
we know 0 < log(mn) < 2log(m + n) — 2log(2) and therefore also the second summand is
bounded.

The value of lim,, L]QBT"X" in the case lim,, % = ¢ is a direct consequence of the cor-
5008
responding values of lim,,_,o(6n)Y?(w g”x’é)l/(ﬁm”) given in Theorem A. O

Remark 3.5. Although Kénig, Meyer, Pajor [33| claim that their theorem includes the case p = co
(that is, the spectral norm), their method of proof actually does not cover that, because the
integral in question contains the exponential ezl which in the limit case equals just 1pd ) (x),

being an exponential no longer and rendering their integral transfrom moot.

13



Define a star body to be a compact set K C R% with zero in its interior which is star-shaped
w.r.t. zero, i.e., tK C K for all ¢t € [0, 1], and whose Minkowski-functional |-|x is continuous.
Any convex body with zero in its interior is a star body. For such a star body K define the
associated (normalized) cone measure k = Ky on its boundary 0K by

va({tz : t €[0,1],z € A})
va(K)

for any measurable A C 0K it is the unique measure on 0K which satisfies the following polar
integration formula (see [38, Proposition 1]): for any f: R? — R measurable and nonnegative,

k(A) =

(@) do = dvg(K) / F(r0) dr(8) " dr. ()
R4 R>q JOK

A useful identity for evaluating integrals w.r.t. the cone measure can be obtained by integrating
x f(ﬁ) over K, to wit,

1 z

£(6) dr(9) = / f(—) da. (10)
oK va(K) Jx " \zlx

The surface measure on K is defined to be the (d—1)-dimensional Hausdorff measure restricted

to OK. The two measures are related according to the following statement.

Lemma 3.6. Let v(x) be the outer unit normal vector in x € K, then for H? 1 -almost every

r € 0K,
dvg(K
dH¥ (z) = dvalK) dk(z).
(v(x), )
Proof. This is a rewriting of Naor and Romik [38, Lemma 1|. Adapting their notation, note
that H?! = area(0K)og; it remains to treat |V|-|x(z)|2. But in their proof they derive

(V]| (z),z) = 1, and therewith

V] ()l 1
IV (@)l]2 = = :
- Lk (@)
(VIk(2),2) (e o)
from which the claim follows because of v(z) = k@) O
VK @)[l2

Remark 3.7. Rewritten as vq(K) ds(z) = L(v(z), z) dH41(z), the formula has a nice elementary
interpretation: fix a point x € 0K, then this determines an “infinitesimal cone” with apex o and
an “infinitesimal base” tangent to 0K at x; the height of this cone equals ||(v(x),z)v(z)|2 =
(v(x), x) (the length of the orthogonal projection of  onto Ry(z)), the base measures dH4 ! (x),
and therefore the cone has volume % (v(z), z) dH%1(z). But by the very definition of the cone
measure this also equals vy(K) dk(x).

As a consequence of Lemma 3.6, if  — (v(z),z) is constant on JK, then the normalized

measures coincide. This is known to be the case for S;”ﬁ iff p € {1,2,00}, going back to [41,

p. 1314]. Let us fix the notation Kp'p = K, and I*ig;i(gl = Kgmxn-

Sp.8

Lemma 3.8. Let p € R, then the trace power map

' Pos;, 3 — R
> x — tr(aP)

is continuously differentiable and for any x € Posy, g,

Vry(z) = paP~t.
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Proof. Case p € Ny: Continuous differentiability is obvious, as is the gradient, for p € {0,1}.

So let p > 2, then the map f: Pos,, 3 — Pos,, 3, * — 2P, is continuously differentiable with

derivative df(z)(h) = Y.5_, 2 1haP~* for any x € Pos,, 3 and h € Sym,, 3. This implies,

because of 7, = trof,

dry(x)(h) = tr(df(z)(h)) = tr (Z xk_lhxp_k)

k=1

P
—Ztr F=lpgP=ky = Z tr(zP~1h)

k=1
e h) = (8.

(Note tr(ab) € R for any a,b € Sym,,, .)
Case p arbitrary: Write 2P = eP1°8(®) then this already suggests continuous differentiability,
and expanding the exponential we have

o P
Zk— r(log(x

k=0

Call fi(z) := tr(log(x)k), then we have to determine V f(z) and show that Zkzo %ka con-
verges locally uniformly on Pos,, g; this will yield V7, = "7, %}?V fr-

From the case of integer powers and the chain rule we know d fi(z)(h) = (klog(z)*~!, dlog(x)(h))
for any x € Pos,, g and h € Sym,, 5 In order to determine dlog(x)(h) consider the exponen-
tial map again, that is, e = 72 k,a: Call gi(x) := 2*, then each g is differentiable with
derivative dgy(z)(h) = S5, &t~ ha*~; therefore [dgr(z)(R)]ls, < kHl'HlquHhHSQ (any submul-
tiplicative norm would do) and for the operator norm we get ||dgg(z)| < k:H:cH’g;l Now given
any R € (0,00) we find

Z (1o (x <> o ket <> @Rk =ef <
k= o k=0 k=0

for all z € Sym,,, g with [[z||s, < R; thus D ;- Zdgy is locally uniformly convergent on Sym,,, 3
and hence dexp = > 77, %dgk. From that and from the identity z = €'°8(®) follows, for any
x € Posy, g and h € Sym,, g,

0 k
h = dexp(log(zx))(dlog(z Z kl:' Zlog =ldlog(z) (k) log(z)*".
k=0 =1

Fix a spectral decomposition z = u diag(A)u* with A € R7; and u € U,,.3 and define £ := u*hu
and 7 := u*dlog(x)(h)u, then the above equation is equivalent to

o) k

1 . —
E o E g(diag(\))! "1y log(diag(\)F ! = ¢.
k=0 =1

Let i € [1,n], then the (¢, 7)-component of the equation reads

Z Zlog l 771 i 108; =Nz Z X klOg =, lelog( i) = )\anl
k= 0 =1

15



which yields the solution

Therewith we can continue,
dfin(a)(h) = (klog(z)*~", dlog(x)(h))

= (klog(diag(\ Z klog(\)* 1 nis

=Zklog M)A i = (klog(diag(M)F ! diag(A) 7, &)

klog(z)F a1, h),

—~

and so V fix(z) = klog(z)* '2~1. Finally let R € (1,00), then we have, for all € Pos,, g such
that & < Ap(z) < M(2) < R,

vak(ﬂf)HS2 < k||log(z )HS IHx 1HS < k(m 1/210g(R))k_1(m1/2R),

and since
© _k
% k(m1/2 10g(R))k_1(m1/zR) - pm1/2Repm1/z log(R) _ pm1/2 R _ .
k=0

the series D ;< %]?V fr converges locally uniformly on Pos,, g as desired, so we obtain, for any
x € Posp, g,

V1, (x Z %klog Lyt = perloa(@) =1 — ppp—1, O
k=0

Theorem C. For H™ almost all x € SS B

1-p )
(v(z),z) = {”x“%pz if p < 00,

1 if p = oc;

in particular the cone measure Hglxﬁn coincides with the normalized Hausdorff-measure on SZL%
D’ P’

iff p € {1,2,00}. Thereby also,

5m3/2nngﬁ” if p=1,

Hﬁmn 1 S
( po) {anwg;fﬁ" if p € {2,00}.

Proof. Case p < oo: Define the map

K™ — R
7 z = tr((za*)P/?)’

then ngﬂ = g !1{1}, and via Lemma 3.8 g is differentiable at any x € K™*" such that zz* €
i’

Pos,, 3, which is almost everywhere, and then, for any h € K™*",

dg(z)(h) = <§(m*)z’/2—1, ha* + xh*>
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= (p(za™)P/* . h),
which means
Vy(z) = plzz* P> e

From this follow, for almost any = € Sgn’nﬂ, both
p?

(Vg(@),2) = p((aa”)P* La,x) = p((aa* PP 2, In)
= p((ea* "%, In) = ptr((wa®)"/?) = p,

and

IVg(2) 15, = p*((x2)P/* e, (2™ P2 ) = p*((wa® )P 2w, L)
— 2 p—1y _ 2 2p—2
= tr((aa" ) = )22,

which imply V(). 2) 1
g\x),x)

\Y B p=1

No@)ls, ~ alg,"

(v(x), z) =

I

2

as claimed.

Case p = 0co: Define D := {z € K"™*" : s9(x) < 1}, then D is an open subset of K"*" and
we can write Sg:on,ﬁ =Dn{zx e K™" : det(I,, — zz*) = 0} up to the null set {z € K™*" :
s1(x) = so(x) = 1}. Define the map

D—R
TV em det(I,, — xz*)’

then g is continuously differentiable, Sg"" 5= g~ 1{0}, and for any =, h € K™*" the derivative is

dg(z)(h) = tr(adj(Ig — za™)(—ha* — zh*))
= —2(adj(I,, — zx™)z, h),

where adj denotes the adjugate of a matrix, and hence,
Vg(z) = —2adj(l, — xz")z.

For any = € K"™*" with singular value decomposition = = v diag(s(z))u* we have

adj(L, — za*) = i(ﬁ(l - sj(x)2)>viv;,

i=1 Nj=1
J#i
where vy, ..., vy € K™ are the columns of v; in particular for all x € Sgn’nﬁ we get
m
adj(I, — zz™ )z = (H(l - sj(x)2)>v1 (x*v1)* = aviu],
j=2

with o := [[7,(1 —s;(2)?) and uy € K™ the first column of u. Thus Vg(x) # 0 for all z € Sgn:fﬁ
which have simple maximal singular value 1, and this means that S?’" has a continuous outer

unit normal vector field almost everywhere and up to sign it is given by #

m,n
s, 8T ESg g

17



Let z € Sg™" 5 with simple singular value 1, then

(Vy(z),2) = —2a(viu, z)
= —2a(vy, xuq)

= —2a(v,v1) = —2a,
and similarly,

IVg ()3, = 4a*(v1ui, viug)
= 402 (vivy, uiug)
=40°(1,1) = 4a?,

and this yields

(Vo(a).2)| _
IVg(a)lls,

This also implies that the cone and normalized Hausdorff-measures conincide.
In the case p = 1 we have

tr((zz*)P™1) = tr(L,) = m

which leads to (v(z), ) = m~'/2, which is constant; and in the case p = 2 we see
p=1  _ —
=", = lalls, = 1

for all x € Sg;’%, which is constant too. (Also notice that Sy';" and 9™ are isomorphic

Euclidean spaces.) For p ¢ {1,2,00} it suffices to show that HH?; _22 attains at least two
.

different values on STSH’% at points with full rank, since then by continuity it cannot be constant
p7

outside of a null set. But this is achieved with, say, m~'/? diag(1,...,1) (m ones) and (m —
%)_1/1’ diag(1,...,1,271/7) (m — 1 ones).
The volume of Sg“}g follows from Lemma 3.6 and the concrete values of (v(x),x). O
p?

The ball IB%gLX% can be described without direct reference to singular values, as the following
proposition states.

Proposition 3.9. The following identity holds true,
B s = {x e K™" : za” < I}

Proof. Call B := {z € K™ : zz* < I,,}. Let x € K™*" then z € B iff for all £ € K™,
Erxrré < €%, equivalently ||z*¢||2 < ||€]|3, this itself means si(z*) = si(x) < 1, which is

. X
equivalent to = € IBB’;OO”. O

The “boundary” Sg”’” = {z € K™ : zz* = I,,} is easy to identify: a close glance at
the definition of the Stiefel manifold (see beginning of Section 2.2) reveals ng,n ={z* 1z €
Upmip} = {27 : 2 € Upm:g}- Also note the chain of inclusions ng,n C Sgnoﬁﬁ C Bgn;n
(concerning the first inclusion observe s(z) = (1)<, for any x € ng)

Proposition 3.10. Let r € K"™*™ be regular, then the following hold true.

1. {z e K™*" : px* < rr*} = TB?;’%, and Uﬁmn(rlﬁ%g”;%) = |det(r)|5”wgz:z,.

18



2. 8(7’153?0:’%) = rSgZ,%, and

B(n—1) 94Bm—1 m
/Hﬁmn—l(,r_Sm,n ): |det(T)| Bmil/H (TSQ»B)
H (Sg?/j)

5 HOm ST ).

30075

mxn . % o) m,n
3. {rekK paxt =1t} =18y, and

HA(rsg ") = 27D et () T TT (5507 + i) Qs
1<j<i<m
where d = 757”(2”2_7"“) —m.

Proof. Before proving the volumes, we argue the claimed set identities, and we fix the map
[ K™ 5 K™*" g — rx.  f is linear and bijective, hence a homeomorphism, and this
immediately gives 8(7“18%?;%) = r@IB%gZ% = rSg‘o:Z_}. Concerning rIB%gZ,% note that zz* < rr*
iff EFxa*e < Err*€ for all € € K™; now substitute n := r*¢, which is bijective, and then
n*r~tzx*(r*)~in < n*n for all n € K™, which means (r~1z)(r~lz)* < I, and so, by Proposi-
tion 3.9, rlx € Bg”;%, hence the claim. Concerning rS;}n’n, note xx* = rr* iff rlza*(r*)7! =
I, and the claim follows.

We now turn to the volumes. The general tool is to calculate the determinant of f restricted
to the tangent spaces of the respective manifolds; to that end we are going to choose orthonormal
bases as fits our need.

1. Fix a singular value decomposition r = vdiag(s(r))u*. Here f is acting on the whole

space K™*™ which is its own tangent space, and we choose as basis elements the matrices ueie}—,

additionally iueie}— in the complex case, then

f(ueiejT) = rueiejT = si(r)veie]T, f(iueiejT) = irueieJT = si(r)iveiejT

for all i € [1,m],j € [1,n]; and because also the veie;r—and iveie}——together constitute an

orthonormal basis of K™*", we get

det(f) = (ﬁ 11 sz-(r))ﬁ - (fj si<r>)ﬁ" = [det(r)]",

i=1j=1

concluding this part.

2. From the proof of Theorem C we know v(z) = viuf = vejefu* for x € S, with
singular value decomposition x = v diag(s(z))u* such that sj(x) = 1 is isolated. Therefore an
orthonormal base of the tangent space at z is given by v;uj for all (4, j) € [1,m] x [1,n] except
(4,7) = (1,1)— in the complex case additionally iv;u} for all (i, j) € [1,m] x [1,n]. Because u, v
depend on x it makes no sense to fix a decomposition of r beforehand. Instead, given x, define
t:=v*rv € K™*™; then rv; = Y, tgvx for any ¢ € [1,m]. Let j € [1,n] and ¢ € [1,m], then

m m m
flou}) = rvjuj = Ztk,ivku; = Z R(tei)viu; + Z S(t,i)ivkus,
k=1 k=1 k=1
and specially for the complex case,

m m
flivu}) = rou; = — Z S(tr,i)veu; + Z R(t,i)iveu;.
k=1 k=1
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This means that for any j € [1,n], the subspace spanned by viuj with @ € [1, m]— additionally

iv,-uj- in the complex case—is f-invariant and with respect to that orthonormal basis the matrix
of f is given by t— by (28; _%QZS)) in the complex case. Also note that for distinct j those
subspaces are mutually orthogonal. Thus for any j € [2,n] the associated subspace makes the
contribution |det(t)|? = |det(r)|? to the functional determinant, yielding a total of |det(r)[#(»~1.
For j = 1 though we lack f(viu}), therefore the matrix of f is the (8m x (fm — 1))-matrix
t ( 1572_1 ), that is t sans the first column; here we mean t := ¢ in the real case and t := (gg? SSES) )
in the complex case. The contribution to the functional determinant in this case is the Gramian

0 1/2 0 1/2
G(x) := det <(0, Lgm-1)t"t < Iﬁm1>> = det <(0’Iﬁm1>"TrT” <I,3m1>> ’

where we have used that ab corresponds to ab, that a* corresponds to a', and that v € U
corresponds to v € Ug,,1. Summing up, the functional determinant of f at x is given by

D(z) := |det(r) """ VG (x);

note that it depends on z only through v, not w nor s(z). This allows us to compute the volume
of TS?’n 5 as follows, where we use Theorem C to transform from Hausdorff- to cone measure,

HOm L (ST ) = / D(x) dH*™ ()

m,n

Seo:B
__ qyBmn—1/gmmn mxn
=Sy [ D) (o)
S50
rH,anfl Sm’n
= min ﬁ)/ D(ix )da:
Ws 5 ) HxHS

H'an 1
= — Cm'/ / / ]Bmxn (vdiag(o)u™)
(A}S ﬁ m ”7«5 mB

vdiag(o)u
D h(o)dvdud
<Hvdiag(o)u*\gm> (o) dvdudo

9Bm(m—1)/4

— Hﬁmnfl(gm n )

5 |det(r)|P(n—1) / G(v diag(ey)) dv;
OO? Um

Qm;ﬁ

9Bm/2+pm(m—1)/4+Bn(n—1)/4

28mn/2mI10) ﬁQn m:8 and

we note a few points: in the fourth line we have abbreviated C :=

ho) = 1%, O']B(n m+1)- H1<J<l<mla - 0'2|B and as we need the singular values to be in

decreasing order for G we have integrated over W™, cf. Remark 2.5; for the last line we have
invested the structure of D and the knowledge that G only depends on v, therefore we have
inserted some constant values for o and u, namely e; and I,,, resp. In order to identify the last
integral we rely on the following transformation formula, which can be derived from the coarea
formula in considering the map U,,.3 — S 5 given by v — vey:

/U dv_/ /m y ( (1 3)) dw dHP™=1(9), (11)

where 0 € Uy is such that feq = 0. In our situation we need to consider, in the real case,

o) ()=o)
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and similarly in the complex case,

1 0 0 0
Rw) 0 —(w)
s 0 Rw) 0 —F(w) ( 0 > B A( 0 )
0 =0 0 1 0
0 0 1 0 Iopm—1 I . 7
0 S(w) 0 Rw) (w) 0 R(w)

now we recall that a Gramian is orthogonally invariant, hence

1/2
/ G(vdiag(ey))dv = / / det ( (0, Iﬁmﬂ)eTrTrO <] 0 )) dw deﬂmfl(H)
'm 1;8 Bm_l

1/2
iy sT.T.a( O Bm—1
~ 9B(m—1)(m—2)/4 /SE”B det <(07]Bm1)0 rré (Iﬁm—1>> dH ().

The conclusion of this part is reached through the identities

1/2
/ det (o, Igm-1)0"r 10 < IBO >> AHImY(0) = HI L (rSE)
S35 m-1

and
Qs = P D205 17 (),

the first of which can be proved by considering the map S5* 3 — K™ given by 8 — 76, leading to
calculations which essentially are the same as those above for Sm i 8 without writing the u; and
only considering j = 1; the latter can be proved either from the volume formula (1) or from the
transformation formula (11).

3. Fix a singular value decomposition 7 = vdiag(s(r))u*. We already know Sz"" = {w*
w € Uy s} and hence ngw = {(wr*)* : w € Upmp}, and for any w € Uy, .5 the tangent
space is spanned by the matrices Fj; ; — additionally F; ; in the complex case— given by

Fj ;= iwueje;ru* for j € [1,m],
w
Ei ;= —=u(eie] —ejel Ju* for 1 <j <i<m,
) \/5 ¥l 7
iw . .
Fij = ﬁu(eie;r + eje;r)u* for1 <j<i<m,
Ei; = weie}—u* fori e [m+1,n|,j € [1,m],
Fyj = ibeieju’ for i € [m+ 1,m],j € [L,m)]

where w € U, g is an extension of w with suitable n —m columns. Their respective images are,
in the same order,

f(Fj5) = s;(r )|wue]ejT
E;

F(Eij) = } u(sj(r)eie] — si(r)ejel ",
f(Fij) = \f u(s;(r)eie] + si(r)eje] Jo*,
f(Eij;) =s; (r)wele v*
f(Fij) =sj (r)lwe,e v*
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Clearly the elements of each line are orthogonal to the other lines, and the elements of the first,
fourth and fifth lines also are orthogonal among themselves and their norms are the indicated
singular values. Orthogonality is even true for the second and third lines, although less obvious:
let 1<j<i<mandl<j <i <m,then

si(r)sir(r) + s;(r)s;(r) si(r)sj(r) + si(r)s;(r)
(f(Bij), f(Bijr)) = —— 2 — — 2 —
but for our choice of indices always ¢; j/0; ; = 0, and so orthgonality follows. The analogous
calculation goes through for f(Fj ;). Therefore the functional determinant equals

<ﬁ<>)ﬁ( 11 “f‘”z*g(’”z)m)ﬂ(lgj§g<i§nsj<r>)ﬂ

1<j<i<m

0i,ir 05,4 — 04,0t 5

= 27 Pmtm=D/A det (r) Pt DL T (s5(r)? + s4(r)) P72,
1<j<i<m

Since this is indpendent of w, this implies directly

H(Unmygr™) = 27700V det(r) 70700 T (55(0)% + 50(r)72 - Qi

1<j<i<m

and because adjoining is an isometry the result for ng,n follows. O

Remark 8.11. The factor ’Hﬁm_l(rSg“B) in Proposition 3.10, part 2, is the surface area of an
ellipsoid, as such it cannot be expressed in terms of elementary functions of s(r) (the semiaxes
of the ellipsoid).

4 Probabilistic results and weak limit theorems for p = oo

For all subsequent probabilistic results we suppose a sufficiently rich probability space (9, A, P)
on which all random variables that appear in the present paper are defined. The expected
value of a random variable X w.r.t. P is denoted E[X] and is to be understood component-

wise for vector-valued X. X ~ p means the law, or distribution, of X is u, and 4 denotes
equality in law. For A C R? with v4(A) € Rxg the uniform distribution on A (w.r.t. Lebesgue
measure) is U(A), and U(Uy, n.3) means the normalized invariant measure on Uy, p,.5 (see also

Section 2.2). Convergence in law, in probability, and almost surely are denoted by i>, K, and
2%, respectively.

The following can be considered a variant of the Schechtman—Zinn representation of the
uniform distribution on the £,-balls. It uses the matriz-variate type-1 beta-distribution, writ-

ten B}nﬁ(a,b) and defined as follows (see [18, Definition 5.2.1]): suppose a,b > 6(";_1), then

B,llm s(a,b) is the probability distribution on Sym,, 5 with density

Fmﬁ (CL + b)
L 5(a) i 5(0)

where of course (0, [,) := {z € Sym,, 5 : 0 <z < I }.

T det(at)“*l*ﬂ(”%l)/2 det(Z,, — :L‘)bil*ﬁ(m*l)/2 L(0,1,0) (),

Proposition 4.1. A random variable X € K™*" is distributed uniformly on IB%Z?X% iff there exist

independent random variables R € K™*™ and U € K™™™ such that R ~ B}n,ﬁ(%’ w +1),
U~UUpmp), and

X £ RV2U*,
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Remark 4.2. Note that from X = RY/2U* follow R < X X* and U < X*(XX*)~1/2.

Ban

Proof. The statement is a simple consequence of Proposition 2.4, part 1. We have X ~ U( 5)
iff, for any f: K™*"™ — R nonnegative and measurable,

E[(X)] = m%n | o @)f(@)do

- W”/ / Lgpocn (/2 0?) f (/2 ) dudet(r) =D
(.US 6 Pospm. g Y Un,m;p

= Tmxn / / 1/2 u*) du 1(0,1m](7a) det(r)ﬁ(n—m—i—l)/Z—l dr
wS B Posy.g Y Up m; 5

=E[f(R?U")),

where R and U have the claimed joint distribution. (This is obvious for U; concerning R one
may compare our result with the known density.) In the last integral, 2y e B’;X% iff r < Iy,
and note that (0, I,] \ (0, ;) is negligible. O

Another representation, related to the first one, can be obtained in the special case n = dm for
some d € N. Here we may identify K™>*dm = (Km*m)d constisting of d-dimensional row vectors
whose entries are from K™*™. Then, for z = (z1,...,24),y = (Y1,...,yq) € K™X¥" gy* =
S aiyf, and hence also (z,y) = Zle (x;,y;). It uses the matriz-variate type-I Dirichlet-

w, defined to be the probability

distribution on Symﬁ% 5 with density (see [18, Definition 6.2.1])

distribution D}mB(al, ey Qdy Age1), With a1, ... aq41 >

d+1 d
(l’l, ER) fEd) = M Hdet(xi)ai—l—ﬁ(m—l)/Q

ad+1—1—6(m—1)/2

> 1Aglﬁ($1,...,$d),
d

where Agz,ﬁ = {(21,...,7q) € Symfnﬂ P a2 > OANY T < Iy}
Remark 4.3. With this componentwise interpretation the spectral norm unit ball can be written
Bmoj’%m = {(2i)i<a € (K™*™) Z?zl z;x} < I, }, which looks like a natural generalization of
the usual /,-ball Bgﬂ = {(2i)i<a € K : Zle\xi|2 < 1}, replacing the scalar components with
matrix-valued ones. In truth this was the starting point of the present investigations.
Proposition 4.4. A random vector X € K™% s distributed uniformly on IB%dem iff there
exist independent random variables R = (Ry, ..., Rq) € K™ and Uy, ..., Uy € Kme such

that R ~ D} (ﬁm [d], B(m Ly 1) (i.e., the parameter %5 occurs d times), U; ~ U(U,y,,3) for each
ie{l,. d} and

d  1/2 1/2
XL (R?vy,..., R Uy).
Proof. Again we apply Proposition 2.4, part 1, this time separately to each of the d components

of Kmxdm — Kmxm » ... x K™*™  We have X ~ U(B?X%m) iff, for any f: K™>dm — R
measurable and nonnegative,

B0 = g [ Tapean(@)f(@)do

(A.)S B Seo,B
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1/ 1/2
m><dm mxdm 7’1 ul, .. Td 'U,d)
wS B Posp,g /Ups Posp,g /Ups SoosB

-f(r}/zu* r(li/zu Hdet 6/2 1H du; dry)

=1
= 2 " 1/2u r *u Hdu Hdet 5/2 Lar
1/2 1/2
= E[f(Rl/ Ul, . ,Rd/ Ua),
where the desired conclusion is reached by noticing a few points: firstly, (ri/Q Uly .o 77’;/2 ug) €

Bmx%m iff Z?Zl ri < Ipn; secondly, we have transformed u; — w}, which has no import since we
areoolntegrating with respect to the (scaled) Haar measure; thirdly and lastly, the distribution of
the U; is obvious again, and that of (Ry,..., Rg) can be read off by comparing with the known
density. O

Next we present a Poincaré—Maxwell-Borel-type result. It is useful to keep the following
relationships in mind. The standard Gaussian distribution on R is denoted by N7, defined by
its Lebesgue-density z — (2r)~/ 2¢=2%/2 The standard Gaussian distribution on C is denoted
by N3 and defined to be the law of 27Y2(x + iy), where (z,y) ~ N1 ® N;. Note E[|X|?] =
for X ~ Njs. The content of the following proposition is standard from random matrix theory,
especially as used in statistics; textbook references are |18, 35].

Proposition 4.5. 1. Let X ~ N?(mxn), then XX* ~ Fmﬂ(ﬁ" 21n), where the matriz-

2 3im
B(m—1)
2

variate gamma-distribution I'y, g(o,b) with o > and b € Posy, g is defined on

Pos,, g by its density
det(x)a—l—,@(m—l)/2 —tr(b_lx)‘

T — €

det(2)" T, (@)

2. B}nﬁ(al,ag) = D}nﬁ(al;ag).

3 Letd € N, ay,...,qq41 > ’B(W{l) b € Posp, g, and (X;)i<ar1 ~ ®‘.1+1 Iy, 8(c, b).
Define Y; = (Zd+1X) 2x (ZdHX) 1/2 fori € [1,d] and Y41 = Zd+1 X, then
(Yi)i<a and Yg41 are independent, and (Y;)i<q ~ D (al,...,ozd,ad+1) and Ygiq1 ~

L, (X 04, b).

4. Consequently, given ni,...,ngy1 € N>p,, then (X ‘)z‘<d ~ DI (Bm ...,B;d,M) iff

there exists (Gi)i<d+1 ~ ® N® (M) cuch that X; < (ZdH G G*) 1/2G G} (Zdﬂ Gj G*) 1/2
for each i € [1,d].

Theorem D. Consider m fized, let k € N, and let (Xy,)n>m be a sequence of random variables
such that either
o X, ~ U(Ban) for each n > m, or
o X, ~ U(SSOO,,B) for each n > m, or
o X, ~ L[(Sgl’n) for each n > m.
(k)

Denote the projection of X, onto the first k columns by X5 ’. Then in any case

d m
(nl/ZXr(Lk))anax{m,k} — ./\/?( Xk)‘
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Proof. We begin with the case X, ~ U(S5""), then X5 ~ U(Up,m;p). Let (gn)n>1 be an iid.-
sequence of ./\/'g)m—distributed vectors and set G, := (g1, ...,9n) for n > 1, then G, ~ Ng)(mxn),
and by Proposition 5.5 we have X 4 G*(GnG%)~Y2 1t follows that

x® L(G,G*) 26y
By the strong law of large numbers,
1

n
* a.s. *]
” Zgigi PR Elgig1] = I, (12)

=1

Lo =
n

and therefore,
~1/2

nl/QX,(f)i<lGnG;> G =5 Gy,
n n—o0o

which proves the claim.
We proceed with the case X, ~ U(B?X%), then by Proposition 4.1

X, < R/PU;

with independent random variables R,, ~ Bfnﬁ(%”, M +1) and U, ~ U(Uy, 1n.3). The first
case implies
* d
(nl/zUn(k))anax{m,k} — G

Using the probabilistic representation of B}n 5(57", b (mQ_l) +1) from Proposition 4.5 we can write

R, L (G,G* + H) 2G,G (G GY + H) V2,

where H ~ Fm,g(ﬁ(n;l) +1, %Im) is independent from (g;)jen. Since (R H),>1 =23 0, together

with Equation (12) we infer

(Rn)an i Ima

and therewith we conclude

n1/2X7(1k) gR}I/Q nl/QU;(k) d Gy,

n—oo
as desired.
Lastly we consider the case X, ~ U(S5"5) = rg""s. Let Yy, ~ U(Bg "), then by Proposi-

tion 5.4,
d Yn

n =
1Yalls.,
and by the same proposition and by Remark 5.2, part 1, the distribution of ||Y,||s_ has density
r = BmnrP™ 110 5 (r). The latter fact implies 1Yol 2™ ~ U([0,1]) and therefore

(1¥alls.nzm == 1.

(First use ||Yy||s 4 gt/Bmn) with U ~ U([0,1]) to get convergence in distribution; because
the limit is constant, promote to convergence in probability; use Borel-Cantelli to obtain almost
sure convergence.) This finally leads to

k
1/2 v (k) 4 ”I/QYR( ) d

Gku

" Walls, e

and the proof is complete. O
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Remark 4.6. Essentially the same result, but using a very different method, for the case of
u (ng) has been obtained recently by Petrov and Vershik [56, Theorem 3.1].

The next proposition has a nice geometric interpretation: pick two points independently
from either IB’;;”, Sg;” g+ OF S5"" then they will be nearly orthogonal, when the dimension is
high. This will be formulated as a distributional limit theorem.

Theorem E. Let (X;,)n>m and (Yn)n>m be sequences of random variables such that individually
their distributions satisfy the same conditions as in Theorem D, and additionally let {X,, Yy}
be independent for each n > m. Then

(W2 XY nmm 5 N,

and

(B )2 ( X, Yo nzm S M

Proof. We use the same notation as in the proof of Theorem D. Note that the second convergence
is an almost immediate consequence of the first one: apply the real part of the trace to get

(Bn)l/Q 51/2 12 . d /81/2 61/2 m
m1/2 <Xn7Yn> = ml/zﬁtr(n / XnYn) m m1/2%tr(Gm) = m -t §R(gl,l) ~ Nla

since the R(g;;) are i.i.d. Gaussian with zero mean and variance %

Concerning the first statement, it suffices to consider the case X,,,Y,, ~ U (ng,n); then use
the same arguments as in the proof of Theorem D to get rid of any ‘radial’ components of the
random variables. Write

X, £ (GGG, and Y, £ (GL(GL))TV2A,
where G, = (g1, ..., 9,,) is an independent copy of G, to obtain
!X Y S0t (GaGr) TG () (G (L)) T
1 ~1/2/ 1 1
= (566) (@) (Sen@n))
n Vn n
Because of Equation (12) the square root terms are accounted for and they do not contribute
to the limit. The middle term can be written out,

Gn(Gr)" = gi(g))",
j=1

—-1/2

and this is a sum of i.i.d. random variables; the summands are centred because of
E[g197"] = E[g1] E[gj]" = 00 =0,

their covariance matrix equals

Covlvec(g1(g91)")] = E[vec(g1(g1)") vec(g1(g1)")*] = Covlgi] ® Covlgi] = Im ® I;m = L2,
and in the complex case their pseudo-covariance matrix (also called relation matrix) equals
Rel[vec(g1(g1)")] = E[vec(g1(g1)") vee(g1(g1)") '] = Rel[gi] ® Rel[g1] = 0® 0 = 0.
Therefore by the multivariate central limit theorem
\}ﬁGn(G;)* H%) Gim.
This finally yields
n2X, v —4 s G 0

n—oo
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5 Theory of K-symmetric measures

Referring back to Remark 4.2, we see that if X ~ Z/I(Bmxn) then X*(XX*)™Y2 ~ U(Uppmip)-

But it is also well known that if X ~ /\/’1®(mxn), then XT(XXT)"2 ~ U(Uy, 1) too (see [9,
Theorem 2.2. and top of p. 270], e.g.). This can be generalized. But first we need to introduce
a notion of symmetry of a measure.

Definition 5.1. Let d € N and let K C R¢ be a star body. A Borel-measure p on R? is
called K-symmetric iff there exists a Borel-measure p on R>g such that for any measurable,
nonnegative map f: R? — R,

/f ) du(a / £(r6) drge (6) d(r),
]R>0 0K

where recall that s, denotes the normalized cone measure on 0K.

Remark 5.2. 1. By the polar integration formula (9) the uniform distribution on K is K-sym-
metric with %(r) = dr1 11 1)(r); and Ky itself is K-symmetric with p = ;.

2. Given a K-symmetric measure u, the ‘radial measure’ p as introduced above is unique.
(This can be proved by inserting f = 14 with A = {rf : r € A;,0 € 0K} for some Borel-set
A C RZO')

That Definition 5.1 captures the symmetry of K in a natural way is argued by the following
statement which tells us that the density of a K-symmetric measure is constant on the dilates

of OK.

Proposition 5.3. Let d, K be as in Definition 5.1, and let p be absolutely continuous w.r.t.
vqg. Then p is K-symmetric iff its vq-density is of the form f o ||k with some measurable,

nonnegative f: R>g — R; and then dfj(r) = dvg(K)f(r)rit,

Proof. =: Call F' := ;T}Z' Let h: R® — R be measurable and nonnegative. Then, with a suitable
measure p,

/ / h(r@)dnK(H)dp(r):/ h(a:)du(x):/ h(z)F(z)dx (13)
R>o JOK Rd R4

=av r r K ré1ldr.

~ () | ) | heo)F0) anc(o)ri-ta

Choose h = hy o |-|x with some measurable, nonnegative h;: R>¢g — R, then h(rf) = hy(r) for
any r > 0 and f € 0K, and therewith

/R>0 hi(r)dp(r) = dvq(K) /]R>0 hi(r) /BK F(r0) drg(9) r?t dr. (14)

Define f(r) := [, F(r6) dkg () for r > 0, then Equation 14 tells us d—( r) = dvg(K)f(r)rit,
and going back to Equation 13, again with h arbitrary, we have

[ m@F@ = [ ) || o) 6y dvati) et

— dvy(K) /R /8 () £(r611) e (6) 17
- / h(a) (Jz]x) da,
Rd
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and from this we obtain F' = f o |-|x, as claimed.
«: Let h: R — R be measurable and nonnegative. Then,

| m@an@) = [ h@)s(alx) da

Rd
— dvy(K) /R /8 B (78110 dg(0)dr

_ / / h(r9) dr g (0) d va(K) f(r)rd=t dr,
Rso JOK

hence the claim follows with %(r) = duvg(K)f(r)rdt, O

Proposition 5.4. Let d, K, u, p be as in Definition 5.1, with u a probabiliy measure, and let
X be a R¥*-valued random variable. Then X ~ u iff there exist independent random variables R

and © such that R ~ p, © ~ K, and X 4 RO. In that case ]X\K 4R
If in addition uf{o} =0, then |X| = G) and | X |k and ‘X| are stochastically independent.

Proof. The representation X 4 RO together with the properties of R and © are a mere rewriting
of Definition 5.1. Because of © ~ k- we have © € 0K almost surely, hence |O|x = 1 almost

surely, also R > 0 almost surely, and thus | X|x 4 |[RO|xk = R|O|k =R
Note P[X = o] = pf{o} and X = 0 <= |X|g = 0, hence if u{o} = 0, then 22—

X 18
almost surely defined. In the latter case, let f: R>o — R and g: 0K — R be measurable and
nonnegative, then,

X ré
E|f(|X — )| = ré —— ) dK g (0) dp(r
01095 /R aKf(l 0 (=) drac6) do(r
= [ [ 10)9(60) duc(®)apt0)
Rso JOK
= [ 1) / 9(0) dr(6)
R0 oK
From that follow the distribution of X | and the independence of | X|x and X ‘K. O

Thus equipped we turn to probability distributions on K",

Proposition 5.5. Let K C K™*" be a star body and let X be an K"™*"-valued random variable
whose distribution is K-symmetric with radial distribution p.

1. XX* is almost surely invertible, iff X # 0 almost surely, iff p{0} = 0.

2. If p{0} = 0 and additionally K is right-unitarily invariant (that is Ku = K for all u €
Up.p), then XX* and X*(XX*)~Y2 are stochastically independent, and X*(XX*)~1/2 ~
UUp m:p)-

3. If K s right-unitarily invariant and the distribution of X has vgmy-density h o ||k, then
the distribution of X X™* has density proportional to r h(|r1/2|‘K‘)det(r)ﬁ("_m“)/g_l,
where | K| == {(zz*)"/? : z € K} C Sym,,, 3-

Proof. 1. Write X & RO with R ~ pand © ~ K independent, according to Proposition 5.4;
then X = 0iff | X|x < R = 0, hence P[X = 0] = P[R = 0] = p{0}.
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Next note that X X* is invertible iff X has full rank, iff s,,(X) > 0; using the representation
of X his yields

Plsm (X) > 0] = P[s;(RO) > 0] = P[Rsy,(©) > 0]
=P[R > 0A $,(0) > 0] =P[R > 0] P[s,,(0) > 0].
Trivially P[R > 0] = 1—p{0}; take U ~ U([0, 1]) independent of ©, then U Fm")@ ~ 1/ (K) (this

follows from Remark 5.2, part 1) and P[UY(#™") > 0] = 1, and by doing the same calculation
as before,

Vgmn({x € K sp(x) > 0})
Vgmn (K)

This establishes P[s,,(X) > 0] = 1 — p{0}, thus X X* is almost surely invertible iff p{0} = 0.
2. Let f:Uy,m;3 — R and g:Pos,, g — R be measurable and nonnegative, then

1=

= P[5, (UY P 0) > 0] = P[s,,(0) > 0].

E[f(X*(XX*)"?)g(XX")] = /R - F(ro"(r266%) /%) g(r266%) dr e (6) dp(r)

— [ o)) / 9(r266%) dp(r) iy (9)

0K R>o
1 / N —1/2 TQQZ'I‘*
= [ [ (@) [ g S )dp(r) de
'Uﬁmn K Rzo < |$|%< >
_ / / t1/2 *)f(utl/Q(tl/QU*utl/Q)—l/Q)
Uﬁmn Posmﬁ nmﬁ

241/2, %, 41/2
t t
: / g(%)dp(r) du det(¢)P—m+D/2=1 g
RZO ‘t U |K

We have t'/2u* € K iff t'/? € |K|; indeed, concerning “=" let t'/2u* € K, then (t"/2u*ut'/?)'/? =
t1/2 € |K|. Concerning “<” let t'/2 € | K|, then there is some z € K such that t'/2 = (z2*)'/?;
let © = |a:|v be its polar decomposition, then t'/2 = |z|; and as K is right-unitarily invariant we
get z00* € K, and z00* = |z[v*04* = |z|u* = t*/?u*. This also implies 1 (t'/2u*) = 1|K|(t1/2).
Hence we may continue,

B OO (XX gex ) = o [ [ e
mn 08,8 Y Un,m;3

2t
: g( —=—)dp(r) dudet(t)P—m+/2=1 q¢
/Rzo (!tW!%)
2—m /
= — f(u)du
Uﬁmn(K) Un,m;ﬂ ( )
2
t
. (7)ot ) dolr) det(P 0,
/POSM k| (E77) R>09<‘t1/z‘§(> p(r) det(t)

This reveals the claimed independence of X*(XX*)~!/2 and XX*, and the distribution of
X*(XX*)_I/Q.

3. Let the distribution of X have vg;,,-density h o ||k according to Proposition 5.3 and let
g be as before, then,

Elg(XX")] = / g(zz*)h(|zlx) da

mxXn
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=2™™m / / 1/2u*ur1/2)h(\r1/2u*]}() du dtet(v“)ﬁ("_m'~'1)/2_1 dr
Pos,, 5

n ,m; B
o e [ g ) det(r? O
m,8
This last line yields the claimed density of the distribution of X X*. O

Remark 5.6. 1. Because Bmxﬂn is both left- and right-unitarily invariant, all of Proposi-
p?
tion 5.5 is applicable to it.

2. The classical case X —~ is recovered by noticing its density

®(mxn)
(%)Bm”ﬂe_ﬁtr(m*)/2 = (%)gmn/ze—ﬁllm\\%/ , that is, Ng@(an) is Bgzxg—symmetric. As an aside,
X X* is Wishart-distributed, which fact can also be inferred from part 3 given above.
3. Part 3 of Proposition 5.5 is always satisfied for X ~ L[(]B%mxn) (density (w2 )L 11947 0[[ls.).
S,,8 [0,1] »

Proposition 5.5 partly overlaps with [18, Theorem 8.2.5|, as follows from the next statement.
But in Proposition 5.5 X need not have a v g,,,,,-density in order to ensure almost sure invertibility
of XX* and to achieve X*(XX*)™2 ~ U(U,,;m5). (Of course, left or right unitary invariance
is not sufficient for invertibility of X X*: just take X := V diag(1,...,1,0)U* with U ~ U(Uy,3)
and V ~ U(U,,,3), for instance.)

In the sequel &,,, denotes the symmetric group of degree m € N.

Proposition 5.7. A K™*"-yalued random variable X has a two-sided unitarily invariant dis-

tribution, that is X 4 vXu for allw € Uy.g and v € Uy,.g, if and only if there exist independent
random variables S, U, and V such that S takes values in R™, U ~ U(U,.3), V ~ U(Uy,.3),

and X £ V diag(S)U*.
Moreover, if X has a two-sided unitarily invariant distribution, then S can be constructed

such that P[S € RZy| = 1, it has exchangeable coordinates and then (sx(i)(X))i<m LS with
T ~U(Gy,) independent of X, or such that P[S € W™ =1 (recall W™ = {(x;)i<m € R™ : 0 <

T < -+ < x1}) and then s(X) 4.

Proof. <: This is trivial because U(Ug,3) is a Haar measure and thus wW LW for W ~ UUgp)
and any w € Ugg.
=: Call 4t := PoX~!; then we have, for any f: K™*" — R measurable and nonneagtive and
any v € Up.g and v € Uy,
B0 =Bl 0Xu) = [ flosu)du(o)

Integrate on both sides over the unitary groups to obtain

Qrnyp8ns _
St e BUC0) = [ - / B [ 1) dua)dudo

:/Kmm /UW /Umﬂ F(ve) dudo du(z).

For any = € K"*" choose a singular value decomposition = = v, diag(s(z))u’ and get

/Um;ﬁ /Un;a f(vzu) dudv = /Um;ﬁ /U » f(vv, diag(s(x))uyu) dudv
= /Um;ﬁ /UW f(vdiag(s(x))u*) dudv,
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where we have used unitary invariance of the respective Haar measures and also its invariance
under adjoining. This leads to (abbreviating the normalization constant by c)

X)) = e /K N /U - /U  H{wdiag(s(a))o) dudv o)
= c/ m/Um;B /Un;ﬁ f(vdiag(o)u*) dudvd(po s~ 1) (o),

and this yields X = V diag(S)U* with independent S, U, and V such that U ~ U(U,.g),

V ~UUpp), and S~ post =P o s(X)1, s0 s(X) £ 5.
Now let P ~ U(&,,) be independent of all other random variables and set T := (Sp(;))i<m,

then T' € RY almost surely, 7" has exchangeable coordinates, and T' 4 (sp@iy(X))i<m, and we
also have

E[f(VTU")| m' Z /m/ / fvdiag((or ) )i<m)u*) dudvd(po s1) (o)

_Ci'WEG /"/U B/nﬁfvdlag (o)u*) dudvd(pos™) (o)

=c f(vdiag(o)u*) dudvd(puo s~ 1) (o)
Jow by .,

where from the first to second line we have used diag((oy(;))i<m) = 7r diag(o) diag(7s, Lniom)"

with 70 = (07(:),j)(i,j)enxn and unitary invariance, as in Remark 2.5. This proves X 4 yru,
O

Remark 5.8. Proposition 5.7 tells us that if the distribution of X is two-sided unitarily invariant,
then it is alredy completely determined by the distribution of the singular values of X, in the

sense that X = V diag(s(X))U* with independent U ~ U(U,,.3) and V ~ U(U,,.3).

Proposition 5.9. Any Bmxn—symmetmc measure on K™*™ is two-sided unitarily invariant.

Proof. Let p be a Bmxn—symmetric measure on K”*" with radial measure p, and let u € U,

and v € Up,s. Keeplng in mind that singular values, and hence also ||-||s and IB%E”X/J? , are two-

sided unitarily invariant, let f: K™*"” — R be measurable and nonnegative, then we have for
any r € RZO

1 TUTU
F(rvou) de'd 3 (0) = / 1 an(:U)f< )dx
Jog 10095500 = G T
1 / rT
= — 1mxn (v 2U* <7> dz
wgnfﬁ” Kmxn Bsp,ﬁ( )f ||v*:cu*H5p
1 / rT
=T Jemen PO\
- / ) AR 6).
05
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Now intgerate w.r.t. p in order to get

/K flwu)du(e /]R y / f(rotu) d 75 (6) dp(r)

/RN / f(rt) drg "5 (0) dp(r) = /K @) dp(),

and the claim follows. O

The next theorem is a major generalization of the probabilistic representation of singular
values of random matrices as used in [27] and [28].

Theorem F. Let X be a K™*"-valued random variable.
1. X has a Bg"x;—symmetric distribution with radial distribution p if and only if there exist
”

independent random variables R, U, V, and Y such that R ~ p, U ~ U(Uyp), V ~
UUp:p), and Y = (Yi)i<m is R™-valued with Lebesgue-density

Lgm, (y) _ p/2 +1)/2—1
g(yl’ . ,ym) = Zi 5TLH1/HP/2 H yﬁ(n m+1)/ H |y1 _ yj|,3 (15)
m,n,p,B 1<i<j<m

_ p/2
(here Zp, np.8 € Rxo is the appropriate normalization constant, and we interpret e Arlvllye . —

133’1(3/) for p=o0), and

. 1/2
x & gy 588 Dicn) 0
)2

p/2

2. Special cases of 1.:
(a) X ~ M(E’gpxg) iff R 4 W/ Bmn) aphere W~ U([0,1]) is independent of all other
random variables.
(b) X ~ /-imX” iff R =1 almost surely.
3. For the partzcular value p = 0o we have the following additional representations:
(a) X ~ M(Bmxn) if and only if X = leag(( /Q)igm)U*, where U, V, and Y have
the same meanings as in 1.
(b) X ~ /@?X% if and only if X 4 Vdiag((Yilﬂ)igm) U*, where U und V' have the same
meanings as in 1., and Y = (Y7,.. .,Ym)T is R™-valued with Y1 = 1 almost surely
and (Ya,...,Y,,) has Lebesgue-density proportional to

(y25"°7ym) Hg(lvaW"vym)-

Proof. For ease of notation we abbreviate normalization constants (whose value also may change
from one occurrence to the other) and set h(z) := 1gm (2) - [[i2, xf(nfmﬂ)fl . H1§i<j§m|x2 -

a:32|'8

1. =: From Proposition 5.4 we know X 4 RO where R and © are independent, R ~ p and
O ~ /ag”f? Since mgnxél is IB%?X[_? -symmetric (see Remark 5.2), from Propositions 5.7 and 5.9 we
know © < V diag(S)U* with independent variables S, U, and V such that S 4 (5p@)(©))i<m,
U~UU,pg), and V ~ U(Up,3), where P ~ U(S,,) is independent of all others. Thence it

suffices to establish S = HYH;;Q/ 2( il/ Q)Z-Sm where Y has the claimed distribution. We further
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define zr = (Tr())i<m for ¥ € K™ and m € &,,. So let f: R™ — R be measurable and
nonnegative, then

BI1(S)] = Elf(s(0)p)] = -1 3 /m )2) dRZ 7 (6);

TEC, B

express the integral over ng’% as one over IB%TSnX/B" and use the positive homogeneity of singular
p7 p7

C )n
= 2 /B% f(igﬁsp) o

now use Proposition 2.4, part 2, noting that the integrand already depends only on the singular

values of x,
Z /m M) h(o) do;

ol

values to get

as in Remark 2.5 we split R7; = Uw/eem T W™ (up to null sets), transform 7, W™ to W™
while bearing the symmetry of ||-||, and & in mind, and use s(diag(o,/)) = o for o € W™, so

/mf<“dﬁ?fﬁ:”“>h<a>da=,rzm/wm () 10
s(diag(oq))r
ol

) h(o)do

= m!/T Com 113;7?1(0')]”(”0”1;) h(o)do;

therefore
o

- 1Bgl(g)f(‘i

Log [
e /R g, (o) f(”;'p) h(o) do.
Introduce polar coordinates in R™ and use the homogeneity of h to arrive at
BS) = Ca [ 1OMO)(6),
il
which shows that the distribution of S has x}";-density proportional to h. It remains to prove

that HYH 1/2( 1/2),57” also has k" -density proportlonal to h; so let f be as before, then via

Y;
substitution z := (yzl / 2),~§m and polar integration, and noting that g and A contain the indicator
function Irm,

o (o) Lo (e o

2 [ f(m)g«x%)igmi]ixi du

Hgﬁ”p
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_ x e Brllzlz (2 d
/. f<||:c|p> s
C’l/ / B"”’”gngh(re)rm_l d/fgll(H) dr
R>0 m Hrer ’

— o / pomn=te=om” q [ F(o)n(6) dwm (9),
R0

m
Sp,l

where for the last step we have invested the homogeneity of h; and we have finished.

<«: Because of Proposition 5.4 it suffices to prove © : ||Y||p/12/2Vdiag(()@l/z)igm)U* ~

. : - . 2

mg‘xﬁ”, which makes sense since H@ng = |]Y||p/12/2\|d1ag((Yi / )iSm)”Sp = 1. From the proof of =

we already know that HYH;/lz/Q( i1/2)i<m has r}';-density proportional to h. Solet f: S§"y — R
= s D>

be measurable and nonnegative, then, by immediately converting back to R™ we get
= C/ / / f(vdiag(0)u®)h(0) dry’y (0) dudv
m ;B n ;B m

= () / / / v diag( ) };(qufm dx du dv.
m [l (B[l

Use |z[l, = |lvdiag(z)u*||s, and Proposition 2.4, part 2, in order to revert to K™*", so

s©)=Cs [ (el
B \lzlls
s
finally introduce polar coordinates on K™*" to achieve

:C3/ / 1 an(TH ” Hm Bmn 5mn ld mxn(e)dT
Rso S?p’j@ BSP,,B (H 9” ) Sp:B8

_ % mxn
=2 reae)

Sp.8

and this proves the claim.
2. We refer to Remark 5.2: a K-symmetric measure equals U(K) iff dg—(:) = dr™ 1 1.4y(r),
and it equals k- iff p = d1. Since we know R ~ p, the claim is immediate for /@VS”X; , and in the
p?

case of U(Bg”5") observe RP™™ ~ U([0,1]).
>
3. (a) We start anew from Proposition 2.4, part 2; let f: K™*" — R be measurable and
nonnegative, then, via the usual substitution s = (yz1 / Q)igm,

BUOL = e [ Tapen (@f(@) da

wg s

—C/ / / Bmxn (vdiag(s)u®)f(vdiag(s)u®)h(s) dudvds

g / / / Lz ()£ (v diag (4} *)i<m)u’)

(1 ?)i<m) Hyz Y2 du dv dy

=1
= 01/ / / Fodiag((y;")izm)u*)g(y) dudv dy,
Rglo Unm;g ¥ Unip
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where recall our convention e #7IVIZ = Igm , (y). The last line implies the claim.
(b) We start from 2.; let f: Sg}’nﬁ — R be measurable and nonnegative, then,

C/ /mg/nﬂ (Udlag |(|Z72/)2z<m)u*>g(y)dudvdy
ot o e ( (i zal’

g(re)r™= 1dudvd/-i

_01/ /2 1d"”/ / / £ (v diag((6;%)i<m)u*)
(0,1] 0,1 Y Umsp /Unip

-g(0) dudvdr 1 (0),

where we have introduced polar coordinates and used the homogeneity of g, to wit g(rf) =
1[071}(7“)7"67”"/2*7” g(0). Now essentially ST ; N RZ, consists of those faces of [0,1]™ where at
least one coordinate equals 1, and they all are permutations of {1} x [0,1]™!; the matrix
diag(f) is permuted accordingly, but as we are integrating w.r.t. the Haar-measures on U,,.3
and U, the value of the integral over each of the faces is the same; cf. Remark 2.5 for more

details. Thus we get
02/ / / Flodiag(1,05%, ..., 0Y/2)u")
[0,1]m=1 J Uy, JUpip

9(1,0s,...,60,,) dudodd

and the result follows. O

6 Sanov-type LDPs for singular values

6.1 Prerequisites

At first glance it may seem an odd choice that Theorem F contains a representation for the
squares of the singular values instead of the singular values themselves. The main reason is the
application of results which lead to large deviations principles.

Having a broad readership in mind, we shall recall the basic definitions from the theory of
large deviations principles; more information may be found in textbooks like [12], [22], [43], or
the survey article [39], which also provides the reader with the current state of the art concerning
large deviations theory in geometric functional analysis. In what follows let E be a Polish space
(a complete separable metrizable topological space) and by Bg denote its Borel o-algebra.

Definition 6.1 (rate function). A rate function is a lower semicontinuous map Z: E — [0, 0]
which is not identical co. A rate function 7 is called a good rate function iff for any y € Rx>g
the sublevel set Z~1([0,y]) is compact.

Definition 6.2 (large deviations principle). A sequence (&,)nen of E-valued random variables
is said to satisfy a large deviations principle (LDP) with speed (s;,)nen and (good) rate function
Z: E —[0,00], iff (sp)nen is a sequence in R with lim,,_, s, = 00, Z is a (good) rate function
in the sense of Definition 6.1, and for any A € Bg the following chain of inequalities holds true,

—inf(Z(A°)) < lim 1nf — logP[¢, € A] < limsup — log P[¢, € A] < —inf(Z(4)),

n—0oo Sp n—oo Sn

where A° and A denote the interior and closure of A resp.
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Definition 6.3 (exponentially tight). A sequence (&,)nen of E-valued random variables is
exponentially tight with speed (sp)nen iff ($p)nen is as in Definition 6.2 and there holds true,

1
irclf limsup — log P[¢,, ¢ C] = —o0,

n—o0 Sn

where C' ranges over all compact subsets of F.

There are several tools for proving the existence of an LDP; one which starts form first
principles is the following.

Proposition 6.4. Let T be a basis of the topology on E. Let (&,)nen be a sequence of E-valued
random variables and let (sp)nen be a sequence in R with lim,_,o s, = co. If there exists a
function T: E — [0, 00] such that, for all a € E,

1 1
inf liminf —logP[¢, € U] = —Z(a) = inf li —logP[¢, e U
J liminf - 1og i, € U) = ~Z(a) = faf limsup - log Ple, < U]
aclU acU
and if in addition (§,)nen s exponentially tight with speed (Sp)nen, then (§n)nen satisfies a large
deviations principle with speed (Sn)nen and good rate function Z.

A very useful result to transform an already existing LDP on E to one on another Polish
space F' is the following.

Proposition 6.5 (contraction principle). Let (&,)nen be a sequence of E-valued random vari-
ables that satisfies a large deviations principle with speed (sn)nen and good rate functionZ: E —
[0,00], and let f: E — F be a continuous map. Then the sequence (f(&,))nen satisfies a large
deviations principle in F with the same speed (sp)nen and good rate function J: F — [0, 0]
given by

J) = _ ;Qlf {y}I(x),

where inf(0) := oo.

Given a Polish space FE, define M1(E) to be the set of all probability measures on E. The
standard topology on M (FE) is the weak topology, that is, the coarsest topology such that the
functional

Ml(E)9M'—>/EfdM

is continuous for any given f € C},(E), the set of all bounded continuous real-valued functions
on E. It follows that for p € M;(E) a basis of open neighborhoods consists of sets O, ..,
where

Ofl,..-,fd;e = {V S Ml(E) 1 Vi € {1,...,d}: ‘/ fidy—/ fid,u‘ < 5}7
E E

with d € N, ¢ € Rog, and f1,..., fq € Cp(E).

The weak topology on M1 (F) may be metrized, for instance with the Lévy—Prokhorov metric
or with the bounded Lipschitz metric [13, Chapter 11.3], and endowed with such a metric M (E)
becomes a Polish space itself. For this reason it makes sense to consider LDPs for sequences
of random probability measures, and in the sequel any set of probability measures is to be
understood as endowed with the weak topology.
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2.5

X

Figure 1: Plot of the density of p.o for ¢ = 0.1 (dash-dotted), ¢ = 0.5 (dashed), and ¢ = 1
(solid).

6.2 Results

For any array ((Xp,i)i<m(n))nen of (say) real-valued random variables the empirical measures

m(n)

L = m%n) 21;1” 0X,.; (where ¢, denotes the Dirac measure supported on a) form a sequence
of random probability measures, and the following Theorems G and H treat the situation when
the input array consists of the (scaled) singular values of a suitably distributed random matrix.

Theorem G (p < o). Let p € (0,00), let m € N depend on n € N such that m < n and
c:=lim, o 7+ € (0,1] exists, and let (X(n))neN be a sequence of random variables such that for
each n € N either X(™ ~ /-cgfxg or XM ~ Z/{(IB%QZ/?) Then the sequence (pin)nen of empirical

p7
MEASUTES [Ly ‘= % Yoy (5m1/psi(X(n)) satisfies a large deviations principle on My (R>q) with speed
pmn and good rate function Z.p,: Mi(Rxq) — [0, 00] given by

—5 Jpz logl2® — 2| dp2 (2, y) — (1 =) fp_ log(w) dp(x) + 98D) | B, i my(p) < 1,

s} else,

Zep(p) == {

which possesses a unique global mimimizer p., € Mi(R>o) with compact support and some
Lebesgue density. Here

B.p:= lim

n— 00 ﬂmn log(Zm’n’p’ﬁ) < R7

With Zyy np as in Theorem F, and my(p) = fR>0 P du(x).

Remark 6.6. Unfortunately neither the minimizer p.j, nor the constant B, are explicitly known
for most values of ¢ and p. The exceptions are ¢ = 1 for arbitrary p € (0,00) since this
corresponds to the quadratic case already solved in [28], and p = 2 for arbitrary ¢ € (0, 1] since
here the theory for Wishart matrices is applicable; further information for the latter case is given
in Remark 6.25 below; and for selected values of ¢ the density of y. 2 is plotted in Figure 1.

Remark 6.7. Recently Kaufmann and Théle [29] have proved large deviations principles for the
empirical spectral measures of random square matrices whose distribution is a weighted mixture
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of Iigxg and U (IB%"X”) in the spirit of Barthe, Guédon, Mendelson, and Naor [6]. Since those

measures are Bszjﬁ—symmetric they allow a representation according to Theorem F with an
appropriate radial component R,,. According to the outline given in Section 6.3 below, R,, only
enters in the last step, and as is seen in the proof of Proposition 6.27 an LDP for (R,,),ecn needs
to be established, which is done in [29, Lemma 6.6]. We do not go any further into this here.

Theorem H (p = o0). Let m € N depend onn € N such that m < n and c := lim,, . 7+ € (0, 1]
exists, and let (X(n))neN be a sequence of random variables such that for each n € N, X" ~
U(IB%’;?X%) Then the sequence (fin)nen of empirical measures i, = % oy O, (x(m) satisfies a
large deviations principle on M1(R>q) with speed fmn and good rate function Z. oo : M1 (R>0) —
[0, 0] given by

I, oo(,U«) — {—5 f[071}2 log\azQ - yQ| dﬂ®2($7 y) - (1 - C) f[0,1] log(az) d/‘($) + Bc,oo, if Supp(u) C [07 1]’
o0 else,

which possesses a unique global mimimizer . € M1(R>o) given by its Lebesgue density,

d#c,oo(l’) . 1+¢ (.7}2 _ (%)2)1/2 1 .
dx - cmx (1-— m2)1/2 [11271] .

Here

Beoo = lim
’ n—00 ﬂmn

(107 (1+0)?
4c 4

C
108 (Zinn0.) = 5 logi(e) — og(1— ) - log(1 +¢)

With Zmm.0o, as in Theorem F.

Remark 6.8. In the extreme case ¢ = 1, p11 0 has the density

2
v = (1—2?) 21 4 ()

which corresponds to the absolute arcsine distribution, and this is consistent with [28]. For
selected values of ¢ the density of pi. o is plotted in Figure 2.

The following statement is a strong law of large numbers for the empirical measures of
singular values and a corollary of the large deviations principles of Theorems G and H and
parallels the results |28, Corollaries 1.4, 1.6].

Proposition 6.9. Under the premises of Theorems G or H we have, w.r.t. the weak topology,

(:un)neN 22y He,p-

Proof. Let dy, be some metric that induces the weak topology on Mj(R>p). Via the Borel-
Cantelli lemma it suffices to show, for any ¢ € R+,

Z]P) /~Ln7/~’/c,p ] < 0.

Let € € R~g, then Theorem G or H, resp., yields

lim sup
n—00 mn

10gP[dW(NmHC,p) >¢| < _inf{IC,p(V) s dw (v, MC,p) >e}=:—M.
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Figure 2: Plot of the density of fi. o for ¢ = 0.2 (dash-dotted), ¢ = 0.5 (dashed), and ¢ = 1
(solid).

We will argue M > 0 below; once we have established that, there follows
Pldw (pns prep) > €] < e~ Mpmn/2

for all but finitely many n, and clearly the majorant is summable.

In order to establish M > 0 we may assume M < oo, else there is nothing to prove.
By definition of the infimum there exists some v € M;(R>g) with dw (v, ptcp) > € such that
qu(u) < M +1. Because Z. is a good rate function the sublevel set I;pl ([0, M + 1]) is compact
and therefore C' = {vr € Mi(R>0) : dw(¥,ptcp) > € NZep(v) < M + 1} is nonempty and
compact, thus Z., attains its miminmum on C in some v, € C, and by construction we get
Tep(ve) = M. But we also know dy(ve, piep) > €, in particular v. # pep, and as e is the
unique point where 7., attains its global minimum 0, this implies M = Z.,(v.) > 0. O

Although we are not able to give a closed expression for w?xﬂ" for p ¢ {2,00}, we are still
p7

able to obtain some asymptotics of the volume radius, as stated below.

Proposition 6.10. Let p € (0,00), consider m as depending on n such that ¢ := lim, o 7+ €
(0,1] exists, and let B.,, be as in Theorem G. Then we have

lim <5n)1/2+1/p(wgwan)l/(an) — (Qﬁe3/2)1/2 (ej)l/pegc,p (1— C)(lfc)2/(4c) 670/47

n—o00 P’ c

where in the case ¢ = 1 we interpret (1 — ¢)(1=9% .= 1.

252 Q5
28mn/2 pm1Qm anm;ﬁ

Proof. Refer to Proposition 2.4, part 2, and denote ¢, := . Then because of

18
lomxn = lgm_ o s we have
Bglp,; IBp,l
m
—m4+1)—1
wet=c g n=m ) 22 — 2% dz
S,.B n i i J
p m oAR™ o,
p,1' >0 i=1 1<i<j<m
m
_ —m+1)/2-1
=2 mcn/ x?(n m+1)/ H fﬂfi—xj\ﬁd%
By2,s RYg =1 1<i<j<m
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where we have transformed y; = x and 1mmed1&tely renamed y; as x;. As the integrand is
positive-homogeneous of degree 2 m”

pmn/p »/2

_ o— n —Bnlz|| (n—m+1)/2—1 8
wr=2""c¢ / e r/2 || ) |z; — x;]” da
S, 3 n 8 N i X

: L(E ) 11 it

nBmn/p

1<i<j<m

=2 —a——— Zimnpa-
ﬂ 1D,
I(Z+1)

Stirling’s formula implies T(Bpﬂ + 1)1/(Bmn) — (ﬁeipn)l/P(l + 0(1)), and also (27)1/(Bmn) —
2-1/(n) = 1 4 o(1). Furthermore Proposition 6.13 tells us

Be,p

tu 2775 =t exp (0

It remains to determine the asymptotics of c}/ (Bmn) “or that substitute the explicit expression
for Q.3 given in (1) and use the asymptotics stated in Lemma 2.2 to arrive at (skipping the

details here)

log Zm7n’p7/8> = e

C}/(ﬁmn) _ (271'63/2)1/2 (1 - C)(I—C)Q/(4c) C—c/4 (an)—l/Q (1 + 0(1))
Putting things together yields the result. O

Remark 6.11. In the new preprint [37] Naor shows the asymptotics

( mxn)l/(mn)

—1/2
wg, /2,

min{m, n}~"? max{m,n}
where = denotes asymptotic equivalence, i.e., boundedness from above and from below up
to dimension-independent constant factors. If those bounds were known, they could be used
together with Proposition 6.10 to get bounds for B, ,, and vice versa.

6.3 Proof of Theorem G

The proof of Theorem G parallels that of |28, Theorem 1.1] and accordingly proceeds in several
steps. As already mentioned in the overview (Section 1.1 ad fin.), the adaption amounts to more
than merely substituting m for n in the right places, because the now dimension-dependent term
I, yzﬁ (n=mFD/271 4 the density (15) prompts special treatment involving delicate estimations;
all these turn up in Step 2 below. Apart from that, while going through the original paper [28]
carefully, the authors discovered a few technical gaps and inaccuracies there; we will refer to
them in the appropriate places in our proof and provide amendments (which of course have to
be readapted in the Hermitian case).

For the convenience of the reader we repeat the outline of the proof in [28| here, together
with an addition for the present Theorem G (Step 4):

1. Establish an LDP for (vy)n>1, where v, = %ZZ’;I 5YA(n) and Y = (Yi(n))igm has
density (15). Z

2. Establish an LDP for ((yn, mp/Q(un))) where v, is as above.

neN’

3. Use the contraction principle to prove an LDP for (u2),en with p2 = L 37 6m2/py(")/||y(n)” e
i 2

Ls~m s 2/ps;(x(m)2 for the case of X ) gmxn

m 1=1"m Sp:B
4. Contract again to obtain an LDP for (uff)yen with pff = L 37, Ot /psy(x(my, still for
X(n) ~ HmXéL
p’
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5. Contract one last time to get an LDP for (pp)n>1 with py, := % Sy 5m1/p5i(X<n)) where
XM~ U(@BEem).
The main justiﬁcaiion for this procedure are Proposition 5.7 and Theorem F which together
yield

sy, 4 g (7

1/2
R

where 7 ~ U(&,,) is independent of X and therewith

m

a1
*25 ps, (X (M) = *Z5m1/m(<yi<"))1/2)i<m/u‘/<n>H,ﬁfi;
i=1 N

also note /2

1 & [y e

_ /2 _ (n)\p/2 _ p/2
My /o (Vy) = Y= dvg(y) = Y, = .

paton) = [ ) = >0 .

That 7 indeed is immaterial is argued by the result below.

Lemma 6.12. Let E be a topological space and d € N, let S = (S;)i<q be an E-valued random
variable and let m ~ U(S,) be independent of S. Then

1L 41
dZ;éS" = d;asﬁm.

Proof. Let f: Ml(E) — R be measurable and nonnegative, then

E[fCi )| = fua 21 Zm) (Pos)s)
- Loa i Zész) (Pos)(s)

TEGy

LAGEm) oo -el(iEe)

where we have invested the elementary fact that addition is commutative and thus Zi:l Os, ) =

Z?Zl S5, for any s € B4 and 7 € Gg. O

In order to keep the wording simple, in the sequel we are going to work under the premises
of Theorem G, that is, p € (0, 00), m varies with n such that m < n and ¢ := lim,, .+ € (0, 1]

exists, for each n € N Y = (Yi(n))lgm is a random vector with density (15), and v, =

1 m
m Ei:l 5yi(">~

Step 1 This is dealt with readily using a result from [19].

Proposition 6.13. The limit B.p, = lim, o Wlnlog(Zm’n’pﬂ) exists and is finite and does
not depend on (3, and the sequence (Vy)nen of empirical measures satisfies a large deviations
principle on Mi(R>o) at speed fmn with good rate function jcp: M;i(R>p) — [0, 00] given by

C
Teali) = =5 [ Mozl =3l aueg) + [ (a2 = 25  10g(@)) dn(o) + By,
>0 >0

which has a unique global minimizer v, with compact support and a Lebesgue density.
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Proof. This follows almost immediately from [19, Theorem 5.5.1]. Said Theorem implies the

existence of Bg := lim,_, # 10g(Zm.np,p), Which might depend on  somehow, and (vp)nen

satisfies an LDP at speed n? with good rate function Jepp = Bedep + Bz where

c 1-c
Jeplw) = =5 [ togle —ylan )+ [ (27 = 25 hogta) dte),
>0

R>o

which no longer depends on 3; hence a measure p minimizes J. ) g iff it minimizes J.,, and
therefore the minimizer v, does not depend on . Being the rate function of an LDP, J. ) 3
satisfies J.p g(vep) = 0, hence Bg = —fcJep(Vep), and Bep = —J¢ p(Vep) does not depend on
[ and it satisfies

1

.oon 1 ) 1
ep = %Bg = lim — - lim ——log(Zmnpp) = lim ——1og(Zm nps)-

n—oo m n—oo (3n2 n—oo Amn

B
Writing out the defining inequalities of the LDP, we have, for any measurable set A,

1 1 —
—inf(Jep,5(A°%)) < liminf — log P[y, € A] < limsup 2 log Py, € A] < —inf(J., 5(A));

n—oo 1 n—00
and since J.,, 3 = Bedep + BeB.p = BeJ.p and i = lim, o0 5,;, we can divide the LDP by Sc
to get

—inf(J.p(A%)) < liminf log Plv,, € A] < limsup

n—o00 mn n—oo mn

log Plvy, € A] < —inf(J.p(4)),

50 (Vn)nen satisfies the claimed LDP. The compactness of the support of the minimizer v, ), is
argued by [19, Theorem 5.3.3|, and the existence of a Lebesgue density by [45, Theorem IV.2.5]
as the following argument makes clear: up to a constant factor the rate function J., can be
considered an energy functional with external potential Q(z) := 1zP/2 — L=¢log(z) on Rx¢ (oo
else), or weight function w(z) = e~ @@ = gz(1=)/(20) ee?/e (0 on R<p); then w is positive
on the interval I = Ry and infinitely often differentiable there, and so all premises of [45,

Theorem IV.2.5] are met. O
Remark 6.14. There seem to be no special results available for weight functions of the form
w(zx) = gl A 1R, (z) unless p = 2 (for which see Remark 6.25 below). The general theory

set out in [45] tells us that supp(vep) = [a,b] with a,b € R>g, that @ = 0 only for ¢ = 1, and
else a and b satisfy the simultaneous equations

b p/2—1 _
/ (px . 1 C>(x7a)—1/2(b7x)1/2dx: -,

2c 2cx
b, peP/2-1 1 _
bz c _
/ ( 2 2cx >(3: —)2(b-2) e =

The integrals can be expressed in terms of the Gaussian hypergeometric functions, but that does
not help any further. We also cannot determine the density of v, as the only pertinent result
[45, Theorem IV.3.2| cannot be applied: upon transferring [a, b] to [0, 1] via an affine map the
conditions on the external field are violated.

Step 2 We repeat the observation made in [28] that the moment map m,, /2 is not continu-
ous w.r.t. the weak topology, thus contraction is not applicable, and therefore an LDP for
((vn, mp/g(z/n)))neN must be proved directly.
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Proposition 6.15. The sequence of pairs ((Vn7mp/2(1/n)))neN satisfies an LDP on Mj(R>¢) X
R>o with speed fmn and good rate function jc%p: Mi(R>p) X R>g — [0, 00] given by

=5 Juz loglz =yl dp®(z,y) — 5% fy log(@) du(@) + M + Bey if mpa(n) < M,

T2 (1, M) = {
g o0 mep/Q(:u’) > M7

which attains its global minimum precisely at (Vep,my/2(Vep)), where vep is the same as in
Proposition 6.135.

Seeing that the proof of the corresponding [28, Theorem 4.1] is rather lengthy, here we do
not spell out all details anew but restrict ourselves mostly to the adaptions necessitated by the
new term [[", v f(nfmﬂ)/%l in density (15) for m # n.

[28, Lemma 4.2] is carried over with the obvious modifications (i.e., replace R by R>p and p
by £) since it does not use the density of y (),

[28, Lemma 4.4| too can be adopted with the obvious modifications for the same reason as

before; in particular the definition of D,, now reads
D= (PP (M = 1y (1) PP = P2, 2P (ML = 1y 5())27).
But |28, Lemma 4.5] needs to be modified to the form given below.

Lemma 6.16. Let ;1 € M1(R>0) be supported on an interval [a,b] with 0 < a < b < oo and
let M € (my,o(p),00); assume that pu has Lebesgue density h which is continuous on [a,b] and
satisfies infyeqp M(w) > 0. Let d €N, fi,..., fa € Cb(Rx0) and d,¢ € Rso. Then

lim inf
lnn—1>1£ ﬂm

log P[v), € Oca(ps) A |mya(v),) — mye(p)| < §AY,(" € Dy]

c 1-c¢
> 5 /2 log|z — y| du®?(z,y) + 5 log(z) dp(z) — M — Bey,

R0 R>o

where v}, := L= 5" ! 5Y(n).

Proof. Differently from [28], the objects a(m 1), bgm_l) and A,,_1 now depend rather on m than
on n. Since [a,b] C R>g, we additionally have §§m71) = bgmfl). This yields

]P[V € Osd ) A ‘mp/Q( ) — p/2( )‘ < (5/\Yn(1n) € Dn]

1 / —Bnllyll?? B(n-m-+1)/2-1
> e v/2 ly; — yil® dy
o H I lvi—w

Zmn,p,s i=1 1<i<j<m
1 _ m—1 p/2 +1)/2—1
—— [ e Hﬁ”’"/ I -l
m,n,p,B8 J Ay 1 XD, 1<i<j<m—1
_ p/2 _ _ —
e Prum Ty a2 H!ym—yz-l’gdy
i=1
m—1
> 1 / B! (b{m1yp/2 (n—m+1)/2—1
N Zm7n7p7ﬁ m IXDn 221
m—1
-1 08 —
H ‘agm )_bgm ’,3 Bnyt! ﬁ(n m+1)/2-1 H‘y —yz\ dy
1<i<j<m—1 i=1
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m—1

1 e_ﬁnzzi—ll(bz(m—l))p/Q H (n‘(mfl))ﬁ(n—m—&—l)/Q—l H ‘agmfl) . bgm—1)|5

1
m,n,p,B i—1 1<i<j<m—1

. e—ﬂnm(M_mp/z(#))nrﬁn(”_m"'l)ﬂ_l Um(Amfl X Dn)v

where

and
{inf(Dn> = m2/P (M =y ()7 —m2/r2 i St >,
Nm =

sup(D,,) = m2/p(M _ mp/2(u))2/p " M -1

(In the case ¢ < 1 only the first case occurs for all n large enough.) Now we use lim;, ;oo 5% log(Zmnp,p) =
B., by Proposition 6.13, also

m—1
— (m=1)\p/2 _
Jim — > (b, )P =mye(p),
and .
Bln—m+1)/2-1¢ (m—1) c/
] log(n! = 1
Jim_ B ; og(n;" ) = — - og(z) du(z),
as well as

.. 1 (m—1) (m—1) C ®2
1 f— 1 . — b > 1 _ .
mint Y togla™ )~ 6" > £ [ togle — 3l du )

1<i<j<m—1 S0

there is also

. Bn—-m+1)/2-1 l—c . 1 2/ _
lim_ G log(1m) = —5— lim_ — log(m®/” (M — mys(w) ™" = r(n)m???)
1l—c . /2log(m) 1 2/p  1(n)
=5 nh_{glo<7pm + Elog((M—mpm(,u)) - ))
=0,

where r(n) € {0, 1} according to the definition of n,,. Finally we know lim inf,,_, o ﬂﬁ log (v (A, X
D,,)) > 0 and hence obtain

1
lim inf logP[v;, € O q(p) N ‘mp/g(yﬁl) - mp/g(u)’ <SAY™ ¢ D]

n—oo Bmn

1-c¢
> _Bc,p - mp/2<:u’) + 7 log(x) dﬂ(af)
Rx>g

C
+5 [, ek = yldn(w.5) = (M = my o),
>0

which equals the claimed expression. ]

The proof of |28, Lemma 4.6] could in principle be adopted without much comment, but for
the present article the authors have decided to give a detailed proof, for two reasons: firstly,
it is not at all clear that an approximating sequence of measures (ux)ren as postulated exists
indeed, because in contrast to [28] and to [19] as referenced therein, our candidate for the rate
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function, J2,, contains the additional term fR>0 log(x) du(z); moreover we work with probability
measures on Rxq, not R, so it is not immediately clear how the approximating measures are to
be constructed, and again neither [28] nor [19] provide any details. Secondly, there is an error
of sign in [28]: the display before the line ‘This standard fact can be verified (...)" must read
Timsupy oo (— Jg Jg---) < — Jg Jg - and the reference to [19, p. 214] (read: ‘p. 216°) does
not seem directly applicable.

In the following few lemmas we attempt a careful proof of all partial results omitted or only
hinted at, and mentioned above. The first one deals with the concavity of the free entropy under
convolution, mentioned in {19, p. 216].

Lemma 6.17. Define the functional $: Mi(C) — R by X(u) = [eeloglz — y|du®?(z,y),
wherever the integral is defined. Let p,v € M1(C) be compactly supported, then,

S p) = E(p).

Via trivial extension, the statement remains true for p,v € My1(R), or for p € Mi(R>¢) and
v e Mi(R) such that v * p € Mi(R>p).

Proof. We proceed in two steps: first assume v to be discrete with finite support, then approx-
imate arbitrary v by discrete measures.
Step 1, v discrete. Assume we can write

n
vV = E aiém
i=1

with some n € N, z1,...,2z, € C, and ay,...,a, € R>g with )" ; a; = 1. By the definition of
convolution we have, for any A € Bc,

) = [ [ 1ale+ 9)duty) dvio)
= / w(A —x)dv(z) = Z aii(A — x;),
C i=1

that means,
n
ven=3 aitn,
i=1

where we have defined ad hoc pg, @ A — pu(A—x;). Since ¥ is concave by [19, Proposition 5.3.2],
this readily yields

S p) =Y ail(ig) = Y aS(p) = (),
=1 =1

where we additionally have used that 3 is invariant under translation, which follows from the
fact that its definition depends only on the distance |z — y|.

Step 2, v arbitrary. Since C is Polish, so is M;(C); specifically, a dense subset is given
by convex combinations of Dirac measures, that is, discrete measures with finite support. So
choose an approximating sequence (v, )nen of such discrete measures converging to v. First we
prove (Vp * ft)pen — v * p which we do with Lévy’s continuity theorem; so let ¢, denote the
characteristic function of a measure p,> then we know (g, (t))nen — @u(t) for every t € C,
therefore also

Prnen(t) = o (O)pu(t) —— @u(O)pu(t) = Puup(t)

—00

*For measures p € M;(C) this is defined via identification C = R?, i.e., ¢,(t) := [ R ().
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for every t € C. Again by [19, Proposition 5.3.2], ¥ is upper semicontinuous, so together with
Step 1 we get
Y(v s p) > limsup X(vy, x p) > limsup X(u) = X(u). O
n—oo n— o0
The next lemma establishes the existence of a “good approximating sequence” for p such
that Lemma 6.16 can be applied. In order to abbreviate notation somewhat we introduce the
kernel function

C
log(zy);

F: RQZO — (—OO, 00]7 (x,y) = _Clog|33 - y| - 9

then we can rewrite

—6/2 loglz — y| du®?(z,y) — (1 — 6)/

log(z) du(z) = / Fe,y) du®(z,y),
RS0 R>o

2
RZ,

whenever the integrals are defined.

Lemma 6.18. Let u € Mi(Rxo) with u({0}) =0, my,o(p) < 00, and [po F dp®?* < oo. Then
> 2,

there exists a sequence (px)ren in Mi(R>o) such that,
(1) (k)ken — p (weakly),
(i) (myps2(pr)) ken — My 2 (i),
(iii) lim supy,_, o fRQZO Fdud? < fRQZO Fdu®?, and
(iv) for any k € N, uy is supported on a compact interval [ay, bg] with 0 < ap < by < 0o and
has a Lebesgue density hy which is continuous on [ay, bx| and satisfies min hy([ag, bk]) > 0.

Proof. The construction of (ug)ren proceeds in three steps, where in each step p is assumed to
behave closer to the desired properties; the steps are going to be pasted together via triangle
inequality. We will follow the course sketched in [19, p. 216].

Step 1. Make no further assumptions on g, and construct py, to have compact support within
R<g. To that end define, for any k € N, k > ko,

u(AN [, k)
p(g, k) 7

where kg € N is chosen such that p([3,k]) > 0 for all k > ko; obviously this is possible since
1([%,k]) — 11((0,00)) = 1 as k — oo where we have needed p({0}) = 0. Now for any k > ko,
has support contained in [, k], and it remains to check conditions (i)—(iii).

Ad (i). We already have pointed out u([%,k‘]) — 1; similarly, for any A € B(R>g), since

(AN [, k])k>k, is increasing we get n(AN [+, k]) — u(AN(0,00)) = p(A) and therefore,

(1 (A)) >k — 1(A),

JI B(RZO) —>R, A

so we even have strong convergence of (u)g>k, to p.
Ad (ii). For any z € Rxq, xP/? L1 /k,k) () is nonnegative and monotonically increasing with

limit #P/2, hence monotone convergence yields,

1 1
my2 (k) = / 2P 1y () dpp(x) —— — 2P dp(z) = my e ().
p/ ,U«([%ak] Rso [1/kK] Eooo 1 Rso p/

Ad (ii1). Similarly to (ii) we have F'1jy /12 — F p®2-almost everywhere; also, the negative
part of F' can be bounded from below by —C (/2 4 y?/? 4 xP/2 4/?) with some C' > 0, which
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is p®2-integrable since we assume m,,/5(1t) < 0o; and because of fR2>o Fdu®? < oo also FT, the

positive part of F, is u®-integrable and we have F 1j; 5 g2 < F* 1®2-almost everywhere. The
conclusion now follows via Fatou’s lemma, that is,

1
lim sup/ Fdp®? = limsup / F1 2 dp®?
PR k PR M([%jk])g R (1/k,K]

2
So So
< - Fdu®~.
1 Jr

2
>0

Step 2. Next we assume that p has support contained in an interval [a, b] with 0 < a < b < oo,
and we want py to be compactly supported within (0,00) and to have a continuous Lebesgue
density.

Fix a nonnegative function f € C¢(R) supported in [—1,1] and such that [, f(z)dz =1
(any smoothing kernel will do), and for k > kg define fi: o+ kf(kx) and pg := fi * u,* where
this time ky € N is chosen such that % < 5. By the basic properties of convolution it follows

that pu is supported in [a — £,b+ 7] C [%,b+ %] and has the continuous Lebesgue density
he:Reo =R, we [ file —y)du(y).
R0

Again we have to assert (i)—(iii).
Ad (i). Like in the proof of Lemma 6.17 we will invest Lévy’s continuity theorem. Note®

o5 () = /R Fu(z)e™ dz = /R F@)et dy — s [ fa)de =1

k—oo Jr

for all ¢ € R by dominated convergence; this implies

P (1) = pon(t) = @1 (Dpu(t) ——— @u(t)

k—o0

for all t € R, thus (pg)k>k, — K-

Ad (ii). This is a direct consequence of (i) since all measures involved are supported in the
common compact set [§,b+ g], and restricted to that set the function x 2P/? is bounded and
continuous.

Ad (iii). With the notation from Lemma 6.17 and immediately using it we have

(k) = B(fr x p) > X(p),

and therewith,

[, Faug® = =csm) - (1=) [ log(a) dun(o)

R0 R>o

<=0~ (1-0) [ log(o)dps(a).

R>o

So it suffices to show

“Zii‘ip<‘ / toate) duk<x>) </ | Tox(e)dutx),

4This means vy * u where dvy(z) := fi(z) da.
5Like before this means v, where dvg(x) := fi(z)dx.
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But like in (ii) this readily follows from (i) as also the logarithm restricted to [§,b + §] is
continuous and bounded, and therefore we even have existence of the limit.

Step 3. Lastly assume that p is compactly supported in [a,b] C (0,00) and has a continuous
Lebesgue density h. Call v :=U([a,b]), and for any k € N define py, := (1 — 3)p + # v. Clearly
each g is supported on [a,b] and has Lebesgue density hy := (1 — %)h + m 1{q,p Which is
continuous on [a, b] and bounded from below by m on [a,b]. Now we verify (i)—(iii).

Ad (i). We see (hi)reny — h pointwise everywhere on R>g, and convergence of densities
implies weak convergence of measures.

Ad (ii). Since my,/5(v) < 0o, we get immediately

1 1
mysa (i) = (1= 7 ) mpya(i) + 7 mypya(v) —— mya(i).

Ad (iit). Tt is easy to see that, because p has a compactly supported Lebesgue density which
is bounded from above, the integral ng F dp®? exists and is finite; the same holds true for v
>0

and each pg. Furthermore we have

J

and since all integrals on the right-hand side are finite it converges to [po F du®? as k — oo,
>0

1\2 2 1 1
Fdpg? = (1—f) qu®2+(1—)/ Fd(u®v)+2/ Fdv®?,
e, K R/ Jr R TR,

2 2
>0 >0

as desired.

Now to put all the steps together, let p be arbitrary again as the premises of the lemma
require. Fix a metric dy, inducing the weak topology on M;j(R>p). Let £ € N, then by
Step 1 there exists u) € M;j(R>q) supported on [ag,br] C (0,00) such that dy(p,p,) < =

3k
and |my,a (1)) — mya(p)| < 37 and fR2>o Fd(p,)®? < fR2>o Fdp®? + 4.

By Step 2 we can choose uf € M1 (R>g) supported in [%, by + %] with continuous Lebesgue
density such that dy (i), p}) < 37 and |myo(py) — myp(up)l < 3¢ and fRioFd(”%)@ <
foa, F ) + .

Lastly by Step 3 we can find p € Mi(Rxo) supported on [%, by + %] with Lebesgue
density hj, which is continuous on its support and satisfies min hy,([%, by, + %]) > 0, such that

d (1, ) < 3 and |my, o (pk) — my o (uf))] < 57 and ngo Fdu$? < ngO Fd(uy)®? + 5.
Finally the triangle inequality yields dy(p, ux) < % and [my,/a(px) — mp/2(1)| < % and
Joo Fdud? < [po Fdu®?+ 1, and thus (uk)ken fulfills all of (i)—(iv). O
>0 >0

Now we have gathered all preparatory results to prove the following statement.

Lemma 6.19. Define the functional T: M;(R>) x R>g — R by

Z(p, M) = igf lim inf

minf - logIP[(Vn,mp/Q(Vn)) € G],
where G ranges over basic open subsets of M1(R>¢) x R>q such that (u, M) € G. Then we have
Z(p, M) = =T 2y (1, M)

for any p € M1(R>o) and M € R>q, with jc%p defined in Proposition 6.15.

Proof. First we note a few important properties of Z. Z is of the form Z(u, M) = infg I(G) with
an isotone map I (i.e., U C V implies I(U) < I(V')). The system of basic open sets G € (p, M)
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is a neighborhood basis of (u, M), and then the form of Z yields that we may choose any specific
neighborhood basis for any point (u, M) without changing the value Z(u, M). Also, as rightly
observed in [19, p. 216], Z is upper semicontinuous.

Now we are going to prove the statement of this lemma. If ;1 € M (R>¢) and M € Rxq are
such that jc%p(u, M) = oo, then trivially there is nothing left to prove. By the definition of jC%p
this definitely is the case if my,/5(u) > M, or if my,/o(u) < M and p({0}) > 0.

So consider such € M1(Rxo) and M € Rxq that J2,(u, M) < oo, then my,o(u) < M
and p({0}) = 0, which also implies m,,5(1) > 0 and therefore M > 0. First assume that p is
supported on a compact interval [a,b] C (0, 00) with Lebesgue density h which is continuous on
[a,b] and satisfies min h([a,b]) > 0, and that m,,/»(u) < M. In this situation we can apply the
analogue of [28, Lemma 4.5] and Lemma 6.16 to get

lim inf
n—oo Bmn

logIF’[Z/n € O alp) N |mp/2(yn) - M| < 5]

o d n
2 liminf - logP[Vk € Oyz.a(pe) Nmya(vy,) —mypa(p)| < 3N v e Dn}
> _jc%p(/'éa M)

for any 0, € Ryo, d € N, and f1,..., fa € Ch(R>p). Since
{Ocalp) x (M —6,M +36) : §,e € Rso,d €N, fi,.... fa € Ch(Rx0) }
is a neighborhood basis at (u, M), taking the infimum over neighborhoods yields
I(p, M) > = T2, (1, M),

as claimed.
Now let € M;(Rxo) and M € R be general, but still such that J2,(u, M) < oc.
Recalling the definition of the kernel F' introduced before Lemma 6.18, we can rewrite

1
‘76247(“7 M) = 2/R Fdu®* + M+ B,

2
>0

and therefore we know fRz Fdu®? < co. Let (ux)ren be a sequence as asserted by Lemma 6.18,
>0
and for each k € N define

1

My, = mp/Q(/Lk) +M — mp/?(”) + Ev

then My > my,/o(pux) and (My)reny — M. This means that for each & € N we are in the special
situation treated above, hence

I(Mkv M/C) > _jcz,p(:uka Mk)a

then letting k& — oo and using the upper semicontinuity of Z,

I(p, M) > limsup Z(puy,, M) > limsup(—T2, (tr, My)) = —liminf 72, (s, My,).-
k*)oo 7p k‘)OO 7p

k—o0

Here now the crucial property (iii) of Lemma 6.18 enters the picture, since this leads to

o A
lim inf T2 (e, M) = 11]§r_1>£f(2 /R ] Fdu$?® + My + Bc,p>

>0
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1
=z liminf/ Fdu$® + M + By
R

k—00 2
>o

1
< = lim sup/ F d,u%2 + M + By
2 koo RZ,
1
<5 [, P4 By = T2, (0 ),
2 ]RQ ?
>0
and together with the display before this concludes the proof. O

[28, Lemma 4.7] actually need not be true as stated; the flaw happens on p. 945, at ‘Now, if
we take € | 0 as well as 6 | 0, then’: even though the functional v — [po Fu(z,y;7) dv®?(z,y)
be weakly continuous, this is not sufficient for

t ot [ Fawyi) @) = [ Faloin) du o),
ai%lwecfd(m/n{z (@, y;7) dv™ (2, y) s (@, y;7) dp®"(z, y)

if the neighbourhoods O 4(1t) depend on fixed functions fi,..., fg € Cp(R). But in truth this

setup is not needed since we actually wish to establish (reverting to our notation)

o 1
inf lim sup
n—00 mn

log]P)[(Vﬂnmp/Q(Vn)) € G] < _jcz,p(u7 M)’

where G runs through a neighborhood basis of (u, M); thus it suffices to consider a specific
subset of basic neighborhoods over which to minimize, as then the global infimum can only be
smaller. The precise statement is given next.

Lemma 6.20. Let € M1(Rx>q) and M € Ruo with my,jo(n) < M. Then there exists a family
(Oc)eer~, of basic neighborhoods of p such that

1
lim limsup

50+ nosoo BN log P[vn € O Amys(vn) € (M — 6, M + )]

c 1-c¢
< 5 /2 log|z — y| du®?(z,y) + 5 log(z) dpu(x) — M — Bep.
R

>0 Rx>o

Before proving Lemma 6.20 we give a purely auxiliary result which by the way nicely illus-
trates how one can evaluate integrals with respect to cone measures.

Lemma 6.21. Let g € Ry and o € (—1,00), then

J

Proof. The basic property of the integrand which we are going to exploit is its positive homogen-
eity. By a standard method the integral is extended to all of RT, via introducing an exponential
term. To be specific, we consider

reeg)”

mw;rfl qul I‘(%)

Lgm, (0) [ [ 05 dwy'y (6) =
=1

m
q,1

m
/ e 13 T 22 d. (16)
Ry i=1

On the one hand use polar integration on (16) to obtain

m m

—qula _ m —r@qll a 1,.m m—1
/m e Izl X de = qu,l/ /m 1[[{7;10(7"9)6 Ir6llg (7‘9@) d/ﬁqyl(ﬁ)r dr
R i=1 R>0 8¢ =1

50



— —rd
:mwg}l/ pmatm=le=r dr/
R>o S

) T oo o
Sgn i=1

1gm, (0) [ 0 dry (0)
=1

m
q,1

q

On the other hand the integrand of (16) has tensor product structure, therefore

m m
_ q — 74
/ el T a2 d = (/ o dx)
R;n() =1 R>0

(8

Equating the two partial results and rearranging lead to the claim. O

Proof of Lemma 6.20. The strategy is the same as in [28]. For a € R>g and v € [0,1) define
the kernels F'(-,;7), Fo(-,57): R%o — (—o00, 0] by

L —%log|x—y|—(1—7)%10g(my)+%($p/2+yp/2) ifx>0ANy>0Az#y,
F(x )=
Y3 Y else.

and

Fa(gj? Y; ’7) = min{F(x, Y; 7)7 Oé}.
We note some properties of F' and F,: for v > 0, F(-,-;7) and F,(-,+;7) are bounded from
below, hence their (coinciding) negative parts are p®2-integrable; and for v = 0 they can be
bounded from below by —C/(xP/? + y?/2 + (xy)?/?) with some C' > 0, and since we have been
supposing m,,/»(1) < M < 0o, also in this case the negative parts are p®2-integrable. From this
follows that for any a > 0 and v € [0,1), F,(-,-;7) is u®?-integrable. Also we can rewrite

1

—c
Fle,y:7) = Fla,y;0) + 3 (277 + ¢7/2 = —Zlog(ay)).
wherever the value is finite, which clearly implies lim, o4 F(z,y;v) = F(z,y;0) pointwise, and
the map v — F'(z,y;7) is increasing on

1—
P = {(m,y) eRy,: aP/? g yPl? Tclog(:ny) > O}

and decreasing on its complement, N := R2>0 \ P; this holds true for F,, too. Notice that P and
N do not depend on . Lastly, for any v € [0,1) and (z,y) € RZ, the map o — Fu(x,y;7) is
increasing and lim,—,00 Fo(z,y;7) = F(z,9;7). B

Fix a metric dy, on M;(R>¢) which metrizes the weak topology, then for any ¢ € R choose
a basic weak neighborhood O, of p with O, C B.(u) (the open ball w.r.t. dy around p with
radius €).

Let F: Mi(R>0) — (—00,00] be some functional, then the map e — inf(F(B:(un))) is
decreasing, hence the improper limit limg_,o4 inf (f (B: (,u))) exists; next, for any € > 0 we may
choose an £'(¢) € (0,¢] such that B (.y(p) C O C B:(u), then as € — 0+, so also '(g) — 0+,
and hence

lim inf(F(O:)) = lim inf(F(B:(p))).

e—0+ e—0+
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If in addition F is continuous at u, then there follows

Jim inf(F(O:)) = F(u). (17)

Indeed, the inequality ‘<’ readily follows from inf(F(O,)) < F(u) for any € > 0 (since p € O;);
and concerning ‘>’ it suffices to prove lim._,o4 inf(F(O:)) > F(u) — ¢ for any ¢ € Ryo. But
continuity implies that for any ¢ > 0 there exists ¢’ > 0 such that F(v) > F(u) — ¢ for any
v € B./(p); in particular this remains valid for all v € O, and by passing to the infimum and
then investing lim. o4 inf(F(O;)) > inf(F(O)) we arrive at (17).

As observed in [28], for any a > 0 and v € (0,1) the map

1/'—>/ (z,y;7) dv®*(z, y)

is weakly continuous, and therefore identity (17) can be applied.
Now that we have finished the preparations, let §,& € Ryg, w.l.o.g. § < M, and define

H::{yeRgoz Zayzeo /\—Zypﬂ (M — 5M+5)}

then

Plvn € Oz Amy,(vn) € (M—5 M +6)]

1 / —BnllylI?)? (n—m+1)/2—1 3
=_— | e 2 ||y lyj — vil” dy
[ 1 I -n

Zm,n,p,,b’ I<ici<m
1 y(m —1) /
" Znps /HeXp<_ﬁn(1 - m)HyHﬁ/g) ( 1<Z<Z]<m (yi, i3y )
- —y)(1 - —1)\ &
.exp((w SR (et IR ) Zlog@i)) N
=1

where we have used the definition of F' to rewrite [ [, j\yj —;|?; we want to estimate the integral
from above. First note lim;,_,o(1 — %) =1

be estimated on H from above by exp(8n(1 — %)m(M — §)) for all sufficiently large n (so
also in the sequel). Next there is

> Flynyin) = Y. Falwiyi)

— v > 0, hence the first exponential term may

1<i<j<m 1<i<j<m
2
m mao
- A Fa(xla$2a )d:uy (xlva)_i
2 R2 2
>0
2
m mao
> —— inf / Fo (w1, 257) dv® (21, 22) — =,
veO: Jr2 2
where of course p, := % >, 8y, and this treats the second exponential term. The third

exponential term needs special care; even though we have

L (Bn—m+1) L= =c)(m—1) (1-¢)
(#_1_ - 2¢ ):v ;=0
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in the case ¢ = 1 the coefficient of > 7" log(y;) can be negative and hence naively maximizing
the exponent over {y € RY, : m(M —¢) < ||y||§?§ < (M + )} would yield the trivial bound
0o. (As in other places the authors of [28] remain silent on this point although they would have
needed it in the proof of their Theorem 1.5.) Instead we have to find a finer estimate for the
following integral,

/H ﬁ P20 (o) /20) g

i=1

Call q, := 2=l g By (-¢)(m—1)

2 2c
w, hence in the case ¢ < 1 we know a, > 0 > —1 for all n large enough, and in the case

c=1 we get a,, = w -1> g —1> —1 for all n € N, since m < n. Therefore we have
an > —1 for eventually all n in any case, and we aim for an application of Lemma 6.21. Using
Hc{yeRZ, : m(M-9) < Hpr/2 < m(M + )}, polar integration leads to

, then we already have observed above that lim,, ,CB% =

p/2
i o m (m(M+8))2/P m . .
/[;[Eyl dy < mwyjs 4 /(m(M_é))Q/p /‘SZ}271 1Rgo(r0)il;[1(r91-) Ay (0) Tt dr
) / " i1, / Lgn (0)ﬁ9% dk2y 1(0)
PP fm(at—s)y21v o O LA e
(m(M + §))>mentt/p T (2eat)”
B m(an + 1) (g)mflr(wy

where for the last line we have invested Lemma 6.21 (obviously it is immaterial whether we
integrate over RY| or RZ). Summarizing all this we see

]P’[Vn € O Amyo(vy) € (M — 6, M + 5)]
exp <—ﬁmn(M - 5)(1 _ 'V(ml))>

Zm7n1p76 cn
.eXp<—BZ%2 l/ien(gg /RQ>0 Fo(z,y;v) dv®(z,y) + afim)
(m(M 1 §)2mensfe T (et
m(ay, + 1) (%)milf‘(%)'

Proposition 6.13 tells us lim,,_, 5o Wln log(Zym,ps) = Bep- The first exponential term needs no
comment and for the second we get

2
— P infeo. ngo Fo(z,y37) dV®2(x7y)+afim>

lim
n—o0 fmn

= — inf / Fo(x,y; ) dv®?(z,y).
RY,

log <e

veQO,

Stirling’s formula T'(2) = v/27 2°~1/2 e *+E() where R(2) = 15 (1 + O(272)), implies

12z
2m(an+1)/p 7 ( 2(ant1)\m m—
m : (F(+ = ) (T )< D72 mB((an+1)/p) - REm(an+1)/p)
2m(an+1) n+1 ’
F( - ) an +
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hence

) . m2m(an+1)/p P(W)m _log(m)  (m—1)log(mp) (m+1)log(a, + 1)
Bmn & F(M) - 2Bmn 2pmn 2pmn
P
2(an+1) 2m(an+1)
N R(Z%5)  R(75)

Bn pmn

— 0,

n—oo

where we also have used «,, = O(fn). Lastly there remains

1 (M + §)?™ent/p 9, + 1) log(M +6)  log(m(a, +1)) (m—1) 10g(7§’)
log m—1 B -
Bmn m(an +1)(5) ppn pmn pmn
v(1 = ¢)log(M +9)
n—oo p

Therewith we get

lim sup
n—00 mn

<—B.p—(M—-06)(1—r)— inf Fo(z,y;7) dy®2(x,y) +
Z/EOE R2>O

logP[vy, € Oc Amyyyo(vn) € (M — 6, M 4 0))

1= log(M + 9).

Now we send §,& — 04, so by our discussion at the preparations for the proof concerning the
continuity of infima of continuous functionals we have

lim limsup

5,250+ noeo Bmn log Pt € Oc Amnyyo(vn) € (M — 6, M +6)]

< —Bop- M=) - [ Faleyin) i) + D rog(a),

R>0

Next we take v — 0+, then clearly F,(x,y;v) — Fa(x,y;0). Recall the sets P and N from
the beginning of this proof; on P, Fy(-,-;7) is bounded from below by F,(-,-;0), and on N, it
is bounded from above by a; either bound is u®?-quasiintegrable, hence monotone convergence
can be applied on P and on N separately, and because the negative part of the limiting function
Fo(-,+0) is u®%-integrable over R2>0 we also have convergence of the integral on all of R2>07 that
is,

lim [ Falz,y;7) dp®(2,y) = / Fo(,y;0) du®*(z,y).

120t JRE, R,

Lastly we let o — 0o, then F,(-,-;0) is dominated from below by F'(-,-;0) whose negative part
is integrable as we have discussed above. Thus monotone convergence can be used once more,
SO

lim Fo(x,y;0)dp®?(z, y) = / F(z,y;0)du®?(z,y).

a—00 2 2
R, R,

Plugging in the definition of F' we finally have

lim limsup

st msup o logP[yn e 0. A mp/Q(yn) e (M —06,M+ 5)}

1

C —C
S —Bep - M+ /]1@2 <§log\w —yl+— log(wy))du@(x,y),

>0

and slight simplification leads to the claimed result. O
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[28, Lemma 4.8], which concerns the exponential tightness, carries over analogously, where
the reference point is [19, Theorem 5.5.1, p. 232] now.
We also adapt |28, Remark 4.9], that is, the LDP on M;(R>¢) x Rsq; the proof of

. . 1
fim limsup o g P [mya(vn) < | = oo
needs to be modified as follows: We have, for any A € R+,
1 2/p
B[y () < Z] =PIy ™],5 < (A) ]
1 _
= / Lmy2/omm ﬁnHyllp/2 Hyﬁ(n m+1)/2—1 H ly; — yilP dy
mnp8 JRT, AP 1 1<i<j<m
1 1)/2—1
m,n,p,8 Rgo 1<i<j<m
1 (m)ﬁm"/P/ B(n—m+1)/2-1
= —_— 1 ‘Z ] Z|6 dZ’
Zmnpps VA RT, Bye, 1 H 1<i1;[<m J i

2/p

where in the last step we have substituted z := (%) y. The last integral then is transformed

with the same method as in the proof of Theorem F, part 1, that is,

m
1)/2—-1
)| Eana i VPR
>0

1<i<j<m
(ﬁn)ﬁmn/” / —Bnllyll?)? n—m+1)/2-1
= e WH?J, I lv—wl’dy
F(L +1) Jry 1<i<j<m
_(B)PP i np
- Bmn )
F(T +1)
this leads to B
| (Brmm)Pmnp
IP[ . 7} < ,
and thence
1 1 log(fmn) — log(A) pmn
| < _ e
Bmn 1ogP[mp/2(1/n) < A] < p Bmn logF( » + 1)

Stirling’s formula yields limn_,oo(ﬁn%n log F(BP@ +1)— %log(ﬂpﬂ)) = —%, hence

1 1 —log(A)

IOgP[mp/Q(Vn) < Z} < Y

lim sup
n—oo /6

so the claim follows as A — oc.
Step 3 The result of this step is the LDP for the empirical measure of the squares of the

singular values, reached via the contraction principle from the LDP for the empirical pair in
Step 2.
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Proposition 6.22. Let (X)), cn be a sequence of random variables where X(™ ~ ﬁgnxﬁn for
p7

each n € N, and define 2 = % >y 5m2/p5i(x<n>)2. Then (1u2)nen satisfies a large deviations

principle with speed Smn and good rate function I(ip: Mi(R>g) — [0, 00] given by

s —C lo .
T2 (p) = {_2 Jrz Jogle =yl du®2(z,y) — 15¢ [ log(w) du(w) + # + Bep if mya(p) <1,
2.1 : :

s else,

which has a unique global minimizer ji2 , defined by pZ ,(A) = ve,p (mp/z(qu)?/pA), where Ve, is
the same as in Proposition 6.13; in particular “g,p has compact support and a Lebesque density.

Proof. The role model here is [28, Proposition 5.1] which we adopt with the obvious adaptions;
in particular p has to be replaced by £. The contraction principle yields the LPD with speed
Bmn and good rate function defined by

Z(p) = inf jfp(y, M).
(wM)EF, S {u}

The value Z(p1) = oo for myo(p) > 1 is argued as in [28]. In the case m,/o(p) < 1, note that
actually for any M € Ry there exists a v € M;(R>0) such that F},5(v, M) = p; simply take
v = Fp(p, M~1) (this— important — point is not addressed in [28]). Therefore

1—
I(u) = inf (_c/ log|z — y| dv®?(x,y) — i log(x) dv(z) + M + Bc’p)
waner, M\ 2 Jr2, 2 Jrsg

— f (—c [, 108(ar7le — ) (s )
(W, M)eF, Ly \ 2 R2,

1 _
L og0r) dute) + 0+ By )
2 R0

. & 1—c¢c
— (—2 /R gl — 9l du2(@.y) — 5 [ log(a) du(a)

(v,M)EF, L {u} 2, 2 Jrs

1—c

c
- log(M) — log(M) + M + Bc,p)

log(ep)

+ Bep,

__C/
o 2 R2

>

1—c
loglz — y| du®*(z,y) — —— [ log(z)du(z) +
0 2 Rx>o

is the global minimum of —% log(z) + = on Rsg. But this concludes Z = Ic%p.

Concerning the minimizer of 1027177 from Proposition 6.15 we know that jc%p has the global
minimizer (Vep, myo(vep)) and hence p2 , = F, jo(Vep, my2(vep)) is a global minimizer of Z7 .
It remains to show unicity. Let g € M;(R>o) with p # ,uz’p, w.l.o.g. Ig’p(,u) < o0; then
{n} is weakly closed and thus also the fibre Fp_/é{,u} is closed in M;(R>p) x Rsg. Because of

because @

72,(1) < oo and because J2, is a good rate function there exists (v, M) € Fp?;{u} such that

12, (1) = T2,(v, M). But p # pZ, forces (v, M) # (Vep, myo(vep)) and therefore J2, (v, M) >
0. O

Step 4 The key observation here is stated in the lemma below.

Lemma 6.23. Let (fin)n>1 be a sequence of Mi(Rx¢)-valued random variables which satisfies
an LDP at speed (sp)pn>1 with GRF I, and let q: R>g — R>q be a measurable bijection with
continuous inverse. Then (un o qQ)n>1 satisfies an LDP at speed (sp)n>1 with GRE 19: p —
I(woq™1). In particular po q is a minimizer of I9 iff p is a mimizer of I.
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Proof. It suffices to prove that the map

g, | MiR20) = Mi(Rx0)
' L poq

is weakly continuous, then apply the contraction principle to (F'(n))n>1 which will lead to the
desired results. Note that F' is well-defined since ¢ is a measurable isomorphism, and that for
the same reason F' is bijective.

Let g in M;(R>¢) and let V' C M;(R>0) be a basic weak neighborhood of F(u) = pogq,
that is,

k
V= m{y S M]_(RZO) :

i=1

fidv — fid(HOQ)'<5}

Rzo Rzo

with some k € N, e € Ryg and f1,..., fy € C,(R>g). Now f;0q7 ! € Cy(Rx) for any i € [1, k],
therefore

k

U .= ﬂ{y € Ml(Rzo) :

=1

/ (fz'oql)dv—/ (fioql)du‘ <€}
R>o R>o

is a weak neighborhood of y, and for any v € U we get, for any i € [1, k],

/ (fioql)dv—/ (fioql)du‘ <e,
Rx>o R>o

and thus (recall F(v) =voq) F(v) € V. O

fid(voq) — fid(NOQ)’:

RZO Rzo

The most important consequence of Lemma 6.23 for us is that not only the empirical measures
of the squares of singular values satisfy an LDP, but also of the singular values themselves. This
concludes the proof of Theorem G in the case X (™ ~ n?xﬁn.

s

Proposition 6.24. Let (X™),~,, be a sequence of random variables such that X™ ~ MS”X;
> -,

for each n € N, and define p, = %221 5m1/p8i(X(n>), then the sequence (un)nen Satsifies a
large deviations principle with speed fmn and good rate function

=5 Jz logle? = y? du®2(z,y) — (1= ) [y, log(a) du(a) + 52 4 Bey if my(u) < 1,

Tep(p) := {
s} else,

which possesses a unique minimizer [i.p, given by its Lebesgue density

dqu(l') — 9 dﬂz,p(fﬁg)
dx de

where /‘z,p is the minimizer from Proposition 6.22.

Proof. Apply Lemma 6.23 to the LDP for (% > 5m2/p5i(X(n))2)n€N of Proposition 6.22 and
the map ¢(z) := 22, defined on Rxg; use that generally 6, o ¢ = 0g=1(z) = 01/2 and therefore

especially (55 D2i%) 8,02/n5,(x(1)2) © 4 = s Doty Op/ig,(x (3 also mind my,o(p) = my(p o q).
The density of p.j, is a simple instance of density transformation. O
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Remark 6.25. As already indicated in Remarks 6.6 and 6.14 the minimizer f. is explicitly
known. This is because then the rate function J. 2 from Proposition 6.13 can be written as

~ 1 ®2(,
jc,2(,u) - 2 /Cl g(‘l’ — y‘w(x>w(y>> dlu ( 7y) +Bc,27

with the weight function
C—=C
w:

x s g7/ (%) g=a/c IR, (7)

This is a Laguerre weight, and by [45, Example IV.5.4| the minimizer v, 3 of J.2 has Lebesgue
density

Peat) - Lo (- 1ES

2 1/21
5 >) [(1—2¢E>2,<1+2¢a2]($)-

We can easily compute mi(v.2) = %, and therewith Proposition 6.22 yields the minimizer ME,Q
with density

duga(®) 1 dygy (g) 1

1/2 .
de 2 dz \2) " 2xex (4C —(@-1- 6)2) La-ve?,a+v0)? (x);

from this we can identify /@2 as a Marchenko—Pastur distribution. And finally from Proposi-
tion 6.24 we obtain the minimizer .o with density

dpe () 1 1/2
G B

TCT

in particular we have for c =1

dM1,2(37) 1 2\1/2
T ;(4—3«“ )Y Lio,2)(z),

which corresponds to a quarter-circle distribution, as expected.
Also the constant B.2 can be computed explicitly because of

m
_ — 1)/2—1
Zmss = / e Bnlul TT =)/ T 1o — il dy
R

>0 i=1 1<i<j<m

= (ﬁn)_ﬂm”ﬂ/ e llvlh Hyf("_m+1)/2_1 I ly—wl’dy

R% i=1 1<i<j<m

_ (Bn)_ﬁmnﬂﬁr(ﬁ(n—;nﬂ) + B(iQ—I))F(l + %)
P (14 %)

I

where we have used the Selberg integral of Laguerre type (see [36, p. 354]). Using Lemma 2.2
to deal with the products of gamma functions we arrive at
3 log(2) ¢ (1—c)?

Bc,2 = _1 9 + zlog(C) —

log(1 —¢).

For ¢ = 1 this is consistent with |28, Theorem 1.5].
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Step 5 The last step is the establishment of the LDP w.r.t. the uniform distribution on the
ball, i.e. X ~ Z/{(Bg:jﬁ") Recall s(X (™) 4 Ut/ Bmn)s(@M) where ©) ~ Hg::g)l and hence its
LDP is provided by Proposition 6.24, and U ~ U([0, 1]) is independent from ©(™ and satisfies

the following well-known LDP (see [2], e.g., for a quite general version).

Lemma 6.26. The sequence (Ul/(ﬁm”))neN satisfies a large deviations principle with speed Bmn
and good rate function Iy : R — [0, 00| given by

Ti(z) = {—log(x) if © € (0,1],

00 else.
Proposition 6.27. Let (X™), cy be a sequence of random variables such that X ~ Z/{(]Bg”ﬁ")
p7
for each n € N. Then (un)nen with p, = %221 (5m1/p8i(X<n)) satisfies a large deviations

principle with speed fmn and the same good rate function L., as in Proposition 6.24.

Proof. Again the argument runs parallel to [28, Proposition 6.2], so we adopt their notations
with the obvious adaptations, and thus the contraction principle yields the LDP with speed
Bmn and the good rate function

I(p) = inf Tern(v) —log(u)),
()=, ok (Zep(0) = log(u)

where Z.,, is the rate function from Proposition 6.24. The cases m,(p1) > 1 and my(p) <
1 A pp(v) > 1 via the same reasoning lead to Z(u) = oo, and in the remaining case mp(p) <
1 Am,(v) < 1 these conditions also force u € [my(u)'/?, 1] and thence
1o =, it (<5 [ sl -2l - (-0 [ tosto)avte)
(ruwer—Hur\ 2 Jry, R>o
log(e
. log(ep)  Buy— log(u))
f ( c/ . (|x2_y2>d®2( _a )/ | <x>d()
= in —= og| ——— ) du®“(z,y) — (1 —¢ og|—)du(z
(wayeF i\ 2 Jr, u? Ry ¥
log(e
;. log(ep)  Bay— log(u)>
p
c log(ep
=2 [ o~ P )~ (1-0) [ ogle) o) + 5L 1,
R, R>q p
proving 7 =7 . O

6.4 Proof of Theorem H

Recall from Theorem F, part 3, the representation X (™ < Vdiag(((Yi(n))l/ 3)i<m)U* whenever
XM ~ U(E?g%), where Y™ has Lebesgue density (15). Hence (sﬁ(i)(X("))Q),;Sm 4 Yy (™),
where 7 ~ U(S,,) is independent of X and via Lemma 6.12 we know Ly O, (X ()2 4

% >y y(m =t Vn. So we state an LDP for (v, )nen first.

Proposition 6.28. Iflim, .o * = ¢ € (0,1], then (vn)nen satisfies a large deviations principle
at speed Bmn with good rate function

Tooo(tt) = {—5 ‘[[0,1]2 loglx — y| du®?(z,y) — 15¢ f[o,l] log(z) du(x) + Beoo if supp(u) C [0, 1],
a > else,
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where B 15 the same as in Theorem H; and J. o has a unique minimizer v, o, which is given
explicitly by its Lebesgue density,

ch,oo<$) o 1+¢ (.13 — (%)2)1/2 )
dz 2cmx (1 -—z)l/2 [(159)2.1] ().

Before giving a proof for Proposition 6.28 we observe that it implies Theorem H almost
immediately through an application of Lemma 6.23.

Now we prove Proposition 6.28. First notice that, in contrast to Proposition 6.13, [19,
Theorem 5.5.1] is not applicable directly because they only allow continuous external potentials
defined on all R>g, but in our case we have

Lo m (y) = e P X QW)
with
0 ifyel0,1],
Qy) := { y€l01]
oo else.

Yet it turns out that their proof can be adapted. Since it requires only minor modifications we
present only those and refer the reader to [19] for the details.
First we show that the rate function must be infinite at any p € M;(R>¢) with supp(p) \

[0,1] # 0.
Lemma 6.29. Let u € M;(R>¢) with supp(u) \ [0,1] # 0. Then

inf lim sup log P[vy, € G] = —o0,

n—00 an

where the infimum is taken over basic neighborhoods G of 1.

Proof. It suffices to show that there exists a weak neighborhood G of p such that supp(v)\[0, 1] #
() for all v € G; since supp(v,) C [0, 1] this implies v, ¢ G for all n € N and hence the statement
follows.

Because (1, 00) is open, the evaluation map

MI(RZO) SV I/((l, OO))

is weakly lower semicontinuous; by the premises on p we know p((1,00)) > 0, and hence there
exists a (basic) weak neighborhood G of u such that, for any v € G,

p((1,0))

v((1,00)) > 5

> 0.

This implies supp(v) \ [0,1] # 0 for all v € G. O

From now on we only consider u € M;(R>0) such that supp(u) C [0, 1].
In order to adapt the proof of [19, Theorem 5.5.1|, define the kernel functions on ]R2ZO,

—Sloglx — y| — < log(xy) if (z,y) € ]0,1]?,
ey [ B ) e

Fy(z,y) :=

- — 2 logla — y| — 22 Nog(ay) if (x,y) € [0,1]?,
o0 else,
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and for any a > 0 their cutoffs F, := min{F,a} and analogously Fma. Then F and F),
are bounded from below and lower semicon‘ginuous7~ and Fy, and F, , are bounded and lower
semicontinuous. Therefore for any F' € {F, F,, Fy, F), o} the map

M1(R20) SV FI dl/®2

2
R,

is a well-defined weakly lower semicontinuous functional.
[19, Lemma 5.5.2] remains true unchanged. The existence of the unique minimizers pg, fin
needs to be argued differently: write

[, P =5 [es(f gy

2
>0

with the weight function

C—-C
w: ,
z — 179/ (%) Lo,y ()

then w is an admissible weight in the sense of [45, Definition 1.1.1], and by [45, Theorem I.1.3]
the energy functional admits a unique minimizer v ; even more, [45, Example IV.5.3] with
0= % gives the Lebesgue density of 1.+, and it equals that given in Proposition 6.28. The
analogous argument is valid for F},, but the only relevant information about fi, which we need
is that supp(fi,) C [0, 1], and this already proves that (fi,)nen is tight, which is the first part of
[19, Lemma 5.5.3], and the argument for the second part does not change.

[19, Lemma 5.5.4| is adapted easily; note that integration extends simply over [0, 1]™, and

@ = 0. In truth we know more as

“ n—m+1)/2—1
Zmnoo,f = /[0 m Hyiﬁ( +0/ H !yj — yilﬁ dy
) =1

1<i<j<m
is just a Selberg integral whose explicit value we know and whose asymptotics can be tackled
with Lemma 2.2; this yields the limit B, o = lim,, 0 b’mﬁ 10g(Zym,00,5) stated in Theorem H.
The only thing to be noted in the proof of [19, Lemma 5.5.5] is that v — fRQ F,dv®? is
>0

only weakly lower semicontinuous, but this suffices to ensure

mf(- inf/ Fadz/®2> < —/ F,du®?,
G veG R2>O R

2
>0

which is all we need. Indeed, for any M € R with M < ng F, du®? there exists a basic neigh-
>0
borhood G of  such that, for all v € G, [ Fodv® > M. This implies inf e [po Fo dv®? >
>0 >0
M, hence supg infyeq [zz Fodv®® > M, and letting M — [p2 F, du®? and taking the negat-
>0 >0

ives proves the claim.

The only subtlety in the proof of [19, Lemma 5.5.6] is that the exponent — 1 may
be positive or negative in the case ¢ =1 (in the case ¢ < 1 it is positive up to finitely many n),
SO yiﬂ(n_mﬂ)/z_1 must be bounded from below by min{(agn))ﬁ("_mﬂ)ﬂ_l, (bl(-n))fB("_m‘H)/z_1 };
yet this does not influence the validity of the following arguments.

Lastly the exponential tightness of (vy,)nen is a simple consequence of supp(v,) C [0, 1] for
all n € N, and this concludes the proof of Proposition 6.28.

B(n—m+1)
2
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