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For a large class of dyadic homogeneous Cantor distributions in R, which are not necessarily self-similar,
we determine the optimal quantizers, give a characterization for the existence of the quantization dimension,
and show the non-existence of the quantization coefficient. The class contains all self-similar dyadic Cantor

distributions, with contraction factor less than or equal to % For these distributions we calculate the quantization
errors explicitly.
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1 Introduction

The problem of quantization originally arose in electrical engineering in the context of signal processing and
data compression (cf. [5]). Mathematically the problem can be stated as follows. Given a Borel probability
distribution » on R, n € N = {1,2, ..} and r > 1, determine the set

Crr(v) ={B CR?: card(B) < nand Vg ,.(v) = V. ()}

of all n—optimal sets (quantizers) of order r, with

Uy, (v)= [min|z—b|"
50) = [ min |2~ b " dv(a)
and

Vor(v) = inf g, (v
’ ( ) BCRY, card(B)<n A, ( )

the optimal quantization error. This problem of optimal quantization was systematically studied by Graf and
Luschgy [3]. Under very general assumptions they have shown, that C,, .(v) is always non-empty (cf. [3],
Theorem 4.12) and that every 5 € C,, »(v) has exactly n elements (cf. [3], Theorem 4.1).

The idea of defining a dimension D, by means of quantization goes back to Zador. In [11] he defined the
quantization dimension

. rlog(n)
D, = lim — 28"
Tt —log (Ve (1))

if the limit exists. Later on this concept was investigated by several authors (see, for instance, [3], [8], [9]). If
the quantization dimension D,. exists, it can be asked whether the sequence (nDLT Vir(V))nen converges, i.e.
whether the quantization coefficient exists.

In the present paper we consider dyadic homogeneous Cantor distributions. To this end we first have to de-
fine dyadic homogeneous Cantor sets depending on a sequence (cx)ken € 10, %]N of contraction factors. The
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4 W. Kreitmeier: Quantization for Cantor Distributions

corresponding dyadic homogeneous Cantor measure is induced by the natural mass distribution on the dyadic ho-
mogeneous Cantor set and completely characterized through the sequence (cx)ren. Recently, Kessebohmer and
Zhu [6] determined the optimal quantizers for these distributions, provided sup, ey cx < i (cf. [6], Proposition
3.7). Lindsay [7] was the first who used a special example of this type to show that the quantization dimension of
order 1 need not to exist (cf. [7], Example 5.5). Later Kessebohmer and Zhu [6] also gave such an example (cf.
[6], Theorem 1.5 (1)).

If ¢, = cfor every k € N then the dyadic homogeneous Cantor distribution becomes self-similar. The spe-
cial case ¢ = % yields the classical Cantor distribution. Under the additional assumption that » = 2, Graf and
Luschgy solved the quantization problem for this last distribution completely, i.e. they determined the optimal
quantizers and the optimal quantization errors (cf. [2], Theorem 5.2). They proved the existence of the quan-
tization dimension (cf. [2], Theorem 6.6) and that the quantization coefficient does not exist (cf. [2], Theorem
6.3).

As mentioned above, Lindsay was the first to study quantization for special non-self-similar Cantor measures.
A general theory for the quantization of these measures was developed by Kessebohmer and Zhu [6]. Many of
their results are applicable to the classical Cantor Distribution ( cf. [6], Theorem 1.4, Theorem 1.6 (1) and (2)
and Proposition 3.1). But their analysis of the n—optimal quantizers of order r for dyadic homogeneous Cantor
distributions is limited to sup, ¢y cx < % and, therefore, does not include the classical case.

We will generalize some of the results of Kessebohmer and Zhu to the case that sup,cycr < % (Theorem
4.4) and apply them to the classical Cantor distribution. Here we get new results in the case » # 2. Moreover,
we will characterize those dyadic homogeneous Cantor distributions for which the quantization dimension exists
(Remark 5.2). If the quantization dimension of the dyadic homogeneous Cantor distribution exists, we give nec-
essary and sufficient conditions for the sequence (nDLr Vir(V))nen to be bounded and bounded away from zero.
In this situation the quantization coefficient does not exist (Proposition 5.3).

For the self similar case 1t = p. with ¢ €]0, £] we will derive a functional representation for lim, . nDr Vi, ()

resp. 1im,, ,oonPr Vj, - (1c). Such a characterization is not known for ¢ strictly between % and 3.

2 Notation and basic facts

First note that dyadic homogeneous Cantor sets are a special case of homogeneous Moran sets as proposed by
Wen et.al. ( cf. [1], [10] ). Moreover, dyadic homogeneous Cantor sets and the related dyadic homogeneous
Cantor distributions werde defined by Kessebohmer and Zhu [6]. We follow the notation in [6] and will verify in
this section some simple properties of these distributions.

Let (ck)ken € ]0, 3]N be given. The dyadic homogeneous Cantor set C((cy)) is constructed inductively. Start
with Eq = [0,1] and let Dy = {Ey} be the collection of the so-called basic intervals of order 0. Now remove an
open interval of length 1 — 2¢; in the middle of Ey, so that [0, ¢1] and [1 — ¢q, 1] remain. We call the remaining
sets, basic intervals of order 1. The union of all basic intervals of order 1 is denoted by E, the collection of all
these intervals by D;. Let & € N and let £}, be the union of all basic intervals of order k& and Dy, the collection
of all basic intervals of order k. Let 7, = Hle ¢;. By removing an open interval of length (1 — 2¢gy 1) in the
middle of each basic interval of order k£ we obtain the collection Dy of basic intervals of order k£ + 1, having
all the length 7y, 1. Set C'((cx)) = Npen B

The corresponding homogeneous Cantor measure (4 is the unique Borel probability measure on R, with

u(F) = 27" for every F € Dy, ey
and

u(A) = inf{z w(U;) : AN C((e)) C UUi, Uie |JDi} 2)

E>1

for every Borel subset A C R. It has support C((cy)). For the rest of this paper the distribution p is always the

dyadic homogeneous Cantor distribution defined by the sequence (¢ )reny With 0 < ¢ < % for every k € N.
Let Ng = {0,1,2,..}. For every k € Ny and F' € Dy, we denote by F} the left and by F; the right basic

interval of order k£ + 1, contained in F. Moreover the midpoints of F), F}, F; are denoted by a, a1, as resp. We
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make canonical use of this notation, for example aj2; denotes the midpoint of the basic interval Fio; C F' of
order k + 3. For t € R define

Raxg'i@t(m) =z+t
as the translation by ¢. Moreover, let
Dy
Roz—=®(x)=t+(t —x)

be the reflection relative to ¢. For an arbitrary Borel probability distribution » on R and Borel measurable set
A CRwithv(A) > 0,letv(- | A) = 1,5,(42).) be the conditional distribution of v w.r.t. A. Now we can state two
simple but useful properties of p.

Lemma 2.1 Let k € Ny. Let G, H € Do with min(G) < min(H).
Let t = £(min(G) + max(H)) and s = min(H) — min(G). Then

p(- | H) = p(-| G)o @
and
p(- | H) = p(- | G) oo

Proof. Since diam(H) = diam(G) we get from the definition of ¢ and s that ®;(G) = H and ©,4(G) = H.
Hence, the assertion follows from the construction of f.

3 Elementary properties of optimal quantizers

For the rest of this paper let » > 1 and let all distributions be defined on the Borel subsets of R. Moreover a
probability distribution v is called symmetric with respecttot € R, if v = v o ¢, 1

We begin this section with a result about the 1-optimal quantizers of general symmetric distributions on R.
Then we use these statements to show elementary properties of the optimal quantizers of dyadic homogeneous
Cantor measures.

Proposition 3.1 Let v be a probability distribution which is symmetric w.r.t. t € R. Then for r > 1 and
b € R\{t},

/|177b|rdl/(l‘) >/|:c—t|T dv(z).
Proof. Letb € R\{¢}. From the proof of Theorem 2.4 in [3] we know that the mapping
R92—>\I/T(z):/|x—z|Tdu(x)

is strictly convex. Hence we have

. B U.(t+b—1)+ T (t—(b—1))
/|x—t| du(z) = U, (1) < : .

Using the symmetry of v w.r.t. ¢, we get W,.(t 4+ (b — t)) = ¥,.(t — (b — t)), which yields

‘Ilr(t + (b — t)) ; \IIT(t — (b — t)) — \I/T(b) = / ‘ x—0b |T dV(JJ)

and completes the proof.
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6 W. Kreitmeier: Quantization for Cantor Distributions

Remark 3.2 If, in addition, v has a compact support, then for » = 1 the weaker inequality

/|x—b|rdu(x)2/|x—t|Td1/(ac)

still holds for all b € R.

Now fix k € Ny and F' € D, for the rest of this section.
Corollary 3.3 Let a be the midpoint of F. Then for b € R\{a},

[ le=brdu@ > [ o=ar duta). )

If r > 1, then (3) is strict.

Proof. Since p(F') > 0 it suffices to prove (3) for u(- | F) instead of p. Note, that (- | F') is symmetric
w.r.t. a and has a compact support. Hence, the assertion follows directly from Proposition 3.1 and Remark 3.2.

Remark 3.4 Note, that the part for 7 > 1 of Corollary 3.3 has already been proved in [6], Lemma 3.2.

For the rest of this section let n > 2 and 8 € C,,,(u(- | F)). By [3], Theorem 4.1 we have card(3) = n.
Denote 3 = {b1,..,b,} with by < .. < b,. Let by = Pin(py(b1) and by 1 = Pryax(ry(bn). By [3], Remark
4.6 (a) we know, that § C F. Next we will prove some essential properties of 3, in particular we will show, that
6 C Fy UFs.

L . bi—14+bi bi+bit _

emma 3.5 Leti € {1,...n}. If u([~—5—, 5] N F1) =0, then b; € F.
If p([ =it bt n 1) = 0, then b; € F.

Proof. Since u(R\[0,1]) = 0, we get from [3], Theorem 4.1, that [#, %] has strictly positive
p—measure and {b;} € Cq . (u(- | [%7 %]))
1. Let p([2=1tb 1+b b*"g)”l]ﬂFl) = 0. Hence, p(- | [@, %])15 concentrated on F,N[2=2+b 1+b , b”+3”1}.
Thus, Lemma 2.6 (a) in [3] yields b; € F5.

2. Asin 1. we obtain b; € Fy, if p([2=50, 2thii] o ) = 0.

Lemma 3.6 (a) by belongs to Fy and b, to F5.
(b) If n > 3, then

1<j:=min{i € {1,..,n} :b; > max(F1)} <n %)
and
(l) bj,1 S max(Fl),
(ll) bj+1 > min(Fg),
(iii) if b; € F\(F1 U Fy), then j < n and ﬂ < max(Fy) and % > min(Fy).

Proof. By the construction of ;1 we can assume w.l.o.g. that k& = 0. Then we have F' = E; = [0, 1] and
u(- | F) = u. We proceed in several steps.

1. We will prove that Vo ,-(11) < 4 [ (% — 2)"dp(a).
By the symmetry of p (Lemma 2.1) itis easy to see that
C1
Var ) € W anprli) =4 [ (5= ) d(a),

Fll

2. We will show, that by < 3¢;.
Assume the contrary, i.e. by > %cl. This yields
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Note, that %cl —x > 9 forevery x € F1p and § — x < S forevery x € F11, and, therefore,

[ G erdute) = (Gyutrn) = (GrutRn = [ (G - ardue)

Thus we get
3 r C1 r
Varlw) = [ Ger=a)dut@) + [ (5 =) dua).
F11 Fll
Since r > 1 it follows that for every = € Fiq,

3 C1 1 C1
e _ T 3T T\ > -1 T
(Ger—a) =87(5 = 32)" = 3(5 —a)

Because the last inequality is strict for every x € F11\{0} we obtain
C1 .
Vorlp) >4 [ (L~ a)rdute),
Fia
a contradiction to 1.

3. We will show, that b; < ¢;.
Assume the contrary. By 2. we have

3
1 <b < 501. 5)

If % < 1 — ¢y, then Lemma 3.5 would imply b; < c¢;. Hence we have

b1 +0b
loo <t ©)
2
Combining (5) and (6) we get
7
by > 2—261—b1>2—501
C1 C1
= 1—-—+1- >1——.
9 + 381 = 9
We conclude that
Var(n) > Up () > / (b — @) dpu() + / (b1 — 2)"dpu(z)
iy Fio
+/ x—by) du(z —|—/ bo — x)"du(x @)
me[o,%]( 1)"dp(x) . bl;b“]( )" dp(x)

Lemma 2.1 yields u(- | Fo1) = u(- | F11) o @11101 resp. (- | Fi2) = u(- | Fi1) o @;1(1762). Thus, inequality
(7) turns into

Var > [ (b =a)du@)+ [ (b= i1 =) —o)duta)

+f (2~ (b — (1 — 1)) du(a)
Frin[o,23%2 _(1-¢;)]

+ / (by — (1 — 1) — 2)dpu(a). ®)
Fllﬁ]wf(lfcl),cl]
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8 W. Kreitmeier: Quantization for Cantor Distributions

Let x € F1. Since r > 1 we have

Sy — (1~ c2) = )" + (2~ (b1 — (1= 1))

1
[§(b1—Cl+0102—l‘+$—b1+1—61)]r

1
> (G-a) = (%1 — )" ©)

Using (6), we get similarly

Sl(br— (1= e2) =) + (b — (1 = ex) — 0"

V

1
[§(b1—01+C102—$+b2—1+01—iE)]T

by +b 1 1
> (oS (-a -y o)
Since ¢; < % we obtain
1
(I1—c;— 5 x)"
1 3 c
= (- —2)>Ce—c—2) =(=—2). (10)

Using the combination of (9) and (10), inequality (8) turns into

Ver > [ i=ordu) +2 [ (G- orduto).

1

Since b; > ¢1 and ¢; — x > ¢1 — 2z for every x € F11\{0} we deduce

Vo (p) > /F (c1 —x)"du(z) + 2/F (% —z)"du(x)

1
C1

> 2r /Fu(2 — 2)"du(x) 4—2/F11(621 — ) dp(z) > 4/F11(C21 — ) du(z),

a contradiction to 1.

4. We will proof that b,, > 1 — ¢;.
This follows from 3. by symmetry of i (see Lemma 2.1).

5. We will finish the proof.
From 3. and 4. we get by € Fy, b, € Fyand1 < j < n.Ifn=2,then SN (F\(F, U F)) = 0.
Let n > 3. Clearly, j < n. From the definition of j one gets b;_; < max(Fy). If we assume b; ;1 < min(F3),
Lemma 3.5 would imply b; € Fj, a contradiction to b; > max(F}). Hence, b;11 > min(F3). Finally let
b; € F\(F1 UF5). Dueto b, € F, we have j < n.
Again, Lemma 3.5 yields % < max(Fy) and % > min(Fy).

Before we can continue to investigate the properties of § we need a result for symmetric probability distribu-
tions, which is also interesting in itself.

Lemma 3.7 Let r > 1,t € R and let v be a non-atomic probability distribution which is symmetric w.r.t.
teR Let {a,b,c} CRwitha < b= ®.(c) <t < c. If]a,c| has positive v—measure, then every element of an
1—optimal quantizer of v(- | [a, c]) is smaller or equal to t. Equality only holds, if v(]a,b]) = 0.
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Proof. W.lo.g. we may assume ¢ = 0. Letr > 1 and {t'} € C1,(v(- | [a,(])).
1. We will show, that ¢’ = 0, if and only if v([a, b]) = 0.
Let ¢ = 0. Since r > 1, one gets from [3], Lemma 2.5, that

0= 7/ |z |"! dv(x) Jr/ |2 |t dv(x).
[a,0] 10,¢]

Due to v({z}) = 0 for every z € R and the symmetry of v w.r.t. 0 we derive

0 = / |z |7 dv(z) Jr/ |z |"! dv(x) —/ |z |77 du(x)
[a,b] [®0(c),0] [0,c]
- / 2 Y du) > v((a,b])- | b
[a,b]

which yields v([a, b]) = 0. On the other hand, if v([a, b]) = 0,

we get v([a, ¢]) = v([b, ¢]). By Proposition 3.1 we derive ¢ = 0.

2. We will show, that ¢’ < 0.

Assume the contrary. From the symmetry of v and Proposition 3.1 we get

/ 2t " du(z) — / \x—t/|f‘du<x)+/ 2t " du(z)
fac a0 o
> / |z —t'|" dv(x) —|—/ |z |" dv(z).
la,b] [b,c]

Due to t’ > 0 and b < 0 we have for every x € [a,b] that | z — ¢’ |>] x | . This yields

/ |z —t"|" dv(z) > / |z |" dv(x),
la,c] la,c]

a contradiction to the optimality of ¢'.

Remark 3.8 By the same arguments as in the proof of Lemma 3.7 one can show for b = ®;(c) < a < t < ¢,
that every element of an 1—optimal set of v(- | [a, ¢]) is greater or equal to ¢, provided v([a, c]) > 0. Moreover,
equality holds in this case if and only if v([b, a]) = 0.

Now we continue with a result for the 3—optimal quantizers of u(- | F'). We denote the midpoint of F' by a.
Lemma 3.9 Letr > 1 andn = 3. If by € [a, max(F') — mgy1[ then

b1 + by < ba + b3

) —
max(F) 5 < 5

— min(F5).
Proof. By the construction of y we can assume w.l.o.g. that F' = [0, 1]. Thus we have max(F}) = ¢; and

min(F,) = 1 — ¢;. Assume that

by +ba _ ba+ b3
2 > 2

e —(1=cp). (11)

We will show, that by < % = a. From (11) we obtain % <1- % =0 1 (%). From the construction

of © we know, that ;1 is non-atomic. By Lemma 3.6 (b) (iii) we obtain % >1—¢ >4

5, which yields
@, (%24%) < 4. Since

(- | Fin) + (- | Frz) + p( | Far) + p(- | Fa2)l,

|

p=p(| F)=

Lemma 2.1 yields p o <I>11 = pi.e. y is symmetric w.r.t. % By [3], Theorem 4.1 we know, that
2

pu([tbz b2tbs]y > 0 and {b,} is an 1-optimal quantizer of order r for (- | [25b2, b2tbs]) By Lemma 3.7,
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10 W. Kreitmeier: Quantization for Cantor Distributions

1

we have by < % It remains to show, that the assumption by = % leads to a contradiction. Assume by = 5
Since r > 1, we know from [3], Theorem 2.4 and Theorem 4.1, that {b;} is the unique 1—optimal quantizer
of pu(- | [0, 2:422]) resp. {bs} is the unique 1—optimal quantizer of (- | [%2£2 1]). By Lemma 3.7 we have
ul- | (2522, @) (B5)]) — o,

which yields (- | [0, %]) =p(- 10,2 (%)]) Using the symmetry of 1 we get from [3], Lemma 2.1 (a),
that @ (b1) = bs. Hence, by — by = bs — b, which yields ¢; — bitbz — b24bs (] — ¢), a contradiction to
inequality (11).

Before we can state the main result of this section, we need the following inequality.

Lemma 3.10 Let A, B, C and D be non-negative real numbers.
IfA+ B > C + D and max(A, B) > max(C, D), then

A"+ B">C"+ D".
Proof. Immediate consequence of the convexity of s — s”.
Proposition 3.11 For r > 1 the set 3 is contained in F\ U Iy and, moreover, 3N Fy # O and 3N Fy # .

Proof. Again, we can assume w.l.o.g. that & = 0 and, therefore, F' = [0, 1]. Recall, that 5 = {b,..,b,}
with by < .. < b,,. Lemma 3.6 (b) yields 3N Fy # 0, SN Fy # ) and card(8 N (F\(F1 U F2))) < 1. It remains
to show, that 5 N (F\(F1 U Fy)) = 0.

Casel.n =2
In this case the assertion follows from Lemma 3.6 (a).
Case2.n =3

We will prove the assertion by contradiction. Assume, that 5N (F\(F; U Fy)) # 0. By Lemma 3.5, bs is the
only element of 5 N (F'\(F U Fy)).

Since 11 is symmetric w.r.t. 3 we can assume that w.l.o.g. by > 1

§.
First, we will prove that for every z € Fi; we have
. . . C1

_ _ T 1 _ _ |7 > _ T

min |ep —z—b; | —l—ggg | cr+x—b |">2 5 x) (12)

By Lemma 3.6 (b) (iii) and Lemma 3.9 we obtain

b1 +b ba + b

O<C1— 1+ 2< 2 + 3_(1_01). (13)

2 - 2
Letz € Fip WithOSxScl—%.Sincecl—xz %Weget

min|cl—$—bi|:b2—01+$. (14)
i=1,2

Using (13)wehave 1 —¢; + 2 <1 —¢; + % —(1—c1) = bng‘”’,which yields

I{l%%|1—61+$—bi‘:1—C1+l‘—b2. (15)

Since r > 1 the equalities (14) and (15) together with z < < imply that

min [c;—xz—b;|"+min |1 —c;+z—b; |
i=1,2 i=2,3

(bg—Cl-I-SU)T-F(].—Cl-’-(E—bQ)T

1 .
> 2(§(b2—cl+x+1—cl+m—b2))7
1
= 2(2(1—201—1—235))’“
> 25 +a) Z 25 )
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Now letz € Fyq with ¢ — 2Fb2 < g < Babbs (1 — ¢)). We have ¢; — 2 < 522 By Lemma 3.6 (b) (iii) we
get 21802 < ¢; | which yields

1
b1<201—b2§201—*fc* (16)
2 2’
and, therefore
2
b < a <-cp <ec(l—cg) <ep—a.
2 3
Hence we obtain
min |¢g —x—b; |=c1 —x — by. 17

i=1,2

On the other hand, 1 —¢; + 2 < % Hence, equation (15) holds in this case as well. Combining (15) and (17)
we obtain

m%n|cl—:177b | +mén|lfcl+sz |
1=

)

> 2(%(1 — by —by))" = 2(% b ;b2>> :

Recall, that # < max(Fy1) < 4. Together with % < crand $¢; < § we get

min | ¢ —x —b; |T+_m;113|1fcl+xfbi |
1=z,

i=1,2
C1 C1

> 2(201 —a) =22y 2oLy (18)

Finally let z € Fi; and M — (1 — ¢1) < z. Obviously, equation (17) also holds in this case. Since r > 1,
we know from [3], Theorem 2.4 and Theorem 4.1, that z¢([225%2,1]) > 0 and {bs} is the unique 1—optimal
quantizer of (- | [22£22 1]). Since u(- | [L — e1,1]) = 2[u(- | Fo1) + pu(- | Fao)] we obtain from Lemma
2.1 that (- | [1 — ¢1,1]) is symmetric w.r.t. 1 — S-. Note, that p(- | [1 — ¢1,1]) is non-atomic. Moreover,
p([l—cp, 22fe ]) > 0, because otherwise Lemma 3.5 would imply b, € F}, a contradiction. By Remark 3.8 we
get bg > 1 — &, Therefore,

2
b3>1—%>1—§cl21—c1+6162:1—c1+maX(F11)21—614—3:. (19)

Hence it follows from (17) that

m1n|1—cl+:c—b\—bg—(l—cl—i—x) (20)

Using (17) and (20) we derive

min ¢ —x—b;|"+min |1—c +x—b; |
i=1,2 i=2,3

1
> 2(5(61 — b — (1 — b3) +c1 — QI))T.
Using (16) we get c; — by > . By (19) we have 1 — b3 < . We obtain for every x € Fi;

min|cl—a:—bi|r—|—min|1—cl—|—m—bi|’“>2(c—1—:c))r 20
i=1,2 i=2,3

2

and (12) is proved. Since max(F11) = ci1c2 < % < % < min(Fy)
and min(F») < % < % < 1 — ¢1eo = min(Fys) we deduce

Var) = [ o[ dula /mm z—bi | du()
F1
[ min o= b du) + [ o= bl duta)
2,3 Fas

Fp =%
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12 W. Kreitmeier: Quantization for Cantor Distributions

Applying Lemma 2.1, we get

Vir = [ la=blde@+ [ i @g @)=l duto)

L1 (F12)Z 12

+ / m1n|<I>10<I>71()fbi|Tdu(x)+/ |z — b3 |" du(x)
<1>‘1o<1>;1(F ) =23 2 Fas
2

/ |z~ b |”du(x)+/ & — by | dp(x)
Fi Fao

m}n2|cl—x—b |" dp(x / m1n|1—cl+x—b |" du(x).
Fp =5

+

Corollary 3.3 yields
Var) 2 [ o—an " du)+ [ | ol dule)
F1 1 F22

+ min | ¢; —x —b; |” du(z) + mln\l—cl+w—b| dp(x).
Fi, 1=1,2 Fii? =2,3

We know, that inequality (12) is strict on a subset of F}; with positive © measure. Hence we obtain

. . (& .
%AM>/|wﬂmem+/ o= an " du(o) +2 (5~ o) duta).
F1q Fao Fn

From Lemma 2.1 we get Jp, o —an [ du(z) = [, |2 —az | du(z) resp.
S, (3 =) du(z) = [ (z = F) du(z). Thus we conclude

Var(1) >L/|x—@wwmm+/ | & — azs | du(x)
Fgl F22

c I c T
+t/<§~w>wmwg/<x—§>wu»
Fiy Fiz
By ar = § wehave [, (% —a)"du(x) + [5 (v — F)"du(z) = [ | — a1 " du(r). Hence we deduce

Vao (i) >L/|x—@wwmm+/ m—@wwwm+/|x—mku>
Faq Fao Fy
= \Ij{al,azham}(:u‘) > V3,T(M)a

a contradiction.

Case3.n >4

We will prove the assertion by contradiction.

Assume that 3 N (F'\(F; U Fy)) # (. By Lemma 3.6 we have {b;} = 5N (F\(F} U F>)) with j defined in (4)
and %HJJ < ¢1. Let @ = {ai11,a12, az1,aszq} be the set of midpoints of the sets F11, Fia, Fo1 and Fao resp.
By the symmetry of ;1 (Lemma 2.1) we get

[ minle—al du

aca

= / min | z —a |" du(x)
I3

1UF12UFp URy, 962
— 4 Jo-an | du
Fi

4/ | z — a1 |" du(z). (22)
Fi111UF1112UF1121UF 1122
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Since a1; = 22 we obtain

2
2
max |x—aj;|= == max |x—a (23)
r€F1111 2 r€F1122
and
2
max |x—ay|= = —7m3+m= max |z —an |- (24)
z€F1112 2 r€F1121

Combining (22), (23) and (24) we get

min |z —a |" du(z)

a aco
77 T
< 42u(Fin) (5 + (5 —ms+7m0)")
_ a ( ey (C2 )
9 ( 5 )"+ ( 5 €203 + cacsea)
CT‘
< Zl (Cg + (02 — 2coc3 + 2CgC3C4)T) . (25)

Letxz € Fioo. If % ¢ F95 we have

Ibniél|x—b|:bj—x2bj—clZmax(O,bj—cl—mo,).
€

If % € Fi95 and bj — ¢1 > 3, then, bj—l < min F'9o and

Ibnlél | T —0b |Z min(bj — T, Tr — b]‘_l) Z min(bj —C1,C1 — T3 — b]‘_l)
S

Since ¢; > %(bj,l + b;) and therefore ¢; — b;_1 > b; — ¢1, we obtain
min(bj —C1,C1 — T3 — bj—l) Z max((),bj —C1 — 7T3).
Ifbj — c1 < w3, then

i —b|>0= 0,b; —c1 — .
1516%1|x |> max(0,b; — ¢ — m3)

Combining these inequalities we obtain

i i —b|> 0,b; —c1 — . 26
xren};g;l}rlelg\x |> max(0,b; —¢; — 73) (26)

Similarly one derives

i i —-b|> 0,1—¢c; —b; — 27
i min |z —b|>max(0,1—c1 —bj —73), 27)
i i —-b|> 0,b; —c1 — 28
i min | = b[=max(0,b; — c1 — m2), (28)
and
min min | z — b |> max(0,1 —¢; — b; — m2). (29)
TE€F212 bEP

Combining (26), (27), (28), and (29) we calculate

Virli) = [ min | =5 duta)

bep
> / min | 2 — b |" du(x)
Fio1UF155UF511UFy 5 YER
1
> 3 ((max(0,b; — ¢1 —m3))" + (max(0,1 —¢1 — b —m3))")
1 .
+§ ((max(0,b; — ¢ — m2))" + (max(0,1 — ¢y —bj —m2))").
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14 W. Kreitmeier: Quantization for Cantor Distributions

1
Due to sup; ey ¢j < 5 we get

1 1—2¢1 — 27 1—2c — 27
V(1) > (2(13)7” + 2(12)T>

8 2 2
v 1 1
> % ((2 — CQCS)T + (5 - 02)T> . (30)

Now let A = 3 — cocgand B = 1 — ¢3, resp. C' = ¢z and D = ¢3 — 2ca¢3 + 2c2¢3¢4. Note, that A, B, C and D
are non-negative real numbers. Moreover,
A+B—-(C+D)

1 1
(5 — cac3) + (5
= 1—co(83+¢c3(2¢4—1)) >1—3c2 >0,

and max(A, B) = A > C = max(C, D). By Lemma 3.10 we get

— 02) - (02 + (CQ — 2c9c3 + 2026304))

(2 = coes) + (2

5 5~ c2)" > co” + (ca — 2cacs + 2cac304)".

Combining the last inequality with (30) and (25) we obtain

i —al|"d i -b|"d
i [o—al" dute) < [ pin |2 b1 duo)

which contradicts the optimality of (3.
Hence in all cases we have 8 N (F\(F1 U F»)) = () and the proof of Proposition 3.11 is complete.

Remark 3.12 By checking all possibilities, it is easy to see, that

min |¢g—x—b; |+ min |1 —ci+x—0b; |>c1 — 22
i=1,2 i=2,3

)

holds for every x € F';. Moreover, all other arguments in the proof of Proposition 3.11 (especially the application
of Corollary 3.3) also work for » = 1. Hence, Proposition 3.11 is also valid for r = 1.

4 Determination of the optimal quantizers and the optimal quantization error

In this section we will determine the n—optimal quantizers for p and derive a formula for the quantization error.
To this end, we parallel the approach in the proofs of Lemma 3.3 - 3.6 and Proposition 3.7 in [6], making
amendments to the case sup ey ¢; < % where necessary.

For a finite non-empty set « C Rand a € o let

W(a|a):{x€R:|x—a|:Ibnin|x—b|} (31)
S’

be the Voronoi cell generated by a € a. In this section (3 denotes an arbitrary finite non-empty subset of R.
Lemmad4.1 Letk € Nand 3 C Ey_,. Let F € Dy_1 with 3N F # 0. Then

min |z —b|=min |z —b | (32)
bEANF bes

holds for every x € F. If, in addition, 3 N H # 0 for every H € Dj,_1, then
#( | Usepnr Wb [ 8) = u(- | F).
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Proof. Equation (32) holds since sup;cyc; < % implies mingepyen | © — y | > diam(F) for every
F H €Dy, withFF# H.

Now assume 5 N H # () for every H € Dj_;. Combining (31) with (32) we know, that F is a subset of
Usepnr W (b | 3). Since sup;ey ¢ < 3 and 1 is non-atomic, we get u(H N Ubepnr W(b | B)) = 0 for every
H € Dx_1\{F}. Together with i(Ey—1) = 1 one derives pi(- | Upepnp W (b | 8)) = p(- | F).

For n € N we call a set n-optimal, if it is an n-optimal set of order r for p.

Lemma 4.2 For k,n € N let § C Ey_1 have exactly n elements. Then the following implications hold.
(i) If there exist G, H € Dy_1 with card(B N G) = 0 and card(3 N H) > 2, then (3 is not n—optimal.
(ii) If BN F # ( for every F' € Dy_1 and if there are G, H € Dy_1 with card(NG) = 1 and card(BNH) > 2,
then [3 is not n—optimal.

Proof. (i) For £k = 1 there is nothing to prove. Now let £k > 1 and let G, H € Dj_; be as in (i). Set
by = min(6N H), bs = max(S N H) and choose by € SN H with by < by < bs. For the midpoint a of G define

7 = (B\{b2}) U {a}.

Like in the proof of [6], Lemma 3.4 we get

/ min |z —b|" du(z) > / min | x — ¢ | du(x) (33)
E B

w—1\(GUH) Y€ w—1\(GUH) €7

Since 5N G =0, 3 C Ex_1 and sup;ey ¢; < 3 we have

[ min |2 = b1 dula) = W(6)(iam(G))" = () (diam( )" G4
G
From the definition of v we obtain
1
/ meln |z —c|" du(z / |z —al|" du(z) < (§diam(G))’"u(G). (35)
cey

Moreover, we derive

/m1n|x—c|du /m1n|x—b\du x)

cey

[ ming o=t | by ) duta)
[b1,b3]

IN

IN

1., ,
p(H) (5 diam(H)" (36)
Combining inequalities (34), (35) and (36) yields

/G ggg |2 = b " du(z) > p(H)(diam(H))"

1
> u(G)(idiam(G))’” + p(H)(Gdiam(H))"
> m1n|x—c|rdu /m1n|ar—c|rdu /m1n|x—b|rdu() 37
G €7
The combination of (33) and (37) shows, that /3 is not n—optimal.

(ii) Again, if k£ = 1 there is nothing to prove. So let k > 1 and G, H € Dj_1 be as in (ii). Set {by} = G N G. Let
b1,b2,bs € BN H with by < by < bs. Let a; and a5 be the midpoints of G; and G5 and @} and a/, the midpoints
of Hi and H, respectively. Set

v = (B\{bo, b1, b2,b3}) U {ai,as,d, a5}
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16 W. Kreitmeier: Quantization for Cantor Distributions

Like in the proof of [6], Lemma 3.5 we get

/ min | x — b |" du(x) = / min | x — ¢ |" du(x) (38)
Ex_1\(GUH) bEB Er—_1\(GUH) €7
By Lemma 4.1 we have
/mln|x—b|rd,u /|£C—b0|rd,u() (39)
By Corollary 3.3 we know that
Lttt dute)= [ Jo—al duto) (40)
where a is the midpoint of G. It is easy to show that
1 ) | , 1
[ Vo= du@) = Gu(@)iam(G) (G )" + (5 = vern)) @
Combining (39) and (40) with (41) we derive
1 . ool - 1 -
/ min |z —b|" du(x) > e 1(G)(diam(G)) ((5 —cp) + (5 — cpCrt1)"). (42)
Due to a1, as € v we obtain
/mlnwcrdu( )< [ le-aldu@ [ ol di)
cey Gl G2
. r/Ck r Ck\r
S §M(G)(dlam(G)) ((5 — CkChy1 + ChCri1Chy2)” + (5) ). (43)
In the same way we derive
1 . rCk T Ck\r
min | x — ¢ |" du(x) < —p(H)(diam(H))" (= — cgCrt1 + ckCri1cer2)” +(=)").  (44)
o cEY 2 2 2
Combining (42), (43) and (44) we get
min | x — b |" du( / min |z —c|" d 45
L minle—bdu@) - [ minla =l dua), @s)
1 ) riol - 1 -
> Sp(@)(diam(G))[(5 — ) + (5 — cxcirn)
c
—ﬂgL—%%+r+%ﬂ$wmaV—2@5V
1 ) riol - 1 -
> Su(G)(diam(G))[(5 — ) + (5 — excri1)
—(cx — QCka_H + 26k0k+1ck+2)r — CZ] (46)
Nowlet A = 5 —cpand B = 5 — cpcpyq resp. C = ¢ and D = ¢, — 2¢Cp1 + 2¢kCpy1Ck+2. Obviously

A, B,C and D are non-negative real numbers and we have
A>B>C>D.

Moreover

1 1
A+B—(CH+D) =g e+

= 1—3ck + cperr1(l — 2¢512) > 1 — 3¢, > 0.

— CkCh1 — (Ck — 2¢kCrp1 + 2CKChy1Cu42) — Ck
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Since r > 1 we get by Lemma 3.10 that

1 1
(5 —cx) + (5 — cpcpy1)” — (ck — 2¢pCkp1 + 2¢kChy1Ckr2)” — ¢ > 0. 47

Combining inequality (47), (46) and (45) we get together with (38)

i -b|"d > i —c|"d .
[ 2 =01 dute) > [min |- du(o)
Hence ( is not n— optimal.

Lemma 4.3 Let k € No,n € N and 2* < n. Let 3 be n—optimal. Then 3 C Ej, and F 0\ 3 # 0 for every
F € Dy.

Proof. 1. Let k = 0. By [3], Remark 4.6 (a) we know, that 3 C Ey. Since Dy = {Fy} we have F N 3 # ()
for every I' € Dy.

2. Let k = 1. Proposition 3.11 yields 3 C F; and (8N F') # () for every F € Dy.

3. Let £ > 2 and assume, that for a j < k we have 3 C E;. We will show, that 5 C E;;; and for every
F € Djq we have card(8 N F) > 1. Assume, that there is a G € D; with G N 3 = (). Then we have a H € D;
with card(H N () > 2, because otherwise we would get

n= Y card(BNF)<2(2 —1) <2t <n, (48)
FeD;

a contradiction. By Lemma 4.2 (i) this contradicts the optimality of 5. Thus we have card( N F') > 1 for all
F € D;. Suppose, that a G € D; contains only one point. Like in (48) we get a H € D; with card(H N 3) > 3.
By Lemma 4.2 (ii) this contradicts the optimality of (. Therefore, card(5 N F') > 2 for all F' € D;. By [3],
Theorem 4.1 we know that for every F' € D, the set 3N F'is an card(5 N F')— optimal quantizer for
1C | Upepnr W(b | B)). By Lemma 4.1 we obtain u(- | Upegnp W(b | 8)) = pu(- | F'). Hence, Proposition
3.11 and Remark 3.12 yield  C E;; and for every F' € D, we have card(3 N F) > 1.

4. If one repeats the procedure in 3. till j = k — 1, the assertion is proved.

The distribution (4 is defined by the sequence (¢;)°,. For k € N let 11(®) be the dyadic homogeneous Cantor

measure defined by the sequence (¢;45—1)52,. Clearly, pM = p. Recall 1, = Hle ¢;. Now we can state the
main result of this paper.

Theorem 4.4 Let r > 1 andn > 2. Let k € Nand j € Ny such thatn = 2 + 5,0 < j < 2%, Let 3 be
n—optimal. Then (3 consists of the midpoints of some 2F — j basic intervals of order k and the midpoints of the
23 basic intervals of order (k + 1) contained in the other j basic intervals of order k. Moreover,

T . -
Vn,r(ﬂ) = i[(Zk - ])Vl,r(/‘(k+1)) +7- Ck+1vl,r(/i(k+2))]' (49)

ok

Proof. By Lemma 4.3 we have 8 C Ej, and card(F N ) > 1 for every F' € Dy. Assume, thata G € Dj,
exists, with card(3 N G) > 2. Due to n < 2+ a H € Dy, exists, with card(H N 3) = 1. By Lemma 4.2 (ii) this
contradicts the optimality of 3. Hence, for all F' € Dy, we get 1 < card(f N F) < 2. Let F' € Dy, be arbitrary.
Applying [3], Theorem 4.1 in combination with Lemma 4.1, we obtain, that 5 N F is an card(8 N F')—optimal
quantizer of order r for u(- | F'). If card(3 N F') = 1, then we get from Corollary 3.3, that 3 N F consists of the
midpoint of F. If card(5 N F') = 2, then Lemma 3.6 yields card(8 N Fy) = 1 and card(5 N F») = 1. Like in the
proof of Lemma 4.1, one gets in this case that u(- | £5) = u(- | Upegrr, W(b | 8))
for every ¢ € {1,2}. Applying [3], Theorem 4.1, we obtain that for every ¢ € {1,2} the set 5 N F; is an
card(3N F;)— optimal quantizer for u(- | F;). By Corollary 3.3 we get, that SN F} consists of the midpoint of F
and 8 N F5 consists of the midpoint of F5. This yields the first part of the assertion. For the optimal quantization
error we deduce from the first part that

Vi (1) = > p(F)Vi,(u(- | F)) + > p(F)Var(u(- | F)). (50

FeDy; card(BNF)=1 FeDy; card(BNF)=2
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18 W. Kreitmeier: Quantization for Cantor Distributions

For [ € N let
Rox el x-m €R.
From the construction of y we get u(- | Hy([0,1])) = p**V o H,"'. By Lemma 2.1 we have
(- | F) = p(- | Hy((0,1])) 0 O}
for every F' € Dy. By [3], Lemma 3.2 (a) we obtain
Vig(u(- | F)) = Vi (™ o H Y = mi Vi (u*4) (51)

for every F' € Dy. Further note, that

Vour(u(- | F)) = SVar (| )+ Vi G- | )

= VL,-(/_L(~ | Fl)) = ‘/1,7,(M(k+2) o Hk;_J,}l) — 7TZ+1‘/177.('LL(]€+2)) (52)
for every F' € Dy. Using (51) and (52) we derive from equation (50), that
1 N -,
Vn,r(/l) = 27[(2]6 _ j)ﬂ—kvl,r(/i(k+l)) +j7rk+1vl,r(/l(k+2))]
My, } - ]
- ?:[(Qk — Vi () + - ey Vi ()

and Theorem 4.4 is proved.

Remark 4.5 For sup,cycr < i, the first part of Theorem 4.4 was proved by Kessebohmer and Zhu in [6],
Proposition 3.6.

Remark 4.6 For sup,cycr < i and r > 1, Kessebohmer and Zhu (cf. [6], Remark 3.8 (1)) mentioned, that
Ch.r(p) C Cpa(p), but Cy 1 () \Ch (1) # 0. By checking the proof of Theorem 4.4 it is easy to see, that this
fact also holds under the weaker assumption supycy cx < %

Although it seems, that no explicit reference exists for the next result, Kessebohmer and Zhu derived similar
inequalities for SUpjen ¢ < i (cf. Proof of Theorem 1.6 (3) in [6]).

Corollary 4.7 Let k,n € N with 28 < n < 2k*1, Then

_ T 1 T T
27 [2M i (n = 2M) el )(2) T < Vi (p) < (

6 ) 7. (53)

Proof. Since sup,cyc; < %, we obtain for every I € N that (#)” < Vi,(u")) < (3)". Then, inequality
(53) is an easy consequence of equation (49).

5 Quantization dimension and quantization coefficient

In this section we will prove a characterization for the existence of the quantization dimension. Moreover, if the
quantization dimension exists, we will prove under weak assumptions, that the quantization coefficient does not
exist.

The lower resp. upper quantization dimension of . of order r is defined as

. rlog(n)
D, () :=liminf,, o ——————
Az “Toa(Vour (1))
resp.
— . rlog(n)
D,(p) :=limsup,,_,,,——F——.
(k) P o (Vi (1)
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If the two numbers agree, D,.(1) = D,.(1) = D,.(1) is called the quantization dimension of j of order . From

[3], Theorem 12.18 one gets, that the quantization dimension always exist for so-called regular probabilities of
dimension D, where D = D,.. For example the classical Cantor distribution is regular of dimension D, = igig;
(cf. [3], Example 12.10).

For general dyadic homogeneous Cantor measures, the quantization dimension need not exist. This was
first shown by Lindsay [7], Example 5.5 (see also [6], Theorem 1.5 (1)). Under the condition Supjen ¢ < %
Kessebohmer and Zhu (cf. [6], Theorem 1.6 (3)) proved a characterization for the existence of the quantization

. . 1
dimension. Moreover they showed for Supen ¢ < 3, that

log(2)

D, () = lim supy,_o, ——— (54)
Tk 2ui=1 log(c;)
(cf. [6], Theorem 1.6 (1)), resp.
log(2
D, (1) < liminfy o ——oB2) (55)
—7 2iz1 log(ci)
(cf. [6], Proposition 3.1).
In the following proposition we will sharpen their results under the condition sup ¢y ¢; < %
Proposition 5.1
log(2 log(2 —
D, (1) = 1iminfkéoo# < limsupk_wolo# = D, (u)
% 2ui=1 IOg(Ci) % 2ui=1 IOg(Ci)
Proof. Due to (54) and (55) it remains to show, that
log(2
D, (1) > liminfy_ o — 282 (56)

—% Yt log(er)

For n € N let k(n) € Ny, j(n) € [0,2™[ with n = 20 4 j(n). Since (V,, - (11))nen is decreasing, we
obtain

log(2¥() + j(n)) log(2*)
— 1 1og(Vartm 4 j(my,r (1)) — 1+ log(Varsr (1)

log(2k+1 log(%
i ()
- 10g(V2k+17r(,u)) - 10g(V2k+1,r(ﬂ))

Note, that lim,, o V5, (1) = 0 (cf. [3], Lemma 6.1). This yields

D,.(n) = liminf, > liminfr_ o

o log(2")
D, (p) > liminfy oo ——————. (57)
> _% IOg(‘/Qk,r(u))
Using Corollary 4.7, it is straightforward to check, that
log (2" log(2
hming, 982D 0g(2) (58)

—Llog(Vor (1))

The combination of (57) and (58) proves inequality (56).

_% Z§:1 log(c;) '

Remark 5.2 As an immediate consequence of Proposition 5.1 one gets, that the quantization dimension

D,(p) exists, if and only if (¢ Zle log(c;))ken converges in R. If one of these equivalent conditions is sat-
isfied, then

Dy (p) = lim 1o8(2)

—%
k—o0 *% i=1 IOg(Ci)
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20 W. Kreitmeier: Quantization for Cantor Distributions

If D, = D,(u) exists and (nDLr Vi (1) )nen converges towards a value in |0, oo, we call lim,, o0 nor Vor (1)
the r—th quantization coefficient of the distribution p. Next we will show, that under weak assumptions this se-
quence does not converge, i.e. the quantization coefficient does not exist.

Proposition 5.3 Suppose (% Zf:l log(c;))ken converges in R. Then D, exists and
(i) limsup,, . nPr V(1) < oo, if and only if lim Supk_}OOQDLrﬂ'k < oo
(i) im inf,,_, on v Vir (1) > 0, if and only if lim inkaOO2Dir7rk >0
(iii) if 0 < lim infk_,OOQD%wk and lim supkﬂOOQDimrk < 00, then

0 < liminf, .on?r V,, (1) < limsup,, . nPr Vi (1) < 0. (59)

Proof. By Remark 5.2 we know that D, exists. (i) and (ii) follow immediately from Corollary 4.7.
(iii) Let k > 2 and ny, = 2" resp. my, = (2)2*. Applying (49) we get

P Vo (1) = (25 B Vi (u ) (60)
resp.
P Vi) > (0295 12— )28 v (u D)
= 20BN B v, (), (61
Note, that

rorlimg o (—1 S8 log(e;)) . log(3)

D, log(2) ~ log(2)

Combining this with (60) and (61) we deduce

r

m]? mG T (/’[‘)
n? Viye,r (12)

log(3)

3,5, r 3.5
> — (= r > —(=)los(® .
> (DT 2 (P > 1 (62)

Due to the assumptions in (iii) the combination of (62) with (i) and (ii) yields
0 < liminf, . on®rV,,(u) < liminfy_oon”" Vi, (1)
< limsupy_, oo Viny (1) < limsup,,_, . n P Vy, (1) < 00.

Thus (iii) is proved.

Remark 5.4 Clearly (59) holds, if ¢; = ¢ € ]0, %] for every + € N. It remains an open question, if

liminf,, . oon sV, (1) < limsup,, . n?r V;, ,(u) still holds, if we drop some of the assumptions in Proposi-
tion 5.3 (iii).

6 The self-similar case

If ¢, = ¢ €]0, %] for every k € N, the dyadic homogeneous Cantor distribution x becomes self-similiar with
contracting parameter c. Graf and Luschgy have shown for this type of measure, that the quantization dimension

D, (u) equals D = D(c) = _l‘l’géfz) for every > 0 (cf. [4], Remark 5.13(a)).

In this section we obtain for ¢ € |0, %} an explicit formula for the quantization error and can characterize the
set of all accumulation points of the sequence (n5 Vj, -(11))nen-
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Remark 6.1 If 1 denotes a self-similar Cantor distribution with contracting parameter ¢ € |0, %] then we
have u(k) = p for all k£ and, therefore, we obtain

CT‘

5 Vir() (e (n = 28) + 281 — ) (63)

V(1) = (
as an immediate consequence of Theorem 4.4. With the mapping f. : [1, 2] — R defined by

fel@) = Vip ()2 (2 - ¢") —z(1 - "))

one gets as in the proof of [2], Theorem 6.3, that f.([1,2]) equals the set of all accumulation points of the
sequence (nD V,, ,-(11))nen- It is easy to see, that f.(1) = V4 (1) = f.(2) and that f’ has one critical point

o := 20(c) := m e]1,2[. (64)

Moreover f/(1) > O resp. f.(2) < 0. Hence f, attains its maximum at xo and we have
f([1,2]) = [fe(1), fo(x0)] = [Vi.r(1), fe(z0)]. Clearly, the quantization coefficient lim,, o n D V;, ,-(11) does
not exist.

Remark 6.2 As a special case, Remark 6.1 yields the optimal quantization for the classical Cantor Distribu-
tion (¢ = % for all k). For this distribution and » = 2, the results outlined in Remark 6.1 were first proved in [2]
(Theorem 5.2. and Theorem 6.3). Theorem 5.2. in [2] also describes the n—optimal sets of order 2, and, in this
respect, is a special case of Theorem 4.4.

Example 6.3 If we drop the assumption ¢ < %, Remark 6.1 resp. Theorem 4.4 becomes wrong. For example,
let o be self-similar with a contracting parameter ¢ € | 577‘/?, flandr = 2.Let F = [0, 1] and o = {a1, a1, ags}

with a; the midpoint of Fy and a1, age the midpoints of Fbq, Fho. Assume, that o € C 2(p). Since ¢ > %ﬁ
one can prove that

w(Was1 | @) N Fy) > 0. (65)
By [3], Theorem 4.1 we obtain {a21} € C1 2(u(- | W(azg:1 | «))) and hence

a1 = E(u(- | W(az | @))). (66)
By easy computations one can show, that the expected value of (- | Fo N W (ag1 | «)) equals az;, which differs

from E(p(- | W(ag1 | ))), due to equation (65). This contradicts equation (66). Hence we have a ¢ C3 2(11)
and Theorem 4.4 is not true.

Remark 6.4 Let 11 = fu. be self-similar with contracting parameter ¢ € ]0, 1] and zo(c) as defined in (64). If
c €10, #] we know from Remark 6.1, that

liminf,,—oon® Vi, o (pte) = Vi (ptc) (67)
and

limsup,, 7 Vyr(pte) = fe(zo(c)). (68)
Using the representations (67) and (68), one can show that the mappings
¢ — liminf, een?V, (i) and ¢ — limsup,,_,;nD V,, (i) are continuous on ]0, ]. It is easy to prove,

that

lin(l) fe(zo(e) = liné lim sup,, _, 10 Vyr(pte) = 0.
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The mapping ¢ — f(2o(c)) is also defined for ¢ € %, £]. Moreover, one can show, that

Ifc = % we have D = 1 and y equals the uniform distribution on [0, 1]. The sequence (n"V,, (1

converges in this case (see [3], Theorem 6.2 resp. Example 5.5). Hence we know that

%))nGN

lim [fe(zo(c)) — Vi,(ue)] > limsup,,_oon Var(py) —liminf, oon™ Vi (u1) =0,

1 1
2 2

showing that the set of all accumulation points of the sequence (nBV,, ,(11))nen at ¢ = % does not equal the
interval [V} (1), fe(x0)] any more. The following questions remain open:

(i) For which values of ¢ € ]%, %], does equation (67) resp. (68) hold, if any ?
(i) Is ¢ — liminf,,,oon® Vir(pic) resp. ¢ — lim sup,, . nb Vi,r(ptc) continuous on [%, %] ?
(iii) If ¢ — limsup,,_,.;n D Vy, ,(p1e) — liminf,, _,oon® Vj, ,-(11.) is not continuous at ¢ = % what is

lillrn [lim supn_,oon% Vi (pte) — liminf, _oon®V, . (pc)],
c—5—0

provided it exists ?
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