
Probabilistic and geometric aspects
of classical and non-commutative
ℓp-type spaces in high dimensions

DI Mag. Michael Ladislaus Juhos, BSc

Dissertation eingereicht an der Fakultät für Informatik und
Mathematik der Universität Passau zur Erlangung des Grades eines

Doktors der Naturwissenschaften

A dissertation submitted to the faculty of computer science and
mathematics in partial fulfillment of the requirements for the degree

of doctor of natural sciences

Advisor: Prof. Dr. Joscha Prochno, University of Passau
2nd referee: Prof. Dr. Zakhar Kabluchko, University of Münster
3rd referee: Prof. Dr. Christoph Thäle, University of Bochum

Rigorosum: 28.08.2024

Passau, June 2024



ii



Abstract

This cumulative dissertation contains selected contributions to the field of asymptotic
geometric analysis and high-dimensional probability. It is divided into two chapters:

Chapter 1 explains some of the necessary theoretical background. In Section 1.1 it
first gives a very concise history of asymptotic geometric analysis in general and then
of the objects under study in particular, setting out some cornerstones in the discovery
of the functional-analytic, geometric, and probabilistic properties of the spaces under
consideration.

The next section (1.2) gives the precise definitions and very basic properties of the
three ℓp-type spaces that play a role in the contributed articles: the classical ℓp-sequence
spaces, the mixed-norm sequence spaces, and the Schatten-classes Sp, each in its infinite-
and finite-dimensional version.

Section 1.3 is dedicated to the interplay between geometry and probability, expounding
the general idea, introducing a few of the common tools, and exemplifying these on
two kinds of limit theorems: Schechtman–Schmuckenschläger-type results and Poincaré–
Maxwell–Borel lemmas.

The first chapter concludes with Section 1.4, addressing a small sample of open ques-
tions pertaining to the contributed articles which are not answered in said articles and
may be the interest of future research.

The entirety of Chapter 2 consists of the contributed articles.

Kurzfassung

Diese kumulative Dissertation enthält ausgewählte Beiträge zum Gebiet der asymptoti-
schen geometrischen Analyse und der hochdimensionalen Wahrscheinlichkeit. Sie ist in
zwei Kapitel geteilt:

Kapitel 1 erklärt ein wenig des notwendigen theoretischen Hintergrunds. Abschnitt 1.1
bringt eine sehr kurz gefasste Geschichte der asymptotischen geometrischen Analyse im
Allgemeinen und der Studienobjekte im Speziellen und legt einige Eckpunkte der Ent-
deckung der funktionalanalytischen, geometrischen und probabilistischen Eigenschaften
der betrachteten Räume dar.

Der nächste Abschnitt (1.2) gibt die genauen Definitionen und sehr grundlegenden
Eigenschaften jener drei ℓp-artigen Räume, die in den beigetragenen Artikeln eine Rolle
spielen: die klassischen ℓp-Folgenräume, die Folgenräume mit gemischter Norm und die
Schattenklassen Sp, jeweils in der unendlich- und der endlichdimensionalen Version.

Abschnitt 1.3 ist dem Zusammenspiel von Geometrie und Wahrscheinlichkeit gewid-
met, er erörtert die allgemeine Idee, stellt einige der gebräuchlichen Werkzeuge vor und
gibt zwei Beispiele von Grenzwertsätzen dazu: Schechtman-Schmuckenschläger-artige Er-
gebnisse und Poincaré-Maxwell-Borel-Lemmas.

Das erste Kapitel schließt mit Abschnitt 1.4, der einen kleinen Satz von offenen Fra-
gen anspricht, die zu den beigetragenen Artikeln gehören, darin aber nicht beantwortet
werden und die das Interesse künftiger Forschung sein mögen.

Kapitel 2 besteht zur Gänze aus den beigetragenen Artikeln.
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1 Introduction

The local theory of Banach spaces studies a Banach space through its finite-dimensional
subspaces, with the dimension tending to infinity, and already early in its development the
deep connection to probability theory was discovered. In fact, the theory of probability
in Banach spaces can be traced back to the work of Fortet and Mourier on the law
of large numbers and the central limit theorem for sums of independent and identically
distributed Banach space valued random variables from the early 1950s. The development
of probabilistic methods in the local theory has been strongly influenced by the work
of Maurey and Pisier on the type and cotype of Banach spaces [51, 52, 53, 54, 65],
by V. Milman in form of the concentration of measure phenomenon [59, 56, 57, 58],
and by Talagrand and his work on Gaussian processes [89, 90, 91], just to mention a
few. In particular, it has become clear that the power of probabilistic methods can
hardly be overestimated. Within the last few decades a new field of mathematics has
emerged from the local theory, known as asymptotic geometric analysis, and lies at the
crossroads of functional analysis, convex and discrete geometry, and probability theory.
This isomorphic rather than isometric theory explores high-dimensional phenomena, in
particular in the context of convex bodies (a special case of which are unit balls of normed
spaces). A central theme in this theory is the interaction of randomness and pattern,
where the diversity and complexity one expects in high dimensions is compensated by
concentration of measure and other effects caused by convexity. Two of the arguably most
groundbreaking and famous discoveries of recent years include Klartag’s famous central
limit theorem for convex bodies [42, 43] and Eldan’s ingenious stochastic localization
technique [16, 18, 17]. This shows that some of the results obtained in asymptotic
geometric analysis are themselves of a probabilstic flavour while others emloy in their
proofs powerful and at times novel tools from probability theory.

This cumulative thesis deals with contributions to the non-asymptotic and asymptotic
geometric analysis of certain ℓp-type spaces, where the articles have been chosen with
an eye towards the probabilistic aspect, both in the applied methods and the statements
brought forth thereby.

1.1 Classical and non-commutative ℓp-type spaces

The great interest in the classical sequence spaces ℓp (where p ∈ (0,∞]) and their fi-
nite-dimensional versions ℓnp stems from the fact that, on the one hand, because of their
relatively simple formal definitions they are amenable to direct calculations or sharp es-
timations and thus lead to a multitude of results; and on the other hand, in surprisingly
many cases they give hints to the behaviour of general Banach spaces or provide the
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1 Introduction

extreme cases, indicating the breakdown of a given property. Numerous analytic, geo-
metric, and probabilistic results have been obtained in the past, of which we mention
only a few here; in particular we shall mostly focus on the asymptotic theory of these
spaces, i.e., when the dimension tends to infinity. Kašin [40] has proved that ℓ2n1 can be
decomposed into the orthogonal sum of two n-dimensional subspaces on each of which
∥·∥1 and ∥·∥2 are universally equivalent. The entropy numbers of the natural embedding
ℓnp ↪→ ℓnq have been computed by Schütt [83] for the normed case, and by Edmunds and
Triebel [15], Triebel [93], Guédon and Litvak [25], and Kühn [48] for the quasi-normed
case; confer also the summary by Kossaczká and Vybíral [47]. The corresponding Gelfand
numbers and widths of the same embeddings were studied first by Stečkin [87] and have
been completely determined by Gluskin [22, 23] and Garnaev and Gluskin [21]. Figiel,
Lindenstrauss, and Milman [19] have found bounds for the dimensions of almost Euc-
lidean subspaces of ℓnp for p ∈ [1,∞). On the geometric side, the volume of the ℓnp -unit
ball is known at least since Dirichlet [13], and the distribution of mass within the unit
ball has been investigated by Schechtmann and Zinn [79], Schechtman and Schmucken-
schläger [78], and Schmuckenschläger [80, 81] by means of probabilistic tools; specifically
they have found a probabilistic representation of the uniform distribution on the unit
ball which has turned out to be very fruitful for further investigations. The surface and
the cone measures on the ℓnp -unit sphere and their relationship has been treated by Naor
and Romik [61] and Naor [60]. The probabilistic approach to the geometry of ℓnp has been
further extended by Barthe, Guédon, Mendelson, and Naor [6]. Paouris, Pivovarov, and
Zinn [63] have established a central limit theorem for the volume of random projections
of the cube. Beyond that, the ℓp-spaces play a fundamental role in the theory of com-
pressed sensing in the case p ∈ (0, 1] since then the unit ball of ℓnp is a good model for
compressible vectors. Also in machine learning, in particular the field of support vector
machines, the use of an ℓ1-penality is widespread and has been analyzed, see Kolleck and
Vybíral [45], e.g., or the book by Steinwart and Christmann [86].

The ℓp-spaces allow for generalizations in various directions, one of them being the class
of mixed-norm sequence spaces, both infinite- and finite-dimensional; in the latter case
the vectors usually are written as m-by-n matrices, and we denote the space by ℓmp (ℓnq ).
Also these spaces are quite well-studied with respect to their functional analytic and
geometric properties. For example, Schütt [82], while building on the work of Johnson,
Maurey, Lindenstrauss, and Tzafriri [29], has shown that the symmetric-base constant
of ℓnp (ℓnq ) is unbounded as n → ∞. Raynaud and Schütt [74] have proved that if ℓp(ℓq)
embeds into L1, then p ≤ q. Regarding the converse, a result of Prochno and Schütt [68]
implies that if 1 < p < q < 2, then ℓnp (ℓ

n
q ) embeds uniformly into L1; the last-cited

result has been generalized by Schechtman [76]. With import on approximation theory,
Schechtman [77] has proved that ℓp(ℓq) does not admit a greedy basis when p ̸= q, and
very recently, the entropy numbers of natural embeddings have been investigated by
Mayer and Ullrich [55]. Also rather recent are the volumetric results for the unit balls of
ℓmp (ℓnq ) with real or complex entries by Kempka and Vybíral [41]. Yet compared to the
ℓnp -spaces, essentially nothing has been known about ℓmp (ℓnq ) from the probabilistic side;
in particular no probabilistic representation of the uniform distribution on the unit ball
has been available.
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1.1 Classical and non-commutative ℓp-type spaces

Another long-known object of study in functional analysis are the Schatten-p classes
Sp, that is, spaces of compact operators with p-summable singular values, or their finite-
dimensional versions Sn

p of n-by-n matrices. Often they are considered the noncommutat-
ive counterparts of the ℓp-sequence spaces, seeing that they resemble the latter in various
ways, while they also display stark differences. For instance, on the one hand, both types
of spaces are lexicographically orderd, are uniformly convex for p ∈ (1,∞), and satisfy
trace duality relations with corresponding Hölder’s inequalities. On the other hand, the
entropy numbers and Gelfand numbers of the natural embeddings Sn

p ↪→ Sn
q are known

from the works of Hinrichs, Prochno, and Vybíral [27, 28] and Prochno and Strzelecki [69],
but the values differ from those of the corresponding sequence spaces. In particular, due
to the definition of Sp in terms of singular values, the structure is considerably more in-
volved and therefore trying to obtain complementary results in this setting adds further
difficulties, while still being amenable to direct analysis. Among other known properties
of the Schatten classes, let us mention that Gordon and Lewis [24] have obtained that
the space Sp for p ̸= 2 does not have local unconditional structure and therefore does not
admit an unconditional basis, Tomczak-Jaegerman [92] has shown that the space S1 has
Rademacher cotype 2, and Szarek and Tomczak-Jaegerman [88] have provided bounds
for the volume ratio of Sn

1 . Saint Raymond [75] has computed the asymptotic volumes of
real and complex Schatten balls up to a yet undetermined factor, and König, Meyer, and
Pajor [46] have established boundedness of the isotropic constant for all p ∈ [1,∞). Gué-
don and Paouris [26] have proved concentration-of-mass properties, Barthe and Cordero-
Erausquin [5] have studied variance estimates, Chávez-Domínguez and Kutzarova [10]
have determined the Gelfand widths of certain identity mappings between finite-dimen-
sional Schatten classes, Radtke and Vritsiou [72] have proved the thin-shell conjecture
and Vritsiou [94] the variance conjecture for the spectral norm, i.e. p = ∞. In a series
of papers Kabluchko, Prochno, and Thäle [34, 35, 36] have refined some of the previous
works by giving the precise asymptotic volume of Schatten balls, they have computed
the volume ratio, considered the volume of intersections in the spirit of Schechtman and
Schmuckenschläger [78], and derived Sanov-type large deviations principles for the em-
pirical measures of singular values of random matrices sampled from Schatten balls; an
essential ingredient to their proofs is a probabilistic representation of the singular values
of a matrix sampled uniformly from the unit ball. The large deviations result stands in
line with the study of large deviations for spectral measures of random matrices initi-
ated by Ben Arous and Guionnet [7], and Kaufmann and Thäle [39] have generalized the
underlying distribution to a certain mixture of uniform distribution and cone measure
on the sphere in the spirit of Barthe, Guédon, Mendelson, and Naor [6]. The question
of volume of intersections has also been taken up by Sonnleitner and Thäle [84]. Very
recently Dadoun, Fradelizi, Guédon, and Zitt [11] determined the asymptotics of the
moments of inertia of Schatten balls, thereby also providing the limit of the isotropic
constant, and confirmed the variance conjecture for p > 3.

We also refer the reader to two surveys dealing with probabilistic methods in asymp-
totic geometric analysis which are related to the present dissertation. Prochno, Thäle,
and Turchi [70] review results pertaining to the ℓnp -balls; and the recent paper by Prochno [67]
discusses the moderate and large deviations approach in a broader scope.
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1 Introduction

1.2 Definitions and basic properties of ℓp-type spaces

The definitions and statements in the following Sections 1.2 and 1.3 are standard, unless
specifically cited; for Section 1.2 we refer to the textbooks, e.g., [4, 9, 29, 50, 64, 85, 95,
96]; and for Section 1.3 the reader may consult, for instance, [14] or [44] for the basic
probabilistic notions.

1.2.1 ℓp-spaces

Given p ∈ (0,∞], define the map ∥·∥p : RN → [0,∞] by

∥(xk)k∈N∥p :=

{(∑∞
k=1|xk|p

)1/p for p < ∞,

supk∈N|xk| for p = ∞;

then therewith the classical ℓp-space is the space of real sequences defined by

ℓp := ℓp(N) := {x ∈ RN : ∥x∥p < ∞}.

On ℓp, ∥·∥p is a quasinorm; more specifically, for p < 1 it is a (proper) p-norm (this means,
instead of the triangle inequality we have the p-triangle inequality: ∥x+y∥pp ≤ ∥x∥pp+∥y∥pp
for all x, y ∈ ℓp), and for p ≥ 1 it is a true norm. For any given x ∈ RN, the map p 7→ ∥x∥p
is nonincreasing; consequently, the spaces ℓp are ordered lexicographically, i.e., if p < q,
then ℓp ⊂ ℓq, and the embedding is continuous. With the component-wise product on RN

defined by (xn)n∈N·(yn)n∈N := (xnyn)n∈N, we have Hölder’s inequality ∥x·y∥r ≤ ∥x∥p∥y∥q
for any x, y ∈ RN and p, q, r ∈ (0,∞] such that 1

p +
1
q = 1

r . Hölder’s inequality also is one
ingredient to prove (ℓp)

∗ ∼= ℓq, where p ∈ [1,∞) and q ∈ (1,∞] with 1
p + 1

q = 1. Apart
from the ordering, all results follow from the fact that ℓp = Lp((N,P(N), µ),R) where µ
is the counting measure on N which conveniently is σ-finite.

Via the natural embedding Rn ↪→ Rn × {(0)k≥n+1} ⊂ RN, where n ∈ N, we define
the finite-dimensional ℓp-spaces ℓnp := (Rn, ∥·∥p), which is a finite-dimensional subspace
of ℓp. In addition to the above mentioned properties which ℓnp inherits from ℓp, we also
have ∥x∥q ≤ n1/q−1/p∥x∥p for any 0 < q ≤ p ≤ ∞ and x ∈ Rn (another consequence of
Hölder’s inequality). We denote the ℓnp -unit ball by Bn

p := {x ∈ Rn : ∥x∥p ≤ 1}.

1.2.2 Mixed-norm spaces

Among the generalizations of ℓp-spaces are the Orlicz-spaces (which basically substitute a
more general convex function for the power |·|p in the definition of the norm), the Lorentz-
spaces (which are equipped with a weighted ℓp-norm of the nonincreasing rearrangement
of vectors), and, most important to this thesis, mixed-norm spaces. For a more general
definition of the latter let I be a partition of N, let p ∈ (0,∞], and for each I ∈ I let
qI ∈ (0,∞], then the corresponding mixed norm (actually mostly a quasinorm) on RN is
defined by

∥(xk)k∈N∥p,q :=
∥∥(∥(xk)k∈I∥qI)I∈I∥∥p,
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1.2 Definitions and basic properties of ℓp-type spaces

where q := (qI)I∈I ; and let the corresponding mixed-norm space be denoted by ℓp,q. (By
recursively partitioning the elements of the previous partition, in theory one could get
mixed norms of arbitrary order.) When viewed as a p-direct sum,

ℓp,q =
⊕

p
I∈I

ℓqI (I),

for p, qI ∈ [1,∞) (I ∈ I) the dual space is obtained immediately as

(ℓp,q)
∗ =

(⊕
p

I∈I

ℓqI (I)

)∗
∼=

⊕
p∗

I∈I

ℓq∗I
(I) = ℓp∗,q∗ ,

where p∗, q∗I ∈ (1,∞] denote the Hölder conjugates, that is, 1
p +

1
p∗ = 1 and 1

qI
+ 1

q∗I
= 1,

for any I ∈ I.
An important special case is I = {[(i − 1)n + 1, in] : i ∈ N} and qI = q for all

I ∈ I, where n ∈ N, then via the rearrangement (xk)k∈N ↔
(
(x(i−1)n+j)j≤n

)
i∈N we can

identify RN with the space of infinite matrices RN×n. This leads to the study of the finite-
dimensional spaces ℓm,n

p,q := ℓmp (ℓnq ) := (Rm×n, ∥·∥p,q), where m ∈ N and now

∥(xi,j)i≤m,j≤n∥p,q :=
∥∥(∥(xi,j)j≤n∥q

)
i≤m

∥∥
p
.

With the special choice n = 2, q = 2 and via identification (C, |·|) ∼= (R2, ∥·∥2) the
real mixed-norm spaces also encompass the complex ℓp-spaces, when multiplication with
complex scalars is irrelevant.

1.2.3 Schatten-p classes

Closely related to these classical ℓp-type spaces treated above are the Schatten classes
of operators: let H1, H2 be real or complex Hilbert spaces and let A : H1 → H2 be
a compact operator, then there exist orthonormal systems (un)n∈N in H1 and (vn)n∈N
in H2 and a nonincreasing sequence s(A) := (sn(A))n∈N of nonnegative real numbers
converging to zero such that, for any x ∈ H1,

Ax =
∞∑
n=1

sn(A)⟨un, x⟩vn;

this is called the singular value decomposition of A, and the numbers sn(A) are called
the singular values of A and are uniquely determined by A (whereas (un)n∈N and (vn)n∈N
are not), being the eigenvalues of the positive-semidefinite Hermitian operator (A∗A)1/2.
Then for p ∈ (0,∞] the Schatten-p norm of A is defined by

∥A∥Sp
:= ∥s(A)∥p,

and the Schatten-p class Sp := Sp(H1, H2) is the set of all compact operators A : H1 → H2

with ∥A∥Sp
< ∞. This last condition can be expressed equivalently as s(A) ∈ ℓp, but in
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1 Introduction

the case p = ∞ we actually know more, since not only is s(A) bounded, but it even is a
zero sequence, as has been mentioned above; therefore, while for p < ∞ it is natural to
associate Sp with ℓp, to S∞ there corresponds c0, the space of zero sequences endowed
with ∥·∥∞. (If H1 is separable, then the counterpart of ℓ∞ is L(H1, H2), the space of all
bounded operators equipped with the operator norm.) Like ℓp, (Sp, ∥·∥Sp

) is a complete
quasinormed space, and ∥·∥Sp

is a p-norm for p < 1 and a norm for p ≥ 1; moreover,
for a given compact operator A the map p 7→ ∥A∥Sp

is nonincreasing, hence the spaces
Sp are lexicographically ordered, with continuous embeddings. The elements of S1 are
called trace-class or nuclear operators (equipped with the trace norm or nuclear norm),
and those of S2 Hilbert–Schmidt operators (equipped with the Hilbert–Schmidt norm
or Frobenius norm); S∞ simply is the space of all compact operators, and ∥·∥S∞ = s1
equals the operator norm. For p, q ∈ [1,∞] with 1

p + 1
q = 1 we have the following

Hölder’s inequality: for any A ∈ Sp and B ∈ Sq, |ℜ tr(A∗B)| ≤ |tr(A∗B)| ≤ ∥A∗B∥S1
≤

∥A∥Sp
∥B∥Sq

. At least for H1 = H2, with regard to duality we also know (Sp)
∗ ∼= Sq for

p ∈ (1,∞] and 1
p + 1

q = 1, and (S1)
∗ ∼= L(H1).

The natural finite-dimensional version is Sm×n
p,β = (Km×n, ∥·∥Sp

), where m,n ∈ N,
K ∈ {R,C} and β ∈ {1, 2} is the R-dimension of K, and any matrix A is identified with
the induced map Kn → Km, x 7→ Ax.

The term “noncommutative” comes from noncommutative probability theory: a non-
commutative probability space is a pair (A,φ) consisting of a unital C-algebra A and
a linear functional φ : A → C such that φ(1) = 1; the elements a ∈ A are called non-
commutative random variables. (Recall that multiplication in an algebra need not be
commutative, hence the name.) Now Sn×n

p,2 is a unital C-algebra and φ := 1
n tr is lin-

ear and satisfies φ(In) = 1
n · n = 1, thus (Sn×n

p,2 , 1
n tr) is a noncommutative probability

space and Schatten-class matrices are noncommutative random variables. By a slight ab-
use of language the qualifier “noncommutative” is applied to nonsquare and noncomplex
Schatten-classes as well.

Only in passing we mention that, motivated by physical applications, also matrices
over H, the skew field of quaternions, have been studied. For instance, the equivalents
of unitary matrix and singular value decomposition can be found in [3, Appendix E].

1.3 Interplay between geometry and probability

1.3.1 Probabilistic representations

As already mentioned, local theory of Banach spaces investigates a given Banach space
(X, ∥·∥) through its finite-dimensional subspaces; those are usually identified with Rn.
Then the behaviour of (Rn, ∥·∥) as n → ∞ is observed. This means that we would like to
get asymptotic results, and since probability theory provides a wealth of limit thoerems,
it seems attractive to integrate probabilistic methods into local theory.

It should not go unmentioned that the emergence of deterministic behaviour, or “order”,
in high dimensions usually can be attributed to some underlying structure: in probablity
theory one of the strongest forms of structure is stochastic independence, while in geo-
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1.3 Interplay between geometry and probability

metry that role is played to some extent by convexity; in either case, although higher
dimensions allow for more degrees of freedom (more “chaos”), the presence of underlying
structure has the effect that randomness “cancels itself out”. But it should be noted
that even so convexity alone facilitates calculations only to a certain degree, and many
questions still have to be dealt with case by case— there still is no general theory that
would allow us to calculate an arbitrary quantity with a few penstrokes.

Returning to integrating probabilistic methods, the basic idea to do so is the following:
Given a Banach space (X, ∥·∥) as before, the norm ∥·∥ is returned as the Minkowski
functional of the unit ball {x ∈ X : ∥x∥ ≤ 1}; thereby the study of Banach spaces is
reduced to the study of their unit balls. In the finite-dimensional case of (Rn, ∥·∥) the
unit ball Bn has nonzero finite Lebesgue measure, hence it makes sense to investigate
Bn via its associated uniform probability distribution, U(Bn). Then, given a sequence of
random vectors (X(n))n∈N where X(n) ∼ U(Bn) for each n ∈ N, we study its asymptotics
as n → ∞.

This study is rendered non-trivial by the fact that the components of X(n) are stochastic-
ally dependent because of the constraint X(n) ∈ Bn (unless the norm equals ∥·∥∞); but
the probabilistic limit theorems already alluded to often demand independent random
variables or admit at most a controlled form of dependence. This motivates probabilistic
representations of U(Bn); loosely speaking, we would like X(n) d

= fn(Z
(n)) where Z(n) is

a random vector with independent components and the distribution of each component
is “easy” to handle, and also the map f (n) should allow “easy” manipulation, according
to the task at hand.

The prime example in our framework of ℓp-spaces is the following result, going back
to Schechtman and Zinn [79], and independently Rachev and Rüschendorf [71].

Proposition 1. Let n ∈ N and p ∈ (0,∞]. We have X(n) ∼ U(Bn
p ) if and only if

X(n) d
= U1/n (Y1, . . . , Yn)

∥(Y1, . . . , Yn)∥p
,

where the R-valued random variables U, Y1, . . . , Yn are independent, U ∼ U([0, 1]) and for
each k ∈ [1, n] the law of Yk is the p-generalized Gaussian distribution γp, determined by
its Lebesgue density,

dγp(x)

dx
=


1

2p1/pΓ( 1
p
+1)

e−|x|p/p for p < ∞,

1
2 1[−1,1](x) for p = ∞.

Specially for p = ∞ we have the representation

X(n) d
= (Y1, . . . , Yn),

where Y1, . . . , Yn are as above.

In this case the fact that ∥·∥p is a proper quasinorm whenever p < 1, is irrelevant;
we can treat the convex and the non-convex case uniformly. It is another, and in itself
nontrivial, question how suitbale probabilistic representations can be obtained; as already
stated at the beginning of this section, as of the date of this dissertation there is no general
recipe.
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1 Introduction

1.3.2 Limit theorems

Among the probabilistic tools are the classical limit theorems such as weak and strong
laws of large numbers and the central limit theorem; large deviations principles have seen
increased use within the last few decades. For the convenience of the reader we provide
simple formulations of those here. Let (Xn)n∈N be a sequence of i.i.d. integrable R-valued
random variables, and for n ∈ N put Sn :=

∑n
k=1Xk.

• Weak law of large numbers (WLLN). ( 1nSn)n∈N
P−→ E[X1], that is, for any ε > 0,

lim
n→∞

P
[∣∣∣Sn

n
− E[X1]

∣∣∣ ≥ ε
]
= 0.

• Strong law of large numbers (SLLN). ( 1nSn)n∈N
a.s.−−→ E[X1], that is,

P
[
lim
n→∞

Sn

n
= E[X1]

]
= 1.

• Central limit theorem (CLT).
(

1
σ
√
n
(Sn−nE[X1])

)
n∈N

d−→ Z, that is, for any x ∈ R,

lim
n→∞

P
[Sn − nE[X1]

σ
√
n

≤ x
]
= P[Z ≤ x],

where Z ∼ γ2 (the standard Gaussian distribution) and σ := Var[X1]
1/2 ∈ (0,∞).

• Large deviations principle (LDP), specifically Cramér’s thoerem. Assume Λ(t) :=
logE[etX1 ] < ∞ for all t ∈ R and define Λ∗(x) := inf{tx − Λ(t) : t ∈ R}, then, for
any Borel-measurable A ⊂ R,

− inf Λ∗(A◦) ≤ lim inf
n→∞

1

n
logP

[Sn

n
∈ A

]
≤ lim sup

n→∞

1

n
logP

[Sn

n
∈ A

]
≤ − inf Λ∗(A),

where A◦ and A denote the interior and closure of A respectively.
The strength of LDPs lies in the fact that, while being a strengthening of the LLNs,

they retain more information about the input distribution: confer the versions presented
above, where for the CLT the only relevant data of the law of X1 are its expectation and
variance, that is, its first two moments— in this sense a CLT is universal; whereas the
LDP is governed by Λ∗ which, since actually (Λ∗)∗ = Λ under the above assumptions,
contains all moments. This is important in asymptotic geometry because through an
LDP we can still distinguish classes of bodies in high dimensions.

In the geometric setting of norm unit balls Bn in Rn, if ∥·∥ is invariant under per-
mutations of the coordinates, then X(n) ∼ U(Bn) has exchangeable coordinates, hence
the empirical measure Ln := 1

n

∑n
k=1 δX(n)

k

already determines the marginal distribution

of X(n)
1 . Therefore in this case an LDP for (Ln)n∈N yields valueable information about

the asymptotic geometry of Bn.
As an aside we mention another type of limit theorem, which is closely related to both

the CLT and LDP: the moderate deviations principle; in a simple case this treats the

8



1.3 Interplay between geometry and probability

behaviour of P
[∑n

k=1(Xk − E[X1]) > bn
√
na

]
where (bn)n∈N is a sequence in (0,∞)

such that both limn→∞ bn = ∞ and limn→∞
bn√
n

= 0, this means that the scale of
the deviation bn

√
na lies between that of normal (

√
na) and large deviations (na). A

moderate deviations principle then takes the shape of an LDP, but with a slower speed
and the rate function of an appropriately scaled Gaussian distribution.

1.3.3 Examples of limit results

Here we present only two types of geometric limit theorems which involve probabilistic
tools: Schechtman–Schmuckenschläger-type results and Poincaré–Maxwell–Borel lem-
mas. The first named results yield information about the distribution of volume, and the
second ones about the distribution of coordinates.

Schechtman–Schmuckenschläger-type results In order to motivate the probabilistic
method we consider a very simple case, namely we want to determine

lim
n→∞

voln(rnBn
∞ ∩ tsnBn

1 )

for any t ∈ (0,∞), where rn := voln(Bn
∞)−1/n and sn := voln(Bn

1 )
−1/n so that voln(rnBn

∞) =
1 = voln(snBn

1 ) and consequently voln(rnBn
∞ ∩ tsnBn

1 ) ∈ [0, 1]. Since we know

voln(Bn
∞) = 2n and voln(Bn

1 ) =
2n

n!
,

we get immediately

rn =
1

2
and sn =

n!1/n

2
=

n

2e
(1 + hn),

where the last identity follows from Stirling’s formula, with limn→∞
2n

log(n)hn = 1. As
already expounded in Section 1.3.1, we associate Bn

∞ with its uniform distribution U(Bn
∞),

and by Proposition 1 we have X(n) = (X1, . . . , xn) ∼ U(Bn
∞) iff X1, . . . , Xn are i.i.d. with

X1 ∼ U([−1, 1]) (which in this case can be deduced from the fact that Bn
∞ = [−1, 1]n

and the uniform distribution on a box is the product of its marginals). Therewith we
can rewrite as follows,

voln(rnBn
∞ ∩ tsnBn

1 ) = P[rnX(n) ∈ tsnBn
1 ]

= P
[
∥X(n)∥1 =

n∑
k=1

|Xk| ≤
sn
rn

t =
n(1 + hn)

e
t

]

= P
[
1

n

n∑
k=1

|Xk| ≤
1 + hn

e
t

]
. (1)

Since the sequence (|Xk|)k∈N is i.i.d. with |X1| ∼ U([0, 1]), the LLNs tell us(
1

n

n∑
k=1

|Xk|
)

n∈N
→ E[|X1|] =

1

2

9



1 Introduction

almost surely and in probability, hence also in distribution, which yields, continuing
from (1) and together with limn→∞ hn = 0,

lim
n→∞

voln(rnBn
∞ ∩ tsnBn

1 ) = P
[1
2
≤ t

e

]
=

{
0 if t < e

2 ,

1 if t > e
2 .

Here we see the emergence of a threshold behaviour: at a threshold, or critical, value of t
the value of the limit jumps from “nothing” to “all”. To put it another way, “almost no”
mass of rnBn

∞ is contained in tsnBn
1 for t < e

2 , whereas “almost all” mass is contained in
tsnBn

1 for t > e
2 . But because the LLNs yield a degenerate limit distribution, they do

not allow the assessment of the critical case t = e
2 ; we need more information about the

fluctuations of 1
n

∑n
k=1|Xk| around its mean 1

2 . This is provided by the CLT, in our case(
1

σ
√
n

n∑
k=1

(
|Xk| −

1

2

))
n∈N

d−→ Z,

where Z is standard Gaussian and σ := Var[|X1|]1/2. Rearranging (1) accordingly leads
to

voln

(
rnBn

∞ ∩ e

2
snBn

1

)
= P

[
1

σ
√
n

n∑
k=1

(
|Xk| −

1

2

)
≤ hn

√
n

2σ

]
.

Now we notice that we need to know the finer asymptotics of hn in order to compute the
limit. In our case

√
nhn =

log(n)

2
√
n

2nhn
log(n)

−−−→
n→∞

0 · 1 = 0,

therefrom we conclude

lim
n→∞

voln

(
rnBn

∞ ∩ e

2
snBn

1

)
= P

[
Z ≤ 0

2σ

]
=

1

2
.

Based on what can be observed in the previous example, the basic procedure for a
Schechtman–Schmuckenschläger result can be formulated thus (confer also the exposition
given by Sonnleitner and Thäle [84, Section 2]): Consider two sequences (Kn)n∈N and
(Ln)n∈N of star bodies, where Kn, Ln ⊂ Rn for each n ∈ N and voln(Kn) = 1 = voln(Ln)
(otherwise rescale the bodies); we would like to know how the mass of Kn is distributed
with respect to Ln, so we consider the quantity voln(Kn∩tLn) with t ∈ (0,∞). Following
the general idea laid out in Section 1.3.1 we take X(n) ∼ U(Kn), then

Vn(t) := voln(Kn ∩ tLn) = P[X(n) ∈ tLn] = P[|X(n)|Ln ≤ t], (2)

where |·|Ln denotes the Minkowski functional of Ln. Now if there exists a constant
tcrit ∈ [0,∞] such that

(|X(n)|Ln)n∈N
P−→ tcrit,

then Equation (2) immediately implies

lim
n→∞

Vn(t) =

{
0 if t < tcrit,

1 if t > tcrit;

10



1.3 Interplay between geometry and probability

this is the threshold behaviour seen in the example (one also speaks of a phase transition).
And again, for treating thge case t = tcrit we need more knowledge about the fluctuations
of |X(n)|Ln around tcrit. So now assume that there exists a sequence (an)n∈N in (0,∞)
such that (

an(|X(n)|Ln − tcrit)
)
n∈N

d−→ Z,

where Z is a nondegenerate random variable; if additionally 0 is a continuity point of Z,
then from (2) we obtain

lim
n→∞

Vn(tcrit) = P[Z ≤ 0].

The (almost) complete picture in the case of ℓp-balls which was solved by Schechtman
and Schmuckenschläger [78] and Schmuckenschläger [80, 81] may be formulated as given
below; one may check that inserting p = ∞ and q = 1 reproduces the value A∞,1 = 2

e
from our example at the beginning.

Proposition 2. Let p, q ∈ (0,∞] with p ̸= q and q < ∞, denote the unit-volume ℓnp -ball
by Dn

p and let t ∈ (0,∞), then

lim
n→∞

voln(Dn
p ∩ tDn

q ) =


0 if Ap,qt < 1,
1
2 if Ap,qt = 1,

1 if Ap,qt > 1,

where for p < ∞,

Ap,q := lim
n→∞

n1/p voln(Bn
p )

1/n

n1/q voln(Bn
q )

1/n E[|Y1|q]1/q
=

e1/p p1/q Γ(1 + 1
p)

1+1/q

e1/q q1/q Γ(1 + 1
q ) Γ(

q+1
p )1/q

and A∞,q := limp→∞Ap,q. Here Y1 ∼ γp as in Proposition 1.

It should not go unmentioned that corresponding results have been produced for Orlicz
balls by Kabluchko and Prochno [32], and for Schatten balls of Hermitian matrices by
Kabluchko, Prochno, and Thäle [35]; in either setting the critical case is still wanting.

Poincaré–Maxwell–Borel lemmas This type of limit theorem (also called Maxwell’s
principle) has its roots in kinetic gas theory and goes back to Maxwell and to Borel [8]:
they observed that any fixed number of coordinated of a random vector sampled uniformly
from the ℓn2 -unit sphere Sn−1

2 := {x ∈ Rn : ∥x∥2 = 1} are asymptotically independent
and have identical Gaussian dsitribution as n grows large; see Rassoul-Agha and Sep-
päläinen [73, p. 81] for a formal statement. (Often the theorem is attributed also to
Poincaré [66], hence the name, but see the discussion in Diaconis and Freedman [12].)

It is not too difficult to get a statement for ℓnp -balls. In the case p = ∞ we already know
that a random vector X(n) ∼ U(Bn

∞) has independent U([−1, 1])-distributed coordinates,
hence any subcollection (X

(n)
k )k∈I , for some nonempty index set I, has independent

11
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U([−1, 1])-distributed coordinates. In the case p < ∞ we refer to Proposition 1 and have
X(n) ∼ U(Bn

p ) iff

X(n) d
= U1/n (Yi)i≤n

∥(Yi)i≤n∥p
, (3)

where (Yi)i∈N is an i.i.d. sequence with Y1 ∼ γp, independent from U ∼ U([0, 1]). Now
fix k ∈ N and let n ≥ k, then (3) immediately yields for the first k components of X(n),

(X
(n)
i )i≤k

d
= U1/n (Yi)i≤k

∥(Yi)i≤n∥p
=

U1/n(∑n
i=1|Yi|p

)1/p (Yi)i≤k.

Clearly (Yi)i≤k does not depend on n; since U > 0 almost surely, we get (U1/n)n≥k
a.s.−−→ 1,

and the SLLN yields (
1

n

n∑
i=1

|Yi|p
)

n≥k

a.s.−−→ E[|Y1|p] = 1.

Taking all this together we obtain

n1/p U1/n(∑n
i=1|Yi|p

)1/p (Yi)i≤k =
U1/n(

1
n

∑n
i=1|Yi|p

)1/p (Yi)i≤k
a.s.−−−→

n→∞
(Yi)i≤k,

and as we have equality in distribution for any n, this also implies

n1/p(X
(n)
i )i≤k

d−−−→
n→∞

(Yi)i≤k.

Thus also the components of X(n) are asymptotically independent. Note that the case
of Sn−1

2 can be recovered from the calculations given above by having U = 1 almost
surely, since ∥(Yi)i≤n∥−1

2 (Yi)i≤n ∼ U(Sn−1
2 ), owing to the orthogonal invariance of the

multivariate standard Gaussian distribution.
Speaking more generally, for a Poincaré–Maxwell–Borel lemma let (Kn)n∈N and X(n) ∼

U(Kn) be as in the Schechtman–Schmuckenschläger setting; we would like to know the
typical distribution of the first few coordinates X

(n)
1 , . . . , X

(n)
k , where k ∈ N with k ≤ n;

phrased a bit more precisely, we seek a limit theorem(
A(k)

n (X
(n)
1 , . . . , X

(n)
k ) + b(k)n

)
n∈N

d−→ Z(k), (4)

where A(k)
n ∈ Rk×k and b

(k)
n ∈ Rk for each n ∈ N, and Z(k) is an Rk-valued, nondegenerate

random vector. In a quantitative version the laws µ(k)
n of A(k)

n (X
(n)
1 , . . . , X

(n)
k )+ b

(k)
n and

ν(k) of Z(k) are compared with respect to a metric on M1(Rk), such as the Lévy–Pro-
khorov metric, the bounded-Lipschitz metric, or even more strongly the total-variation
metric dTV. For the ℓp-balls, e.g., the total variation distance is bounded from above by
C k

n with some global constant C ∈ (0,∞), implying that k may even grow with n as fast
as sublinearly; the precise statement is as follows, based on Rachev and Rüschendorf [71,
Theorem 4.5] who found the general theorem for which Diaconis and Freedman [12] had
sought (note that different normalizations of dTV exist, affecting the constant factors).
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1.4 Open questions

Proposition 3. Let p ∈ (0,∞], let k = k(n) such that limn→∞
k
n = 0, and for each

n ∈ N let X(n) ∼ U(Bn
p ), then

dTV
(
n1/p(X

(i)
i )i≤k, (Yi)i≤k

)
≤

√
2

πe

k

n
+ r

(k
n

)
,

where (Yn)n∈N is as in Proposition 1, and r satisfies limh→0
r(h)
h = 0. In particular, for

k ∈ N fixed, (
n1/p(X

(n)
i )i≤k

)
n≥1

d−→ (Yi)i≤k.

To some extent the most general Maxwell principle which has been proved so far, is
for generalized Orlicz balls by Johnston and Prochno [31] (‘generalized’ meaning that the
conditions on the Orlicz function are considerably relaxed); they provide a quantitative
statement in terms of dTV.

In the particular case that, for every n ∈ N, the canonical basis e(n)1 , . . . , e
(n)
n is 1-sym-

metric for Kn (that is,
∑n

k=1 εkxkeπ(k) ∈ Kn iff
∑n

k=1 xkek ∈ Kn for every choice of signs
εk ∈ {−1, 1}, coordinates x1, . . . , xn ∈ R, and every permutation π ∈ Sn), X(n) has
symmetric, exchangeable components, hence we can choose A

(k)
n = anIk and b

(k)
n = 0;

furthermore let Pn,k denote the projection onto the first k components, then we can
rewrite (4) as (

anPn,kX
(n)

)
n∈N

d−→ Z(k).

We can view Pn,k as a special instance of the orthogonal projection onto a k-dimensional
subspace, namely that one spanned by e

(n)
1 , . . . , e

(n)
k . It turns out that for ℓp-balls, among

others, these coordinate subspaces yield the exceptional limit behaviour of projections,
as the limit law is γ⊗k

p (the k-fold product measure), whereas the typical behaviour
is described by Klartag’s central limit theorem for convex bodies [42, 43]: when the
dimension n is large, for most k-dimensional subspaces E ⊂ Rn the orthogonal projection
anPEX

(n) will be close to a k-dimensional standard Gaussian variable Z(k).

1.4 Open questions

The contributed articles treat their respective topics by no means exhaustively and leave
many points unanswered. Some of those open points come from the direct comparison
with results about the classical ℓnp -spaces: for the latter, not only do there exist weak
limit theorems for the norm of a random point (the basis for Schechtmann–Schmucken-
schläger results, as explained above), but also for the Euclidean norm of random projec-
tions together with corresponding Berry–Esseen bounds (see Alonso-Gutiérrez, Prochno,
Thäle [2] and Johnston, Prochno [30]), and these weak limit theorems are complemented
with moderate and large deviations principles (Gantert, Kim, Ramanan [20], Alonso-
Gutiérrez, Prochno, Thäle [1], Kabluchko, Prochno, Thäle [33, 37]) and sharp deviations
(Kaufmann [38], Liao, Ramanan [49]). Moreover, not only projections of random points
onto (random) subspaces are of interest, but also the volume of hyperplane projections
and sections (see the survey of Nayar and Tkocz [62]); in this case the results themselves
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are not probabilistic but the tools are. The lack of results of this kind is a fact true not
only for ℓnp -ellipsoids and ℓmp (ℓnq )-balls (indeed, very little is known about the geometry of
the latter) but also for Sm×n

p -balls, even in the comparatively better studied Hermitian
case.

With regard to Sm×n
p -balls the gaps are more serious: apart from p ∈ {2,∞} (the

former corresponding to the Euclidean case, and the latter solved in the contributed
articles) we do not know the volume of the Sm×n

p -unit ball unless asymptotically for m =
n; also, again excluding p ∈ {2,∞}, we do not have a simple probabilstic representation
of the uniform distribution on the unit ball, and this poses a great hindrance to further
investigations; and, still excluding p ∈ {2,∞} and m = n, we have not identified yet the
minimizer of the rate function in the Sanov-type LDP for the singular values of matrices
from the Sm×n

p -unit ball and its logarithmic energy. Whereas the missing limit theorems
in the case of ℓnp -ellipsoids and ℓmp (ℓnq )-balls presumably can be tackled by adaptation
of the existing tools modulo technicalities, this is not so clear for the Sm×n

p -balls since
there are no obvious role models which could be adapted and the results would have to
be proved from scratch.
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2 Contributed articles

2.1 Spectral flatness and the volume of intersections of
p-ellipsoids

Abstract

Motivated by classical works of Schechtman and Schmuckenschläger on intersections of ℓp-balls
and recent ones in information-based complexity relating random sections of ellipsoids and the
quality of random information in approximation problems, we study the threshold behavior of
the asymptotic volume of intersections of generalized p-ellipsoids. The non-critical behavior is
determined under a spectral flatness (Wiener entropy) condition on the semi-axes. In order
to understand the critical case at the threshold, we prove a central limit theorem for q-norms
of points sampled uniformly at random from a p-ellipsoid, which is obtained under Noether’s
condition on the semi-axes.
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V.D. Milman, the authors studied the proportion of volume left in a volume normalized �n
p -ball af-

ter removing a multiple of a volume normalized �n
q -ball. A fundamental element in their approach 

is a probabilistic representation of the cone probability measure on an �n
p-sphere (more precisely, 

on the positive orthant), which can be easily extended to a representation of the uniform distribu-
tion on the whole ball. Independently, this probabilistic representation had been found by Rachev and 
Rüschendorf [13], but with a different objective: they proved a Maxwell-principle for �n

p-spheres, com-
plementing the classical Poincaré-Maxwell-Borel lemma for the Euclidean sphere. This representation 
has again been put to use in a work of Schechtman and Schmuckenschläger [14], where the authors 
investigated the limit limn→∞ voln(Dn

p ∩ tDn
q ) and its dependence on the parameter t ∈ (0, ∞). Here, 

f �n
p ; recall that for 

 of large numbers, 
ng on whether t is 
e parameters p and 
ade until Schmuck-

in the case p = ∞, 
 a complete answer 
at random from the 

n [8] (see also [9]). 
vectors distributed 

stribution to expo-
 they showed that 

with an appropriate 
ing the intersection 
deviation principles 
aken up the thread 
 geometric settings 
 it.
hläger has recently 
tersection of Orlicz 

nvex function with 
eter R , depending 

 either zero or one; 
roof of Schechtman 
n the Schechtman–

rent and finer tools. 
e by means of the 

n of Cramér’s large 
 in the weak law of 

n-based complexity, 
ality of random in-
 appear naturally in 
we denote by Dn
p the volume normalized version of the closed unit ball Bn

p o
0 < p ≤ ∞ and x = (xi)

n
i=1 ∈Rn ,

‖x‖p :=

⎧⎪⎨⎪⎩
( n∑

i=1
|xi |p

)1/p : p < ∞,

max
1≤i≤n

|xi | : p = ∞
defines a quasi-norm on Rn , which is a norm whenever 1 ≤ p ≤ ∞. Using a law
they showed that the limit exists and is equal to either zero or one, dependi
smaller or greater, respectively, than a certain threshold determined solely by th
q. The asymptotic behavior at the threshold remained unanswered for nearly a dec
enschläger [16] used the Berry–Esseen theorem to show that the limit is 1/2
independent of q. Another couple of years later Schmuckenschläger [17] provided
by proving a central limit theorem for the q-norm of a vector sampled uniformly 
�n

p-sphere; again the limit is 1/2 irrespective of p and q.
The previous results have been revisited by Kabluchko, Prochno, and Thäle i

Not only did they prove (multivariate) central limit theorems for q-norms of 
uniformly in Bn

p , but also non-central limit theorems (i.e., convergence in di
nential and Gumbel distributions) for extreme values of p and q; furthermore
limn→∞ voln(Dn

p ∩ tnDn
q ) can be any number in the interval (0, 1) (not just 1/2) 

sequence (tn)n∈N converging to the threshold. They also present results concern
of more than two balls, intersections of “neighboring” balls, and investigate large 
for q-norms of random vectors sampled from �n

p -balls, where the authors have t
laid by Gantert, Kim, and Ramanan [2]. The topic of large deviation principles in
has been researched much since then, but the present paper does not touch upon

Another notable generalization of the results of Schechtman and Schmuckensc
been accomplished by Kabluchko and Prochno [7]: they have considered the in
balls

Bn
M(nR) :=

{
(x1, . . . , xn) ∈ Rn :

n∑
i=1

M(xi) ≤ nR

}
,

where R ∈ (0, ∞), and M : R → [0, ∞) is an Orlicz-function, that is, an even, co
M(x) = 0 iff x = 0. Like in the case of �n

p -balls there is a threshold for the param
only on the two Orlicz functions involved (one for each ball), such that the limit is
the authors conjecture that the limit equals 1/2 at the threshold. Whereas the p
and Schmuckenschläger only needs a (weak) law of large numbers and builds upo
Zinn probabilistic representation, Kabluchko and Prochno require completely diffe
The lack in a corresponding probabilistic representation for Orlicz balls is overcom
maximum entropy principle from statistical mechanics and Petrov’s sharp versio
deviation theorem [12], which says that, under suitable conditions, the probability
large numbers converges exponentially fast towards zero with a specified rate.

Motivated by the previous body of research and by recent works in informatio
where the asymptotic geometry of ellipsoids is related to questions about the qu
formation in approximation problems [3–5] and because volumes of intersections
2
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tractability questions for multivariate numerical integration of certain classes of smooth functions [6], 
the present paper undertakes another generalization of the results of Schechtman and Schmucken-
schläger, where, instead of the isotropic �n

p -balls, we shall investigate p-ellipsoids, which are defined 
as follows: for 0 < p ≤ ∞, n ∈N , and σ = (σ1, . . . , σn) ∈ (0, ∞)n ,

En
p,σ :=

{
(x1, . . . , xn) ∈Rn :

n∑
i=1

∣∣∣ xi

σi

∣∣∣p ≤ 1

}
if p < ∞, or

hall denote by Ẽn
p,σ

limn→∞ voln(Ẽn
p,σn

∩

ymptotic volume of 
ent it is enough to 
ed q-ellipsoids (we 
 in the non-critical 
ner entropy, on the 

tation. For any p ∈
γp on R is defined 

 r ∈ [0, ∞], then

,

∞(∞, q) := 0; also 
note an infinite tri-

)n . For n ∈ N and 
p -ball Dn

p .
ned by Schechtman 

)n be given. Assume 

(1)
En∞,σ :=
{
(x1, . . . , xn) ∈Rn : max

1≤i≤n

∣∣∣ xi

σi

∣∣∣ ≤ 1

}
if p = ∞, and we refer to En

p,σ as the p-ellipsoid with semi-axes σ1, . . . , σn . We s

the unit volume dilation of En
p,σ (i.e., voln(Ẽn

p,σ ) = 1) and study the asymptotic of 
tẼn

q,τn
), where p, q, and t are fixed, and where σn, τn ∈ (0, ∞)n for each n ∈N .

1.1. The main results

We shall now present our main results on the threshold behavior of the as
intersections of p-ellipsoids. Note that by a simple linear transformation argum
consider the intersection of volume normalized �n

p -balls with volume normaliz
shall elaborate in more detail in Remark 1.1 below). As we will see, the result
case is proved under a so-called spectral flatness condition, also known as Wie
semi-axes of the ellipsoid.

Before we state this and the other results, let us briefly introduce some no
(0, ∞], the p-generalized Gaussian distribution (p-Gaussian distribution for short) 
by

dγp(x) :=
{ 1

2p1/p �( 1
p +1)

e−|x|p/p dx : p < ∞,

1
2 1[−1,1](x)dx : p = ∞.

We introduce the following shorthands for the moments of γp : let X ∼ γp and q,

Mp(q) := E[|X |q], V p(q) := Var[|X |q], C p(q, r) := Cov[|X |q, |X |r]
and we adopt the conventions M∞(∞) := 0, V∞(∞) := 0, and C∞(∞, ∞) := C
note Mp(p) = 1 and V p(p) = p for p < ∞. In what follows σ shall always de
angular array with positive real entries, namely σ = ((σn,i)

n
i=1)n∈N ∈ ∏

n∈N(0, ∞
p ∈ (0, ∞] let rn,p := voln(Bn

p)−1/n denote the radius of the volume-normalized �n

The first result is a generalization of a celebrated theorem for �n
p -balls obtai

and Schmuckenschläger in [14].

Theorem A. Let p ∈ (0, ∞] and q ∈ (0, ∞), and let σ = ((σn,i)
n
i=1)n∈N ∈ ∏

n∈N(0, ∞
that the limit

Fq,σ := lim
n→∞

[( n∏
i=1

σn,i

) 1
n
(

1

n

n∑
i=1

σ
−q
n,i

) 1
q
]

exists in [0, ∞] and that

lim
n→∞

[( n∏
i=1

σn,i

) 2q
n 1

n2

n∑
i=1

σ
−2q
n,i

]
= 0.
3
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Define

Ap,q := Mp(q)
− 1

q lim
n→∞

n− 1
q rn,q

n− 1
p rn,p

=

⎧⎪⎨⎪⎩
�(1+ 1

p )1+1/q

�(1+ 1
q )�(

q+1
p )1/q

e
1
p − 1

q
( p

q

) 1
q : p < ∞

1
�(1+ 1

q )

( q+1
qe

) 1
q : p = ∞.

Then, for all t ∈ [0, ∞),

lim voln
(
Dn

p ∩ tẼn
q,σn

) =
{

0 : t Ap,q < Fq,σ

e intersection of a 

he sufficient condi-

q-norm of a vector 
d Noether condition 
 distinct values of q

d Noether’s condition

(2)

,

n→∞ 1 : t Ap,q > Fq,σ ,

where we have set σn := (σn,i)
n
i=1 .

Remark 1.1. (1) Theorem A and Corollary 1.3 (below) also cover the case of th
p-ellipsoid with a q-ellipsoid, because

voln(Ẽn
p,σ ∩ tẼn

q,τ ) = voln(det(�)−1/n�Dn
p ∩ t det(T )−1/n TDn

q )

= voln(D
n
p ∩ t det(�−1T )−1/n(�−1T )Dn

q )

= voln(D
n
p ∩ tẼn

q,ρ),

where σ = (σi)
n
i=1, τ = (τi)

n
i=1, � = diag(σ ), T = diag(τ ), and ρ = (σ−1

i τi)
n
i=1. T

tions must be fulfilled by ρ then.
(2) By the inequality of the arithmetic and geometric means we see( n∏

i=1

σn,i

) 1
n

=
( n∏

i=1

σ
−q
n,i

) 1
n

(− 1
q

)
≥

(
1

n

n∑
i=1

σ
−q
n,i

)− 1
q

,

where equality holds true iff σn,1 = · · · = σn,n; hence one sees Fq,σ ≥ 1 actually.

Our second theorem is a central limit theorem (CLT) for a properly scaled 
sampled uniformly at random from a p-ellipsoid and obtained under the so-calle
on the semi-axes. It thus partly generalizes [8, Theorem 1.1], which treats several
simultaneously and in addition contains two non-central limit theorems.

Theorem B. Let p, q, σ , Fq,σ be given as in Theorem A. Furthermore, let σ satisfy (1) an

lim
n→∞

max
1≤i≤n

σ
−2q
n,i∑n

i=1 σ
−2q
n,i

= 0,

and in the case p < ∞ let the following limit exist,

Gq,σ := lim
n→∞

∑n
i=1 σ

−q
n,i√

n
(∑n

i=1 σ
−2q
n,i

)1/2
.

For each n ∈N , let Zn ∼ Unif(Bn
p) and �n := diag((σn,i)

n
i=1). If p �= q or Gq,σ < 1, then( ∑n

i=1 σ
−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2

(
n1/p ‖�−1

n Zn‖q

Mp(q)1/q (
∑n

i=1 σ
−q
n,i )1/q

− 1

))
n∈N

d−→ N (0, s2)

with

s2 := V p(q)

q2Mp(q)2
− 2C p(p,q)G2

q,σ

pqMp(q)
+ G2

q,σ

p
.

4
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Remark 1.2. (1) If it exists, we know Gq,σ ∈ [0, 1] because of the comparison of the �1- and �2-norms 
on Rn . Moreover, if Fq,σ < ∞, then because of∑n

i=1 σ
−q
n,i√

n
(∑n

i=1 σ
−2q
n,i

)1/2
=

(∏n
i=1 σn,i

)q/n 1
n

∑n
i=1 σ

−q
n,i((∏n

i=1 σn,i
)2q/n 1

n

∑n
i=1 σ

−2q
n,i

)1/2
,

Gq,σ exists if and only if( n∏ ) 2q
n 1

n∑
rk 1.1 for Fq,σ , and 

luded.

 critical case at the 
neralization of The-
enschläger [17] for 

efine, for n ∈N ,

oids it makes sense 
.3 and Theorem A, 
 as is evident from 

n and preliminaries. 
 in Section 3. In the 
lim
n→∞

i=1

σn,i
n

i=1

σ
−2q
n,i

exists. Note that the latter limit is at least one for the same reasoning as in Rema
hence division by zero is precluded.

(2) Let X ∼ γp , then we can express

s2 = Var
[ |X |q

qMp(q)
− G2

q,σ |X |p

p

]
+ G2

q,σ (1 − G2
q,σ )

p

and therefore s = 0 if and only if p = q and Gq,σ = 1, which is what we have exc

The CLT in Theorem B allows us to determine the asymptotic behavior in the
threshold tcrit = A−1

p,q Fq,σ , which is not covered by Theorem A. It presents the ge
orem 2.1 in Schmuckenschläger [16] for p = ∞ and of Theorem 3.2 in Schmuck
p < ∞.

Corollary 1.3. Let p, q, σ , Fq,σ , Gq,σ , s be given as in Theorem B, but with Fq,σ < ∞. D

hn :=
(∏n

i=1 σn,i
)1/n( 1

n

∑n
i=1 σ

−q
n,i

)1/q

Fq,σ
.

Then in the critical case tcrit = A−1
p,q Fq,σ , if

z := lim
n→∞

∑n
i=1 σ

−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2
(hn − 1) ∈ [−∞,∞]

exists, it holds true that

lim
n→∞ voln(D

n
p ∩ tcritẼn

q,σn
) = 	

(
− z

s

)
,

where 	 is the CDF of the standard normal distribution.

Remark 1.4. Different from the case of balls treated in [8, Corollary 2.1], for ellips
to separate the critical from the non-critical case for t (the present Corollary 1
respectively), because the latter needs weaker premises compared to the former
our formulation above.

1.2. Organization of the paper

The rest of this paper is structured as follows. In Section 2 we discuss notatio
Examples of semi-axes satisfying the assumptions in our theorems are presented
final Section 4, we provide the proofs for our main results.
5
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2. Notation and preliminaries

We shall now present the notation used throughout this paper followed by a short subsection 
discussing the uniform distribution on p-ellipsoids.

2.1. Notation

The Landau-symbols will be used in the proofs: for real sequences (an)n∈N and (bn)n∈N define

with the respective 
rticular O(1) stands 
ence which is also 

pace (�, A, P ); the 
ar, and Cov, respec-

e beginning of Sec-
ted by Unif(A), and 
riance matrix) v by 
ated by d= and d−→, 

rns the relation be-
En

p,σ if and only if 
n(Bn

p). Furthermore, 

(3)

 any c ∈ (0, ∞) the 

s: let X be an Rn-
∼ Unif(Bn

p) and let 

)

an = O(bn) :⇐⇒ ∃M ∈ (0,∞)∃n0 ≥ 1∀n ≥ n0 : |an| ≤ M|bn|,
an = o(bn) :⇐⇒ ∀ε ∈ (0,∞)∃n0 ≥ 1∀n ≥ n0 : |an| ≤ ε|bn|,

an = �(bn) :⇐⇒ ∃m, M ∈ (0,∞)∃n0 ≥ 1∀n ≥ n0 : m|bn| ≤ |an| ≤ M|bn|.
Mostly we will use the symbols O, o, and � loosely as stand-ins for sequences 
property, e.g., 1 +O( 1

n ) is to be understood as 1 +an with some an =O( 1
n ). In pa

for a bounded sequence, o(1) for a null-sequence, and �(1) for a bounded sequ
bounded away from zero.

2.2. p-ellipsoids and the uniform distribution on them

We assume that all random variables are defined on a common probability s
expected value, variance, and covariance with respect to P are denoted by E, V
tively.

Recall the definition of the p-Gaussian distribution γp and its moments at th
tion 1.1. The uniform distribution on a set A ⊂ Rn with positive volume is deno
the (multivariate) normal distribution with mean (vector) μ and variance (cova

N (μ, v); note N (0, 1) = γ2. Equality and convergence in distribution are indic
respectively.

Let us continue with two important properties of p-ellipsoids. The first conce
tween balls and ellipsoids. Set � := diag(σ ) ∈ Rn×n . Obviously by definition x ∈
�−1x ∈ Bn

p , and therefore En
p,σ = �Bn

p . From this follows voln(En
p,σ ) = det(�) vol

we have

Ẽn
p,σ = En

p,σ

voln(En
p,σ )1/n

= �Bn
p

det(�)1/n voln(Bn
p)1/n

= �Dn
p

det(�)1/n
.

Equation (3) also implies that Ẽn
p,σ is invariant under scaling of σ , that is, for

identity Ẽn
p,cσ = Ẽn

p,σ holds true, where cσ := (cσi)
n
i=1.

The second statement relates the uniform distributions on balls and ellipsoid
valued random variable, then X ∼ Unif(Bn

p) iff �X ∼ Unif(En
p,σ ). Indeed, let X

A ⊂Rn be a Borel-set, then

P [�X ∈ A] = P [X ∈ �−1 A] = voln(�−1 A ∩Bn
p)

voln(Bn
p)

= voln(�−1 A ∩ �−1En
p,σ

voln(�−1En
p,σ )

= voln(�−1(A ∩ En
p,σ ))

voln(�−1En
p,σ )

= voln(A ∩ En
p,σ )

voln(En
p,σ )

,

hence �X ∼ Unif(En
p,σ ) as claimed. The reverse direction follows similarly.
6
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3. Examples

We now provide two non-trivial examples of arrays of semi-axes, either of which generalizes the 
case of balls and yet can be shown directly to satisfy the conditions of Theorems A and B. Either ex-
ample is simple in that the rows of the array arise as successive initial segments of a single sequence 
of positive numbers. We call (σn)n∈N ⊂ (0, ∞) eventually periodic if and only if there exist n0 ∈ N0
and d ∈N such that σn+d = σn for all n ≥ n0 + 1.

Proposition 3.1. Let p ∈ (0, ∞], q ∈ (0, ∞), let (σn)n∈N ⊂ (0, ∞) and define σ := ((σi)
n
i=1)n∈N .

B with

em A iff α > − 1
q , and 

there hold

een studied in geo-
al. [4, Corollary 6]. 
v spaces; see, e.g., 

therein.

on 3.1, (b), we need 
 the terms involved. 

ansion of the expo-
(a) Let (σn)n∈N be eventually periodic. Then σ satisfies the premises of Theorems A and

Fq,σ =
( d∏

i=1

σn0+i

)1/d(
1

d

d∑
i=1

σ
−q
n0+i

)1/q

,

and Corollary 1.3 is valid with

Gq,σ =
∑d

i=1 σ
−q
n0+i√

d
(∑d

i=1 σ
−2q
n0+i

)1/2
and z = 0.

(b) If σn = n−α for some α ∈R and for all n ∈N , then σ satisfies the premises of Theor
then

Fq,σ = eα

(αq + 1)1/q
.

Next, σ satisfies the premises of Theorem B and Corollary 1.3 iff α ≥ − 1
2q , and then 

Gq,σ =
√

2αq + 1

αq + 1
and z = 0.

Remark 3.2. Ellipsoids with semi-axes like those in Proposition 3.1, (b), have b
metric functional analysis and information-based complexity, see, e.g., Hinrichs et
Moreover, they arise asymptotically as singular values of embeddings of Sobole
Novak and Woźniakowski [11], Section 4.2.4 and Remark 4.43 and the references 

Part (a) of Proposition 3.1 shall be tackled directly. In order to prove Propositi
two elementary preliminary lemmas, either of which concerns the asymptotics of
Their proofs are included for the sake of completeness.

Lemma 3.3. For any α ∈R,

n!α/n = nα

eα

(
1 + α log(n)

2n
+O

( 1

n

))
= nα

eα

(
1 +O

( log(n)

n

))
.

Proof. This is little more than an application of Stirling’s formula and Taylor’s exp
nential function: we have

n!α/n =
(√

2πn
(n

e

)n
eRn

) α
n

= nα

eα
e

α log(2πn)
2n + αRn

n

= nα

eα

(
1 + α log(2πn)

2n
+ αRn

n
+O

([ log(2πn)

2n
+ Rn

n

]2))
.

7
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The claim follows by observing Rn =O( 1
n ) and 

( Rn
n + log(2πn)

2n

)2 = o( 1
n ). �

Lemma 3.4. Let α ∈R. Then,

n∑
i=1

iα =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
�(1) : α < −1,

log(n)
(
1 +O

( 1
log(n)

)) : α = −1,

nα+1

α+1

(
1 +O

( 1
nα+1

)) : α ∈ (−1,0),
nα+1

α+1

(
1 +O

( 1
n

)) : α ≥ 0.

zeta-function).
nction x ∈ [1, ∞) �→

ounded by

α.

for α ∈ (−1, 0).

rn with mn, rn ∈N0
n

mn
= d hold. These 

i

)1/d
Proof. Case α < −1: This follows because of 
∑∞

i=1 iα = ζ(−α) ∈ (0, ∞) (Riemann-
Case α ∈ [−1, 0): The claim follows from the integral criterion applied to the fu

xα . To elaborate,([n−1∑
i=1

iα −
n∫

1

xα dx,
n∑

i=1

iα −
n∫

1

xα dx

])
n∈N

is a sequence of nested intervals determining some β ∈ (0, ∞), and the error is b∣∣∣∣ n∑
i=1

iα −
n∫

1

xα dx − β

∣∣∣∣ ≤
∣∣∣∣( n∑

i=1

iα −
n∫

1

xα dx

)
−

(n−1∑
i=1

iα −
n∫

1

xα dx

)∣∣∣∣ = n

The claim follows from 
∫ n

1 x−1 dx = log(n) for α = −1, and from 
∫ n

1 xα dx = xα+1−1
α+1

Case α ≥ 0: Now x ∈ [0, ∞) �→ xα is monotonically increasing, hence we have

n∑
i=1

(i − 1)α ≤
n∫

0

xα dx = nα+1

α + 1
≤

n∑
i=1

iα,

equivalently,

nα+1

α + 1
≤

n∑
i=1

iα ≤ nα+1

α + 1
+ nα,

and this implies the claim. �
Proof of Proposition 3.1. (a) Using division with remainder, write n − n0 = mnd +
and rn ≤ d − 1, for each n ∈N with n ≥ n0 + 1. Then limn→∞ mn = ∞ and limn→∞
imply ( n∏

i=1

σi

)1/n

=
( n0∏

i=1

σi

)1/n( d∏
i=1

σn0+i

)mn/n( rn∏
i=1

σn0+i

)1/n

−−−→
n→∞

( d∏
i=1

σn0+

and analogously

1

n

n∑
i=1

σ
β

i = 1

n

n0∑
i=1

σ
β

i + mn

n

d∑
i=1

σ
β

n0+i + 1

n

rn∑
i=1

σ
β

n0+i −−−→
n→∞

1

d

d∑
i=1

σ
β

n0+i

for any β ∈R. From these results it follows that

Fq,σ =
( d∏

i=1

σn0+i

)1/d(
1

d

d∑
i=1

σ
−q
n0+i

)1/q

,

8
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as well as (referring to Remark 1.2)

Gq,σ =
∑d

i=1 σ
−q
n0+i√

d
(∑d

i=1 σ
−2q
n0+i

)1/2
,

and (w.l.o.g. n ≥ n0 + d)

max
1≤i≤n

σ
−2q
i∑n σ
−2q

=
max

1≤i≤n
σ

−2q
n0+i∑n0 σ

−2q + mn
∑d σ

−2q + ∑rn σ
−2q

−−−→
n→∞ 0.

σ
−q
n0+i

−2q
n0+i

)1/2
·

)1/n

·
)1/q

− 1

)

and Lemma 3.4, we 

1

)))1/q
i=1 i i=1 i i=1 n0+i i=1 n0+i

Recall the definition of hn and z in Corollary 1.3; concerning z, we obtain∑n
i=1 σ

−q
i(∑n

i=1 σ
−2q
i

)1/2
(hn − 1) = √

n
1
n

∑n0
i=1 σ

−q
i + mn

n

∑d
i=1 σ

−q
n0+i + 1

n

∑rn
i=1( 1

n

∑n0
i=1 σ

−q
i + mn

n

∑d
i=1 σ

−2q
n0+i + 1

n

∑rn
i=1 σ

·
((∏n

i=1 σi
)1/n( 1

n

∑n
i=1 σ

−q
i

)1/q(∏d
i=1 σi

)1/d( 1
d

∑d
i=1 σ

−q
i

)1/q
− 1

)

= √
n

mn
n

∑d
i=1 σ

−q
n0+i +O

( 1
n

)
(mn

n

∑d
i=1 σ

−2q
n0+i +O

( 1
n

))1/2
·

·
(( n0∏

i=1

σi ·
( d∏

i=1

σn0+i

)−(n0+rn)/d

·
rn∏

i=1

σn0+i

·
(

n − n0 − rn

n
+ d

n

∑n0
i=1 σ

−q
i + ∑rn

i=1 σ
−q
n0+i∑d

i=1 σ
−q
n0+i

= √
n �(1)

((
1 +O

( 1

n

))(
1 +O

( 1

n

))1/q − 1

)
= √

nO
( 1

n

)
−−−→
n→∞ 0.

(b) Throughout we have 
∏n

i=1 σi = ∏n
i=1 i−α = n!−α . Using both Lemma 3.3

obtain, for α < − 1
q ,

n!−2αq/n 1

n2

n∑
i=1

i2αq = n−2αq

e−2αq

(
1 +O

( log(n)

n

))
�(n−2) −−−→

n→∞ ∞,

so (1) is violated.
In the case α = −1/q, we get

n!2/n 1

n2

n∑
i=1

i−2 = n2

e2

(
1 +O

( log(n)

n

))
�(n−2) = �(1),

and again (1) is violated.
Now consider α ∈ (− 1

q , 0). In that case, again by Lemma 3.3 and Lemma 3.4,

n!−α/n
(

1

n

n∑
i=1

iαq
)1/q

= n−α

e−α

(
1 +O

( log(n)

n

))(
nαq+1

(αq + 1)n

(
1 +O

( 1

nαq+

= eα

(αq + 1)1/q

(
1 +O

( log(n)

n

))(
1 +O

( 1

nαq+1

))

9
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and therefore

Fq,σ = eα

(αq + 1)1/q
.

In the range α ∈ (− 1
q , − 1

2q ), we see

n!−2αq/n 1

n2

n∑
i=1

i2αq = n−2αq

e−2αq

(
1 +O

( log(n)

n

))
�(n−2) −−−→

n→∞ 0,

))
,

))
− 1

)

))
−−−→
n→∞ 0.
thus (1) is fulfilled, but Noether’s condition fails since

max
1≤i≤n

i2αq∑n
i=1 i2αq

= 1

�(1)
= �(1).

Yet for α = − 1
2q we know

n!1/n 1

n2

n∑
i=1

i−1 = n

e

(
1 +O

( log(n)

n

)) log(n)

n2

(
1 +O

( 1

log(n)

))
−−−→
n→∞ 0

and

max
1≤i≤n

i−1∑n
i=1 i−1

= 1

log(n)
(
1 +O

( 1
log(n)

)) −−−→
n→∞ 0.

Also, ∑n
i=1 i−1/2(∑n

i=1 i−1
)1/2

=
√

n
1/2

(
1 +O

( 1√
n

))
log(n)1/2

(
1 +O

( 1
log(n)

))1/2
= 2

√
n

log(n)1/2

(
1 +O

( 1

log(n)

which leads to

Gq,σ = 0.

Regarding z we have∑n
i=1 i−1/2(∑n

i=1 i−1
)1/2 (hn − 1) =

√
n

log(n)1/2 �(1)

((
1 +O

( log(n)

n

))(
1 +O

( 1√
n

=
√

n

log(n)1/2
�(1)

(
O

( 1√
n

)
+O

( log(n)

n

))
= 1

log(n)1/2
O(1) −−−→

n→∞ 0 = z.

For α ∈ (− 1
2q , 0), we get

n!−2αq 1

n2

n∑
i=1

i2αq = n−2αq

e−2αq

(
1 +O

( log(n)

n

)) n2αq+1

(2αq + 1)n2

(
1 +O

( 1

n2αq+1

Concerning Noether’s condition we have

max
1≤i≤n

i2αq∑n
i=1 i2αq

= 1

n2αq+1

2αq+1

(
1 +O

( 1
n2αq+1

)) −−−→
n→∞ 0,
10
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so that too is satisfied. We also observe∑n
i=1 iαq(∑n

i=1 i2αq
)1/2

=
nαq+1

αq+1

(
1 +O

( 1
nαq+1

))
[ n2αq+1

2αq+1

(
1 +O

( 1
n2αq+1

))]1/2
= √

n

√
2αq + 1

αq + 1

(
1 +O

( 1

n2αq+1

))
,

therefore

Gq,σ =
√

2αq + 1

αq + 1

− 1

)

1/q

−−−→
n→∞ 0.
and ∑n
i=1 iαq(∑n

i=1 i2αq
)1/2

(hn − 1) = √
n �(1)

((
1 +O

( log(n)

n

))(
1 +O

( 1

nαq+1

))
= √

n �(1)
(
O

( 1

nαq+1

)
+O

( log(n)

n

))
= O

( 1

nαq+1/2

)
+O

( log(n)√
n

)
−−−→
n→∞ 0 = z.

Lastly we have to examine the range α ≥ 0. First,

n!−α/n
(

1

n

n∑
i=1

iαq
)1/q

= n−α

e−α

(
1 +O

( log(n)

n

))(
nαq+1

(αq + 1)n

(
1 +O

( 1

n

)))

= eα

(αq + 1)1/q

(
1 +O

( log(n)

n

))(
1 +O

( 1

n

))
,

thus, as before,

Fq,σ = eα

(αq + 1)1/q
.

Moreover,

n!−2αq/n 1

n2

n∑
i=1

i2αq = n−2αq

e2αq

(
1 +O

( log(n)

n

)) n2αq+1

(2αq + 1)n2

(
1 +O

( 1

n

))
Concerning Noether’s condition we get

max
1≤i≤n

i2αq∑n
i=1 i2αq

= n2αq

n2αq+1

2αq+1

(
1 +O

( 1
n

)) −−−→
n→∞ 0.

Also ∑n
i=1 iαq(∑n

i=1 i2αq
)1/2

=
nαq+1

αq+1

(
1 +O

( 1
n

))
[ n2αq+1

2αq+1

(
1 +O

( 1
n

))]1/2
= √

n

√
2αq + 1

αq + 1

(
1 +O

( 1

n

))
,

which again yields

Gq,σ =
√

2αq + 1

αq + 1
.

Finally,
11
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i=1 iαq(∑n

i=1 i2αq
)1/2

(hn − 1) = √
n �(1)

((
1 +O

( log(n)

n

))(
1 +O

( 1

n

))
− 1

)
= √

n �(1)
(
O

( 1

n

)
+O

( log(n)

n

))
= O

( 1√
n

)
+O

( log(n)√
n

)
−−−→
n→∞ 0 = z.

This completes the proof. �

ile making the nec-

ds by the following 
ntly also in Rachev 

ent random variables 

f large numbers for 

ble random variables 
bn)n∈N ⊂ (0, ∞) be 

(4)
4. Proofs of the main theorems

4.1. Proof of Theorem A

The proof of Theorem A essentially follows along the lines set out in [14], wh
essary adaptations to account for the possibly unequal semi-axes.

The handling of Unif(Bn
p) for p < ∞ is made amenable to probabilistic metho

representation, which has its roots in Schechtman and Zinn [15] and independe
and Rüschendorf [13] and which was further elaborated upon in Barthe et al. [1].

Proposition 4.1. A random vector Z has law Unif(Bn
p) if and only if there exist independ

U and X1, . . . , Xn with

U ∼ Unif([0,1]) and Xi ∼ γp for 1 ≤ i ≤ n

and such that

Z
d= U 1/n (X1, . . . , Xn)

‖(X1, . . . , Xn)‖p
.

The main ingredient of the proof of Theorem A is the following weak law o
triangular arrays.

Proposition 4.2. Let ((Yn,i)
n
i=1)n∈N be a triangular array of real-valued square-integra

such that, for any n ∈N , the random variables Yn,1, . . . , Yn,n are uncorrelated, and let (
a sequence. If the following condition holds true,

lim
n→∞

1

b2
n

n∑
i=1

Var[Yn,i] = 0,

then (
1

bn

n∑
i=1

(Yn,i −E[Yn,i])
)

n∈N
→ 0 in probability.

Proof. A simple application of Chebyshev’s inequality yields, for any ε ∈ (0, ∞),

P

[∣∣∣∣ 1

bn

n∑
i=1

(Yn,i −E[Yn,i])
∣∣∣∣ ≥ ε

]
≤ 1

b2
n ε2

Var

[ n∑
i=1

(Yn,i −E[Yn,i])
]

= 1

b2
n ε2

n∑
i=1

Var[Yn,i],

and this immediately implies the conclusion. �

12



M. Juhos and J. Prochno Journal of Complexity 70 (2022) 101617

Proof of Theorem A. Case p < ∞. Let n ∈ N and t ∈ [0, ∞). Let Xn = (X1, . . . , Xn) ∼ γ ⊗n
p and U ∼

Unif([0, 1]) be independent, then rn,p U 1/n Xn‖Xn‖p
∼ Unif(Dn

p) and therefore, using (3) and writing �n :=
diag(σn),

voln(D
n
p ∩ tẼn

q,σn
) = P

[
rn,p U

1
n

Xn

‖Xn‖p
∈ t det(�n)

−1/n�nD
n
q

]
= P

[
rn,p U

1
n det(�n)

1/n�−1
n Xn

‖Xn‖p
∈ tDn

q

]

n
i=1 τ

−q
n,i

)1/q

≤ t

]
,

(5)

r legibility. Now by 

n applied to Yn,i :=
 the left-hand side 

 probability implies 

= Unif(Bn∞), hence 

≤ t

]
.

 side is seen to be 
 before. �
= P

[ rn,p U
1
n
(∑n

i=1

∣∣ Xi
τn,i

∣∣q)1/q(∑n
i=1|Xi|p

)1/p
≤ trn,q

]

= P

[n−1/prn,p U
1
n
( 1

n

∑n
i=1

(∣∣ Xi
τn,i

∣∣q − Mp(q)

τ
q
n,i

) + E[|X1|q]
n

∑
n−1/qrn,q

( 1
n

∑n
i=1|Xi |p

)1/p

where in the third line we have introduced τn,i := (∏n
j=1 σn, j

)−1/n
σn,i for bette

the strong law of large numbers,

lim
n→∞

1

n

n∑
i=1

|Xi|p = Mp(p) = 1 almost surely,

and also limn→∞ U 1/n = 1 almost surely. Furthermore, by Proposition 4.2,

lim
n→∞

1

n

n∑
i=1

(∣∣∣ Xi

τn,i

∣∣∣q − Mp(q)

τ
q
n,i

)
= 0 in probability;

note that the condition (1) on σ corresponds precisely to the condition (4) whe
| Xi
τn,i

|q while plugging in the definition of τn,i . Therefore, the random variable on

of (5) converges in probability, for n → ∞, towards Fq,σ

Ap,q
. Since convergence in

convergence in distribution, we get

lim
n→∞ voln(D

n
p ∩ tẼn

q,σn
) = P

[ Fq,σ

Ap,q
≤ t

]
and the claim follows.

Case p = ∞. Again let n ∈ N and t ∈ [0, ∞). Let Xn = (X1, . . . , Xn) ∼ γ ⊗n∞
1
2 Xn ∼ Unif(Dn∞). Again invoking (3) and writing �n and τn,i as before, we obtain

voln(D
n∞ ∩ tẼn

q,σn
) = P

[ 1
2 Xn ∈ t det(�n)

− 1
n �nD

n
q

]
= P

[(∑n
i=1

∣∣ Xi
τn,i

∣∣q)1/q

2rn,q
≤ t

]

= P

[( 1
n

∑n
n=1

(∣∣ Xi
τn,i

∣∣q − M∞(q)

τ
q
n,i

) + M∞(q)
n

∑n
i=1 τ

−q
n,i

)1/q

2n−1/q rn,q

Employing essentially the same arguments as in the case p < ∞, the left-hand
converging in probability, for n → ∞, towards Fq,σ

A∞,q
, and the conclusion follows as
13
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4.2. Proofs of Theorem B and Corollary 1.3

The proof of Theorem B is more involving and requires preparations which are dealt with in the 
subsequent lemmas. The general strategy underlying the proof is the same as developed by Kalbuchko, 
the second named author, and Thäle in [8, Theorem 1.1 (a)].

We are going to use the following multivariate version of the Lindeberg–Feller-CLT in the proof 
of Theorem B. As usual, expectations of vectors and matrices are to be understood component-wise; 
0 ∈Rd is the zero-vector and Id ∈Rd×d the identity-matrix. For vectors x = (xi)

n
i=1, y = (yi)

n
i=1 ∈Rn

we define their tensor product by x ⊗ y := (xi y j)
n
i, j=1 ∈Rn×n .

rable Rd-valued ran-
e square root of the 
ltivariate Lindeberg-

ghtly adapted from 
dard inner product 

verges in distribution 
n〉)n∈N converges in 

λ ∈ Rd be arbitrary, 
ediate; in the case 

cause the map x �→

every λ ∈ Rd with 

rray ((Yn,i)
n
i=1)n∈N

dependent and cen-
Proposition 4.3. Let ((Xn,i)
n
i=1)n∈N be an independent array of centered, square-integ

dom variables. Define Sn := ∑n
i=1 E[Xn,i ⊗ Xn,i] ∈ Rd×d and sn := λmin(Sn)1/2 (th

smallest eigenvalue of Sn); assume sn > 0 for all n sufficiently large. If the following mu
condition is satisfied:

lim
n→∞

1

s2
n

n∑
i=1

E
[‖Xn,i‖2

2 1[‖Xn,i‖2≥εsn]
] = 0 for all ε ∈ (0,∞),

then (
S−1/2

n

n∑
i=1

Xn,i

)
n∈N

d−→ N (0, Id).

The proof of Proposition 4.3 is accomplished via the following theorem, sli
Klenke [10], Theorem 15.56. Here 〈(xi)

n
i=1, (yi)

n
i=1〉 :=

∑n
i=1 xi yi denotes the stan

on Rn .

Theorem 4.4 (Cramér–Wold). A sequence (Xn)n∈N of Rd-valued random variables con
to the Rd-valued random variable X if and only if, for any λ ∈Rd with ‖λ‖2 = 1, (〈λ, X
distribution to 〈λ, X〉.

Remark 4.5. The restriction to ‖λ‖2 = 1 in comparison to [10] is immaterial: let 
then in the case λ = 0 we have 〈0, Xn〉 = 〈0, X〉 = 0 and the convergence is imm

λ �= 0 note 
∥∥ λ

‖λ‖2

∥∥
2 = 1, hence 〈λ,Xn〉

‖λ‖2
= 〈

λ
‖λ‖2

, Xn
〉 d−−−→

n→∞
〈

λ
‖λ‖2

, X
〉 = 〈λ,X〉

‖λ‖2
, and be

‖λ‖2x is continuous we infer (〈λ, Xn〉)n∈N
d−→ 〈λ, X〉.

Proof of Proposition 4.3. Note that if Z ∼ N (0, Id), then 〈λ, Z〉 ∼ N (0, 1) for 
‖λ‖2 = 1. By the Cramér–Wold-theorem it is therefore enough to show(〈

λ, S−1/2
n

n∑
i=1

Xn,i

〉)
n∈N

d−→ N (0,1) for all λ ∈Rd with ‖λ‖2 = 1.

Let λ ∈ Rd with ‖λ‖2 = 1. We set Yn,i := 〈λ, S−1/2
n Xn,i〉 and will show that the a

satisfies Lindeberg’s condition (in one dimension). Obviously the latter array is in
tered with square-integrable entries, and for any n ∈N we have

Var

[ n∑
i=1

Yn,i

]
=

n∑
i=1

Var[Yn,i] =
〈
λ, S−1/2

n

n∑
i=1

E[Xn,i ⊗ Xn,i]S−1/2
n λ

〉
= 1.

Hence, it suffices to prove, for any ε > 0,
14
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lim
n→∞

n∑
i=1

E
[
Y 2

n,i 1[|Yn,i |≥ε]
] = 0;

then 
∑n

i=1 Yn,i = 〈
λ, S−1/2

n
∑n

i=1 Xn,i
〉 d−−−→

n→∞ N (0, 1) it true, as desired. We can estimate

|Yn,i| = |〈λ, S−1/2
n Xn,i〉| ≤ ‖λ‖2 ‖S−1/2

n ‖2 ‖Xn,i‖2 =
= λmax(S−1/2

n )‖Xn,i‖2 = λmin(Sn)
−1/2 ‖Xn,i‖2 = ‖Xn,i‖2

sn
,

envalue in the case 

�
B: let (Xn)n∈N be a 

onvergence is valid,

of independent and 
o get a CLT for the 
where ‖·‖2 denotes the spectral norm of a matrix, which equals the greatest eig
of a positive semidefinite matrix, here denoted by λmax. This leads to

n∑
i=1

E
[
Y 2

n,i 1[|Yn,i |≥ε]
] ≤ 1

s2
n

n∑
i=1

E
[‖Xn,i‖2

2 1[‖Xn,i‖2≥εsn]
]

for any ε ∈ (0, ∞), and by the premises of the proposition this implies the claim.

We introduce the following notation in preparation for the proof of Theorem
sequence of independent, γp -distributed random variables. With these we set

ξn :=
∑n

i=1 σ
−q
n,i (|Xi |q − Mp(q))(

V p(q)
∑n

i=1 σ
−2q
n,i

)1/2
and ηn :=

∑n
i=1(|Xi |p − 1)√

np
;

the ηn ’s are going to be needed (and in fact are defined) only for p < ∞.

Lemma 4.6. Let the premises of Theorem B hold. Then in the case p < ∞ the following c((
ξn

ηn

))
n∈N

d−→
(

ξ

η

)
∼ N

((
0
0

)
,

(
1 ρ
ρ 1

))
,

where

ρ = C p(p,q)Gq,σ√
p V p(q)

.

And in the case p = ∞,

(ξn)n∈N
d−→ ξ ∼ N (0,1).

Proof. Case p < ∞: We rewrite,(
ξn

ηn

)
=

( 1√
V p(q)

0

0 1√
p

)
n∑

i=1

θn,iζi,

where we have defined

θn,i :=
⎛⎝ σ

−q
n,i

(
∑n

j=1 σ
−2q
n, j )1/2

0

0 1√
n

⎞⎠ and ζi :=
( |Xi |q − Mp(q)

|Xi |p − 1

)
;

the diagonal matrices θn,i always are regular, and the sequence (ζn)n∈N consists 
identically distributed random vectors. We are going to apply Proposition 4.3 t
array ((θn,iζi)

n
i=1)n∈N . The covariance matrix is
15



M. Juhos and J. Prochno Journal of Complexity 70 (2022) 101617

Sn :=
n∑

i=1

E
[
(θn,iζi) ⊗ (θn,iζi)

] =

⎛⎜⎜⎝ V p(q)

∑n
i=1 σ

−q
n,i

(n
∑n

i=1 σ
−2q
n,i )1/2

C p(p,q)∑n
i=1 σ

−q
n,i

(n
∑n

i=1 σ
−2q
n,i )1/2

C p(p,q) p

⎞⎟⎟⎠ , (6)

and its smallest eigenvalue is

s2
n := p + V p(q)

2
−

[( p + V p(q)

2

)2 − pV p(q) + g2
n C p(p,q)2

]1/2
,

∑n
i=1 σ

−q

mn→∞ gn , therefore 

1/2

 exists n1 ∈N such 

(7)

s at least one index 

(8)

 of events ([‖ζ1‖2
2 ≥

x ≥ x0 as before. By 
where we have abbreviated gn := n,i

(n
∑n

i=1 σ
−2q
n,i )1/2

. By definition we know Gq,σ = li

also

s2
0 := lim

n→∞ s2
n = p + V p(q)

2
−

[( p + V p(q)

2

)2 − pV p(q) + G2
q,σ C p(p,q)2

]
= p + V p(q)

2
−

[( p + V p(q)

2

)2 − (1 − ρ2)pV p(q)
]1/2

exists, and by the premises of Theorem B we get |ρ| < 1, hence s0 > 0. Now there
that sn ≥ 1

2 s0 for all n ≥ n1. Next we have the estimate

‖θn,iζi‖2
2 ≤ max

{
σ

−2q
n,i∑n

j=1 σ
−2q
n, j

,
1

n

}
‖ζi‖2

2 ≤
max

1≤ j≤n
σ

−2q
n, j∑n

j=1 σ
−2q
n, j

‖ζi‖2
2,

where the second inequality is valid since, because of 
∑n

i=1
σ

−2q
n,i∑n

j=1 σ
−2q
n, j

= 1, there i

i ∈ {1, . . . , n} such that 
σ

−2q
n,i∑n

j=1 σ
−2q
n, j

≥ 1
n . We also get the similar estimate

‖θn,iζi‖2
2 ≤

(
σ

−2q
n,i∑n

i=1 σ
−2q
n, j

+ 1

n

)
‖ζi‖2

2.

By its definition, ‖ζ1‖2
2 is integrable and hence almost surely finite, and the family

x2])x∈(0,∞) is monotonically decreasing, which implies

lim
x→∞ 1[‖ζ1‖2

2≥x2] = 1[‖ζ1‖2
2=∞] = 0 almost surely.

Dominated convergence then leads to

lim
x→∞E

[‖ζ1‖2
2 1[‖ζ1‖2

2≥x2]
] = 0.

Therefore, for any ε ∈ (0, ∞) there exists x0 ∈ (0, ∞) such that, for any x ≥ x0,

E
[|ζ1‖2

2 1[|ζ1‖2
2≥x2]

]
<

εs2
0

8
.

Now concerning the multivariate Lindeberg’s condition let δ, ε ∈ (0, ∞) and let 
Noether’s condition (2) there exists n2 ∈N such that, for all n ≥ n2,

max
1≤i≤n

σ
−2q
n,i∑n

i=1 σ
−2q
n,i

≤ δ2 s2
0

4x2
.

Let n ≥ max{n1, n2}. Together with estimate (7) the last display gives
16
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[‖θn,iζi‖2
2 ≥ δ2 s2

n] ⊂ [‖ζi‖2
2 ≥ x2]

for any i ∈ {1, . . . , n}, which finally yields, employing also (8),

1

s2
n

n∑
i=1

E
[‖θn,iζi‖2

2 1[‖θn,iζi‖2
2≥δ2 s2

n]
] ≤ 4

s2
0

n∑
i=1

(
σ

−2q
n,i∑n

j=1 σ
−2q
n, j

+ 1

n

)
E

[‖ζ1‖2
2 1[‖ζ1‖2

2≥x2]
]

<
4

s2
0

· (1 + 1) · εs2
0

8
= ε,

Now from Proposi-

 via Slutsky’s theo-

Z .

ariables and a con-
whenever (Xn)n∈N
 the constant y in 
istic sequence.)
covariance-matrix

ous to the previous 
1, 1)-entry of every 
(q) throughout, and 

om convergence in 
resentation or Sko-

ariables converging in 
, Ã, ̃P ) and E-valued 
and this proves that the array ((θn,iζi)
n
i=1)n∈N satisfies Lindeberg’s condition. 

tion 4.3 we conclude(
S−1/2

n

n∑
i=1

θn,iζi

)
n∈N

d−→ Z ∼ N (0, I2).

From the definition of Sn in (6) we see that S0 := limn→∞ Sn exists, and therefore
rem we obtain(

ξn

ηn

)
=

( 1√
V p(q)

0

0 1√
p

)
S1/2

n S−1/2
n

n∑
i=1

θn,iζi
d−−−→

n→∞

( 1√
V p(q)

0

0 1√
p

)
S1/2

0

(Recall Slutsky’s theorem: given sequences (Xn)n∈N and (Yn)n∈N of random v
tinuous function f , then ( f (Xn, Yn))n∈N converges to f (X, y) in distribution 
converges to the random variable X in distribution and (Yn)n∈N converges to
probability; in particular the latter is fulfilled if (Yn)n∈N is a convergent determin

The limit random vector follows a normal distribution with expectation 0 and ( 1√
V p(q)

0

0 1√
p

)
S1/2

0 I2 S1/2
0

( 1√
V p(q)

0

0 1√
p

)

=
( 1√

V p(q)
0

0 1√
p

) (
V p(q) Gq,σ C p(p,q)

Gq,σ C p(p,q) p

) ( 1√
V p(q)

0

0 1√
p

)

=
⎛⎝ 1 Gq,σ C p(p,q)√

pV p(q)
Gq,σ C p(p,q)√

pV p(q)
1

⎞⎠
=

(
1 ρ
ρ 1

)
,

as claimed.
Case p = ∞: We do not spell out any details here, because the proof is analog

setup, apart from the fact that only the first component of every vector and the (
matrix is taken into consideration. In that case we have Sn = S0 = s2

n = s2
0 = V p

inequality (8) reduces to the equality |θn,iζi |2 = σ
−2q
n,i∑n

j=1 σ
−2q
n, j

|ζi |2. �
We are also going to use the following result, which allows the passing fr

distribution to almost sure convergence; it is commonly known as Skorokhod-rep
rokhod(–Dudley)-device and can be found, e.g., in [10], Theorem 17.56.

Lemma 4.7. Let E be a Polish space and let (Xn)n∈N be a sequence of E-valued random v
distribution to the E-valued random variable X0. Then there exist a probability space (�̃
random variables ̃X0, ̃X1, ̃X2, . . . defined on ̃� such that
17
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X̃n
d= Xn for all n ∈N0

and, as n → ∞,

X̃n → X̃0 P̃ -almost surely.

Proof of Theorem B. Case p < ∞: With Proposition 4.1 we get (write Xn := (Xi)
n
i=1)

−1 d 1
n

‖�−1
n Xn‖q 1

n

(∑n
i=1

∣∣ Xi
σn,i

∣∣q)1/q

/q

andom variables ξ̃n , 

also respecting Re-

eing almost sure. A 

ogether, we get
‖�n Zn‖q = U ‖Xn‖p
= U (∑n

i=1|Xi|p
)1/p

=

= U
1
n

(
V p(q)1/2

(∑n
i=1 σ

−2q
n,i

)1/2
ξn + Mp(q)

∑n
i=1 σ

−q
n,i

)1/q

(
√

np ηn + n)1/p

= U
1
n

Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q

n1/p

(
1 + V p(q)1/2

Mp(q)

(
∑n

i=1 σ
−2q
n,i )1/2∑n

i=1 σ
−q
n,i

ξn

)1

(
1 +

√
p
n ηn

)1/p

= U
1
n

Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q

n1/p
F

((∑n
i=1 σ

−2q
n,i

)1/2∑n
i=1 σ

−q
n,i

ξn,
ηn√

n

)
,

where we have defined the function

F (x, y) :=
(
1 + V p(q)1/2

Mp(q)
x
)1/q

(1 + √
p y)1/p

.

By the Skorokhod-representation there exist a probability-space (�̃, Ã, ̃P ) and r
η̃n for n ∈N and ̃ξ , η̃ defined on �̃ such that

(̃ξn, η̃n)
d= (ξn, ηn) and (̃ξ , η̃)

d= (ξ,η)

and such that(
(̃ξn, η̃n)

)
n∈N → (̃ξ , η̃) P̃ -a.s.

From condition (1) we obtain, writing τn,i like in the proof of Theorem A and 
mark 1.1,(∑n

i=1 σ
−2q
n,i

)1/2∑n
i=1 σ

−q
n,i

=
( 1

n2

∑n
i=1 τ

−2q
n,i

)1/2

1
n

∑n
i=1 τ

−q
n,i

−−−→
n→∞

0

Fq,σ
= 0,

and therefore 
(

(
∑n

i=1 σ
−2q
n,i )1/2∑n

i=1 σ
−q
n,i

ξ̃n

)
n∈N → 0 and 

( η̃n√
n

)
n∈N → 0, either convergence b

Taylor expansion of F around (0, 0) yields

F (x, y) = 1 + V p(q)1/2 x

qMp(q)
− y√

p
+O(x2 + y2).

Furthermore, we know U 1/n = elog(U )/n = 1 +O( 1
n ) almost surely. Putting things t

‖�−1
n Zn‖q

d= U
1
n

Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q

n1/p
F

((∑n
i=1 σ

−2q
n,i

)1/2∑n
i=1 σ

−q
n,i

ξ̃n,
η̃n√

n

)
=
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= Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q

n1/p

(
1 + V p(q)1/2

qMp(q)

(∑n
i=1 σ

−2q
n,i

)1/2∑n
i=1 σ

−q
n,i

ξ̃n

− η̃n√
np

+O
( ∑n

i=1 σ
−2q
n,i(∑n

i=1 σ
−q
n,i

)2
+ 1

n

))
,

or equivalently,∑n
i=1 σ

−q
n,i

(
n1/p ‖�−1

n Zn‖q
)

d

n
i=1 σ

−q
n,i

1 σ
−2q
n,i

)1/2

)
. (9)

istribution, towards

actly what we have 

1/q
(∑n
i=1 σ

−2q
n,i

)1/2
Mp(q)1/q

(∑n
i=1 σ

−q
n,i

)1/q
− 1 =

d= V p(q)1/2

qMp(q)
ξ̃n −

∑n
i=1 σ

−q
n,i√

n
(∑n

i=1 σ
−2q
n,i

)1/2

η̃n√
p

+O
((∑n

i=1 σ
−2q
n,i

)1/2∑n
i=1 σ

−q
n,i

+
∑

n
(∑n

i=
From the definition of Gq,σ , we obtain∑n

i=1 σ
−q
n,i

n
(∑n

i=1 σ
−2q
n,i

)1/2
= 1√

n

∑n
i=1 σ

−q
n,i√

n
(∑n

i=1 σ
−2q
n,i

)1/2
−−−→
n→∞ 0 · Gq,σ = 0.

Therefore, the right-hand side of (9) converges almost surely, and hence also in d

V p(q)1/2

qMp(q)
ξ̃ − Gq,σ√

p
η̃ ∼ N (0, s2),

where

s2 = V p(q)

q2Mp(q)2
Var[̃ξ ] − 2V p(q)1/2Gq,σ

q
√

pMp(q)
Cov[̃ξ, η̃] + G2

q,σ

p
Var[η̃]

= V p(q)

q2Mp(q)2
− 2V p(q)1/2Gq,σ

q
√

pMp(q)

C p(p,q)Gq,σ√
p V p(q)

+ G2
q,σ

p

= V p(q)

q2Mp(q)2
− 2C p(p,q)G2

q,σ

pqMp(q)
+ G2

q,σ

p
.

From (9) also follows convergence in distribution of the left-hand side, which is ex
claimed.

Case p = ∞: Here Zn = Xn and so we have

‖�−1
n Zn‖q =

( n∑
i=1

∣∣∣ Xi

σn,i

∣∣∣q
)1/q

=
(

V∞(q)1/2
( n∑

i=1

σ
−2q
n,i

)1/2

ξn + M∞(q)

n∑
i=1

σ
−q
n,i

)1/q

= M∞(q)1/q
( n∑

i=1

σ
−q
n,i

)1/q(
1 + V∞(q)1/2

(∑n
i=1 σ

−2q
n,i

)1/2

M∞(q)
∑n

i=1 σ
−q
n,i

ξn

)

= M∞(q)1/q
( n∑

i=1

σ
−q
n,i

)1/q(
1 + V∞(q)1/2

(∑n
i=1 σ

−2q
n,i

)1/2

qM∞(q)
∑n

i=1 σ
−q
n,i

ξn

+O
( ∑n

i=1 σ
−2q
n,i(∑n

i=1 σ
−q
n,i

)2

))
,
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where we have used Taylor’s expansion of x �→ F (x, 0) with the same F as in the previous case; 
equivalently,∑n

i=1 σ
−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2

( ‖�−1
n Zn‖q

M∞(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q
− 1

)
= V∞(q)1/2

qM∞(q)
ξn +O

((∑n
i=1 σ

−2q
n,i

)1/2∑n
i=1 σ

−q
n,i

)
.

Lemma 4.6 says that (ξn)n∈N
d−→ ξ ∼ N (0, 1) here. By applying the Skorokhod-representation to 

(ξn)n∈N and ξ , and observing the conditions on σ as before, we obtain convergence in distribution 
towards N

(
0, V∞(q)

)
. Note that by setting 1 = 0 and respecting our convention C∞(∞, q) = 0 the 

 that the results of 
rite

t(�n)
− 1

n �nB
n
q

]

1

)]
.

,q

σ
,

ive number and the 
e volume converges 
 of the convergence 
q2 M∞(q)2 ∞
formula for s2 given in Theorem B also is valid for p = ∞ as just proved. �

The proof of Corollary 1.3 is now a straightforward application of Theorem B.

Proof of Corollary 1.3. Beside the actual statement we are also going to prove
Theorem A are reproduced by the CLT. So let t ∈ (0, ∞) and n ∈N , then we can w

voln(D
n
p ∩ tẼn

σn
) = voln

(
rn,pB

n
p ∩ trn,q det(�n)

− 1
n �nB

n
q

) = P
[

Zn ∈ trn,q

rn,p
de

= P
[
‖�−1

n Zn‖q ≤ trn,q

rn,p
det(�n)

− 1
n

]
= P

[ ∑n
i=1 σ

−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2

(
n1/p ‖�−1

n Zn‖q

Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q
− 1

)

≤
∑n

i=1 σ
−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2

(
tn1/p rn,q det(�n)

−1/n

rn,p Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q
−

Observe that on the right-hand side, we have∑n
i=1 σ

−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2
−−−→
n→∞ ∞ and

n1/p rn,q det(�n)
−1/n

rn,p Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q
−−−→
n→∞

Ap

Fq,

and so, if t Ap,q < Fq,σ , then the term in parentheses converges towards a negat
volume in question converges towards zero, and similarly if t A p,q > Fq,σ , then th
towards one. It remains to examine the critical case t A p,q = Fq,σ . Closer inspection
towards Ap,q (for which see [8], proof of Corollary 2.1) reveals

n1/p rn,q

n1/q rn,p Mp(q)1/q
= Ap,q

(
1 +O

( 1

n

))
,

thus we can rewrite

Fq,σ n1/p rn,q det(�n)
−1/n

Ap,qrn,p Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q
− 1 =

(
1 +O

( 1

n

)) 1

hn
− 1

= O
( 1

n

)
− hn − 1

hn
.

By the comparison of the �1- and �2-norms, we see

1 ≤
∑n

i=1 σ
−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2
≤ √

n,
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and together with limn→∞ hn = 1 there follows∑n
i=1 σ

−q
n,i(∑n

i=1 σ
−2q
n,i

)1/2

(
Fq,σ n1/p rn,q det(�n)

−1/n

Ap,qrn,p Mp(q)1/q
(∑n

i=1 σ
−q
n,i

)1/q
− 1

)
−−−→
n→∞ −z.

This leads to the desired result. �
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2 Contributed articles

2.2 Limit theorems for mixed-norm sequence spaces with
applications to volume distribution

Abstract

Let p, q ∈ (0,∞] and ℓmp (ℓnq ) be the mixed-norm sequence space of real matrices x = (xi,j)i≤m,j≤n

endowed with the (quasi-)norm ∥x∥p,q :=
∥∥(∥(xi,j)j≤n∥q

)
i≤m

∥∥
p
. We shall prove a Poincaré–

Maxwell–Borel lemma for suitably scaled matrices chosen uniformly at random in the ℓmp (ℓnq )-
unit balls Bm,n

p,q , and obtain both central and non-central limit theorems for their ℓp(ℓq)-norms.
We use those limit theorems to study the asymptotic volume distribution in the intersection of
two mixed-norm sequence balls. Our approach is based on a new probabilistic representation of
the uniform distribution on Bm,n

p,q .
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1 Introduction and main results

The asymptotic theory of convex bodies is intimately linked to probability theory
whose methods and ideas have been key elements in obtaining numerous deep results
of both analytic and geometric flavour. It has led to the development of a quite powerful
quantitative methodology in geometric functional analysis and allowed to form a qualit-
atively new picture of high-dimensional spaces and structures. The role of convexity in
high-dimensional spaces is similar to the role of independence in probability and guaran-
tees a certain regularity of the otherwise complex structure of a high-dimensional space.
One of the most classical results of stochastic-geometric and high-dimensional flavor is
probably the Poincaré–Maxwell–Borel lemma, which asserts that any fixed number of co-
ordinates of a vector chosen uniform at random from the boundary of the unit Euclidean
ball Bn

2 is approximately Gaussian (see, e.g., [5]), and in the more modern spirit there
is the pioneering work of V. D. Milman on the concentration-of-measure phenomenon,
which has led to several major breakthroughs (see, e.g., [1, 18]). The arguably most
prominent example of the last two decades is Klartag’s central limit theorem for convex
bodies, showing that the marginals of a high-dimensional isotropic and log-concave ran-
dom vector are approximately Gaussian distributed [16]. Besides Klartag’s central limit
theorem for convex bodies, a number of other (weak) limit theorems have been obtained
for various geometric quantities in the last decades, demonstrating their regularity and
universality; we refer to the survey [22] for references. Several of those results have
led to a deeper understanding of the volume distribution in high-dimensional convex
bodies.

The motivation of the present paper is essentially twofold and will be elaborated
upon in view of classical and preceding works before presenting our main results.

Motivation 1: Poincaré–Maxwell–Borel type results. Having its roots in kinetic gas
theory, and going back to Maxwell and later Poincaré and Borel, it is observed that the
first k coordinates of a random point on the (n− 1)-dimensional Euclidean sphere Sn−1

2

are asymptotically independent and Gaussian as n tends to infinity; to be precise,

lim
n→∞

dTV

(
L(

√
n(Xn

i )i≤k),L((Zi)i≤k)
)
= 0,

where dTV denotes the total variation distance, (Xn
i )i≤n is sampled uniformly from Sn−1

2

and Z1, . . . , Zk are independent standard Gaussian variables, and k ∈ N is fixed. We
refer to Diaconis and Freedman [5, Section 6] for a more detailed account and give a
more detailed statement in Proposition 2.1 below. In [5], Diaconis and Freedman prove
an analogous result for the simplex and exponential distribution. Generalizations to the
ℓp-sphere were obtained by Mogul′skĭı [19], where the point was distributed accord-
ing to the normalized Hausdorff measure, and by Rachev and Rüschendorf [23] for the
cone probability measure. The latter authors exploited a probabilistic representation
relating a p-generalized Gaussian distribution to the ℓp-balls, allowing one to make a
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transition from a random vector with dependent coordinates to one with independent
ones. Naor and Romik [20] showed that the normalized Hausdorff measure and the
cone probability measure are asymptotically equal (their equality for p ∈ {1, 2,∞} irre-
spective of dimension being long known prior), thereby unifying the previous results.
A further generalization to Orlicz balls (and even beyond) was undertaken recently by
Johnston and Prochno [9]. We stress that all results cited have been proved for the
total variation distance of probability measures. In the present article we only consider
the weak topology on probability measures (equivalently: convergence in distribution
of random variables).

Motivation 2: Schechtman–Schmuckenschläger type results. Instigated by a ques-
tion of V. D. Milman, Schechtman and Zinn [27] found an upper bound on the volume left
over from an ℓp-ball after cutting out a dilated ℓq-ball; incidentally the authors utilized
the same stochastic representation as did Rachev and Rüschendorf (see above). A few
years after, Schechtman and Schmuckenschläger [26] used that probabilistic represent-
ation in order to investigate the limit of the volume of the cut-out portion in the very
same setting as before, revealing the following threshold behaviour: below a certain
critical dilation factor depending only on p and q the limit is zero, and above that it is
one, provided the ℓp-ball has unit volume. More formally, writing Dn

p for the n-dimen-
sional unit-volume ℓp-ball,

lim
n→∞

vn(D
n
p ∩ tDn

q ) =

{
0 if tAp,q < 1,

1 if tAp,q > 1.

About a decade later, Schmuckenschläger [28, 29] determined the asymptotics at the
threshold itself and found the limit to be 1/2 by proving a central limit theorem that
revealed this behaviour. We refer to Proposition 2.2 below for the precise statement.
More recently, Kabluchko, Prochno, and Thäle [12, 14] revisited the results of Schecht-
man and Schmuckenschläger, providing a unified framework and also generalizing the
previous works in various directions, yet still treating ℓp-balls and using the probabil-
istic representation. A further step was taken by Kabluchko and Prochno [11], studying
the intersections of Orlicz balls and observing a similar thresholding behaviour; here
much finer tools from large deviations theory and statistical mechanics where required,
and it is not even known whether the limit at the threshold itself exists. Another gener-
alization from ℓp-balls to ℓp-ellipsoids, i.e., axis-parallel-scaled balls (a case not covered
by Orlicz balls), was recently obtained by Juhos and Prochno in [10]; the phenomenon
of the threshold emerges again. The case of intersections of unit balls from classical
random matrix ensembles has been treated by Kabluchko, Prochno, and Thäle in [13].
Let us point out that understanding the asymptotic volume of intersections of scaled
unit balls naturally appears, for instance, when studying the curse of dimensionality for
high-dimensional numerical integration problems [8].

Suspecting a universal behaviour among symmetric convex bodies, we tackle an-
other generalization, namely finite-dimensional sequence spaces with mixed ℓp-norms,
and consider the asymptotic volume of the intersection of two balls: the thresholding
behaviour is found to be valid also in this case, and for a wide range of parameters
the limit in the critical case is determined; little surprisingly, owing to the larger set of
parameters as compared to the ℓp-balls, this limit’s value is much more varied and the
overall analysis is considerably more delicate.

Let us point out that the study of mixed-norm spaces is a classical one in approxim-
ation theory and geometric functional analysis and we refer, for instance, to the work
of Schütt regarding the symmetric basis constant of these spaces [30], the characteriz-
ation of mixed-norm subspaces of L1 by Prochno and Schütt [21] and Schechtman [24],
the work on non-existence of greedy bases for the mixed-norm spaces by Schechtman
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[25] and the study of volumetric properties of these spaces by Kempka and Vybíral [15]
as well as the recent work of Mayer and Ullrich on the order of entropy numbers of
mixed-norm unit balls [17].

We would like to add that, naturally, it would be interesting to consider even more
general norms. The main hindrance, though, is that each of the results referenced in the
motivation above, and others more, has required tools tailored to the specific problems;
to our best knowledge there is no unified theory yet that would allow us to assess such
questions “in one fell swoop.” Current research is conducted, e.g., for Schatten norms
of not necessarily square matrices.

The mathematical setup

In order to be able to present our main results, we shall briefly introduce the most
essential setup; more details can be found in Section 2 on notation and preliminaries.

For p, q ∈ (0,∞] and m,n ∈ N define the finite-dimensional mixed-norm sequence
space ℓmp (ℓnq ) to be the space Rm×n endowed with the (m · n)-dimensional Lebesgue
measure vmn, given for any measurable A ⊂ Rm×n by

vmn(A) :=

∫
Rm×n

1A(x) dx1,1 · · · dx1,n · · · dxm,1 · · · dxm,n,

and with the quasinorm

∥x∥p,q :=
∥∥(∥(xi,j)j≤n∥q

)
i≤m

∥∥
p
,

where x = (xi,j)i≤m,j≤n ∈ Rm×n, and ∥·∥p is the usual ℓp-norm, that is,

∥(xi)i≤n∥p :=


( n∑
i=1

|xi|p
)1/p

if p < ∞,

max
i≤n

|xi| if p = ∞.

In particular, we consider the unit balls

Bm,n
p,q :=

{
x ∈ Rm×n : ∥x∥p,q ≤ 1

}
;

the ℓp-unit ball and sphere in Rn are written Bn
p and Sn−1

p , respectively; ωn
p denotes the

volume of Bn
p .

We seek to characterize Unif(Bm,n
p,q ), the uniform distribution on Bm,n

p,q . Given a ran-
dom matrix X = (Xi,j)i≤m,j≤n ∼ Unif(Bm,n

p,q ), define

Ri := ∥(Xi,j)j≤n∥q and Θi := (Θi,j)j≤n :=
(Xi,j

Ri

)
j≤n

for i ∈ [1,m]; (1.1)

then clearly (Ri)i≤m ∈ Bm
p ∩ [0,∞)m, Θi is almost surely well-defined and Θi ∈ Sn−1

q .

The notations Ri and Θi, Θi,j are used throughout this article with the meaning given
in (1.1); note that they actually depend on the parameters p, q,m, n, but we suppress
this in our notation.

For p ∈ (0,∞] the p-generalized Gaussian distribution, or p-Gaussian distribution for
short, is defined to be the probability measure on R with Lebesgue-density

x 7→

{
1

2p1/p Γ( 1
p+1)

e−|x|p/p if p < ∞,

1
2 1[−1,1](x) if p = ∞.

EJP 0 (2023), paper 0.
Page 4/44

https://www.imstat.org/ejp

https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Limit theorems for mixed-norm sequence spaces

1.1 Main results— a Schechtman–Zinn probabilistic representation

The first main result, which facilitates all computations and is essential to our proofs,
is a probabilistic representation of the uniform distribution on Bm,n

p,q , generalizing the
classical result of Schechtman and Zinn [27] and Rachev and Rüschendorf [23]. Given
the numerous applications of the classical probabilistic representation, the following
result clearly is of independent interest.

Proposition 1.1. Let p, q ∈ (0,∞] and m,n ∈ N, and let X ∼ Unif(Bm,n
p,q ).

(a) The distribution of (Ri)i≤m has Lebesgue-density

fR1,...,Rm(r1, . . . , rm) =
(2n)m

ωm
p/n

m∏
i=1

rn−1
i · 1Bm

p ∩[0,∞)m(r1, . . . , rm).

Therefore, (Ri)i≤m can be represented as

(Ri)i≤m
d
=

{
U1/(mn)

( |ξi|1/n
(
∑m

k=1|ξk|p/n)1/p
)
i≤m

if p < ∞,

(|ξi|1/n)i≤m if p = ∞,

where U, ξ1, . . . , ξm are independent random variables with U distributed uniformly on
[0, 1], and ξ1, . . . , ξm are p

n -Gaussian.

(b) The random vectors (Ri)i≤m,Θ1, . . . ,Θm are all independent, each Θi is distrib-
uted according to the cone measure on Sn−1

q , for i ∈ [1,m], and therefore can be repres-
ented as

Θi
d
=
( ηi,j
∥(ηi,l)l≤n∥q

)
j≤n

,

where (ηi,j)i≤m,j≤n is an array of independent q-Gaussian random variables.

(c) The components Xi,j of X have the representation

Xi,j = RiΘi,j

d
=

U1/(mn) |ξi|1/n
(
∑m

k=1|ξk|p/n)1/p
ηi,j

∥(ηi,l)l≤n∥q
if p < ∞,

|ξi|1/n ηi,j

∥(ηi,l)l≤n∥q
if p = ∞,

(1.2)

where U, ξ1, . . . , ξm, η1,1, . . . , ηm,n are as before.

1.2 Main results— Poincaré–Maxwell–Borel principles

One type of limit theorem which we are considering is a Poincaré–Maxwell–Borel
principle, that is, a statement about the limiting distribution of the first few coordin-
ates of a random vector. In the following two theorems, we shall always assume
(Xi,j)i≤m,j≤n ∼ Unif(Bm,n

p,q ).

Owing to the nature of the space ℓmp (ℓnq ), having two parameters for dimension, in
the sequel limit theorems will usually be considered for three different regimes: firstly,
letting m → ∞ while keeping n fixed; secondly, vice versa, keeping m fixed while letting
n → ∞; and thirdly, letting n → ∞ while treating m as dependent on n and going to
infinity as well.

In order to keep the amount of case distinctions at a minimum, for the case of the
parameter value p = ∞ we agree on these conventions:

c

p
:= 0 for any c ∈ R, p

c
:= ∞ for any c ∈ (0,∞), p1/p := 1.
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For the formulation of our results we introduce the following quantities (whose super-
scripts denote indices, not powers):

Mα
p :=

pα/p

α+ 1

Γ(α+1
p + 1)

Γ( 1p + 1)
for p ∈ (0,∞] and α ∈ (0,∞),

Mp
p := 1 for p = ∞,

(1.3)

and

Cα,β
p := Mα+β

p −Mα
p Mβ

p , V α
p := Cα,α

p for p ∈ (0,∞] and α, β ∈ (0,∞),

Cp,β
p := V p

p := 0 for p = ∞ and β ∈ (0,∞).

We can now formulate the first Poincaré–Maxwell–Borel principle for the case where
m → ∞ while n is fixed. By L(X) we denote the distribution, or law, of a random
variable X.

Theorem A (m → ∞, n constant). Let p, q ∈ (0,∞], let k, n ∈ N be fixed, and let
ξ1, . . . , ξk be independent p

n -Gaussian random variables.
(a) The following weak convergence holds true,

(m1/p Xi,j)i≤k,j≤n
d−−−−→

m→∞
(|ξi|1/n Θi)i≤k.

(b) The empirical measures satisfy

1

m

m∑
i=1

δm1/p Ri

P−−−−→
m→∞

L
(
|ξ1|1/n

)
,

and

1

m

m∑
i=1

δm1/p (Xi,j)j≤n

P−−−−→
m→∞

L
(
|ξ1|1/n Θ1

)
.

The convergence is to be understood as convergence in probability in the space of
probability measures on R and Rn, respectively, endowed with the Lévy–Prokhorov
metric; cf. Lemma 3.3.

We now formulate the second Poincaré–Maxwell–Borel principle for n → ∞ while m

is either fixed or tends to infinity with n.

Theorem B (n → ∞). Let p, q ∈ (0,∞], let m ∈ N be fixed or let m = m(n) → ∞ as
n → ∞, let k, l ∈ N (k ≤ m if necessary), and let (ηi,j)i≤k,j≤l be an array of independent
q-Gaussian random variables.

(a) The following weak convergence holds true,

(m1/p n1/q Xi,j)i≤k,j≤l
d−−−−→

n→∞
(ηi,j)i≤k,j≤l.

(b) The empirical measure satisfies

1

mn

m∑
i=1

n∑
j=1

δm1/p n1/q Xi,j

P−−−−→
n→∞

L(η1,1).

The convergence is to be understood as convergence in probability in the space of
probability measures on R endowed with the Lévy–Prokhorov metric; cf. Lemma 3.3.
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1.3 Main results— weak limit theorems

Here we present three weak limit theorems for ∥X∥p2,q2 , where X ∼ Unif(Bm,n
p1,q1)

and (p1, q1) ̸= (p2, q2) in general (for (p1, q1) = (p2, q2) see Remark 1.3 below). We start
with the case m → ∞ while n is fixed.

Theorem C (m → ∞, n fixed). Let p1, q1, q2 ∈ (0,∞] and p2 ∈ (0,∞) with (p1, q1) ̸=
(p2, q2), let n ∈ N, and for each m ∈ N let Xm ∼ Unif(Bm,n

p1,q1). Then(
√
m

(
m1/p1−1/p2

(M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

∥Xm∥p2,q2 − 1

))
m≥1

d−→ σN,

where N is a standard Gaussian random variable, and

σ2 :=
1

np1
− 1

p22
−

2C
p1/n,p2/n
p1/n

p1p2M
p2/n
p1/n

+
M

2p2/n
p1/n

E[∥Θ1∥2p2
q2 ]

(p2M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

2
.

Remark 1.2. It can be shown that σ2 = 0 iff (p1, q1) = (p2, q2).

The following weak limit theorem covers the case where n → ∞ while m is fixed. We
obtain both central and non-central limit behaviour, depending on the relation/values of
the parameters p1, q1, and q2.

Theorem D (m fixed, n → ∞). Let p1, q1 ∈ (0,∞] and p2, q2 ∈ (0,∞) with (p1, q1) ̸=
(p2, q2), let m ∈ N be fixed, and for each n ∈ N let Xn ∼ Unif(Bm,n

p1,q1).
(a) If q1 ̸= q2, then(

√
n

(
m1/p1−1/p2 n1/q1−1/q2

(Mq2
q1 )

1/q2
∥Xn∥p2,q2 − 1

))
n≥1

d−→ σN,

where N is a standard Gaussian random variable, and

σ2 :=
1

m

(
V q1
q1

q21
−

2Cq1,q2
q1

q1q2M
q2
q1

+
V q2
q1

(q2M
q2
q1 )

2

)
.

(b) If q1 = q2 and p1 < ∞, then

(
mn(1−m1/p1−1/p2∥Xn∥p2,q1)

)
n≥1

d−→ E +
p1 − p2
2p1

m−1∑
i=1

N2
i ,

where E is an exponentially distributed random variable with mean 1, N1, . . . , Nm−1

are standard Gaussian random variables, and E,N1, . . . , Nm−1 are independent.
(c) If q1 = q2 and p1 = ∞, then

(
mn(1−m−1/p2∥Xn∥p2,q1)

)
n≥1

d−→
m∑
i=1

Ei,

where E1, . . . , Em are independent, exponentially distributed random variables with
mean 1.

Remark 1.3. Statement (b) above remains true even if p1 = p2 and m = m(n) → ∞;

this is because then ∥Xn∥p1,q1
d
= U1/(mn), and

(
mn(1− U1/(mn))

)
n→∞

d−→ E.

The third weak limit theorem now treats the case where both m and n tend to infinity.

Theorem E (m,n → ∞). Let p1, q1 ∈ (0,∞] and p2, q2 ∈ (0,∞) with (p1, q1) ̸= (p2, q2), let
m = m(n) → ∞ as n → ∞, let N be a standard Gaussian random variable, and for each
n ∈ N let Xn ∼ Unif(Bm,n

p1,q1).
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(a) If q1 ̸= q2, then(
√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

∥Xn∥p2,q2 − 1

))
n≥1

d−→ σN,

where

σ2 :=
V q1
q1

q21
−

2Cq1,q2
q1

q1q2M
q2
q1

+
V q2
q1

(q2M
q2
q1 )

2
.

(b) If q1 = q2 and p1 < ∞, then(
√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

)1/p2

∥Xn∥p2,q1 − 1

))
n≥1

d−→ |p2 − p1|√
2 p1

N.

(c) If q1 = q2 and p1 = ∞, then(
√
mn

(
∥Xn∥p2,q1

m1/p2(M
p2/n
∞ )1/p2

− 1

))
n≥1

d−→ N.

1.4 Applications — asymptotic volume distribution in intersections of mixed-
norm balls

Kempka and Vybíral [15] have studied the volume of unit balls in the mixed-norm
sequence spaces. Our distributional limit theorems of Section 1.3 now allow us to ob-
tain Schechtman–Schmuckenschläger-type results on the distribution of volume in the
mixed norm spaces; for that we write rm,n

p,q := vmn(B
m,n
p,q )1/(mn) (notice that vmn((r

m,n
p,q )−1·

Bm,n
p,q ) = 1), and for any p1, q1, p2, q2 ∈ (0,∞] and t ∈ (0,∞) we set

V m,n(t) := vmn

(
(rm,n

p1,q1)
−1Bm,n

p1,q1 ∩ t(rm,n
p2,q2)

−1Bm,n
p2,q2

)
.

Clearly V m,n(t) also depends on p1, q1, p2, q2, but since those parameters are fixed, and
since we wish to keep the notation simple, we will suppress them.

Corollary 1.4 (m → ∞, n fixed). Let p1, q1, q2 ∈ (0,∞] and p2 ∈ (0,∞) with (p1, q1) ̸=
(p2, q2), let n ∈ N be fixed, and let t ∈ (0,∞). Define

Ap1,q1;p2,q2;n :=

(
ωn
q1 Γ(

n
p1

+ 1)

ωn
q2 Γ(

n
p2

+ 1)

)1/n( e
n

)1/p1−1/p2 p
1/p1

1

p
1/p2

2

1(
M

p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

.

Then

lim
m→∞

V m,n(t) =


0 if tAp1,q1;p2,q2;n < 1,
1
2 if tAp1,q1;p2,q2;n = 1,

1 if tAp1,q1;p2,q2;n > 1.

In order to formulate the next result we remind the reader of the gamma-distribution
Γ(α, β), defined for shape parameter α ∈ (0,∞) and scale parameter β ∈ (0,∞) via its
Lebesgue-density: for any measurable A ⊂ R put

Γ(α, β)(A) :=

∫
A

xα−1 e−x/β

βα Γ(α)
1(0,∞)(x) dx.

Corollary 1.5 (m fixed, n → ∞). Let p1, q1 ∈ (0,∞] and p2, q2 ∈ (0,∞) with (p1, q1) ̸=
(p2, q2), let m ∈ N be fixed, and let t ∈ (0,∞). Define

Aq1,q2 :=
Γ( 1

q1
+ 1)

Γ( 1
q2

+ 1)
e1/q1−1/q2

q
1/q1
1

q
1/q2
2

(Mq2
q1 )

−1/q2 .

EJP 0 (2023), paper 0.
Page 8/44

https://www.imstat.org/ejp

https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Limit theorems for mixed-norm sequence spaces

Then

lim
n→∞

V m,n(t) =

{
0 if tAq1,q2 < 1,

1 if tAq1,q2 > 1.

In the case tAq1,q2 = 1, we have

lim
n→∞

V m,n(t) =


1
2 if q1 ̸= q2,

1 if q1 = q2, p1 < ∞, and m = 1,

0 if q1 = q2 and p1 = ∞,

and in the case q1 = q2, p1 < ∞, and m ≥ 2 there is the more involved expression

lim
n→∞

V m,n(t) = Γ
(m− 1

2
, 2max

{
1,

p1
p2

})((
0,

p1(m− 1) log(p1

p2
)

p1 − p2

])

+ Γ
(m− 1

2
, 2min

{
1,

p1
p2

})((p1(m− 1) log(p1

p2
)

p1 − p2
,∞
))

.

Remark 1.6. 1. We stress that Aq1,q2 does not depend on any of p1, p2, m, as opposed
to Ap1,q1;p2,q2;n in Corollary 1.4. Also notice that the subcases for limn→∞ V m,n(t) at the
threshold tAq1,q2 = 1 correspond precisely to the subcases in Theorem D, which yield
different limiting distributions.

2. The point p1(m−1) log(p1/p2)
p1−p2

is the positive intersection point of the two gamma

densities involved; since the density of Γ
(
m−1
2 , 2min{1, p1

p2
}
)

takes strictly smaller values

on
(p1(m−1) log(p1/p2)

p1−p2
,∞
)

than that of Γ
(
m−1
2 , 2max{1, p1

p2
}
)

does, it follows that
limn→∞ V m,n(t) < 1 in the last mentioned case of Corollary 1.5.

A simple estimate also yields limp1→∞ limn→∞ V m,n(A−1
q1,q2) = 0 in the case q1 = q2,

so we have a kind of continuity here.

Corollary 1.7 (m,n → ∞). Let p1, q1 ∈ (0,∞] and p2, q2 ∈ (0,∞) with (p1, q1) ̸= (p2, q2),
let m = m(n) → ∞ as n → ∞, and let t ∈ (0,∞); define Aq1,q2 as in Corollary 1.5. Then

lim
n→∞

V m,n(t) =

{
0 if tAq1,q2 < 1,

1 if tAq1,q2 > 1.

Concerning tAq1,q2 = 1, in the case q1 ̸= q2 assume

M := lim
n→∞

√
mn

(
m1/p1−1/p2(

M
p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

rm,n
p1,q1

rm,n
p2,q2

A−1
q1,q2 − 1

)

exists in [−∞,∞]; then

lim
n→∞

V m,n(A−1
q1,q2) =

{
Φ(σ−1 M) if q1 ̸= q2,

0 if q1 = q1,

where Φ denotes the CDF of the standard normal distribution and σ is defined in The-
orem E, (a).

Remark 1.8. We leave as an open problem the formulation of simple precise conditions
under which the limit M exists; one main obstacle is determining the exact asymptotics
of E[∥Θ1∥p2

q2 ].

Remark 1.9. From the definition of ∥·∥p,q it is clear that any of the conditions m = 1,
or n = 1, or p = q reproduces the usual ℓp-norm, and indeed it may be verified that all
results presented in this paper are consistent with the previous results pertaining to
ℓp-spaces stated in the introduction.
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2 Notation and preliminaries

In this section we shall introduce the notation used throughout this paper, provide
some background information on mixed-norm spaces, and present and prove several
technical results needed in the sequel.

2.1 Notation

We suppose that all random variables occurring in this paper are defined on a com-
mon probability space (Ω,A,P). Expectations, in particular variances and covariances,
are taken with respect to P and are denoted by E[·], Var[·] and Cov[·, ·], respectively;
for a finite-dimensional random vector E indicates the expectation vector and Cov the
covariance matrix. A centred random variable has expectation zero.

Let X be an E-valued random variable, for some measurable space E, and let µ

be a measure on E. We write X ∼ µ to express that X has law, or distribution, µ

(equivalently, µ is the image measure of P under X); the law of X also is addressed as

L(X). Instead of L(X) = L(Y ) we usually write X
d
= Y .

If E is a separable metric space and X,X1, X2, . . . are E-valued random variables,
then almost sure convergence, convergence in probability, and convergence in distribu-

tion of the sequence (Xn)n∈N to X are denoted by (Xn)n∈N
a.s.−−→ X, (Xn)n∈N

P−→ X, and

(Xn)n∈N
d−→ X, resp., or equivalently Xn

a.s.−−−−→
n→∞

X, Xn
P−−−−→

n→∞
X, and Xn

d−−−−→
n→∞

X, resp.

The Euclidean space Rn is endowed with its Borel σ-algebra and the n-dimensional
Lebesgue-volume vn. For a Borel set A ⊂ Rn with vn(A) ∈ (0,∞) let Unif(A) stand for
the uniform distribution on A with respect to vn. For a vector µ ∈ Rn (zero vector 0)
and a positive-semidefinite matrix Σ ∈ Rn×n (unit matrix In) let N (µ,Σ) be the n-di-
mensional normal, or Gaussian, distribution with mean µ and covariance matrix Σ. E(1)
denotes the standard exponential distribution.

The (measure-theoretic) indicator function of a set A is written 1A.
For nonempty sets A ⊂ Rn and Λ ⊂ R we put ΛA := {λa : λ ∈ Λ, a ∈ A}; especially

λA := {λ}A.
For a probability measure µ and an index set I, µ⊗I :=

⊗
i∈I µ denotes its I-fold

product measure; in particular, µ⊗n :=
⊗n

i=1 µ.
Indices of vector coordinates or sequence terms are by default natural numbers

starting at 1; therefore an expression like (xi)i≤n is to be understood as (x1, x2, . . . , xn).
Likewise, interval notation is used for natural indices.

We are going to employ Landau notation in our proofs; in particular we will use O, o
and Θ. We recall their definitions:

an = O(bn) :⇐⇒ ∃M ∈ (0,∞)∃n0 ∈ N∀n ≥ n0 : |an| ≤ Mbn,

an = o(bn) :⇐⇒ ∀ε ∈ (0,∞)∃n0 ∈ N∀n ≥ n0 : |an| ≤ εbn,

an = Θ(bn) :⇐⇒ ∃m,M ∈ (0,∞)∃n0 ∈ N∀n ≥ n0 : mbn ≤ |an| ≤ Mbn;

where (an)n≥1 and (bn)n≥1 are real sequences, and bn ≥ 0 for all n ∈ N. Mostly we will
use O(bn) etc. as a stand-in for an in formulas.

2.2 The ℓp- and mixed-norm sequence spaces

ℓp-spaces For n ∈ N and p ∈ (0,∞] let ℓnp denote the n-dimensional ℓp-space, that is,
Rn equipped with the quasinorm

∥(xi)i≤n∥p :=


( n∑
i=1

|xi|p
)1/p

for p < ∞,

max
i≤n

|xi| for p = ∞;
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this is a norm iff n = 1 or p ≥ 1. The unit ball and unit sphere are written Bn
p and Sn−1

p ,

resp.; the former’s volume is ωn
p := vn(B

n
p ) =

(2 Γ(1/p+1))n

Γ(n/p+1) . On the sphere we introduce

the normalized cone measure κn−1
p (A) := vn([0,1]A)

ωn
p

, for Borel sets A ⊂ Sn−1
p ; it is the

unique probability measure such that the following polar integration formula is valid
(see, e.g., [20, Prop. 1]): for any measurable map h : Rn → [0,∞],∫

Rn

h(x) dx = nωn
p

∫
[0,∞)

∫
S
n−1
p

rn−1 h(rθ) dκn−1
p (θ) dr.

The uniform distribution on Bn
p has a nice stochastic representation in terms of in-

dependent random variables with known distributions, having its roots in [27] and in-
dependently [23]. In order to formulate it, let γp denote the p-generalized Gaussian
distribution on R; recall from the introduction that it is defined via its Lebesgue density

dγp(x)

dx
:=

{
1

2p1/p Γ(1/p+1)
e−|x|p/p if p < ∞,

1
2 1[−1,1](x) if p = ∞.

In particular, γ2 = N (0, 1) and γ∞ = Unif([−1, 1]). An easy calculation shows Mα
p =∫

R
|x|α dγp(x) for α ∈ (0,∞), where Mα

p has been defined in (1.3). Now let X be a
random vector in Rn and p ∈ (0,∞), then X ∼ Unif(Bn

p ) iff there exist independent
random variables U ∼ Unif([0, 1]) and Y1, . . . , Yn ∼ γp such that

X
d
= U1/n (Yi)i≤n

∥(Yi)i≤n∥p
. (2.1)

Obviously
(Yi)i≤n

∥(Yi)i≤n∥p
∈ Sn−1

p , and actually its distribution is κn−1
p . Notice that Bn

∞ =

[−1, 1]n and hence Unif(Bn
∞) = γ⊗n

∞ , therefore the coordinates of X ∼ Unif(Bn
∞) already

are independent.
In order for the reader to compare the known results for ℓp-balls with the new ones

for ℓp(ℓq)-balls presented in Subsections 1.2–1.4 we give the precise statements here.
For the Poincaré–Maxwell–Borel principle recall the notion of total variation distance

of probability measures: let (E, E) be a measurable space and let µ and ν be probab-
ility measures on E, then their total variation distance is defined to be dTV(µ, ν) :=

2 supA∈E |µ(A) − ν(A)|; if µ and ν are absolutely continuous w.r.t. a common measure λ

on E with densities f and g, resp., then dTV(µ, ν) =
∫
E
|f − g|dλ can be shown. Con-

vergence w.r.t. dTV of the laws of random variables implies convergence in distribution.
The following goes back to [23, Theorems 4.1, 4.5].

Proposition 2.1. Let p ∈ (0,∞], let k = k(n) = o(n), and for each n ∈ N let Xn ∼ κn−1
p ,

then

dTV

(
L
(
n1/p(Xn

i )i≤k

)
, γ⊗k

p

)
≤
√

2

πe

k

n
+ o
(k
n

)
.

In particular, for k ∈ N fixed, (
n1/p(Xn

i )i≤k

)
n≥1

d−→ (ξi)i≤k,

where (ξi)i≤k ∼ γ⊗k
p .

The ℓp-versions of the weak limit theorems and the asymptotic volume of intersec-
tions reach back to [26, Theorem], [28, Theorem 2.1], and [29, Theorem 3.2]. The latter
two papers introduced weak limit results, the first one more covertly by using the Berry–
Esseen theorem, the second one directly. That thread was taken up in [12, Theorem 1.1]
and subsequent works.
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Proposition 2.2. Let p ∈ (0,∞] and q ∈ (0,∞) with p ̸= q.
(a) Either let Xn ∼ Unif(Bn

p ) for all n ∈ N, or let Xn ∼ κn−1
p for all n ∈ N, then(√

n

(
n1/p−1/q

(Mq
p )1/q

∥Xn∥q − 1

))
n≥1

d−→ σN,

where N ∼ N (0, 1) and

σ2 :=
V p
p

p2
−

2Cp,q
p

pqMq
p
+

V q
p

q2(Mq
p )2

.

(b) Let t ∈ [0,∞) and define

Ap,q :=
Γ( 1p + 1)

Γ( 1q + 1)
e1/p−1/q p1/p

q1/q
(Mq

p )
−1/q.

Then

lim
n→∞

vn

(
(ωn

p )
−1/nBn

p ∩ t(ωn
q )

−1/nBn
q

)
=


0 if tAp,q < 1,
1
2 if tAp,q = 1,

1 if tAp,q > 1.

ℓp(ℓq)-spaces One possible generalization of ℓnp is our object under investigation, the
mixed-norm sequence space ℓmp (ℓnq ): Let m,n ∈ N and p, q ∈ (0,∞], and endow the real
space of matrices Rm×n with the (m · n)-dimensional Lebesgue-volume, vmn, and with
the ℓp(ℓq)-quasinorm

∥(xi,j)i≤m,j≤n∥p,q :=
∥∥(∥(xi,j)j≤n∥q

)
i≤m

∥∥
p
.

Pictorially speaking, for ∥·∥p,q first take the q-norm along rows, then take the p-norm of
the resulting numbers. For the sake of completeness, albeit irrelevant for the purpose
of the present paper, we remark that ∥·∥p,q is a norm iff both ∥·∥p and ∥·∥q are norms.
Also notice ℓ1p(ℓ

n
q )

∼= ℓnq , ℓmp (ℓ1q)
∼= ℓmp , and ℓmp (ℓnp )

∼= ℓmn
p .

The corresponding unit ball shall be written Bm,n
p,q ; in particular we have Bm,n

∞,q
∼=

(Bn
q )

m, that is, the m-fold Cartesian product. The precise volume of Bm,n
p,q has been

computed recently by Kempka and Vybíral [15], who have showed that

ωm,n
p,q := vmn(B

m,n
p,q ) =

ωm
p/n(ω

n
q )

m

2m
=

2mn Γ( 1q + 1)mn Γ(np + 1)m

Γ(mn
p + 1)Γ(nq + 1)m

. (2.2)

A probabilistic representation of Unif(Bm,n
p,q ) parallel to Equation (2.1) is precisely

the content of Proposition 1.1. Higher-order mixed norms are introduced in the Ap-
pendix.

2.3 Auxiliary tools and results

First we state two of our main devices in dealing with convergence in distribution of
random variables, presented such as fits our needs. The first is a combination of Slut-
sky’s theorem proper, a consequence of [3, Theorem 3.1], and the continuous-mapping
theorem [3, Theorem 2.7]; with a slight abuse of language we will refer to the present
version as ‘Slutsky’s theroem.’

Proposition 2.3 (Slutsky’s theorem). Let E,F,G be separable metric spaces, let X,X1,

X2, . . . be E-valued random variables, let Y, Y1, Y2, . . . be F -valued random variables, and

let f : E × F → G be continuous. If (Xn)n≥1
d−→ X, and (Yn)n≥1

P−→ Y , and Y is almost

surely constant, then
(
f(Xn, Yn)

)
n≥1

d−→ f(X,Y ).

EJP 0 (2023), paper 0.
Page 12/44

https://www.imstat.org/ejp

https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Limit theorems for mixed-norm sequence spaces

The second allows us to handle remainder terms in Taylor expansions, hence we will
call it the ‘remainder lemma.’ In general it appears to be well-known and widely used;
nevertheless, as we cannot find a good reference, and for the convenience of the reader
we also provide a proof.

Lemma 2.4 (remainder lemma). Let d, l ∈ N, let R : Rd → R be a function for which
there exist M, δ ∈ (0,∞) such that |R(x)| ≤ M∥x∥l for all x ∈ Rd with ∥x∥ ≤ δ, where
∥·∥ is an arbitrary norm on Rd; let (αn)n≥1 and (βn)n≥1 be real sequences such that
1
αn

= O(1) and βn = O(|αn|l), and let (Zn)n≥1 be a sequence of Rd-valued random

variables such that (αnZn)n≥1
P−→ 0. Then

(
βnR(Zn)

)
n≥1

P−→ 0.

Proof. Let ε ∈ (0,∞), then for all those n ∈ N where βn ̸= 0 (for all others the following
probability is zero already),

P
[
|βnR(Zn)| ≥ ε

]
= P

[
|βnR(Zn)| ≥ ε ∧ ∥Zn∥ ≤ δ

]
+ P

[
|βnR(Zn)| ≥ ε ∧ ∥Zn∥ > δ

]
≤ P

[
|βn|M ∥Zn∥l ≥ ε

]
+ P

[
∥Zn∥ ≥ δ

]
= P

[
∥αnZn∥ ≥

( |αn|l

|βn|
ε

M

)1/l]
+ P

[
∥αnZn∥ ≥ |αn|δ

]
.

By the premises there exist n0 ∈ N and C ∈ (0,∞) such that 1
|αn| ≤ C and |βn| ≤ C|αn|l

for all n ≥ n0, and this implies

P
[
|βnR(Zn)| ≥ ε

]
≤ P

[
∥αnZn∥ ≥

( ε

CM

)1/l]
+ P

[
∥αnZn∥ ≥ δ

C

]
.

Because of limn→∞ αnZn = 0 in probability, the claim follows.

In the remainder of this subsection we gather diverse auxiliary results together with
their proofs.

Lemma 2.5. Let p, q ∈ (0,∞] and let (ξn)n≥1 ∼ γ⊗N
p . If either q < ∞ or p = q = ∞, then(

n−1/q∥(ξi)i≤n∥q
)
n≥1

a.s.−−→ (Mq
p )

1/q.

Proof. Case q < ∞: We have

n−1/q∥(ξi)i≤n∥q =

(
1

n

n∑
i=1

|ξi|q
)1/q

,

and the claim follows from the SLLN.
Case p = q = ∞: Here ∥(ξi)i≤n∥∞ = max{|ξi| : i ≤ n} =: Mn. First we show

(Mn)n≥1
d−→ 1 by establishing (P[Mn ≤ x])n≥1 → 1[1,∞)(x) for all x ∈ R, then, because

1 is constant, convergence in probability follows. Clearly Mn ∈ [0, 1], hence P[Mn ≤
x] = 1[1,∞)(x) for all x ∈ R \ [0, 1] and n ∈ N, so convergence is immediate; and for any
x ∈ [0, 1] we get

P[Mn ≤ x] = P[∀i ∈ [1, n] : |ξi| ≤ x]

=

n∏
i=1

P[|ξi| ≤ x] = P[|ξ1| ≤ x]n

= xn −−−−→
n→∞

1[1,∞)(x),

where we have used independence for the second equality and identical distribution for

the third. This proves (Mn)n≥1
d−→ 1.
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Via the Borel–Cantelli lemma it suffices to show

∞∑
n=1

P[|Mn − 1| ≥ ε] < ∞

for any ε > 0 in order to strengthen convergence in probability to almost sure conver-
gence. So let ε > 0, w.l.o.g. ε < 1, then

P[|Mn − 1| ≥ ε] = P[Mn ≤ 1− ε] + P[Mn ≥ 1 + ε]

= (1− ε)n,

where recall Mn ≤ 1. But
∑∞

n=1(1− ε)n = 1−ε
ε < ∞, and the proof is complete.

Lemma 2.6. Let p ∈ (0,∞], q, r ∈ (0,∞), and for each n ∈ N let ξn ∼ γp/n.
1. We have the following asymptotics, as n → ∞:

(a) If p < ∞,

E[|ξn|q/n] = M
q/n
p/n = 1 +

q(q − p)

2p

1

n
+
( q2

8p2
− 5q

12p
+

3

8
− p

12q

) q2
n2

+O
( 1

n3

)
and

C
q/n,r/n
p/n =

qr

p

1

n
+
(q2 + qr + r2

2p2
− q + r

p
+

1

2

) qr
n2

+O
( 1

n3

)
.

(b) If p = ∞,

Mq/n
∞ =

∞∑
k=0

(−q)k

nk
= 1− q

n
+O

( 1

n2

)
and

Cq/n,r/n
∞ =

∞∑
k=2

(−1)k
k−1∑
l=1

((k
l

)
− 1
)
qlrk−l 1

nk
=

qr

n2

(
1− 2(q + r)

n
+O

( 1

n2

))
,

and for any α ∈ (0,∞) we have (here E ∼ E(1))

E
[∣∣|ξn|q/n −Mq/n

∞
∣∣α] = ( q

n

)α
E[|E − 1|α](1 + o(1)).

2. We have the distributional limits:
(a) If p < ∞, (√

n(|ξn|q/n − 1)
)
n≥1

d−→ q
√
p
N,

where N ∼ N (0, 1).
(b) If p = ∞, (

n(1− |ξn|q/n)
)
n∈N

d−→ qE,

where E ∼ E(1).

Proof. 1. (a) Recall the formula in Equation (1.3),

M
q/n
p/n =

(
p
n

)(q/n)/(p/n)
q
n + 1

Γ
( q/n+1

p/n + 1
)

Γ
(

1
p/n + 1

) =
( p
n

)q/p Γ
(
q+n
p

)
Γ
(
n
p

) ,

and subsequently C
q/n,r/n
p/n = M

(q+r)/n
p/n − M

q/n
p/nM

r/n
p/n . The result now is a simple con-

sequence of Stirling’s formula, Γ(z) =
√
2π zz−1/2 e−z eR(z) for z ∈ (0,∞), where we

know R(z) = 1
12z +O( 1

z3 ).
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(b) Note that of course ∞
n = ∞ for all n ∈ N and thus |ξn| ∼ Unif([0, 1]), hence by direct

calculation

Mq/n
∞ =

∫ 1

0

xq/n dx =
1

1 + q
n

;

the result then follows from the geometric series. Therewith we also get

Cq/n,r/n
∞ = M (q+r)/n

∞ −Mq/n
∞ Mr/n

∞ =
1

1 + q+r
n

− 1(
1 + q

n

)(
1 + r

n

) ,
and we use the geometric series again and the Cauchy product of series.

Let α ∈ (0,∞). It suffices to show supn∈NE
[∣∣n(|ξn|q/n − M

q/n
∞ )

∣∣α] < ∞; then the
convergence of moments follows together with

n(|ξn|q/n −Mq/n
∞ ) = n(1−Mq/n

∞ )− n(1− |ξn|q/n)
d−−−−→

n→∞
q − qE = q(1− E),

where we have anticipated 2.(b), whose proof is independent. We may restrict ourselves
to α ≥ 1, then |x+ y|α ≤ 2α−1(|x|α + |y|α) by Hölder’s inequality, and so

E
[∣∣n(|ξn|q/n −Mq/n

∞ )
∣∣α] ≤ 2α−1

(∣∣n(1−Mq/n
∞ )

∣∣α + E
[∣∣n(1− |ξn|q/n)

∣∣α]);
now since

∣∣n(1−M
q/n
∞ )

∣∣α converges and hence is bounded, we must ensure supn∈NE
[∣∣n(1−

|ξn|q/n)
∣∣α] < ∞. Exploiting Taylor expansion of the exponential function we have

|ξn|q/n = eq log|ξn|/n = 1 +
q log|ξn|

n
+R

(q log|ξn|
n

)
,

where we know R(x) = ey

2 x2 with some y between 0 and x, for any x ∈ R (Lagrangian

form of remainder term). In our case, since |ξn| ∼ Unif([0, 1]), we have q log|ξn|
n ≤ 0

almost surely, thus we can estimate∣∣∣R(q log|ξn|
n

)∣∣∣ ≤ q2 log|ξn|2

2n2
.

In particular we can write E := − log|ξn| ∼ E(1), then we get

E
[∣∣n(1− |ξn|q/n)

∣∣α] = E

[∣∣∣∣qE − nR
(−qE

n

)∣∣∣∣α]
≤ 2α−1

(
qαE[Eα] + nαE

[∣∣∣∣R(−qE

n

)∣∣∣∣α])
≤ 2α−1

(
qαE[Eα] +

q2αE[E2α]

2α nα

)
,

and clearly this last expression remains bounded in n ∈ N.
2. (a) We show the result for q = p first. Let n ∈ N and h : R → R measurable and

nonnegative, then

E[h(|ξn|p/n)] =
1

2
(
p
n

)n/p
Γ
(
n
p + 1

) ∫ ∞

0

h(|x|p/n)e−|x|p/n/(p/n) dx

=
1(

p
n

)n/p
Γ
(
n
p + 1

) ∫ ∞

0

h(x)e−x/(p/n) n

p
xn/p−1 dx

=
1(

p
n

)n/p
Γ
(
n
p

) ∫ ∞

0

h(x)xn/p−1 e−x/(p/n) dx;
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this shows that |ξn|p/n follows a gamma distribution with shape parameter n
p and scale

parameter p
n . Then because of the semigroup and scaling properties of the gamma

distribution, there exists a sequence (gj)j≥1 of independent random variables, each
having a gamma distribution with shape 1

p and scale p, such that

|ξn|p/n
d
=

1

n

n∑
j=1

gj .

The classical CLT yields
1√
n

n∑
j=1

(gj − 1)
d−−−−→

n→∞

√
pN

with N ∼ N (0, 1), where we have used E[g1] = 1 and Var[g1] = p. Since

1√
n

n∑
j=1

(gj − 1)
d
=

√
n(|ξn|p/n − 1),

this concludes the case q = p.
For general q call Ξn :=

√
n(|ξn|p/n − 1), then we have

√
n(|ξn|q/n − 1) =

√
n
((

1 +
Ξn√
n

)q/p
− 1
)
.

Taylor expansion gives

√
n(|ξn|q/n − 1) =

√
n
(
1 +

q

p

Ξn√
n
+R

( Ξn√
n

)
− 1
)
=

q

p
Ξn +

√
nR
( Ξn√

n

)
,

where the remainder satisfies |R(x)| ≤ Mx2 with some M > 0 for all x ∈ R suffi-

ciently small. From the case q = p we know (Ξn)n≥1
d−→ √

pN , so by Slutsky’s theorem

n1/4 Ξn√
n

= n−1/4 Ξn
P−−−−→

n→∞
0; thus by the remainder lemma

√
nR
(
Ξn√
n

) P−−−−→
n→∞

0, and

another application of Slutsky’s theorem leads to the desired statement.
(b) Using Taylor expansion of the exponential function as in the proof of 1.(b),

|ξn|q/n = eq log|ξn|/n = 1 +
q log|ξn|

n
+R

(q log|ξn|
n

)
,

where the remainder satisfies |R(x)| ≤ Mx2 with some M > 0 for all x ∈ R sufficiently
small. Rearrange,

n(1− |ξn|q/n) = −q log|ξn| − nR
(q log|ξn|

n

)
.

As before we know |ξn| ∼ Unif([0, 1]) for all n ∈ N; this implies − log|ξn| ∼ E(1). Also
√
n q log|ξn|

n = qn−1/2 log|ξn|
a.s.−−−−→

n→∞
0, so the remainder lemma yields nR

( q log|ξn|
n

) P−−−−→
n→∞

0.

Thus follows the claim.

Lemma 2.7. Let p, q ∈ (0,∞) with p ̸= q, and for each n ∈ N let ξn ∼ γp/n; define

Zn := n

( |ξn|q/n −M
q/n
p/n

qM
q/n
p/n

− |ξn|p/n − 1

p

)
.

Then

(Zn)n≥1
d−→ q − p

2p
(N2 − 1),
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where N ∼ N (0, 1); and for any α ∈ (0,∞) we have

sup
{
E[|Zn|α] : n ∈ N

}
< ∞,

in particular convergence of moments holds true, i.e., (E[|Zn|α])n≥1 →
∣∣ q−p

2p

∣∣αE[|N2 −
1|α].

Proof. First we prove the claimed weak convergence. From the proof of Lemma 2.6,
2.(a), we know

|ξn|p/n
d
=

1

n

n∑
i=1

gi

with (gn)n≥1 ∼ Γ( 1p , p)
⊗N; we also know

Ξn :=
√
n
(
|ξn|p/n − 1

) d
=

1√
n

n∑
i=1

(gi − 1)
d−−−−→

n→∞

√
pN

with N ∼ N (0, 1). Then we have |ξn|p/n = 1 + Ξn√
n

, and via Taylor expansion of x 7→
(1 + x)q/p we get

Zn = n

(
1

qM
q/n
p/n

(
1 +

q

p

Ξn√
n
+

q(q − p)

2p2
Ξ2
n

n
+R

( Ξn√
n

)
−M

q/n
p/n

)
− Ξn

p
√
n

)

=
n(1−M

q/n
p/n )

qM
q/n
p/n

+

√
n(1−M

q/n
p/n )

pM
q/n
p/n

Ξn +
q − p

2p2M
q/n
p/n

Ξ2
n +

n

qM
q/n
p/n

R
( Ξn√

n

)
,

where the remainder term satsifies |R(x)| ≤ M |x|3 for all |x| ≤ 1
2 with some M > 0.

From Lemma 2.6, 1.(a), we know M
q/n
p/n = 1 + q(q−p)

2pn +O( 1
n2 ); this means both

n(1−M
q/n
p/n )

qM
q/n
p/n

−−−−→
n→∞

−q − p

2p

and √
n(1−M

q/n
p/n )

qM
q/n
p/n

−−−−→
n→∞

0,

the latter also implies via Slutsky’s theorem

√
n(1−M

q/n
p/n )

qM
q/n
p/n

Ξn
P−−−−→

n→∞
0.

Equally by Slutsky’s theorem we get

n1/3 Ξn√
n
= n−1/6 Ξn

P−−−−→
n→∞

0,

thence with the remainder lemma,

n

qM
q/n
p/n

R
( Ξn√

n

)
P−−−−→

n→∞
0,

and another application of Slutsky’s theorem leads to

(Zn)n≥1
d−→ −q − p

2p
+

q − p

2p2
(
√
pN)2 =

q − p

2p
(N2 − 1).
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Now we prove the boundedness of moments. Let α > 0, w.l.o.g. such that α ≥ 1 and
2αq
p ≥ 1. Let n ∈ N, then

E
[
|Zn|α

]
= E

[
|Zn|α 1[|Ξn|<n1/4]

]
+ E

[
|Zn|α 1[|Ξn|≥n1/4]

]
, (2.3)

and we are going to show that either term on the right-hand side remains bounded as
n → ∞. For the first expectation on the right-hand side of (2.3) we use the same Taylor
expansion as before and additionally apply the inequality

∣∣∑k
i=1 ai

∣∣α ≤ kα−1
∑k

i=1|ai|α
(which is a direct consequence of Hölder’s inequality), that is,

E
[
|Zn|α 1[|Ξn|<n1/4]

]
≤ 4α−1E

[(∣∣∣∣n(1−M
q/n
p/n )

qM
q/n
p/n

∣∣∣∣α +

∣∣∣∣
√
n(1−M

q/n
p/n )

pM
q/n
p/n

∣∣∣∣α|Ξn|α

+

∣∣∣∣ q − p

2p2M
q/n
p/n

∣∣∣∣α|Ξn|2α +

(
n

qM
q/n
p/n

)α∣∣∣R( Ξn√
n

)∣∣∣α)1[|Ξn|<n1/4]

]

≤ 4α−1

(∣∣∣∣n(1−M
q/n
p/n )

qM
q/n
p/n

∣∣∣∣α +

∣∣∣∣
√
n(1−M

q/n
p/n )

pM
q/n
p/n

∣∣∣∣αE[|Ξn|α]

+

∣∣∣∣ q − p

2p2M
q/n
p/n

∣∣∣∣αE[|Ξn|2α] +
(

n

qM
q/n
p/n

)α

E

[∣∣∣R( Ξn√
n

)∣∣∣α 1[|Ξn|<n1/4]

])
.

We already know that the first three deterministic coefficients converge inR; because of
E[|g1|β ] < ∞ for all β ∈ R≥0 and of [2, Theorem 2] also E[|Ξn|α] and E[|Ξn|2α] converge
as n → ∞. Finally if |Ξn| < n1/4, then

∣∣ Ξn√
n

∣∣ < n−1/4 −−−−→
n→∞

0; hence eventually for all n,

on the event [|Ξn| < n1/4] we have
∣∣ Ξn√

n

∣∣ ≤ 1
2 , and then

nαE

[∣∣∣R( Ξn√
n

)∣∣∣α 1[|Ξn|<n1/4]

]
≤ nαE

[
Mα

∣∣∣∣ Ξn√
n

∣∣∣∣3α] = n−α/2 MαE[|Ξn|3α] −−−−→
n→∞

0,

because also E[|Ξn|3α] converges as n → ∞.
Now we attend to the second expectation on the right-hand side of (2.3). First we

apply Hölder’s inequality,

E
[
|Zn|α 1[|Ξn|≥n1/4]

]
≤ E[|Zn|2α]1/2P[|Ξn| ≥ n1/4]1/2. (2.4)

The first factor on the right-hand side of (2.4) is dealt with rather crudely, we simply
estimate

E[|Zn|2α] = n2αE

[∣∣∣∣ |ξn|q/n −M
q/n
p/n

qM
q/n
p/n

− |ξn|p/n − 1

p

∣∣∣∣2α]

≤ n2α 32α−1

(
E[|ξn|2αq/n] + (M

q/n
p/n )

2α

(qM
q/n
p/n )

2α
+
E[||ξn|p/n − 1|2α]

p2α

)
;

for the individual summands we see

E[|ξn|2αq/n] = E

[∣∣∣∣ 1n
n∑

i=1

gi

∣∣∣∣2αq/p] ≤ n2αq/p−1

n2αq/p

n∑
i=1

E[|gi|2αq/p] = E[|g1|2αq/p],

and

E[||ξn|p/n − 1|2α] = E

[∣∣∣∣ 1n
n∑

i=1

(gi − 1)

∣∣∣∣2α] ≤ n2α−1

n2α

n∑
i=1

E[|gi − 1|2α] = E[|g1 − 1|2α],
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so we have

E[|Zn|2α]1/2 = O(nα).

The second factor on the right-hand side of (2.4) equals P
[∣∣n−3/4

∑n
i=1(gi − 1)

∣∣ ≥ 1
]1/2

;
because the moment generating function of g1 is finite in a neighbourhood of 0, the
series

∑
n≥1(gn−1) satisfies a moderate deviations principle, hence by [4, Theorem 3.7.1],

lim
n→∞

1√
n
logP

[∣∣∣∣ 1

n3/4

n∑
i=1

(gi − 1)

∣∣∣∣ ≥ 1

]
= −1

2

12

Var[g1 − 1]
= − 1

2p
.

This implies that eventually,

P

[∣∣∣∣ 1

n3/4

n∑
i=1

(gi − 1)

∣∣∣∣ ≥ 1

]
≤ e−

√
n/(4p),

and in total we obtain

E
[
|Zn|α 1[|Ξn|≥n1/4]

]
≤ Cnα e−

√
n/(8p) −−−−→

n→∞
0.

Lemma 2.8. Let p ∈ (0,∞], q ∈ (0,∞), either let m ∈ N be fixed or let m = m(n) → ∞
as n → ∞, and for each n ∈ N let (ξn,i)i≤m ∼ γ⊗m

p/n. Then

(
1

m

m∑
i=1

|ξn,i|q/n
)

n≥1

P−→ 1.

Proof. Actually we are going to show that convergence is in L2, that is,

E

[(
1

m

m∑
i=1

|ξn,i|q/n − 1

)2]
−−−−→
n→∞

0.

First note
1

m

m∑
i=1

|ξn,i|q/n − 1 =
1

m

m∑
i=1

(
|ξn,i|q/n −M

q/n
p/n

)
+
(
M

q/n
p/n − 1

)
,

and from Lemma 2.6 we know (M
q/n
p/n )n≥1 → 1, hence it suffices to prove

E

[(
1

m

m∑
i=1

(
|ξn,i|q/n −M

q/n
p/n

))2]
−−−−→
n→∞

0.

So let n ∈ N, then the random variables |ξn,i|q/n−M
q/n
p/n , i ∈ [1,m], are i.i.d. and centred,

hence

E

[(
1

m

m∑
i=1

(
|ξn,i|q/n −M

q/n
p/n

))2]
= Var

[
1

m

m∑
i=1

(
|ξn,i|q/n −M

q/n
p/n

)]
=

1

m
Var
[
|ξn,1|q/n −M

q/n
p/n

]
.

In any case we have 1
m ≤ 1 and from Lemma 2.6 again we get

Var
[
|ξn,1|q/n −M

q/n
p/n

]
= Var

[
|ξn,1|q/n

]
−−−−→
n→∞

0,

and this finishes the proof.
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The next lemma states a moderate deviations result for p-Gaussian variables. Note
that the case p ≥ q treated below actually is covered by the standard theory, because
then the moment generating function is finite in a neighbourhood of zero.

Lemma 2.9. Let p ∈ (0,∞] and q ∈ (0,∞), and let (ξn)n≥1 ∼ γ⊗N
p . If p < q, then

let β ∈
(
1
2 ,

1
2−p/q

)
; else if p ≥ q, then let β ∈ ( 12 , 1). Then the moderate deviations of(∑n

i=1(|ξi|q −Mq
p )
)
n≥1

are determined by the following, where t ∈ (0,∞),

lim
n→∞

n1−2β logP

[
1

nβ

∣∣∣∣ n∑
i=1

(
|ξi|q −Mq

p

)∣∣∣∣ ≥ t

]
= − t2

2V q
p
.

Proof. This follows easily from [6, Theorem 2.2] by plugging in bn = nβ and using the
tail-estimate for γp, to wit, if p < ∞, then

P[|ξ1| ≥ x] =
x1−p e−xp/p

p1/p Γ( 1p + 1)
(1 + o(1)) as x → ∞,

and if p = ∞, then |ξ1| ≤ 1 a.s. and hence P[|ξ1| ≥ x] = 0 for any x > 1. Then
condition (2.3) in [6] is equivalent to

β
(p
q
− 2
)
+ 1 > 0,

and our indicated values for β satisfy that. The rate function is stated explicitly in (2.7)
of [6].

The following lemma slightly extends the results [12, Theorem 1.1] and [14, The-
orem A]. The case of Xn ∼ κn−1

∞ and q < ∞ actually is addressed in [22, Theorem 4.4,
1.] and its subsequent remark; but the proof merely glosses over said case, in particular
it is not mentioned how to handle ∥(ξi)i≤n∥∞. For the sake of completeness, we provide
a proof here.

Lemma 2.10. Let q1 ∈ (0,∞] and p, q2 ∈ (0,∞) with q1 ̸= q2, and either let Xn ∼
Unif(Bn

q1) for any n ∈ N, or Xn ∼ κn−1
q1 for any n ∈ N. Define (Yn)n≥1 by

Yn :=
√
n

(
np(1/q1−1/q2)

(Mq2
q1 )

p/q2
∥Xn∥pq2 − 1

)
.

Then
(Yn)n≥1

d−→ pσN,

where N ∼ N (0, 1) and

σ2 :=
V q1
q1

q21
−

2Cq1,q2
q1

q1q2M
q2
q1

+
V q2
q1

q22(M
q2
q1 )

2
.

Moreover, for any α ∈ [1,∞),
sup
n∈N

E[|Yn|α] < ∞. (2.5)

Therefore
(
E[|Yn|α]

)
n≥1

→ pασαE[|N |α], and if α is integer, (E[Y α
n ])n≥1 → pασαE[Nα],

and in particular (
E
[
np(1/q1−1/q2)∥Xn∥pq2

])
n≥1

→ (Mq2
q1 )

p/q2 . (2.6)

Proof. Concerning convergence of (Yn)n≥1 for p = 1, the only case still open is Xn ∼
κn−1
∞ and q2 < ∞. Let (ξi)i≥1 ∼ γ⊗N

∞ , then

∥Xn∥q2
d
=

∥(ξi)i≤n∥q2
∥(ξi)i≤n∥∞

=

(∑n
i=1|ξi|q2

)1/q2
∥(ξi)i≤n∥∞

.
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Define

Ξn :=
1√
n

n∑
i=1

(
|ξi|q2 −Mq2

∞
)

and Hn :=
√
n(1− ∥(ξi)i≤n∥∞),

then by the CLT (Ξn)n≥1
d−→ σN with N ∼ N (0, 1) and σ2 := V q2

∞ . Furthermore, as has
already been glimpsed in the proof of Lemma 2.5, Un := ∥(ξi)i≤n∥n∞ ∼ Unif([0, 1]), hence
(Un)n≥1 converges in distribution. Via the exponential series we have

Hn =
√
n(1− U1/n

n ) = −
√
nR1

( log(Un)

n

)
,

where R1 : R → R satisfies |R1(x)| ≤ M1|x| for all x ∈ R s.t. |x| ≤ δ, with suitable
δ,M1 ∈ (0,∞). Now Slutsky’s theorem implies n1/2 log(Un)

n = n−1/2 log(Un) −−−−→
n→∞

0 in

distribution and hence in probability; from the latter and the remainder lemma (with

l = 1) there follows (Hn)n≥1
P−→ 0. Now we may write

∥Xn∥q2
d
=

(
nMq2

∞ +
√
nΞn

)1/q2
1− Hn√

n

= n1/q2(Mq2
∞ )1/q2

(
1 + 1

M
q2
∞

Ξn√
n

)1/q2
1− Hn√

n

= n1/q2(Mq2
∞ )1/q2

(
1 +

1

q2M
q2
∞

Ξn√
n
+

Hn√
n
+R2

( Ξn√
n
,
Hn√
n

))
and rearranging terms gives

√
n

(
n−1/q2

(Mq2
∞ )1/q2

∥Xn∥q2 − 1

)
d
=

Ξn

q2M
q2
∞

+Hn +
√
nR2

( Ξn√
n
,
Hn√
n

)
,

where we have employed the Taylor expansion(
1 + x

M
q2
∞

)1/q2
1− y

= 1 +
x

q2M
q2
∞

+ y +R2(x, y),

with the remainder term satisfying |R2(x, y)| ≤ M2∥(x, y)∥22 in a suitable neighbourhood
of (0, 0). Notice n1/4

(
Ξn√
n
, Hn√

n

)
= (n−1/4Ξn, n

−1/4Hn) for any n ∈ N; since (Ξn)n≥1 con-

verges in distribution, Slutsky’s theorem implies
(
n1/4

(
Ξn√
n
, Hn√

n

))
n≥1

P−→ (0, 0), and with

the remainder lemma we infer
(√

nR2

(
Ξn√
n
, Hn√

n

))
n≥1

P−→ 0. Another application of Slut-
sky’s theorem finally yields the desired convergence

√
n

(
n−1/q2

(Mq2
∞ )1/q2

∥Xn∥q2 − 1

)
d−−−−→

n→∞

σN

q2M
q2
∞

.

For p ̸= 1 notice

Yn =
√
n

((
1 +

Zn√
n

)p
− 1

)
, where Zn :=

√
n

(
n1/q1−1/q2

(Mq2
q1 )

1/q2
∥Xn∥q2 − 1

)
.

Now by what we already have proved, (Zn)n≥1
d−→ σN , and again via Slutsky this implies(

n1/4 Zn√
n

)
n≥1

= (n−1/4Zn)n≥1
P−→ 0. But then Taylor expansion yields

Yn =
√
n

(
1 + p

Zn√
n
+R3

( Zn√
n

)
− 1

)
= pZn +

√
nR3

( Zn√
n

)
;
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again the remainder term satisfies |R3(x)| ≤ Mx2, and the remainder lemma and Slut-
sky’s theorem lead to the desired conclusion.

The boundedness of moments in (2.5) is subtler to prove. Let α ≥ 1, and choose β

as in Lemma 2.9, but with β ≤ 3
4 . We treat the case Xn ∼ Unif(Bn

q1) only; the result for
κn−1
q1 follows by replacing U with 1 in what follows.

Case q1 < ∞: Take (ξi)i≥1 ∼ γ⊗N
q1 and U ∼ Unif([0, 1]) independent, and define

xn :=
1

Mq2
q1

√
n

n∑
i=1

(
|ξi|q2 −Mq2

q1

)
and yn :=

1√
n

n∑
i=1

(|ξi|q1 − 1);

then

|Yn|α
d
= nα/2

∣∣∣∣np(1/q1−1/q2)

(Mq2
q1 )

p/q2
Up/n

∥(ξi)i≤n∥pq2
∥(ξi)i≤n∥pq1

− 1

∣∣∣∣α
= nα/2

∣∣∣∣Up/n

(
1 + xn√

n

)p/q2(
1 + yn√

n

)p/q1 − 1

∣∣∣∣α.
Define the event An := [|xn| ≤ nβ−1/2 ∧ |yn| ≤ nβ−1/2], then

E[|Yn|α] = E[|Yn|α 1An
] + E[|Yn|α 1Ac

n
], (2.7)

and we are going to show that either expectation on the right-hand side of (2.7) is
bounded for n ∈ N. For the first one, write

(1 + x)p/q2

(1 + y)p/q2
= 1 +R4(x, y),

i.e., R4 is the zeroth remainder term of Taylor’s expansion, which may be bounded as
follows,

|R4(x, y)| ≤ c1(|x|+ |y|) for |x|, |y| ≤ 1
2 ,

where c1 ∈ (0,∞). Making use of |x + y|α ≤ c2(|x|α + |y|α) (to be precise, c2 =

max{1, 2α−1}), we get

E[|Yn|α 1An ] = nα/2E

[∣∣∣∣Up/n
(
1 +R4

( xn√
n
,
yn√
n

))
− 1

∣∣∣∣α 1An

]
≤ c2n

α/2

(
E[(1− Up/n)α] + E[Upα/n]E

[∣∣∣R4

( xn√
n
,
yn√
n

)∣∣∣α 1An

])
≤ c2n

α/2

(
Γ(α+ 1)Γ(np + 1)

Γ(α+ n
p + 1)

+ cα1 c2E

[
|xn|α

nα/2
+

|yn|α

nα/2

])
, (2.8)

where we have used independence of U and {xn, yn}, and on An the estimates n−1/2|xn|,
n−1/2|yn| ≤ nβ−1 hold true, therefore eventually they are smaller than 1

2 since β < 1.
Now it is well known that

lim
x→∞

Γ(x+ y)

xy Γ(x)
= 1 (2.9)

for any fixed y > 0, so the first term within the parentheses in (2.8) behaves like n−α.
For the second term notice that (xn)n≥1 and (yn)n≥1 satisfy the central limit theorem,
and E

[∣∣|ξ1|qj −M
qj
q1

∣∣α] < ∞ for j ∈ {1, 2}, hence by [2, Theorem 2] E[|xn|α] and E[|yn|α]
converge to the corresponding (finite!) moments of the respective normal distributions.
This concludes lim supn→∞E[|Yn|α 1An ] < ∞.
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In order to tackle the second summand in (2.7), first apply Hölder’s inequality to get

E[|Yn|α 1Ac
n
] ≤ nα/2E[1Ac

n
]1/3E

[(
1 +

yn√
n

)−3pα/q1
]1/3

· E
[∣∣∣Up/n

(
1 +

xn√
n

)p/q2
−
(
1 +

yn√
n

)p/q1 ∣∣∣3α]1/3. (2.10)

With the union bound the first expectation on the right-hand side of (2.10) is further
estimated E[1Ac

n
] ≤ P[|xn| ≥ nβ−1/2] + P[|yn| ≥ nβ−1/2]. Writing out we have

P[|xn| ≥ nβ−1/2] = P

[
1

nβ

∣∣∣∣ n∑
i=1

(
|ξi|q2 −Mq2

q1

)∣∣∣∣ ≥ Mq2
q1

]

= exp
(
−n2β−1

(Mq2
q1 )

2

2V q2
q1

(
1 + o(1)

))
,

where the asymptotics are argued by Lemma 2.9; an analogous result is obtained for
yn, hence limn→∞ nα/2E[1Ac

n
]1/3 = 0.

The second expectation in (2.10) can be computed explicitly, because 1 + yn√
n

=
1
n

∑n
i=1|ξi|q1 , and the latter follows a certain gamma-distribution, which yields

E

[(
1 +

yn√
n

)−3pα/q1
]
=
( n

q1

)3pα/q1 Γ(n−3pα
q1

)

Γ( n
q1
)

,

and that converges to 1 as n → ∞ by (2.9). Finally the third expectation in (2.10) is
bounded from above, up to a constant factor depending only on α, by

E[U3pα/n]E

[(
1 +

xn√
n

)3pα/q2]
+ E

[(
1 +

yn√
n

)3pα/q1]
.

The yn-term we have dealt with before (just replace −α by α), and E[U3pα/n] ≤ 1. Simil-
arly to yn we have 1 + xn√

n
= 1

nM
q2
q1

∑n
i=1|ξi|q2 , whose law is not known explicitly though;

nevertheless all moments of |ξ1|q2 are finite, and (1 + xn√
n
)n≥1 → 1 almost surely by the

SLLN, and by [7, Theorem 10.2] convergence is valid also in the Lp-sense, which in its
turn implies

lim
n→∞

E

[(
1 +

xn√
n

)3pα/q2]
= 13pα/q2 = 1.

Taken together this amounts to lim supn→∞E[|Yn|α 1Ac
n
] = 0 and thus, returning to (2.7),

lim supn→∞E[|Yn|α] < ∞.
Case q1 = ∞: We are not going to spell out the details here, since the line of reason-

ing is analogous to the first case. Take U and (ξn)n≥1 and define xn as before, but set
yn := Hn as in the proof of the CLT for ∥Xn∥q2 given above, so the representation reads

|Yn|α
d
= nα/2

∣∣∣∣Up/n

(
1 + xn√

n

)p/q2(
1− yn√

n

)p − 1

∣∣∣∣α.
The remainder of this case’s proof is conducted with the obvious adaptations; in partic-

ular notice yn
d
=

√
n(1 − U1/n) which may be used to calculate moments and P[|yn| ≥

nβ−1/2].
Lastly, the convergence of (E[|Yn|α])n≥1 now is almost immediate, as boundedness

of {E[|Yn|α+1] : n ∈ N} implies uniform integrability of (|Yn|α)n≥1, and together with
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(|Yn|α)n≥1
d−→ pασα|N |α this implies the claimed convergence; analogously for integer α

and E[Y α
n ]. Statement (2.6) follows from the relation

np(1/q1−1/q2)∥Xn∥pq2 = (Mq2
q1 )

p/q2
(
1 +

Yn√
n

)
and the fact (E[Yn])n≥1 → pσE[N ] = 0.

3 Proofs of the Poincaré–Maxwell–Borel principles

In this section we present the proofs of the Poincaré–Maxwell–Borel principles, that
is, Theorem A and Theorem B. We shall start with the probabilistic representation of
Schechtman–Zinn type, which facilitates computations.

3.1 Proof of the probabilistic representation

In this subsection we present the proof of Proposition 1.1, which provides us with a
probabilistic representation of the uniform distribution on the unit balls in mixed-norm
sequence spaces.

Let h : Rm×n → [0,∞) be an arbitrary measurable function, then

E[h(X)] =
1

ωm,n
p,q

∫
Rm×n

h(x)1Bm,n
p,q

(x) dx,

or writing x in terms of its rows x1, . . . , xm,

E[h(X)] =
1

ωm,n
p,q

∫
Rn

· · ·
∫
Rn

h(x1, . . . , xm)1Bm,n
p,q

(x1, . . . , xm) dxm · · · dx1.

Introduce polar coordinates for each row separately, that is xi = riθi with ri ∈ [0,∞)

and θi ∈ Sn−1
q — notice that this corresponds to our decomposition (Xi,j)j≤n = RiΘi

introduced in (1.1)— to get

E[h(X)] =
nm(ωn

q )
m

ωm,n
p,q

∫
[0,∞)

rn−1
1

∫
S
n−1
q

· · ·
∫
[0,∞)

rn−1
m

∫
S
n−1
q

h(r1θ1, . . . , rmθm)

· 1Bm,n
p,q

(r1θ1, . . . , rmθm) dκn−1
q (θm) drm · · · dκn−1

q (θ1) dr1.

Finally use (riθi)i≤m ∈ Bm,n
p,q iff (ri)i≤m ∈ Bm

p , plug in ωm,n
p,q = 2−mωm

p/n(ω
n
q )

m (see Equa-
tion (2.2)), and gather terms to arrive at

E[h(X)] =

∫
[0,∞)m

(2n)m

ωm
p/n

m∏
i=1

rn−1
i 1Bm

p
(r1, . . . , rm)

·
∫
(Sn−1

q )m
h(r1θ1, . . . , rmθm) d(κn−1

q )⊗m(θ1, . . . , θm) d(r1, . . . , rm).

Now we recognize that the last integral proves the claimed density of (Ri)i≤m, the
claimed independence and the claimed distribution of the Θi, i ∈ [1,m].

It remains to show the representation of (Ri)i≤m. To that end define (Si)i≤m :=

(Rn
i )i≤m, hence Ri = S

1/n
i for each i ∈ [1,m]; this yields the Jacobian n−m

∏m
i=1 s

1/n−1
i

and (Si)i≤m has density

fS1,...,Sm(s1, . . . , sm) =
(2n)m

ωm
p/n

m∏
i=1

(s
1/n
i )n−1 1Bm

p ∩[0,∞)m(s
1/n
1 , . . . , s1/nm )n−m

m∏
i=1

s
1/n−1
i

=
2m

ωm
p/n

1Bm
p/n

∩[0,∞)m(s1, . . . , sm).
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Therefore (Si)i≤m ∼ Unif(Bm
p/n∩[0,∞)m), and by Schechtman and Zinn it can be written

(Si)i≤m
d
=

{
U1/m

( |ξi|
(
∑m

k=1|ξk|p/n)n/p

)
i≤m

if p < ∞,

(|ξi|)i≤m if p = ∞.

Transforming back to (Ri)i≤m concludes the proof.

3.2 Proofs of the Poincaré–Maxwell–Borel principles

Lemma 3.1. Let p, q ∈ (0,∞]. Then for any fixed k, l ∈ N (k ≤ m, l ≤ n where neces-
sary):

(a) (m1/p Ri)i≤k
d−−−−→

m→∞
(|ξi|1/n)i≤k for fixed n ∈ N, where (ξi)i≤k ∼ γ⊗k

p/n,

(b) (m1/p Ri)i≤k
P−−−−→

n→∞
(1)i≤k for either fixed m ∈ N or m = m(n) → ∞, and

(c) (n1/q Θi,j)i≤k,j≤l
d−−−−→

n→∞
(ηi,j)i≤k,j≤l, where (ηi,j)i≤k,j≤l ∼ γ

⊗(k×l)
q .

Proof. (a) Case p < ∞: We use Proposition 1.1, (a),

(m1/p Ri)i≤k
d
=

U1/(mn)(
1
m

∑m
i=1|ξi|p/n

)1/p (|ξi|1/n)i≤k. (3.1)

By the SLLN, 1
m

∑m
i=1|ξi|p/n

a.s.−−−−→
m→∞

M
p/n
p/n = 1, hence the right-hand-side converges a.s.

to (|ξi|1/n)i≤k, and convergence in distribution follows.

Case p = ∞: Obvious because of (Ri)i≤k
d
= (|ξi|1/n)i≤k.

(b) Case p < ∞: By Lemma 2.8 we know both
(

1
m

∑m
i=1|ξi|p/n

)
n≥1

P−→ 1 and

(|ξi|1/n)n≥1
P−→ 1 for each i ∈ [1, k] (apply the lemma with q = 1 and m = 1), hence the

right-hand-side of (3.1) converges to 1 in probability, therefore (m1/p Ri)i≤k converges
in distribution towards a constant and thus also in probability.

Case p = ∞: Now (Ri)i≤k
d
= (|ξi|1/n)i≤k

P−−−−→
n→∞

(1)i≤k via Lemma 2.8.

(c) We have by Proposition 1.1, (b),

(n1/q Θi,j)i≤k,j≤l
d
=

(
ηi,j

n−1/q∥(ηi,j′)j′≤n∥q

)
i≤k,j≤l

. (3.2)

By Lemma 2.5 (n−1/q∥(ηi,j′)j′≤n∥q)n≥1
a.s.−−→ 1, so the right-hand-side of (3.2) converges

to (ηi,j)i≤k,j≤l almost surely.

Remark 3.2. Statements (a) and (c) of Lemma 3.1 can be seen as consequences of Pro-
position 2.1; this is immediate for (c), and for (a) recall from the proof of Proposition 1.1
that (Rn

i )i≤m ∼ Unif(Bm
p/n ∩ [0,∞)m).

For a separable metric space E let M1(E) denote the convex set of probability meas-
ures on (E,B(E)) endowed with the topology of weak convergence of measures; then
M1(E) is separable too. This topology on M1(E) may be metrized by, e.g., the Lévy–
Prokhorov metric dLP. We denote by Lipb(E) the space of bounded, Lipschitz-continuous
functions on E, equipped with the norm ∥f∥Lip := max{∥f∥∞, |f |Lip} where |f |Lip is the
Lipschitz-constant of f .

Lemma 3.3. Let (µn)n∈N be a sequence of M1(E)-valued random measures and µ ∈
M1(E) a deterministic measure. Then

(µn)n≥1
P−→ µ ⇐⇒ ∀f ∈ Lipb(E) :

(∫
E

f dµn

)
n∈N

P−→
∫
E

f dµ.
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Proof. ⇒: Let f ∈ Lipb(E), then the map ν 7→
∫
E
f dν is continuous at µ w.r.t. dLP, hence

for any ε > 0 there exists δ > 0 such that, for any ν ∈ M1(E),

dLP(µ, ν) < δ =⇒
∣∣∣∣∫

E

f dν −
∫
E

f dµ

∣∣∣∣ < ε.

Now let ε > 0, then

P

[∣∣∣∣∫
E

f dµn −
∫
E

f dµ

∣∣∣∣ ≥ ε

]
≤ P[dLP(µn, µ) ≥ δ] −−−−→

n→∞
0.

⇐: Let ε > 0. The open ball BLP
ε (µ) is open in the weak topology, thus there exist

m ∈ N, f1, . . . , fm ∈ Lipb(E) and δ > 0 such that

m⋂
i=1

{
ν ∈ M1(E) :

∣∣∣∣∫
E

fi dν −
∫
E

fi dµ

∣∣∣∣ < δ

}
⊂ BLP

ε (µ).

The union-bound then implies

P[dLP(µn, µ) ≥ ε] = P[µn ∈ BLP
ε (µ)c]

≤ P

[
µn ∈

m⋃
i=1

{
ν ∈ M1(E) :

∣∣∣∣∫
E

fi dν −
∫
E

fi dµ

∣∣∣∣ ≥ δ

}]

≤
m∑
i=1

P

[∣∣∣∣∫
E

fi dµn −
∫
E

fidµ

∣∣∣∣ ≥ δ

]
−−−−→
n→∞

0.

Proof of Theorem A. (a) We have

(m1/p Xi,j)i≤k,j≤n = (m1/pRiΘi)i≤k.

The claim follows from Lemma 3.1, (a), together with the independence of (Ri)i≤m from
Θ1,. . . , Θm.

(b) Case p < ∞: The stochastic representation of (Ri)i≤m implies

1

m

m∑
i=1

δm1/p Ri

d
=

1

m

m∑
i=1

δU1/(mn) ( 1
m

∑m
k=1|ξk|p/n)−1/p|ξi|1/n .

For the sake of legibility call Cm := U1/(mn)
(

1
m

∑m
i=1|ξi|p/n

)−1/p
, then (Cm)m≥1

a.s.−−→ 1.
Now it suffices to prove (

1

m

m∑
i=1

δCm|ξi|1/n

)
m≥1

P−→ L(|ξ1|1/n),

since then
(

1
m

∑m
i=1 δm1/p Ri

)
m≥1

→ L(|ξ1|1/n) in distribution and, because the latter is

constant in M1(R), also in probability.
We apply Lemma 3.3. Let f ∈ Lipb(R), then∣∣∣∣ 1m

m∑
i=1

f(Cm|ξi|1/n)− E[f(|ξ1|1/n)]
∣∣∣∣

≤
∣∣∣∣ 1m

m∑
i=1

f(Cm|ξi|1/n)−
1

m

m∑
i=1

f(|ξi|1/n)
∣∣∣∣+ ∣∣∣∣ 1m

m∑
i=1

f(|ξi|1/n)− E[f(|ξ1|1/n)]
∣∣∣∣

≤ 1

m

m∑
i=1

∣∣f(Cm|ξi|1/n)− f(|ξi|1/n)
∣∣+ ∣∣∣∣ 1m

m∑
i=1

f(|ξi|1/n)− E[f(|ξ1|1/n)]
∣∣∣∣

≤ |f |Lip|Cm − 1| 1

m

m∑
i=1

|ξi|1/n +

∣∣∣∣ 1m
m∑
i=1

f(|ξi|1/n)− E[f(|ξ1|1/n)]
∣∣∣∣;
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the last line converges a.s. to zero because the sums obey the SLLN, and thus also in
probability.

Essentially the same argument is valid for 1
m

∑m
i=1 δm1/p Xi

. Write m1/p Xi
d
= Cm|ξi|1/nΘi

with Cm as before, and let f ∈ Lipb(R
n), where the Lipschitz constant is taken with re-

spect to ∥·∥q, then∣∣∣∣ 1m
m∑
i=1

f(Cm|ξi|1/nΘi)− E[f(|ξ1|1/nΘ1)]

∣∣∣∣
≤
∣∣∣∣ 1m

m∑
i=1

f(Cm|ξi|1/nΘi)−
1

m

m∑
i=1

f(|ξi|1/nΘi)

∣∣∣∣
+

∣∣∣∣ 1m
m∑
i=1

f(|ξi|1/nΘi)− E[f(|ξ1|1/nΘ1)]

∣∣∣∣
≤ 1

m

m∑
i=1

∣∣f(Cm|ξi|1/nΘi)− f(|ξi|1/nΘi)
∣∣+ ∣∣∣∣ 1m

m∑
i=1

f(|ξi|1/nΘi)− E[f(|ξ1|1/nΘ1)]

∣∣∣∣
≤ |f |Lip|Cm − 1| 1

m

m∑
i=1

|ξi|1/n +

∣∣∣∣ 1m
m∑
i=1

f(|ξi|1/nΘi)− E[f(|ξ1|1/nΘ1)]

∣∣∣∣;
again the sums obey the SLLN and hence the desired convergence is implied.

Case p = ∞: Notice that by the stochastic representation we are dealing with inde-
pendent random variables and thus the convergence is immediate.

Proof of Theorem B. (a) Recall

(m1/p n1/q Xi,j)i≤m,j≤n = (m1/pRi · n1/qΘi,j)i≤m,j≤n.

Lemma 3.1, (b) and (c), imply the convergence in distribution of (m1/p n1/q Xi,j)i≤k,j≤l

as claimed, where the joint convergence of (Ri)i≤m, Θ1,. . . , Θm may be argued either
by their independence or by Slutsky’s theorem.

(b) Case p < ∞: Write Cm,n := U1/(mn)
(

1
m

∑m
i=1|ξi|p/n

)−1/p
and Di,n := |ξi|1/n ·

(n−1/q∥(ηi,j)j≤n∥q)−1, then (U1/(mn))n≥1
a.s.−−→ 1 and Lemma 2.8 imply

(Cm,n)n≥1
P−→ 1;

also (|ξi|1/n)n≥1
P−→ 1 for each i ≤ m by applying Lemma 2.8 with m = q = 1, which

together with Lemma 2.5 yields

(Di,n)n≥1
P−→ 1.

Now take any f ∈ Lipb(R) and consider∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(Cm,nDi,nηi,j)− E[f(η1,1)]
∣∣∣∣;

we have to show that the probability of this expression being smaller than any positive
number converges to one. So let ε > 0. Define Bm,n,ε :=

∑m
i=1 1[|Di,n−1|≥ε], then Bm,n,ε

is binomially distributed with parameters m and P[|D1,n − 1| ≥ ε], and there holds

( 1
m Bm,n,ε)n≥1

P−→ 0: indeed, let δ > 0, then

P
[∣∣∣ 1
m
Bm,n,ε

∣∣∣ ≥ δ
]
≤ 1

m2 δ2
Var[Bm,n,ε]

=
1

mδ2
P[|D1,n − 1| ≥ ε]P[|D1,n − 1|< ε],
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and because of (D1,n)n≥1
P−→ 1 the latter converges to zero as n → ∞, irrespective of

whether m is fixed or diverges. We also have the laws of large numbers(
1

mn

∑m
i=1

∑n
j=1 f(ηi,j)

)
n≥1

P−→ E[f(η1,1)] and
(

1
mn

∑m
i=1

∑n
j=1|ηi,j |

)
n≥1

P−→ M1
q . Now

there exists an n0 ∈ N such that, for any n ≥ n0, the probability of the event that
|Cm,n − 1| ≤ ε and 2∥f∥∞ 1

mBm,n,ε ≤ ε and
∣∣ 1
mn

∑m
i=1

∑n
j=1 f(ηi,j) − E[f(η1,1)]

∣∣ ≤ ε and∣∣ 1
mn

∑m
i=1

∑n
j=1|ηi,j |−M1

q

∣∣ ≤ ε all hold true is at least, say, 1− ε. Let n ≥ n0, then on the
same event, for any i ∈ [1,m] such that |Di,n − 1| < ε, we have

|Cm,nDi,n − 1| ≤ |Cm,n||Di,n − 1|+ |Cm,n − 1| ≤ (1 + ε)ε+ ε = ε2 + 2ε,

and therewith∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(Cm,nDi,nηi,j)− E[f(η1,1)]
∣∣∣∣

≤
∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(Cm,nDi,nηi,j)−
1

mn

m∑
i=1

n∑
j=1

f(ηi,j)

∣∣∣∣
+

∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(ηi,j)− E[f(η1,1)]
∣∣∣∣

≤ 1

mn

m∑
i=1

n∑
j=1

∣∣f(Cm,nDi,nηi,j)− f(ηi,j)
∣∣+ ε

= ε+
1

mn

m∑
i=1

n∑
j=1

1[|Di,n−1|<ε]

∣∣f(Cm,nDi,nηi,j)− f(ηi,j)
∣∣

+
1

mn

m∑
i=1

n∑
j=1

1[|Di,n−1|≥ε]

∣∣f(Cm,nDi,nηi,j)− f(ηi,j)
∣∣

≤ ε+
|f |Lip
mn

m∑
i=1

n∑
j=1

1[|Di,n−1|<ε]|Cm,nDi,n − 1||ηi,j |

+
1

mn

m∑
i=1

n∑
j=1

1[|Di,n−1|≥ε]

(
|f(Cm,nDi,nηi,j)|+ |f(ηi,j)|

)
≤ ε+

|f |Lip
mn

(ε2 + 2ε)

m∑
i=1

n∑
j=1

|ηi,j |+
2∥f∥∞Bm,n,ε

m

≤ ε+ |f |Lip(ε2 + 2ε)(M1
q + ε) + ε.

Because this estimate holds for all n ≥ n0 with probability at least 1− ε, convergence in
probability is established.

Case p = ∞: Again let f ∈ Lipb(R), then with the same notation and techniques as
before,∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(Di,nηi,j)− E[f(η1,1)]
∣∣∣∣ ≤ ∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(Di,nηi,j)−
1

mn

m∑
i=1

n∑
j=1

f(ηi,j)

∣∣∣∣
+

∣∣∣∣ 1

mn

m∑
i=1

n∑
j=1

f(ηi,j)− E[f(η1,1)]
∣∣∣∣

≤ 1

mn

m∑
i=1

n∑
j=1

∣∣f(Di,nηi,j)− f(ηi,j)
∣∣+ o(1).

The remaining argument is the same as in the case p < ∞, only formally Cm,n = 1

throughout.
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4 Proofs of the weak limit theorems

In this section we present the proofs of the weak limit theorems, that is, Theorem C,
Theorem D, and Theorem E, as well as of Corollaries 1.4, 1.5, and 1.7.

4.1 Proofs of the weak limit theorems

Recall that Theorem C treats the regime m → ∞ while n is fixed.

Proof of Theorem C. Case p1 < ∞: Appealing to Proposition 1.1 we have

∥Xm∥p2,q2
d
= U1/(mn)

(∑m
i=1|ξi|p2/n∥Θi∥p2

q2

)1/p2(∑m
i=1|ξi|p1/n

)1/p1
.

Define

Ξm :=
1√
m

m∑
i=1

(
|ξi|p1/n − 1

)
and

Hm :=
1√
m

m∑
i=1

(
|ξi|p2/n∥Θi∥p2

q2 −M
p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)
,

then by the multivariate CLT we know((
Ξm

Hm

))
m≥1

d−→ N 2(0,Σ)

with covariance-matrix

Σ :=

(
p1

n C
p1/n,p2/n
p1/n

E[∥Θ1∥p2
q2 ]

C
p1/n,p2/n
p1/n

E[∥Θ1∥p2
q2 ] Var[|ξ1|p2/n∥Θ1∥p2

q2 ]

)
.

For brevity’s sake we set µ := M
p2/n
p1/n

E[∥Θ1∥p2
q2 ]. Therewith we get

∥Xm∥p2,q2
d
= U1/(mn) (mµ+

√
mHm)1/p2

(m+
√
mΞm)1/p1

=
m1/p2 µ1/p2

m1/p1
U1/(mn)

(
1 + Hm

µ
√
m

)1/p2(
1 + Ξm√

m

)1/p1

=
µ1/p2

m1/p1−1/p2

(
1 +

log(U)

mn
− Ξm

p1
√
m

+
Hm

p2µ
√
m

+R
( log(U)

m
,
Ξm√
m
,
Hm√
m

))
,

where for the third equality we have performed the Taylor-expansion

eu/n

(
1 + y

µ

)1/p2(
1 + x

)1/p1
= 1 +

u

n
− x

p1
+

y

p2µ
+R(u, x, y),

where the remainder satisfies |R(u, x, y)| ≤ M∥(u, x, y)∥22 in a suitable neighbourhood of
(0, 0, 0). Rearranging yields

√
m

(
m1/p1−1/p2

µ1/p2
∥Xm∥p2,q2 − 1

)
d
=

log(U)

n
√
m

− Ξm

p1
+

Hm

p2µ
+

√
mR

( log(U)

m
,
Ξm√
m
,
Hm√
m

)
.
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We have m1/4
( log(U)

m , Ξm√
m
, Hm√

m

)
= (m−3/4 log(U),m−1/4Ξm,m−1/4Hm), and this converges

in probability to (0, 0, 0) as m → ∞ by appealing to Slutsky’s theorem and the known dis-
tributional convergence of (Ξm,Hm). The remainder lemma then implies

(√
mR

( log(U)
m ,

Ξm√
m
, Hm√

m

))
m≥1

P−→ 0. Since we also know (m−1/2 log(U))m≥1 −→ 0 almost surely and thus
in probability, by Slutsky’s theorem the right-hand-side of the last display converges to
the random variable σN , where N ∼ N (0, 1) and

σ2 =
(
− 1

p1
,

1

p2µ

)
Σ

(
− 1

p1
1

p2µ

)
;

a simple calculation shows that this is the desired variance.
Case p1 = ∞: Omit U1/(mn) and

∑m
i=1|ξ1|p1/n from the probabilistic representation

and reiterate the argument.

The regime for Theorem D is n → ∞ while m is fixed.

Proof of Theorem D. (a) Case p1 < ∞: We define, for i ∈ [1,m],

Ξn,i :=
√
n(|ξi|p1/n − 1),

Hn,i :=
√
n

(
np2(1/q1−1/q2)

(Mq2
q1 )

p2/q2
∥Θi∥p2

q2 − 1

)
;

then, since ξ1, . . . , ξm,Θ1, . . . ,Θm are independent for each n ∈ N, so are Ξn,1, . . . ,Ξn,m,

Hn,1, . . . ,Hn,m, and by Lemma 2.6, 2.(a), ((Ξn,i)i≤m)n≥1
d−→ (

√
p1N1,i)i≤m and by Lem-

ma 2.10 ((Hn,i)i≤m)n≥1
d−→ (p2σN2,i)i≤m with (N1,i)i≤m, (N2,i)i≤m ∼ N (0, Im) independ-

ent. This leads to

∥Xn∥p2,q2
d
= U1/(mn)

(∑m
i=1|ξi|p2/n∥Θi∥p2

q2

)1/p2(∑m
i=1|ξi|p1/n

)1/p1

=
(Mq2

q1 )
1/q2

m1/p1−1/p2 n1/q1−1/q2
U1/(mn)

(
1
m

∑m
i=1

(
1 +

Ξn,i√
n

)p2/p1
(
1 +

Hn,i√
n

))1/p2(
1
m

∑m
i=1

(
1 +

Ξn,i√
n

))1/p1

=
(Mq2

q1 )
1/q2

m1/p1−1/p2 n1/q1−1/q2

(
1 +

log(U)

mn
+

1

p2m

m∑
i=1

Hn,i√
n

+R

(
log(U)

n
,
(Ξn,i√

n

)
i≤m

,
(Hn,i√

n

)
i≤m

))
,

where we have introduced the Taylor polynomial expansion

eu/m
(

1
m

∑m
i=1(1 + xi)

p2/p1(1 + yi)
)1/p2(

1
m

∑m
i=1(1 + xi)

)1/p1
= 1 +

u

m
+

1

p2m

m∑
i=1

yi +R
(
u, (xi)i≤m, (yi)i≤m

)
(the partial derivatives of first order w.r.t. x1, . . . , xm are indeed zero), where again
the remainder term satsifies |R

(
u, (xi)i≤m, (yi)i≤m

)
| ≤ M

∥∥(u, (xi)i≤m, (yi)i≤m

)∥∥2
2

in a
neighbourhood of 0. Rearranging yields

√
n

(
m1/p1−1/p2n1/q1−1/q2

(Mq2
q1 )

1/q2
∥Xn∥p2,q2 − 1

)
d
=

log(U)

m
√
n

+
1

p2m

m∑
i=1

Hn,i

+
√
nR

(
log(U)

n
,
(Ξn,1√

n

)
i≤m

,
(Hn,i√

n

)
i≤m

)
,
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and we apply the usual argument: ((Ξn,i)i≤m)n≥1 and ((Hn,i)i≤m)n≥1 converge in dis-

tribution, hence from Slutsky’s theorem we infer n1/4
( log(U)

n ,
(Ξn,1√

n

)
i≤m

,
(Hn,i√

n

)
i≤m

)
=(

n−3/4 log(U), (n−1/4Ξn,i)i≤m, (n−1/4Hn,i)i≤m

)
−−−−→
n→∞

0 in distribution and in probabil-

ity; the remainder lemma then gives
(√

nR
( log(U)

n ,
(Ξn,1√

n

)
i≤m

,
(Hn,i√

n

)
i≤m

))
n≥1

P−→ 0; we

also have
( log(U)

m
√
n

)
n≥1

→ 0 almost surely and in probability; and a final use of Slutsky’s
theorem leads to the desired result.

Case p1 = ∞: Now according to Lemma 2.6, 2.(b),

Ξn,i := n(1− |ξi|p2/n)
d−−−−→

n→∞
p2Ei,

where (Ei)i≤m ∼ E(1)⊗m is independent of (N2,i)i≤m introduced before; and therewith

∥Xn∥p2,q2
d
=

(Mq2
q1 )

1/q2

m−1/p2 n1/q1−1/q2

(
1

m

m∑
i=1

(
1− Ξn,i

n

)(
1 +

Hn,i√
n

))1/p2

=
(Mq2

q1 )
1/q2

m−1/p2 n1/q1−1/q2

(
1−

m∑
i=1

Ξn,i

p2mn
+

m∑
i=1

Hn,i

p2m
√
n

+R

((Ξn,1

n

)
i≤m

,
(Hn,i√

n

)
i≤m

))
,

and the rest follows as before, with the modification
√
n
(Ξn,i

n

)
i≤m

= (n−1/2 Ξn,i)i≤m
P−−−−→

n→∞
0 and similarly for the remainder term.

(b) Here, as in the following case, ∥Θi∥q2 = ∥Θi∥q1 = 1 and therefore we have

∥Xn∥p2,q1
d
= U1/(mn)

(∑m
i=1|ξi|p2/n

)1/p2(∑m
i=1|ξi|p1/n

)1/p1
.

We perform Taylor expansion of the same function as in (a), case p1 < ∞, but restricted
to (yi)i≤m = 0 and writing out second-order terms, to wit,

eu/m
(

1
m

∑m
i=1(1 + xi)

p2/p1
)1/p2(

1
m

∑m
i=1(1 + xi)

)1/p1
= 1 +

u

m
+

u2

2m2
+

p2 − p1
2p21m

2
xTAx+R(u, x),

where A = (ai,j)i,j≤m ∈ Rm×m is given by ai,i = m − 1 and ai,j = −1 for all i, j ∈ [1,m]

with i ̸= j, and the remainder term satisfies |R(u, x)| ≤ M∥(u, x)∥32 with some M > 0 for
all ∥(u, x)∥2 sufficiently small. So this gives

∥Xn∥p2,q1
d
= m1/p2−1/p1

(
1 +

log(U)

mn
+

log(U)2

2m2n2
+

p2 − p1
2p21m

2

(Ξn,i√
n

)T
i≤m

A
(Ξn,i√

n

)
i≤m

+R

(
log(U)

n
,
(Ξn,i√

n

)
i≤m

))
,

or equivalently via rearrangement,

mn
(
1−m1/p1−1/p2∥Xn∥p2,q1

) d
= − log(U)− log(U)2

2mn
+

p1 − p2
2p21m

(Ξn,i)
T
i≤mA(Ξn,i)i≤m

−mnR

(
log(U)

n
,
(Ξn,i√

n

)
i≤m

)
.

We choose (l, αn, βn) := (3, n1/3, n) for the remainder lemma; indeed, n1/3
( log(U)

n ,(Ξn,i√
n

)
i≤m

)
=
(
n−2/3 log(U), n−1/6(Ξn,i)i≤m

)
converges to 0 in probability as n → ∞,
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therefore the remainder lemma implies
(
nR
( log(U)

n ,
(Ξn,i√

n

)
i≤m

))
n≥1

P−→ 0. Additionally

we have ( log(U)2

n )n≥1 → 0 almost surely and hence in probability. Thus via Slutsky’s
theorem we obtain(

mn
(
1−m1/p1−1/p2∥Xn∥p2,q1

))
n≥1

d−→ − log(U) +
p1 − p2
2p1m

(N1,i)
T
i≤mA(N1,i)i≤m,

and it remains to argue that the right-hand side has the claimed distribution. That
− log(U) ∼ E(1), is common lore. Since (ξi)i≤m is independent from U , (N1,i)i≤m can be
assumed independent from U . The matrix A is symmetric and has eigenvalues m with
multiplicity m− 1 and 0 with multiplicity 1, hence its spectral decomposition reads A =

O diag(m, . . . ,m, 0)OT with orthogonal O ∈ Rm×m. The standard Gaussian distribution
is orthogonally invariant, that is (Ni)i≤m := OT(N1,i)i≤m ∼ N (0, Im), and thereby

(N1,i)
T
i≤mA(N1,i)i≤m = (Ni)

T
i≤m diag(m, . . . ,m, 0)(Ni)i≤m = m

m−1∑
i=1

N2
i .

Because (Ni)i≤m still is independent from U we have finished.

(c) Using the same expansion as in (a), case p1 = ∞, and restricting to (yi)i≤m = 0

like in (b) while naming R′(x) := R(x,0), we arrive at

∥Xn∥p2,q1
d
=

( m∑
i=1

|ξi|p2/n

)1/p2

= m1/p2

(
1−

m∑
i=1

Ξn,i

p2mn
+R′

((Ξn,i

n

)
i≤m

))
.

The result follows, after a rearrangement, from 1
p1
(Ξn,i)i≤m

d−→ E(1)⊗m, managing the
remainder term as in (b) above.

In Theorem E now we consider n → ∞ and m = m(n) → ∞. The proof features
the Lyapunov CLT: let ((Zn,i)i≤m)n≥1 be an array of R-valued random variables with
independent rows (i.e., for any n ∈ N the variables Zn,1, . . . , Zn,m are independent),

and call sn :=
(∑m

i=1 Var[Zn,i]
)1/2

. If sn > 0 for all n ∈ N and Lyapunov’s condition is
statisfied, sc., there exists some δ > 0 with

lim
n→∞

1

s2+δ
n

m∑
i=1

E
[
|Zn,i − E[Zn,i]|2+δ

]
= 0, (4.1)

then

1

sn

m∑
i=1

(
Zn,i − E[Zn,i]

) d−−−−→
n→∞

N (0, 1).

As an aside, note that actually Lyapunov’s condition implies Lindeberg’s condition which
in its turn implies the CLT.

Proof of Theorem E. (a) Case p1 < ∞: Recall the representation

∥Xn∥p2,q2
d
= U1/(mn)

(∑m
i=1|ξi|p2/n∥Θi∥p2

q2

)1/p2(∑m
i=1|ξi|p1/n

)1/p1
.
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Define the random variables Ξ1
n,i, Ξ

2
n,i, and Ξ3

n,i by

Ξ1
n,i := |ξi|p1/n − 1, Ξ2

n,i :=
|ξi|p2/n −M

p2/n
p1/n

M
p2/n
p1/n

,

Ξ3
n,i :=

∥Θi∥p2
q2 − E[∥Θ1∥p2

q2 ]

E[∥Θ1∥p2
q2 ]

,

and their sums

Zk
n :=

m∑
i=1

Ξk
n,i for k ∈ {1, 2, 3} and Z4

n :=

m∑
i=1

Ξ2
n,iΞ

3
n,i,

then

∥Xn∥p2,q2
d
=

(M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

m1/p1−1/p2
U1/(mn)

(
1
m

∑m
i=1(1 + Ξ2

n,i)(1 + Ξ3
n,i)
)1/p2(

1
m

∑m
i=1(1 + Ξ1

n,i)
)1/p1

=
(M

p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

m1/p1−1/p2
U1/(mn)

(
1 + 1

mZ2
n + 1

mZ3
n + 1

mZ4
n

)1/p2(
1 + 1

mZ1
n

)1/p1

=
(M

p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

m1/p1−1/p2

(
1 +

log(U)

mn
− Z1

n

p1m
+

Z2
n + Z3

n + Z4
n

p2m

+R

(
log(U)

mn
,
Z1
n

m
,
Z2
n

m
,
Z3
n

m
,
Z4
n

m

))
,

where we have introduced the Taylor expansion

eu
(1 + z2 + z3 + z4)

1/p2

(1 + z1)1/p1
= 1 + u− z1

p1
+

z2 + z3 + z4
p2

+R(u, z1, z2, z3, z4),

with the remainder term satisfying |R(u, z1, z2, z3, z4)| ≤ M∥(u, z1, z2, z3, z4)∥22 in a suit-
able neighbourhood of 0. Then we can rearrange as follows,

√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

∥Xn∥p2,q2 − 1

)
d
=

log(U)√
mn

−
√
nZ1

n

p1
√
m

+

√
n(Z2

n + Z3
n + Z4

n)

p2
√
m

+
√
mnR

(
log(U)

mn
,
Z1
n

m
,
Z2
n

m
,
Z3
n

m
,
Z4
n

m

)
,

and we are going to argue that only
√

n
m Z3

n makes a nontrivial contribution to the limit
as n → ∞, in the sense that all other terms converge to zero in probability; Slutsky’s
theorem yields the result then.

Clearly
( log(U)√

mn

)
n≥1

a.s.−−→ 0. Next, Ξ1
n,i, Ξ

2
n,i, and Ξ3

n,i are centred, and therefore so is

Zk
n for k ∈ {1, 2, 3, 4}. The respective variances are as follows, where we use Lemma 2.6,

1.(a),

Var

[
Z1
n

m

]
=

1

m
Var
[
|ξ1|p1/n − 1

]
=

1

m

1

p1n

(
1 +O

( 1
n

))
= Θ

( 1

mn

)
;

analogously,

Var

[
Z2
n

m

]
=

Var
[
|ξ1|p2/n −M

p2/n
p1/n

]
m(M

p2/n
p1/n

)2
=

1

m

p2
2

p1n

(
1 +O

(
1
n

))(
1 +O

(
1
n

))2 = Θ
( 1

mn

)
.
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Defining Yn as in Lemma 2.10 and employing (E[Y k
n ])n≥1 → pk2σ

k E[Nk] as stated there,
we get

E[∥Θ1∥p2
q2 ] =

(Mq2
q1 )

p2/q2

np2(1/q1−1/q2)

(
1 +

E[Yn]√
n

)
=

(Mq2
q1 )

p2/q2

np2(1/q1−1/q2)

(
1 + o

( 1√
n

))
and

Var[∥Θ1∥p2
q2 ] =

(Mq2
q1 )

2p2/q2

n2p2(1/q1−1/q2)

Var[Yn]

n
=

p22σ
2(Mq2

q1 )
2p2/q2

n2p2(1/q1−1/q2)+1

(
1 + o(1)

)
;

these lead to

Var

[
Z3
n

m

]
=

1

m

Var[∥Θ1∥p2
q2 ]

E[∥Θ1∥p2
q2 ]

2
=

p22σ
2

mn

(
1 + o(1)

)
,

and therewith also to

Var

[
Z4
n

m

]
=

1

m

Var[|ξ1|p2/n] Var[∥Θ1∥p2
q2 ]

(M
p2/n
p1/n

)2E[∥Θ1∥p2
q2 ]

2
= Θ

( 1

mn2

)
.

We further note that

m∑
i=1

E[|Ξ3
n,i|3] =

m

E[∥Θ1∥p2
q2 ]

3
E

[
(Mq2

q1 )
3p2/q2

n3p2(1/q1−1/q2)

∣∣∣∣Yn − E[Yn]√
n

∣∣∣∣3]
=

m

n3/2
p32σ

3E[|N |3]
(
1 + o(1)

)
.

But then the array ((Ξ3
n,i)i≤m)n≥1 satisfies Lyapunov’s condition (4.1) with δ = 1 since∑m

i=1E[|Ξ3
n,i|3]

Var[Z3
n]

3/2
=

Θ(mn−3/2)

Θ(m3/2n−3/2)
= Θ

( 1√
m

)
,

and hence we get the CLT (Var[Z3
n]

−1/2Z3
n)n≥1

d−→ N , or rather(√
n

m
Z3
n

)
n≥1

d−→ p2σN.

On the other hand there is still Var
[√

n
m Z4

n

]
= Θ( 1n ), and a little bit less obviously

(employ Lemma 2.6 again; alternatively, Lemma 2.7 with weaker asymptotics),

Var

[√
n

m

(Z2
n

p2
− Z1

n

p1

)]
= n

(
V

p2/n
p1/n

(p2M
p2/n
p1/n

)2
−
2C

p1/n,p2/n
p1/n

p1p2M
p2/n
p1/n

+
V

p1/n
p1/n

p21

)
=

(p2 − p1)
2

2p21 n

(
1+O

( 1
n

))

wherefore by Čebyšëv’s inequality both
√

n
m

(Z2
n

p2
− Z1

n

p1

)
and

√
n
m Z4

n converge to zero in
probability. For the remainder term we consider

(mn)1/4
(
log(U)

mn
,
Z1
n

m
,
Z2
n

m
,
Z3
n

m
,
Z4
n

m

)
=

(
log(U)

(mn)3/4
,
n1/4 Z1

n

m3/4
,
n1/4 Z2

n

m3/4
,
n1/4 Z3

n

m3/4
,
n1/4 Z4

n

m3/4

)
.

Again ((mn)−3/4 log(U))n≥1
a.s.−−→ 0 is obvious. For k ∈ {1, 2, 3} we have Var[m−3/4n1/4Zk

n] =

Θ((mn)−1/2), and also Var[m−3/4n1/4Z4
n] = Θ(m−1/2n−3/2); hence the respective com-

ponents converge to zero in probability via Čebyšëv’s inequality. This establishes that
the conditions of the remainder lemma are met, and finally the remainder term con-
verges to zero in probability.
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Case p1 = ∞: There is no need to iterate the argument in its entirety; for one, omit
U and Ξ1

n from the previous case, and for another, we have different asymptotics for the
variances; to wit, referring to Lemma 2.6, 1.(b),

Var

[
Z2
n

m

]
=

1

m

V
p2/n
∞

(M
p2/n
∞ )2

=

p2
2

n2

(
1 +O

(
1
n

))
m
(
1 +O

(
1
n

))2 =
p22
mn2

(
1 +O

( 1
n

))
,

and correspondingly,

Var

[
Z4
n

m

]
=

p42σ
2

mn3

(
1 + o(1)

)
.

These imply Var
[√

n
m Z2

n

]
= Θ( 1n ) and Var

[√
n
m Z4

n

]
= Θ( 1

n2 ), hence
(√

n
m Z2

n

)
n∈N

P−→ 0

and
(√

n
m Z4

n

)
n∈N

P−→ 0 via Čebyšëv’s inequality. For the remainder term we consider

(mn)1/4
(
Z2
n

m
,
Z3
n

m
,
Z4
n

m

)
=

(
n1/4 Z2

n

m3/4
,
n1/4 Z3

n

m3/4
,
n1/4 Z4

n

m3/4

)
.

We have Var[m−3/4n1/4Z2
n] = Θ(m−1/2n−3/2) and also Var[m−3/4n1/4Z4

n] = Θ(m−1/2n−5/2),
and Var[m−3/4n1/4Z3

n] = Θ((mn)−1/2) remains unchanged; hence the respective com-
ponents converge to zero in probability via Čebyšëv’s inequality. The remainder lemma
does the rest.

(b) Define Ξ1
n,i, Ξ

2
n,i, Z

1
n, and Z2

n as in (a), then we have the probabilistic representa-
tion

∥Xn∥p2,q1
d
= U1/(mn)

(∑m
i=1|ξi|p2/n

)1/p2(∑m
i=1|ξi|p1/n

)1/p1

= U1/(mn)

(
mM

p2/n
p1/n

+M
p2/n
p1/n

Z2
n

)1/p2

(m+ Z1
n)

1/p1

=
(M

p2/n
p1/n

)1/p2

m1/p1−1/p2
U1/(mn)

(
1 +

Z2
n

m

)1/p2(
1 +

Z1
n

m

)1/p1

=
(M

p2/n
p1/n

)1/p2

m1/p1−1/p2

(
1 +

log(U)

mn
− Z1

n

p1m
+

Z2
n

p2m
+R

( log(U)

mn
,
Z1
n

m
,
Z2
n

m

))
,

where we have used the same Taylor expansion as in (a), but evaluated at z3 = z4 = 0,
and the remainder term satsifies |R(u, z1, z2)| ≤ M∥(u, z1, z2)∥22 with some M > 0 in a
neighbourhood of (0, 0, 0). Rearranging yields

√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

)1/p2

∥Xn∥p2,q1−1

)
d
=

log(U)√
m

+
n√
m

(Z2
n

p2
−Z1

n

p1

)
+
√
mnR

( log(U)

mn
,
Z1
n

m
,
Z2
n

m

)
.

We know (m−1/2 log(U))n≥1
a.s.−−→ 0; in order to apply the remainder lemma we have to

ensure

m1/4n1/2
( log(U)

mn
,
Z1
n

m
,
Z2
n

m

)
P−−−−→

n→∞
(0, 0, 0),

but we have m1/4n1/2 log(U)
mn = m−3/4n−1/2 log(U)

a.s.−−−−→
n→∞

0, and with reference to the

proof of (a), Var
[
m1/4n1/2 Zk

n

m

]
= m1/2nΘ( 1

mn ) = Θ(m−1/2) −−−−→
n→∞

0 for k ∈ {1, 2}, hence

via Čebyšëv’s inequality m1/4n1/2
(Z1

n

m ,
Z2

n

m

) P−−−−→
n→∞

(0, 0).
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It remains to show that n√
m

(Z2
n

p2
− Z1

n

p1

)
converges to the claimed distribution. Written

out, the term in parentheses reads

Z2
n

p2
− Z1

n

p1
=

m∑
i=1

( |ξi|p2/n −M
p2/n
p1/n

p2M
p2/n
p1/n

− |ξi|p1/n − 1

p1

)
;

call Zn,i :=
|ξi|p2/n−M

p2/n

p1/n

p2M
p2/n

p1/n

− |ξi|p1/n−1
p1

, then E[Zn,i] = 0, and we are going to demon-

state that the array ((Zn,i)i≤m)n≥1 satisfies Lyapunov’s condition. Let δ > 0, then from
Lemma 2.7 we get, for any i ∈ [1,m],

E
[
|Zn,i|2+δ

]
= n−2−δ E

[
|nZn,i|2+δ

]
= n−2−δ

∣∣∣p2 − p1
2p1

∣∣∣2+δ

E
[
|N2 − 1|2+δ

]
(1 + o(1)),

and as we have established already in the proof of (a),

s2n := Var

[ m∑
i=1

Zn,i

]
=

m(p2 − p1)
2

2p21n
2

(
1 +O

( 1
n

))
.

These now show

1

s2+δ
n

m∑
i=1

E
[
|Zn,i|2+δ

]
=

mn−2−δ
∣∣∣p2−p1

2p1

∣∣2+δ
E
[
|N2 − 1|2+δ

]
(1 + o(1))

m1+δ/2n−2−δ
∣∣p2−p1√

2 p1

∣∣2+δ(
1 +O

(
1
n

))
=

1

mδ/2

E
[
|N2 − 1|2+δ

]
21+δ/2

(1 + o(1)) −−−−→
n→∞

0,

that is, Lyapunov’s condition is satisfied, and hence we have the CLT

1

sn

m∑
i=1

Zn,i =

√
2 p1

|p2 − p1|
n√
m

(
1 +O

( 1
n

))(Z2
n

p2
− Z1

n

p1

)
d−−−−→

n→∞
N ∼ N (0, 1),

equivalently,
n√
m

(Z2
n

p2
− Z1

n

p1

)
d−−−−→

n→∞

|p2 − p1|√
2 p1

N,

which concludes this part’s proof.
(c) Keeping Z2

n as before, we have

∥Xn∥p2,q1
d
=

( m∑
i=1

|ξi|p2/n

)1/p2

= m1/p2(Mp2/n
∞ )1/p2

(
1 +

Z2
n

m

)1/p2

= m1/p2(Mp2/n
∞ )1/p2

(
1 +

Z2
n

p2m
+R

(
Z2
n

m

))
,

equivalently

√
mn

(
∥Xn∥p2,q1

m1/p2(M
p2/n
∞ )1/p2

− 1

)
d
=

n

p2
√
m

Z2
n +

√
mnR

(
Z2
n

m

)
,

where the remainder fulfils |R(x)| ≤ Mx2 in some neighbourhood of zero. Like in the
proof of (a), case p1 = ∞, we use Lemma 2.6, 1.(b), to see

Var

[
m1/4n1/2 Z2

n

m

]
=

√
mn

p22
mn2

(
1 +O

( 1
n

))
=

p22√
mn

(
1 +O

( 1
n

))
,
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and via Čebyšëv’s inequality this immediately implies
(
m1/4n1/2 Z2

n

m

)
n≥1

P−→ 0, and thus
by the remainder lemma the remainder term converges to zero.

Since Z2
n =

∑m
i=1

|ξi|p2/n−Mp2/n
∞

M
p2/n
∞

, we are going to prove that the triangular array(( |ξi|p2/n−Mp2/n
∞

M
p2/n
∞

)
i≤m

)
n≥1

satisfies Lyapunov’s condition with any δ ∈ (0,∞) (the com-

ponents are centred already); so let δ ∈ (0,∞). Employing Lemma 2.6, 1.(b), again we
have, for any i ∈ [1,m],

E

[∣∣∣∣ |ξi|p2/n −M
p2/n
∞

M
p2/n
∞

∣∣∣∣2+δ]
=

(
p2

n

)2+δ
E[|E − 1|2+δ](1 + o(1))

(1 + o(1))2+δ
=

p2+δ
2 E[|E − 1|2+δ]

n2+δ
(1+o(1)),

so together with the by now well-known Var[Z2
n] =

mp2
2

n2

(
1 +O( 1n )

)
we get∑m

i=1E
[∣∣ |ξi|p2/n−Mp2/n

∞

M
p2/n
∞

∣∣2+δ]
Var[Z2

n]
1+δ/2

=
mn−2−δp2+δ

2 E[|E − 1|2+δ](1 + o(1))

m1+δ/2n−2−δp2+δ
2

(
1 +O( 1n )

)
=
E[|E − 1|2+δ]

mδ/2
(1 + o(1)) −−−−→

n→∞
0.

So this shows
(
Var[Z2

n]
−1/2 Z1

n

)
n≥1

=
(

n
p2

√
m

(
1+O( 1n )

)
Z2
n

)
n≥1

d−→ N ∼ N (0, 1), and finally(
n

p2
√
m

Z2
n

)
n≥1

d−→ N,

and through an application of Slutsky’s theorem the proof is finished.

4.2 Proofs of the corollaries

The key observation is the following: let X ∼ Unif(Bm,n
p1,q1), then (rm,n

p1,q1)
−1 X ∼

Unif((rm,n
p1,q1)

−1Bm,n
p1,q1), and therewith, for any t ∈ [0,∞),

V m,n(t) = vm,n

(
(rm,n

p1,q1)
−1Bm,n

p1,q1 ∩ t(rm,n
p2,q2)

−1Bm,n
p2,q2

)
= P

[
(rm,n

p1,q1)
−1 X ∈ t(rm,n

p2,q2)
−1Bm,n

p2,q2

]
= P

[
∥X∥p2,q2 ≤

rm,n
p1,q1

rm,n
p2,q2

t

]
. (4.2)

Proof of Corollary 1.4. We use Theorem C, thus, continuing from Equation (4.2),

V m,n(t) = P

[√
m

(
m1/p1−1/p2(

M
p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

∥Xm∥p2,q2 − 1

)

≤
√
m

(
m1/p1−1/p2(

M
p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

rm,n
p1,q1

rm,n
p2,q2

t− 1

)]
.

The last random variable converges in distribution to a centred nondegenerate normally
distributed random variable N , hence we must determine the limit of the right-hand-
side. Recall the definition of the radii rm,n

pi,qi at the beginning of Section 1.4; expanding
the gamma-functions in the volumes vmn(B

m,n
pi,qi) (which see Equation (2.2)) using Stirl-

ing’s formula we arrive at

m1/p1−1/p2(
M

p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

rm,n
p1,q1

rm,n
p2,q2

=

{
Ap1,q1;p2,q2;n

(
1 +O( 1

m )
)

if p1 < ∞,

Ap1,q1;p2,q2;n

(
1 +O( log(m)

m )
)

if p1 = ∞.
(4.3)

This implies

lim
m→∞

m1/p1−1/p2(
M

p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

rm,n
p1,q1

rm,n
p2,q2

= Ap1,q1;p2,q2;n,
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and therewith the cases tAp1,q1;p2,q2;n < 1 or tAp1,q1;p2,q2;n > 1 are immediately accoun-
ted for. In the threshold case tAp1,q1;p2,q2;n = 1 we need the information in Equation (4.3)
that the correction-term is of order o(m−1/2) in either case; this yields

√
m

(
m1/p1−1/p2(

M
p2/n
p1/n

E[∥Θ1∥p2
q2 ]
)1/p2

rm,n
p1,q1

rm,n
p2,q2

t− 1

)
=

√
m
(
tAp1,q1;p2,q2;n

(
1 + o

( 1√
m

))
− 1
)

=
√
m o

( 1√
m

)
= o(1),

and finally

lim
m→∞

V m,n(t) = P[N ≤ 0] =
1

2
.

Proof of Corollary 1.5. Case q1 ̸= q2: Here we invest Theorem D, that is,

V m,n(t) = P

[√
n

(
m1/p1−1/p2 n1/q1−1/q2

(Mq2
q1 )

1/q2
∥Xn∥p2,q2 − 1

)
≤

√
n

(
m1/p1−1/p2 n1/q1−1/q2

(Mq2
q1 )

1/q2

rm,n
p1,q1

rm,n
p2,q2

t− 1

)]
.

Like in the proof of Corollary 1.4 we use asymptotic expansion; to wit, this reads

m1/p1−1/p2 n1/q1−1/q2

(Mq2
q1 )

1/q2

rm,n
p1,q1

rm,n
p2,q2

=

{
Aq1,q2

(
1 +O( 1n )

)
if q1 < ∞,

Aq1,q2

(
1 +O

( log(n)
n

))
if q1 = ∞.

(4.4)

On the one hand this yields

lim
n→∞

m1/p1−1/p2 n1/q1−1/q2

(Mq2
q1 )

1/q2

rm,n
p1,q1

rm,n
p2,q2

= Aq1,q2 ,

and therefore the result is immediate for tAq1,q2 < 1 or tAq1,q2 > 1. On the other hand,
for the threshold-case tAq1,q2 = 1 Equation (4.4) tells us that either way we are off by at
most o(n−1/2). Thus

√
n

(
m1/p1−1/p2 n1/q1−1/q2

(Mq2
q1 )

1/q2

rm,n
p1,q1

rm,n
p2,q2

t− 1

)
=

√
n
(
tAq1,q2

(
1 + o

( 1√
n

))
− 1
)

=
√
n o
( 1√

n

)
= o(1),

and the conclusion follows as in the proof of Corollary 1.4.
Case q1 = q2 and p1 < ∞: The starting point is similar to the above,

V m,n(t) = P

[
mn

(
1− m1/p1

m1/p2
∥Xn∥p2,q1

)
≥ mn

(
1− m1/p1

m1/p2

rm,n
p1,q1

rm,n
p2,q1

t

)]
.

The asymptotic reads

m1/p1

m1/p2

rm,n
p1,q1

rm,n
p2,q1

= 1− (m− 1) log(p1/p2)

2mn
+O

( 1

n2

)
; (4.5)

this implies

lim
n→∞

m1/p1

m1/p2

rm,n
p1,q1

rm,n
p2,q1

= 1 = Aq1,q1 ,

and again the result follows easily for tAq1,q1 = t < 1 or t > 1. In the threshold case
t = 1 there follows from Equation (4.5),

mn

(
1− m1/p1

m1/p2

rm,n
p1,q1

rm,n
p2,q1

t

)
=

(m− 1) log(p1/p2)

2
+O

( 1
n

)
,
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and therefore

lim
n→∞

V m,n(1) = P

[
E +

p1 − p2
2p1

m−1∑
i=1

N2
i ≥ (m− 1) log(p1/p2)

2

]
.

For m = 1 this simplifies to

lim
n→∞

V 1,n(1) = P[E ≥ 0] = 1.

In the case m ≥ 2 note that
∑m−1

i=1 N2
i ∼ Γ(m−1

2 , 2) (the chi-squared distribution with

m− 1 degrees of freedom). Because E and
∑m−1

i=1 N2
i are independent we can compute

the given probability explicitly as follows, where we have to distinguish whether p1 < p2
or p1 > p2. Here we treat only the former in detail; the latter is done analogously. First
we have

P

[
E +

p1 − p2
2p1

m−1∑
i=1

N2
i ≥ (m− 1) log(p1/p2)

2

]
=

∫ ∞

0

x(m−3)/2

2(m−1)/2Γ(m−1
2 )

e−x/2

∫ ∞

(m−1) log(p1/p2)
2 − (p1−p2)x

2p1

e−y 1R≥0
(y) dy dx;

then for any x > 0 we have (m−1) log(p1/p2)
2 − (p1−p2)x

2p1
≥ 0 iff x ≥ p1(m−1) log(p1/p2)

p1−p2
, and

since p1 < p2 this last expression is positive. Hence for x < p1(m−1) log(p1/p2)
p1−p2

the inner
integral is 1, and else it is∫ ∞

(m−1) log(p1/p2)
2 − (p1−p2)x

2p1

e−y 1R≥0
(y) dy = e−

(m−1) log(p1/p2)
2 +

(p1−p2)x
2p1 =

(p2
p1

)(m−1)/2

e
x
2−

p2x
2p1 .

So by splitting up the outer integral we reach

P

[
E +

p1 − p2
2p1

m−1∑
i=1

N2
i ≥ (m− 1) log(p1/p2)

2

]

=

∫ p1(m−1) log(p1/p2)
p1−p2

0

x(m−3)/2

2(m−1)/2Γ(m−1
2 )

e−x/2 dx

+

∫ ∞

p1(m−1) log(p1/p2)
p1−p2

x(m−3)/2

2(m−1)/2Γ(m−1
2 )

e−x/2
(p2
p1

)(m−1)/2

e
x
2−

p2x
2p1 dx;

now the first summand obviously equals∫ p1(m−1) log(p1/p2)
p1−p2

0

x(m−3)/2

2(m−1)/2Γ(m−1
2 )

e−x/2 dx = Γ
(m− 1

2
, 2
)((

0,
p1(m− 1) log(p1

p2
)

p1 − p2

])
,

and the second summand evaluates to∫ ∞

p1(m−1) log(p1/p2)
p1−p2

x(m−3)/2

2(m−1)/2Γ(m−1
2 )

e−x/2
(p2
p1

)(m−1)/2

e
x
2−

p2x
2p1 dx

=

∫ ∞

p1(m−1) log(p1/p2)
p1−p2

x(m−3)/2(
2p1

p2

)(m−1)/2
Γ(m−1

2 )
e
− x

2p1/p2 dx

= Γ
(m− 1

2
,
2p1
p2

)((p1(m− 1) log(p1

p2
)

p1 − p2
,∞
))

,
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and because of min{1, p1

p2
} = p1

p2
, max{1, p1

p2
} = 1 this equals the claimed expression.

Case q1 = q2 and p1 = ∞: Now we are working with

V m,n(t) = P

[
mn(1−m−1/p2∥Xn∥p2,q1) ≥ mn

(
1−

rm,n
∞,q1

m1/p2 rm,n
p2,q1

t

)]
.

This time we have
rm,n
∞,q1

m1/p2 rm,n
p2,q1

= 1− (m− 1) log(n)

2mn
+O

( 1
n

)
, (4.6)

whence we see

lim
n→∞

rm,n
∞,q1

m1/p2 rm,n
p2,q1

= 1 = Aq1,q1 ,

and the noncritical cases follow as before. For the threshold-value t = 1, Equation (4.6)
results in

mn

(
1−

rm,n
∞,q1

m1/p2 rm,n
p2,q1

)
=

(m− 1) log(n)

2
+O(1),

which leads us to

lim
n→∞

V m,n(1) = P

[ m∑
i=1

Ei ≥ ∞
]
= 0.

Proof of Corollary 1.7. Case q1 ̸= q2: Referring to Theorem E we have

V m,n(t) = P

[√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

∥Xn∥p2,q2 − 1

)

≤
√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

E[∥Θ1∥p2
q2 ])

1/p2

rm,n
p1,q1

rm,n
p2,q2

t− 1

)]
.

Notice that in any case

lim
n→∞

m1/p1 n1/q1 rm,n
p1,q1

m1/p2 n1/q2 rm,n
p2,q2

= (Mq2
q1 )

1/q2Aq1,q2

and

lim
n→∞

1

(M
p2/n
p1/n

E[∥n1/q1−1/q2Θ1∥p2
q2 ])

1/p2

= (Mq2
q1 )

−1/q2 ,

and from these follow the limit values for the cases tAq1,q1 < 1 and tAq1,q2 > 1. In the
remaining case tAq1,q2 = 1, by our assumptions the probability converges to the claimed
value P[σN ≤ M ] = Φ(σ−1 M).

Case q1 = q2 and p1 < ∞: Again we rewrite

V m,n(t) = P

[√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

)1/p2

∥Xn∥p2,q1 − 1

)

≤
√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

)1/p2

rm,n
p1,q1

rm,n
p2,q1

t− 1

)]
.

The asymptotic expansions needed here are

m1/p1

m1/p2

rm,n
p1,q1

rm,n
p2,q1

= 1 +
log(p2/p1)

2n

(
1− 1

m
+Θ

( 1
n

))
+O

( 1

mn2

)
and

(M
p2/n
p1/n

)−1/p2 = 1− p2 − p1
2p1n

+O
( 1

n2

)
,

EJP 0 (2023), paper 0.
Page 40/44

https://www.imstat.org/ejp

https://doi.org/10.1214/YY-TN
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Limit theorems for mixed-norm sequence spaces

they lead to the claimed results concerning tAq1,q2 = t < 1 or t > 1. For t = 1, plugging
in yields

√
mn

(
m1/p1−1/p2

(M
p2/n
p1/n

)1/p2

rm,n
p1,q1

rm,n
p2,q1

t− 1

)

=
√
mn

((
1− p2 − p1

2p1n
+O

( 1

n2

))(
1 +

log(p2/p1)

2n

(
1− 1

m
+Θ

( 1
n

))
+O

( 1

mn2

))
− 1

)
=

√
mn

(
1

2n

(
log
(p2
p1

)
− p2 − p1

p1
− log(p2/p1)

m
+Θ

( 1
n

))
+O

( 1

mn2

))
=

√
m

2

(
log
(p2
p1

)
− p2 − p1

p1
− 1

m
+Θ

( 1
n

))
+O

( 1√
mn

)
;

and since the logarithm is strictly concave and p1 ̸= p2 (forced by q1 = q2) we know

log
(p2
p1

)
− p2 − p1

p1
<

p2
p1

− 1− p2 − p1
p1

= 0,

hence the limit as n → ∞ is minus infinity. This gives the claimed limits.
Case q1 = q2 and p1 = ∞: Lastly we have

V m,n(t) = P

[√
mn

(
∥Xn∥p2,q1

m1/p2(M
p2/n
∞ )1/p2

− 1

)
≤

√
mn

(
1

m1/p2(M
p2/n
∞ )1/p2

rm,n
∞,q1

rm,n
p2,q1

t− 1

)]
.

As usual we expand,

rm,n
∞,q1

m1/p2 rm,n
p2,q1

= 1− log(2πn/p2)

2n

(
1 +O

( log(n)
n

))
+

log(2πmn/p2)

2mn

(
1 +O

( log(n)
n

))
+O

( log(mn)2

m2n2

)
and

(Mp2/n
∞ )−1/p2 = 1 +

1

n
+O

( 1

n2

)
,

and they account for the cases tAq1,q2 = t < 1 or t > 1. Lastly concerning t = 1, plugging
in gives us

√
mn

(
1

m1/p2(M
p2/n
∞ )1/p2

rm,n
∞,q1

rm,n
p2,q1

− 1

)
=

√
mn

((
1 +

1

n
+O

( 1

n2

))(
1− log(2πn/p2)

2n

(
1 +O

( log(n)
n

))
+

log(2πmn/p2)

2mn

(
1 +O

( log(n)
n

))
+O

( log(mn)2

m2n2

))
− 1

)
=

√
mn

(
− log(2πn/p2)

2n

(
1 +O

( 1

log(n)

))
+

log(2πmn/p2)

2mn

(
1 +O

( log(n)
n

))
+O

( log(mn)2

m2n2

))
=

√
m log(2πn/p2)

(
−1

2

(
1 +O

( 1

log(n)

))
+

log(2πmn/p2)

2m log(2πn/p2)

(
1 +O

( log(n)
n

)))
+O

( log(mn)2

m3/2n

)
.
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Now we observe
log(2πmn/p2)

m log(2πn/p2)
=

log(m)

m log(2πn/p2)
+

1

m
,

which converges to zero. So in total we get

lim
n→∞

√
mn

(
1

m1/p2(M
p2/n
∞ )1/p2

rm,n
∞,q1

rm,n
p2,q1

− 1

)
= −∞,

and the conclusion easily follows. Notice that this result is consistent with the previous
case p2 < p1 < ∞.

A Appendix: Higher-order mixed-norm spaces

It is not difficult to generalize the idea of mixed norms to higher orders in the fol-
lowing sense. Let k ∈ N, let pk = (pj)j≤k ∈ (0,∞]k and nk = (nj)j≤k ∈ Nk, then on
R×nk := Rn1×···×nk define the kth-order mixed norm with exponents p1, . . . , pk recurs-
ively by ∥·∥p1

:= ∥·∥p1
, and for k ≥ 2,

∥(xi)i∈×nk
∥pk

:=
∥∥(∥(xi,ik)i∈×nk−1

∥pk−1

)
ik≤nk

∥∥
pk
.

We call ℓnk
pk

:= (R×nk , ∥·∥pk
) the (real) finite-dimensional kth-order mixed-norm sequence

space, then we have the recursion ℓnk
pk

= ℓnk
pk
(ℓ

nk−1
pk−1). Let Bnk

pk
be its closed unit ball,

whose (n1 · · ·nk)-dimensional Lebesgue volume we denote by ωnk
pk

, and Snk
pk

its unit
sphere with associated cone measure κnk

pk
. Via the usual identification (C, |·|) ∼= (R2, ∥·∥2)

we may also subsume complex mixed-norm spaces under the real ones, to wit

ℓnk
pk
(C) ∼= ℓnk

pk
(ℓ22) = ℓ

(2,nk)
(2,pk)

.

Notice that compared to the definition in Section 2.2 we have reversed the order of
indices here in order to write the recursion in a more natural manner (append new
indices at end, not at beginning), so what we have notated Bm,n

p,q there, corresponds to

B
(n,m)
(q,p) here.

The recursive structure of ℓnk
pk

lends itself well to calculate ωnk
pk

in a recursive way as
well. For the following assume k ≥ 2. Then we have

ωnk
pk

=

∫
R×nk

1Bnk
pk
(x) dx

=

∫
(R×nk−1 )nk

1Bnk
pk

(
((xi,ik)i∈×nk−1

)ik≤nk

)
dx.

On each of the nk component spaces introduce ℓ
nk−1
pk−1 -polar coordinates, i.e., (xi,ik)i∈×nk−1

=

rikθik with rik ∈ [0,∞) and θik ∈ Snk−1
pk−1 for each ik ∈ [1, nk]; therewith we get

∥((xi,ik)i∈×nk−1
)ik≤nk

∥pk
=
∥∥(∥rikθik∥pk−1

)
ik≤nk

∥∥
pk

= ∥(rik)ik≤nk
∥pk

and hence 1Bnk
pk

(
((xi,ik)i∈×nk−1

)ik≤nk

)
= 1Bnk

pk
((rik)ik≤nk

). This yields

ωnk
pk

=
(
n1 · · ·nk−1ω

nk−1
pk−1

)nk

∫
[0,∞)nk

∫
(S

nk−1
pk−1

)nk

1Bnk
pk
(r)

nk∏
ik=1

r
n1···nk−1−1
ik

d(κ
nk−1
pk−1)

⊗nk(θ) dr

= (ω
nk−1
pk−1 )

nk

∫
[0,∞)nk

1Bnk
pk
(r)

nk∏
ik=1

(
n1 · · ·nk−1r

n1···nk−1−1
ik

)
dr.
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Now transform sik := r
n1···nk−1

ik
for each ik ∈ [1, nk]; recall ∥(xi)i≤n∥p = ∥(|xi|α)i≤n∥1/αp/α

for any α ∈ (0,∞), which gives

∥r∥pk
= ∥(rn1···nk−1

ik
)ik≤nk

∥1/(n1···nk−1)
pk/(n1···nk−1)

= ∥s∥1/(n1···nk−1)
pk/(n1···nk−1)

,

hence 1Bnk
pk
(r) = 1Bnk

pk/(n1···nk−1)
(s) and thus

ωnk
pk

= (ω
nk−1
pk−1 )

nk

∫
[0,∞)nk

1Bnk
pk/(n1···nk−1)

(s) ds

=
(ω

nk−1
pk−1 )

nk ωnk

pk/(n1···nk−1)

2nk
,

which is the desired recursive formula. Via induction on k this leads to the explicit
formula

ωnk
pk

= 2n1···nk

k∏
j=1

(ω
nj

pj/(n1···nj−1)
)nj+1···nk

2nj ···nk
= 2n1···nk

k∏
j=1

Γ(
n1···nj−1

pj
+ 1)nj ···nk

Γ(
n1···nj

pj
+ 1)nj+1···nk

.

In the special case of ℓ(m,n)
(p,q) (C) this yields

ω
(2,m,n)
(2,p,q) = 22mn

Γ( 12 + 1)2mn Γ( 2p + 1)mn Γ( 2mq + 1)n

Γ( 22 + 1)mn Γ( 2mp + 1)n Γ( 2mn
q + 1)

= πmn
Γ( 2p + 1)mn Γ( 2mq + 1)n

Γ( 2mp + 1)n Γ( 2mn
q + 1)

,

and this equals the value given in [15, Theorem 5].
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2 Contributed articles

2.3 Asymptotic theory of Schatten classes

Abstract

The study of Schatten classes has a long tradition in geometric functional analysis and related
fields. In this paper we study a variety of geometric and probabilistic aspects of finite-dimensional
Schatten classes of not necessarily square matrices. Among the main results are the exact and
asymptotic volume of the Schatten-∞ unit ball, the boundedness of its isotropy constant, a
Poincaré–Maxwell–Borel lemma for the uniform distribution on the Schatten-∞ ball, and Sanov-
type large deviations principles for the singular values of matrices sampled uniformly from the
Schatten-p unit ball for any 0 < p ≤ ∞.
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1 Introduction

1.1 General overview

The Schatten classes (or Schatten–von Neumann classes) of compact operators are a classical
object of study in functional analysis, and their finite-dimensional counterparts, that is, spaces
of matrices endowed with the ℓp-norm of their singular values, have attracted much attention
within the last few decades and many results have been produced in a number of disciplines,
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among them local theory of Banach spaces, random matrix theory, and (asymptotic) convex
geometry.

The Schatten-p class Sp, where p ∈ (0,∞], consists of all compact linear operators between
two given Hilbert spaces whose sequence of singular values lies in the sequence space ℓp, and
thus it subsumes the special cases of nuclear or trace-class operators (p = 1) and of Hilbert–
Schmidt operators (p = 2). It was introduced by Schatten in [48, Chapter 6, pp. 71] (though he
said “completely continuous” for “compact”), having its roots in earlier works by himself [47] and
with von Neumann [49, 50] concerning nuclear operators on Hilbert spaces; those works were
generalized by Ruston [44] to Banach spaces and by Grothendieck [16] to locally convex spaces.

From the point of view of the geometry of Banach spaces, Gordon and Lewis [15] obtained
that the space Sp for p ̸= 2 does not have local unconditional structure and therefore does not
admit an unconditional basis, Tomczak-Jaegerman [55] showed that this space has Rademacher
cotype 2, and Szarek and Tomczak-Jaegerman [54] provided bounds for the volume ratio of Sn

1 .
Saint Raymond [46] computed the asymptotic volumes of real and complex Schatten balls up
to a yet undetermined factor, and König, Meyer, and Pajor [33] established boundedness of the
isotropic constant for all p ∈ [1,∞). Guédon and Paouris [17] proved concentration of mass
properties, Barthe and Cordero-Erausquin [5] studied variance estimates, Chávez-Domínguez
and Kuzarova [8] determined the Gelfand widths of certain identity mappings between finite-
dimensional Schatten classes, Radtke and Vritsiou [42] proved the thin-shell conjecture and Vrit-
siou [57] the variance conjecture for the spectral norm, i.e. p = ∞; Hinrichs, Prochno, and Vy-
bíral [20] computed the entropy numbers for natural embeddings Sn

p ↪→ Sn
q , and in [21] the same

authors determined the corresponding Gelfand numbers; Prochno and Strzelecki [40] improved
the last stated results and complemented them by the approximation and Kolmogorov numbers.
In a series of papers, Kabluchko, Prochno, and Thäle [27, 26, 28] refined some of the previous
works by giving the precise asymptotic volume of Schatten balls, they computed the volume ratio,
considered the volume of intersections in the spirit of Schechtman and Schmuckenschläger [51],
and derived Sanov-type large deviations principles for the empirical measures of singular values
of random matrices sampled from Schatten balls. This last results stands in line with the study
of large deviations for spectral measures of random matrices initiated by Ben Arous and Guion-
net [7], and Kaufmann and Thäle [29] have generalized the underlying distribution to a certain
mixture of uniform distribution and cone measure on the sphere in the spirit of Barthe, Guédon,
Mendelson, and Naor [6]. The question of volume of intersections has also been taken up by
Sonnleitner and Thäle [53]. Very recently Dadoun, Fradelizi, Guédon, and Zitt [11] determined
the asymptotics of the moments of inertia of Schatten balls, thereby also providing the limit of
the isotropic constant, and confirmed the variance conjecture for p > 3.

One of the main deficiencies of most results mentioned above is that they have only been ob-
tained for Schatten classes of square matrices, some even more specially for Hermitian matrices,
which is in a sense quite restrictive. The aim of the present article is to extend the scope of
some of the results to Schatten classes of m-by-n matrices for arbitrary m,n ∈ N, in as far as
that is possible or sensible, thereby complementing and generalizing the existing literature. As
we shall see, this is far from being trivial in several situations.

Let us be more specific about the results obtained in this paper. First we provide the exact
and asymptotic volume of the Schatten-∞ unit ball of m-by-n matrices (Theorem A); the former
is done via a Weyl-type integral transformation formula (similar to the one already used by Saint
Raymond [46]) and evaluating the Selberg integral that appears. Next we provide bounds for
its isotropic constant (Theorem B), thereby adding to the work of König, Meyer, and Pajor [33];
notably, we are also able to give the precise limit as n→ ∞ in the case when limn→∞

m
n exists.

As the last major purely geometrical result, we clarify the relation between the Hausdorff and
cone measures on the Schatten-p unit sphere for arbitrary p (Theorem C); in the case of the
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classical ℓp-spheres this was done by Naor and Romik [38, Lemma 2], and, interestingly, the
formulas for the Radon–Nikodým derivatives turn out to be formally equal.

We then continue to explore asymptotic properties of the Schatten-∞ balls via a probabilistic
representation of the uniform distribution on the ball (Proposition 4.1) in the spirit of Schecht-
man and Schmuckenschläger [51] and of Rachev and Rüschendorf [41], who introduced those for
the classical ℓp-balls, leading us to a Poincaré–Maxwell–Borel result (Theorem D) stating that,
fixing the number m of rows and letting the number n of columns tend to infinity, the projection
onto the first k columns converges to an m-by-k matrix with i.i.d. Gaussian components. Under
the same premises we also prove a central limit theorem for the inner product of two points
sampled independently from the unit ball or sphere (Theorem E).

Then we introduce an apparently new notion of symmetry of (probability) measures w.r.t.
a given convex body, and apply this notion, together with two-sided unitary invariance, to
Schatten classes. As the main result (Theorem F), we produce a probabilistic representation
of those random matrices whose distribution follows this new symmetry w.r.t. Schatten-p balls,
thereby subsuming the representations for the singular values applied by Kabluchko, Prochno,
and Thäle [27, 26, 28] in the non-Hermitian case.

Finally, we present Sanov-type large deviations principles for random matrices sampled from
Schatten-p balls for any p ∈ (0,∞] (Theorems G and H). This extends the result for non-Her-
mitian random matrices given in [28]. It is important to note here that for non-square matrices
the joint density of singular values contains an additional dimension-dependent nonconstant
factor, which renders the adaption of the proof in places highly nontrivial.

1.2 Organization of the paper

Since the present paper contains a wide range of results it is structured according to the general
themes of those results, and the (mostly short) proofs directly follow their propositions; the ex-
ception is Section 6 where the central results are collected at the beginning and the corresponding
(extensive) proofs are deferred to subsections.

Section 2 lays out the mathematical setup including the norms and spaces, as well as fre-
quently used auxiliary results.

Section 3 treats the elementary geometric properties of Schatten balls, including Theorems A,
B, and C.

Section 4 contains the results pertaining to the weak limit theorems for the Schatten-∞ ball,
that is Proposition 4.1 and Theorems D and E.

Section 5 deals with K-symmetric measures and concludes with Theorem F.
Finally Section 6 is dedicated to the Sanov-type large deviations principles for the empirical

spectral measures stated in Theorems G and H.

2 Mathematical setup

2.1 Norms and spaces

Let K ∈ {R,C}, and by β ∈ {1, 2} denote the R-dimension of K. (Most of the present results
remain valid even for K = H, the skew field of quaternions; then β = 4.) The nonnegative
and positive real numbers are written R≥0 and R>0, resp.; i is the imaginary unit, and ℜ(x),
ℑ(x), x denote the real part, imaginary part, and complex conjugate of x (applied entrywise
for vectors and matrices). For the d-dimensional Lebesgue measure we write vd. For m,n ∈ N
with m ≤ n consider Km×n, the βmn-dimensional real vector space of (m × n)-matrices. This
is endowed with a Euclidean structure via the inner product (the Hilbert–Schmidt or Frobenius
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inner product)

⟨x, y⟩ := ℜ tr(xy∗) = ℜ
( m∑

i=1

n∑
j=1

xi,jyi,j

)
,

where tr means the trace of a square matrix. Im denotes the (m × m)-identity matrix. The
collection of self-adjoint (m ×m)-matrices is denoted by Symm,β , and that of self-adjoint and
positive-definite (m ×m)-matrices by Posm,β . On Symm,β define the usual partial order (also
called Loewner-order): for a, b ∈ Symm,β , a ≤ b iff b− a is positive-semidefinite, or equivalently
ξ∗aξ ≤ ξ∗bξ for all ξ ∈ Km. (Elements of Km are always considered column-vectors here.)

Recall that for any x ∈ Km×n the (m×m)-matrix xx∗ is symmetric and positive-semidefinite,
and hence all the latter’s eigenvalues are nonnegative real numbers, whose nonnegative square-
roots are called the singular values of x. Let s(x) := (si(x))i≤m ∈ Rm be the vector of the
singular values of x, arranged non-increasingly.

For p ∈ (0,∞] call ∥·∥p the ℓp-norm on Km (which is a proper quasinorm iff p < 1), i.e., for
ξ = (ξi)i≤m,

∥ξ∥p :=

{(∑m
i=1|ξi|p

)1/p if p <∞,

max{|ξi| : i ≤ m} if p = ∞;

the corresponding space is written ℓmp,β := (Km, ∥·∥p), the unit ball is denoted by Bm
p,β , the unit

sphere by Smp,β ,1 and ωm
p,β := vβm(Bm

p,β). On Km×n define the Schatten-p-norm ∥·∥Sp
by

∥x∥Sp
:= ∥s(x)∥p = tr((xx∗)p/2)1/p for x ∈ Km×n.

In particular, ∥x∥S∞ = s1(x) is the spectral norm of x and ∥x∥S2
= ∥s(x)∥2 = ⟨x, x⟩1/2 is the

Hilbert–Schmidt or Frobenius norm. The space Sp := Sm×n
p,β := (Km×n, ∥·∥Sp

) is called a (finite-
dimensional) Schatten-p class; we denote its unit ball by Bm×n

Sp,β
and its unit sphere by Sm,n

Sp,β
;

additionally define ωm×n
Sp,β

:= vβmn(Bm×n
Sp,β

).

Remark 2.1. The assumption m ≤ n is no severe restriction: given arbitrary m,n ∈ N and
x ∈ Km×n, the Hermitian positive-semidefinite matrices x∗x and xx∗ have the same positive
eigenvalues with matching multiplicities and the rest are zero, hence singular values are defined
also for “tall” matrices, and we have (si(x

∗))i≤r = (si(x))i≤r and consequently ∥x∗∥Sp
= ∥x∥Sp

,
where r = min{m,n}. There are results in the literature that also take the zero singular values
into account, e.g. [19, Theorem 5.5.10].

2.2 Auxiliary notions and results

Recall that a matrix u ∈ Kn×m is called semiunitary (semiorthogonal if K = R) iff u∗u = Im.
The collection of semiunitary (semiorthogonal) (n ×m)-matrices is called the Stiefel-manifold
and notated by Un,m;β (it is indeed a submanifold of Kn×m); in particular Um;β := Um,m;β

denotes the set of unitary (orthogonal) matrices, they satisfy u∗u = uu∗ = Im.
For any x ∈ Km×n there exist u ∈ Un;β and v ∈ Um;β such that x = v diag(s(x))u∗, the so-

called singular-value-decomposition of x; by slight abuse of notation, here we mean diag(ξ) :=
(ξiδi,j)i≤m,j≤n ∈ Km×n for a vector Km, i.e., the matrix whose entries on the main diagonal are
the components of ξ and are zero else.

The conventions for integration (which can be justified by exploiting that all domains of
integration concerned are Riemannian submanifolds of some full matrix space) are as follows,

1Our notation differs from the convention of writing Sm−1
p , where in the real case m − 1 is the dimension

indeed. But already in the comlex case this is contradictory because ∂Bm
p,2 has real dimension 2m− 1. Therefore

we have opted to only notate the number of components.
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where for β = 1 ignore all imaginary parts: on Km×n the volume form is (up to sign, as are the
subsequent)

∧m
i=1

∧n
j=1(dℜ(xi,j) ∧ dℑ(xi,j)) (which corresponds to βmn-dimensional Lebesgue

measure); on Symm,β and Posm,β it is
∧m

i=1

(∧i
j=1 dℜ(xi,j) ∧

∧i−1
j=1 dℑ(xi,j)

)
; and on Un,m;β ,∧m

j=1

(∧n
i=j+1ℜ

(∑n
k=1 xk,i dxk,j

)
∧
∧n

i=j ℑ
(∑n

k=1 xk,i dxk,j
))

(where xi,j for j ≥ m+ 1 are such
that for the augmented matrix, (xi,j)i,j≤n ∈ Un;β); in all cases we write shortly dx. Note that
the induced measure on Un,m;β is invariant under left and right multiplication with unitary
matrices; in particular, on Um;β this gives a Haar measure.

For z ∈ C with ℜ(z) > β(m−1)
2 define the multivariate gamma function Γm,β by

Γm,β(z) =

∫
Posm,β

det(x)z−1−β(m−1)/2 e− tr(x) dx = πβm(m−1)/4
m−1∏
k=0

Γ
(
z − βk

2

)
.

The Riemannian volume of Un;β is known at least since Hurwitz [25] (note that actually
Hurwitz considers {u ∈ Un;β : det(u) = 1}, the special unitary group) and is a special case of
the Riemannian volume of Un,m;β which equals

Ωn,m;β := 2βm(m−1)/4

∫
Un,m;β

du

=
2m+βm(m−1)/4 πβ(2mn−m(m−1))/4∏m−1

k=0 Γ
(β(n−k)

2

) =
2m+βm(m−1)/4 πβmn/2

Γm,β

(βn
2

) .

(1)

In particular we set Ωn;β := Ωn,n;β , the volume of Un;β ; then Ωn,m;β = 2−βm(n−m)/2 Ωn;β

Ωn−m;β
.

The Selberg integral (see [52]) will be of some importance to our results: let m ∈ N and let
α, β, γ ∈ C with ℜ(α),ℜ(β) > 0 and ℜ(γ) > −min

{
1
m ,

ℜ(α)
m−1 ,

ℜ(β)
m−1

}
, then

∫
(0,1)m

m∏
i=1

(
xα−1
i (1− xi)

β−1
) ∏
1≤i<j≤m

|xi − xj |2γ dx =
m−1∏
k=0

Γ(α+ kγ)Γ(β + kγ)Γ(γ + 1 + kγ)

Γ(α+ β + (m− 1)γ + kγ)Γ(γ + 1)
.

Often we are going to need the asymptotics of the product of gamma-functions as they appear
in Ωn,m;β and the Selberg integral. Here we also remind the reader of the Landau symbols: for
sequences (an)n∈N ∈ KN and (bn)n∈N ∈ RN

>0, we write an = O(bn) to mean, |an| ≤ Cbn for
eventually all n ∈ N, with some C ∈ R>0; and an = o(bn) to mean limn→∞

an
bn

= 0.

Lemma 2.2. For any β ∈ R>0 we have

log

( n∏
k=1

Γ
(βk

2

))
=
βn2

4
log

(βn
2

)
− 3βn2

8
+

(β − 2)n

4
log

(βn
2

)
+
n

4
log(4π2 e2−β) +

β2 − 6β + 4

24β
log

(βn
2

)
+Aβ +O

( 1

n

)
,

where Aβ ∈ R is some constant.

Proof. Let β ∈ R>0. We notice log
(∏n

k=1 Γ(
βn
2 )

)
=

∑n
k=1 log(Γ(

βk
2 )), hence we apply the Euler–

Maclaurin summation formula to the function f : R>0 → R, x 7→ log(Γ(βx2 )), that is,

n∑
k=1

f(k) =

∫ n

1
f(x) dx+

f(n) + f(1)

2
+
f ′(n)− f ′(1)

12
+

∫ n

1
H3(x)f

′′′(x) dx,

where H3(x) :=
1
6B3(x− ⌊x⌋) with the Bernoulli-polynomial B3(x) = x3 − 3

2x
2 + 1

2x.
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We already know the asymptotics of the gamma-function through Stirling’s formula,

log(Γ(x)) = x log(x)− x− 1

2
log(x) +

1

2
log(2π) +

1

12x
+R(x),

where R satisfies R(x) = O(x−3) as x→ ∞. Therewith we get∫ n

1
f(x) dx =

βn2

4
log

(βn
2

)
− βn2

8
− βn2

4
− n

2
log

(βn
2

)
+
n

2

+
n

2
log(2π) +

1

6β
log

(βn
2

)
+ c+

∫ n

1
R(x) dx,

where we already have gathered all constant terms. Now since |R(x)| ≤ Cx−3, R is integrable
over [1,∞), hence the limit c1 := limn→∞

(
c+

∫ n
1 R(x) dx

)
exists in R, and∣∣∣∣c1 − c−

∫ n

1
R(x) dx

∣∣∣∣ = ∣∣∣∣∫ ∞

n
R(x) dx

∣∣∣∣ ≤ C

2n2
;

this results in ∫ n

1
f(x) dx =

βn2

2
log

(βn
2

)
− 3βn2

8
− n

2
log

(βn
2

)
+
n

2
log(2πe) +

1

6β
log

(βn
2

)
+ c1 +O

( 1

n2

)
.

Obviously
f(n)

2
=
βn

4
log

(βn
2

)
− βn

4
− 1

4
log

(βn
2

)
+ c2 +O

( 1

n

)
.

We also have, via the polygamma-functions,

f ′(n)

12
=

β

24
ψ0

(βn
2

)
=

β

24
log

(βn
2

)
+O

( 1

n

)
,

because of ψ0(x) = log(x) − 1
2x + O(x−2). Lastly we have f ′′′(x) = (β2 )

3ψ2(
βx
2 ); as ψ2(x) =

O(x−2) and H3 is bounded, the function H3f
′′′ is integrable over [1,∞), thus the limit c3 :=

limn→∞
∫ n
1 H3(x)f

′′′(x) dx exists in R, and the error satisfies∣∣∣∣c3 − ∫ n

1
H3(x)f

′′′(x) dx

∣∣∣∣ = ∣∣∣∣∫ ∞

n
H3(x)f

′′′(x) dx

∣∣∣∣ ≤ C

n

with some constant C (different from the previous occurrence). The statement of the lemma
now follows by gathering terms and defining Aβ := c1 + c3 + c3.

Remark 2.3. For β ∈ {1, 2} the statement of Lemma 2.2 could also be obtained by expressing
the product in terms of the Barnes-G-function whose asymptotics are well-known. But this
approach fails for general β, and even for β = 1 the calculations are tedious.

For the present investigations the following transformation formulae for integrals with respect
to two important matrix factorizations turn out to be useful. (Others exist that we do not need.)

Proposition 2.4. Let f : Km×n → K be measurable and either nonnegative or integrable.
1. (Polar decomposition [9, Lemma 2.1], also [58, Proposition 2.27])2∫

Km×n

f(x) dx = 2−m

∫
Posm,β

∫
Un,m;β

f(r1/2 u∗) du det(r)β(n−m+1)/2−1 dr.

2Note that [9] works with “tall” matrices, i.e. m ≥ n, so the representation needs to be transposed; also the
measure on Un,m;β is normalized differently.
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2. (Singular value decomposition [10, Lemma 1.5.3, (i)])∫
Km×n

f(x) dx =
2βn(n−1)/4+βm(m−1)/4+βm/2

2βmn/2m!Ωm
1;βΩn−m;β

∫
Rm
>0

∫
Um;β

∫
Un;β

f(v diag(s)u∗) dudv

·
m∏
i=1

s
β(n−m+1)−1
i

∏
1≤i<j≤m

|s2i − s2j |β ds.

In particular, if f = F ◦ s, where F : Rm → K (“f depends only on the singular values of
x”), then [3, Proposition 4.1.3]∫
Km×n

F (s(x)) dx =
2βm/2Ωm;βΩn;β

2βmn/2m!Ωm
1;βΩn−m;β

∫
Rm
>0

F (s)

m∏
i=1

s
β(n−m+1)−1
i

∏
1≤i<j≤m

|s2i −s2j |β ds.

Remark 2.5. Some comments on Proposition 2.4, part 2, seem in place. The form given in the
present work does not completely match the one given in [10]. Apart from the same notational
differences as mentioned in Footnote 2, the major discrepancy is the domain of integration
for the singular values: Chikuse assumes them to be ordered decreasingly, whereas we impose
no such restriction. But this poses no serious obstacle, for the following argument: define
Wm := {x ∈ Rm

>0 : x1 > · · · > xm}, then almost every s ∈ Rm
>0 can be uniquely written

s = τs′, where τ ∈ Um;β is a permutation matrix and s′ ∈ Wm; therewith v diag(s)u∗ =

(vτ) diag(s′)(udiag(τ, In−m))∗; also write h(s) :=
∏m

i=1 s
β(n−m+1)−1
i

∏
i<j |s2i − s2j |β , then clearly

h(τs) = h(s). Now decompose Rm
>0 =

⋃
τ perm. m. τW

m, neglecting the set of vectors for which
at least two coordinates are equal. Then for any permutation matrix τ ,∫

τWm

∫
Um;β

∫
Un;β

f(v diag(s)u∗)h(s) dudv ds

=

∫
Wm

∫
Um;β

∫
Un;β

f(v diag(τTs)u∗)h(τTs) dudv ds

=

∫
Wm

∫
Um;β

∫
Un;β

f(vτT diag(s)(udiag(τT, In−m))∗)h(s) du dv ds

=

∫
Wm

∫
Um;β

∫
Un;β

f(v diag(s)u∗)h(s) dudv ds,

where we also have used that on Un;β and Um;β we are integrating with respect to the (scaled)
Haar measures. This leads to∫

Rm
>0

∫
Um;β

∫
Un;β

f(v diag(s)u∗)h(s) dudv ds

=
∑

τ perm. m.

∫
τWm

∫
Um;β

∫
Un;β

f(v diag(s)u∗)h(s) dudv ds

= m!

∫
Wm

∫
Um;β

∫
Un;β

f(v diag(s)u∗)h(s) dudv ds.

Summing up, an additional factor m! has to be taken into account.

Lastly, for any set A we denote the (set-theoretic) indicator function by 1A, that is, 1A(x) = 1
if x ∈ A, and 1A(x) = 0 else. Further notions and notations shall be introduced on the fly as
needed.
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3 Geometry of Schatten-p balls

The first result is an explicit expression for the exact and asymptotic βmn-dimensional Lebesgue
volume of Bm×n

S∞,β . In the case m = n this has already been accomplished in principle by Saint
Raymond [46, Théorème 1], though he does not evaluate the Selberg integral encountered. A
statement concerning Bm×n

Sp,β
for p <∞ is found in Proposition 6.10.

Theorem A. The exact volume of Bm×n
S∞,β is given by

ωm×n
S∞,β =

∏m−1
k=0 Γ(1 + βk

2 )
∏n−1

k=0 Γ(1 +
βk
2 )∏m+n−1

k=0 Γ(1 + βk
2 )

πβmn/2

=
Γm,β(1 +

β(m−1)
2 ) Γn,β(1 +

β(n−1)
2 )

Γm+n,β(1 +
β(m+n−1)

2 )
πβmn.

Hence follow the asymptotics of the volume radius,

(ωm×n
S∞,β)

1/(βmn) =
( 2πe3/2

β(m+ n)

)1/2( m

m+ n

)(m+2/β−1)/(4n)( n

m+ n

)(n+2/β−1)/(4m)(
1 + rβ(m,n)

)
,

where rβ : N2 → R satisfies C1 ≤ mnrβ(m,n) +
β2−6β+4

24β2 log
(
1
m + 1

n

)
≤ C2 for all m,n ∈ N and

β ∈ {1, 2}, with global constants C1, C2 ∈ R.
In particular, consider m as depending on n, then if c := limn→∞

m
n ∈ [0, 1] exists, then

lim
n→∞

(βn)1/2(ωm×n
S∞,β)

1/(βmn) =
(2πe3/2

1 + c

)1/2
(1 + c)−1/(4c)

(
1 +

1

c

)−c/4
,

where in the case c = 0 we interpret (1 + c)1/c = e and (1 + 1
c )

c = 1.

Proof. We apply Proposition 2.4, part 2, to f := 1Bm×n
S∞,β

= 1Bm
∞,1

◦ s and get

ωm×n
S∞,β =

2βm/2Ωm;βΩn;β

2βmn/2m!Ωm
1;βΩn−m;β

∫
[0,1]m

m∏
i=1

s
β(n−m+1)−1
i

∏
1≤i<j≤m

|s2i − s2j |β ds.

Via the transformation si 7→ s
1/2
i the last integral is identified as Selberg’s integral whose exact

value equals∫
[0,1]m

m∏
i=1

s
β(n−m+1)−1
i

∏
1≤i<j≤m

|s2i − s2j |β ds = 2−m
m−1∏
k=0

Γ(β(n−m+1)
2 + βk

2 )Γ(1 + βk
2 )Γ(β2 + 1 + βk

2 )

Γ(βn2 + 1 + βk
2 )Γ(β2 + 1)

.

Plugging in and rearranging terms yields the claimed result.
The asymptotic formulas are an application of Lemma 2.2; in order to apply it, it helps to

rearrange terms a bit via Γ(x+ 1) = xΓ(x), like this,∏m−1
k=0 Γ(1 + βk

2 )
∏n−1

k=0 Γ(1 +
βk
2 )∏m+n−1

k=0 Γ(1 + βk
2 )

=
2

β

Γ(m)Γ(n)Γ(β(m+n)
2 )

Γ(βm2 )Γ(βn2 )Γ(m+ n)

∏m
k=1 Γ(

βk
2 )

∏n
k=1 Γ(

βk
2 )∏m+n

k=1 Γ(βk2 )
.

Now thence follows, after gathering terms,

(ωm×n
S∞,β)

1/(βmn) =
( 2πe3/2

β(m+ n)

)1/2( m

m+ n

)(m+2/β−1)/(4n)( n

m+ n

)(n+2/β−1)/(4m)

·
( mn

m+ n

)(β2−6β+4)/(24β2mn)
e(cβ+O(1/m+1/n))/(mn),
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where cβ :=
Aβ

β + β2−18β+4
24β2 log

(β
2

)
. Note m+n

mn = 1
m + 1

n ≤ 2 because of m,n ≥ 1; furthermore by
the inequality of arithmetic and geometric means 1

m+ 1
n ≥ 2(mn)−1/2 and hence ( 1n+

1
m)1/(mn) →

1 as n→ ∞. Therefore( mn

m+ n

)(β2−6β+4)/(24β2mn)
e(cβ+O(1/m+1/n))/(mn)

= 1 +
1

mn

{
−β

2 − 6β + 4

24β2
log

( 1

m
+

1

n

)
+ cβ +O

( 1

m
+

1

n

)}
+Rβ(m,n),

where Rβ(m,n) is of the order of the square of the first-order term; from this it also follows that
mnRβ(m,n) is bounded. Naming

rβ(m,n) :=
1

mn

{
−β

2 − 6β + 4

24β2
log

( 1

m
+

1

n

)
+ cβ +O

( 1

m
+

1

n

)}
+Rβ(m,n),

we arrive at the claimed result.
Assume now that c = limn→∞

m
n ∈ [0, 1] exists, then we define cn := m

n ∈ (0, 1) and we can
write m = cnn. Using this yields( m

m+ n

)(m+2/β−1)/n( n

m+ n

)(n+2/β−1)/m
=

(
1 +

1

cn

)−cn+(1−2/β)/n
(1 + cn)

−1/cn+(1−2/β)/m.

Now limn→∞(1+cn)
−1/cn = (1+c)−1/c (= e−1 if c = 0); furthermore limn→∞(1+cn)

(1−2/β)/m =
1, which is clear if c = 0, irrespective of whether m is bounded or not, and in the case c > 0
we have limn→∞m = ∞ and the result follows again; the limit limn→∞(1 + 1

cn
)−cn = (1 + 1

c )
−c

(= 1 if c = 0) is unremarkable; and concerning the remaining term observe cnn = m ≥ 1, thus
1 ≤ 1+ 1

cn
≤ 1+n; hence irrespective of the value of β, (1+ 1

cn
)(1−2/β)/n is sandwiched between

1 and (1 + n)(1−2/β)/n, either of which converges to 1 as n→ ∞, and therefore also(
1 +

1

cn

)(1−2/β)/n
−−−→
n→∞

1.

Remark 3.1. In the quadratic case (i.e. m = n) Saint Raymond has derived the following asymp-
totics [46, Corollaire 4]:

(ωn×n
S∞,β)

1/(βn2) ∼ 1

2

√
2πe3/2

βn
,

where an ∼ bn means limn→∞
an
bn

= 1. It is easily seen that Theorem A reproduces his result
when taking c = 1.

Recall that a convex body is a subset K ⊂ Rd (d ∈ N) that is compact, convex, and has
nonempty interior. A convex body K is said to be isotropic iff vd(K) = 1, it is centred, i.e.,∫

K
x dx = 0,

and
∃L ∈ [0,∞)∀θ ∈ Rd :

∫
K
⟨x, θ⟩2 dx = L2∥θ∥22.

The last condition can be expressed equivalently as

∃L ∈ [0,∞)∀i ∈ [1, d] :

∫
K
x2i dx = L2 ∧ ∀i, j ∈ [1, d] :

(
i ̸= j =⇒

∫
K
xixj dx = 0

)
.

For convex bodies in Cd one would have to check the above conditions for the 2d real components
ℜ(x1),ℑ(x1), . . . ,ℜ(xd),ℑ(xd). We provide below an equivalent characterization using directly
the complex components.
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Lemma 3.2. A centred convex body K ⊂ Cd with unit volume is isotropic iff both of the following
conditions are satisfied:

∃L ∈ R∀i ∈ [1, d] :

∫
K
|xi|2 dx = L2 (2)

and
∀i, j ∈ [1, d], i ̸= j :

∫
K
x2i dx =

∫
K
xixj dx =

∫
K
xixj dx = 0. (3)

Proof. Let i, j ∈ [1, d] with i ̸= j, then using ℜ(x) = x+x
2 and ℑ(x) = x−x

2i we can rewrite,∫
K
ℜ(xi)2 dx =

∫
K

1

4
(x2i + 2xixi + x2i ) dx =

∫
K

ℜ(x2i )
2

dx+

∫
K

|xi|2

2
dx, (4)

and similarly,∫
K
ℜ(xi)ℜ(xj) dx =

∫
K

ℜ(xixj)
2

dx+

∫
K

ℜ(xixj)
2

dx, (5)∫
K
ℑ(xi)2 dx =

∫
K

1

−4
(x2i − 2xixi + x2i ) dx = −

∫
K

ℜ(x2i )
2

dx+

∫
K

|xi|2

2
dx, (6)∫

K
ℑ(xi)ℑ(xj) dx = −

∫
K

ℜ(xixj)
2

dx+

∫
K

ℜ(xixj)
2

dx, (7)

and without the restriction i ̸= j,∫
K
ℜ(xi)ℑ(xj) dx =

∫
K

ℑ(xixj)
2

dx−
∫
K

ℑ(xixj)
2

dx. (8)

⇒: Let K be isotropic, then we know from (4) and (6), for some L ∈ R,∫
K

ℜ(x2i )
2

dx+

∫
K

|xi|2

2
dx = L2 = −

∫
K

ℜ(x2i )
2

dx+

∫
K

|xi|2

2
dx;

substract the two equations to get ∫
K
ℜ(x2i ) dx = 0,

and add them to get ∫
K
|xi|2 dx = 2L2.

In like manner we obtain from (5) and (7) that∫
K

ℜ(xixj)
2

dx+

∫
K

ℜ(xixj)
2

dx = 0 = −
∫
K

ℜ(xixj)
2

dx+

∫
K

ℜ(xixj)
2

dx,

hence ∫
K
ℜ(xixj) dx = 0 =

∫
K
ℜ(xixj) dx.

Swap i and j in Equation (8), then ℑ(xjxi) = ℑ(xixj) = −ℑ(xixj), and therefore∫
K

ℑ(xixj)
2

dx−
∫
K

ℑ(xixj)
2

dx = 0 =

∫
K

ℑ(xixj)
2

dx+

∫
K

ℑ(xixj)
2

dx,
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and again from both subtracting and adding there follow∫
K
ℑ(xixj) dx = 0 =

∫
K
ℑ(xixj) dx.

Putting all things together yields the claim.
⇐: Separate the real and imaginary parts in Condition (3) (all are zero), and together with

(2) substitute them in Equations (4)–(8) to get the desired isotropy.

Remark 3.3. In relatively recent years interest in the study of complex convex bodies has grown,
in the sense that the ambient space Cd is considered over C, not over R; examples are the works
[32, 30, 1, 24, 31, 23, 14]. This also leads to a different notion of isotropy; more specifically, a
compact convex set K ⊂ Cd is called (complex) isotropic iff it has unit volume, it is centred,
and it possesses a constant L ∈ [0,∞) such that,

∀θ ∈ Cd :

∫
K
|x∗θ|2 dx = L2∥θ∥22;

contrast this to real isotropy where the last condition reads,

∀θ ∈ Cd :

∫
K
ℜ(x∗θ)2 dx = L2∥θ∥22.

These two notions are not equivalent, the class of complex isotropic bodies is strictly larger; see
[34, Theorem 2.1].

The authors stress that the present article considers real isotropy only.

Proposition 3.4. The volume-normalized ball, (ωm×n
Sp,β

)−1/(βmn) Bm×n
Sp,β

, is isotropic.

Proof. Since (ωm×n
Sp,β

)−1/(βmn) Bm×n
Sp,β

differs from Bm×n
Sp,β

only by a dilation, it suffices to consider
the latter. Being a norm unit ball, Bm×n

Sp,β
is centred; thence it remains to check the second

moments, and we will exploit the unitary invariance of Bm×n
Sp,β

throughout (inherited from the
singular values). Let (i, j) ∈ m× n, then let v ∈ Um;β swap the first and ith row and u ∈ Un;β

swap the first and jth column, effecting∫
Bm×n
Sp,β

x2i,j dx =

∫
vBm×n

Sp,β
u
x21,1 dx =

∫
Bm×n
Sp,β

x21,1 dx,

so the diagonal moments are equal to a common value.
Now let (i, j), (i′, j′) ∈ m× n with (i, j) ̸= (i′, j′). If i ̸= i′, define v ∈ Um;β to multiply the

i′th row by −1; therewith∫
Bm×n
Sp,β

xi,jxi′,j′ dx =

∫
vBm×n

Sp,β

xi,j(−xi′,j′) dx = −
∫
Bm×n
Sp,β

xi,jxi′,j′ dx,

which results in the integral being zero. If i = i′, then j ̸= j′ by assumption; and then multiply
the j′th column by −1. Eventually all off-diagonal moments are zero, and in the case β = 1 this
finishes the proof.

In the case β = 2 we apply Lemma 3.2; performing the same steps as before with the integral∫
Bm×n
Sp,2

xi,jxi′,j′ dx we see, for (i, j) = (i′, j′),∫
Bm×n
Sp,2

|xi,j |2 dx =

∫
Bm×n
Sp,2

|x1,1|2 dx,
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and for (i, j) ̸= (i′, j′), ∫
Bm×n
Sp,2

xi,jxi′,j′ dx = 0.

It remains to show
∫
Bm×n
Sp,2

x21,1 dx = 0, but in order to do so let v ∈ Um;2 multiply the first row

by i, therewith ∫
Bm×n
Sp,2

x21,1 dx =

∫
v∗Bm×n

Sp,2

(ix1,1)
2 dx = −

∫
Bm×n
Sp,2

x21,1 dx,

which leads to the desired statement.

For a convex body K ⊂ Rd which is isotropic up to dilation, the isotropy constant LK ∈
(0,∞) is defined via

L2
K =

1

d vd(K)1+2/d

∫
K
∥x∥22 dx

=
1

d vd(K)2/d

∫
K∥x∥22 dx∫

K dx
.

Theorem B. The isotropy constant LBm×n
S∞,β

remains bounded in m and n; to be precise,

L2
Bm×n
S∞,β

=
1

2πe3/2
cβ(m,n),

where we know
e1/2

(
1 +

C1

mn

)
≤ cβ(m,n) ≤ e2

(
1 + C2

( 1

m
+

1

n

))
for all m,n ∈ N, with global constants C1, C2 ∈ R.

In particular, consider m as depending on n, then if c := limn→∞
m
n ∈ [0, 1] exists, then

lim
n→∞

L2
Bm×n
S∞,β

=
1

2πe3/2
(1 + c)1/(2c)

(
1 +

1

c

)c/2
,

with the same interpretations for the case c = 0 as in Theorem A.

Proof. Note that in our case ⟨x, x⟩ = ∥s(x)∥22 and 1Bm×n
S∞,β

= 1Bm
∞,1

◦s, therefore

∫
Bm×n
S∞,β

⟨x, x⟩ dx∫
Bm×n
S∞,β

dx
=

∫
Rm
>0

1Bm
∞,1

(s)∥s∥22
∏m

i=1 s
β(n−m+1)−1
i

∏
i<j |s2i − s2j |β ds∫

Rm
>0

1Bm
∞,1

(s)
∏m

i=1 s
β(n−m+1)−1
i

∏
i<j |s2i − s2j |β ds

;

but via the transformation si 7→ s
1/2
i this quotient equals∫

[0,1]m∥s∥1
∏m

i=1 s
β(n−m+1)/2−1
i

∏
i<j |si − sj |β ds∫

[0,1]m
∏m

i=1 s
β(n−m+1)/2−1
i

∏
i<j |si − sj |β ds

,

and after observing that the integrand of the enumerator is symmetric, we can apply a theorem
of Aomoto’s [4] and obtain the exact value∫

Bm×n
S∞,β

⟨x, x⟩ dx∫
Bm×n
S∞,β

dx
=

mn

m+ n+ 2
β − 1

.

12



Using this together with the asymptotic volume from Theorem A, we have

L2
Bm×n
S∞,β

=
m+ n

2e3/2 π(m+ n+ 2
β − 1)

(m+ n

m

)(m+2/β−1)/(2n)(m+ n

n

)(n+2/β−1)/(2m)(
1+rβ(m,n)

)−2
,

with rβ(m,n) as in Theorem A. In order to find suitable bounds, we consider

log(cβ(m,n)) := log
( m+ n

m+ n+ 2
β − 1

)
+
m+ 2

β − 1

2n
log

(m+ n

m

)
+
n+ 2

β − 1

2m
log

(m+ n

n

)
− 2 log

(
1 + rβ(m,n)

)
.

Recall the general estimates for the logarithm: for any x > 0 we have

1− 1

x
≤ log(x) ≤ x− 1.

On the one hand, together with c1
mn log( 1

m + 1
n) ≤ log(1 + rβ(m,n)) ≤ c2

mn with suitable global
constants c1, c2 ∈ R, this yields the lower bound

log(cβ(m,n)) ≥ 1−
m+ n+ 2

β − 1

m+ n
+
m+ 2

β − 1

2n

(
1− m

m+ n

)
+
n+ 2

β − 1

2m

(
1− n

m+ n

)
− 2c2
mn

=
1

2
− 2c2
mn

.

On the other hand for an upper bound we get

log(cβ(m,n)) ≤
m+ n

m+ n+ 2
β − 1

− 1 +
m+ 2

β − 1

2n

(m+ n

m
− 1

)
+
n+ 2

β − 1

2m

(m+ n

n
− 1

)
− 2c1
mn

log
( 1

m
+

1

n

)
=

m+ n

m+ n+ 2
β − 1

+
2− β

2βm
+

2− β

2βn
− 2c1
mn

log
( 1

m
+

1

n

)
;

obviously m+n
m+n+ 2

β
−1

≤ m+n
m+n−1 ≤ 2, and it remains to show that 1

m + 1
n dominates 1

mn log( 1
m + 1

n)

when at least n grows indefinitely. But we have

1
mn log( 1

m + 1
n)

1
m + 1

n

=
log(m+ n)

m+ n
− log(mn)

m+ n
;

clearly the first summand is bounded, and via the inequality of arithmetic and geometric means
we know 0 ≤ log(mn) ≤ 2 log(m + n) − 2 log(2) and therefore also the second summand is
bounded.

The value of limn→∞ L2
Bm×n
S∞,β

in the case limn→∞
m
n = c is a direct consequence of the cor-

responding values of limn→∞(βn)1/2(ωm×n
S∞,β)

1/(βmn) given in Theorem A.

Remark 3.5. Although König, Meyer, Pajor [33] claim that their theorem includes the case p = ∞
(that is, the spectral norm), their method of proof actually does not cover that, because the
integral in question contains the exponential e−∥x∥pp which in the limit case equals just 1Bd

∞,1
(x),

being an exponential no longer and rendering their integral transfrom moot.
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Define a star body to be a compact set K ⊂ Rd with zero in its interior which is star-shaped
w.r.t. zero, i.e., tK ⊂ K for all t ∈ [0, 1], and whose Minkowski-functional |·|K is continuous.
Any convex body with zero in its interior is a star body. For such a star body K define the
associated (normalized) cone measure κ = κK on its boundary ∂K by

κ(A) :=
vd

(
{tx : t ∈ [0, 1], x ∈ A}

)
vd(K)

for any measurable A ⊂ ∂K; it is the unique measure on ∂K which satisfies the following polar
integration formula (see [38, Proposition 1]): for any f : Rd → R measurable and nonnegative,∫

Rd

f(x) dx = d vd(K)

∫
R≥0

∫
∂K

f(rθ) dκ(θ) rd−1 dr. (9)

A useful identity for evaluating integrals w.r.t. the cone measure can be obtained by integrating
x 7→ f( x

|x|K ) over K, to wit,∫
∂K

f(θ) dκ(θ) =
1

vd(K)

∫
K
f
( x

|x|K

)
dx. (10)

The surface measure on ∂K is defined to be the (d−1)-dimensional Hausdorff measure restricted
to ∂K. The two measures are related according to the following statement.

Lemma 3.6. Let ν(x) be the outer unit normal vector in x ∈ ∂K, then for Hd−1-almost every
x ∈ ∂K,

dHd−1(x) =
d vd(K)

⟨ν(x), x⟩
dκ(x).

Proof. This is a rewriting of Naor and Romik [38, Lemma 1]. Adapting their notation, note
that Hd−1 = area(∂K)σK ; it remains to treat ∥∇|·|K(x)∥2. But in their proof they derive
⟨∇|·|K(x), x⟩ = 1, and therewith

∥∇|·|K(x)∥2 =
∥∇|·|K(x)∥2
⟨∇|·|K(x), x⟩

=
1〈 ∇|·|K(x)

∥∇|·|K(x)∥2 , x
〉 ,

from which the claim follows because of ν(x) = ∇|·|K(x)
∥∇|·|K(x)∥2 .

Remark 3.7. Rewritten as vd(K) dκ(x) = 1
d⟨ν(x), x⟩dH

d−1(x), the formula has a nice elementary
interpretation: fix a point x ∈ ∂K, then this determines an “infinitesimal cone” with apex o and
an “infinitesimal base” tangent to ∂K at x; the height of this cone equals ∥⟨ν(x), x⟩ν(x)∥2 =
⟨ν(x), x⟩ (the length of the orthogonal projection of x onto Rν(x)), the base measures dHd−1(x),
and therefore the cone has volume 1

d⟨ν(x), x⟩dH
d−1(x). But by the very definition of the cone

measure this also equals vd(K) dκ(x).
As a consequence of Lemma 3.6, if x 7→ ⟨ν(x), x⟩ is constant on ∂K, then the normalized

measures coincide. This is known to be the case for Smp,β iff p ∈ {1, 2,∞}, going back to [41,
p. 1314]. Let us fix the notation κmp,β := κBm

p,β
and κm×n

Sp,β
:= κBm×n

Sp,β

.

Lemma 3.8. Let p ∈ R, then the trace power map

τp :

{
Posm,β → R

x 7→ tr(xp)

is continuously differentiable and for any x ∈ Posm,β,

∇τp(x) = pxp−1.
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Proof. Case p ∈ N0: Continuous differentiability is obvious, as is the gradient, for p ∈ {0, 1}.
So let p ≥ 2, then the map f : Posm,β → Posm,β , x 7→ xp, is continuously differentiable with
derivative df(x)(h) =

∑p
k=1 x

k−1hxp−k for any x ∈ Posm,β and h ∈ Symm,β . This implies,
because of τp = tr ◦f ,

dτp(x)(h) = tr(df(x)(h)) = tr

( p∑
k=1

xk−1hxp−k

)

=

p∑
k=1

tr(xk−1hxp−k) =

p∑
k=1

tr(xp−1h)

= p tr(xp−1h) = ⟨pxp−1, h⟩.

(Note tr(ab) ∈ R for any a, b ∈ Symm,β .)
Case p arbitrary: Write xp = ep log(x), then this already suggests continuous differentiability,

and expanding the exponential we have

τp(x) =
∞∑
k=0

pk

k!
tr(log(x)k).

Call fk(x) := tr(log(x)k), then we have to determine ∇fk(x) and show that
∑

k≥0
pk

k!∇fk con-

verges locally uniformly on Posm,β ; this will yield ∇τp =
∑∞

k=0
pk

k!∇fk.
From the case of integer powers and the chain rule we know dfk(x)(h) = ⟨k log(x)k−1, d log(x)(h)⟩

for any x ∈ Posm,β and h ∈ Symm,β . In order to determine d log(x)(h) consider the exponen-
tial map again, that is, ex =

∑∞
k=0

1
k!x

k. Call gk(x) := xk, then each gk is differentiable with
derivative dgk(x)(h) =

∑k
l=1 x

l−1hxk−l; therefore ∥dgk(x)(h)∥S2
≤ k∥x∥k−1

S2
∥h∥S2

(any submul-
tiplicative norm would do) and for the operator norm we get ∥dgk(x)∥ ≤ k∥x∥k−1

S2
. Now given

any R ∈ (0,∞) we find

∞∑
k=0

1

k!
∥dgk(x)∥ ≤

∞∑
k=0

1

k!
k∥x∥k−1

S2
≤

∞∑
k=0

1

k!
Rk = eR <∞

for all x ∈ Symm,β with ∥x∥S2
≤ R; thus

∑
k≥0

1
k!dgk is locally uniformly convergent on Symm,β

and hence d exp =
∑∞

k=0
1
k!dgk. From that and from the identity x = elog(x) follows, for any

x ∈ Posm,β and h ∈ Symm,β ,

h = dexp(log(x))(d log(x)(h)) =

∞∑
k=0

1

k!

k∑
l=1

log(x)l−1d log(x)(h) log(x)k−l.

Fix a spectral decomposition x = udiag(λ)u∗ with λ ∈ Rm
>0 and u ∈ Um;β and define ξ := u∗hu

and η := u∗d log(x)(h)u, then the above equation is equivalent to

∞∑
k=0

1

k!

k∑
l=1

log(diag(λ))l−1η log(diag(λ))k−l = ξ.

Let i ∈ [1, n], then the (i, i)-component of the equation reads

ξi,i =

∞∑
k=0

1

k!

k∑
l=1

log(λi)
l−1ηi,i log(λi)

k−l = ηi,i

∞∑
k=0

1

k!
k log(λi)

k−1 = ηi,ie
log(λi) = λiηi,i
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which yields the solution

ηi,i =
ξi,i
λi
.

Therewith we can continue,

dfk(x)(h) = ⟨k log(x)k−1,d log(x)(h)⟩

= ⟨k log(diag(λ))k−1, η⟩ =
m∑
i=1

k log(λi)
k−1 ηi,i

=

m∑
i=1

k log(λi)
k−1λ−1

i ξi,i = ⟨k log(diag(λ))k−1 diag(λ)−1, ξ⟩

= ⟨k log(x)k−1x−1, h⟩,

and so ∇fk(x) = k log(x)k−1x−1. Finally let R ∈ (1,∞), then we have, for all x ∈ Posm,β such
that 1

R ≤ λm(x) ≤ λ1(x) ≤ R,

∥∇fk(x)∥S2
≤ k∥log(x)∥k−1

S2
∥x−1∥S2

≤ k(m1/2 log(R))k−1(m1/2R),

and since
∞∑
k=0

pk

k!
k(m1/2 log(R))k−1(m1/2R) = pm1/2Repm

1/2 log(R) = pm1/2Rpm1/2+1 <∞,

the series
∑

k≥0
pk

k!∇fk converges locally uniformly on Posm,β as desired, so we obtain, for any
x ∈ Posm,β ,

∇τp(x) =
∞∑
k=0

pk

k!
k log(x)k−1x−1 = pep log(x)x−1 = pxp−1.

Theorem C. For Hβmn−1-almost all x ∈ Sm,n
Sp,β

,

⟨ν(x), x⟩ =

{
∥x∥1−p

S2p−2
if p <∞,

1 if p = ∞;

in particular the cone measure κm×n
Sp,β

coincides with the normalized Hausdorff-measure on Sm,n
Sp,β

iff p ∈ {1, 2,∞}. Thereby also,

Hβmn−1(Sm,n
Sp,β

) =

{
βm3/2nωm×n

S1,β
if p = 1,

βmnωm×n
Sp,β

if p ∈ {2,∞}.

Proof. Case p <∞: Define the map

g :

{
Km×n → R

x 7→ tr((xx∗)p/2)
,

then Sm,n
Sp,β

= g−1{1}, and via Lemma 3.8 g is differentiable at any x ∈ Km×n such that xx∗ ∈
Posm,β , which is almost everywhere, and then, for any h ∈ Km×n,

dg(x)(h) =
〈p
2
(xx∗)p/2−1, hx∗ + xh∗

〉
16



= ⟨p(xx∗)p/2−1x, h⟩,

which means
∇g(x) = p(xx∗)p/2−1x.

From this follow, for almost any x ∈ Sm,n
Sp,β

, both

⟨∇g(x), x⟩ = p⟨(xx∗)p/2−1x, x⟩ = p⟨(xx∗)p/2−1xx∗, Im⟩
= p⟨(xx∗)p/2, Im⟩ = p tr((xx∗)p/2) = p,

and

∥∇g(x)∥2S2
= p2⟨(xx∗)p/2−1x, (xx∗)p/2−1x⟩ = p2⟨(xx∗)p−2xx∗, Im⟩

= p2 tr((xx∗)p−1) = p2∥x∥2p−2
S2p−2

,

which imply

⟨ν(x), x⟩ = ⟨∇g(x), x⟩
∥∇g(x)∥S2

=
1

∥x∥p−1
S2p−2

,

as claimed.
Case p = ∞: Define D := {x ∈ Km×n : s2(x) < 1}, then D is an open subset of Km×n, and

we can write Sm,n
S∞,β = D ∩ {x ∈ Km×n : det(Im − xx∗) = 0} up to the null set {x ∈ Km×n :

s1(x) = s2(x) = 1}. Define the map

g :

{
D → R
x 7→ det(Im − xx∗)

,

then g is continuously differentiable, Sm,n
S∞,β = g−1{0}, and for any x, h ∈ Km×n the derivative is

dg(x)(h) = tr
(
adj(Id − xx∗)(−hx∗ − xh∗)

)
= −2⟨adj(Im − xx∗)x, h⟩,

where adj denotes the adjugate of a matrix, and hence,

∇g(x) = −2 adj(Im − xx∗)x.

For any x ∈ Km×n with singular value decomposition x = v diag(s(x))u∗ we have

adj(Im − xx∗) =
m∑
i=1

( m∏
j=1
j ̸=i

(
1− sj(x)

2
))
viv

∗
i ,

where v1, . . . , vm ∈ Km are the columns of v; in particular for all x ∈ Sm,n
S∞,β we get

adj(Im − xx∗)x =

( m∏
j=2

(
1− sj(x)

2
))
v1(x

∗v1)
∗ = αv1u

∗
1,

with α :=
∏m

j=2(1−sj(x)2) and u1 ∈ Kn the first column of u. Thus ∇g(x) ̸= 0 for all x ∈ Sm,n
S∞,β

which have simple maximal singular value 1, and this means that Sm,n
S∞,β has a continuous outer

unit normal vector field almost everywhere and up to sign it is given by ∇g(x)
∥∇g(x)∥S2

at x ∈ Sm,n
S∞,β .

17



Let x ∈ Sm,n
S∞,β with simple singular value 1, then

⟨∇g(x), x⟩ = −2α⟨v1u∗1, x⟩
= −2α⟨v1, xu1⟩
= −2α⟨v1, v1⟩ = −2α,

and similarly,

∥∇g(x)∥2S2
= 4α2⟨v1u∗1, v1u∗1⟩

= 4α2⟨v∗1v1, u∗1u1⟩
= 4α2⟨1, 1⟩ = 4α2,

and this yields
|⟨∇g(x), x⟩|
∥∇g(x)∥S2

= 1.

This also implies that the cone and normalized Hausdorff-measures conincide.
In the case p = 1 we have

tr((xx∗)p−1) = tr(Im) = m

which leads to ⟨ν(x), x⟩ = m−1/2, which is constant; and in the case p = 2 we see

∥x∥p−1
S2p−2

= ∥x∥S2
= 1

for all x ∈ Sm,n
S2,β

, which is constant too. (Also notice that Sm×n
2,β and ℓβmn

2,1 are isomorphic

Euclidean spaces.) For p /∈ {1, 2,∞} it suffices to show that ∥·∥2p−2
S2p−2

attains at least two
different values on Sm,n

Sp,β
at points with full rank, since then by continuity it cannot be constant

outside of a null set. But this is achieved with, say, m−1/p diag(1, . . . , 1) (m ones) and (m −
1
2)

−1/p diag(1, . . . , 1, 2−1/p) (m− 1 ones).
The volume of Sm,n

Sp,β
follows from Lemma 3.6 and the concrete values of ⟨ν(x), x⟩.

The ball Bm×n
S∞,β can be described without direct reference to singular values, as the following

proposition states.

Proposition 3.9. The following identity holds true,

Bm×n
S∞,β = {x ∈ Km×n : xx∗ ≤ Im}.

Proof. Call B := {x ∈ Km×n : xx∗ ≤ Im}. Let x ∈ Km×n, then x ∈ B iff for all ξ ∈ Km,
ξ∗xx∗ξ ≤ ξ∗ξ, equivalently ∥x∗ξ∥22 ≤ ∥ξ∥22, this itself means s1(x∗) = s1(x) ≤ 1, which is
equivalent to x ∈ Bm×n

S∞,β .

The “boundary” Sm,n
β := {x ∈ Km×n : xx∗ = Im} is easy to identify: a close glance at

the definition of the Stiefel manifold (see beginning of Section 2.2) reveals Sm,n
β = {x∗ : x ∈

Un,m;β} = {xT : x ∈ Un,m;β}. Also note the chain of inclusions Sm,n
β ⊂ Sm,n

S∞,β ⊂ Bm×n
S∞,β

(concerning the first inclusion observe s(x) = (1)i≤m for any x ∈ Sm,n
β ).

Proposition 3.10. Let r ∈ Km×m be regular, then the following hold true.
1. {x ∈ Km×n : xx∗ ≤ rr∗} = rBm×n

S∞,β, and vβmn(rBm×n
S∞,β) = |det(r)|βnωm×n

S∞,β.

18



2. ∂(rBm×n
S∞,β) = rSm×n

S∞,β, and

Hβmn−1(rSm,n
S∞,β) =

|det(r)|β(n−1)Hβm−1(rSm2,β)
Hβm−1(Sm2,β)

Hβmn−1(Sm,n
S∞,β).

3. {x ∈ Km×n : xx∗ = rr∗} = rSm,n
β , and

Hd(rSm,n
β ) = 2−βm(m−1)/4|det(r)|β(n−m+1)−1

∏
1≤j<i≤m

(sj(r)
2 + si(r)

2)β/2 · Ωn,m;β,

where d = βm(2n−m+1)
2 −m.

Proof. Before proving the volumes, we argue the claimed set identities, and we fix the map
f : Km×n → Km×n, x 7→ rx. f is linear and bijective, hence a homeomorphism, and this
immediately gives ∂(rBm×n

S∞,β) = r∂Bm×n
S∞,β = rSm×n

S∞,β . Concerning rBm×n
S∞,β note that xx∗ ≤ rr∗

iff ξ∗xx∗ξ ≤ ξ∗rr∗ξ for all ξ ∈ Km; now substitute η := r∗ξ, which is bijective, and then
η∗r−1xx∗(r∗)−1η ≤ η∗η for all η ∈ Km, which means (r−1x)(r−1x)∗ ≤ Im and so, by Proposi-
tion 3.9, r−1x ∈ Bm×n

S∞,β , hence the claim. Concerning rSm,n
β , note xx∗ = rr∗ iff r−1xx∗(r∗)−1 =

Im, and the claim follows.
We now turn to the volumes. The general tool is to calculate the determinant of f restricted

to the tangent spaces of the respective manifolds; to that end we are going to choose orthonormal
bases as fits our need.

1. Fix a singular value decomposition r = v diag(s(r))u∗. Here f is acting on the whole
space Km×n which is its own tangent space, and we choose as basis elements the matrices ueieTj ,
additionally iueie

T
j in the complex case, then

f(ueie
T
j ) = rueie

T
j = si(r)veie

T
j , f(iueie

T
j ) = irueie

T
j = si(r)iveie

T
j

for all i ∈ [1,m], j ∈ [1, n]; and because also the veieTj — and iveie
T
j — together constitute an

orthonormal basis of Km×n, we get

det(f) =

( m∏
i=1

n∏
j=1

si(r)

)β

=

( m∏
i=1

si(r)

)βn

= |det(r)|βn,

concluding this part.
2. From the proof of Theorem C we know ν(x) = v1u

∗
1 = ve1e

T
1 u

∗ for x ∈ Sm,n
S∞,β with

singular value decomposition x = v diag(s(x))u∗ such that s1(x) = 1 is isolated. Therefore an
orthonormal base of the tangent space at x is given by viu∗j for all (i, j) ∈ [1,m]× [1, n] except
(i, j) = (1, 1)— in the complex case additionally iviu

∗
j for all (i, j) ∈ [1,m]× [1, n]. Because u, v

depend on x it makes no sense to fix a decomposition of r beforehand. Instead, given x, define
t := v∗rv ∈ Km×m; then rvi =

∑m
k=1 tk,ivk for any i ∈ [1,m]. Let j ∈ [1, n] and i ∈ [1,m], then

f(viu
∗
j ) = rviu

∗
j =

m∑
k=1

tk,ivku
∗
j =

m∑
k=1

ℜ(tk,i)vku∗j +
m∑
k=1

ℑ(tk,i)ivku∗j ,

and specially for the complex case,

f(iviu
∗
j ) = rviu

∗
j = −

m∑
k=1

ℑ(tk,i)vku∗j +
m∑
k=1

ℜ(tk,i)ivku∗j .
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This means that for any j ∈ [1, n], the subspace spanned by viu∗j with i ∈ [1,m]— additionally
iviu

∗
j in the complex case— is f -invariant and with respect to that orthonormal basis the matrix

of f is given by t— by
(ℜ(t) −ℑ(t)
ℑ(t) ℜ(t)

)
in the complex case. Also note that for distinct j those

subspaces are mutually orthogonal. Thus for any j ∈ [2, n] the associated subspace makes the
contribution |det(t)|β = |det(r)|β to the functional determinant, yielding a total of |det(r)|β(n−1).
For j = 1 though we lack f(v1u

∗
1), therefore the matrix of f is the (βm × (βm − 1))-matrix

t
( 0
Iβm−1

)
, that is t sans the first column; here we mean t := t in the real case and t :=

(ℜ(t) −ℑ(t)
ℑ(t) ℜ(t)

)
in the complex case. The contribution to the functional determinant in this case is the Gramian

G(x) := det

(
(0, Iβm−1)t

Tt

(
0

Iβm−1

))1/2

= det

(
(0, Iβm−1)v

TrTrv

(
0

Iβm−1

))1/2

,

where we have used that ab corresponds to ab, that a∗ corresponds to aT, and that v ∈ Um;β

corresponds to v ∈ Uβm;1. Summing up, the functional determinant of f at x is given by

D(x) := |det(r)|β(n−1)G(x);

note that it depends on x only through v, not u nor s(x). This allows us to compute the volume
of rSm,n

S∞,β as follows, where we use Theorem C to transform from Hausdorff- to cone measure,

Hβmn−1(rSm,n
S∞,β) =

∫
Sm,n
S∞,β

D(x) dHβmn−1(x)

= Hβmn−1(Sm,n
S∞,β)

∫
Sm,n
S∞,β

D(x) dκm×n
S∞,β(x)

=
Hβmn−1(Sm,n

S∞,β)

ωm×n
S∞,β

∫
Bm×n
S∞,β

D
( x

∥x∥S∞

)
dx

=
Hβmn−1(Sm,n

S∞,β)

ωm×n
S∞,β

Cm!

∫
Wm

∫
Un;β

∫
Um;β

1Bm×n
S∞,β

(v diag(σ)u∗)

·D
( v diag(σ)u∗

∥v diag(σ)u∗∥S∞

)
h(σ) dv dudσ

= Hβmn−1(Sm,n
S∞,β)

2βm(m−1)/4

Ωm;β
|det(r)|β(n−1)

∫
Um;β

G(v diag(e1)) dv;

we note a few points: in the fourth line we have abbreviated C := 2βm/2+βm(m−1)/4+βn(n−1)/4

2βmn/2m!Ωm
1;βΩn−m;β

and

h(σ) :=
∏m

j=1 σ
β(n−m+1)−1
j

∏
1≤j<i≤m|σ2i − σ2j |β , and as we need the singular values to be in

decreasing order for G we have integrated over Wm, cf. Remark 2.5; for the last line we have
invested the structure of D and the knowledge that G only depends on v, therefore we have
inserted some constant values for σ and u, namely e1 and In, resp. In order to identify the last
integral we rely on the following transformation formula, which can be derived from the coarea
formula in considering the map Um;β → Sm2,β given by v 7→ ve1:∫

Um;β

f(v) dv =

∫
Sm2,β

∫
Um−1;β

f

(
θ̂

(
1 0
0 w

))
dw dHβm−1(θ), (11)

where θ̂ ∈ Um;β is such that θ̂e1 = θ. In our situation we need to consider, in the real case,

θ̂

(
1 0
0 w

)(
0

Im−1

)
= θ̂

(
0

Im−1

)
w,
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and similarly in the complex case,

θ̂


1 0 0 0
0 ℜ(w) 0 −ℑ(w)
0 0 1 0
0 ℑ(w) 0 ℜ(w)

(
0

I2m−1

)
= θ̂

(
0

I2m−1

)ℜ(w) 0 −ℑ(w)
0 1 0

ℑ(w) 0 ℜ(w)

;

now we recall that a Gramian is orthogonally invariant, hence∫
Um;β

G(v diag(e1)) dv =

∫
Sm2,β

∫
Um−1;β

det

(
(0, Iβm−1)θ̂

TrTrθ̂

(
0

Iβm−1

))1/2

dw dHβm−1(θ)

=
Ωm−1;β

2β(m−1)(m−2)/4

∫
Sm2,β

det

(
(0, Iβm−1)θ̂

TrTrθ̂

(
0

Iβm−1

))1/2

dHβm−1(θ).

The conclusion of this part is reached through the identities∫
Sm2,β

det

(
0, Iβm−1)θ̂

TrTrθ̂

(
0

Iβm−1

))1/2

dHβm−1(θ) = Hβm−1(rSm2,β)

and
Ωm;β = 2β(m−1)/2Ωm−1;β Hβm−1(Sm2,β),

the first of which can be proved by considering the map Sm2,β → Km given by θ 7→ rθ, leading to
calculations which essentially are the same as those above for Sm,n

S∞,β without writing the uj and
only considering j = 1; the latter can be proved either from the volume formula (1) or from the
transformation formula (11).

3. Fix a singular value decomposition r = v diag(s(r))u∗. We already know Sm,n
β = {w∗ :

w ∈ Un,m;β} and hence rSm,n
β = {(wr∗)∗ : w ∈ Un,m;β}, and for any w ∈ Un,m;β the tangent

space is spanned by the matrices Ei,j — additionally Fi,j in the complex case— given by

Fj,j := iwueje
T
j u

∗ for j ∈ [1,m],

Ei,j :=
w√
2
u(eie

T
j − eje

T
i )u

∗ for 1 ≤ j < i ≤ m,

Fi,j :=
iw√
2
u(eie

T
j + eje

T
i )u

∗ for 1 ≤ j < i ≤ m,

Ei,j := ŵeie
T
j u

∗ for i ∈ [m+ 1, n], j ∈ [1,m],

Fi,j := iŵeie
T
j u

∗ for i ∈ [m+ 1, n], j ∈ [1,m],

where ŵ ∈ Un,β is an extension of w with suitable n−m columns. Their respective images are,
in the same order,

f(Fj,j) = sj(r)iwueje
T
j v

∗,

f(Ei,j) =
w√
2
u(sj(r)eie

T
j − si(r)eje

T
i )v

∗,

f(Fi,j) =
iw√
2
u(sj(r)eie

T
j + si(r)eje

T
i )v

∗,

f(Ei,j) = sj(r)ŵeie
T
j v

∗,

f(Fi,j) = sj(r)iŵeie
T
j v

∗.
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Clearly the elements of each line are orthogonal to the other lines, and the elements of the first,
fourth and fifth lines also are orthogonal among themselves and their norms are the indicated
singular values. Orthogonality is even true for the second and third lines, although less obvious:
let 1 ≤ j < i ≤ m and 1 ≤ j′ < i′ ≤ m, then

⟨f(Ei,j), f(Ei′,j′)⟩ =
si(r)si′(r) + sj(r)sj′(r)

2
δi,i′δj,j′ −

si(r)sj′(r) + si′(r)sj(r)

2
δi,j′δi′,j ;

but for our choice of indices always δi,j′δi′,j = 0, and so orthgonality follows. The analogous
calculation goes through for f(Fi,j). Therefore the functional determinant equals( m∏

j=1

sj(r)

)β−1( ∏
1≤j<i≤m

(sj(r)
2 + si(r)

2)1/2√
2

)β( ∏
1≤j≤m<i≤n

sj(r)

)β

= 2−βm(m−1)/4|det(r)|β(n−m+1)−1
∏

1≤j<i≤m

(sj(r)
2 + si(r))

β/2.

Since this is indpendent of w, this implies directly

Hd(Un,m;βr
∗) = 2−βm(m−1)/4|det(r)|β(n−m+1)−1

∏
1≤j<i≤m

(sj(r)
2 + si(r))

β/2 · Ωn,m;β,

and because adjoining is an isometry the result for Sm,n
β follows.

Remark 3.11. The factor Hβm−1(rSm2,β) in Proposition 3.10, part 2, is the surface area of an
ellipsoid, as such it cannot be expressed in terms of elementary functions of s(r) (the semiaxes
of the ellipsoid).

4 Probabilistic results and weak limit theorems for p = ∞
For all subsequent probabilistic results we suppose a sufficiently rich probability space (Ω,A,P)
on which all random variables that appear in the present paper are defined. The expected
value of a random variable X w.r.t. P is denoted E[X] and is to be understood component-
wise for vector-valued X. X ∼ µ means the law, or distribution, of X is µ, and d

= denotes
equality in law. For A ⊂ Rd with vd(A) ∈ R>0 the uniform distribution on A (w.r.t. Lebesgue
measure) is U(A), and U(Un,m;β) means the normalized invariant measure on Un,m;β (see also
Section 2.2). Convergence in law, in probability, and almost surely are denoted by d−→, P−→, and
a.s.−−→ respectively.

The following can be considered a variant of the Schechtman–Zinn representation of the
uniform distribution on the ℓp-balls. It uses the matrix-variate type-I beta-distribution, writ-
ten BI

m,β(a, b) and defined as follows (see [18, Definition 5.2.1]): suppose a, b > β(m−1)
2 , then

BI
m,β(a, b) is the probability distribution on Symm,β with density

x 7→
Γm,β(a+ b)

Γm,β(a)Γm,β(b)
det(x)a−1−β(m−1)/2 det(Im − x)b−1−β(m−1)/2 1(0,Im)(x),

where of course (0, Im) := {x ∈ Symm,β : 0 < x < Im}.

Proposition 4.1. A random variable X ∈ Km×n is distributed uniformly on Bm×n
S∞,β iff there exist

independent random variables R ∈ Km×m and U ∈ Kn×m such that R ∼ BI
m,β(

βn
2 ,

β(m−1)
2 + 1),

U ∼ U(Un,m;β), and
X

d
= R1/2 U∗.
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Remark 4.2. Note that from X
d
= R1/2 U∗ follow R

d
= XX∗ and U d

= X∗(XX∗)−1/2.

Proof. The statement is a simple consequence of Proposition 2.4, part 1. We have X ∼ U(Bm×n
S∞,β)

iff, for any f : Km×n → R nonnegative and measurable,

E[f(X)] =
1

ωm×n
S∞,β

∫
Km×n

1Bm×n
S∞,β

(x)f(x) dx

=
2−m

ωm×n
S∞,β

∫
Posm,β

∫
Un,m;β

1Bm×n
S∞,β

(r1/2 u∗)f(r1/2 u∗) dudet(r)β(n−m+1)/2−1 dr

=
2−m

ωm×n
S∞,β

∫
Posm,β

∫
Un,m;β

f(r1/2 u∗) du 1(0,Im](r) det(r)
β(n−m+1)/2−1 dr

= E[f(R1/2 U∗)],

where R and U have the claimed joint distribution. (This is obvious for U ; concerning R one
may compare our result with the known density.) In the last integral, r1/2 u∗ ∈ Bm×n

S∞,β iff r ≤ Im,
and note that (0, Im] \ (0, Im) is negligible.

Another representation, related to the first one, can be obtained in the special case n = dm for
some d ∈ N. Here we may identify Km×dm ∼= (Km×m)d, constisting of d-dimensional row vectors
whose entries are from Km×m. Then, for x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Km×dm, xy∗ =∑d

i=1 xiy
∗
i , and hence also ⟨x, y⟩ =

∑d
i=1⟨xi, yi⟩. It uses the matrix-variate type-I Dirichlet-

distribution DI
m,β(a1, . . . , ad; ad+1), with a1, . . . , ad+1 >

β(m−1)
2 , defined to be the probability

distribution on Symd
m,β with density (see [18, Definition 6.2.1])

(x1, . . . , xd) 7→
Γm,β

(∑d+1
i=1 ai

)∏d+1
i=1 Γm,β(ai)

d∏
i=1

det(xi)
ai−1−β(m−1)/2

· det
(
Im −

d∑
i=1

xi

)ad+1−1−β(m−1)/2

1∆d
m,β

(x1, . . . , xd),

where ∆d
m,β :=

{
(x1, . . . , xd) ∈ Symd

m,β : x1, . . . , xd > 0 ∧
∑d

i=1 xi < Im
}
.

Remark 4.3. With this componentwise interpretation the spectral norm unit ball can be written
Bm×dm
S∞,β =

{
(xi)i≤d ∈ (Km×m)d :

∑d
i=1 xix

∗
i ≤ Im

}
, which looks like a natural generalization of

the usual ℓ2-ball Bd
2,β =

{
(xi)i≤d ∈ Kd :

∑d
i=1|xi|2 ≤ 1

}
, replacing the scalar components with

matrix-valued ones. In truth this was the starting point of the present investigations.

Proposition 4.4. A random vector X ∈ Km×dm is distributed uniformly on Bm×dm
S∞,β iff there

exist independent random variables R = (R1, . . . , Rd) ∈ Km×dm and U1, . . . , Ud ∈ Km×m such
that R ∼ DI

m,β(
βm
2

[d]
; β(m−1)

2 +1) (i.e., the parameter m
2 occurs d times), Ui ∼ U(Um;β) for each

i ∈ {1, . . . , d}, and
X

d
= (R

1/2
1 U1, . . . , R

1/2
d Ud).

Proof. Again we apply Proposition 2.4, part 1, this time separately to each of the d components
of Km×dm = Km×m × · · · × Km×m. We have X ∼ U(Bm×dm

S∞,β ) iff, for any f : Km×dm → R
measurable and nonnegative,

E[f(X)] =
1

ωm×dm
S∞,β

∫
Rm×dm

1Bm×dm
S∞,β

(x)f(x) dx
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=
(2−m)d

ωm×dm
S∞,β

∫
Posm,β

∫
Um;β

· · ·
∫

Posm,β

∫
Um;β

1Bm×dm
S∞,β

(r
1/2
1 u∗1, . . . , r

1/2
d u∗d)

· f(r1/21 u∗1, . . . , r
1/2
d u∗d)

d∏
i=1

det(ri)
β/2−1

d∏
i=1

(dui dri)

=
2−dm

ωm×dm
S∞,β

∫
∆d

m,β

∫
Ud

m;β

f(r
1/2
1 u1, . . . , r

1/2
d ud)

d∏
i=1

dui

d∏
i=1

det(ri)
β/2−1 dr

= E[f(R1/2
1 U1, . . . , R

1/2
d Ud)],

where the desired conclusion is reached by noticing a few points: firstly, (r1/21 u1, . . . , r
1/2
d ud) ∈

Bm×dm
S∞,β iff

∑d
i=1 ri ≤ Im; secondly, we have transformed ui 7→ u∗i , which has no import since we

are integrating with respect to the (scaled) Haar measure; thirdly and lastly, the distribution of
the Ui is obvious again, and that of (R1, . . . , Rd) can be read off by comparing with the known
density.

Next we present a Poincaré–Maxwell–Borel-type result. It is useful to keep the following
relationships in mind. The standard Gaussian distribution on R is denoted by N1, defined by
its Lebesgue-density x 7→ (2π)−1/2e−x2/2. The standard Gaussian distribution on C is denoted
by N2 and defined to be the law of 2−1/2(x + iy), where (x, y) ∼ N1 ⊗ N1. Note E[|X|2] = 1
for X ∼ Nβ . The content of the following proposition is standard from random matrix theory,
especially as used in statistics; textbook references are [18, 35].

Proposition 4.5. 1. Let X ∼ N⊗(m×n)
β , then XX∗ ∼ Γm,β(

βn
2 ,

2
β Im), where the matrix-

variate gamma-distribution Γm,β(α, b) with α > β(m−1)
2 and b ∈ Posm,β is defined on

Posm,β by its density

x 7→ det(x)α−1−β(m−1)/2

det(b)αΓm,β(α)
e− tr(b−1x).

2. BI
m,β(α1, α2) = DI

m,β(α1;α2).

3. Let d ∈ N, α1, . . . , αd+1 > β(m−1)
2 , b ∈ Posm,β, and (Xi)i≤d+1 ∼

⊗d+1
i=1 Γm,β(αi, b).

Define Yi :=
(∑d+1

j=1 Xj

)−1/2
Xi

(∑d+1
j=1 Xj

)−1/2 for i ∈ [1, d] and Yd+1 :=
∑d+1

i=1 Xi, then
(Yi)i≤d and Yd+1 are independent, and (Yi)i≤d ∼ DI

m,β(α1, . . . , αd;αd+1) and Yd+1 ∼
Γm,β

(∑d+1
i=1 αi, b

)
.

4. Consequently, given n1, . . . , nd+1 ∈ N≥m, then (Xi)i≤d ∼ DI
m,β(

βn1

2 , . . . , βnd
2 ;

βnd+1

2 ) iff

there exists (Gi)i≤d+1 ∼
⊗d+1

i=1 N⊗(m×ni)
β such that Xi

d
=

(∑d+1
j=1 GjG

∗
j

)−1/2
GiG

∗
i

(∑d+1
j=1 GjG

∗
j

)−1/2

for each i ∈ [1, d].

Theorem D. Consider m fixed, let k ∈ N, and let (Xn)n≥m be a sequence of random variables
such that either

• Xn ∼ U(Bm×n
S∞,β) for each n ≥ m, or

• Xn ∼ U(Sm,n
S∞,β) for each n ≥ m, or

• Xn ∼ U(Sm,n
β ) for each n ≥ m.

Denote the projection of Xn onto the first k columns by X(k)
n . Then in any case

(n1/2X(k)
n )n≥max{m,k}

d−→ N⊗(m×k)
β .
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Proof. We begin with the case Xn ∼ U(Sm,n
β ), then X∗

n ∼ U(Un,m;β). Let (gn)n≥1 be an i.i.d.-

sequence of N⊗m
β -distributed vectors and set Gn := (g1, . . . , gn) for n ≥ 1, then Gn ∼ N⊗(m×n)

β ,

and by Proposition 5.5 we have X∗
n

d
= G∗

n(GnG
∗
n)

−1/2. It follows that

X(k)
n

d
= (GnG

∗
n)

−1/2Gk.

By the strong law of large numbers,

1

n
GnG

∗
n =

1

n

n∑
i=1

gig
∗
i

a.s.−−−→
n→∞

E[g1g∗1] = Im, (12)

and therefore,

n1/2X(k)
n

d
=

( 1

n
GnG

∗
n

)−1/2
Gk

a.s.−−−→
n→∞

Gk,

which proves the claim.
We proceed with the case Xn ∼ U(Bm×n

S∞,β), then by Proposition 4.1

Xn
d
= R1/2

n U∗
n

with independent random variables Rn ∼ BI
m,β(

βn
2 ,

β(m−1)
2 + 1) and Un ∼ U(Un,m;β). The first

case implies
(n1/2U∗

n
(k))n≥max{m,k}

d−→ Gk.

Using the probabilistic representation of BI
m,β(

βn
2 ,

β(m−1)
2 +1) from Proposition 4.5 we can write

Rn
d
= (GnG

∗
n +H)−1/2GnG

∗
n(GnG

∗
n +H)−1/2,

whereH ∼ Γm,β(
β(m−1)

2 +1, 2β Im) is independent from (gj)j∈N. Since (n−1H)n≥1
a.s.−−→ 0, together

with Equation (12) we infer
(Rn)n≥m

P−→ Im,

and therewith we conclude

n1/2X(k)
n

d
= R1/2

n n1/2U∗
n
(k) d−−−→

n→∞
Gk,

as desired.
Lastly we consider the case Xn ∼ U(Sm,n

S∞,β) = κm×n
S∞,β . Let Yn ∼ U(Bm×n

S∞,β), then by Proposi-
tion 5.4,

Xn
d
=

Yn
∥Yn∥S∞

and by the same proposition and by Remark 5.2, part 1, the distribution of ∥Yn∥S∞ has density
r 7→ βmnrβmn−1 1[0,1](r). The latter fact implies ∥Yn∥βmn

S∞
∼ U([0, 1]) and therefore

(∥Yn∥S∞)n≥m
a.s.−−→ 1.

(First use ∥Yn∥S∞
d
= U1/(βmn) with U ∼ U([0, 1]) to get convergence in distribution; because

the limit is constant, promote to convergence in probability; use Borel–Cantelli to obtain almost
sure convergence.) This finally leads to

n1/2X(k)
n

d
=
n1/2Y

(k)
n

∥Yn∥S∞

d−−−→
n→∞

Gk,

and the proof is complete.
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Remark 4.6. Essentially the same result, but using a very different method, for the case of
U(Sm,n

β ) has been obtained recently by Petrov and Vershik [56, Theorem 3.1].
The next proposition has a nice geometric interpretation: pick two points independently

from either Bm×n
S∞,β , Sm,n

S∞,β , or Sm,n
β , then they will be nearly orthogonal, when the dimension is

high. This will be formulated as a distributional limit theorem.

Theorem E. Let (Xn)n≥m and (Yn)n≥m be sequences of random variables such that individually
their distributions satisfy the same conditions as in Theorem D, and additionally let {Xn, Yn}
be independent for each n ≥ m. Then

(n1/2XnY
∗
n )n≥m

d−→ N⊗(m×m)
β ,

and
((βm−1 n)1/2⟨Xn, Yn⟩)n≥m

d−→ N1.

Proof. We use the same notation as in the proof of Theorem D. Note that the second convergence
is an almost immediate consequence of the first one: apply the real part of the trace to get

(βn)1/2

m1/2
⟨Xn, Yn⟩ =

β1/2

m1/2
ℜ tr(n1/2XnY

∗
n )

d−−−→
n→∞

β1/2

m1/2
ℜ tr(Gm) =

β1/2

m1/2

m∑
i=1

ℜ(gi,i) ∼ N1,

since the ℜ(gi,i) are i.i.d. Gaussian with zero mean and variance 1
β .

Concerning the first statement, it suffices to consider the case Xn, Yn ∼ U(Sm,n
β ); then use

the same arguments as in the proof of Theorem D to get rid of any ‘radial’ components of the
random variables. Write

Xn
d
= (GnG

∗
n)

−1/2Gn and Yn
d
= (G′

n(G
′
n)

∗)−1/2G′
n,

where G′
n = (g′1, . . . , g

′
n) is an independent copy of Gn, to obtain

n1/2XnY
∗
n

d
= n1/2(GnG

∗
n)

−1/2Gn(G
′
n)

∗(G′
n(G

′
n)

∗)−1/2

=
( 1

n
GnG

∗
n

)−1/2( 1√
n
Gn(G

′
n)

∗
)( 1

n
G′

n(G
′
n)

∗
)−1/2

.

Because of Equation (12) the square root terms are accounted for and they do not contribute
to the limit. The middle term can be written out,

Gn(G
′
n)

∗ =
n∑

j=1

gj(g
′
j)

∗,

and this is a sum of i.i.d. random variables; the summands are centred because of

E[g1g′∗1 ] = E[g1]E[g′j ]∗ = ooT = 0,

their covariance matrix equals

Cov[vec(g1(g
′
1)

∗)] = E[vec(g1(g′1)∗) vec(g1(g′1)∗)∗] = Cov[g′1]⊗ Cov[g1] = Im ⊗ Im = Im2 ,

and in the complex case their pseudo-covariance matrix (also called relation matrix) equals

Rel[vec(g1(g
′
1)

∗)] = E[vec(g1(g′1)∗) vec(g1(g′1)∗)T] = Rel[g′1]⊗ Rel[g1] = 0⊗ 0 = 0.

Therefore by the multivariate central limit theorem
1√
n
Gn(G

′
n)

∗ d−−−→
n→∞

Gm.

This finally yields
n1/2XnY

∗
n

d−−−→
n→∞

Gm.
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5 Theory of K-symmetric measures

Referring back to Remark 4.2, we see that if X ∼ U(Bm×n
S∞,β), then X∗(XX∗)−1/2 ∼ U(Un,m;β).

But it is also well known that if X ∼ N⊗(m×n)
1 , then XT(XXT)−1/2 ∼ U(Un,m;1) too (see [9,

Theorem 2.2. and top of p. 270], e.g.). This can be generalized. But first we need to introduce
a notion of symmetry of a measure.

Definition 5.1. Let d ∈ N and let K ⊂ Rd be a star body. A Borel-measure µ on Rd is
called K-symmetric iff there exists a Borel-measure ρ on R≥0 such that for any measurable,
nonnegative map f : Rd → R,∫

Rd

f(x) dµ(x) =

∫
R≥0

∫
∂K

f(rθ) dκK(θ) dρ(r),

where recall that κK denotes the normalized cone measure on ∂K.

Remark 5.2. 1. By the polar integration formula (9) the uniform distribution onK isK-sym-
metric with dρ

dr (r) = drd−1 1[0,1](r); and κK itself is K-symmetric with ρ = δ1.
2. Given a K-symmetric measure µ, the ‘radial measure’ ρ as introduced above is unique.

(This can be proved by inserting f = 1A with A = {rθ : r ∈ A1, θ ∈ ∂K} for some Borel-set
A1 ⊂ R≥0.)

That Definition 5.1 captures the symmetry of K in a natural way is argued by the following
statement which tells us that the density of a K-symmetric measure is constant on the dilates
of ∂K.

Proposition 5.3. Let d, K be as in Definition 5.1, and let µ be absolutely continuous w.r.t.
vd. Then µ is K-symmetric iff its vd-density is of the form f ◦ |·|K with some measurable,
nonnegative f : R≥0 → R; and then dρ(r)

dr = d vd(K)f(r)rd−1.

Proof. ⇒: Call F := dµ
dvd

. Let h : Rd → R be measurable and nonnegative. Then, with a suitable
measure ρ,∫

R≥0

∫
∂K

h(rθ) dκK(θ) dρ(r) =

∫
Rd

h(x) dµ(x) =

∫
Rd

h(x)F (x) dx (13)

= d vd(K)

∫
R≥0

∫
∂K

h(rθ)F (rθ) dκK(θ) rd−1 dr.

Choose h = h1 ◦ |·|K with some measurable, nonnegative h1 : R≥0 → R, then h(rθ) = h1(r) for
any r > 0 and θ ∈ ∂K, and therewith∫

R≥0

h1(r) dρ(r) = d vd(K)

∫
R≥0

h1(r)

∫
∂K

F (rθ) dκK(θ) rd−1 dr. (14)

Define f(r) :=
∫
∂K F (rθ) dκK(θ) for r ≥ 0, then Equation 14 tells us dρ

dr (r) = d vd(K)f(r)rd−1,
and going back to Equation 13, again with h arbitrary, we have∫

Rd

h(x)F (x) dx =

∫
R≥0

∫
∂K

h(rθ) dκK(θ) d vd(K)f(r)rd−1 dr

= d vd(K)

∫
R≥0

∫
∂K

h(rθ)f(|rθ|K) dκK(θ) rd−1 dr

=

∫
Rd

h(x)f(|x|K) dx,
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and from this we obtain F = f ◦ |·|K , as claimed.
⇐: Let h : Rd → R be measurable and nonnegative. Then,∫

Rd

h(x) dµ(x) =

∫
Rd

h(x)f(|x|K) dx

= d vd(K)

∫
R≥0

∫
∂K

h(rθ)f(|rθ|K)rd−1 dκK(θ) dr

=

∫
R≥0

∫
∂K

h(rθ) dκK(θ) d vd(K)f(r)rd−1 dr,

hence the claim follows with dρ
dr (r) := d vd(K)f(r)rd−1.

Proposition 5.4. Let d, K, µ, ρ be as in Definition 5.1, with µ a probabiliy measure, and let
X be a Rd-valued random variable. Then X ∼ µ iff there exist independent random variables R
and Θ such that R ∼ ρ, Θ ∼ κK , and X d

= RΘ. In that case |X|K
d
= R.

If in addition µ{o} = 0, then X
|X|K

d
= Θ, and |X|K and X

|X|K are stochastically independent.

Proof. The representation X d
= RΘ together with the properties of R and Θ are a mere rewriting

of Definition 5.1. Because of Θ ∼ κK we have Θ ∈ ∂K almost surely, hence |Θ|K = 1 almost
surely, also R ≥ 0 almost surely, and thus |X|K

d
= |RΘ|K = R|Θ|K = R.

Note P[X = o] = µ{o} and X = o ⇐⇒ |X|K = 0, hence if µ{o} = 0, then X
|X|K is

almost surely defined. In the latter case, let f : R≥0 → R and g : ∂K → R be measurable and
nonnegative, then,

E
[
f(|X|K)g

( X

|X|K

)]
=

∫
R≥0

∫
∂K

f(|rθ|K)g
( rθ

|rθ|K

)
dκK(θ) dρ(r)

=

∫
R≥0

∫
∂K

f(r)g(θ) dκK(θ) dρ(r)

=

∫
R≥0

f(r) dρ(r)

∫
∂K

g(θ) dκK(θ).

From that follow the distribution of X
|X|K and the independence of |X|K and X

|X|K .

Thus equipped we turn to probability distributions on Km×n.

Proposition 5.5. Let K ⊂ Km×n be a star body and let X be an Km×n-valued random variable
whose distribution is K-symmetric with radial distribution ρ.

1. XX∗ is almost surely invertible, iff X ̸= 0 almost surely, iff ρ{0} = 0.
2. If ρ{0} = 0 and additionally K is right-unitarily invariant (that is Ku = K for all u ∈

Un;β), then XX∗ and X∗(XX∗)−1/2 are stochastically independent, and X∗(XX∗)−1/2 ∼
U(Un,m;β).

3. If K is right-unitarily invariant and the distribution of X has vβmn-density h ◦ |·|K , then
the distribution of XX∗ has density proportional to r 7→ h(|r1/2||K|) det(r)

β(n−m+1)/2−1,
where |K| := {(xx∗)1/2 : x ∈ K} ⊂ Symm,β.

Proof. 1. WriteX d
= RΘ with R ∼ ρ and Θ ∼ κK independent, according to Proposition 5.4;

then X = 0 iff |X|K
d
= R = 0, hence P[X = 0] = P[R = 0] = ρ{0}.
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Next note that XX∗ is invertible iff X has full rank, iff sm(X) > 0; using the representation
of X his yields

P[sm(X) > 0] = P[sm(RΘ) > 0] = P[Rsm(Θ) > 0]

= P[R > 0 ∧ sm(Θ) > 0] = P[R > 0]P[sm(Θ) > 0].

Trivially P[R > 0] = 1−ρ{0}; take U ∼ U([0, 1]) independent of Θ, then U1/(βmn)Θ ∼ U(K) (this
follows from Remark 5.2, part 1) and P[U1/(βmn) > 0] = 1, and by doing the same calculation
as before,

1 =
vβmn({x ∈ K : sm(x) > 0})

vβmn(K)
= P[sm(U1/(βmn)Θ) > 0] = P[sm(Θ) > 0].

This establishes P[sm(X) > 0] = 1− ρ{0}, thus XX∗ is almost surely invertible iff ρ{0} = 0.
2. Let f : Un,m;β → R and g :Posm,β → R be measurable and nonnegative, then

E[f(X∗(XX∗)−1/2)g(XX∗)] =

∫
R≥0

∫
∂K

f(rθ∗(r2θθ∗)−1/2)g(r2θθ∗) dκK(θ) dρ(r)

=

∫
∂K

f(θ∗(θθ∗)−1/2)

∫
R≥0

g(r2θθ∗) dρ(r) dκK(θ)

=
1

vβmn(K)

∫
K
f(x∗(xx∗)−1/2)

∫
R≥0

g
(r2xx∗

|x|2K

)
dρ(r) dx

=
2−m

vβmn(K)

∫
Posm,β

∫
Un,m;β

1K(t1/2u∗)f(ut1/2(t1/2u∗ut1/2)−1/2)

·
∫
R≥0

g
(r2t1/2u∗ut1/2

|t1/2u∗|2K

)
dρ(r) du det(t)β(n−m+1)/2−1 dt.

We have t1/2u∗ ∈ K iff t1/2 ∈ |K|; indeed, concerning “⇒” let t1/2u∗ ∈ K, then (t1/2u∗ut1/2)1/2 =
t1/2 ∈ |K|. Concerning “⇐” let t1/2 ∈ |K|, then there is some x ∈ K such that t1/2 = (xx∗)1/2;
let x = |x|v∗ be its polar decomposition, then t1/2 = |x|; and as K is right-unitarily invariant we
get xv̂û∗ ∈ K, and xv̂û∗ = |x|v∗v̂û∗ = |x|u∗ = t1/2u∗. This also implies 1K(t1/2u∗) = 1|K|(t

1/2).
Hence we may continue,

E[f(X∗(XX∗)−1/2)g(XX∗)] =
2−m

vβmn(K)

∫
Posm,β

∫
Un,m;β

1|K|(t
1/2)f(u)

·
∫
R≥0

g
( r2t

|t1/2|2K

)
dρ(r) dudet(t)β(n−m+1)/2−1 dt

=
2−m

vβmn(K)

∫
Un,m;β

f(u) du

·
∫

Posm,β

1|K|(t
1/2)

∫
R≥0

g
( r2t

|t1/2|2K

)
dρ(r) det(t)β(n−m+1)/2−1 dt.

This reveals the claimed independence of X∗(XX∗)−1/2 and XX∗, and the distribution of
X∗(XX∗)−1/2.

3. Let the distribution of X have vβmn-density h ◦ |·|K according to Proposition 5.3 and let
g be as before, then,

E[g(XX∗)] =

∫
Km×n

g(xx∗)h(|x|K) dx
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= 2−m

∫
Posm,β

∫
Un,m;β

g(r1/2u∗ur1/2)h(|r1/2u∗|K) dudet(r)β(n−m+1)/2−1 dr

= 2−m Ωn,m;β

2βm(m−1)/4

∫
Posm,β

g(r)h(|r1/2||K|) det(r)
β(n−m+1)/2−1 dr.

This last line yields the claimed density of the distribution of XX∗.

Remark 5.6. 1. Because Bm×n
Sp,β

is both left- and right-unitarily invariant, all of Proposi-
tion 5.5 is applicable to it.

2. The classical case X ∼ N⊗(m×n)
β is recovered by noticing its density

( β
2π )

βmn/2e−β tr(xx∗)/2 = ( β
2π )

βmn/2e
−β∥x∥2S2

/2, that is, N⊗(m×n)
β is Bm×n

S2,β
-symmetric. As an aside,

XX∗ is Wishart-distributed, which fact can also be inferred from part 3 given above.
3. Part 3 of Proposition 5.5 is always satisfied forX ∼ U(Bm×n

Sp,β
) (density (ωm×n

Sp,β
)−1 1[0,1] ◦∥·∥Sp

).

Proposition 5.5 partly overlaps with [18, Theorem 8.2.5], as follows from the next statement.
But in Proposition 5.5X need not have a vβmn-density in order to ensure almost sure invertibility
of XX∗ and to achieve X∗(XX∗)−1/2 ∼ U(Un,m;β). (Of course, left or right unitary invariance
is not sufficient for invertibility of XX∗: just take X := V diag(1, . . . , 1, 0)U∗ with U ∼ U(Un;β)
and V ∼ U(Um;β), for instance.)

In the sequel Sm denotes the symmetric group of degree m ∈ N.

Proposition 5.7. A Km×n-valued random variable X has a two-sided unitarily invariant dis-
tribution, that is X d

= vXu for all u ∈ Un;β and v ∈ Um;β, if and only if there exist independent
random variables S, U , and V such that S takes values in Rm, U ∼ U(Un;β), V ∼ U(Um;β),
and X d

= V diag(S)U∗.
Moreover, if X has a two-sided unitarily invariant distribution, then S can be constructed

such that P[S ∈ Rm
≥0] = 1, it has exchangeable coordinates and then (sπ(i)(X))i≤m

d
= S with

π ∼ U(Sm) independent of X, or such that P[S ∈Wm] = 1 (recall Wm = {(xi)i≤m ∈ Rm : 0 ≤
xm ≤ · · · ≤ x1}) and then s(X)

d
= S.

Proof. ⇐: This is trivial because U(Ud;β) is a Haar measure and thus wW d
=W forW ∼ U(Ud;β)

and any w ∈ Ud;β .
⇒: Call µ := P ◦X−1; then we have, for any f : Km×n → R measurable and nonneagtive and

any u ∈ Un;β and v ∈ Um;β ,

E[f(X)] = E[f(vXu)] =
∫
Km×n

f(vxu) dµ(x).

Integrate on both sides over the unitary groups to obtain

Ωm;βΩn;β

2βm(m−1)/4+βn(n−1)/4
E[f(X)] =

∫
Um;β

∫
Un;β

∫
Km×n

f(vxu) dµ(x)dudv

=

∫
Km×n

∫
Um;β

∫
Un;β

f(vxu) dudv dµ(x).

For any x ∈ Km×n choose a singular value decomposition x = vx diag(s(x))u
∗
x and get∫

Um;β

∫
Un;β

f(vxu) dudv =

∫
Um;β

∫
Un;β

f(vvx diag(s(x))u
∗
xu) dudv

=

∫
Um;β

∫
Un;β

f(v diag(s(x))u∗) dudv,
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where we have used unitary invariance of the respective Haar measures and also its invariance
under adjoining. This leads to (abbreviating the normalization constant by c)

E[f(X)] = c

∫
Km×n

∫
Um;β

∫
Un;β

f(v diag(s(x))u∗) du dv dµ(x)

= c

∫
Wm

∫
Um;β

∫
Un;β

f(v diag(σ)u∗) dudv d(µ ◦ s−1)(σ),

and this yields X = V diag(S)U∗ with independent S, U , and V such that U ∼ U(Un;β),
V ∼ U(Um;β), and S ∼ µ ◦ s−1 = P ◦ s(X)−1, so s(X)

d
= S.

Now let P ∼ U(Sm) be independent of all other random variables and set T := (SP (i))i≤m,

then T ∈ Rm
≥0 almost surely, T has exchangeable coordinates, and T

d
= (sP (i)(X))i≤m, and we

also have

E[f(V TU∗)] = c
1

m!

∑
π∈Sm

∫
Wm

∫
Um;β

∫
Un;β

f(v diag((σπ(i))i≤m)u∗) dudv d(µ ◦ s−1)(σ)

= c
1

m!

∑
π∈Sm

∫
Wm

∫
Um;β

∫
Un;β

f(v diag(σ)u∗) du dv d(µ ◦ s−1)(σ)

= c

∫
Wm

∫
Um;β

∫
Un;β

f(v diag(σ)u∗) dudv d(µ ◦ s−1)(σ)

= E[f(X)],

where from the first to second line we have used diag((σπ(i))i≤m) = τπ diag(σ) diag(τπ, In−m)T

with τπ = (δπ(i),j)(i,j)∈n×n and unitary invariance, as in Remark 2.5. This proves X d
= V TU∗.

Remark 5.8. Proposition 5.7 tells us that if the distribution of X is two-sided unitarily invariant,
then it is alredy completely determined by the distribution of the singular values of X, in the
sense that X d

= V diag(s(X))U∗ with independent U ∼ U(Un;β) and V ∼ U(Um;β).

Proposition 5.9. Any Bm×n
Sp,β

-symmetric measure on Km×n is two-sided unitarily invariant.

Proof. Let µ be a Bm×n
Sp,β

-symmetric measure on Km×n with radial measure ρ, and let u ∈ Un;β

and v ∈ Um;β . Keeping in mind that singular values, and hence also ∥·∥Sp
and Bm×n

Sp,β
, are two-

sided unitarily invariant, let f : Km×n → R be measurable and nonnegative, then we have for
any r ∈ R≥0∫

Sm,n
Sp,β

f(rvθu) dκm×n
Sp,β

(θ) =
1

ωm×n
Sp,β

∫
Km×n

1Bm×n
Sp,β

(x)f
( rvxu
∥x∥Sp

)
dx

=
1

ωm×n
Sp,β

∫
Km×n

1Bm×n
Sp,β

(v∗xu∗)f
( rx

∥v∗xu∗∥Sp

)
dx

=
1

ωm×n
Sp,β

∫
Km×n

1Bm×n
Sp,β

(x)f
( rx

∥x∥Sp

)
dx

=

∫
Sm,n
Sp,β

f(rθ) dκm×n
Sp,β

(θ).
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Now intgerate w.r.t. ρ in order to get∫
Km×n

f(vxu) dµ(x) =

∫
R≥0

∫
Sm,n
Sp,β

f(rvθu) dκm×n
Sp,β

(θ) dρ(r)

=

∫
R≥0

∫
Sm,n
Sp,β

f(rθ) dκm×n
Sp,β

(θ) dρ(r) =

∫
Km×n

f(x) dµ(x),

and the claim follows.

The next theorem is a major generalization of the probabilistic representation of singular
values of random matrices as used in [27] and [28].

Theorem F. Let X be a Km×n-valued random variable.
1. X has a Bm×n

Sp,β
-symmetric distribution with radial distribution ρ if and only if there exist

independent random variables R, U , V , and Y such that R ∼ ρ, U ∼ U(Un;β), V ∼
U(Um;β), and Y = (Yi)i≤m is Rm-valued with Lebesgue-density

g(y1, . . . , ym) :=
1Rm

>0
(y)

Zm,n,p,β
e
−βn∥y∥p/2

p/2

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yi − yj |β (15)

(here Zm,n,p,β ∈ R>0 is the appropriate normalization constant, and we interpret e−βn∥y∥p/2
p/2 :=

1Bm
∞,1

(y) for p = ∞), and

X
d
= RV

diag
(
(Y

1/2
i )i≤m

)
∥Y ∥1/2p/2

U∗.

2. Special cases of 1.:
(a) X ∼ U(Bm×n

Sp,β
) iff R

d
= W 1/(βmn), where W ∼ U([0, 1]) is independent of all other

random variables.
(b) X ∼ κm×n

Sp,β
iff R = 1 almost surely.

3. For the particular value p = ∞ we have the following additional representations:
(a) X ∼ U(Bm×n

S∞,β) if and only if X d
= V diag((Y

1/2
i )i≤m)U∗, where U , V , and Y have

the same meanings as in 1.
(b) X ∼ κm×n

S∞,β if and only if X d
= V diag

(
(Y

1/2
i )i≤m

)
U∗, where U und V have the same

meanings as in 1., and Y = (Y1, . . . , Ym)T is Rm-valued with Y1 = 1 almost surely
and (Y2, . . . , Ym) has Lebesgue-density proportional to

(y2, . . . , ym) 7→ g(1, y2, . . . , ym).

Proof. For ease of notation we abbreviate normalization constants (whose value also may change
from one occurrence to the other) and set h(x) := 1Rm

>0
(x) ·

∏m
i=1 x

β(n−m+1)−1
i ·

∏
1≤i<j≤m|x2i −

x2j |β .

1. ⇒: From Proposition 5.4 we know X
d
= RΘ where R and Θ are independent, R ∼ ρ and

Θ ∼ κm×n
Sp,β

. Since κm×n
Sp,β

is Bm×n
Sp,β

-symmetric (see Remark 5.2), from Propositions 5.7 and 5.9 we

know Θ
d
= V diag(S)U∗ with independent variables S, U , and V such that S d

= (sP (i)(Θ))i≤m,
U ∼ U(Un;β), and V ∼ U(Um;β), where P ∼ U(Sm) is independent of all others. Thence it
suffices to establish S

d
= ∥Y ∥−1/2

p/2 (Y
1/2
i )i≤m where Y has the claimed distribution. We further
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define xπ := (xπ(i))i≤m for x ∈ Km and π ∈ Sm. So let f : Rm → R be measurable and
nonnegative, then

E[f(S)] = E[f(s(Θ)P )] =
1

m!

∑
π∈Sm

∫
Sm,n
Sp,β

f(s(θ)π) dκ
m×n
Sp,β

(θ);

express the integral over Sm,n
Sp,β

as one over Bm×n
Sp,β

and use the positive homogeneity of singular
values to get

E[f(S)] =
C

m!

∑
π∈Sm

∫
Bm×n
Sp,β

f
( s(x)π
∥x∥Sp

)
dx;

now use Proposition 2.4, part 2, noting that the integrand already depends only on the singular
values of x,

E[f(S)] =
C1

m!

∑
π∈Sm

∫
Bm
p,1

f
(s(diag(σ))π

∥σ∥p

)
h(σ) dσ;

as in Remark 2.5 we split Rm
>0 =

⋃
π′∈Sm

τπ′Wm (up to null sets), transform τπ′Wm to Wm

while bearing the symmetry of ∥·∥p and h in mind, and use s(diag(σπ′)) = σ for σ ∈Wm, so∫
Bm
p,1

f
(s(diag(σ))π

∥σ∥p

)
h(σ) dσ =

∑
π′∈Sm

∫
τπ′Wm

1Bm
p,1
(σ)f

(s(diag(σ))π
∥σ∥p

)
h(σ) dσ

=
∑

π′∈Sm

∫
Wm

1Bm
p,1
(σ)f

(s(diag(σπ′))π
∥σ∥p

)
h(σ) dσ

=
∑

π′∈Sm

∫
Wm

1Bm
p,1
(σ)f

( σπ
∥σ∥p

)
h(σ) dσ

= m!

∫
τπ−1Wm

1Bm
p,1
(σ)f

( σ

∥σ∥p

)
h(σ) dσ;

therefore

E[f(S)] = C1

∑
π∈Sm

∫
τπ−1Wm

1Bm
p,1
(σ)f

( σ

∥σ∥p

)
h(σ) dσ

= C1

∫
Rm

1Bm
p,1
(σ)f

( σ

∥σ∥p

)
h(σ) dσ.

Introduce polar coordinates in Rm and use the homogeneity of h to arrive at

E[f(S)] = C2

∫
Smp,1

f(θ)h(θ) dκmp,1(θ),

which shows that the distribution of S has κmp,1-density proportional to h. It remains to prove
that ∥Y ∥−1/2

p/2 (Y
1/2
i )i≤m also has κmp,1-density proportional to h; so let f be as before, then via

substitution x := (y
1/2
i )i≤m and polar integration, and noting that g and h contain the indicator

function 1Rm
>0

,

E
[
f

(
(Y

1/2
i )i≤m

∥Y ∥1/2p/2

)]
=

∫
Rm

f

(
(y

1/2
i )i≤m

∥y∥1/2p/2

)
g(y) dy

= 2m
∫
Rm

f
( x

∥x∥p

)
g((x2i )i≤m)

m∏
i=1

xi dx
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= C

∫
Rm

f
( x

∥x∥p

)
e−βn∥x∥pph(x) dx

= C1

∫
R≥0

∫
Smp,1

f
( rθ

∥rθ∥p

)
e−βn∥rθ∥pph(rθ)rm−1 dκmp,1(θ) dr

= C1

∫
R≥0

rβmn−1e−βnrp dr

∫
Smp,1

f(θ)h(θ) dκmp,1(θ),

where for the last step we have invested the homogeneity of h; and we have finished.
⇐: Because of Proposition 5.4 it suffices to prove Θ := ∥Y ∥−1/2

p/2 V diag((Y
1/2
i )i≤m)U∗ ∼

κm×n
Sp,β

, which makes sense since ∥Θ∥Sp
= ∥Y ∥−1/2

p/2 ∥diag((Y 1/2
i )i≤m)∥Sp

= 1. From the proof of ⇒

we already know that ∥Y ∥−1/2
p/2 (Y

1/2
i )i≤m has κmp,1-density proportional to h. So let f : Sm,n

Sp,β
→ R

be measurable and nonnegative, then, by immediately converting back to Rm we get

E[f(Θ)] = C

∫
Um;β

∫
Un;β

∫
Smp,1

f(v diag(θ)u∗)h(θ) dκmp,1(θ) dudv

= C1

∫
Um;β

∫
Un;β

∫
Bm
p,1

f
(v diag(x)u∗

∥x∥p

) h(x)

∥x∥βmn−m
p

dx dudv.

Use ∥x∥p = ∥v diag(x)u∗∥Sp
and Proposition 2.4, part 2, in order to revert to Km×n, so

E[f(Θ)] = C2

∫
Bm×n
Sp,β

f
( x

∥x∥Sp

)
∥x∥m−βmn

Sp
dx;

finally introduce polar coordinates on Km×n to achieve

E[f(Θ)] = C3

∫
R>0

∫
Sm,n
Sp,β

1Bm×n
Sp,β

(rθ)f
( rθ

∥rθ∥Sp

)
∥rθ∥m−βmn

Sp
rβmn−1 dκm×n

Sp,β
(θ) dr

=
C3

m

∫
Sm,n
Sp,β

f(θ) dκm×n
Sp,β

(θ),

and this proves the claim.
2. We refer to Remark 5.2: a K-symmetric measure equals U(K) iff dρ(r)

dr = drd−1 1[0,1](r),
and it equals κK iff ρ = δ1. Since we know R ∼ ρ, the claim is immediate for κm×n

Sp,β
, and in the

case of U(Bm×n
Sp,β

) observe Rβmn ∼ U([0, 1]).
3. (a) We start anew from Proposition 2.4, part 2; let f : Km×n → R be measurable and

nonnegative, then, via the usual substitution s = (y
1/2
i )i≤m,

E[f(X)] =
1

ωm×n
S∞,β

∫
Km×n

1Bm×n
S∞,β

(x)f(x) dx

= C

∫
Rm
>0

∫
Um;β

∫
Un;β

1Bm×n
S∞,β

(v diag(s)u∗)f(v diag(s)u∗)h(s) dudv ds

= C2−m

∫
Rm
>0

∫
Um;β

∫
Un;β

1Bm
∞,1

(y)f(v diag((y
1/2
i )i≤m)u∗)

· h((y1/2i )i≤m)
m∏
i=1

y
−1/2
i dudv dy

= C1

∫
Rm
>0

∫
Um;β

∫
Un;β

f(v diag((y
1/2
i )i≤m)u∗)g(y) dudv dy,
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where recall our convention e−βn∥y∥∞∞ = 1Bm
∞,1

(y). The last line implies the claim.
(b) We start from 2.; let f : Sm,n

S∞,β → R be measurable and nonnegative, then,

E[f(X)] = C

∫
Rm
>0

∫
Um;β

∫
Un;β

f

(
v diag((y

1/2
i )i≤m)u∗

∥y∥1/2∞

)
g(y) dudv dy

= C1

∫
R>0

∫
Sm∞,1

∫
Um;β

∫
Un;β

f

(
v diag(((rθi)

1/2)i≤m)u∗

∥rθ∥1/2∞

)
· g(rθ)rm−1 dudv dκm∞,1(θ) dr

= C1

∫
(0,1]

rβmn/2−1 dr

∫
Sm∞,1

∫
Um;β

∫
Un;β

f
(
v diag((θ

1/2
i )i≤m)u∗

)
· g(θ) dudv dκm∞,1(θ),

where we have introduced polar coordinates and used the homogeneity of g, to wit g(rθ) =
1[0,1](r)r

βmn/2−m g(θ). Now essentially Sm∞,1 ∩ Rm
>0 consists of those faces of [0, 1]m where at

least one coordinate equals 1, and they all are permutations of {1} × [0, 1]m−1; the matrix
diag(θ) is permuted accordingly, but as we are integrating w.r.t. the Haar-measures on Um;β

and Un;β , the value of the integral over each of the faces is the same; cf. Remark 2.5 for more
details. Thus we get

E[f(X)] = C2

∫
[0,1]m−1

∫
Um;β

∫
Un;β

f(v diag(1, θ
1/2
2 , . . . , θ1/2m )u∗)

· g(1, θ2, . . . , θm) dudv dθ

and the result follows.

6 Sanov-type LDPs for singular values

6.1 Prerequisites

At first glance it may seem an odd choice that Theorem F contains a representation for the
squares of the singular values instead of the singular values themselves. The main reason is the
application of results which lead to large deviations principles.

Having a broad readership in mind, we shall recall the basic definitions from the theory of
large deviations principles; more information may be found in textbooks like [12], [22], [43], or
the survey article [39], which also provides the reader with the current state of the art concerning
large deviations theory in geometric functional analysis. In what follows let E be a Polish space
(a complete separable metrizable topological space) and by BE denote its Borel σ-algebra.

Definition 6.1 (rate function). A rate function is a lower semicontinuous map I : E → [0,∞]
which is not identical ∞. A rate function I is called a good rate function iff for any y ∈ R≥0

the sublevel set I−1([0, y]) is compact.

Definition 6.2 (large deviations principle). A sequence (ξn)n∈N of E-valued random variables
is said to satisfy a large deviations principle (LDP) with speed (sn)n∈N and (good) rate function
I : E → [0,∞], iff (sn)n∈N is a sequence in R>0 with limn→∞ sn = ∞, I is a (good) rate function
in the sense of Definition 6.1, and for any A ∈ BE the following chain of inequalities holds true,

− inf
(
I(A◦)

)
≤ lim inf

n→∞

1

sn
logP[ξn ∈ A] ≤ lim sup

n→∞

1

sn
logP[ξn ∈ A] ≤ − inf

(
I(A)

)
,

where A◦ and A denote the interior and closure of A resp.
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Definition 6.3 (exponentially tight). A sequence (ξn)n∈N of E-valued random variables is
exponentially tight with speed (sn)n∈N iff (sn)n∈N is as in Definition 6.2 and there holds true,

inf
C

lim sup
n→∞

1

sn
logP[ξn /∈ C] = −∞,

where C ranges over all compact subsets of E.

There are several tools for proving the existence of an LDP; one which starts form first
principles is the following.

Proposition 6.4. Let T be a basis of the topology on E. Let (ξn)n∈N be a sequence of E-valued
random variables and let (sn)n∈N be a sequence in R>0 with limn→∞ sn = ∞. If there exists a
function I : E → [0,∞] such that, for all a ∈ E,

inf
U∈T
a∈U

lim inf
n→∞

1

sn
logP[ξn ∈ U ] = −I(a) = inf

U∈T
a∈U

lim sup
n→∞

1

sn
logP[ξn ∈ U ],

and if in addition (ξn)n∈N is exponentially tight with speed (sn)n∈N, then (ξn)n∈N satisfies a large
deviations principle with speed (sn)n∈N and good rate function I.

A very useful result to transform an already existing LDP on E to one on another Polish
space F is the following.

Proposition 6.5 (contraction principle). Let (ξn)n∈N be a sequence of E-valued random vari-
ables that satisfies a large deviations principle with speed (sn)n∈N and good rate function I : E →
[0,∞], and let f : E → F be a continuous map. Then the sequence (f(ξn))n∈N satisfies a large
deviations principle in F with the same speed (sn)n∈N and good rate function J : F → [0,∞]
given by

J (y) := inf
x∈f−1{y}

I(x),

where inf(∅) := ∞.

Given a Polish space E, define M1(E) to be the set of all probability measures on E. The
standard topology on M1(E) is the weak topology, that is, the coarsest topology such that the
functional

M1(E) ∋ µ 7→
∫
E
f dµ

is continuous for any given f ∈ Cb(E), the set of all bounded continuous real-valued functions
on E. It follows that for µ ∈ M1(E) a basis of open neighborhoods consists of sets Of1,...,fd;ε,
where

Of1,...,fd;ε :=

{
ν ∈ M1(E) : ∀i ∈ {1, . . . , d} :

∣∣∣∣∫
E
fi dν −

∫
E
fi dµ

∣∣∣∣ < ε

}
,

with d ∈ N, ε ∈ R>0, and f1, . . . , fd ∈ Cb(E).
The weak topology on M1(E) may be metrized, for instance with the Lévy–Prokhorov metric

or with the bounded Lipschitz metric [13, Chapter 11.3], and endowed with such a metric M1(E)
becomes a Polish space itself. For this reason it makes sense to consider LDPs for sequences
of random probability measures, and in the sequel any set of probability measures is to be
understood as endowed with the weak topology.
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Figure 1: Plot of the density of µc,2 for c = 0.1 (dash-dotted), c = 0.5 (dashed), and c = 1
(solid).

6.2 Results

For any array ((Xn,i)i≤m(n))n∈N of (say) real-valued random variables the empirical measures
µn := 1

m(n)

∑m(n)
i=1 δXn,i (where δa denotes the Dirac measure supported on a) form a sequence

of random probability measures, and the following Theorems G and H treat the situation when
the input array consists of the (scaled) singular values of a suitably distributed random matrix.

Theorem G (p < ∞). Let p ∈ (0,∞), let m ∈ N depend on n ∈ N such that m ≤ n and
c := limn→∞

m
n ∈ (0, 1] exists, and let (X(n))n∈N be a sequence of random variables such that for

each n ∈ N either X(n) ∼ κm×n
Sp,β

or X(n) ∼ U(Bm×n
Sp,β

). Then the sequence (µn)n∈N of empirical
measures µn := 1

m

∑m
i=1 δm1/psi(X(n)) satisfies a large deviations principle on M1(R≥0) with speed

βmn and good rate function Ic,p : M1(R≥0) → [0,∞] given by

Ic,p(µ) :=

{
− c

2

∫
R2
≥0

log|x2 − y2| dµ⊗2(x, y)− (1− c)
∫
R≥0

log(x) dµ(x) + log(ep)
p +Bc,p, if mp(µ) ≤ 1,

∞ else,

which possesses a unique global mimimizer µc,p ∈ M1(R≥0) with compact support and some
Lebesgue density. Here

Bc,p := lim
n→∞

1

βmn
log(Zm,n,p,β) ∈ R,

with Zm,n,p,β as in Theorem F, and mp(µ) :=
∫
R≥0

xp dµ(x).

Remark 6.6. Unfortunately neither the minimizer µc,p nor the constant Bc,p are explicitly known
for most values of c and p. The exceptions are c = 1 for arbitrary p ∈ (0,∞) since this
corresponds to the quadratic case already solved in [28], and p = 2 for arbitrary c ∈ (0, 1] since
here the theory for Wishart matrices is applicable; further information for the latter case is given
in Remark 6.25 below; and for selected values of c the density of µc,2 is plotted in Figure 1.

Remark 6.7. Recently Kaufmann and Thäle [29] have proved large deviations principles for the
empirical spectral measures of random square matrices whose distribution is a weighted mixture
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of κn×n
Sp,β

and U(Bn×n
Sp,β

) in the spirit of Barthe, Guédon, Mendelson, and Naor [6]. Since those
measures are Bn×n

Sp,β
-symmetric they allow a representation according to Theorem F with an

appropriate radial component Rn. According to the outline given in Section 6.3 below, Rn only
enters in the last step, and as is seen in the proof of Proposition 6.27 an LDP for (Rn)n∈N needs
to be established, which is done in [29, Lemma 6.6]. We do not go any further into this here.

Theorem H (p = ∞). Let m ∈ N depend on n ∈ N such that m ≤ n and c := limn→∞
m
n ∈ (0, 1]

exists, and let (X(n))n∈N be a sequence of random variables such that for each n ∈ N, X(n) ∼
U(Bm×n

S∞,β). Then the sequence (µn)n∈N of empirical measures µn := 1
m

∑m
i=1 δsi(X(n)) satisfies a

large deviations principle on M1(R≥0) with speed βmn and good rate function Ic,∞ : M1(R≥0) →
[0,∞] given by

Ic,∞(µ) :=

{
− c

2

∫
[0,1]2 log|x

2 − y2|dµ⊗2(x, y)− (1− c)
∫
[0,1] log(x) dµ(x) +Bc,∞, if supp(µ) ⊂ [0, 1],

∞ else,

which possesses a unique global mimimizer µc,∞ ∈ M1(R≥0) given by its Lebesgue density,

dµc,∞(x)

dx
=

1 + c

cπx

(
x2 − (1−c

1+c)
2
)1/2

(1− x2)1/2
1[ 1−c

1+c
,1
](x).

Here

Bc,∞ := lim
n→∞

1

βmn
log(Zm,n,∞,β) =

c

2
log(c)− (1− c)2

4c
log(1− c)− (1 + c)2

4c
log(1 + c)

with Zm,n,∞,β as in Theorem F.

Remark 6.8. In the extreme case c = 1, µ1,∞ has the density

x 7→ 2

π
(1− x2)−1/2 1[0,1](x)

which corresponds to the absolute arcsine distribution, and this is consistent with [28]. For
selected values of c the density of µc,∞ is plotted in Figure 2.

The following statement is a strong law of large numbers for the empirical measures of
singular values and a corollary of the large deviations principles of Theorems G and H and
parallels the results [28, Corollaries 1.4, 1.6].

Proposition 6.9. Under the premises of Theorems G or H we have, w.r.t. the weak topology,

(µn)n∈N
a.s.−−→ µc,p.

Proof. Let dw be some metric that induces the weak topology on M1(R≥0). Via the Borel–
Cantelli lemma it suffices to show, for any ε ∈ R>0,

∞∑
n=1

P[dw(µn, µc,p) ≥ ε] <∞.

Let ε ∈ R>0, then Theorem G or H, resp., yields

lim sup
n→∞

1

βmn
logP[dw(µn, µc,p) ≥ ε] ≤ − inf{Ic,p(ν) : dw(ν, µc,p) ≥ ε} =: −M.
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Figure 2: Plot of the density of µc,∞ for c = 0.2 (dash-dotted), c = 0.5 (dashed), and c = 1
(solid).

We will argue M > 0 below; once we have established that, there follows

P[dw(µn, µc,p) ≥ ε] ≤ e−Mβmn/2

for all but finitely many n, and clearly the majorant is summable.
In order to establish M > 0 we may assume M < ∞, else there is nothing to prove.

By definition of the infimum there exists some ν ∈ M1(R≥0) with dw(ν, µc,p) ≥ ε such that
Ic,p(ν) ≤M+1. Because Ic,p is a good rate function the sublevel set I−1

c,p

(
[0,M+1]

)
is compact

and therefore C := {ν ∈ M1(R≥0) : dw(ν, µc,p) ≥ ε ∧ Ic,p(ν) ≤ M + 1} is nonempty and
compact, thus Ic,p attains its miminmum on C in some νε ∈ C, and by construction we get
Ic,p(νε) = M . But we also know dw(νε, µc,p) ≥ ε, in particular νε ̸= µc,p, and as µc,p is the
unique point where Ic,p attains its global minimum 0, this implies M = Ic,p(νε) > 0.

Although we are not able to give a closed expression for ωm×n
Sp,β

for p /∈ {2,∞}, we are still
able to obtain some asymptotics of the volume radius, as stated below.

Proposition 6.10. Let p ∈ (0,∞), consider m as depending on n such that c := limn→∞
m
n ∈

(0, 1] exists, and let Bc,p be as in Theorem G. Then we have

lim
n→∞

(βn)1/2+1/p(ωm×n
Sp,β

)1/(βmn) = (2πe3/2)1/2
(ep
c

)1/p
eBc,p (1− c)(1−c)2/(4c) c−c/4,

where in the case c = 1 we interpret (1− c)(1−c)2 := 1.

Proof. Refer to Proposition 2.4, part 2, and denote cn :=
2βm/2 Ωm;βΩn;β

2βmn/2 m!Ωm
1;βΩn−m;β

. Then because of

1Bm×n
Sp,β

= 1Bm
p,1

◦ s we have

ωm×n
Sp,β

= cn

∫
Bm
p,1∩Rm

>0

m∏
i=1

x
β(n−m+1)−1
i

∏
1≤i<j≤m

|x2i − x2j |β dx

= 2−m cn

∫
Bm
p/2,β

∩Rm
>0

m∏
i=1

x
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|xi − xj |β dx,
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where we have transformed yi = x2i and immediately renamed yi as xi. As the integrand is
positive-homogeneous of degree βmn

2 −m, via polar integration the last expression equals

ωm×n
Sp,β

= 2−m cn
nβmn/p

Γ
(βmn

p + 1
) ∫

Rm
>0

e
−βn∥x∥p/2

p/2

m∏
i=1

x
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|xi − xj |β dx

= 2−m cn
nβmn/p

Γ
(βmn

p + 1
) Zm,n,p,β .

Stirling’s formula implies Γ(βmn
p + 1)1/(βmn) = (βmn

ep )1/p(1 + o(1)), and also (2−m)1/(βmn) =

2−1/(βn) = 1 + o(1). Furthermore Proposition 6.13 tells us

lim
n→∞

Z
1/(βmn)
m,n,p,β = lim

n→∞
exp

( 1

βmn
logZm,n,p,β

)
= eBc,p .

It remains to determine the asymptotics of c1/(βmn)
n . For that substitute the explicit expression

for Ωn;β given in (1) and use the asymptotics stated in Lemma 2.2 to arrive at (skipping the
details here)

c1/(βmn)
n = (2πe3/2)1/2 (1− c)(1−c)2/(4c) c−c/4 (βn)−1/2 (1 + o(1)).

Putting things together yields the result.

Remark 6.11. In the new preprint [37] Naor shows the asymptotics

(ωm×n
Sp,1

)1/(mn) ≍ min{m,n}−1/pmax{m,n}−1/2,

where ≍ denotes asymptotic equivalence, i.e., boundedness from above and from below up
to dimension-independent constant factors. If those bounds were known, they could be used
together with Proposition 6.10 to get bounds for Bc,p, and vice versa.

6.3 Proof of Theorem G

The proof of Theorem G parallels that of [28, Theorem 1.1] and accordingly proceeds in several
steps. As already mentioned in the overview (Section 1.1 ad fin.), the adaption amounts to more
than merely substituting m for n in the right places, because the now dimension-dependent term∏m

i=1 y
β(n−m+1)/2−1
i in the density (15) prompts special treatment involving delicate estimations;

all these turn up in Step 2 below. Apart from that, while going through the original paper [28]
carefully, the authors discovered a few technical gaps and inaccuracies there; we will refer to
them in the appropriate places in our proof and provide amendments (which of course have to
be readapted in the Hermitian case).

For the convenience of the reader we repeat the outline of the proof in [28] here, together
with an addition for the present Theorem G (Step 4):

1. Establish an LDP for (νn)n≥1, where νn := 1
m

∑m
i=1 δY (n)

i

and Y (n) = (Y
(n)
i )i≤m has

density (15).
2. Establish an LDP for

(
(νn,mp/2(νn))

)
n∈N, where νn is as above.

3. Use the contraction principle to prove an LDP for (µ2n)n∈N with µ2n = 1
m

∑m
i=1 δm2/pY

(n)
i /∥Y (n)∥p/2

d
=

1
m

∑m
i=1 δm2/psi(X(n))2 for the case of X(n) ∼ κm×n

Sp,β
.

4. Contract again to obtain an LDP for (µκn)n∈N with µκn := 1
m

∑m
i=1 δm1/psi(X(n)), still for

X(n) ∼ κm×n
Sp,β

.
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5. Contract one last time to get an LDP for (µn)n≥1 with µn := 1
m

∑m
i=1 δm1/psi(X(n)) where

X(n) ∼ U(Bm×n
Sp

).
The main justification for this procedure are Proposition 5.7 and Theorem F which together
yield

s(X(n))π
d
= R

((Y
(n)
i )1/2)

∥Y (n)∥1/2p/2

,

where π ∼ U(Sm) is independent of X(n), and therewith

1

m

m∑
i=1

δm1/psi(X(n))
d
=

1

m

m∑
i=1

δ
m1/pR((Y

(n)
i )1/2)i≤m/∥Y (n)∥1/2

p/2

;

also note

mp/2(νn) =

∫
R≥0

yp/2 dνn(y) =
1

m

m∑
i=1

(Y
(n)
i )p/2 =

∥Y (n)∥p/2p/2

m
.

That π indeed is immaterial is argued by the result below.

Lemma 6.12. Let E be a topological space and d ∈ N, let S = (Si)i≤d be an Ed-valued random
variable and let π ∼ U(Sd) be independent of S. Then

1

d

d∑
i=1

δSi

d
=

1

d

d∑
i=1

δSπ(i)
.

Proof. Let f : M1(E) → R be measurable and nonnegative, then

E
[
f

(
1

d

d∑
i=1

δSπ(i)

)]
=

∫
Ed

1

d!

∑
τ∈Sd

f

(
1

d

d∑
i=1

δsτ(i)

)
d(P ◦S−1)(s)

=

∫
Ed

1

d!

∑
τ∈Sd

f

(
1

d

d∑
i=1

δsi

)
d(P ◦S−1)(s)

=

∫
Ed

f

(
1

d

d∑
i=1

δsi

)
d(P ◦S−1)(s) = E

[
f

(
1

d

d∑
i=1

δSi

)]
,

where we have invested the elementary fact that addition is commutative and thus
∑d

i=1 δsτ(i) =∑d
i=1 δsi for any s ∈ Ed and τ ∈ Sd.

In order to keep the wording simple, in the sequel we are going to work under the premises
of Theorem G, that is, p ∈ (0,∞), m varies with n such that m ≤ n and c := limn→∞

m
n ∈ (0, 1]

exists, for each n ∈ N Y (n) = (Y
(n)
i )i≤m is a random vector with density (15), and νn :=

1
m

∑m
i=1 δY (n)

i

.

Step 1 This is dealt with readily using a result from [19].

Proposition 6.13. The limit Bc,p = limn→∞
1

βmn log(Zm,n,p,β) exists and is finite and does
not depend on β, and the sequence (νn)n∈N of empirical measures satisfies a large deviations
principle on M1(R≥0) at speed βmn with good rate function Jc,p : M1(R≥0) → [0,∞] given by

Jc,p(µ) := − c
2

∫
R2
≥0

log|x− y| dµ⊗2(x, y) +

∫
R≥0

(
xp/2 − 1− c

2
log(x)

)
dµ(x) +Bc,p,

which has a unique global minimizer νc,p with compact support and a Lebesgue density.
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Proof. This follows almost immediately from [19, Theorem 5.5.1]. Said Theorem implies the
existence of Bβ := limn→∞

1
n2 log(Zm,n,p,β), which might depend on β somehow, and (νn)n∈N

satisfies an LDP at speed n2 with good rate function Jc,p,β = βcJc,p +Bβ where

Jc,p(µ) = − c
2

∫
R2
>0

log|x− y| dµ⊗2(x, y) +

∫
R>0

(
xp/2 − 1− c

2
log(x)

)
dµ(x),

which no longer depends on β; hence a measure µ minimizes Jc,p,β iff it minimizes Jc,p, and
therefore the minimizer νc,p does not depend on β. Being the rate function of an LDP, Jc,p,β
satisfies Jc,p,β(νc,p) = 0, hence Bβ = −βcJc,p(νc,p), and Bc,p := −Jc,p(νc,p) does not depend on
β and it satisfies

Bc,p =
1

βc
Bβ = lim

n→∞

n

m
· lim
n→∞

1

βn2
log(Zm,n,p,β) = lim

n→∞

1

βmn
log(Zm,n,p,β).

Writing out the defining inequalities of the LDP, we have, for any measurable set A,

− inf(Jc,p,β(A
◦)) ≤ lim inf

n→∞

1

n2
logP[νn ∈ A] ≤ lim sup

n→∞

1

n2
logP[νn ∈ A] ≤ − inf(Jc,p,β(A));

and since Jc,p,β = βcJc,p + βcBc,p = βcJc,p and 1
βc = limn→∞

n
βm , we can divide the LDP by βc

to get

− inf(Jc,p(A
◦)) ≤ lim inf

n→∞

1

βmn
logP[νn ∈ A] ≤ lim sup

n→∞

1

βmn
logP[νn ∈ A] ≤ − inf(Jc,p(A)),

so (νn)n∈N satisfies the claimed LDP. The compactness of the support of the minimizer νc,p is
argued by [19, Theorem 5.3.3], and the existence of a Lebesgue density by [45, Theorem IV.2.5]
as the following argument makes clear: up to a constant factor the rate function Jc,p can be
considered an energy functional with external potential Q(x) := 1

cx
p/2 − 1−c

2c log(x) on R≥0 (∞
else), or weight function w(x) = e−Q(x) = x(1−c)/(2c) e−xp/2/c (0 on R≤0); then w is positive
on the interval I = R>0 and infinitely often differentiable there, and so all premises of [45,
Theorem IV.2.5] are met.

Remark 6.14. There seem to be no special results available for weight functions of the form
w(x) = xθe−λxp/2

1R≥0
(x) unless p = 2 (for which see Remark 6.25 below). The general theory

set out in [45] tells us that supp(νc,p) = [a, b] with a, b ∈ R≥0, that a = 0 only for c = 1, and
else a and b satisfy the simultaneous equations∫ b

a

(pxp/2−1

2c
− 1− c

2cx

)
(x− a)−1/2(b− x)1/2 dx = −π,∫ b

a

(pxp/2−1

2c
− 1− c

2cx

)
(x− a)1/2(b− x)−1/2 dx = π.

The integrals can be expressed in terms of the Gaussian hypergeometric functions, but that does
not help any further. We also cannot determine the density of νc,p as the only pertinent result
[45, Theorem IV.3.2] cannot be applied: upon transferring [a, b] to [0, 1] via an affine map the
conditions on the external field are violated.

Step 2 We repeat the observation made in [28] that the moment map mp/2 is not continu-
ous w.r.t. the weak topology, thus contraction is not applicable, and therefore an LDP for(
(νn,mp/2(νn))

)
n∈N must be proved directly.
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Proposition 6.15. The sequence of pairs
(
(νn,mp/2(νn))

)
n∈N satisfies an LDP on M1(R≥0)×

R≥0 with speed βmn and good rate function J 2
c,p : M1(R≥0)× R≥0 → [0,∞] given by

J 2
c,p(µ,M) =

{
− c

2

∫
R2
≥0

log|x− y| dµ⊗2(x, y)− 1−c
2

∫
R≥0

log(x) dµ(x) +M +Bc,p if mp/2(µ) ≤M,

∞ if mp/2(µ) > M,

which attains its global minimum precisely at (νc,p,mp/2(νc,p)), where νc,p is the same as in
Proposition 6.13.

Seeing that the proof of the corresponding [28, Theorem 4.1] is rather lengthy, here we do
not spell out all details anew but restrict ourselves mostly to the adaptions necessitated by the
new term

∏m
i=1 y

β(n−m+1)/2−1
i in density (15) for m ̸= n.

[28, Lemma 4.2] is carried over with the obvious modifications (i.e., replace R by R≥0 and p
by p

2) since it does not use the density of Y (n).
[28, Lemma 4.4] too can be adopted with the obvious modifications for the same reason as

before; in particular the definition of Dn now reads

Dn :=
(
m2/p(M −mp/2(µ))

2/p −m2/p−2,m2/p(M −mp/2(µ))
2/p

)
.

But [28, Lemma 4.5] needs to be modified to the form given below.

Lemma 6.16. Let µ ∈ M1(R≥0) be supported on an interval [a, b] with 0 ≤ a < b < ∞ and
let M ∈ (mp/2(µ),∞); assume that µ has Lebesgue density h which is continuous on [a, b] and
satisfies infx∈[a,b] h(x) > 0. Let d ∈ N, f1, . . . , fd ∈ Cb(R≥0) and δ, ε ∈ R>0. Then

lim inf
n→∞

1

βmn
logP

[
ν ′n ∈ Oε,d(µ) ∧

∣∣mp/2(ν
′
n)−mp/2(µ)

∣∣ < δ ∧ Y (n)
m ∈ Dn

]
≥ c

2

∫
R2
≥0

log|x− y|dµ⊗2(x, y) +
1− c

2

∫
R≥0

log(x) dµ(x)−M −Bc,p,

where ν ′n := 1
m−1

∑m−1
i=1 δ

Y
(n)
i

.

Proof. Differently from [28], the objects a(m−1)
i , b(m−1)

i and ∆m−1 now depend rather on m than
on n. Since [a, b] ⊂ R≥0, we additionally have ξ(m−1)

i = b
(m−1)
i . This yields

P
[
ν ′n ∈ Oε,d(µ) ∧

∣∣mp/2(ν
′
n)−mp/2(µ)

∣∣ < δ ∧ Y (n)
m ∈ Dn

]
≥ 1

Zm,n,p,β

∫
∆m−1×Dn

e
−βn∥y∥p/2

p/2

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

=
1

Zm,n,p,β

∫
∆m−1×Dn

e−βn
∑m−1

i=1 y
p/2
i

m−1∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m−1

|yj − yi|β

· e−βny
p/2
m yβ(n−m+1)/2−1

m

m−1∏
i=1

|ym − yi|β dy

≥ 1

Zm,n,p,β

∫
∆m−1×Dn

e−βn
∑m−1

i=1 (b
(m−1)
i )p/2

m−1∏
i=1

(η
(m−1)
i )β(n−m+1)/2−1

·
∏

1≤i<j≤m−1

|a(m−1)
j − b

(m−1)
i |β e−βny

p/2
m yβ(n−m+1)/2−1

m

m−1∏
i=1

|ym − yi|β dy
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≥ 1

Zm,n,p,β
e−βn

∑m−1
i=1 (b

(m−1)
i )p/2

m−1∏
i=1

(η
(m−1)
i )β(n−m+1)/2−1

∏
1≤i<j≤m−1

|a(m−1)
j − b

(m−1)
i |β

· e−βnm(M−mp/2(µ))ηβ(n−m+1)/2−1
m vm(∆m−1 ×Dn),

where

η
(m−1)
i :=

{
a
(m−1)
i if β(n−m+1)

2 ≥ 1,

b
(m−1)
i if β(n−m+1)

2 < 1

and

ηm :=

{
inf(Dn) = m2/p

(
M −mp/2(µ)

)2/p −m2/p−2 if β(n−m+1)
2 ≥ 1,

sup(Dn) = m2/p
(
M −mp/2(µ)

)2/p if β(n−m+1)
2 < 1.

(In the case c < 1 only the first case occurs for all n large enough.) Now we use limn→∞
1

βmn log(Zm,n,p,β) =
Bc,p by Proposition 6.13, also

lim
n→∞

1

m

m−1∑
i=1

(b
(m−1)
i )p/2 = mp/2(µ),

and

lim
n→∞

β(n−m+ 1)/2− 1

βmn

m−1∑
i=1

log(η
(m−1)
i ) =

1− c

2

∫
R≥0

log(x) dµ(x),

as well as

lim inf
n→∞

1

mn

∑
1≤i<j≤m−1

log|a(m−1)
j − b

(m−1)
i | ≥ c

2

∫
R2
≥0

log|x− y|dµ⊗2(x, y);

there is also

lim
n→∞

β(n−m+ 1)/2− 1

βmn
log(ηm) =

1− c

2
lim
n→∞

1

m
log

(
m2/p

(
M −mp/2(µ)

)2/p − r(n)m2/p−2
)

=
1− c

2
lim
n→∞

(2 log(m)

pm
+

1

m
log

((
M −mp/2(µ)

)2/p − r(n)

m2

))
= 0,

where r(n) ∈ {0, 1} according to the definition of ηm. Finally we know lim infn→∞
1

βmn log(vm(∆m×
Dn)) ≥ 0 and hence obtain

lim inf
n→∞

1

βmn
logP

[
ν ′n ∈ Oε,d(µ) ∧

∣∣mp/2(ν
′
n)−mp/2(µ)

∣∣ < δ ∧ Y (n)
m ∈ Dn

]
≥ −Bc,p −mp/2(µ) +

1− c

2

∫
R≥0

log(x) dµ(x)

+
c

2

∫
R2
≥0

log|x− y|dµ⊗2(x, y)− (M −mp/2(µ)),

which equals the claimed expression.

The proof of [28, Lemma 4.6] could in principle be adopted without much comment, but for
the present article the authors have decided to give a detailed proof, for two reasons: firstly,
it is not at all clear that an approximating sequence of measures (µk)k∈N as postulated exists
indeed, because in contrast to [28] and to [19] as referenced therein, our candidate for the rate
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function, J 2
c,p, contains the additional term

∫
R≥0

log(x) dµ(x); moreover we work with probability
measures on R≥0, not R, so it is not immediately clear how the approximating measures are to
be constructed, and again neither [28] nor [19] provide any details. Secondly, there is an error
of sign in [28]: the display before the line ‘This standard fact can be verified (. . . )’ must read
‘lim supk→∞

(
−
∫
R
∫
R . . .

)
≤ −

∫
R
∫
R . . .,’ and the reference to [19, p. 214] (read: ‘p. 216’) does

not seem directly applicable.
In the following few lemmas we attempt a careful proof of all partial results omitted or only

hinted at, and mentioned above. The first one deals with the concavity of the free entropy under
convolution, mentioned in [19, p. 216].

Lemma 6.17. Define the functional Σ: M1(C) → R by Σ(µ) :=
∫
C2 log|x − y| dµ⊗2(x, y),

wherever the integral is defined. Let µ, ν ∈ M1(C) be compactly supported, then,

Σ(ν ∗ µ) ≥ Σ(µ).

Via trivial extension, the statement remains true for µ, ν ∈ M1(R), or for µ ∈ M1(R≥0) and
ν ∈ M1(R) such that ν ∗ µ ∈ M1(R≥0).

Proof. We proceed in two steps: first assume ν to be discrete with finite support, then approx-
imate arbitrary ν by discrete measures.

Step 1, ν discrete. Assume we can write

ν =

n∑
i=1

aiδxi

with some n ∈ N, x1, . . . , xn ∈ C, and a1, . . . , an ∈ R≥0 with
∑n

i=1 ai = 1. By the definition of
convolution we have, for any A ∈ BC,

(ν ∗ µ)(A) =
∫
C

∫
C
1A(x+ y) dµ(y) dν(x)

=

∫
C
µ(A− x) dν(x) =

n∑
i=1

aiµ(A− xi),

that means,

ν ∗ µ =
n∑

i=1

aiµxi ,

where we have defined ad hoc µxi : A 7→ µ(A−xi). Since Σ is concave by [19, Proposition 5.3.2],
this readily yields

Σ(ν ∗ µ) ≥
n∑

i=1

aiΣ(µxi) =

n∑
i=1

aiΣ(µ) = Σ(µ),

where we additionally have used that Σ is invariant under translation, which follows from the
fact that its definition depends only on the distance |x− y|.

Step 2, ν arbitrary. Since C is Polish, so is M1(C); specifically, a dense subset is given
by convex combinations of Dirac measures, that is, discrete measures with finite support. So
choose an approximating sequence (νn)n∈N of such discrete measures converging to ν. First we
prove (νn ∗ µ)n∈N → ν ∗ µ which we do with Lévy’s continuity theorem; so let φρ denote the
characteristic function of a measure ρ,3 then we know (φνn(t))n∈N → φν(t) for every t ∈ C,
therefore also

φνn∗µ(t) = φνn(t)φµ(t) −−−→
n→∞

φν(t)φµ(t) = φν∗µ(t)

3For measures ρ ∈ M1(C) this is defined via identification C ∼= R2, i.e., φρ(t) :=
∫
C eiℜ(tz) dµ(z).
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for every t ∈ C. Again by [19, Proposition 5.3.2], Σ is upper semicontinuous, so together with
Step 1 we get

Σ(ν ∗ µ) ≥ lim sup
n→∞

Σ(νn ∗ µ) ≥ lim sup
n→∞

Σ(µ) = Σ(µ).

The next lemma establishes the existence of a “good approximating sequence” for µ such
that Lemma 6.16 can be applied. In order to abbreviate notation somewhat we introduce the
kernel function

F : R2
≥0 → (−∞,∞], (x, y) 7→ −c log|x− y| − 1− c

2
log(xy);

then we can rewrite

−c
∫
R2
≥0

log|x− y| dµ⊗2(x, y)− (1− c)

∫
R≥0

log(x) dµ(x) =

∫
R2
≥0

F (x, y) dµ⊗2(x, y),

whenever the integrals are defined.

Lemma 6.18. Let µ ∈ M1(R≥0) with µ({0}) = 0, mp/2(µ) <∞, and
∫
R2
≥0
F dµ⊗2 <∞. Then

there exists a sequence (µk)k∈N in M1(R≥0) such that,
(i) (µk)k∈N → µ (weakly),
(ii) (mp/2(µk))k∈N → mp/2(µ),
(iii) lim supk→∞

∫
R2
≥0
F dµ⊗2

k ≤
∫
R2
≥0
F dµ⊗2, and

(iv) for any k ∈ N, µk is supported on a compact interval [ak, bk] with 0 < ak < bk < ∞ and
has a Lebesgue density hk which is continuous on [ak, bk] and satisfies minhk([ak, bk]) > 0.

Proof. The construction of (µk)k∈N proceeds in three steps, where in each step µ is assumed to
behave closer to the desired properties; the steps are going to be pasted together via triangle
inequality. We will follow the course sketched in [19, p. 216].

Step 1. Make no further assumptions on µ, and construct µk to have compact support within
R>0. To that end define, for any k ∈ N, k ≥ k0,

µk : B(R≥0) → R, A 7→
µ(A ∩ [ 1k , k])

µ([ 1k , k])
,

where k0 ∈ N is chosen such that µ([ 1k , k]) > 0 for all k ≥ k0; obviously this is possible since
µ([ 1k , k]) → µ((0,∞)) = 1 as k → ∞ where we have needed µ({0}) = 0. Now for any k ≥ k0, µk
has support contained in [ 1k , k], and it remains to check conditions (i)–(iii).

Ad (i). We already have pointed out µ([ 1k , k]) → 1; similarly, for any A ∈ B(R≥0), since
(A ∩ [ 1k , k])k≥k0 is increasing we get µ(A ∩ [ 1k , k]) → µ(A ∩ (0,∞)) = µ(A) and therefore,

(µk(A))k≥k0 → µ(A),

so we even have strong convergence of (µk)k≥k0 to µ.
Ad (ii). For any x ∈ R≥0, xp/2 1[1/k,k](x) is nonnegative and monotonically increasing with

limit xp/2, hence monotone convergence yields,

mp/2(µk) =
1

µ([ 1k , k])

∫
R≥0

xp/2 1[1/k,k](x) dµ(x) −−−→
k→∞

1

1

∫
R≥0

xp/2 dµ(x) = mp/2(µ).

Ad (iii). Similarly to (ii) we have F 1[1/k,k]2 → F µ⊗2-almost everywhere; also, the negative
part of F can be bounded from below by −C(xp/2 + yp/2 + xp/2 yp/2) with some C > 0, which
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is µ⊗2-integrable since we assume mp/2(µ) <∞; and because of
∫
R2
≥0
F dµ⊗2 <∞ also F+, the

positive part of F , is µ⊗2-integrable and we have F 1[1/k,k]2 ≤ F+ µ⊗2-almost everywhere. The
conclusion now follows via Fatou’s lemma, that is,

lim sup
k→∞

∫
R2
≥0

F dµ⊗2
k = lim sup

k→∞

1

µ([ 1k , k])
2

∫
R2
≥0

F 1[1/k,k]2 dµ⊗2

≤ 1

1

∫
R2
≥0

F dµ⊗2.

Step 2. Next we assume that µ has support contained in an interval [a, b] with 0 < a < b <∞,
and we want µk to be compactly supported within (0,∞) and to have a continuous Lebesgue
density.

Fix a nonnegative function f ∈ Cc(R) supported in [−1, 1] and such that
∫
R f(x) dx = 1

(any smoothing kernel will do), and for k ≥ k0 define fk : x 7→ kf(kx) and µk := fk ∗ µ,4 where
this time k0 ∈ N is chosen such that 1

k0
≤ a

2 . By the basic properties of convolution it follows
that µk is supported in [a− 1

k , b+
1
k ] ⊂ [a2 , b+

a
2 ] and has the continuous Lebesgue density

hk : R≥0 → R, x 7→
∫
R≥0

fk(x− y) dµ(y).

Again we have to assert (i)–(iii).
Ad (i). Like in the proof of Lemma 6.17 we will invest Lévy’s continuity theorem. Note5

φfk(t) =

∫
R
fk(x)e

itx dx =

∫
R
f(x)eitx/k dx −−−→

k→∞

∫
R
f(x) dx = 1

for all t ∈ R by dominated convergence; this implies

φµk
(t) = φfk∗µ(t) = φfk(t)φµ(t) −−−→

k→∞
φµ(t)

for all t ∈ R, thus (µk)k≥k0 → µ.
Ad (ii). This is a direct consequence of (i) since all measures involved are supported in the

common compact set [a2 , b+
a
2 ], and restricted to that set the function x 7→ xp/2 is bounded and

continuous.
Ad (iii). With the notation from Lemma 6.17 and immediately using it we have

Σ(µk) = Σ(fk ∗ µ) ≥ Σ(µ),

and therewith, ∫
R2
≥0

F dµ⊗2
k = −cΣ(µk)− (1− c)

∫
R≥0

log(x) dµk(x)

≤ −cΣ(µ)− (1− c)

∫
R≥0

log(x) dµk(x).

So it suffices to show

lim sup
k→∞

(
−
∫
R≥0

log(x) dµk(x)

)
≤ −

∫
R≥0

log(x) dµ(x).

4This means νk ∗ µ where dνk(x) := fk(x) dx.
5Like before this means φνk where dνk(x) := fk(x) dx.
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But like in (ii) this readily follows from (i) as also the logarithm restricted to [a2 , b +
a
2 ] is

continuous and bounded, and therefore we even have existence of the limit.
Step 3. Lastly assume that µ is compactly supported in [a, b] ⊂ (0,∞) and has a continuous

Lebesgue density h. Call υ := U([a, b]), and for any k ∈ N define µk := (1− 1
k )µ+ 1

k υ. Clearly
each µk is supported on [a, b] and has Lebesgue density hk := (1 − 1

k )h + 1
k(b−a) 1[a,b] which is

continuous on [a, b] and bounded from below by 1
k(b−a) on [a, b]. Now we verify (i)–(iii).

Ad (i). We see (hk)k∈N → h pointwise everywhere on R≥0, and convergence of densities
implies weak convergence of measures.

Ad (ii). Since mp/2(υ) <∞, we get immediately

mp/2(µk) =
(
1− 1

k

)
mp/2(µ) +

1

k
mp/2(υ) −−−→

k→∞
mp/2(µ).

Ad (iii). It is easy to see that, because µ has a compactly supported Lebesgue density which
is bounded from above, the integral

∫
R2
≥0
F dµ⊗2 exists and is finite; the same holds true for υ

and each µk. Furthermore we have∫
R2
≥0

F dµ⊗2
k =

(
1− 1

k

)2
∫
R2
≥0

F dµ⊗2 +
2

k

(
1− 1

k

)∫
R2
≥0

F d(µ⊗ υ) +
1

k2

∫
R2
≥0

F dυ⊗2,

and since all integrals on the right-hand side are finite it converges to
∫
R2
≥0
F dµ⊗2 as k → ∞,

as desired.
Now to put all the steps together, let µ be arbitrary again as the premises of the lemma

require. Fix a metric dw inducing the weak topology on M1(R≥0). Let k ∈ N, then by
Step 1 there exists µ′k ∈ M1(R≥0) supported on [ak, bk] ⊂ (0,∞) such that dw(µ, µ

′
k) ≤ 1

3k
and |mp/2(µ

′
k)−mp/2(µ)| ≤ 1

3k and
∫
R2
≥0
F d(µ′k)

⊗2 ≤
∫
R2
≥0
F dµ⊗2 + 1

3k .

By Step 2 we can choose µ′′k ∈ M1(R≥0) supported in [ak2 , bk+
ak
2 ] with continuous Lebesgue

density such that dw(µ
′
k, µ

′′
k) ≤ 1

3k and |mp/2(µ
′′
k) − mp/2(µ

′
k)| ≤ 1

3k and
∫
R2
≥0
F d(µ′′k)

⊗2 ≤∫
R2
≥0
F d(µ′k)

⊗2 + 1
3k .

Lastly by Step 3 we can find µk ∈ M1(R≥0) supported on [ak2 , bk + ak
2 ] with Lebesgue

density hk which is continuous on its support and satisfies minhk([
ak
2 , bk +

ak
2 ]) > 0, such that

dw(µ
′′
k, µk) ≤

1
3k and |mp/2(µk)−mp/2(µ

′′
k)| ≤

1
3k and

∫
R2
≥0
F dµ⊗2

k ≤
∫
R2
≥0
F d(µ′′k)

⊗2 + 1
3k .

Finally the triangle inequality yields dw(µ, µk) ≤ 1
k and |mp/2(µk) − mp/2(µ)| ≤ 1

k and∫
R2
≥0
F dµ⊗2

k ≤
∫
R2
≥0
F dµ⊗2 + 1

k , and thus (µk)k∈N fulfills all of (i)–(iv).

Now we have gathered all preparatory results to prove the following statement.

Lemma 6.19. Define the functional I : M1(R≥0)× R≥0 → R by

I(µ,M) := inf
G

lim inf
n→∞

1

βmn
logP

[
(νn,mp/2(νn)) ∈ G

]
,

where G ranges over basic open subsets of M1(R≥0)×R≥0 such that (µ,M) ∈ G. Then we have

I(µ,M) ≥ −J 2
c,p(µ,M)

for any µ ∈ M1(R≥0) and M ∈ R≥0, with J 2
c,p defined in Proposition 6.15.

Proof. First we note a few important properties of I. I is of the form I(µ,M) = infG I(G) with
an isotone map I (i.e., U ⊂ V implies I(U) ≤ I(V )). The system of basic open sets G ∈ (µ,M)
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is a neighborhood basis of (µ,M), and then the form of I yields that we may choose any specific
neighborhood basis for any point (µ,M) without changing the value I(µ,M). Also, as rightly
observed in [19, p. 216], I is upper semicontinuous.

Now we are going to prove the statement of this lemma. If µ ∈ M1(R≥0) and M ∈ R≥0 are
such that J 2

c,p(µ,M) = ∞, then trivially there is nothing left to prove. By the definition of J 2
c,p

this definitely is the case if mp/2(µ) > M , or if mp/2(µ) ≤M and µ({0}) > 0.
So consider such µ ∈ M1(R≥0) and M ∈ R≥0 that J 2

c,p(µ,M) < ∞, then mp/2(µ) ≤ M
and µ({0}) = 0, which also implies mp/2(µ) > 0 and therefore M > 0. First assume that µ is
supported on a compact interval [a, b] ⊂ (0,∞) with Lebesgue density h which is continuous on
[a, b] and satisfies minh([a, b]) > 0, and that mp/2(µ) < M . In this situation we can apply the
analogue of [28, Lemma 4.5] and Lemma 6.16 to get

lim inf
n→∞

1

βmn
logP

[
νn ∈ Oε,d(µ) ∧ |mp/2(νn)−M | < δ

]
≥ lim inf

n→∞

1

βmn
logP

[
ν ′n ∈ Oε/3,d(µ) ∧ |mp/2(ν

′
n)−mp/2(µ)| <

δ

3
∧ Y (n)

m ∈ Dn

]
≥ −J 2

c,p(µ,M)

for any δ, ε ∈ R>0, d ∈ N, and f1, . . . , fd ∈ Cb(R≥0). Since{
Oε,d(µ)× (M − δ,M + δ) : δ, ε ∈ R>0, d ∈ N, f1, . . . , fd ∈ Cb(R≥0)

}
is a neighborhood basis at (µ,M), taking the infimum over neighborhoods yields

I(µ,M) ≥ −J 2
c,p(µ,M),

as claimed.
Now let µ ∈ M1(R≥0) and M ∈ R≥0 be general, but still such that J 2

c,p(µ,M) < ∞.
Recalling the definition of the kernel F introduced before Lemma 6.18, we can rewrite

J 2
c,p(µ,M) =

1

2

∫
R2
≥0

F dµ⊗2 +M +Bc,p,

and therefore we know
∫
R2
≥0
F dµ⊗2 <∞. Let (µk)k∈N be a sequence as asserted by Lemma 6.18,

and for each k ∈ N define

Mk := mp/2(µk) +M −mp/2(µ) +
1

k
,

then Mk > mp/2(µk) and (Mk)k∈N →M . This means that for each k ∈ N we are in the special
situation treated above, hence

I(µk,Mk) ≥ −J 2
c,p(µk,Mk);

then letting k → ∞ and using the upper semicontinuity of I,

I(µ,M) ≥ lim sup
k→∞

I(µk,Mk) ≥ lim sup
k→∞

(
−J 2

c,p(µk,Mk)
)
= − lim inf

k→∞
J 2
c,p(µk,Mk).

Here now the crucial property (iii) of Lemma 6.18 enters the picture, since this leads to

lim inf
k→∞

J 2
c,p(µk,Mk) = lim inf

k→∞

(
1

2

∫
R2
≥0

F dµ⊗2
k +Mk +Bc,p

)
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=
1

2
lim inf
k→∞

∫
R2
≥0

F dµ⊗2
k +M +Bc,p

≤ 1

2
lim sup
k→∞

∫
R2
≥0

F dµ⊗2
k +M +Bc,p

≤ 1

2

∫
R2
≥0

F dµ⊗2 +M +Bc,p = J 2
c,p(µ,M),

and together with the display before this concludes the proof.

[28, Lemma 4.7] actually need not be true as stated; the flaw happens on p. 945, at ‘Now, if
we take ε ↓ 0 as well as δ ↓ 0, then’: even though the functional ν 7→

∫
R2 Fα(x, y; γ) dν

⊗2(x, y)
be weakly continuous, this is not sufficient for

lim
ε→0+

inf
ν∈Oε,d(µ)

∫
R2

Fα(x, y; γ) dν
⊗2(x, y) =

∫
R2

Fα(x, y; γ) dµ
⊗2(x, y),

if the neighbourhoods Oε,d(µ) depend on fixed functions f1, . . . , fd ∈ Cb(R). But in truth this
setup is not needed since we actually wish to establish (reverting to our notation)

inf
G

lim sup
n→∞

1

βmn
logP

[
(νn,mp/2(νn)) ∈ G

]
≤ −J 2

c,p(µ,M),

where G runs through a neighborhood basis of (µ,M); thus it suffices to consider a specific
subset of basic neighborhoods over which to minimize, as then the global infimum can only be
smaller. The precise statement is given next.

Lemma 6.20. Let µ ∈ M1(R≥0) and M ∈ R>0 with mp/2(µ) ≤M . Then there exists a family
(Oε)ε∈R>0 of basic neighborhoods of µ such that

lim
δ,ε→0+

lim sup
n→∞

1

βmn
logP

[
νn ∈ Oε ∧mp/2(νn) ∈ (M − δ,M + δ)

]
≤ c

2

∫
R2
≥0

log|x− y|dµ⊗2(x, y) +
1− c

2

∫
R≥0

log(x) dµ(x)−M −Bc,p.

Before proving Lemma 6.20 we give a purely auxiliary result which by the way nicely illus-
trates how one can evaluate integrals with respect to cone measures.

Lemma 6.21. Let q ∈ R>0 and α ∈ (−1,∞), then∫
Smq,1

1Rm
>0
(θ)

m∏
i=1

θαi dκmq,1(θ) =
Γ
(
α+1
q

)m
mωm

q,1 q
m−1 Γ

(m(α+1)
q

) .
Proof. The basic property of the integrand which we are going to exploit is its positive homogen-
eity. By a standard method the integral is extended to all of Rm

>0 via introducing an exponential
term. To be specific, we consider ∫

Rm
>0

e−∥x∥qq
m∏
i=1

xαi dx. (16)

On the one hand use polar integration on (16) to obtain∫
Rm
>0

e−∥x∥qq
m∏
i=1

xαi dx = mωm
q,1

∫
R>0

∫
Smq,1

1Rm
>0
(rθ)e−∥rθ∥qq

m∏
i=1

(rθi)
α dκmq,1(θ) r

m−1 dr
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= mωm
q,1

∫
R>0

rmα+m−1 e−rq dr

∫
Smq,1

1Rm
>0
(θ)

m∏
i=1

θαi dκmq,1(θ)

=
mωm

q,1 Γ
(m(α+1)

q

)
q

∫
Smq,1

1Rm
>0
(θ)

m∏
i=1

θαi dκmq,1(θ).

On the other hand the integrand of (16) has tensor product structure, therefore∫
Rm
>0

e−∥x∥qq
m∏
i=1

xαi dx =

(∫
R>0

xα e−xq
dx

)m

=

(
Γ
(
α+1
q

)
q

)m

.

Equating the two partial results and rearranging lead to the claim.

Proof of Lemma 6.20. The strategy is the same as in [28]. For α ∈ R≥0 and γ ∈ [0, 1) define
the kernels F (·, ·; γ), Fα(·, ·; γ) : R2

≥0 → (−∞,∞] by

F (x, y; γ) :=

{
− c

2 log|x− y| − (1− γ)1−c
4 log(xy) + γ

2 (x
p/2 + yp/2) if x > 0 ∧ y > 0 ∧ x ̸= y,

∞ else,

and
Fα(x, y; γ) = min{F (x, y; γ), α}.

We note some properties of F and Fα: for γ > 0, F (·, ·; γ) and Fα(·, ·; γ) are bounded from
below, hence their (coinciding) negative parts are µ⊗2-integrable; and for γ = 0 they can be
bounded from below by −C(xp/2 + yp/2 + (xy)p/2) with some C > 0, and since we have been
supposing mp/2(µ) ≤M <∞, also in this case the negative parts are µ⊗2-integrable. From this
follows that for any α ≥ 0 and γ ∈ [0, 1), Fα(·, ·; γ) is µ⊗2-integrable. Also we can rewrite

F (x, y; γ) = F (x, y; 0) +
γ

2

(
xp/2 + yp/2 − 1− c

2
log(xy)

)
,

wherever the value is finite, which clearly implies limγ→0+ F (x, y; γ) = F (x, y; 0) pointwise, and
the map γ → F (x, y; γ) is increasing on

P :=
{
(x, y) ∈ R2

≥0 : xp/2 + yp/2 − 1− c

2
log(xy) ≥ 0

}
and decreasing on its complement, N := R2

≥0 \P ; this holds true for Fα too. Notice that P and
N do not depend on γ. Lastly, for any γ ∈ [0, 1) and (x, y) ∈ R2

≥0 the map α 7→ Fα(x, y; γ) is
increasing and limα→∞ Fα(x, y; γ) = F (x, y; γ).

Fix a metric dw on M1(R≥0) which metrizes the weak topology, then for any ε ∈ R>0 choose
a basic weak neighborhood Oε of µ with Oε ⊂ Bε(µ) (the open ball w.r.t. dw around µ with
radius ε).

Let F : M1(R≥0) → (−∞,∞] be some functional, then the map ε 7→ inf
(
F(Bε(µ))

)
is

decreasing, hence the improper limit limε→0+ inf
(
F(Bε(µ))

)
exists; next, for any ε > 0 we may

choose an ε′(ε) ∈ (0, ε] such that Bε′(ε)(µ) ⊂ Oε ⊂ Bε(µ), then as ε → 0+, so also ε′(ε) → 0+,
and hence

lim
ε→0+

inf(F(Oε)) = lim
ε→0+

inf
(
F(Bε(µ))

)
.
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If in addition F is continuous at µ, then there follows

lim
ε→0+

inf(F(Oε)) = F(µ). (17)

Indeed, the inequality ‘≤’ readily follows from inf(F(Oε)) ≤ F(µ) for any ε > 0 (since µ ∈ Oε);
and concerning ‘≥’ it suffices to prove limε→0+ inf(F(Oε)) ≥ F(µ) − ζ for any ζ ∈ R>0. But
continuity implies that for any ζ > 0 there exists ε′ > 0 such that F(ν) ≥ F(µ) − ζ for any
ν ∈ Bε′(µ); in particular this remains valid for all ν ∈ Oε′ , and by passing to the infimum and
then investing limε→0+ inf(F(Oε)) ≥ inf(F(Oε′)) we arrive at (17).

As observed in [28], for any α > 0 and γ ∈ (0, 1) the map

ν 7→
∫
R2
≥0

Fα(x, y; γ) dν
⊗2(x, y)

is weakly continuous, and therefore identity (17) can be applied.
Now that we have finished the preparations, let δ, ε ∈ R>0, w.l.o.g. δ < M , and define

H :=

{
y ∈ Rm

≥0 :
1

m

m∑
i=1

δyi ∈ Oε ∧
1

m

m∑
i=1

y
p/2
i ∈ (M − δ,M + δ)

}
;

then

P
[
νn ∈ Oε ∧mp/2(νn) ∈ (M − δ,M + δ)

]
=

1

Zm,n,p,β

∫
H
e
−βn∥y∥p/2

p/2

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

=
1

Zm,n,p,β

∫
H
exp

(
−βn

(
1− γ(m− 1)

cn

)
∥y∥p/2p/2

)
exp

(
−2β

c

∑
1≤i<j≤m

F (yi, yj ; γ)

)

· exp
((β(n−m+ 1)

2
− 1− β(1− γ)(1− c)(m− 1)

2c

) m∑
i=1

log(yi)

)
dy,

where we have used the definition of F to rewrite
∏

i<j |yj−yi|β ; we want to estimate the integral
from above. First note limn→∞(1− γ(m−1)

cn ) = 1− γ > 0, hence the first exponential term may
be estimated on H from above by exp

(
βn(1− γ(m−1)

cn )m(M − δ)
)

for all sufficiently large n (so
also in the sequel). Next there is∑

1≤i<j≤m

F (yi, yj ; γ) ≥
∑

1≤i<j≤m

Fα(yi, yj ; γ)

=
m2

2

∫
R2
≥0

Fα(x1, x2; γ) dµ
⊗2
y (x1, x2)−

mα

2

≥ m2

2
inf
ν∈Oε

∫
R2
≥0

Fα(x1, x2; γ) dν
⊗2(x1, x2)−

mα

2
,

where of course µy := 1
m

∑m
i=1 δyi , and this treats the second exponential term. The third

exponential term needs special care; even though we have

lim
n→∞

1

βn

(β(n−m+ 1)

2
− 1− β(1− γ)(1− c)(m− 1)

2c

)
=
γ(1− c)

2
≥ 0,
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in the case c = 1 the coefficient of
∑m

i=1 log(yi) can be negative and hence naively maximizing
the exponent over {y ∈ Rm

≥0 : m(M − δ) < ∥y∥p/2p/2 < (M + δ)} would yield the trivial bound
∞. (As in other places the authors of [28] remain silent on this point although they would have
needed it in the proof of their Theorem 1.5.) Instead we have to find a finer estimate for the
following integral, ∫

H

m∏
i=1

y
β(n−m+1)/2−1−β(1−γ)(1−c)(m−1)/(2c)
i dy.

Call αn := β(n−m+1)
2 −1−β(1−γ)(1−c)(m−1)

2c , then we already have observed above that limn→∞
αn
βn =

γ(1−c)
2 , hence in the case c < 1 we know αn ≥ 0 > −1 for all n large enough, and in the case

c = 1 we get αn = β(n−m+1)
2 − 1 ≥ β

2 − 1 > −1 for all n ∈ N, since m ≤ n. Therefore we have
αn > −1 for eventually all n in any case, and we aim for an application of Lemma 6.21. Using
H ⊂

{
y ∈ Rm

≥0 : m(M − δ) < ∥y∥p/2p/2 < m(M + δ)
}
, polar integration leads to

∫
H

m∏
i=1

yαn
i dy ≤ mωm

p/2,1

∫ (m(M+δ))2/p

(m(M−δ))2/p

∫
Sm
p/2,1

1Rm
≥0
(rθ)

m∏
i=1

(rθi)
αn dκmp/2,1(θ) r

m−1 dr

= mωm
p/2,1

∫ (m(M+δ))2/p

(m(M−δ))2/p
rm(αn+1)−1 dr

∫
Sm
p/2,1

1Rm
≥0
(θ)

m∏
i=1

θαn
i dκmp/2,1(θ)

≤ (m(M + δ))2m(αn+1)/p

m(αn + 1)
·

Γ
(2(αn+1)

p

)m(p
2

)m−1
Γ
(2m(αn+1)

p

) ,
where for the last line we have invested Lemma 6.21 (obviously it is immaterial whether we
integrate over Rm

≥0 or Rm
>0). Summarizing all this we see

P
[
νn ∈ Oε ∧mp/2(νn) ∈ (M − δ,M + δ)

]
≤ 1

Zm,n,p,β
exp

(
−βmn(M − δ)

(
1− γ(m− 1)

cn

))
· exp

(
−βm

2

c
inf
ν∈Oε

∫
R2
≥0

Fα(x, y; γ) dν
⊗2(x, y) +

αβm

c

)

· (m(M + δ))2m(αn+1)/p

m(αn + 1)
·

Γ
(2(αn+1)

p

)m(p
2

)m−1
Γ
(2m(αn+1)

p

) .
Proposition 6.13 tells us limn→∞

1
βmn log(Zm,n,p,β) = Bc,p. The first exponential term needs no

comment and for the second we get

lim
n→∞

1

βmn
log

(
e
−βm2

c
infν∈Oε

∫
R2≥0

Fα(x,y;γ) dν⊗2(x,y)+αβm
c

)
= − inf

ν∈Oε

∫
R2
≥0

Fα(x, y; γ) dν
⊗2(x, y).

Stirling’s formula Γ(z) =
√
2π zz−1/2 e−z+R(z), where R(z) = 1

12z

(
1 + O(z−2)

)
, implies

m2m(αn+1)/p Γ
(2(αn+1)

p

)m
Γ
(2m(αn+1)

p

) = m1/2
( πp

αn + 1

)(m−1)/2
emR(2(αn+1)/p)−R(2m(αn+1)/p),
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hence

1

βmn
log

m2m(αn+1)/p Γ
(2(αn+1)

p

)m
Γ
(2m(αn+1)

p

) =
log(m)

2βmn
+

(m− 1) log(πp)

2βmn
− (m+ 1) log(αn + 1)

2βmn

+
R
(2(αn+1)

p

)
βn

−
R
(2m(αn+1)

p

)
βmn

−−−→
n→∞

0,

where we also have used αn = O(βn). Lastly there remains

1

βmn
log

(M + δ)2m(αn+1)/p

m(αn + 1)
(p
2

)m−1 =
2(αn + 1) log(M + δ)

pβn
− log(m(αn + 1))

βmn
−

(m− 1) log
(p
2

)
βmn

−−−→
n→∞

γ(1− c) log(M + δ)

p
.

Therewith we get

lim sup
n→∞

1

βmn
logP

[
νn ∈ Oε ∧mp/2(νn) ∈ (M − δ,M + δ)

]
≤ −Bc,p − (M − δ)(1− γ)− inf

ν∈Oε

∫
R2
≥0

Fα(x, y; γ) dν
⊗2(x, y) +

γ(1− c)

p
log(M + δ).

Now we send δ, ε → 0+, so by our discussion at the preparations for the proof concerning the
continuity of infima of continuous functionals we have

lim
δ,ε→0+

lim sup
n→∞

1

βmn
logP

[
νn ∈ Oε ∧mp/2(νn) ∈ (M − δ,M + δ)

]
≤ −Bc,p −M(1− γ)−

∫
R2
≥0

Fα(x, y; γ) dµ
⊗2(x, y) +

γ(1− c)

p
log(M).

Next we take γ → 0+, then clearly Fα(x, y; γ) → Fα(x, y; 0). Recall the sets P and N from
the beginning of this proof; on P , Fα(·, ·; γ) is bounded from below by Fα(·, ·; 0), and on N , it
is bounded from above by α; either bound is µ⊗2-quasiintegrable, hence monotone convergence
can be applied on P and on N separately, and because the negative part of the limiting function
Fα(·, ·; 0) is µ⊗2-integrable over R2

≥0 we also have convergence of the integral on all of R2
≥0, that

is,

lim
γ→0+

∫
R2
≥0

Fα(x, y; γ) dµ
⊗2(x, y) =

∫
R2
≥0

Fα(x, y; 0) dµ
⊗2(x, y).

Lastly we let α → ∞, then Fα(·, ·; 0) is dominated from below by F (·, ·; 0) whose negative part
is integrable as we have discussed above. Thus monotone convergence can be used once more,
so

lim
α→∞

∫
R2
≥0

Fα(x, y; 0) dµ
⊗2(x, y) =

∫
R2
≥0

F (x, y; 0) dµ⊗2(x, y).

Plugging in the definition of F we finally have

lim
δ,ε→0+

lim sup
n→∞

1

βmn
logP

[
νn ∈ Oε ∧mp/2(νn) ∈ (M − δ,M + δ)

]
≤ −Bc,p −M +

∫
R2
≥0

( c
2
log|x− y|+ 1− c

4
log(xy)

)
dµ⊗2(x, y),

and slight simplification leads to the claimed result.
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[28, Lemma 4.8], which concerns the exponential tightness, carries over analogously, where
the reference point is [19, Theorem 5.5.1, p. 232] now.

We also adapt [28, Remark 4.9], that is, the LDP on M1(R≥0)× R>0; the proof of

lim
A→∞

lim sup
n→∞

1

βmn
logP

[
mp/2(νn) <

1

A

]
= −∞

needs to be modified as follows: We have, for any A ∈ R>0,

P
[
mp/2(νn) <

1

A

]
= P

[
∥Y (n)∥p/2 <

(m
A

)2/p]
=

1

Zm,n,p,β

∫
Rm
≥0

1(m
A
)2/pBm

p/2,1
(y) e

−βn∥y∥p/2
p/2

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

≤ 1

Zm,n,p,β

∫
Rm
≥0

1(m
A
)2/pBm

p/2,1
(y)

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

=
1

Zm,n,p,β

(m
A

)βmn/p
∫
Rm
≥0

1Bm
p/2,1

(z)

m∏
i=1

z
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|zj − zi|β dz,

where in the last step we have substituted z :=
(
A
m

)2/p
y. The last integral then is transformed

with the same method as in the proof of Theorem F, part 1, that is,∫
Rm
≥0

1Bm
p/2,1

(z)
m∏
i=1

z
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|zj − zi|β dz

=
(βn)βmn/p

Γ(βmn
p + 1)

∫
Rm
≥0

e
−βn∥y∥p/2

p/2

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

=
(βn)βmn/p Zm,n,p,β

Γ(βmn
p + 1)

;

this leads to

P
[
mp/2(νn) <

1

A

]
≤ (βmn)βmn/p

Aβmn/p Γ(βmn
p + 1)

,

and thence

1

βmn
logP

[
mp/2(νn) <

1

A

]
≤ log(βmn)− log(A)

p
− 1

βmn
log Γ

(βmn
p

+ 1
)
.

Stirling’s formula yields limn→∞
(

1
βmn log Γ(βmn

p + 1)− 1
p log(

βmn
p )

)
= −1

p , hence

lim sup
n→∞

1

βmn
logP

[
mp/2(νn) <

1

A

]
≤ 1− log(A)

p
,

so the claim follows as A→ ∞.

Step 3 The result of this step is the LDP for the empirical measure of the squares of the
singular values, reached via the contraction principle from the LDP for the empirical pair in
Step 2.
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Proposition 6.22. Let (X(n))n∈N be a sequence of random variables where X(n) ∼ κm×n
Sp,β

for
each n ∈ N, and define µ2n := 1

m

∑m
i=1 δm2/psi(X(n))2. Then (µ2n)n∈N satisfies a large deviations

principle with speed βmn and good rate function I2
c,p : M1(R≥0) → [0,∞] given by

I2
c,p(µ) :=

{
− c

2

∫
R2
≥0

log|x− y|dµ⊗2(x, y)− 1−c
2

∫
R≥0

log(x) dµ(x) + log(ep)
p +Bc,p if mp/2(µ) ≤ 1,

∞ else,

which has a unique global minimizer µ2c,p defined by µ2c,p(A) = νc,p
(
mp/2(νc,p)

2/pA
)
, where νc,p is

the same as in Proposition 6.13; in particular µ2c,p has compact support and a Lebesgue density.

Proof. The role model here is [28, Proposition 5.1] which we adopt with the obvious adaptions;
in particular p has to be replaced by p

2 . The contraction principle yields the LPD with speed
βmn and good rate function defined by

I(µ) := inf
(ν,M)∈F−1

p/2
{µ}

J 2
c,p(ν,M).

The value I(µ) = ∞ for mp/2(µ) > 1 is argued as in [28]. In the case mp/2(µ) ≤ 1, note that
actually for any M ∈ R>0 there exists a ν ∈ M1(R≥0) such that Fp/2(ν,M) = µ; simply take
ν := Fp/2(µ,M

−1) (this— important— point is not addressed in [28]). Therefore

I(µ) = inf
(ν,M)∈F−1

p/2
{µ}

(
− c
2

∫
R2
≥0

log|x− y| dν⊗2(x, y)− 1− c

2

∫
R≥0

log(x) dν(x) +M +Bc,p

)
= inf

(ν,M)∈F−1
p/2

{µ}

(
− c
2

∫
R2
≥0

log
(
M2/p|x− y|

)
dµ⊗2(x, y)

− 1− c

2

∫
R≥0

log(M2/px) dµ(x) +M +Bc,p

)
= inf

(ν,M)∈F−1
p/2

{µ}

(
− c
2

∫
R2
≥0

log|x− y| dµ⊗2(x, y)− 1− c

2

∫
R≥0

log(x) dµ(x)

− c

p
log(M)− 1− c

p
log(M) +M +Bc,p

)
= − c

2

∫
R2
≥0

log|x− y|dµ⊗2(x, y)− 1− c

2

∫
R≥0

log(x) dµ(x) +
log(ep)

p
+Bc,p,

because log(ep)
p is the global minimum of −1

p log(x) + x on R>0. But this concludes I = I2
c,p.

Concerning the minimizer of I2
c,p, from Proposition 6.15 we know that J 2

c,p has the global
minimizer (νc,p,mp/2(νc,p)) and hence µ2c,p = Fp/2(νc,p,mp/2(νc,p)) is a global minimizer of I2

c,p.
It remains to show unicity. Let µ ∈ M1(R≥0) with µ ̸= µ2c,p, w.l.o.g. I2

c,p(µ) < ∞; then
{µ} is weakly closed and thus also the fibre F−1

p/2{µ} is closed in M1(R≥0) × R>0. Because of
I2
c,p(µ) < ∞ and because J 2

c,p is a good rate function there exists (ν,M) ∈ F−1
p/2{µ} such that

I2
c,p(µ) = J 2

c,p(ν,M). But µ ̸= µ2c,p forces (ν,M) ̸= (νc,p,mp/2(νc,p)) and therefore J 2
c,p(ν,M) >

0.

Step 4 The key observation here is stated in the lemma below.

Lemma 6.23. Let (µn)n≥1 be a sequence of M1(R≥0)-valued random variables which satisfies
an LDP at speed (sn)n≥1 with GRF I, and let q : R≥0 → R≥0 be a measurable bijection with
continuous inverse. Then (µn ◦ q)n≥1 satisfies an LDP at speed (sn)n≥1 with GRF Iq : µ 7→
I(µ ◦ q−1). In particular µ ◦ q is a minimizer of Iq iff µ is a mimizer of I.
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Proof. It suffices to prove that the map

F :

{
M1(R≥0) → M1(R≥0)

µ 7→ µ ◦ q

is weakly continuous, then apply the contraction principle to (F (µn))n≥1 which will lead to the
desired results. Note that F is well-defined since q is a measurable isomorphism, and that for
the same reason F is bijective.

Let µ in M1(R≥0) and let V ⊂ M1(R≥0) be a basic weak neighborhood of F (µ) = µ ◦ q,
that is,

V =
k⋂

i=1

{
ν ∈ M1(R≥0) :

∣∣∣∣∫
R≥0

fi dν −
∫
R≥0

fi d(µ ◦ q)
∣∣∣∣ < ε

}
with some k ∈ N, ε ∈ R>0 and f1, . . . , fk ∈ Cb(R≥0). Now fi ◦ q−1 ∈ Cb(R≥0) for any i ∈ [1, k],
therefore

U :=
k⋂

i=1

{
ν ∈ M1(R≥0) :

∣∣∣∣∫
R≥0

(fi ◦ q−1) dν −
∫
R≥0

(fi ◦ q−1) dµ

∣∣∣∣ < ε

}
is a weak neighborhood of µ, and for any ν ∈ U we get, for any i ∈ [1, k],∣∣∣∣∫

R≥0

fi d(ν ◦ q)−
∫
R≥0

fi d(µ ◦ q)
∣∣∣∣ = ∣∣∣∣∫

R≥0

(fi ◦ q−1) dν −
∫
R≥0

(fi ◦ q−1) dµ

∣∣∣∣ < ε,

and thus (recall F (ν) = ν ◦ q) F (ν) ∈ V .

The most important consequence of Lemma 6.23 for us is that not only the empirical measures
of the squares of singular values satisfy an LDP, but also of the singular values themselves. This
concludes the proof of Theorem G in the case X(n) ∼ κm×n

Sp,β
.

Proposition 6.24. Let (X(n))n≥m be a sequence of random variables such that X(n) ∼ κm×n
Sp,β

for each n ∈ N, and define µn := 1
m

∑m
i=1 δm1/psi(X(n)), then the sequence (µn)n∈N satsifies a

large deviations principle with speed βmn and good rate function

Ic,p(µ) :=

{
− c

2

∫
R2
≥0

log|x2 − y2| dµ⊗2(x, y)− (1− c)
∫
R≥0

log(x) dµ(x) + log(ep)
p +Bc,p if mp(µ) ≤ 1,

∞ else,

which possesses a unique minimizer µc,p, given by its Lebesgue density

dµc,p(x)

dx
= 2x

dµ2c,p(x
2)

dx
,

where µ2c,p is the minimizer from Proposition 6.22.

Proof. Apply Lemma 6.23 to the LDP for
(
1
m

∑m
i=1 δm2/psi(X(n))2

)
n∈N of Proposition 6.22 and

the map q(x) := x2, defined on R≥0; use that generally δx ◦ q = δq−1(x) = δx1/2 and therefore
especially

(
1
m

∑m
i=1 δm2/psi(X(n))2

)
◦ q = 1

m

∑m
i=1 δm1/psi(X(n)); also mind mp/2(µ) = mp(µ ◦ q).

The density of µc,p is a simple instance of density transformation.
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Remark 6.25. As already indicated in Remarks 6.6 and 6.14 the minimizer µc,2 is explicitly
known. This is because then the rate function Jc,2 from Proposition 6.13 can be written as

Jc,2(µ) =
c

2

∫
C
log

( 1

|x− y|w(x)w(y)

)
dµ⊗2(x, y) +Bc,2,

with the weight function

w :

{
C → C

x 7→ x(1−c)/(2c) e−x/c 1R≥0
(x)

This is a Laguerre weight, and by [45, Example IV.5.4] the minimizer νc,2 of Jc,2 has Lebesgue
density

dνc,2(x)

dx
=

1

cπx

(
c−

(
x− 1 + c

2

)2)1/2
1[ (1−

√
c)2

2
,
(1+

√
c)2

2

](x).
We can easily compute m1(νc,2) =

1
2 , and therewith Proposition 6.22 yields the minimizer µ2c,2

with density

dµ2c,2(x)

dx
=

1

2

dνc,2
dx

(x
2

)
=

1

2πcx

(
4c− (x− 1− c)2

)1/2
1[(1−

√
c)2,(1+

√
c)2](x);

from this we can identify µ2c,2 as a Marchenko–Pastur distribution. And finally from Proposi-
tion 6.24 we obtain the minimizer µc,2 with density

dµc,2(x)

dx
=

1

πcx

(
4c− (x2 − 1− c)2

)1/2
1[1−

√
c,1+

√
c](x);

in particular we have for c = 1

dµ1,2(x)

dx
=

1

π
(4− x2)1/2 1[0,2](x),

which corresponds to a quarter-circle distribution, as expected.
Also the constant Bc,2 can be computed explicitly because of

Zm,n,2,β =

∫
Rm
≥0

e−βn∥y∥1
m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

= (βn)−βmn/2

∫
Rm
≥0

e−∥y∥1
m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

= (βn)−βmn/2
m∏
i=1

Γ(β(n−m+1)
2 + β(i−1)

2 )Γ(1 + βi
2 )

Γ(1 + β
2 )

,

where we have used the Selberg integral of Laguerre type (see [36, p. 354]). Using Lemma 2.2
to deal with the products of gamma functions we arrive at

Bc,2 = −3

4
− log(2)

2
+
c

4
log(c)− (1− c)2

4c
log(1− c).

For c = 1 this is consistent with [28, Theorem 1.5].
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Step 5 The last step is the establishment of the LDP w.r.t. the uniform distribution on the
ball, i.e. X(n) ∼ U(Bm×n

Sp,β
). Recall s(X(n))

d
= U1/(βmn)s(Θ(n)), where Θ(n) ∼ κm×n

Sp,β
and hence its

LDP is provided by Proposition 6.24, and U ∼ U([0, 1]) is independent from Θ(n) and satisfies
the following well-known LDP (see [2], e.g., for a quite general version).

Lemma 6.26. The sequence (U1/(βmn))n∈N satisfies a large deviations principle with speed βmn
and good rate function IU : R → [0,∞] given by

IU (x) :=

{
− log(x) if x ∈ (0, 1],

∞ else.

Proposition 6.27. Let (X(n))n∈N be a sequence of random variables such that X(n) ∼ U(Bm×n
Sp,β

)

for each n ∈ N. Then (µn)n∈N with µn := 1
m

∑m
i=1 δm1/psi(X(n)) satisfies a large deviations

principle with speed βmn and the same good rate function Ic,p as in Proposition 6.24.

Proof. Again the argument runs parallel to [28, Proposition 6.2], so we adopt their notations
with the obvious adaptations, and thus the contraction principle yields the LDP with speed
βmn and the good rate function

I(µ) := inf
(ν,u)∈F−1{µ}

(
Ic,p(ν)− log(u)

)
,

where Ic,p is the rate function from Proposition 6.24. The cases mp(µ) > 1 and mp(µ) ≤
1 ∧ µp(ν) > 1 via the same reasoning lead to I(µ) = ∞, and in the remaining case mp(µ) ≤
1 ∧mp(ν) ≤ 1 these conditions also force u ∈ [mp(µ)

1/p, 1] and thence

I(µ) = inf
(ν,u)∈F−1{µ}

(
− c
2

∫
R2
≥0

log|x2 − y2| dν⊗2(x, y)− (1− c)

∫
R≥0

log(x) dν(x)

+
log(ep)

p
+Bc,p − log(u)

)
= inf

(ν,u)∈F−1{µ}

(
− c
2

∫
R2
≥0

log
( |x2 − y2|

u2

)
dµ⊗2(x, y)− (1− c)

∫
R≥0

log
(x
u

)
dµ(x)

+
log(ep)

p
+Bc,p − log(u)

)
= − c

2

∫
R2
≥0

log|x2 − y2|dµ⊗2(x, y)− (1− c)

∫
R≥0

log(x) dµ(x) +
log(ep)

p
+Bc,p,

proving I = Ic,p.

6.4 Proof of Theorem H

Recall from Theorem F, part 3, the representation X(n) d
= V diag(((Y

(n)
i )1/2)i≤m)U∗ whenever

X(n) ∼ U(Bm×n
S∞,β), where Y (n) has Lebesgue density (15). Hence (sπ(i)(X

(n))2)i≤m
d
= Y (n),

where π ∼ U(Sm) is independent of X(n), and via Lemma 6.12 we know 1
m

∑m
i=1 δsi(X(n))2

d
=

1
m

∑m
i=1 δY (n)

i

=: νn. So we state an LDP for (νn)n∈N first.

Proposition 6.28. If limn→∞
m
n = c ∈ (0, 1], then (νn)n∈N satisfies a large deviations principle

at speed βmn with good rate function

Jc,∞(µ) =

{
− c

2

∫
[0,1]2 log|x− y|dµ⊗2(x, y)− 1−c

2

∫
[0,1] log(x) dµ(x) +Bc,∞ if supp(µ) ⊂ [0, 1],

∞ else,
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where Bc,∞ is the same as in Theorem H; and Jc,∞ has a unique minimizer νc,∞, which is given
explicitly by its Lebesgue density,

dνc,∞(x)

dx
=

1 + c

2cπx

(
x− (1−c

1+c)
2
)1/2

(1− x)1/2
1[( 1−c

1+c
)2,1](x).

Before giving a proof for Proposition 6.28 we observe that it implies Theorem H almost
immediately through an application of Lemma 6.23.

Now we prove Proposition 6.28. First notice that, in contrast to Proposition 6.13, [19,
Theorem 5.5.1] is not applicable directly because they only allow continuous external potentials
defined on all R≥0, but in our case we have

1[0,1]m(y) = e−βn
∑m

i=1 Q(yi)

with

Q(y) :=

{
0 if y ∈ [0, 1],

∞ else.

Yet it turns out that their proof can be adapted. Since it requires only minor modifications we
present only those and refer the reader to [19] for the details.

First we show that the rate function must be infinite at any µ ∈ M1(R≥0) with supp(µ) \
[0, 1] ̸= ∅.

Lemma 6.29. Let µ ∈ M1(R≥0) with supp(µ) \ [0, 1] ̸= ∅. Then

inf
G

lim sup
n→∞

1

βmn
logP[νn ∈ G] = −∞,

where the infimum is taken over basic neighborhoods G of µ.

Proof. It suffices to show that there exists a weak neighborhoodG of µ such that supp(ν)\[0, 1] ̸=
∅ for all ν ∈ G; since supp(νn) ⊂ [0, 1] this implies νn /∈ G for all n ∈ N and hence the statement
follows.

Because (1,∞) is open, the evaluation map

M1(R≥0) ∋ ν 7→ ν((1,∞))

is weakly lower semicontinuous; by the premises on µ we know µ((1,∞)) > 0, and hence there
exists a (basic) weak neighborhood G of µ such that, for any ν ∈ G,

ν((1,∞)) >
µ((1,∞))

2
> 0.

This implies supp(ν) \ [0, 1] ̸= ∅ for all ν ∈ G.

From now on we only consider µ ∈ M1(R≥0) such that supp(µ) ⊂ [0, 1].
In order to adapt the proof of [19, Theorem 5.5.1], define the kernel functions on R2

≥0,

F (x, y) :=

{
− c

2 log|x− y| − 1−c
4 log(xy) if (x, y) ∈ [0, 1]2,

∞ else,

F̃n(x, y) :=

{
−m

2n log|x− y| − β(n−m+1)−2
4βn log(xy) if (x, y) ∈ [0, 1]2,

∞ else,
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and for any α > 0 their cutoffs Fα := min{F, α} and analogously F̃n,α. Then F and F̃n

are bounded from below and lower semicontinuous, and Fα and F̃n,α are bounded and lower
semicontinuous. Therefore for any F ′ ∈ {F, F̃n, Fα, F̃n,α} the map

M1(R≥0) ∋ ν 7→
∫
R2
≥0

F ′ dν⊗2

is a well-defined weakly lower semicontinuous functional.
[19, Lemma 5.5.2] remains true unchanged. The existence of the unique minimizers µ0, µ̃n

needs to be argued differently: write∫
R2
≥0

F dµ⊗2 =
c

2

∫
C
log

( 1

|x− y|w(x)w(y)

)
dµ⊗2(x, y)

with the weight function

w :

{
C → C

x 7→ x(1−c)/(2c) 1[0,1](x)
,

then w is an admissible weight in the sense of [45, Definition I.1.1], and by [45, Theorem I.1.3]
the energy functional admits a unique minimizer νc,∞; even more, [45, Example IV.5.3] with
θ := 1−c

1+c gives the Lebesgue density of νc,∞, and it equals that given in Proposition 6.28. The
analogous argument is valid for F̃n, but the only relevant information about µ̃n which we need
is that supp(µ̃n) ⊂ [0, 1], and this already proves that (µ̃n)n∈N is tight, which is the first part of
[19, Lemma 5.5.3], and the argument for the second part does not change.

[19, Lemma 5.5.4] is adapted easily; note that integration extends simply over [0, 1]m, and
Q = 0. In truth we know more as

Zm,n,∞,β =

∫
[0,1]m

m∏
i=1

y
β(n−m+1)/2−1
i

∏
1≤i<j≤m

|yj − yi|β dy

is just a Selberg integral whose explicit value we know and whose asymptotics can be tackled
with Lemma 2.2; this yields the limit Bc,∞ = limn→∞

1
βmn log(Zm,n,∞,β) stated in Theorem H.

The only thing to be noted in the proof of [19, Lemma 5.5.5] is that ν 7→
∫
R2
≥0
Fα dν

⊗2 is
only weakly lower semicontinuous, but this suffices to ensure

inf
G

(
− inf

ν∈G

∫
R2
≥0

Fα dν
⊗2

)
≤ −

∫
R2
≥0

Fα dµ
⊗2,

which is all we need. Indeed, for any M ∈ R with M <
∫
R2
≥0
Fα dµ

⊗2 there exists a basic neigh-

borhood G of µ such that, for all ν ∈ G,
∫
R2
≥0
Fα dν

⊗2 > M . This implies infν∈G
∫
R2
≥0
Fα dν

⊗2 ≥
M , hence supG infν∈G

∫
R2
≥0
Fα dν

⊗2 ≥M , and letting M →
∫
R2
≥0
Fα dµ

⊗2 and taking the negat-
ives proves the claim.

The only subtlety in the proof of [19, Lemma 5.5.6] is that the exponent β(n−m+1)
2 − 1 may

be positive or negative in the case c = 1 (in the case c < 1 it is positive up to finitely many n),
so yβ(n−m+1)/2−1

i must be bounded from below by min
{
(a

(n)
i )β(n−m+1)/2−1, (b

(n)
i )β(n−m+1)/2−1

}
;

yet this does not influence the validity of the following arguments.
Lastly the exponential tightness of (νn)n∈N is a simple consequence of supp(νn) ⊂ [0, 1] for

all n ∈ N, and this concludes the proof of Proposition 6.28.
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