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Introduction

1.1 Problem Description and Main Results

Let T € (0,00), let d,m € N, and consider a d-dimensional stochastic differential equa-
tion (in short: SDE)

dX(t) = p(t, X () dt +o(t, X(¢)) dW(t), te€][0,T], (L.1)

with drift coefficient x : [0,T] x R? — R?, diffusion coefficient o : [0, T] x R — RI*™
m-~dimensional Brownian motion W, and random initial value £ such that has a
pathwise unique strong solution X := (X(t))e[o,r7- As in most cases this solution is not
given explicitly, one is interested in approximations of this stochastic process. In this
thesis, we are concerned with strong approximation of the solution, meaning we aim at
approximating X pathwise. Moreover, we address this problem globally in time and not
only, for instance, at the final time point 7.

We consider approximation methods that are based (in a measurable way) on the
evaluation of & and on finitely many sequential evaluations of W. For such an approxi-
mation X , We measure its error via

1/q
eqo0(X) = (E[ sup  max |X;(t) —Xﬂt)]ﬂ) :

tefo,] 1€{L,....d}

and
1/q

un(X) = (E[( / Tf Xi(t) - X’i(t)lpdt)q/pb ,

for p,q € [1,00). Here, the error measure e, quantifies the gth mean supremum
distance between X and X , and the error measure e;, quantifies the gth mean L,
distance between X and X. Depending on the regarded error criterion, the realizations
of X are interpreted as elements of the space of continuous functions C([0,7];R?) or
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of the space of p times integrable functions L,([0,T]; R?), p € [1,00). In each case, we
measure the cost of X by the average number of evaluations of the underlying Brownian
motion W employed in its construction.

For S = C([0,T];RY) and S = L,([0,T]);R?), p € [1,00), we study the classes of
adaptive approximations (X3%(S))nen and the classes of equidistant approximations
(X3 (S))Nen, which are given as follows. For each N € N, the set X3!(S) denotes the
class of all approximations with realizations in S that are based only on the evaluation
of ¢ and on at most N sequential evaluations of W on average, and the set X3 (9)
denotes the class of all approximations with realizations in S that are based only on the
evaluation of ¢ and of W(T'/N), W(2T/N), ..., W(T).

With respect to both error criteria e4 o and e, our primary objective is to find ap-
proximations that are strongly asymptotically optimal in the respective classes of adap-
tive and of equidistant approximations. To clarify this, fix x € {ad,eq} and p € [1, 00)
for the moment. For the error e, ., we seek approximations ()A( N)NeN that satisfy
Xy € X5(C([0,T);RY) for every N € N and

lim €q,00 (XN)

% =1
V5 inf {egee(X) | X €33, (C(0, T RY) }

~

for certain g € [1,00). Analogously, for the error ey, we seek approximations (Xy)nen
that satisfy Xy € X% (L, ([0,T];R%)) for every N € N and

lim Cq,p ()A(N) _
N2 inf {eg,(X) | X € X5 (Ly([0, T RY) |

for certain ¢ € [1,00). In both limits above, we follow the convention 0/0 := 1 if
necessary.

Regarding the supremum error, strong asymptotic optimality has already been estab-
lished in the case that the coefficients of the SDE (1.1)) are globally Lipschitz continuous
and of at most linear growth (each with respect to the state variable). Miller-Gronbach
(2002a) showed that specific Euler-Maruyama type schemes perform strongly asymp-
totically optimal in this situation. More precisely, the author showed strong asymptotic
optimality for, on the one hand, a sequence (Eja\}i) Nen of piecewise-linearly interpo-
lated Euler—-Maruyama schemes on suitably constructed adaptive time discretizations in
the classes (X33(C([0,1];R%))) yen and for, on the other hand, a sequence (E}S\?)NGN of
piecewise-linearly interpolated Euler—-Maruyama schemes on equidistant time discretiza-
tions in the classes (X3 (C([0,1];RY)))nen. In this thesis, we generalize these results
to SDEs whose coefficients may grow super-linearly. More precisely, we show under
rather mild assumptions on the SDE (1.1), notably polynomial growth conditions on
its coefficients, strong asymptotic optimality for a sequence ()A(j“\,d) Nen of piecewise-
linearly interpolated so-called tamed Euler schemes on suitably constructed adaptive
time discretizations in the classes (X33(C/([0, T); R?))) yen and for a sequence ()A(]e\?) NeN
of piecewise-linearly interpolated tamed Euler schemes on equidistant time discretiza-
tions in the classes (X3 (C([0, T]; RY))) ven-
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Regarding the L, error, strong asymptotic optimality has already been established
in the case that the coefficients of the SDE as well as their partial derivatives
with respect to the state variable are globally Lipschitz continuous and of at most lin-
ear growth (each with respect to the state variable). Miiller-Gronbach| (2002b) showed
that specific Milstein type schemes perform strongly asymptotically optimal in this sit-
uation. More precisely, the author showed strong asymptotic optimality for, on the
one hand, a sequence (M\ ]‘i,d) ~Nen of piecewise-linearly interpolated Milstein schemes on
suitably constructed adaptive time discretizations in the classes (Xa%(L,([0, 1]; R%))) nen
and for, on the other hand, a sequence (]\//\[]e\?) ~eN of piecewise-linearly interpolated Mil-
stein schemes on equidistant time discretizations in the classes (X3 (L, ([0, 1];R9))) yen.
In this thesis, we generalize these results to SDEs whose coefficients may grow super-
linearly. More precisely, we show under rather mild assumptions on the SDE ,
notably polynomial growth conditions on its coefficients and their partial derivatives,
strong asymptotic optimality for a sequence (?ﬁd) Nen of piecewise-linearly interpolated
so-called tamed Milstein schemes on suitably constructed adaptive time discretizations
in the classes (X33(L,([0,T];RY))) yen and for a sequence (?ﬁq) Nen of piecewise-linearly
interpolated tamed Milstein schemes on equidistant time discretizations in the classes
(X3 (Ly([0, T): RY) e

Fix *+ € {ad,eq} and p € [1,00] for the moment, and put S = C([0,T];R%) if
p=oc and S = L,([0,T];RY) otherwise. A common way of proving strong asymptotic
optimality of specific approximations ()A( N)nNen in the classes (X3(S))nen is as follows:
In a first step, one establishes an asymptotic lower bound for the Nth minimal errors in
the given classes, i.e., one shows

liminf (y(N)) " - inf {eap(X)| X eX3(9)} > ¢y,
for some Cy , € (0,00) and 7 : N — (0,00). In a second step, one aims at showing a
matching asymptotic upper bound for the errors of the given approximations, i.e., one
tries to obtain R
lim sup (V(N))_1 cegp(Xn) < Cy

N—o0
In these notes, we maintain the strategy above and pursue this approach for both the
supremum error criterion and the L, error criterion.
To illustrate our contribution to the field of research, we analyze the SDE relating to
the Heston—3/2-model originating from mathematical finance. A scalar version of this

SDE is given by
AX (1) = a- X (1) - (B — [X(®)]) dt + | X (#)]*% dW (t), te]0,1], (1.2)
X(0) =¢, '

with parameters d = m = 1 and «, 3,£ € (0,00). We exemplarily focus on the supremum
error criterion. In Theorem [3.13] we show for certain constellations of the parameters «
and 8 that the asymptotic lower bound

lim inf (N/ log(N))"/? - inf {eq(X) ’ X e Xy (C((0,1;RY) } > Cr (1.3)
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holds for various values of g € [1,00) and for all * € {ad,eq} where

1 , a/(g+2)7\ (4+2)/(29)
cad =272 (El(/o | X ()| dt) D ,

1/q
Coto = 271/2. (El sup |X(t)|3q/2]> .

te(0,1]

Since the coefficients of the autonomous SDE ([1.2)) are not of at most linear growth, we
cannot apply the main theorems in |Miiller-Gronbach| (2002a) to infer that the particular
Euler schemes (E?\?l) Nen and (E}g\?) Nen satisfy a matching asymptotic upper bound
and thus are strongly asymptotically optimal in the classes (X33(C([0,1];R)))ven and
(XH(C([0,1];R))) ven, respectively. Even worse, Theorem 1 in Hutzenthaler et al.| (2011))
implies that for each ¢ € [1,00) the associated errors eqm(E?{}i) and eq,OO(E?\?) tend to
infinity as NV tends to infinity. In contrast, we show in Corollary @ that—in the same
setting as for (L.3)—the tamed Euler schemes (X3d) yen and (X)) nen are strongly
asymptotically optimal in the classes (X33(C([0,1];R)))ven and (X3 (C([0,1];R))) ven,
respectively.

The remainder of this dissertation is organized as follows. In Chapter [2] we rig-
orously define the classes of adaptive and of equidistant approximations, and formally
explain strong asymptotic optimality in these classes afterwards. Chapter [3]is devoted
to strongly asymptotically optimal approximations with respect to the errors eq . Af-
ter a brief literature review, including results in the classical framework of SDEs with
globally Lipschitz continuous coefficients, we give new results in the setting of SDEs
whose coefficients may grow super-linearly. In Chapter EL we consider the error e, ,. As
before, we first give an overview of already existing results and then present our findings
for SDEs with super-linearly growing coefficients. Limitations of our work are discussed
in Chapter 5| and we moreover provide a brief outlook on open problems therein. The
Appendices [A] and [B] consist of auxiliary results which are used in the proofs of our main
theorems.

1.2 Notations

The following notations are used throughout these notes.

We denote the integer part of z € R by |z] := max{n € Z|n < z}. For y,z € R, we
put y A z := min{y, z} and y V z := max{y, z}. For an arbitrary set M, we define #M
to be the cardinality of M. Moreover, in the case that M C € for some set 2, we define
Ty : Q — {0, 1} to be the indicator function of M.

Let n,k € N and p € (0,00). For a vector x € R™ and i € {1,...,n}, the ith entry
of = is denoted by z;, the transpose of x is written as = ', and we put

n 1/p
2y = (Z mva) , (2l := max |z,
=1

ie{l,...,n}
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For a matrix A € R™* and (i,j) € {1,...,n} x {1,...,k}, the ith row and the jth
column of A are denoted by A; and AU, respectively, and we put

n k p/2 1/p m 1/2
|Alp2 = (Z ( A%) ) , |Aloc,2 == max (ZA%-) .
1 j=1

i=1 “Nj= ZE{L---;”}

The Euclidean norms of a vector and a matrix are abbreviated by |- | := |- |2 and
|| :=1]"|2,2, respectively.

Let T' € (0,00), n € N, and p € [1,00). We denote the Banach space of continuous
functions f : [0,7] — R™ equipped with the norm

I flleqom) = sup |f(E)]oo
te[0,T]

by (C([0, T|; R™), ||l c(jo,7))- Moreover, we write B(C([0, T]; R™)) for the Borel-o-algebra
on C([0,T];R"™) that is induced by || - [|¢(or)- Next, we denote the Banach space
of equivalence classes (with respect to the equivalence relation of almost everywhere
equality) of measurable functions f : [0,7] — R" with fOT | f(t)[5dt < oo equipped with

the norm
1/p

i Msyomy = ([ rolzat)

by (Lp([0, T R™), || - [[2,(0,77))- Moreover, we write B(L,([0,T];R")) for the Borel-o-
algebra on Ly([0,T];R") that is induced by || - ||, (jo,r)- For ease of notation, we will
write || f| 1, (o)) instead of [|[f]||z,(o,r) in the sequel. Furthermore, we also put

T
ol oy = [ ol e)

for a measurable function ¢ : [0,7] — R™ and r € (0,1).
Let T € (0,00), d € N, and f : [0,7] x R — R For each component f;,
i €{l,...,d}, of f, we denote by

1/r

0
Vifir OTIxRISR, () o filt @),
its partial derivative with respect to the time variable and by

Vii: [0,T] x RE = RY™  (t,z) — (a
8:1:1

9
Flta),. mﬁ(t,@),

its partial derivatives with respect to the state variable, each in case that these partial
derivatives exist. Moreover, we put

Vfl(t,a:)
Vfi: [0,7T] xRT =R (t,x) — : ,

Vfd(ta :L‘)
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in such a situation. Furthermore, we denote the Hessian of a twice partially differentiable
function ¢ : R — R by

82 82 82
37%9(95) axlang(m) T mg(x)
9?2 02 o2
Hg . Rd N Rdxd N Ox20x1 g(x) Txgg(x) e 333239%9(33)
* )
82 82 82
O0x 4011 g(m) 0z 022 g(w) T Tﬁg(x)

Let n € N, p € (0,00), ¢ € [1,00), and let (2, F,P) be a probability space. For a
random vector Z : Q@ — R" on (Q, F,P), we put

1
1211, ) = (E[IZP])"".

Furthermore, for a sequence Zy, Z1, Zs, . .. of real-valued random variables on (2, F,P),
we define

Iy 2% 7, e IP’({ lim ZN:ZO}) —1,

N—o0 N—oo
P .
ZN ]\[_}—OO> ZO = Ve € (0,00) : ]\}I_I}'IOOIP({|ZN — Z()’ > E}) = O,

and, in the case that || Zx/| 1) < oo holds for all N € NU {0},

L .
st A e 1o Al =0

1.3 Setting

Throughout this thesis, we require the following setting.

Let T € (0,00), let d,m € N, let (2, F,P) be a complete probability space with
a normal filtration (F(t))¢co,r), let W : [0,T] x © — R™ be a standard (F(t))sejo,7-
Brownian motion on (Q,F,P), let x : [0,T] x R? — R? be (B([0,T]) @ B(R?))-B(R%)-
measurable, let o : [0, T] x RY — R be (B([0, T]) ® B(R?))-B(R¥*™)-measurable, and
let ¢ : Q — R? be F(0)-B(R?)-measurable and satisfy E[|¢|?] < oo.

We study the d-dimensional stochastic differential equation with drift coefficient pu,
diffusion coefficient o, driving Brownian motion W, and initial value £ which is written
as

dX(t) = p(t, X (@) dt +o(t, X(t)) dW(t), te[0,T7,
X(0)=¢.

An (F(t))sejo,m-adapted stochastic process X : [0,T] x Q — R¢ with continuous
trajectories is called a (pathwise or strong) solution of the SDE (1.4) if

p({ [ e X@)] + lote, X(0) e < o0} ) =1

(1.4)
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and for all ¢ € [0, 77 it holds that

P({X(t) _ §+/Otu(s,X(s))ds—i—/ota(s,X(s)) dW(s)}) ~1

Moreover, a solution (X (t)).ejo,r) of the SDE (L.4) is said to be (pathwise) unique if
for any other solution (X (t)).eo,r] we have

P({vte[0,7]: X(t)=X(1})=1.

If the coefficients p and o do not depend on the time variable, i.e., if we have
p(s,z) = p(t,x) and o(s,z) = o(t,z) for all 5,t € [0,T] and = € R?, then the SDE ([T.4)
is said to be autonomous. For ease of notation, we will write u(x) and o(x) instead of
wu(t, z) and o(t, ), respectively, in such a case.
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Strong Approximations of Sto-
chastic Differential Equations and
Strong Asymptotic Optimality

In this chapter, we introduce all the mathematical objects that are needed for the defi-
nition of strong asymptotic optimality of a given sequence of strong approximations in
a given sequence of classes of approximations with regard to a given error criterion.

In Section we formally define what is meant by a (strong) approximation for the
pathwise approximation problem we address in this thesis. Moreover, we introduce ap-
propriate cost and error criteria for such approximations. In Section we present the
main classes of approximations that will be considered in the further analysis, namely,
the classes of adaptive and of equidistant approximations. In Section we first give
the notion of Nth minimal errors in specific classes. The concepts of optimality and
strong asymptotic optimality are discussed afterwards, and we illustrate these ideas by
an example. Subsequently, we show that asymptotic upper and lower error bounds pro-
vide a way of proving strong asymptotic optimality. Finally, we indicate how strongly
asymptotically optimal approximations can be used for the benchmarking of approxi-
mations.

Throughout this chapter, we require that a unique solution X := (X(t))icp1]
of the SDE exists. Moreover, let (S,.A) be a measurable space given by
(8,4) = (C([0,T): R, BC(0, T RY)) or (S,.4) = (Ly([0, T} RY), B(Ly([0, T); R%))
for some p € [1,00). We will specifically address the space C([0,T]; R?) in Chapter
and the spaces L, ([0, T]; R?), p € [1,00), in Chapter

2.1 Strong Approximations
It is well-known that the solution X almost surely satisfies

X = f(&W)

for some measurable function f : R? x C([0,T];R™) — C(]0,T];R?), see, for instance,
Corollary 5.3.23 in |[Karatzas & Shreve| (1998). To exclude trivial problem cases, it is
therefore reasonable to not allow strong approximations to use entire trajectories of the
driving Brownian motion. We thus restrict ourselves to such approximations that are
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based only on partial information about the trajectories of W. In this thesis, we focus
more precisely on strong approximations that solely depend in any measurable way on
the evaluation of £ and on finitely many sequential evaluations of W.

For the subsequent definition of strong approximations, we follow the ideas of |Miiller-
Gronbach| (2002a) and of Hefter et al.[(2019) to a great extent. A (strong) approximation
X : Q — S for the solution of the SDE (1.4) is determined by three sequences

Y= (Yr)ren, X = (Xk)ken, ¢ = (@k)keN,

of measurable mappings

U : REx (R™F (0,77,
xe: RYx (R™)* - {STOP, GO},
or: RiIx (R™MF 58,

for k € N. Here, the sequence v is used to obtain the sequential evaluation sites for W in
(0, T, the sequence x determines when to stop the evaluation of W, and the sequence ¢
is used to get the outcome of X once the evaluation of W has stopped. More precisely, fix
w € Q and let 2 := £(w) and w := W(w) be the corresponding realizations of £ and W,
respectively. We start the evaluation of W at the time point ¢;(x). After k steps, we
are given the data Dg(w) := (x,y1,...,yr) where

yo=w(e), o k= wWr(@, Y, Yk—1)),

and we decide whether to stop or to proceed with the evaluation of W according to the
value of x%(Dg(w)). The total number of evaluations of W is given by

v(w) := min {k € N | x4 (Dg(w)) = STOP}. (2.1)

To exclude non-terminating evaluations of W, we require v < oo almost surely. We
obtain the realization of the approximation X by

X(w) = Pu(w) (Du(w) (w))

in the case that v(w) < oo and arbitrarily otherwise. For technical reasons, we assume
without loss of generality that for all k,¢ € N with k # ¢, for all z € R?, and for all
y € (Rm)max{k=1 jt holds that

¢k(9€, Y1y -, ykfl) 7é 77/}@('%'7 Y1y -y yffl)'

Hereinafter, we denote by X(.S) the set of all approximations which are of the form
as described above. Note that for an approximation X € X(C([0,T];R%)) we have
[X] € X(Ly(0,T];R%Y) for every p € [1,00); for ease of notation, we will drop the
distinction between [X] and X in the sequel.
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Next, we specify and explain the cost and error criteria that are used in the further
course of these notes. To this end, fix an approximation X =X X () g X(S) with
determining sequences v, &, and ¢. We measure the cost ¢(X ) of X by

o(X) :=E[]

where v is as in , i.e., we are interested only in the average number of evalua-
tions of W employed in X. For instance, we do not take into account any expenses
for arithmetic operations or for function evaluations, such as evaluations of u or o.
Moreover, we measure the error eq7p()?) of X as follows. Let ¢ € [1,00). In the case
(S, A) = (L,([0,T);RY), B(L,([0, T];RY))) for some p € [1,00), we consider the L, dis-
tance between respective realizations of X and X and take the L, average over all these
distances, i.e., we set

eq,p = HHX XHLP (2.2)

([0,77) HL Q)

Analogously, we put

@qm()?) = HHX - XHC([QTDHLQ(Q) (2.3)

if (S,.A) = (C([0,T];RY), B(C([0,T];R?))). Note that, in contrast to various other error
criteria considered in the literature, we measure the distance between X and X globally
in time and not only at the final time point 7.

Observe that the error measures introduced above satisfy the following easy-to-prove
monotonicity properties. For all ¢, ,p € [1,00) with ¢ < ¢ we have

eq00(X) < ego0(X) (2:4)
for all X € X(C([0,T];R%)) and
eq,p()?) < eti,p()?) (2.5)
for all X € X(L, ([0, T); R)). Moreover, for all ¢,p,p € [1,00) with p < § we have
eq,p(X) <(T-d)'”- €q (X) (2.6)
for all X € X(C([0,T];R%)) and

eap(X) < (T-d)/P=1P . e 5(X) (2.7)

for all X € X(Lz([0, T); R?)) where one applies the Hélder inequality to show (2.7).
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2.2 The Classes of Adaptive and of Equidistant Approxi-
mations

In this subsection, we specify the two principal classes of approximations that are stud-
ied in this thesis, namely, the classes of adaptive approzimations (X33(S))nen and the
classes of equidistant approzimations (X3 (S))nen. To this end, fix N € N for the
moment. First, the class X3%(S) consists of all approximations that are based on the
evaluation of £ and on at most N sequential evaluations of W on average, i.e., we define

X3(9) = {X e x(8) \ o(X) <N}

Second, the class X3(S) consists of all approximations that are based on the evaluation
of £ and on the evaluation of W at exactly the equidistant sites kT/N, k € {1,..., N},
i.e., we define

XV (S) = {X € X(5) ‘ x1=-=xn-1=GO,xn =xn41 =+ =STOP,
Y = kT/N for all k € {1,..., N},
and 1)y is constant for each k € {N + 1, N + 2, .. }}

It is easy to see that X (9) C Xa4(S) and

X3(S) = {u(&, W(T/N),W(2T/N),...,W(T)) | .
w:RYx (RMN = S is measurable}. .

Note that the classes of adaptive and of equidistant approximations incorporate
a large variety of important approximations. In particular, classical approximations
like Euler-Maruyama type schemes corresponding to suitably chosen adaptive time dis-
cretizations (e.g., appropriate versions of the schemes presented in [Fang & Giles| (2018)),
Kelly & Lord| (2018a}b), Hofmann et al.| (20004l b, [2001)), and Miiller-Gronbach| (2002a/b))
or to equidistant time discretizations lie in the respective classes. Additionally, observe
that these classes also contain even possibly non-implementable approximations like
conditional expectations of the form E[X | (§, W (T/N),W(2T/N),...,W(T))], N € N,
cf. the representation (2.8).

The classes (X33(5)) ven and (X3 (S)) ven are clearly not the only classes which may
be studied. For example, the authors in [Hofmann et al. (2001) also consider the classes
(XR(S))ven and (X3 (S)) ven which are defined by

XN(S) = {X € X(9) l Xk is constant for each k € N,

and v = min{k € N| x = STOP} < N}
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and
XN (S) = {)A( e X(9) ’ Yy, and i are constant for each k € N,

and v = min{k € N| x; = STOP} < N}

for N € N. The class X3}(S) comprises all approximations that use the same number
(at most V) of evaluations of W for each realization, and the class X% comprises all ap-
proximations that not only use the same number but even exactly the same (at most N)
evaluation sites of W for each realization. Note that

XG(S) C XH(S) C X(S) € Xa(S)

holds for each N € N. In this thesis, we (almost without exception) focus on the classes
(XW(S))ven and (X33(S))nven as these constitute the edge cases in the chain of subset
relations above and cover, in our opinion, the most interesting approximations appearing
in practice.

2.3 Strong Asymptotic Optimality

Throughout this section, let x € {ad,sn,ss,eq}, p € [1,00], and g € [1,00). Moreover,

let
( S, .A) — {(LP
(C(

Given the sequence (X} (5))nen, we are interested in approximations that perform
extraordinarily well in these classes with respect to the error ey ;. This leads us to the
concepts of Nth minimal errors and, building on that, the notions of optimality and
strong asymptotic optimality.

Fix N € N for the moment. We call the quantity inf {e,,(X) | X € X%(S)} the Nth
minimal error in the classes (X3;(S))men, and an approximation Xy € XN (S) is said
to be optimal in X3 (5) if it achieves the corresponding Nth minimal error, i.e., if it
satisfies

([0, T); RY), B(Ly([0, T|;RY))), if p < oo,
[0, T];RY), B(C([0,T];RY))),  else.

eqp(Xn) = inf {eq,(X) | X € X3(9)}-

Unfortunately, optimal approximations are known only in exceptional cases. On this
account, we relax the notion of optimality and switch to asymptotic optimality in-
stead. We call approximations ()A(N)NeN strongly asymptotically optimal in (X3 (S))Nen
if Xy € X%(S) holds for each N € N and

lim =1,

Moo inf {eg, (X) | X € X3(5)}

following the convention 0/0 := 1 if necessary.
Clearly, optimality in each class implies strong asymptotic optimality.
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To illustrate the concepts above, we study a simple SDE in the upcoming example and
thereby check whether piecewise-linear interpolations of W at equidistant time points
are (strongly asymptotically) optimal in certain classes.

Example 2.1. Let d = m = 1. We consider the SDE
dX(t) =1dW(t), te]l0,1],
X(0) =0,

as well as the error measure ez 2. Clearly, the process (W (t))e(o,1) s the unique solution
of the SDE (2.9)). Now let N € N be fized for the moment. We study the piecewise-linear
interpolation Wi : @ — C([0,1];R) of W at the equidistant sites k/N, k € {0,...,N},
which is given by

We(0) := 0,

W(t) := ((k+1) —tN) - W (k/N) + (tN — k) - W((k +1)/N),
forall k € {0,...,N — 1} and for allt € (k/N,(k + 1)/N]. By using the representa-

tion (2.8), we immediately find Wﬁfq € XN (L2([0,1];R)). Straight-forward calculations
show that

(2.9)

e22(Wy) = (6N) 712 = inf {e55(X) | X € X3 (L([0, 1] R)) .
Moreover, it holds that
inf {e25(X) | X € XR(Lo([0, 1] R) } = (6N +2)71/2,

see, for instance, Theorem 6.3 in|Le¢ (1986). Hence, the approzimation ﬁ\/ﬁfq is opti-
mal in X\ (L2([0,1];R)) and not optimal in X5} (L2([0,1];R)); yet, the approzimations
(Wﬁq)NeN are strongly asymptotically optimal in both the classes (X3} (L2([0,1];R))) nen
and (X3 (L2([0, 1] R))) ven- &

A common way to prove strong asymptotic optimality is to establish asymptotic
lower and upper error bounds with matching asymptotic constants. More precisely,
given classes (X} (S))nen and approximations (Xn)nven with Xy € Xy (S) for each
N € N, one aims at showing

o -1 . S g *
l}\rfrigcl)lof (y(N)) " -inf {6q7p(X) ‘X € XN(S)} >c (2.10)
and R
lim sup (*y(]\/)r1 cegp(Xn) <C (2.11)
N—00

for some constants ¢, C' € (0, 00) and for some v : N — (0, 00). The inequality con-
stitutes an asymptotic lower bound for the Nth minimal errors in the classes (X% (S)) nven
with asymptotic constant ¢ and (informally written) convergence rate y(N). Analogously,
the inequality constitutes an asymptotic upper bound for the errors of the approx-
imations ()A( N)NeN Wwith asymptotic constant C' and (informally written) convergence
rate y(N). If one accomplishes ¢ = C' in the situation above, then the approximations
()A( N)nNen are indeed strongly asymptotically optimal in the classes (X3 (S))nen. In this
case, the corresponding asymptotic constant c is said to be sharp.
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Observe that combining Nth minimal errors and strong asymptotic optimality can
serve as a tool for benchmarking approximations. Fix N € N and consider an approx-
imation YV € X\ (S). Clearly, this approximation performs all the better compared to
other approximations from the class X} (S), the closer the fraction

ap(V) 2.12
inf {e,,(X) | X € X3,(9)} (212

is to 1. Informally speaking, the quantity indicates how far the approximation Y
deviates from being optimal in X};(.S). Unfortunately, the Nth minimal error occurring
in is typically hard to determine and is hence estimated as follows. Provided
that we are given further approximations ()A( M)Men that are known to be strongly
asymptotically optimal in (X3,(5))aen, we first deduce that

€a.p (XN)
inf { e, (X) | X € X3(9)}

is close to 1 for N sufficiently large. We then replace the denominator in (2.12) by
eqp(Xn) and consider the fraction

€q,p (}A/)
€q,p (XN)

instead of (2.12). Under the premise that N is sufficiently large, this new quantity
constitutes a value that can be compared to similarly obtained values corresponding to
different approximations from the class X} (5).

Example 2.2. Reconsider the SDE (2.9) as well as the approximations (Wf}l)MeN
from Example and fir N = 2% We aim at assigning a benchmark value to
the specific approzimation 171\/283 in the class X530(L2([0,1];R)). In the absence of a
concrete value of inf{eg,g()?) X € 510(L2([0,1];R))}, we follow the approach above.

Since the approximations (I//I\/]T/(})MeN are strongly asymptotically optimal in the classes
(X553 (L2([0, 1;R))) men (see Ezample [2.1)), it is easy to conclude that these approwi-
mations are also strongly asymptotically optimal in the classes (X5;(L2([0,1];R)))rren-
Hence, the score

e2.0(W5sh)

_ (6-29)1/2 _ 91/2
ez (Wyrh)  (6- 210)-1/2

(=1.4142..)

can be compared to respective values of other approzimations from X53,(L2([0,1];R)). &

Note that the benchmarking idea above requires certain errors to be known, see
Example 2.2] If we do not have access to the exact values of these errors, one might try
to estimate them, e.g., via Monte Carlo simulations.



16 Chapter 2. Strong Approximations of SDEs and Strong Asymptotic Optimality




17

Strongly Asymptotically Optimal
Approximations with respect to
the Supremum Error

In this chapter, we study the error criterion e, o, which is defined by , and we seek
approximations that are strongly asymptotically optimal in the corresponding classes of
adaptive and of equidistant approximations, i.e., in (X33(C([0,T];R?)))nen and
(XJ(C([0,T); RY))) yen. On the one hand, for SDEs with globally Lipschitz continuous
coefficients, Miiller-Gronbach| (2002a) showed that specific Euler-Maruyama schemes
relating to adaptive and to equidistant time discretizations are strongly asymptotically
optimal in their respective classes. On the other hand, for SDEs with super-linearly
growing coefficients, the main theorem in Hutzenthaler et al.| (2011) implies that the er-
rors of these particular approximations tend to infinity as the numbers of discretization
sites tend to infinity. In the present chapter, we generalize the results of the first men-
tioned reference such that SDEs of the latter type are incorporated. More precisely, we
show under rather mild assumptions on the underlying SDE, notably polynomial growth
conditions on its coefficients, that specific tamed Euler schemes relating to adaptive and
to equidistant time discretizations are strongly asymptotically optimal in the aforemen-
tioned classes. To illustrate our findings, we numerically analyze the SDE associated
with the Heston-3/2-model originating from mathematical finance.

In Section we introduce the assumptions that will be imposed on the under-
lying SDE in the subsequent analysis. Moreover, we show interdependencies among
these conditions as well as results on existence-and-uniqueness and moment bounds of
the solution of the SDE. In Section we provide a brief literature review on results
regarding the error e, . In particular, we state well-known results in the classical set-
ting of SDEs with globally Lipschitz continuous coefficients. In Section we first
present a continuous-time tamed Euler scheme. Building upon this scheme, we con-
struct an equidistant and an adaptive tamed Euler scheme in full details afterwards. In
Section we state the main results of this chapter, i.e., strong asymptotic optimality
of the previously constructed adaptive and equidistant tamed Euler schemes in their re-
spective classes. In Section[3.5 we illustrate our findings via a numerical experiment. To
this end, we revisit the introductory example from Section namely, the SDE relating
to the Heston-3/2-model. In Section we carry out the proofs of our main results.
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Throughout this chapter, we fix (S,.4) = (C([0, T]; R%), B(C([0, T]; RY))) as the un-
derlying measurable space as per Chapter [2l In the case that the SDE ([1.4]) has a unique
solution (X (t))¢efo,r], We put

€ [0, o0],

cad =271/2. HH|0(.,X(.))’
LZ‘]/(‘I+2>(Q) (3 1)

“72‘ La([0,77)

€ [0, o0],

Cyte = (/22 lo(. X () o

)|°<372H0([0,T}>

for ¢ € [1,00). The quantities ngo and Cg4, will turn out to be the sharp asymp-
totic constants for the Nth minimal errors in the classes (X33(C([0,T];R?)))yen and
(XH(C([0,T); RY))) Nen, respectively. It is easy to see that Cgféo < Ol holds for all
q€[l,00).

3.1 Assumptions

In the further course of this thesis, we will impose several conditions on the initial value
and on the coefficients of the SDE ((1.4). For r € [0,00) and ¢ € {u, 0}, we introduce
the following assumptions:

Assumption (I.). The initial value £ satisfies E[|£|"] < .

Assumption (locL). The coefficients p and o satisfy a local Lipschitz condition with
respect to the state variable, i.e., for all M € N there exists C' € (0,00) such that for all
t €10, T] and for all x,y € R? with max{|x|, |y|} < M it holds that

max {|u(t, ) — p(t, )|, |o(t,2) = ot y)|} < C o —yl.

Assumption (H). The coefficients p and o are Hélder—1/2—continuous with respect to
the time variable with a Hélder bound that is linearly growing in the state variable, i.e.,
there exists C € (0,00) such that for all s,t € [0,T] and for all z € R it holds that

max{|,u(s,x) — pu(t, z)|, |o(s,z) — U(t,:n)|} <C-ls =t (1+]z)).

Assumption (K,). The coefficients p and o satisfy a so-called “Khasminskii-type con-
dition”, i.e., there exists C' € (0,00) such that for all t € [0,T] and for all z € R it
holds that

2.2 ptx)+(r—1)-|ot ) <C- 1+ x|’

Assumption (M,). The coefficients 1 and o satisfy a so-called “monotonicity condi-
tion”, i.e., there exists C € (0,00) such that for all t € [0,T] and for all x,y € RY it
holds that

2 (z—y) - (ut,x) — p(t,y) + (r— 1) - |o(t,z) — o(t,y)| < O |z -y
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Assumption (pG¥). The coefficient ¢ grows at most polynomially in the state variable,
i.e., there exists C' € (0,00) such that for allt € [0,T] and for all x € R? it holds that

lp(t,z)| < C - (1+ ).

Assumption (pL¥). The coefficient ¢ is Lipschitz continuous with respect to the state
variable with a Lipschitz bound that is polynomially growing in the state variable, i.e.,
there exists C € (0,00) such that for all t € [0,T] and for all z,y € R? it holds that

lp(t,z) — ot y)| < C -l —yl - (1+ |z +[y])".

During the last decades, it was common practice to essentially require the Assump-
tions|(pLy)[and [(pLg )} i.e., to assume that the drift and diffusion coefficients are globally
Lipschitz continuous (with respect to the state variable), see, e.g., Maruyama/ (1955),
Milstein| (1995)), [Kloeden & Platen| (1992)), Mao| (2007). Only recently, one has begun to
study SDEs that do not satisfy these stringent assumptions, such as SDEs with super-
linearly growing or discontinuous coeflicients.

The following easy-to-prove remark comprises various relations between the assump-
tions introduced above.

Remark 3.1. (i) Let[(I,)] be satisfied for some r € [0,00). Then|(Ly)] is satisfied for
all s € [0,7].

(ii) Let|(K,)| be satisfied for some r € [0,00). Then is satisfied for all s € [0,7].
(iii) Let be satisfied for some r € [0,00). Then is satisfied for all s € [0,7].
(iv) Let|(pG?)| be satisfied for some p € {u, 0} and r € [0,00). Then|pG?)| is satisfied

for all s € [r,00).

(v) Let be satisfied for some ¢ € {u,o} and r € [0,00). Then is satisfied

for all s € [r,00).

(vi) Let [K,)| and [pGH)| be satisfied for some r € (1,00) and s € [0,00). Then
(PGas(1,(s+1)/2y)| i satisfied.

(vii) Let |1 M, il and |1 pL# Dl be satisfied for some r € (1,00) and s € [0,00). Then

1s satisfied.

(viii) Let[(pL)| and[(pLT)| be satisfied for some r, s € [0,00). Then[(locL)] is satisfied.
(iz) Let|(pGl)| and[(pGY)| be satisfied. Then|[K)| s satisfied for all r € [0,00).
(z) Let[(pLl)| and[(pL])| be satisfied. Then|[(M, )| is satisfied for all v € [0,00).
(xi) Let and be satisfied for some ¢ € {p, o} and r € [0,00). Then|(pGr, )

18 satisfied.

(zii) If the SDE (L.4) is autonomous, then[(H)|is satisfied.
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It is well-known that the Assumptions |(I4)} [(locL)} and |[(Kg4)| for some a € [2,00)
ensure the existence of a unique solution (X (t));c(o,r) of the SDE ([1.4) that also satisfies

sup E|[X(1)]"] < o0, (3.2)
t€[0,T]

see, for instance, Theorem 4.1 of Chapter 2 in Mao| (2007). If, additionally, the Assump-
tion |(pGY )| is satisfied for some r € [1,00) with a > 2r, then it holds that

|a72r+2 < o0,

IE[ sup |X ()
te[0,7)

see Proposition Furthermore, in the case that the SDE ((1.4) possesses a unique
solution and the Assumptions |(I,)} |[(pGY)l and |(pGY)| are satisfied for some a € [2, o),
there exists C' € (0,00) such that for all s,¢ € [0, 7] it holds that

X (s) — X(t)||La(Q) <C-|s—t]M2 (3.3)

see, for instance, Theorem 4.3 of Chapter 2 in Mao (2007)).

3.2 Literature Review

We now provide a concise overview of results concerning the considered pathwise approx-
imation problem, mainly with regard to the error e, . This selection does not claim to
be complete or exhaustive, but should give enough background to motivate the central
objective of this chapter.

The remainder of this section is organized as follows. We start our discussion by
presenting a result on lower bounds for the Nth minimal errors in the classes of adaptive
approximations which holds under quite general assumptions. This allows us to deduce
asymptotic lower bounds for the Nth minimal errors in the classes of adaptive and of
equidistant approximations, but with unspecified asymptotic constants only. Yet, in
the special case of SDEs with globally Lipschitz continuous coefficients, one entirely
knows the asymptotics of these Nth minimal errors. As a next step, we are interested
in approximations which possess the same convergence rate as the Nth minimal errors
in the previous results or, even better, which are strongly asymptotically optimal in the
aforementioned classes. For SDEs with globally Lipschitz continuous coefficients, specific
equidistant and adaptive variants of the Euler-Maruyama scheme achieve the desired
strong asymptotic optimality. However, the errors of these particular approximations
tend to infinity once the drift or the diffusion coefficient grows super-linearly. In search
of strongly asymptotically optimal approximations for SDEs of the latter type, we come
into contact with so-called tamed Euler schemes for which we find upper error bounds
of the right convergence rate.

At first, lower error bounds for the pathwise approximation of SDEs have been exten-
sively studied for the case of coefficients that are globally Lipschitz continuous, see, e.g.,
Cambanis & Hu| (1996)), Hofmann et al.| (2000a,b, 2001), and |Muller-Gronbach| (2002al/b).
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Recently, the authors in Hefter et al.|(2019)) established lower bounds for the Nth mini-
mal errors in the classes of adaptive approximations that hold under rather mild assump-
tions on the underlying SDE. In particular, the coefficients of the SDE (|1.4]) are required
to have sufficient regularity only locally, in a small neighborhood of the initial value.

Proposition 3.2. Let d = m = 1 and let the SDE have a unique solution
(X (t))tepo,r)- Moreover, let tg € [0,T), To € (to,T], and let § # I C R be an open
interval such that for all i,5 € {0,1} the partial derivatives 1) and o@9) exist on
[to, To] x I and are continuous, for all (t,x) € [to,Tp] x I it holds that o(t,x) # 0, and
it holds that P({X (tg) € I}) > 0. Then for all q € [1,00) there exists C € (0,00) such
that for all N € N it holds that

inf {eg.00(X) | X € X3 (C(10, T R)) } > € (log(N)/N)'/. (3.4)
Proof. Theorem 9 in Hefter et al.| (2019)) shows (3.4) for the particular error e . The
general case then follows from the monotonicity property ([2.4)). ]

From the preceding proposition, we are able to immediately deduce asymptotic lower
bounds for both the Nth minimal errors in the classes of adaptive and of equidistant
approximations. Yet, the corresponding asymptotic constants are unspecified in this
situation which does not enable us to resolve whether these constants are sharp or not.

However, in the special case of an SDE with globally Lipschitz continuous coefficients,
Miiller-Gronbach| (2002@) determined the exact asymptotics (including sharp asymptotic
constants) of the Nth minimal errors in the classes of adaptive and of equidistant ap-
proximations.

Proposition 3.3. Let T = 1 and let the Assumptions |(L,)|, |(H)], |(pLg), and |(pLg)| be
satisfied for some a € [2,00). Then for all q € [1,a] it holds that

. 1/2 . e - a a
lim (N/log(N) 2 inf {ego0(X) | X € X3 (C([0, 1 RY) | = 34
and

Jim_ (N/1og(N))'"* - inf {eq.0(X) | X & XF(C ([0, 1 RD) } = i

Proof. See Theorem 3 in Miiller-Gronbach| (2002a) for the adaptive case. The equidistant
case is not explicitly shown in this reference, but follows from the asymptotic upper
bound given by Lemma 11 and the asymptotic lower bound given by Lemma 8 (slightly
modified towards Nth minimal errors) stated therein. t

Next, we turn to upper bounds for the errors of specific adaptive and equidistant
approximations, and we seek in particular those approximations that have the same
convergence rate (log(N)/N)Y/? as the Nth minimal errors studied above. During
the last decades, upper error bounds for the pathwise approximation of SDEs have
been established mostly in the case of globally Lipschitz continuous coeflicients, see,
e.g., the seminal works by [Maruyama| (1955) and Milstein| (1995) or the book of Kloe-
den & Platen (1992), which contains upper error bounds for various strong It6—Taylor
approximations such as the Euler-Maruyama or Milstein schemes.
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First of all, we study the Euler-Maruyama schemes, which were initially introduced
in Maruyama, (1955) and can be regarded as an extension of the classical Euler schemes
for ordinary differential equations towards SDEs. We begin with the definition of the
continuous-time Euler—-Maruyama schemes. To this end, let N € N and consider the
equidistant time discretization

tN) .= eT/N, te{0,...,N}. (3.5)
The continuous-time Euler—Maruyama scheme Ey : Q — C([0,T]; RY) is given by

En(0) :=¢,
En(t) == En(t™) + u (™, En(t{™)) - (¢ — ¢
+ ot Ex@™) - (W) - w™y),

forall¢ € {0,...,N—1} and forall ¢ € (t§N), tgﬁ] Observe that, since entire trajectories

of the driving Brownian motion are used in the construction above, this scheme is not an
approximation in the sense of Section and we thus find Ey € X(C([0,T]; R%)). It is
well-known that the continuous-time Euler-Maruyama schemes converge strongly to the
solution of the SDE (|1.4) with order (at least) 1/2 if the drift and diffusion coefficients
are globally Lipschitz continuous, as the following proposition clarifies.

Proposition 3.4. Let the Assumptions|I,)} [(H)| [(pLy), and|(pL{)| be satisfied for some
a € [2,00). Then for all q € [1,a] there exists C € (0,00) such that for all N € N it
holds that

HHX o ENHC( <C.N"1/2

[O,T])HLQ(Q)
Proof. See, for instance, Proposition 14 in Faure (1992). O]

Note that we do not use the term eqm(E ~) in the proposition above since the error
measure e, is only defined on X(C([0, T]; R?)).

To obtain equidistant approximations that are based on the continuous-time
Euler—-Maruyama schemes, we consider the linear interpolations of these schemes at
the equidistant sites . For N € N, the equidistant Fuler—Maruyama scheme
E]e\? : Q — O([0,T); RY) is given by

B (t™) = Bwtf”)
for all £ € {0,..., N} and linearly interpolated between these time points. By suitably
choosing sequences v, x, and ¢ as per Section we obtain E‘f\? € XY(C([0,T); RY)).
Under the same assumptions as in the preceding proposition, one also knows upper
bounds for the errors of these equidistant Fuler—-Maruyama schemes.

Proposition 3.5. Let the Assumptions|1,)} [(H)| [(pLy), and|(pL{)| be satisfied for some
a € [2,00). Then for all q € [1,a] there ezists C' € (0,00) such that for all N € N\ {1}
it holds that

eqo0 (B < C - (log(N)/N) /2.

Proof. See Proposition 16 in |Faure, (1992). O
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From the result above, we can deduce an asymptotic upper bound for the errors of
the equidistant Euler-Maruyama schemes but, again, only with unspecified asymptotic
constant. In contrast, the following proposition shows the exact asymptotics (including
sharp asymptotic constant) of the errors of these approximations in the case that the
coefficients of the SDE ([1.4]) are globally Lipschitz continuous.

Proposition 3.6. Let T = 1 and let the Assumptions |(L,)|, |(H)|, |(pLg), and |(pLg)| be
satisfied for some a € [2,00). Then for all q € [1,a] it holds that

i (N/1og(N))'"* - .00 (E5) = Cile.
—00
Proof. See Theorem 2 in Miiller-Gronbach| (2002a). O]

Having considered the Euler—-Maruyama schemes at equidistant sites only so far, we
next turn to variants of these schemes that are based on adaptive time discretizations.
For this purpose, we study the following adaptive Euler—-Maruyama schemes, which were
introduced in |Miller-Gronbach| (2002d)). Fix 7' = 1 and let (ky)nen be a sequence of
natural numbers satisfying

kn N

lim —=0= lim ——F. .

Fix N € N for the moment and put

1A ) s 2 v
-AkN = (kN ’ Z ‘G(té v >EkN(tZ N ))‘002> :

=0
Let g € [1,00). For each ¢ € {0,...,knx — 1}, we consider the random discretization
) <l 50 <ot = )

of [tékN ), tgﬁ_l\{)] where

2 2
ne = ]l{AkN>0} N Akfllv/(qu )

ky—1 N 5
Z ‘U(tgkN)kaN,T(tEkN)))’ 9
and 1
(kn) (k) K
=1 —_—
T ¢ kEn me+1

forall k € {0,...,n,+1}. The adaptive Fuler—-Maruyama scheme E?\%q :Q — C([0,1];RY)
is given by

~a k = k kn) = k k k
B3 (700) 1= By (80)) + (6™, By (1)) - (rk) — )

N (3.7)
k k k k
+ o (tf™), By (t8)) - (W (a3 — wt)))
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for all ¢ € {0,...,kny — 1} and for all kK € {0,...,7, + 1} and linearly interpolated
between all these time points. By suitably choosing sequences v, x, and ¢ as per

Section 2.1} we obtain E?\?}q € X?S(E‘dd . (C(]0,1]; R)) if the cost of this approximation
N.g

satisfy c(Ej’{?}q) < oo. Miiller-Gronbach (2002a@) established the exact asymptotics of
the errors of the adaptive Kuler—-Maruyama schemes defined above in the case that the
underlying SDE possesses globally Lipschitz continuous coefficients.

Proposition 3.7. Let T = 1 and let the Assumptions |(1,)], |(H)], [(pLg), and |(pLg)| be
satisfied for some a € [2,00). Then for all q € [1,a] it holds that

1/2

lim (c(ER,)/log (e(BX)) - eqoo(ENY) = Citke
Proof. See Theorem 1 in Miiller-Gronbach| (2002d). O

Since both the convergence rates and the corresponding asymptotic constants match
in the Propositions [3.3] B.6] and [3.7, we obtain strong asymptotic optimality of the
adaptive and of the equidistant Euler—-Maruyama schemes in the classes of adaptive and
of equidistant approximations, respectively.

Corollary 3.8. Let T = 1 and let the Assumptions |(I,), |((H)|, |(pLy)l and |(pL)| be
satisfied for some a € [2,00). Then for all q € [1,a] with C3% > 0 it holds that

rad
llm eq’oo (E]a\/,q)

N—00 inf {eq’oo (X) ‘ X e X?g(g}"‘ﬁqﬂ (c(lo,1}; Rd))}

=1

and R
lim — eioo (E%l)
N7 inf {eg.00(X) | X € XF(C([0,1];RY)) }

i.e., the approximations (E?\;i,q>NEN and (E’]e\?)NeN are strongly asymptotically optimal in
the classes (X?d@ad ﬂ(C([O, 1;RY)) ven and (X(C([0,1); RY))) nen, respectively.
C N,q

Proof. This result is an immediate consequence of the Propositions 3.3} 3.6} and 3.7 O

In view of all the previous considerations, our primary goal in this chapter is as
follows:

We aim at extending the results of | Miiller-Gronbach| (2002 a)—especially
the ones given in Corollary [B.8—to SDEs whose coefficients are
allowed to grow super-linearly. In particular, we seek strongly asymp-
totically optimal approximations in the classes of adaptive and of
equidistant approximations in such a setting.
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To begin with, it is natural to ask whether the equidistant and the adaptive Euler—
Maruyama schemes introduced above preserve strong asymptotic optimality in their
respective classes even for SDEs whose coefficients grow super-linearly. We answer this
question to the negative in the following proposition.

Proposition 3.9. Let d =m =T =1 and let the SDE be autonomous and have
a unique solution (X (t))icjo,1). Moreover, assume that P({o(£) # 0}) > 0 and that there
exist C € [1,00), a, B € (1,00) with a < B such that for all x € R with |z| > C it holds
that max{|u(z)|,|o(z)|} > C~1 - |2® and min{|u(x)|, |o(x)|} < C -|z|*. Then for all
q € [1,00) with || X(1)[|1, @) < oo it holds that

lim [[X(1) - EN(l)HLq(Q) = (3.8)

N—o00

and lim e (E’eq) =oc0= lim e (Ead)
Nooo 1 N N-ooo I Ny

Proof. See Theorem 2.1 in Hutzenthaler et al.| (2011)) for a proof of (3.8). Moreover, we

have

EX(1) = En(1) = B¥, (1)
for all N € N. Combining this with (3.8]) shows

T o . ~eq
0 = ]\}gnoo HX(l) EN(l)HLq(Q) < ]\}1_1}100 eQ:OO(EN)

and o ~ ) ~od
oo = lim HX(I)—EN(l)HLq(Q) < lim eg 00 (ER,)-

N—o0 ~ N—oo

O]

The preceding proposition emphasizes that the previously constructed equidistant
and adaptive Euler-Maruyama schemes are not suitable to globally approximate SDEs
with super-linearly growing coefficients, which constitute a special case of SDEs whose
coefficients are not globally Lipschitz continuous. In recent years, especially in the last
decade, approximations that converge strongly to the solution even if the coefficients of
the considered SDE are non-globally Lipschitz continuous have experienced increased
attention. For instance, we mention implicit schemes (see, e.g., [Higham et al.| (2002)),
tamed schemes (see [Hutzenthaler et al.| (2012),/Gan & Wang| (2013)), [Sabanis| (2016)), Ku-|
mar & Sabanis (2019), [Sabanis & Zhang| (2018)), truncated schemes (see Mao| (2015,
Guo et al| (2018))), projected schemes (see Beyn et al.| (2016, [2017)), and balanced
schemes (see [Tretyakov & Zhang| (2013)). For the particular case of SDEs with dis-
continuous coefficients, Euler-Maruyama type schemes are addressed in
Szolgyenyi| (2018)), Ngo & Taguchi (2017), and Miiller-Gronbach & Yaroslavtseval (2020)),
where the last mentioned reference also provides upper bounds for the specific error crite-
rion g . InHefter & Herzwurm| (2017)), the authors studied a particular SDE for which
the solution is the square of a one-dimensional Bessel-process, and they gave upper error
bounds for certain squared piecewise-constantly interpolated projected Euler schemes.
Moreover, Fang & Giles (2018) constructed an adaptive timestepping strategy which
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lets the related piecewise-constantly interpolated Euler-Maruyama schemes convergence
strongly with order (at least) 1/2 for SDEs with one-sided Lipschitz continuous drift co-
efficient and globally Lipschitz continuous diffusion coefficient; [Kelly & Lord (2018a}b)
extended this timestepping idea towards SDEs whose diffusion coefficients may also be
non-globally Lipschitz continuous. We stress that the asymptotic constants obtained
from all the previously mentioned references are (up to exceptional cases) unspecified.

To achieve the primary goal of this chapter, we follow the approach of so-called
tamed Euler schemes as a basis for the construction of strongly asymptotically optimal
approximations in the setting of SDEs with super-linearly growing coefficients.

A first type of tamed Euler schemes was initially proposed in [Hutzenthaler et al.
(2012)) where the authors introduced the following continuous-time tamed Euler schemes.
For this purpose, let the SDE ( . ) be autonomous for the moment. For N € N, the
continuous-time tamed Euler scheme X% : Q — C(]0, T]; RY) is given by

XWK(0) = ¢,

p(XFR M)
1+ T/N - |u(XE))]
+o (X)) - (W) - wie™)),

XE() = XN ) + (= 1)

for all £ € {0,...,N — 1} and for all ¢ € (£, ¢Y)], and the equidistant tamed Euler

scheme )?JIE,JK’eq : Q — C([0,T];RY) is given by

)A(]I\{/JK,eq(téN)) XHJK( (N))

for all £ € {0,..., N} and linearly interpolated between these time points. In the case
of an SDE whose diffusion coefficient is still required to be globally Lipschitz continuous
and whose drift coefficient merely has to satisfy a so-called “one-sided Lipschitz con-
dition”, the continuous-time and the equidistant tamed Euler schemes above converge
strongly to the solution. Even more, these schemes admit analogous upper error bounds
as the continuous-time and the equidistant Euler-Maruyama schemes as stated in the

Propositions [3.4] and
Proposition 3.10. Let the SDE be autonomous and let the Assumptions
[(M,)|, and |(pLg)| be satisfied for all a € [2,00). Moreover, let pu be continuously differ-
entiable and assume that there exists r € (0,00) such that for all x € R it holds that
Vu(z)| <r-(1+|z|)". Then for all q € [1,00) there exists C' € (0,00) such that for all
N € N\ {1} it holds that

<C.N"/2 (3.9)

11 = X oo, HLQ(Q) =

and
eqo0(XN"KY) < O - (log(N)/N) /2. (3.10)
)

Proof. See Theorem 1.1 inHutzenthaler et al. (2012]) for a proof of (3.9)) and see Corollary
6.1 in [Hutzenthaler et al| (2013) for a proof of (3.10). O
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Inspired by the work of Hutzenthaler et al. (2012)), [Sabanis| (2016) constructed a
further type of continuous-time tamed Euler schemes. For N € N and r € [0, 00), the
continuous-time tamed Euler scheme X]SV?T : Q — C([0,T];RY) is given by

¢ p(s, X3, ([sN]/N))
0 1+ N-12.|X5 ([sN]/N)|

t (s, X%, (LsNJ/N))
" /0 14+ N-12 X5 ([sN]/N)["

X3, () =&+
(3.11)

W (s),

for all ¢t € [0,7]. Again, these schemes converge strongly with order (at least) 1/2 but
now even for SDEs whose diffusion coefficients may grow super-linearly.

Proposition 3.11. Let the Assumptions|(T,)], [}, [(K,)|, [My), and[(pLF)| be satisfied for
some a,b € [2,00) and r € [0,00) with a > 4r+2. Then for all ¢ € [1,min{b,a/(2r+1)})
there exists C' € (0,00) such that for all N € N it holds that

llIx - X%, <C-N2

HC([O,T})HLQ(Q)
Proof. See Theorem 3 in Sabanis| (2016)). O

Our main idea is now to modify the tamed Euler schemes of Sabanis (2016) in such a
way that we can derive equidistant and adaptive variants that are strongly asymptotically
optimal in their respective classes. These new approximations will be presented in full
details in the next section.

3.3 The Equidistant and the Adaptive Tamed Euler Sche-
mes

In the following, we introduce two variants of so-called tamed Euler schemes that are
based on equidistant and on adaptive time discretizations, respectively. The crucial in-
gredient for both approximations is a continuous-time tamed Euler scheme which, on
the one hand, is suitably close to the solution of the SDE (1.4) and which, on the other
hand, possesses a simple recursive structure that will be exploited in the further anal-
ysis. These equidistant and adaptive tamed Euler schemes will turn out to be strongly
asymptotically optimal in the classes of equidistant and of adaptive approximations,
respectively.

We point out that the continuous-time tamed Euler scheme presented here is heavily
inspired by the one introduced in [Sabanis| (2016)). The reason we do not use the latter is
that our approach is more convenient for our analysis; in particular, our scheme satisfies
the desired recursion below. Nevertheless, observe that both schemes coincide in
the case that the SDE (1.4]) is autonomous and 7' = 1.
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3.3.1 The Continuous-time Tamed Euler Schemes

Let N € N and r € [0,00), and recall the equidistant time discretization (3.5). The
continuous-time tamed Euler scheme Xn,, : Q@ — C([0,T];R?) is given by

X (0) :=¢,
(N) ¥ (N)
- - t™) Xy (t
Xy, (t) == XN,T(tEN)) + uly N’~( L )()N) -
1+ (T/N)Y2 | Xy, (t; )]
ot Xy, (1))
1+ (T/N)Y2 - [ X, (8]

)
(t=17) (3.12)

(W) - (M),

for all ¢ € {0,...,N — 1} and for all ¢t € (th),téi\[)}.

Note that this process satisfies almost surely for all ¢ € [0, T]]
¢ p([sN/T] - T/N, Xy ([sN/T| - T/N))
0 1+ (T/N)Y2 - |Xn,(lsN/T] - T/N)|"

/t o([sN/T) - T/N,Xn,(|sN/T|-T/N))
0 1+ (T/N)V2.|Xy,(|sN/T| - T/N)|"

Xy (t) =€+

Wi(s);

cf. the construction (3.11)).

Since entire trajectories of the driving Brownian motion are used in the construction
of the continuous-time tamed Euler scheme, this scheme is not an approximation in the
sense of Section and we thus find Xy, & X(C(]0, T]; RY)).

In Section we gather useful properties of the continuous-time tamed Euler sche-
mes, namely, moment bounds and strong convergence with order (at least) 1/2.

3.3.2 The Equidistant Tamed Euler Schemes

Next, based on the continuous-time tamed Euler scheme, we construct approximations
which use not whole paths of the driving Brownian motion but evaluate W only at
equidistant sites.
As before, let N € N and r € [0,00). The equidistant tamed FEuler scheme
X§, 1 Q= C([0,T];RY) is given by
S N > N
X ty") = X (1)
for all ¢ € {0,..., N} and linearly interpolated between these time points.
By suitably choosing sequences ¥, x, and ¢ as per Section [2.I] we obtain
X]e\%r € XW(C([0,T);RY)). Clearly, the total number of evaluations of W employed

in the approximation )A(]i}lr is given by N for each realization, which immediately yields

~

o(Xy,) = N.
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3.3.3 The Adaptive Tamed Euler Schemes

The following construction of the adaptive tamed Euler schemes is heavily inspired by
the corresponding construction of the adaptive Euler—-Maruyama schemes E%%q presented
in Section [3.2

Note that, under suitable regularity assumptions on the coefficients of the SDE (|1.4)),
its solution (X (t))co,r] satisfies

E“X@'(t—f—(s)—Xi( ‘ } i@]tX 2.5+ o(5)

for all i € {1,...,d} and for all ¢ € [0,T]. Hence, the paths of each component X; of
the solution of the considered SDE are, in the root mean square sense and conditioned
on X (t), locally Holder—1/2—continuous with Holder constant (3772, |0 ;(2, X ()22,
and the maximum over ¢ € {1,...,d} of all these constants is given by |o(t, X ())|cc,2-
For this reason, it is more beneficial to evaluate W more often in regions where the value
of |o(t, X (t))|co,2 is large and vice versa.

Motivated by this idea, we construct our adaptive tamed Euler scheme in two steps.
First, we use equidistant time steps to roughly approximate the solution and thereby
obtain estimates for the conditional Holder constants at these sites. Second, we refine
our approximation by taking into account the local smoothness of the solution. More
precisely, we distribute additional evaluation sites between those equidistant time points
for which the corresponding maximum of the estimated Hoélder constant is large in
proportion to the other time points.

Let r € [0,00) and let (kx)nen be a sequence of natural numbers satisfying the

limits (3.6). Fix N € N and put
2 1/2
) . (3.14)

T kn—1
Apy = ( Z

o (1), Xy (1))

- k r
by 20 11+ (T kn)V/2- |XkN,r(tg N))| 50,2
Let g € [1,00). For each ¢ € {0,...,knx — 1}, we consider the random discretization
k k k k
té V= Tz(o M < Te( 1N) < Te(n]ﬂl tgﬂ) (3.15)

of [tékN ) téi’\{)] where

o (t{™), Xy o (t(™)
1+(T/kN 1/2 ‘XkN t(kN))‘

2q/(q+2) 00,2
kN N kfl 0_( (kN) XkN r(tEkN)))
=0 |1+ (T/kN 1/2 |X/€ t(kN))| 00,2

and

() . yen) . T K
Tk ¢t in
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for all kK € {0,...,m¢ + 1}. The adaptive tamed Euler scheme Xqu Q — C([0,T]; RY)
is given by

(kN) ¥ (kn)
~ t Xpvr(t
X—qu( (kN)) = X—k;N’ (t(kN) + ,Uf( 4 1) kN’ ( l )) . (T(k]\]) . t(kN))

rily = r 0K )
Lo (T /)2 | X (1)
U(tgkN)>)?kN,r(t§kN)>)
L+ (T/kn)YV2 - [ X o (8]

(W) = W)

for all ¢ € {0,...,kxy — 1} and for all k € {0,...,7m¢ + 1}, and linearly interpolated
between all these time points; cf. the construction (3.7)).

By suitably choosing sequences ¥, x, and ¢ as per Section we obtain

X’?V‘%T’q € X‘Fd quﬂ(C([O,T];Rd)) if the cost of this approximation satisfy

o X ?\?r ¢) < 0. Define l/Nr  to be the (random) number of evaluations of W employed
in the approximation Xad Norg- Observe that

kn—1
Vqu kn + Z e < kny+ N - AQq/(quZ (3.17)
=0
and
Vil = max {ky, by + Tga, sy - (V- 270D gL (3.18)

3.4 Main Results

The following theorems entirely specify the asymptotics of the Nth minimal errors in the
classes of adaptive and of equidistant approximations as well as the asymptotics of the
errors of the adaptive and of the equidistant tamed Euler schemes. As a consequence, we
will conclude strong asymptotic optimality of these approximations in their respective
classes. The proofs of all theorems are postponed to Section [3.6 Finally, we compare
our results to those given in Miiller-Gronbach! (2002d)) at the end of this section.

Recall the definition (3.1)) of the asymptotic constants from the beginning of this
chapter. The succeeding remark provides sufficient conditions for the finiteness of these
two constants.

Remark 3.12. Let the Assumptions|(1,)), [(locL)|, [(Kg ), and|(pG2)| be satisfied for some
a € [2,00) and 7 € [1,00) with a > max{2r,3r — 2}. Then Proposition implies

eq
C(a 2r+2)/r,00 < 0.
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First, we specify the asymptotics of the Nth minimal errors in the classes of adaptive
and of equidistant approximations. More precisely, we not only state the convergence
rates but also give the sharp asymptotic constants. To this end, recall the definition
of Cad and Cgh.

Theorem 3.13. Let the Assumptions (1)}, [}, [K)] [My)l, and [[pLF)| be satisfied for
some a,b € [2,00) and r € [0,00) with a > 4r+2. Then for all ¢ € [1,min{b,a/(2r+1)})
it holds that

. 1/2 . = = a a
lim (N/log(N) P inf {eg.00(X) | X € X31(C (10, T RY) } = €3 (3.19)
and
lim (N/log(N))'/? -inf {0 (X) | X € X(C((0, TIRY) } = €51 (3.20)
N—oo )
Proof. This result is an immediate consequence of the Lemmas [3.22], [3.23], [3.24] and [3.25
given in Section O]

Next, we specify the asymptotics of the errors of the adaptive and of the equidistant
tamed Euler schemes. Again, we not only state the convergence rates but also provide
the sharp asymptotic constants. Right before, we show that the average numbers of
observation sites of the adaptive tamed FEuler schemes are finite and give their asymptotic
behavior.

Theorem 3.14. Let the Assumptions [(I1,)}, [(TD)], [K,)}, [Mp)], and [[pLF)| be satisfied for
some a,b € [2,00) and r € [0,00) with a > 4r+2. Then for all g € [1,min{b,a/(2r+1)})
it holds that

(Xqu) S
for each N € N and

R 2 +2)
lim e(X3,) - N1 = (212 cod )

N—oo

as well as

Tim (e(R3,)/ 108 (e(£38,)) " - g (R38,) = 2

and
1/2 S
dim (N/1og(N))""% - eq00 (X7,) = Cike.
Proof. This result is an immediate consequence of the Lemmas [3.21], [3.22] [3.23] [3.24]
and given in Section O

Since both the convergence rates and the corresponding asymptotic constants match
in the preceding theorems, we obtain strong asymptotic optimality of the adaptive and
of the equidistant tamed Euler schemes in their respective classes.
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Corollary 3.15. Let the Assumptions[(I,)], [D)], [K,)|, [Mp), and[(pLF)| be satisfied for
some a,b € [2,00) and r € [0,00) with a > 4r+2. Then for all g € [1,min{b,a/(2r+1)})
with C’;‘%O > 0 4t holds that

v ad
lim 6‘1700 (X%f,r,q)

N—oo ipf {eqpo ()?) ‘ Xe X?j()?}'bd,r,qﬂ (C([O, T];Rd))}

and R
li €q,00 (Xf\gr) _
im =1

" it {eq.o(R) | X € X5H(C(0. TR}

i.e., the approrimations ()A(j“\}fw)NeN and ()A(f\gr)NeN are strongly asymptotically optimal
in the classes (X2 (C([0,T); RY)) nen and (X3H(C([0,T);RY))) ven, respectively.

[e(X3, )]
Proof. This result is an immediate consequence of the Theorems and O

Remark 3.16. Note that the assumptions required in the preceding results essentially
come from Proposition[A], which states strong convergence of the continuous-time tamed
FEuler schemes. In this situation, we also have moment bounds for these schemes as well
as for the solution, see the Propositions[A.6 and[A.5

In the next remark, we characterize equality of the asymptotic constants C’;‘io and

Cyo, and briefly comment on the special case when these two constants both are zero.

Remark 3.17. Let the SDE have a unique solution (X (t)).ejo,r) and let q € [1,00)
such that Cg%, < oc.

Then we have Cgio = Oy if and only if almost surely |o(t, X(1))|co2
H|a(0,§)\0072HL2(Q) holds for allt € [0,T], c¢f. Remark 1 in|Miller-Gronbach (2002a)). In
particular, this case applies to SDEs whose diffusion coefficient is constant.

Moreover, we have Cg%, = 0 (and hence Cg’%o = 0) if and only if almost surely
o(t,X(t)) = 0 holds for all t € [0,T]. In such a situation, Theorems and
do not allow to conclude strong asymptotic optimality. More precisely, these results
merely show that the Nth minimal errors in the classes of adaptive and of equidistant
approximations as well as the errors of the adaptive and of the equidistant tamed Fuler
schemes each are in o((log(N)/N)Y/2). In fact, these Nth minimal errors are actually
zero as the underlying SDE almost surely represents an ordinary differential equation in
the considered case.

The preceding findings (Theorem Theorem and Corollary [3.15)) generalize
the corresponding results presented in |Miiller-Gronbach (2002a). In this reference, the

coefficients of the SDE (|1.4)) are required to be globally Lipschitz continuous, whereas
in our setting these coefficients may even grow super-linearly.
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Remark 3.18. Let T = 1 and let the Assumptions (I«)f(H)} [(pLy), and |(pLg)| be
satisfied for some a* € [2,00). Proposition then shows that the Nth minimal errors
in the classes of adaptive and of equidistant approzimations satisfy the asymptotics (3.19))
and for all g € [1,a].

Moreover, in the setting above, Remark yields that the Assumption is sat-
isfied for all a € [0,00), that the Assumption is satisfied for all b € [0,00), and
that the Assumption is satisfied for all r € [0,00). By choosing a = b = a* and
r =0, Theorem [3.13 shows that the Nth minimal errors in the classes of adaptive and
of equidistant approximations satisfy (3.19) and (3.20) for all q € [1,a*).

The only difference is, hence, that the choice ¢ = a* is included in the results of
Miiller-Gronbach (2002al) whereas this case is not incorporated in our findings.

3.5 Numerical Experiment

We illustrate the results of the preceding section by a numerical experiment. To this
end, we consider the introductory SDE (|1.2) regarding the Heston—3/2—model with pa-
rametersd=1,m=1,T =1, a=5, =1, and £ = 1. Thus, this SDE reads as

AX(t) =5-X(t)- (1 — | X(@®)])dt + | X(@)[¥2dW(¢), te0,1], (3.21)
X(0) =1. '

It is easy to see that the SDE satisfies all the assumptions of our main theorems.
More precisely, we have that Assumption is satisfied for all a € [0,00), Assumption
is satisfied, Assumption is satisfied for all a € [2,11], Assumption is
satisfied for all b € [2,6], and Assumption is satisfied for all r € [1,00); cf. the
Appendix in [Sabanis| (2016). For the rest of this section, we fix a = 11, b = 6, r = 1,
and ¢ = 2.

In view of Theorem we aim at visualizing that, for large N € N, the approxi-
mation errors eg,oo()? %1’172) and 62700(5(:]8\21) of the adaptive and of the equidistant tamed
Euler schemes are close to C3%, - (log(c()?%,‘}lz))/c(f(?\f}lg))1/2 and C5L_ - (log(N)/N)'/2,
respectively.

In doing so, we encounter three different approximation issues, namely, the approx-
imation of the asymptotic constants C’Qa%o and Cy% , of the errors 62,00()??\/%1,2) and
eg,oo()A(f\%l), and of the average number of evaluations c()A(j“{gl,Q).

Regarding the first approximation issue, we do not know numerically suitable closed-
form expressions of the constants C’Sf})o and C’;i,o, nor of the solution, for the particular
SDE . Therefore, we estimate these constants via Monte Carlo simulations in which
we approximate the solution by an equidistant tamed Euler scheme with a sufficiently
large number of discretization points. More precisely, we estimate ng:‘)o and C’;?oo by

- R T A R (N)31/2
— (s1
Cloo N =2 / A Z (N' Z | XN m ()] >
=0

m=1
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and
1 M
e . o—1/2
CQE)O,M,N =212 (M 'm

max

(N) 3 1/2
X
:156{07__7]\[} ’ N,Lm é )| ) 9

respectively, where M, N € N and where the random vectors

e N
XJ\%l,m(th )))7 mc {1, c.

e N
(X5t M),

are independent copies of (X'i?l(t(()m), . ,X?l(tg\],v))). Observe that for CS%O, we ap-
proximate the Lebesgue integral occurrlng in its definition by left Riemann sums. Propo-
sition implies that C; v and C so,M,n tend to C s and Cy , respectively, as

M and N tend to infinity. Figure deplcts simulations of C 9 00, M 227
in dependence of M along with thelr corresponding 95% CLT based confidence inter-

o0, M 227 and C’

vals. Furthermore, we utilize the specific approximation values CS%O ~ 0.7080 and
CS? ~ 1.7749 obtained from realizations of C 104,927 and of C’2 00,104 2275 respectively,
for the black lines featured in Figure
|
I~ @]
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o 3399939333393 399%99989995353
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Figure 3.1: Monte Carlo approximations of the asymptotic constants C
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The remaining two approximation issues are addressed simultaneously. Similarly to
the approximation of the asymptotic constants, we again estimate the solution by a
sufficiently accurate equidistant tamed Fuler scheme, and we approximate the errors of
the equidistant tamed Euler schemes as well as the errors and the average numbers of
evaluations of the adaptive tamed Euler schemes via Monte Carlo simulations. More
precisely, for each NV € N we estimate 62700()2'%%1), 62,00()??\2172), and c()?ja{,‘%m) by

M 1/2
S = (35735 g B - T

R % Nuax)y % N2}
B o0, M. Norso N 1= (M' > omax KR () Xt a)ﬂ) :

=1 2e{0,...,Nmax }
and
~ 1 <l ad
CM,N ‘= 7. UN,1,2,m>
) M 9L94y
m=1

respectively, where M, Ny.x € N and where the random vectors
g Nmax v Nmax
(X< (tNme)y X =)y, me {1,..., MY,

Nma)ulam o Nmaxylvm

are independent copies of (X'R]ax’l(t(()]vmax)), . ,Xﬁmax’l(t%"i"))), the random vectors

v Nmax v Nmax
(X ey RS L)), mee {1, M,
. . Aeq (Nmax) Aeq (Nmax)
are independent copies of (X', (¢, )y Xty 2)), the random vectors

v d Nmax v d Nmax
(K3 o (15 ) o KA o (B0)), moe {1, M),

are independent copies of (X %%172(758]\7“")), X %}172 (tg\][\:ii") )), and the random variables
I/%%Lz,m, me{l,...,M},

are independent copies of V?\gm. For the adaptive tamed Euler schemes, we thereby
used ky := [N - (log(N + 1))~'/?] for all N € N on every computation. Numerical
estimates (N, 63?00,104722771\]), N ¢ {2628 ...,220}  and (6103’]\[,/6\%51007103722771\[),
N € {27,29,...,221} are visualized in Figure
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| | |

100
|
[

--¢-- equidistant tamed Euler

adaptive tamed Euler
— line C5% - (log(x)/x)"/?
— line C34, - (log(z)/x)'/?

—ad

104,227 N and €5 103 927

1071

q
2,00
1072

~e

1073

Simulations of e

[ [ [ [ [
102 103 10% 10° 109

N and simulations of ¢jgs x

Figure 3.2: Monte Carlo approximations of the errors 62700()216\?1) and 62700()? ]a\gl,z) ver-
sus NV and Monte Carlo approximations of the average number of evaluations

C(X%]}L?) for the SDE (3.21]).

3.6 Proofs

In this section, we prove our main theorems from Section [3.4] by establishing asymp-
totic lower and upper error bounds as indicated in Section The structure of the
corresponding proofs is to a large extent based on techniques developed in [Miiller-
Gronbach| (2002a).

Throughout this section, let the Assumptions [(T,)} [} [(K, ) [(M;), and be
satisfied for some a,b € [2,00) and 7 € [0,00) with a > 4r + 2. Observe that, in this
setting, the Assumptions (10cL)|, |(pG¢,L+1)|, |(po 2)|7 and |(pG‘(’7_+2) 2)| are also satisfied; see
Remark In addition, let (kn)nven be a sequence of natural numbers such that the
limits hold, and let ¢ denote unspecified positive constants that may vary at every
occurrence and that may only depend on T, d, m, and the parameters and constants
from the preceding assumptions.

3.6.1 Preliminaries

As a first step, we show that the supremum distance between, on the one hand, the
solution inserted in the diffusion coeflicient and, on the other hand, the continuous-time
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tamed Euler scheme inserted in the tamed diffusion coefficient converges in probability
to zero.

Lemma 3.19. It holds that

t, Xna(t
sup |o(t, X(t)) — ol Xn, Q) R “ oo
te[0,T] 1+ (T/N)1/2 ’ |XN,r(t)| N=eo
Proof. Due to the triangle inequality, it suffices to show that
sup |o(t, X(1)) = o(t, Xno())|  —— 0 (3.22)
te[0,T] N—oo
and
. t XNt
sup |o(t, Xnr(t)) — o(t X, (N)) - £ 0. (3.23)
t€[0,T] 1+ (T/N)1/2 ’ |XN,r(t)| N=eo

To this end, we show Ly convergence of the respective random variables to zero

for appropriate values of § € (0,00). First, combining the Assumption the
Cauchy—Schwarz inequality, the Holder inequality, and the Propositions [A.7] [A.5] and

[A-6] yields

sup ‘a(t,X(t)) — O‘(t,XN,r(t))‘

te[0,7 Ly(Q)
~ ~ r/2
<c- |l sup [X(t) = Xn,(t)] - (1+[X(0)] + X (8)])
te[0,T] Lg(Q)
~ ~ r/2
<c-|| sup |X(t)— XN,T(t)“ sup (1 +|X ()| + ‘XN,T(t)D
te[0,T] Log(Q) 11t€[0,T] L2 ()
<c-| sup ‘X(t) — )N(N,r(t)‘
te[0,T] Lag(2)
. <1 + || sup |X(t)]T/2 + || sup |XN,r(t)|r/2 )
te[0,T] Lo () t€[0,7] L2p(2)

S c- N—1/2

for all N € N where 0 := min{b,a/(2r +1)}/3 € [2/3,00). By letting N tend to infinity,
we eventually obtain (3.22]). Second, combining the Assurnption the triangle



38 Chapter 3. Strongly Asymptotically Optimal Approx. w.r.t. the Supremum Error

inequality, and the Proposition yields

o(t, Xy, (1))

sup |o(t, Xy (1)) — ~ -
t€[0,7] L+ (T/N)V2 - | XN (t)] Lo(9)
t XN ) | XN, 0]
= (T/N)'/2. olt, Xx. <1))2 v )‘r
tefo,r] |1+ (T/N) /2. ’XN,r(t)‘ Lg(9)
< (T/N)'2 || sup |o(t, Xn,r(8))] - | X (8)]
te[0,T] Lo ()
~ (r+2)/2 ~ r
<een 2 sup (14 T 0]) T R te)
te[0,T] Lo($2)
~ 3r+2)/2
e N1 ‘ sup (1+ [ Zw, (1))
te[0,7T] Lo (£2)
N (3r+2)/2
<c N2, <1 + || sup |XN,T(75)| >
te[0,7 Lo—r(2)

<c N2

for all N € N where 6 :=2- (a —r)/(3r +2) € [2,00). By letting N tend to infinity, we
eventually obtain (3.23]). O

The previous result will turn out to be a crucial tool for the proofs of both the
asymptotic lower and upper error bounds. More precisely, we will combine convergence in
probability ~with uniform integrability to establish convergence in L, for
q € (0,min{b,a/(2r + 1)}) at certain places within our proofs, such as in the upcoming
Lemma In contrast, directly applying the Assumption and the Holder in-
equality as in the calculations above leads also to L, convergence, but only up to smaller
values of q.

Note that the preceding lemma yields the following useful result.

Corollary 3.20. It holds that

Ay o [l XO)|

L2([01TD

and

N) = N
o (1), X, (tN)))
max > (N)y |7

o H’U("X('))|oo72HC([0:T]).

00,2
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Proof. 1t suffices to show

( kf:! (t), X ()2 )1/2 —— (3.24)
X 00,2 N—oo
and
kn—1 1/2
< Z| t(kN)))|002> —L H|a 002)L2([0T]) (3.25)
as well as
o (¢, Ko (1))
(0N |14 (/N2 R () (3.26)
el oY XE ), o 0
and
e ot X)), %) H‘U("X('))’ooﬂHc([o,T})' (3.27)

First, the convergences (13.24) and (3.26)) follow from Lemma by using the inverse
triangle inequality.

For the other two issues, observe that the function
0, 7] = R, t~—|o(t,X(t,w))]so2:

is continuous for every w € Q due to the Assumptions [(locL)| and [(TT)} We thus obtain

key—1 , \M2
(5 > lote, X)) 2o [l X0) )

N—oo

L2([0,T])

and

(N) (N)
ZE{O{??}J)\(f—l}’U(tZ 7X(t€ ))’00,2 N*)OO H‘U ’OO’QHC([O’TD,

which prove (3.25)) and (3.27]). O

Next, we show that the average numbers of evaluations of the driving Brownian
motion employed in the adaptive tamed Euler schemes are finite and asymptotically
equivalent to a constant times N. We obtain, in particular, that each such approximation
does indeed lie in one of the classes of adaptive schemes.
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Lemma 3.21. For all ¢ € [1,min{b,a/(2r + 1)}) we have
e(X3hq) < o0 (3.28)

for each N € N and

~ 2 +2
lim c(X3,) N7t = (242 c3) R (3.29)

N—o0

Proof. For each N € N, the estimates (3.17)) and (3.18]) on the total number of evalua-
tions of W employed in the respective adaptive tamed Euler scheme yield

o(X,) < kx4 N B[R] (3.30)
and
c(X3hg) = by +E [, oy (N AR/ — )]
= N B[] 4oy P({ A, =0}) (3.31)
>N- E[Ai‘jv/(‘”?)]

Combining ([3.30)), Assumption and Proposition shows (|3.28]).

Next, note ﬁrst that we have

Ay

Voo H‘U 002’ La([0,71)

due to Corollary [3.20[ and that the sequence (Ai‘fv/(q+2)) NeN is uniformly integrable due
to Assumption [(pG{, 5y /,)| and Proposition Hence, we obtain

2q/(q+2) Ly vy 2a/(a+2)
Alen N H|U( X))o 2‘ La([0,T]) (3.32)

By using (3.30)), (3.31)), (3.32)), and the first limit in (3.6]), we then conclude (3.29)). [

3.6.2 Asymptotic Lower Bounds

We start by introducing some notation that will be used in this subsection. For all
N € N, for all ay,...,ay € [0,00), for all ¢ € [1,00), and for independent Brownian
bridges Bi,..., By on [0, 1] we put

q
My(ag,...,«a ::E[ max (ayp- sup |Bp(t ]GO,oo
(r,.on) = E|, max (ac- sup [BOI) | €[0,00)

and

N times
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First, we prove an asymptotic lower bound for the Nth minimal errors in the classes
of adaptive approximations.

Lemma 3.22. For all ¢ € [1,min{b,a/(2r + 1)}) it holds that
lim inf (N/ log(N))'/? - inf {ey e (X) | X € X3 (C(0, TERY) } > Cok. (3.33)
—00 ’

Proof. Fix N € N with N > exp(2) and Xy € Xad(C([0, T]; R%)) for the moment. Due
to the inverse triangle inequality and Proposition [A77] it holds that

g0 (Xn) = |1 - XNHC([QT])HLLZ(Q) (3.34)
[o,T})HLq(Q) - k&m' |

> 1K~ Xnvlle

Let Dy denote the entire data used by the approximation Xy in the sense of Section

define ¥ to be the set of observation sites of the driving Brownian motion employed
in Xy, and put vy := #Vy.

As a first step, we show that the distance between X}, , and Xy as above is

greater or equal than the respective distance between Xy, , and E[Xj, ,|Dn]. Be-

T (kn) (k)
cause of the first limit in (3.6]), we may actually assume that {¢; s Uy } C Uy

Hence, each )N(kN,T(tgkN)), ¢ € {0,...,kn}, is measurable with respect to the o-algebra

generated by Dy and we thereby obtain

)?kN,r(t) - E[Xk:]\r,r(t) } DN]

— U(tékN) ) XkN,T (tékN))) . _
L (T k)Y [ Xy, ()] (W(t) E[W(t)!DN})

(3.35)

for all £ € {0,...,kxy — 1} and for all ¢t € (tékN),tgﬁ_]{)]. Similarly to the derivations

of the Lemmas 1 and 2 in [Yaroslavtseva (2017), one shows that for PPN-almost all
(z,y) € R? x U,,en(R™)" it holds that

which along with (3.35]) yields

PXky . r—EXky [ DN Dn=(2,y) _ p=Xkp . r+E[Xky r|DN] [ DN=(2,y)

We thus conclude that (XkN’r — E[)N(kN,r | Dy], Dn) and (—)A(:kN,T —i—IE[X'kN’T | Dn], Dn)
are identically distributed. Since, additionally, both Xy and E[)Z kx| DN| are
measurable functions of Dy, we consequently find that XkN,r - X N and
2IE[)~( iy | DN] — )Z'kN’r — Xy are also identically distributed.
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Therefore, we obtain
1% - XNHC([O,TDHLq(Q)
= 1/2 . (HH)?I{N,T - XNHC([O,T])HL(I(Q)

+ = 2B 1 DM+ i+ Rnllooy ) (3.36)

> 1/2 HHX]‘CNT —XN — QE[XkNr|DN] +X/€N,T +XN||C ([0,17) HL Q)
q

= HHX]CN,T - E[szvﬂ" D

Mo HLq(Q)'

Now let

%

i [0,T] xR = {1,...,d}, (t,x) — min {z e{l,...,d} ‘ lo(t,z)|_ , = |oi(t, x)|2}
Conditioned on Dy, the observation sites Wy are fixed and for every j € {1,...,m} the

Gaussian process (W;(t) — E[W;(t) | Dn])sejo,r) consists of vx independent Brownian
bridges between the discretization points. Hence, we obtain with Lemma

E[HXkN,T - ]E[szv,r | Dy] Hé([&ﬂ) ‘ DN}

m t(kN) X . (k)
:El max ma sup ’J(E E, ( (;3)) r
i€{1,...,d} £€{0,.. ,kN l}te[t(kN) (kN)] = 1+ (T/ky)1/2. ’ kN,r<tz N )’

q

- (W;(t) — E[W;(t) | Dn])

Dy]

k o k
i J (kN) XkN (t(kN>))’]( ( N)’XkNa"'(t§ N)))

S L (T2 | Ky ()

>E

max
£e{0,....kn—1} teft! kN) (kN)}

£+1
1 (3.37)
- (W(®) ~E[W;(t) | D])| | D
E[ oty Ky o ty™) |7
— ma
({0 1) L+ (T/kn)V2 - | Xy (8 N))\ 00,2

q
sup |Wa(t) — E[WA(t) | Dy]| ‘DNl
te[t(kN) (kN)]

tora

- k k
> (1.]%:1 (tg v s Xy (t( N))) ? .T>q/2.M ()
TN T 4 (T k)2 |X/€N,7‘ t§kzv))|r o2 kN q

_Q/2 A - Mg(vn)
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almost surely where Ay, is defined as in (3.14). Put

5y = max {17 3 (0 1 08 48)) 1) } (3.38)
EE{O,...,kN 1}

Cleary, we have dny < vy and consequently

o372 - A - Malo))

o 2 [537 Ay - (Maom), - (3.39)

Now consider the monotonically increasing and concave function

z/log(z), if x > exp(2),

A [0,00) = [0,00), x>
x/2, else.

The monotonicity of this function along with the inequality E[vy] < N and the Jensen
inequality gives

N/log(N) = A(N) > ME[vy]) > E[A(vn)] > E[AON)] > E[T{s5, sexp2)} - On/log(dn)].

By using this result and applying the Holder inequality, we arrive at

(N/log(N)) "/ H(;;[lﬂ N (M )1/(]’ Lo(®)
> (]1{6N>exp 2)} - v/ 10g(0w) ) H La(Q) H o' Ay (Mq((sN))l/q Lq(92)
> ( (on>exp(2)} - On/ log(dn )1/2 2 “Apy - (M, (5N))1/q‘ (3.40)

L2g/(q+2) ()

> || (log(6n5)) ™% - Agy - (Mg (6x)) "

’ ]1{5N>6XP(2)}V‘{H lo (X (Nloo,2lle(fo,77)>0} ‘ Loy /tes2) ©)

Combining (3.34)), (3.36)), (3.37)), (3.39)), (3.40)), and the second limit in (3.6| yields
lim inf (N/ log(N))l/2 -inf {eq,oo()?) ’ Xe X?\?(C’([O,T];Rd))}
N—oo

. (N) (3.41)
= lﬂloréf lo ||L2q/<q+2>(9)

where

—1/2 1
o™ = (1og(dn)) ™% - Ay - (Mg(63))""- L {5x>exp@)3n {0 (-X (D)oo 2ll o,y >0}

Next, we use the subsequence argument that is provided by Lemma to infer

- ) from . First of all, Corollary [3.20] m and Lemma m 3.19| yield

Apn H o (-, (3.42)

F— °°2HL ([0,77)
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and

sup |[o(t, X ()], - (1, Xy (1)) _ P00 (343)
tef0,1] P LA (T/hN)Y2 - | Xy (1) N=oo

00,2

Now let (aN%)),.cn be a subsequence of (a(™)yen. In view of (3.42) and (B.43), there
exists a subsequence (Agy )nen Of (Aky,_ )xen such that

Ak,

22 o X0l o) (3.44)

and

o (t? Xka,m T (t))
Lt (T/kn, )2 [ Xy, ()]

2250, (3.45)

n—0o0

sup

t€[0,T] ’

00,2
Recall the definition (3.38)) of 0 and observe that the function
[OaT] _>R7 t— |0—(t7X(taw))‘oo,27

is continuous for every w € € due to the Assumptions [(TocL)| and [(T1)} By (3.45)) and the
just mentioned continuity, it holds that

({nlgréo ON, = OO} N {H|a("X('))|0<>:2HC([0,T}) = 0}>

(3.46)
— P({Hb("x(’))’0072Hc([o¢]) > O})
Clearly, we have
P({hnrggfa(mn > 2712 H| X () s L ([OT])}
21,0,
ot Xl ooy =0}) (3.47

o))

_ P({HW(.’X( oo2H c([o,1))
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Moreover, the limit ([3.44), Lemma [A.2[(iii), and the equation (3.46) yield

P({ liminf o) > 272 Yllo (- X ()],

n—o0

ot XO) ol > )

- P({hminfa(Nn") 2272 o (X ()l

LQ([OvT]) }

n—oo

Lz([O,T])}

n{flet.x 2lleqory) ~ o} (3.48)
n{ Jim vy, = [loC XD ol o)
> P({ Jim ow, =00} 0 {1 XD a1, > 0)
N {nhﬁnoloAkNﬁn - H|U(7 ( ) 00,2 L2((0,7]) }>
- P({H|0("X<'>)|oo£”c([qﬂ) g OD
Combining (3.47) and (3.48]), we conclude that
1 1 Nﬁn -1/2 . . .
liminf o) > 2712 o (-, X () oozHLg([o,T])
holds almost surely. Consequently, Fatou’s lemma gives
Nnn) ad
hgr_l}ggf Ha HLQq/(q+2)(Q) Z Cgoo-
Finally, employing Lemma finishes the proof of this lemma. O

Next, we prove an asymptotic lower bound for the Nth minimal errors in the classes
of equidistant approximations.

Lemma 3.23. For all ¢ € [1,min{b,a/(2r + 1)}) it holds that

lim inf (N/ log(N N2 inf {egee(X) | X € XP(C(0,THRY) } > C8. (3.49)
—00 ’
Proof. Fix N e Nand Xy € X3H(C([0,T]; RY)) for the moment, and consider the data
N N
= (€ W), W),
Similarly to the estimates (3.34)), (3.36)), and (3.37)) in the proof of Lemma one

successively shows that

eqoo(Xy) > HHXNJ« - XNHC([O,TDHLqm) e N7V, (3.50)
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(1% = Znllegomll, g = 15 = EXnr | D]

and that
E[|Xn;r — E[Xn.r | DIl oy ’ Dy]
ot X (#))
1+ (T/N)V2 - | Xy, ()]

q
>E

max
te{0,...,.N—1}

00,2

(3.52)
sup Wi(t) — E[Wi(t) | DN] ‘q ‘ DN]

te[ti™ )]

— (T/N)¥? - My(a§™,...,al)
holds almost surely where for the last equality we scaled each interval [téN),t
¢e€{0,...,N — 1}, to [0,1] and where

N) N

o(t") X ()
L (T/N)Y2 - [ X (™)

(N)]
11

o

00,2
for all ¢ € {0,...,N —1}.
Combining (3.50)), (3.51)), and (3.52)) yields

lim inf (/ log(N))"/* - inf {eg oo (X) | X e xR (C(o, T RY) }
> TY2 lim inf H(lo (N))71/2 - MY (a(N) aM )H (359
= Nso0 & ¢ A0 BNV )

Next, we again use the subsequence argument that is provided by Lemma to
infer (3.49) from (3.53)). First of all, Corollary gives
N) ) P

‘=  max aéN R H|a(-,X(

o) =
¢e{0,...,.N—1} N—o0

. . 3.54
Mologry B39
Now let (V). cn be a subsequence of (a™))yen. In view of (3.54), there exists a
subsequence (aNen)), oy of (@V%)), oy such that

n—oo

'))’0072“c<[0,ﬂ>'
Hence, Lemma [A.2(iii) yields

—1/2 Kn kn a.s. —
(log(N,)) ™2 M@)ol 22 9712 o (X ()

n—o0

)|°°v2Hc<[o,T1>'

Consequently, Fatou’s lemma gives

n—00 kn

limin | (og(N,)) /2 (My(af)..., a2 )) |

Lq(€)

> 9 1/2.

Jlotx0)

)|oo,2HC([0,T]) Lq(Q).

Finally, employing Lemma finishes the proof of this lemma. O
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3.6.3 Asymptotic Upper Bounds

We start by introducing some notation that will be used in this subsection. For all
N €N, for all ay,...,ay € [0,00), for all ¢ € [1,00), and for independent Brownian
bridges By, ..., By on [0, 1] we put

Gy(-sar,...,an): [0,00) = [0,1], ur—>IP’<{ max (Oég‘ sup |Bg(t)\)q>u}>,

e{l,...,.N} te[0,1]

and
Gy(-sN) :=Gy(-:1,...,1).
——
N times
First, we prove an asymptotic upper bound for the errors of the adaptive tamed
Euler schemes.

Lemma 3.24. For all ¢ € [1,min{b,a/(2r + 1)}) it holds that
' 1/2 o
hmsup ( ( qu)/lOg ( (Xqu))) " €q, OO(XNTq) C1q,oo‘
N—o00

Proof. Fix N € N with 1 < ky < N for the moment. Due to the triangle inequality and
Proposition [A7] it holds that

Cqo0(Xig) = HHX X¥allogo, TDHL 2() o (3.55)
< H||XkN r XquHC([o,T])HLq(Q) Tehy "

Note that for all £ € {0,...,ky — 1} and for all ¢ € (tgkN),téi]{)] we have

o (1), Xy (1))
L+ (T ) Y2 - [ Ko o (8|

Ky () = K3 (1) = (W) - W)

where I//I\/f\‘[d : 0 — C([0,T];R™) denotes the piecewise-linear interpolation of W at the

adaptive time points (3.15). Recall the definitions (3.14) and (3.16]) of A, and n,
respectively. Observe that for all £ € {0,...,ky — 1} it holds that

o (1Y), Xy () 2

1+ (T/kn)Y/2- |XkN,r(t§kN))|r

b
00,2

N-T  _4/g+2
7]€+1>]].{_Ak _0}+]1{‘AkN>O} ]{JN _AkN/(‘H‘).‘

which for all i € {1,...,d}, forall ¢ € {0,...,kx — 1}, and for all k € {0,...,n,} implies

1/2

m k k
((Tz(kzv Z ( Uzy(tg ~) X (t( N))) )2>
T T\ (TR )2 K (1)) (3.56)

S Ai{V(Q+2) . N—1/2.
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Put Dy, := (§,W(tgkN)),...,W(t,gij))). Conditioned on Dy,, the observation
sites are fixed and for every j € {l,...,m} the Gaussian process
(W;(t) — W]%[C}j(t))te[O,T} consists of V?\}%W independent Brownian bridges between the
discretization points. Hence, Lemma applied with

8= Ai{v(qu?) N1/
(where we keep (13.56) in mind) and
2
= (»32 ‘ IOg(VN,r,q)/Q)Q/
gives
E |:HX]‘5N77" NTQ”C(OT) ’ DkN:|

m oy () Ky, ()
S+ (T/hn)Y2 - | Ky o (85

=FE| max max sup
ie{l,...,d} £{0,....kn—1} (k) (kN)
te[ Z Kk Z K+ ]

k€{0,...,me }
o (3.57)
(wyte) - R 1) Dm]
S ) P AU L
V}"*\}imqtimes

almost surely. By using integration by substitution in the case 5 # 0, we further obtain

o0

2 log(v 2q/2+d u; B,..., du
(B g( Nr q)/ ) (52'10g(lj?\;{nq)/2)4/2 gq( Bd - B )
l/?v r,q tiTDES

— (8% log(1A,.,)/2)"”
(1+d2q/2/ y gq( (IOg(Vqu)) 2, VNTQ)du>
2-4/2
. 2
= AN (log (1) /2)" -

(3.58)

Vqu

almost surely where

Iy?\;i = (1 + d . 2q/2 . /2—‘1/2 gq( (10g(Vqu))q/ VNTQ) du)

T

Clearly, equation (3.58|) holds also true in the case § = 0. We then deduce from ([3.57)

and (3.58)) that

((R8, )/ log (R ) )”Q-HHXW Ktrallogoan o

Sa 3.59
- ( c(X3,) 108; > || log VNTq 1/2 A2/ q+2) Il/q (359
log (c(X3,.,)) log(N Hrallpgo
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Our main task will now be to show that the limit of the right hand side of (3.59) is
bounded above by C’g%o as N tends to infinity. To this end, note first that

Ay ——= |lo X)) (3.60)

N—oo

L2([0»TD

due to Corollary [3.20{ and that the sequence (Azq/ +2)) NeN is uniformly integrable due
to Assumption |(pG? 42 ,)|and Proposition Hence, we obtain

2q/(q+2) Ly vy, 24/(a+2)
'AkN N%oo; H‘U( , X ( ))’oo 2) La([0,7]) (3.61)

Now we separately analyze the asymptotics of the two relevant terms appearing in the
right hand side of (3.59). Similarly to the proof of (3.29), one shows

. (X3, log H H' ‘ ) (3.62)
— 2 ’
N—roo log (C(X%f(}nq) OO’ L2(j0.7]) L2q/(q+2)(Q)

by using (3.17] , - ., and - Second, observe that the estimate (3.17)) and

the 1nequahty log(1+ ) <z for all x € (—1,00) yield

H log Vqu 1/2 AQ/(Q+2 1/q

log VN,r,q Lq (Q)
Azq/<q+z> Vi (3.63)
kN . 2/(q+2 . 1/q
<1+ log(N) ) Aol

Lq(€)

for all N € N such that 1 < ky < N. Furthermore, note that y rq tends to infinity as
N tends to infinity due to (3.18)). Hence, Lemma [A.2](ii) 1mmed1ately yields

I a =2 1. (3.64)
N,r,q N—o0

Combining (3.60)) and (3.64) gives

2/(q+2)
La([0,7))

].Og( ) N Vqu N—oo

Moreover, the sequence

A2q/(q+2) a/2 Jas2)
Yk . 2q/(q+2 .
((” Tog() ) At Iv%‘,r,q)
NeN

is uniformly integrable due to Assumption Proposition and Lemma
[A.2(i). Hence, we obtain

2q/(q+2) /2
2/(@+2) 1/q Lq ' 2/(a+2)
<1+ 1og(N) ) Aiix Ilf?vd,r,q N—oo H‘U(’X() 002HL (o, (3.65)

2q/(g+2)\ 1/2 5
2 2 1
(A gy 2 oo
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Finally, combining (3.55)), (3.59), (3.62)), (3.63)), (3.65)), and the second limit in (3.6]
finishes the proof of this lemma. O

Next, we prove an asymptotic upper bound for the errors of the equidistant tamed
Euler schemes.

Lemma 3.25. For all ¢ € [1,min{b,a/(2r +1)}) it holds that

lim sup (N/ log(N))1/2

. eq,oo()?]e\gr) < G
N—o0

Proof. Fix N € N\ {1} for the moment and put Dy := (&, W(th)), ce W(t%v)))
Analogously to the respective parts in the proof of Lemma one shows that

eqo0(X,) < [[1 X — XF&‘TT\!CQO,TDHW) fe N2 (3.66)

and that

E [H)N(N,r - )?Je\%rH(é([O,T]) ‘ DN}

m (N) ¥ (V)
it X (t
:E[‘max max sup UJ(Z12 NL(Z ()]2,) -
ze{l,.‘.,d}ée{o,...,N—l}te[t;N)J%\rfﬂ S+ (T/N)Y2 | Xy, (3.67)

q

o~

(W) - W (@)

g

holds almost surely where I//[\/i,q : Q — C([0,T];R™) denotes the piecewise-linear interpo-
lation of W at the equidistant time points (3.5). Observe that for all £ € {0,..., N —1}
and for all ¢ € {1,...,d} it holds that

m o (N),j( . (N) 2
(1770 55 () )

o\ (T/N)V2 - | X (8
ot Xy, (1))
L+ (T/N)Y2 - | X, ()]

1/2

(3.68)

< (T/N)V2. ]

00,2

Similarly to the proofs of (3.57) and (3.58)), Lemma applied with

ot X (™))
1+ (T/N)V2 - | Xy, ()]

= (T/N)?2.
Bi= (T/N)-, max

00,2

(where we keep (3.68) in mind) and

2= (52 log(N)/2)"/?
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gives

m N) <& N
aig (1), Xy (t))

B PRIy
IS L+ (T/N)YV2 | X ()]

maxd , max sup
ie{l,..., €{0,...,N-1 N) (N
{ Hee{ }tGw )7%;]

(Wit - W)

DN]

< (3% 10g(N)/2)"* +d- Gy(wi B,....B) du (3.69)
N——

2.] N /2
(B%-log(N)/2)4 o

— (8% log(N)/2)"* (1 +d-292. /2:2 gq(u' (1og(N))“1/2;N) du>

ot Xy, (1))
1+ (T/N)Y2 - | Xy, (8]

q

(log(N)/2)"* - Iy

00,2

—(T/N¥/?.
R

almost surely where
Iy = (1 +d-2q/2-/ Go (- (log(N))"*; N) du).
2—q/2

Thus, we conclude from (3.67)) and (3.69) that

(N/1og(N))""* - ||| X — K52,

C([o,77) HLQ(Q)
N) N
ot X (1)

1/2
< (1/2) L (T/N)Y2 - [ X, ()]

max
¢e{0,....N—1}

00,2 Lqe(2)

As a final step, we show that the right hand side of (3.70)) tends to Cyls as N tends
to infinity. To this end, note first that

ot Xy, (1))

1+ (T/N)V2 - | Xy, (5]

o i

-))|oo,2Hc([o,T])

q
max
¢e{0,...,N—1}
0,2/ NeN

is uniformly integrable due to Assumption and Proposition Hence, we

obtain

max
Le{0,...,N—1}
00,2

due to Corollary and that the sequence

o (N, Xn, (tM))
1+ (T/N)Y2 - | Xy, (8]

o (t™), X (8™))
1+ (T/N)Y2 - | Xy, (8]

Lq
re (0 N1} gl LR IICEE
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Moreover, Lemma [A.2[(ii) immediately yields

lim Iy = 1. (3.72)

N—o0

Finally, combining (3.66]), (3.70)), (3.71), and (3.72]) finishes the proof of this lemma.
O




93

Strongly Asymptotically Optimal
Approximations with respect to
the L, Error

In this chapter, we study the error criterion e, ,, which is defined by , and we seek
approximations that are strongly asymptotically optimal in the corresponding classes
of adaptive and of equidistant approximations, i.e., in (X?\}i(LP([O,T];Rd))) ~Nen and
(X (Ly([0, T]; RY))) yen. Almost without exception, we focus on the special case p = ¢
as otherwise the analysis becomes significantly more difficult. We briefly comment on
the general case in a stand-alone section. On the one hand, for SDEs whose coefficients
as well as their partial derivatives with respect to the state variable are globally Lipschitz
continuous, Miiller-Gronbach| (2002b) showed that specific Milstein schemes relating to
adaptive and to equidistant time discretizations are strongly asymptotically optimal in
their respective classes. On the other hand, for SDEs with super-linearly growing co-
efficients, the errors of these particular approximations tend to infinity as the numbers
of discretization sites tend to infinity. In the present chapter, we generalize the results
of the mentioned reference such that SDEs of the latter type are incorporated. More
precisely, we show under rather mild assumptions on the underlying SDE, notably poly-
nomial growth conditions on its coefficients and their partial derivatives, that specific
tamed Milstein schemes relating to adaptive and to equidistant time discretizations are
strongly asymptotically optimal in the aforementioned classes. To illustrate our findings,
we numerically analyze an exemplary SDE.

In Section we introduce several assumptions that are required in addition to the
ones given in Section Moreover, we show interdependencies among the new as well
as among the new and the old conditions. In Section we provide a concise literature
review on results regarding the error e, . In particular, we state well-known results in
the classical setting of SDEs for which both the coefficients and their partial derivatives
with respect to the state variable are globally Lipschitz continuous. In Section we
first present a continuous-time tamed Milstein scheme. Building upon this scheme, we
construct an equidistant and an adaptive tamed Milstein scheme in full details after-
wards. In Section we state the main results of this chapter, i.e., strong asymptotic
optimality of the previously constructed adaptive and equidistant tamed Milstein sche-
mes in their respective classes. In Section we discuss the case e, for p # ¢ which
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turns out to be considerably harder to analyze than the special case eq 4. In Section
we illustrate our findings via a numerical experiment. To this end, we study an SDE
whose diffusion coefficient grows quadratically in the state variable. In Section [£.7] we
carry out the proofs of our main theorems.

Throughout this chapter, we consider

(S,.4) € { (Ly([0, T} RY), B(Ly(10, T RY))) | p € [1,00) |

as the underlying measurable space as per Chapter In the case that the SDE (|1.4])
has a unique solution (X (t)).c(0,r], we put

€ [0, o0],
L2q/(q+2)(ﬂ) (4_1)

ad .__ . . . .
Cq7q = I'llq gq HH‘O—( 7X( ))‘CLQ‘ LQq/(q+2)([O7T])

€ [0, oo,

Cy o= my- 0T |l X)) e
q

%2‘ Lq([0,T))

for g € [1,00) where

mg = (/R\:U|q/(27r)1/2-exp(—3:2/2) dx)l/q (4.2)

and
1 1/q
9y = </ 2% (1 — )92 dx) . (4.3)
0

The quantities Cgf}l and Cg¢, will turn out to be the sharp asymptotic constants for the
Nth minimal errors in the classes (X33 (L, ([0, T]; RY))) yen and (X3 (Lg ([0, TT; RY))) ven,

respectively. It is easy to see that Cgf}] < (7% holds for all g € [1,00).

4.1 Assumptions

In addition to the assumptions introduced in Section 3.1} we present further conditions
on the coefficients of the SDE (1.4)) here. For r € [-1/2,00) and ¢ € {u, o}, we introduce
the following assumptions:

Assumption (C). The diffusion coefficient o satisfies the so-called “commutativity con-
dition”, i.e., o has partial derivatives with respect to the state wvariable and for all
g1,92 € {1,...,m}, for allt € [0,T], and for all x € R? it holds that

Assumption (LLG?). The coefficient ¢ is globally Lipschitz continuous with respect to
the time variable with a Lipschitz bound that grows at most linearly in the state variable,
i.e., there exists C' € (0,00) such that for all s,t € [0,T] and for all x € R? it holds that

[p(s,2) —p(t, )| < C-|s —t] - (1+ |z]).
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Assumption (pGY*). Each component of the drift coefficient p has partial derivatives
with respect to the state variable that grow at most polynomially in the state variable,
i.e., there exists C' € (0,00) such that for alli € {1,...,d}, for allt € [0,T], and for all
x € R4 it holds that

Vi, z)[ < C- (1+a])"

Assumption (pGY?). Each component of the diffusion coefficient o has partial deriva-
tives with respect to the state variable that grow at most polynomially in the state variable,
i.e., there exists C € (0,00) such that for alli € {1,...,d}, for all j € {1,...,m}, for
all t € [0,T], and for all z € RY it holds that

’VUi,j(t,l‘)‘ <(C- (1 + ‘x’)T

Assumption (pLY*). Each component of the drift coefficient i has partial derivatives
with respect to the state variable that are Lipschitz continuous with respect to the state
variable with a Lipschitz bound that grows at most polynomially in the state variable,
i.e., there exists C' € (0,00) such that for alli € {1,...,d}, for allt € [0,T], and for all
z,y € R? it holds that

Vit z) — Vait,y)| < C -z —y| - (1+ ||+ |y])".

Assumption (pLy?). Each component of the diffusion coefficient ¢ has partial deriva-
tives with respect to the state variable that are Lipschitz continuous with respect to the
state variable with a Lipschitz bound that grows at most polynomially in the state vari-
able, i.e., there exists C € (0,00) such that for alli € {1,...,d}, forall j € {1,...,m},
for all t € [0,T), and for all x,y € R? it holds that

\Voij(t,x) = Voij(t,y)| <C-le—y| - (14 |z +y])

Assumption (BVt#). Each component of the drift coefficient p is continuously differen-
tiable with a partial derivative with respect to the time variable that is uniformly bounded
in the time variable and that grows at most linearly in the state variable, i.e., there exists
C € (0,00) such that for alli € {1,...,d}, for all t € [0,T], and for all x € R% it holds
that

|Vipi(t,z)] < C - (1+ |]).

Assumption (BY?). Each component of the diffusion coefficient o is continuously dif-
ferentiable with a partial derivative with respect to the time variable that is uniformly
bounded in time, i.e., there exists C' € (0,00) such that for all i € {1,...,d}, for all
je{l,...,m}, for allt € [0,T], and for all z € R? it holds that

|Vioij(t,x)| < C-(1+|z]).
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The following easy-to-prove remark comprises various relations between the assump-
tions above and the ones given in Section [3.1]

Remark 4.1. (i) Ifd=m =1, then is satisfied.

(ii) If the SDE (1.4) is autonomous, then |[(LLG* )| and [(LLG? )| are satisfied.

(iii) Let the SDE (1.4) be autonomous and let be satisfied for some p € {u, o0}
and r € [—1/2,00). Then is satisfied.

(iv) Let be satisfied for some ¢ € {u,0}. Then is satisfied.

(v) Let|(pLy*®)| and|(BVt¥)| be satisfied for some ¢ € {u,0} and r € [~1/2,00). Then
(G5 is satisfied.

(vi) Let be satisfied for some ¢ € {u,0} andr € [0,00). Then is satisfied.

(vii) Let |(pL¥)| and |(LLG?)| be satisfied for some ¢ € {u,0} and r € [0,00). Then
(pGY, )| is satisfied.

For useful properties of the solution of the SDE ([1.4]), such as existence-and-uniqueness
or moment bounds, we refer the reader to the end of Section [3.1]

4.2 Literature Review

We now provide a concise overview of results concerning the considered pathwise approx-
imation problem, mainly with regard to the error e, . This selection does not claim to
be complete or exhaustive, but should give enough background to motivate the central
objective of this chapter.

The remainder of this section is organized as follows. We start our discussion by
presenting a result on lower bounds for the Nth minimal errors in the classes of adaptive
approximations which holds under quite general assumptions. This allows us to deduce
asymptotic lower bounds for the Nth minimal errors in the classes of adaptive and of
equidistant approximations, but with unspecified asymptotic constants only. Yet, in the
special case of SDEs whose coefficients as well as their (partial) derivatives (with respect
to the state variable) are globally Lipschitz continuous, one entirely knows the asymp-
totics of these Nth minimal errors. As a next step, we are interested in approximations
which possess the same convergence rate as the Nth minimal errors in the previous re-
sults or, even better, which are strongly asymptotically optimal in the aforementioned
classes. For SDEs whose coefficients as well as their derivatives are globally Lipschitz
continuous, specific equidistant and adaptive variants of the Milstein scheme achieve the
desired strong asymptotic optimality. However, the errors of these particular approxi-
mations tend to infinity once the drift or the diffusion coefficient grows super-linearly.
In search of strongly asymptotically optimal approximations for SDEs of the latter type,
we come into contact with so-called tamed Milstein schemes for which we find upper
error bounds of the right convergence rate.
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At first, lower error bounds for the pathwise approximation of SDEs have been exten-
sively studied for the case of coefficients that are globally Lipschitz continuous, see, e.g.,
Cambanis & Hu/ (1996, Hofmann et al.| (2000a,b, 2001), and |Muller-Gronbach| (2002al/b).
Recently, the authors in [Hefter et al.| (2019) established lower bounds for the Nth min-
imal errors in the classes of adaptive approximations that hold under rather mild as-
sumptions on the underlying SDE. In particular, the coefficients of the SDE are
required to have sufficient regularity only locally, in a small neighborhood of the initial
value.

Proposition 4.2. Let d = m = 1 and let the SDE have a unique solution
(X(1))ecjo,r)- Moreover, let tg € [0,T), To € (to,T], and let ) # I C R be an open
interval such that for all i € {0,1} and j € {0,1,2} the partial derivatives p(>9) and
o) exist on [tg, Ty] x I and are continuous, for all (t,x) € [tg, Ty] x I it holds that
o(t,x) #0, and it holds that P({X (to) € I}) > 0. Then for all p,q € [1,00) there exists
C € (0,00) such that for all N € N it holds that

inf {e,,(X) | X € X3§(L, ([0, T R) } > ¢ - N7V2, (4.4)

Proof. Theorem 12 in |Hefter et al. (2019) shows (4.4)) for the particular error e; . The
general case then follows from the monotonicity property ([2.5)). O

From the preceding proposition, we are able to immediately deduce asymptotic lower
bounds for both the Nth minimal errors in the classes of adaptive and of equidistant
approximations. Yet, the corresponding asymptotic constants are unspecified in this
situation which does not enable us to resolve whether these constants are sharp or not.

However, in the special case of an SDE for which the coefficients and their deriva-
tives are globally Lipschitz continuous, Miiller-Gronbach/ (20028) determined the exact
asymptotics (including sharp asymptotic constants) of the Nth minimal errors in the
classes of adaptive and of equidistant approximations.

Proposition 4.3. Let T =1 and let the Assumptions|(C), (L) (oL} [(pLE)) [(pLg )l
|(pLy %)} [(LLGH), and|(LLG?)| be satisfied for some a € [4,00). Then for all ¢ € [1,a/2]
it holds that

lim N2 inf {eg(X) | X € X3 (Ly([0,1];R%) } = €39

N—o0
and L
lim N2 inf {eaa(X) | X € XQ(Ly([0,1);RY) } = €59
Proof. See Theorem 5(i) and (iv) of Chapter III in |Miller-Gronbach| (20024). O

Next, we turn to upper bounds for the errors of specific adaptive and equidistant
approximations, and we seek in particular those approximations that have the same
convergence rate N~%/2 as the Nth minimal errors studied above. For the equidistant
and adaptive variants of the Euler-Maruyama scheme (as well as for the respective
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tamed Euler schemes) from Chapter |3, we can, in general, only guarantee the conver-
gence rate (log(N)/N)'/2. We thus switch from the Euler-Maruyama scheme to another
classical Ito—Tayler approximation, namely, the Milstein scheme.

For the rest of this section, we require all components of o to have partial derivatives
with respect to the state variable.

We begin with the definition of the continuous-time Milstein schemes. To this end,
let N € N and recall the equidistant time discretization (3.5)). The continuous-time
Milstein scheme My : Q — C([0,T]; R%) is given by

MN,z’(O) =&,
My i(t) == MNJ(téN)) + i (téN), MN(téN))) (- téN))

+ i i (téN), ﬁN(téN))) - (Wy(t) — Wj(téN)))
j=1

+ Z (Voijy ‘U(jl))(th),MN(téN))) . J(&N) t),

L J1,J2
Ji,J2=1

foralli € {1,...,d}, forall £ € {0,...,N — 1}, and for all ¢ € (téN), tg\_fi] where
t
¢,N N
T ) = /t o Wi () = Wi, (8)) dWy (s). (4.5)
4

Note that M, ~ is well-defined in the sense that its realizations are in fact continuous; for
this, we use that the It6 integral appearing in the construction above is continuous. If
the Assumption |(C)|is satisfied, then this scheme reduces to the more common form

MN,i(O) =&,
My i(t) = My (¢88) + s (88, My (e - (¢ — £

3oy (1), B ) - (W) — ()
j=1

1 m i N) —~ N 0N
+ 9 Z (VUi,j2 : 0(31))@ )7 MN(tE ))) ’ Ij(lyjz)(t)’
jlaj2:1

for all i € {1,...,d}, for all €€ {0,..., N — 1}, and for all € (¢{"",#{)] where

Ny W) = Wi, () - (W, () — Wi (8Y), i 1 # jo,
%”@fhmmMﬁWW@éw, cse o

Observe that, since entire trajectories of the driving Brownian motion and iterated It6
integrals are used in_the construction above, this scheme is not an approximation in
the sense of Section and we thus find My ¢ X(L,([0, T]; R?)) for every p € [1,00).
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It is well-known that the continuous-time Milstein schemes converge strongly to the
solution of the SDE (1.4]) with order (at least) 1 if the drift and diffusion coefficients as
well as their partial derivatives with respect to the state variable are globally Lipschitz
continuous, as the following proposition clarifies.

Proposition 4.4. Let the Assumptions (L)) [(pL&) [(pL)] [(pLy ™)) [(pLY ) [(LLG#)]
and [(LLG?)| be satisfied for some a € [4,00). Then for all ¢ € [1,a/2] there exists
C € (0,00) such that for all N € N it holds that

<C-N1. (4.7)

1 = 32l oy [, g <

Proof. Let g € [1,a/2]. As a first step, one shows the existence of some C' € (0, c0) such
that for all V € N it holds that

sup [ X (t) - MN(t)HL @ = C-NTL (4.8)
t€[0,T a

A proof for (4.8)) is given by Proposition 1 of Chapter V in |[Miuller-Gronbach| (20020)
for the special case T' = 1; for general T' € (0,0), one adopts the idea of proof therein
accordingly. Finally, we derive (4.7) from the estimate (4.8) by means of Fubini’s theo-

rem. O

Note that we do not use the term equ(ﬁ ~) in the proposition above since the error
measure e, , is only defined on X(L,([0,T]; R%)).

To obtain equidistant approximations that are based on the continuous-time Mil-
stein schemes, we consider the linear interpolation of these schemes at the equidistant
sites (3.5)). For N € N, the equidistant Milstein scheme J\?ﬁ? : Q= C([0,T); RY) is given
by

M) = My (™)
for all £ € {0,..., N} and linearly interpolated between these time points. If the As-
sumption @ is satisfied, then we obtain ]\/Zje\;‘ € X3 (Ly([0, T];RY)) for all p € [1,00) by
suitably choosing sequences 1), x, and ¢ as per Section due to . Under the same
assumptions as in the preceding proposition and additionally extended by the commuta-
tivity condition, one also knows upper bounds for the errors of these equidistant Milstein
schemes.

Proposition 4.5. Let the Assumptions (L)l (L&) [(pLE)L [(pLy ™)l [(pLY D) [(LLG)]
and [(LLG?)| be satisfied for some a € [4,00). Then for all ¢ € [1,a/2] there exists
C € (0,00) such that for all N € N it holds that

HHX—MJquHLq([ <C N7V

O,T])HLq(Q)
Proof. This result seems to be well-known, but unfortunately we did not find a reference
that suits our setting perfectly. For the convenience of the reader, we therefore provide
a proof of this proposition here.
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Let ¢ € [1,a/2]. Observe that, in the setting of this proposition, the Assump-
tions [(pGY)| and [[(pGY)| are also satisfied, see Remark [4.1{vii). Hence, we are able to
utilize in particular the estimate given in Section Combining the triangle in-
equality and the inequalities and yields the existence of some C' € (0, c0) such
that for all N € N, for all £ € {0,...,N — 1}, and for all t € (¢t £{™)] it holds that

oy
X (t) — M\]e\?(t)HLq(Q)
(N) (N)
tyi—t ~ (N t—t, ~ (N
= HX(“ - l(1§>+1(1v) NN () + oy MN“M)]
toy1 — tz toyr — e Lo(Q)
= ||X( MN te ||L JF ||X( MN te+1 HL
SHX(t)_X HL () +HX(t§ ) — MNt HL a(9)
N N
11X ) = XD, o+ IXCED = Mn (D], 0
<C- N2
By using Fubini’s theorem along with this estimate, we then obtain
eq f+1 eq q l/q
1 - 0 oy, ( 3 / o X0 = MO, ) )
ng/q-C-N 1/2
for all N € N, which finishes the proof of this proposition. O

From the result above, we can deduce an asymptotic upper bound for the errors of the
equidistant Milstein schemes but, again, only with unspecified asymptotic constant. In
contrast, the following proposition shows the exact asymptotics (including sharp asymp-
totic constant) of the errors of these approximations in the case that the coefficients of
the SDE as well as their derivatives are globally Lipschitz continuous.

Proposition 4.6. Let T = 1 and let the Assumptions|(C), |(1,)}, (DL} [(pLE)} [(pLg )l
|(pLy O} (LLGH)|, and [(LLG)| be satisfied for some a € [4,00). Then for all q € [1,a/2)]
it holds that

lim N/2. eqq(My') = C:;‘f}].

N—o0

Proof. See Theorem 4(iv) of Chapter III in Miller-Gronbach! (2002b). O
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Having considered the Milstein schemes at equidistant sites only so far, we next turn
to variants of these schemes that are based on adaptive time discretizations. For this
purpose, we study the following adaptive Milstein schemes, which were introduced in
Miiller-Gronbach (2002b). Fix T'= 1 and let (kx)nen be a sequence of natural numbers
satisfying

(4.9)

Fix N € N for the moment and let ¢ € [1,00). For each ¢ € {0,...,knx — 1}, we consider
the random discretization

) < g =g (4.10)

of [tékN ), tgij\{)] where

__ 2q/(q+2)
= [N o6 M () [

q,2
and

E k 1 K
T

for all k € {0,...,mp+1}. Let ﬁ\/ﬁd denote the linear interpolation of W at the adaptive

time points (4.10)), i.e., let

wad(0) := 0,
(k) (k)
Sadre  Tort1 1t (k) =Ty (k)
WN (t) T T (kN) —_(kn) .W(TZ,HN )+ (kn) __(kn) .W<T£7HIY|-1)7
Tf,fﬂ»l Té,n Té,ﬁ+1 b,k

for all £ € {0,...,ky — 1}, for all k € {0,...,9¢}, and for all ¢ € (7", 7"¥)]. The
adaptive Milstein scheme M\f{,% : [0,1] x Q — R? is given by
MR (8) = My (1) + (™, M, (1) - (¢ = )
+ oty My, (45) - (Wi () = w(tg™)), (4.11)
M3, (1) := My, (1)

for all £ € {0,...,kny} and for all ¢t € [t;kN),tEij\l’)). If the Assumption |(C)|is satisfied,

then we obtain M2d ¢ xad _
Noa = re(iagd )1

and ¢ as per Section ’2_2;| in case the cost of this approximation satisfy C(M\ %}q) < 00.
Miiller-Gronbach| (20020) established the exact asymptotics of the errors of the adaptive
Milstein schemes defined above for SDEs whose coefficients as well as their derivatives
are globally Lipschitz continuous.

(L4([0,1];R)) by suitably choosing sequences v, ¥,
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Proposition 4.7. Let T = 1 and let the Assumptions|(C), |(Io) (0L} [(pLE)) |(pLy )b
|(pLy %)} (LLGH)|, and |(LLG?)| be satisfied for some a € [4,00). Then for all q € [1,a/2]
it holds that

. — 1/2 r
Jim (IR - eqq (VRY) = €

Proof. See Theorem 4(i) of Chapter III in Miuller-Gronbach| (200284). O

Since both the convergence rates and the corresponding asymptotic constants match
in the Propositions .3} [4.6] and [4.7] we obtain strong asymptotic optimality of the adap-
tive and of the equidistant Milstein schemes in the classes of adaptive and of equidistant
approximations, respectively.

Corollary 4.8. Let T = 1 and let the Assumptions |(C)} (1)l [(pLX)L |(pLg)h |(pLy )b
|(pLy %)} (LLGH)|, and|(LLG?)| be satisfied for some a € [4,00). Then for all ¢ € [1,a/2]
with C’gf}] > 0 it holds that

lim €q7q (M]%/(,iq) -1
N7 inf {eg(X) | X € X2 a0 7 (Lal(0:1); Rd)) )
sq
and
e (M\eq)
lim LIVN =1;

N=ro0 inf{e%q(f() ‘ X e XJ(Lqy([o, 1];Rd))}

i.e., the approximations (]\//\[f\}c}q)NeN and (]\/Zje\?)NeN are strongly asymptotically optimal
in the classes (X?S(Mad . (Ly([0,1;RY))) ven and (X3H(Lq([0, 1]; RY))) nen, respectively.
N,q

Proof. This result is an immediate consequence of the Propositions and[d7 O

In view of all the previous considerations, our primary goal in this chapter is as
follows:

We aim at extending the results of Miiller-Gronbach| (2002 b)—especially
the ones given in Corollary [4.81—to SDEs whose coefficients as well as
their partial derivatives with respect to the state variable are allowed
to grow super-linearly. In particular, we seek strongly asymptotically
optimal approximations in the classes of adaptive and of equidistant
approximations in such a setting.

To begin with, it is natural to ask whether the equidistant and the adaptive Mil-
stein schemes introduced above preserve strong asymptotic optimality in their respective
classes even for SDEs whose coefficients grow super-linearly. We answer this question
(at least for the equidistant case) to the negative in the following proposition.
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Proposition 4.9. Let d = m = 1 and let the SDE be autonomous and have a
unique solution (X (t))icpo,r)- Moreover, assume that P({o(£) # 0} N {Va(£) # 0}) >0
and assume that there ezist C' € [1, oo), a, B € (1,00) with a < 8 such that for all x € R
with |z| > C it holds that |u(x)] > C~1-|z|%, |o(x)| < C-|z|*, and |(o-Vo)(z)| < C-|z|*.
Then for all q € [1,00) with ||| X |1 [OT)HL y < oot holds that

li M) = . 4.12
N Ca, ¢(My') = o0 ( )
Proof. Under the given assumptions, the Lemmas 4.13 and 4.14 in |Hatzesberger| (2014
yield the existence of some ¢ € (1,00) such that for all N € N with N > 4T there exists
Qy € F with

P(Qy) > N9 (4.13)

such that for all w € Qpu it holds that

min {| My (t5, w)], [My (£, w)|} > 26

N72)

(4.14)

Now let ¢ € [1,00) such that ||| X, o], (@ < %0 Observe that the inverse triangle
’ q
inequality gives

caa M) = [I1X = 31, oy |,
>[I, 019, 0y =~ ¥ o, (4.15)
=z HHMJe\?HLq([OvT])HLl(Q) B HHXHLq([OaT])HLq(Q)
for all N € N. Moreover, by the construction of the equidistant Milstein schemes, we
have
T 1/q
75 oy, = B[, 1RO 22)

EK/:;)) T3 (1) dt>1/q} o

> (/N E| ot (ST
telt ™ M)

Vv

= (T/N)V/a -E[min{\fvfzv(t \ G
for all N € N. Next, employing the estimates and (| shows that
E | min {| My (t52,)], | Mn (¢ }] > E[ 10y - mm{\MN (tn2)] M ()] ]
> E[ta, -2 (4.17)
= P(Qy) - 20"

> ((-N9)  g(a? )
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holds for all N € N with N > 47T. Combining the inequalities (4.15)), (4.16)), and (4.17))
then yields

e _Ne aN-2
eqq(Myt) = (T/N)Ve - N9 o '~ HHXHLq([OvTDHLq(Q)

for all N € N with N > 4T. By letting N tend to infity, we eventually obtain (4.12). [

We conjecture that a divergence result analogous to the one given by (4.12)) also
holds true for the adaptive Milstein schemes.

The preceding observations emphasize that the previously constructed equidistant
and adaptive Milstein schemes are not suitable to globally approximate SDEs with super-
linearly growing coefficients. Due to the monotonicity property , we immediately
obtain upper error bounds for various approximations, in particular tamed schemes,
mentioned at the corresponding position in Section [3.2}

To achieve the primary goal of this chapter, we follow the approach of so-called
tamed Milstein schemes as a basis for the construction of strongly asymptotically optimal
approximations in the setting of SDEs with super-linearly growing coefficients.

Inspired by the tamed Euler scheme introduced in Hutzenthaler et al. (2012), the
authors in |Gan & Wang (2013]) constructed a tamed Milstein scheme in a very similar
way. For this purpose, let the SDE be autonomous for the moment. For N € N,
the continuous-time tamed Milstein scheme Y GV : Q — C([0,T]; R%) is given by

YaW(0) = ¢,

) o)

VW) = vV M) + 2 ;
1+ T/N - [u(YSV (™)

3 o (FEVEN)) - (W) — W)
j=1

+ Y (Voig, - P EV ™)) - 1),

Ji,j2
J1,j2=1
foralli € {1,...,d}, forall £ € {0,...,N—1},and forall t € (t;"), t{})] where J{") () is

defined as in . In the case of an SDE whose diffusion coefficient is still required to be
globally Lipschitz continuous and whose drift coefficient has to satisfy a so-called “one-
sided Lipschitz condition”, the continuous-time tamed Milstein schemes above converge
strongly to the solution. Even more, these schemes admit analogous upper error bounds
as the continuous-time Milstein schemes as stated in Proposition [£.4]
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Proposition 4.10. Let the SDE be autonomous, let u, oM. ..., 6™ be twice con-
tinuously differentiable, and let the Assumptions [(C)| [(I,), [(My), [(pLE), and [(pG,*)|
be satisfied for all a € [2,00) and for some r € [1,00). Moreover, assume that there
exists C' € (0,00) such that |(Val2) . ) (z) — (VolU2) . gU)(y)| < C - |z — y| holds
for all j1,752 € {1,...,m} and for all x,y € R?, that there exist C,s € [1,00) such
that [Hp(z)| < C - (1 + |z|)* holds for all i € {1,...,d} and for all z € R, and that
there exists C' € [1,00) such that |Ho; j(x)] < C holds for all i € {1,...,d}, for all
j € {1,...,m}, and for all x € R Then for all p,q € [1,00) there exists C € (0,00)
such that for all N € N it holds that

I = Y™, <C-N°L

([o,17) H Lq(Q)
Proof. This result is an direct consequence of Theorem 3.2 in (Gan & Wang| (2013)). O

Another tamed Milstein scheme, this time based on the corresponding tamed Eu-
ler scheme given in [Sabanis (2016)), is analyzed in [Kumar & Sabanis| (2019)). Let the
SDE . be autonomous for the moment. For N € N and r € [0, 00), the continuous-
time tamed Milstein scheme Yﬁ? Q — C([0, T]; R?) is given by

> _ b m(YES([sN/N))
Yﬁ?z(t) =& +/0 T N-L. |}~/KS SNJ/N)’QT
i (YAS(|sN|/N))
g:l/o 1+N-1 |Y}V<§ sNJ/N)| (4.18)
(Voij, - o)) (YES([sN|/N))
+j§1 1+ N-1L. ]?}Vfﬁ(LsNJ/N)\Q’”
- (Wji(s) = Wy, ([sN]/N)) dWj, (s)

for all ¢ € {1,...,d} and for all ¢ € [0,T]. Again, these schemes converge strongly
with order (at least) 1 but now even for SDEs whose diffusion coefficients may grow

super-linearly.
Proposition 4.11. Let the SDE (1.4) be autonomous and let the Assumptions .
(Kol (M)l [(pLY*)), and (pL(r_ 9)/2)| be satisfied for some a € [2,00), b € (2,00), and

r € |1,00) with a > 12r+4. Then for allq € [1,b)N[1,a/(3r+1)] there exists C € (0, 00)
such that for all N € N it holds that

Il - v

<C-NL.

Lq([0, T])HL ()

Proof. By using Theorem 2.1 in Kumar & Sabanis| (2019)), this proposition can be shown
in a similar manner to Proposition [4.4] O

Our main idea is now to modify the tamed Milstein schemes of [Kumar & Sabanis
(2019)) in such a way that we can derive equidistant and adaptive variants that are
strongly asymptotically optimal in their respective classes. These new approximations
will be presented in full details in the next section.
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4.3 The Equidistant and the Adaptive Tamed Milstein
Schemes

In the following, we introduce two variants of so-called tamed Milstein schemes that
are based on equidistant and on adaptive time discretizations, respectively. The crucial
ingredient for both approximations is a continuous-time tamed Milstein scheme which,
on the one hand, is suitably close to the solution of the SDE ([1.4) and which, on the
other hand, possesses a simple recursive structure that will be exploited in the further
analysis. These equidistant and adaptive tamed Milstein schemes will turn out to be
strongly asymptotically optimal in the classes of equidistant and of adaptive schemes,
respectively.

We point out that the continuous-time tamed Milstein scheme presented here is
heavily inspired by the one introduced in [Kumar & Sabanis| (2019). The reason we do
not use the latter is that our approach is more convenient for our analysis; in particular,
our scheme satisfies the desired recursion below. Nevertheless, observe that both
schemes coincide in the case that the SDE is autonomous and 7' = 1.

Throughout this section, we require all components of o to have partial derivatives
with respect to the state variable.

4.3.1 The Continuous-time Tamed Milstein Schemes

Let N € N and r € [0,00), and recall the equidistant time discretization (3.5). The
continuous-time tamed Milstein scheme Yy, : Q — C([0,T];RY) is given by

(N) v (¢4
<7 <7 % t 9 T t
) _ 't(N))—I— M(z N (it )

1+ T/N - [V, ()"
m N) < N
o1 (18, Yo (t))

+2

S+ TN - [V ()
" (Vi o) (M Ve ) ey

>

<7 2 ) '7A
W L+ T/N - |Va, ()

(-1

- (Wi(t) = W5 ()

(®),

foralli e {1,...,d}, forall £ € {0,...,N —1}, and for all t € (téN),té_]R] where J](f:g)()
is defined as in ({4.5).

Note that ?N,r is well-defined in the sense that its realizations are in fact continuous;
for this, we use that the It integral appearing in the construction above is continuous.
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Moreover, this process satisfies almost surely for all ¢ € [0,7] and for all i € {1,...,d}

Vara(t) = /,Uz |sN/T| -T/N,Yn.(|sN/T]-T/N))

L+ T/N - |V, ([sN/T] - T/N)|”"
i, (lsN/T| - T/N, Y (| sN/T] - T/N))

+Z/

o] 1+T/N - [Yn,(|sN/T| - T/N)[*"
+Z (Voij, - 0U)(|sN/T|-T/N,Yn.,.(|sN/T|-T/N))
e L+ T/N - [V ([sN/T] - T/N)[*

’ (le (5) - le(LSN/TJ : T/N)) de2 (5);
cf. the construction (4.18)). If the Assumption is satisfied, then the continuous-time

tamed Milstein scheme reduces to the form

?N,T,i(o) = §i7
(N) S (N)
Yivri(t) = Yo (t)) + & = Z(N)) 2r
14 T/N - |V, (t5™)]

m (N) 3 (N)
o;,i(t ’YN,r(t ) N
2 A ™ )gr (W) = wytM))
S L+ T/N - [Yae(t )]
T LGP (U 0 e
2 e 1+T/N - |YN,r(t,(3N))|2r 1,52

+

forallie {1,...,d}, forall £ € {0,...,N —1}, and for all t € (téN),tgi\_q] where IJ(1 ]2)( )
is defined as in ({4.6]).

Since entire trajectories of the driving Brownian motion and iterated It0 integrals are
used in the construction of the continuous-time tamed Milstein scheme, this scheme is not
an approximation in the sense of Section and we thus find Yy, ¢ X(L,([0,T];R%))
for every p € [1,00).

In Section [A.4] we gather useful properties of the continuous-time tamed Milstein
schemes, namely, moment bounds and strong convergence with order (at least) 1.

4.3.2 The Equidistant Tamed Milstein Schemes

Next, based on the continuous-time tamed Milstein scheme, we construct approximations
which use not whole paths of the driving Brownian motion but evaluate W only at
equidistant sites.

As before, let N € N and r € [0,00). The equidistant tamed Milstein scheme
}Afﬁ(}T : Q — C([0,T); R?) is given by

e N i N
Ve () == Y, (tY)

)

for all £ € {0,..., N} and linearly interpolated between these time points.
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If the Assumption is satisfied, then we obtain ?ﬁ?r € X3 (Lp([0,T]; RY)) for all
p € [1,00) by suitably choosing sequences v, x, and ¢ as per Section Clearly, the
total number of evaluations of W employed in the approximation Yi,?r is given by N for

each realization in this situation, which immediately yields ¢(Yx) = N.

4.3.3 The Adaptive Tamed Milstein Schemes

The following construction of the adaptive tamed Milstein schemes is heavily inspired
by the corresponding construction of the adaptive Milstein schemes M f{,‘fq presented in
Section

Note that, under suitable regularity assumptions on the coefficients of the SDE (|1.4])
and under the commutativity condition its solution (X (t));e(o, 7] satisfies

E[[X(t+0) = XO|'| X(0)] =me- |o(t, X®))[2, - 692 + o(59/2)

|q
q,2
for all ¢ € [1,00) and for all ¢ € [0,7T]. Hence, the paths of the solution of the considered
SDE are, in the L, mean sense and conditioned on X (¢), locally Holder-1/2-continuous
with Hélder constant |o(t, X (t))|q,2. For this reason, it is more beneficial to evaluate W
more often in regions where the value of |o(t, X (t))]q,2 is large and vice versa.

Motivated by this idea, we construct our adaptive tamed Milstein scheme in two
steps. First, we use equidistant time steps to roughly approximate the solution and
thereby obtain estimates for the conditional Holder constants at these sites. Second,
we refine our approximation by taking into account the local smoothness of the solu-
tion. More precisely, we distribute the more additional evaluation sites between those
equidistant time points the larger the corresponding estimated Holder constant is.

Let r € [0,00) and let (kn)nven be a sequence of natural numbers satisfying the
limits (4.9)). Fix N € N for the moment and let ¢ € [1,00). For each ¢ € {0, ..., ky — 1},
we consider the random discretization

() = k) ) ) k) (4.20)
of [tékN ), tgi\{)] where
b~k 24/ (q+2)
— U(té N)’ YkN7T(tg N)))
ne:= |N-T/kn - S )2
L+ T/hN - Vi o ()7 0

and

kn) L (kN) T K
T

forall k € {0,...,m+1}. Let I//[\/f\‘,d denote the linear interpolation of W at the adaptive

time points (4.20)), i.e., let

Wi (0) :=0,

(k) (k)
— Tl — 1t k t=Toy k (4.21)
WO = o —a W) + g W),

Tec+1 — ok Tek+1 4K
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for all ¢ € {0, .. — 1}, for all K € {0,...,n¢}, and for all ¢ € (7'5(H ~) Tﬁ(]:;]i)l]
The adaptwe tamed Milstein scheme Y]?,dr gt [0,T] x © — RY is given by

(™) Vi o (80))
L Tk - [V o (8) [
(k) 37 (kn)
a(t, ™ Y r(t, ) =a k
L+ T/ky - Yy (g )]

Yqu( ) = ?kNﬂ"(T)

o k k
VL () = Vi o (65FY)) + St — 1))

for all £ € {0,...,kn} and for all ¢ € [tékN), tyjﬁ)); cf. the construction (4.11]).

If the Assumption |[(C)|is satisfied, then we obtain }A/j\%,’dr g X?d(ya a3 (Ly([0, T); RY))
9

by suitably choosing sequences 1, x, and ¢ as per Section in case the cost of this
approximation satisfy c(Y]%dr 4) < oc. Define I/NT , to be the (random) number of evalu-

ations of W employed in the approximation Y]\a,fiw. Observe that

Vg = kN + Z me < kn+N-T/ky- > : e (4.22)
=0 =0 |1 +T/kN NV ()] 2
and
ky—1 2q/(q+2)

(kn) v (kn)
0 Yo
l/ad >max{k‘N7N. l/kN O-(Z ) ]iNa ([ ))
N,r,q E AN
= 1+ Tk - Vi (t0)))]

}. (4.23)

q,2

4.4 Main Results

The following theorems entirely specify the asymptotics of the Nth minimal errors in the
classes of adaptive and of equidistant approximations as well as the asymptotics of the
errors of the adaptive and of the equidistant tamed Milstein schemes. As a consequence,
we will conclude strong asymptotic optimality of these schemes in their respective classes.
The proofs of all theorems are postponed to Section [£.7} Finally, we compare our results
to those given in |Miller-Gronbach| (20025) at the end of this section.

Recall the definition of the asymptotic constants from the beginning of this
chapter. The succeeding remark provides sufficient conditions for the finiteness of these
two constants.

Remark 4.12. Let the Assumptions|(1,)), [(locL)], |(Kg), and|(pG2)| be satisfied for some
€ [2, oo) and r € [1,00) with a > r. Then Fubini’s theorem and the moment esti-

mate (3.2)) imply Ca/r afr < 00
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First, we specify the asymptotics of the Nth minimal errors in the classes of adaptive
and of equidistant approximations. More precisely, we not only state the convergence
rates but also give the sharp asymptotic constants. To this end, recall the definition
of anf] and Cgl.

Theorem 4.13. Let the Assumptions |(C)|, |(Io) (Ka)l |(Mp) (pLTV_“l) (pL(VT‘im 5)

cmd be satisfied for some a € [2,00), b € (2,00), and r € [1,00) with

a>12r +4. Then for all g € [1,b) N [1,a/(3r + 1)] it holds that

lim N2 inf {eg(X) | X € X§ (L, (0. TERY) } = €3 (4.24)
and

lim N/ int {eaa(X) | X € X3 (Ly((0, T} RY) } = 8. (4.25)
Proof. This result is an immediate consequence of the Lemmas [4.24], [4.25] [4.26], and [£.27]
given in Section [.7] O

Next, we specify the asymptotics of the errors of the adaptive and of the equidistant
tamed Milstein schemes. Again, we not only state the convergence rates but also pro-
vide the sharp asymptotic constants. Right before, we show that the average numbers
of observation sites of the adaptive tamed Milstein schemes are finite and give their
asymptotic behavior.

Theorem 4.14. Let the Assumptions |(C)|, |(Io), [(Ka), |[(Mp) (pLTV_“l) (pL(Vr‘iQ) 9)

and be satisfied for some a € [2,00), b € (2,00), and r € [1,00) with

a > 12r +4. Then for all g € [1,b) N [1,a/(3r + 1)] it holds that

c(?]%flr,q) < 00

for each N € N and

% 2q/(g+2
lim C(Y]%(,ir,q) Nl = (m_l . Cad) a/(a+2)

Noao qa "Yq 0,9
as well as L
Jim (T3 )) e (Vi) = 3
and
]\}iE)noo N2 €q,q (?J(\afqﬁ = CE,%-
Proof. This result is an immediate consequence of the Lemmas [4.23] [4.24] [£.25] [4.26]
and given in Section [4.7] O

Since both the convergence rates and the corresponding asymptotic constants match
in the preceding theorems, we obtain strong asymptotic optimality of the adaptive and
of the equidistant tamed Milstein schemes in their respective classes.
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Corollary 4.15. Let the Assumptions |(C)l |1)h |(Ka)l [(Mp) [(pLY#) (pL(VTZQ) 9)
I(BYeH), and |(BVt7)| be satisfied for some a € [2,00), b € (2,00), and 7 € [1,00) with
a > 12r 4+ 4. Then for all q € [1,b) N[1,a/(3r + 1)] with C2% > 0 it holds that

. €q.9 (Yj%?r,q) _
]\}lm =1
oo - .Rd
inf {eqq ‘ X € X[C(Yﬁdrqﬂ (LQ([OvT]7R ))}
and N
(&1
I €q,9 (YN(,]T) .
im — =1
Vo ing {eg,4(X) | X € X (Ly([0, T); RY)) }
, the approximations (?N ¢)Nen and ( ) Nen are strongly asymptotically optimal
in the classes (X?d(yad B (Lyq ([O,T],Rd)))NeN and (X3 (Lq([0, T); RY))) Nen, respectively.
Proof. This result is an immediate consequence of the Theorems and O

Remark 4.16. Note that the assumptions required in the preceding results essentially
come from Proposition[A.9, which states strong convergence of the continuous-time tamed

Milstein schemes. In this situation, we also have moment bounds for these schemes as
well as for the solution, see Proposition and (3.2)).

In the next remark, we characterize equality of the asymptotic constants anf] and

Cy%, and briefly comment on the special case when these two constants both are zero.

Remark 4.17. Let the SDE have a unique solution (X (t)).ejo,r) and let q € [1,00)
such that Cg%, < oo.

Then we have C’ad = Cg% if and only if almost surely |o(t,X(t))lq2 =
|1e(0,¢) q72HL holds for all t 6 [0,T], ¢f. Remark 6 in |Miller-Gronbach| (2002b)).
In particular, thzs case applies to SDEs whose diffusion coefficient is constant.

Moreover, we have Cg% = 0 (and hence C’gf] = 0) if and only if almost surely
o(t,X(t)) = 0 holds for almost all t € [0,T]. In such a situation, Theorems and
do not allow to conclude strong asymptotic optimality. More precisely, these results
merely show that the Nth minimal errors in the classes of adaptive and of equidistant
approzimations as well as the errors of the adaptive and of the equidistant tamed Mil-
stein schemes each are in o(N~Y/?). In fact, these Nth minimal errors are actually zero
as the underlying SDE almost surely represents an ordinary differential equation in the
considered case.

To some extent, the preceding findings generalize (at least for autonomous SDEs)
the corresponding results presented in Miller-Gronbach (20026). In this reference, the
coefficients of the SDE as well as their partial derivatives with respect to the state
variable are required to be globally Lipschitz continuous, whereas in our setting these
functions may even grow super-linearly.
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Remark 4.18. Let the SDE (1.4) be autonomous, let T = 1, and let the Assump-
tions |(C)|, |(Ia*ﬂ; (L)L |(pLE)L [(pLy ™)l and [(pLY?)| be satisfied for some a* € [28,00).
Proposition[{.3 then shows that the Nth minimal errors in the classes of adaptive and of
equidistant approzimations satisfy the asymptotics (4.24) and (4.25)) for all ¢ € [1,a*/2].

Moreover, in the setting above, Remarks (md yield that the Assumption
is satisfied for all a € [2,00), that the Assumptz’on is satisfied for allb € (2,00), that
the Assumption (pLTV_“l) is satisfied for all r € [1,00), that the Assumption (pL(Vr(iQ) 9)
is satisfied for all r € [2,00), and that the Assumptions|(BVt#)| and|(BVt?) are satisfied.
By choosing a = b = a* and r = 2, Theorem shows that the Nth minimal errors in
the classes of adaptive and of equidistant approximations satisfy and for
all g € [1,a*/7].

In summary, we indeed impose weaker conditions on the underlying SDE (except for
the moment condition on the initial value); the asymptotics and , though,
are obtained only up to smaller values of q. However, if additionally the initial value &
is deterministic, then we obtain and in both scenarios for every q € [1,00).

4.5 Problems and Solution Approaches in the Case p # ¢

One substantial benefit of taking p equal to ¢ in the definition of e, is the possibility
to apply Fubini’s theorem, which allows to interchange the order of expectation and
integration. Therefore, the calculation of an error e,  reduces to the following tasks:
first, determining the gth absolute moments of a certain process at all time points and
second, integrating over these expectations afterwards. The following example illustrates
a simple application of this idea.

Example 4.19. Reconsider the SDE ([2.9) from Sectz’on which is given by

AX(t) = 1dW(t), tel0,1],
X(0) =0,

with d = m =1 and which possesses the unique solution (W (t))ieo,1). Fiz q € [1,00)
g?\ld N € N. By using Fubini’s theorem, we see that the piecewise-linear interpolation
Wi € XG(Lg([0,1];R)) of W at the equidistant sites {/N, £ € {0,..., N}, satisfies

canl50) = (2[ [ w0 - o] )

- (/0 E[’W(t) - W]‘i,q(mq} dt)”‘l

_ (sz /(€+1)/NEUW(t) - W&q(tﬂq] dt)l/q.
(=0

¢/N

Recall the definitions of my and g, from the beginning of this chapter, and note that the
process (W (t) — Wx(t))iejo,1) consists of N independent Brownian bridges between the
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discretization points. Lemma[A.]] gives that
(t+1)/N o~
E[|W(t) — Wd#)|?| dt = mZ - g2 - N~(a+2)/2
[ Elwe -l a=mg o
holds for each £ € {0,...,N — 1}. Hence, we immediately obtain

eqq(Wi) = my g N7V/2, o

In the case p # ¢, the analysis of an error ey, proves to be significantly harder
than before. Unlike for the special case, we here need to first integrate whole paths
of a certain process and then determine absolute moments of these integrals. Already
for trivial examples, such as the one above, corresponding calculations become highly
challenging to carry out.

Example 4.20. We assume the setting of Fxample . Fiz p,q € [1,00), p # q, and
N € N. Without the possibility of applying Fubini’s theorem, we merely arrive at

rur (V30 = (E l(/o W) - TP ) i ] ) v
— (]E l( Nz—:l /e;jvﬂ)/N W - Wﬁq(t) ’ dt) q/p] )

=0

1/q

Up to scaling factors, our task therefore reduces to determining moments of

N-1 .1
> /0 | Bo(t)|" dt (4.26)
£=0

where By, ..., By_1 are independent Brownian bridges on [0, 1]. The mathematical object
of an integrated Brownian bridge, which occurs above, is of interest by itself, as the
following results demonstrate.

Forp =1, |Shepp (1982) calculated integer moments of fol |Bo(t)| dt, and|Johnson €
Killeen (1983) derived its cumulative distribution function. Unfortunately, these objects
are fairly cumbersome as they involve (infinite series of) Airy functions, which complicate
their analyses considerably.

For p =2, |TolmatZ (2002) obtained a density and integer moments of fol | Bo(t)|? dt.
By N times convoluting this density with itself, one in principle obtains a density of
(4.26). But as before, the moments mentioned above are only given in an awkward form.
More precisely, these values are only given recursively, thereby also containing Bernoulli
numbers. &

On the one hand, we have just seen that errors e, , are hard to analyze in the case
p # q. On the other hand, we are able to determine asymptotic lower and upper error
bounds at least in certain situations.
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First, in the setting of Proposition [4.2] we can immediately deduce asymptotic lower
bounds for both the Nth minimal errors in the classes (Xa%(L,([0,T];R)))nen and
(XSHLy([0,T);R))) nen each with convergence rate N~'/2 and unspecified asymptotic
constant.

Second, an asymptotic lower bound for the Nth minimal errors in specific classes with
respect to the error e4, implies an asymptotic lower bound for the Nth minimal errors
in the respective classes with respect to the error e, ,. More precisely, let * € {eq,ad}
and p,q € [1,00), and assume that there exist C' € (0,00) and v : N — (0, 00) such that

lim inf (v(N)) ™" - inf {egap, gnp(X) | X € X5 (Lonp(0, T RY)) } > €.

N—oo

Now observe that the monotonicity properties (2.5)) and (2.7]) yield
€q.p (X) > (T-d)! /Pt €qnp, qip (X>
for all X € X(Ly([0, T]; RY)). Combining the last two inequalities, we conclude that

lim inf (7(N)) ™" - inf {e,,)(X) | X € X3 (L, ([0, T RY) } > (7 - d) /e ¢
N—o0
Third, an asymptotic upper bound for the errors of specific approximations with
respect to the error e, implies an asymptotic upper bound for the errors of these
approximations with respect to the error e, ,. More precisely, let * € {eq,ad} and
p,q € [1,00), consider approximations (Xy)yeny with Xy € X% (Lgvp([0, T]; RY)) for
each N € N, and assume that there exist C' € (0,00) and v : N — (0, 00) such that

lim sup (y(N)) -eqvp,qvp(XN) <C.

N—oo

Now observe that the monotonicity properties (2.5)) and ({2.7]) yield
eqp(X) < (T~ d)l/pil/(qvp) - €qvp, qvp(X)

holds for all X € X(Lqvp([0,T];RY)). Combining the last two inequalities, we conclude
that

limsup (Y(N)) - eqp (XN) < (T -d)\/r=1avp) . C.

N—oo

4.6 Numerical Experiment

We illustrate the results of Section by a numerical experiment. To this end, we
consider the SDE

dX(t) = 13.5- X (1) (1 - (X(1)") dt + (X (1) *dW (), ¢t € [0,1],
X(0) =5,

(4.27)

withd =1 and m = 1.
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It is easy to see that the SDE satisfies all the assumptions of our main theorems.
More precisely, we have that Assumption is satisfied, Assumption is satisfied
for all a € [0,00), Assumption [(K,)| is satisfied for all a € [2,28], Assumption
is satisfied for all b € [2,14.5], Assumption |(pL,*,)| is satisfied for all r € [2,00), As-
sumption |[(pL.7 ,, )| is satisfied for all r € [2, 00), Assumption is satisfied for all

r € [0,00), and Assumption is satisfied for all r € [0, 00); cf. the corresponding
part in Section[3.5] For the rest of this section, we fix a = 28, b =14.5, r = 2, and ¢ = 2.

In view of Theorem [£.14] we aim at visualizing that, for large N € N, the approx-
imation errors ez (Y% ) and e22(Yyy) of the adaptive and of the equidistant tamed

Milstein schemes are close to C'Za’% . (c(}?ﬁ,‘fm))_l/ 2 and C;qQ - N=1/2 respectively.

In doing so, we encounter three different approximation issues,/\namely, the approxi-
mation of the asymptotic constants C5% and C5%, of the errors eg’g(Y]?,‘?m) and ez 2(Yyh),
and of the average number of evaluations c(?j\",fim).

Regarding the first approximation issue, we do not know numerically suitable closed-
form expressions of the constants CS?Q and C’%%, nor of the solution, for the particular
SDE . Therefore, we estimate these constants via Monte Carlo simulations in which
we approximate the solution by an equidistant tamed Milstein scheme with a sufficiently
large number of discretization points. More precisely, we estimate C’S,% and 026?2 by

N 1 1 M N
d — N 2
Cs% py =612 U N > ‘Y]\e/(}Q,m(té ))‘

and

respectively, where M, N € N, where the random vectors

e N e N
(YNqu(t(() ))7"'7YN(,12,m(t§V)))> me {L---,M},

14y

are independent copies of (}A/]f,QQ(t(()N)), e ,}A/ﬁ,qQ(tE\],V))), and where we employ mg = 1
and go = 672, Observe that for both CS% and CS,qQ, we approximate the Lebesgue

integral occurring in their definitions by left Riemann sums. Proposition implies

that 6‘23% m.y and CA‘;% wy tend to C3% and C5%, respectively, as M and N tend to
infinity. Figure depicts simulations of 6’3‘; Apo2r and CA’SqQ o
along with their corresponding 95% CLT-based confidence intervals. Furthermore, we

utilize the specific approximation values CS% ~ 0.4419 and C’;flz ~ 0.5844 obtained from

527 in dependence of M

realizations of C’;‘; 104 927 and of C5%

2,2,1
Figure

04 2275 respectively, for the black lines featured in
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Figure 4.1: Monte Carlo approximations of the asymptotic constants C’2 5 and 02 for

the SDE ({.27).

The remaining two approximation issues are addressed simultaneously. Similarly to
the approximation of the asymptotic constants, we again estimate the solution by a
sufficiently accurate equidistant tamed Milstein scheme, and we approximate the errors
of the equidistant tamed Milstein schemes as well as the errors and the average numbers
of evaluations of the adaptive tamed Milstein schemes via Monte Carlo simulations.
More precisely, for each N € N we estimate 6272(?]3?2), 6272(?]%?2’2) and c(YN2 5) by

~eq . max max
€2.2,M NN *= 3 Z | N2 (e ) = Vit ™))
M Nmax P
M N, 1 1/2
sad . Z Hi t(Nmax)> Y ( (Nmax)>’2 /
62727M7NmaX7N . M N a Nmax,Zm ¢ N,2,2,m\%¢ )
max .1
and
1 M
I~ ad
CM,N = 7+~ VN 2,2,m»
M ot

respectively, where M, N .x € N and where the random vectors

e dex e Nmax
(VR @SV, YR =), mee {1, M),
(téNmax)) Y eq (Nmax)

are independent copies of (Y7 Nmm s Y o(tn, ), the random vectors

< Nmax % Nmax
(Vo (5™ =), T, )y, moe {1, M},
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are independent copies of (?]f,?Q(t(()Nm"‘x)), . ,?ﬁ%(t%\;";i"))), the random vectors

Aa Nmax Aa Nmax
(YN?2,2,m(t§) ))7 AR YN?2,2,m(t5Vmax )))7 m e {17 AR M}7

are independent copies of (57]3‘71272 (t(()N‘"a")), . ,}7]%‘}272@5\%:1"))), and the random variables
1/?{}3272’,71, me{l,...,M},

are independent copies of 1/%}12 5. For the adaptive tamed Milstein schemes, we thereby

used ky := [NY19] for all N € N on every computation. Numerical estimates
(Nv %?2710472277]\])’ N e {26, 287 SER) 218}’ and (8103,N7 %?2,10372277]\7)3 N e {267 287 ) 218}’

are visualized in Figure [4.2]

| | | | |

OS n --#-- equidistant tamed Milstein | —
adaptive tamed Milstein
line CS?Q cxT1/?
line 023’% cxm1/?

—ad

104,227 N and €5% 13 027

10~1

q
2,2
10~2

~e

1073

Simulations of e

[ [ [
101 102 103 104 10° 106

N and simulations of ¢jgs

Figure 4.2: Monte Carlo approximations of the errors 6272(?]3(}2) and 6272(?13’7?2’2) Versus
N and Monte Carlo approximations of the average number of evaluations
(Y ) for the SDE (4.27).

4.7 Proofs

In this section, we prove our main theorems from Section [£.4] by establishing asymp-
totic lower and upper error bounds as indicated in Section The structure of the
corresponding proofs is to a large extent based on techniques developed in |Miiller-
Gronbach| (2002b).
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Throughout this section, let the Assumptions |(C)L |(Ia)|7 |(KQ)L |(Mb)L |(pLTV7“1)|7
|(pL(Vr‘12) 2)|, |(BVW)|7 and |(BV“’) be satisfied for some a € [2,00), b € (2,00), and
r € [1,00) with a > 12r + 4. Observe that, in this setting, the Assumptions [(TocL)}
(LLGM)L (PG )} (PLIL (PG Db (LLGT )L (PGY )b |(PLY o) and |[(PGY,., o so)|are also sat-
isfied; see Remark [4.1f Moreover, there exists C' € (0, 00) such that for all i € {1,...,d},
for all j1,j2 € {1,...,m}, for all t € [0,T], and for all z € R? it holds that

(Vo - o) (t2)] < C - (1+ )™ (4.28)

In addition, let (kny)nen be a sequence of natural numbers such that the limits
hold, and let ¢ denote unspecified positive constants that may vary at every occurrence
and that may only depend on 7', d, m, and the parameters and constants from the
preceding assumptions.

4.7.1 Preliminaries

As a first step, we show that the continuous-time tamed Milstein schemes inserted in
the respective tamed diffusion coefficient tend in a certain L, type sense towards the
solution inserted in the diffusion coefficient. This result will turn out to be a crucial tool
for the proofs of both the asymptotic lower and upper error bounds.

Lemma 4.21. For all ¢ € [1,2a/(r +2)) and for all g € [2/3,q] it holds that

_ T\YT | ot Y, (¢
]\}gn <N> ‘ o (N)y2r - HH|0("X('))|%2 L([0,T ’
0 1+ T/N - |Yn, (") g2 all -0 70Dl ()
q
Proof. We divide the proof into the two parts g € [1,q] and g € [2/3,1).
First, we consider the case g € [1,q]. Here, it suffices to show
TNYT ) ) P
|<N> Je @V x| e Xl gy @29
T\ o (™, x (@ )| o™, V(1)) —L 5 0, (4.30)
N S ‘ q,2 TN q,2 N—oo ’ '
7 (N) v (N)
(F) (e Ty - | )
- BNl = 2r

N w2 114 T/N - |V, (1) g2 7 (4.31)

P

— 0
N—o00
and that
1/3 N Y, (Y 7
' (J{;) . ’ ot f’r< (N))) 5 is uniformly integrable,  (4.32)
L+ T/N - Y 7)) a2l ) o
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as we obtain

T\ | ot Yy, (™)) Ly
‘ <N) ‘ vty N q H|J("X('))’q,2H _
1 + T/N . ‘YNﬂn(t )’ q,2 |- 0 Lq([ovT])

q

in this case.

With regard to (4.29)), observe that the function

0,71 = R, t |o(t, X(t,w))],,

is continuous for every w € Q due to the Assumptions |(LLG")| and |(po 2)} Hence, we
obtain

(4.33)

q,2 N—ro0

[

LN H‘O’(‘,X('))|q,2HLa([O,T])’

which immediately shows (4.29).

With regard to and , we show Ly convergence of the respective
random variables to zero for appropriate values of § € (0,00) in both cases. First, fix
6 := min{b/2,2a/(9r + 3)} € [1,00). Combining the monotonicity property |- |z < |- |1,
the inverse triangle inequality, and the triangle inequality give

)" e

) H‘ (3)" (e x|

ot T,y )

q,2 _
a1l Ly(2)

- ’O-(t'(N) ) Y/N,r (t-(N))) }%2)

HiLy(2) (4.34)

T 1/q N-1 (N) (N) (N) o (N)
< <N> ' Z ‘U(te , X (t ))’ 2 ‘U(te Vvt ))‘ 2
=0 & RV (S)
T 1/g N-1
<(5) X |l x™) - o™ Taa ] |
/=0 ¢ LQ(Q)

Moreover, Assumption the Holder inequality, Proposition the triangle in-



80 Chapter 4. Strongly Asymptotically Optimal Approx. w.r.t. the L, Error

equality, the moment estimate (3.2), and Proposition yield

X)) = ot Vo ()]

q,2
Lo (Q)

~ ~ r/2
e [[[x ™) = Pap (|- (14 X)) + [T (1))

Lo(Q2)

H1—|—|X N+ [V ()]

L3y9/2(82)
r/2
L3r0/2(Q))
<c- N1

for all £ € {0,...,N —1}. Combining (4.34) and (4.35)), we eventually obtain (4.30)) as

N tends to infinity. Next, fix 6 := 2a/(5r + 2) € [4,00). Similarly to the derivation

of (4.34)), one shows

<e- |x@™) = V™)

L3p/2(Q

<c-N7'. (1+ X ™)

+ H}N/N,r (téN))

L3,6/2()

TN/ N o (1™ o(tN Y, (1))
v . ’O'(t. ) N,r(t' ))‘ 9 My
2 TN - [V () a2/ L, o (4.36)
T\/a N-1 B ¢) ?Nr t(N) |
<(3) X |l ) - o )27”
=0 L+ T/N - [V (t)* a2

Ly(Q2)

Moreover, Assumption the triangle inequality, and Proposition yield

(N) 5 (V) oty Ve (1))
oty YN, (")) — ™)
L+ T/N - [V () g2l o)
|1~/N,r(th))| | (t(N) YNT(t(N)))L]Q
1+T/N-}YNrt£ )| Lo(€)
N N N
< TN [ [T 1o 6™ VoDl g
- (V) A NN (157)
<o N7U | [ ) (14 [V (™)) )
~ (57+2)/2
<o NTH |1 V)|
L(sr42)9/2(2
(5r+2)/2
<c N1 <1+HYNT t(N))H )
L(sr12)0/2(2)

gc'Nf1

for all £ € {0,...,N —1}. Combining (4.36) and (4.37), we eventually obtain (4.31)) as

N tends to infinity.
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With regard to (4.32)), we fix ¢ := 2a/(r + 2) € (g, 00) first. Combining Lemma

Assumption and Proposition yields
H <T>1/q ‘ o (™), Y (t)) j
N 14 T/N - [V, (t) [ g2l

_ N N
—T9/17. supEl(l-NX:l (tg : YNr(t( )>)
ven [\N & 1+T/N-|YNTt§N>)y

ll Nijl oty Y (8 )
N =1+ T/N- |YNTte
o(t, Y, (t

)1+T/N ]YNr

sup E
NeN

q,2

N
2r ) ]
q,2

NeN

|2r

L

< T1. sup sup E
NeNte[0,T]

S T‘i/a sup sup EUO’(t,i}N,r(t))’ ]
NeNteo,T) a2

c- (1 + sup sup E[|)7N7r(t)\q'(T+2)/2}>
NeNte[0,T]

< 00.

Thus, we obtain (4.32]).

Second, we consider the case g € [2/3,1). Here, it suffices to show

r (N) 34 (V) 7 L a
vl XEM L 2 Nl XN, oy @39
T N N a N) o N 7 L
- (“a(t.( LX) o] = [l (0, V1 )))]%Q‘q) L0 (439)
and
= (N) 3 (4(N) a
T o (12, T, () q_‘ ot Y, (t77)) B0, (4.40)
N . ) ,rib: %26 1+T/N‘}A}N7r(t(N)>’2T 2l N—so0 ) .
due to the triangle inequality for || - ||z, ()

With regard to (4.38]), observe first that the almost sure convergence (4.33|) directly

implies

T (N) (N) 7 as - q
ol X EN L e [l X O, @D
Moreover, the sequence
T (N) (N) a o .
— “a(t. LX) 2‘ is uniformly integrable, (4.42)
N %17/ Nen
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since Lemma Assumption and the moment estimate (3.2]) yield

T W) ooy T
s |57 X))

— 17 sy |1 ) (199, () )Uq
Nen |[\N & TN e Vg

- 1 N-1 N N
<TYi. qupE|—- o (! ),X V)
- Ne% [N Zz:;) ‘ (t (ty ))‘%2

< TV . sup sup E[‘O’(t,X(t))‘ ]
NEN t€[0,T] a2

<c- (1 + sup sup E[!X(t)|(r+2)/2]>
NeNte[0,T]

< o0.

Combining (4.41)) and (4.42)), we thus obtain (4.38]).

With regard to (4.39), observe that the triangle inequality, the inequality
|z® — y| < |x — y|* for all x,y € [0,00) and a € (0,1], and the inverse triangle in-
equality give

T (N) (N) a (N) 5 (4 (N) a
o5 (e @]l o, 5, o]
T IR ) N N~ ) 5 (N (@
:N-El D ot XN e = D ot Yoty WH
/= =0
T S0 @ ) 5 N[
<~ 2 E||lot™ x| |~ o) I (4.43)
KZO I q72 q72
T = (N) (N) (N) ¥ (N) !
<wv 2 E ‘U(te , X (ty ))‘ _‘U(tf Y (ty ))’ *|
=0 L 72 2
T ) v (N) 7 (N [T
SN' E U(tg X (ty ))_U(té , Yivr(t ))’ ]
=0 - .2

Moreover, Assumption the Holder inequality, Proposition the moment
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estimate (3.2)), and Proposition yield

~ q
B0 X)) - o T, )]

rg/2
SC.E[]X(thN YNr(t(N))] (4 )+ P ™)) ! ]

ra/2 (4.44)

(™), )
<c-||X(t — YN, (t
<e|xc e )] Laya)a(Q)

H1+}X N+ [V ()]
rq/2
L3Tq/2(Q)>
<c¢-N71¢

for all £ € {0,...,N — 1}. Combining (4.43) and (4.44)), we eventually obtain (4.39)) as

N tends to infinity.
With regard to (4.40|), one first shows

Lsg/2

)

<. NI (1 +[x ™) o)
rq

q72]

in a similar manner to - Moreover, Assumptlon the triangle inequality,

and Proposition [A.§] yield
q,j

T )7 o i (1)

T ™) 5 My |7 o (), Yu, (1)) '
E N “U(t- VY (t ))|q72‘7_ Vv (t Y2
q 1+ T/N - |Yn, ()] 2213
N-1 ), Ve (1) |
< % ’ E[ ot Y, (1) - e ) 1 o
1+T/N {YNT tf )|
T
N

.N_ EUT/N ’?N,T(téN)MQ O—(E )7YN,T(t§ )))

= 1+ T/N - [V (¢

~ 2r
B \T/N-|YN,r<t§N>>\ oty Yy (ty)
1+ T/N - [V, ()"

< (T/N)T-E \ZJ

q < rq q(r+2)/2
<c N7 E[!Yw,r(tﬁmﬂz T (14 [P ™)]) ] (4.46)

<o N T s e
) 2/(5rq+29)
<c-N79- (1 + HYN’T(tEN))HL(srq+2q)/2(Q))

for all £ € {0,...,N — 1}. Combining (4.45)) and (4.46]), we eventually obtain (4.40]) as
N tends to infinity. ]
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In the following lemma, we provide an estimate for the absolute moments of the iter-
ated It6 integrals that are employed in the construction of the continuous-time (tamed)
Milstein schemes in the case that the commutativity condition is satisfied. For this
purpose, recall their definition .

Lemma 4.22. Let j1,j2 € {1,...,m}. Then for all ¢ € [1,00) there exists C € (0,00)
such that for all N € N, for all € € {0,...,N =1}, and for all t € (™, 6] it holds
that

-1
H sz H < ¢-N"
Proof. Let N e N, ¢ € {0,...,N — 1}, and t € (t(N) th)] For j; # jo the Cauchy—
Schwarz inequality gives

)

|55, L@

Y LACE G

W) = Wit

and for j; = jo the trlangle inequality gives

< v = w7+ e=),

Lq(€)

” .717]2 H

In both cases, the desured estimate immediately follows from estimates on the absolute
moments of centered normally distributed random variables. O

Next, we show that the average numbers of evaluations of the driving Brownian
motion employed in the adaptive tamed Milstein schemes are finite and asymptotically
equivalent to a constant times N. We obtain, in particular, that each such approximation
does indeed lie in one of the classes of adaptive schemes.

Lemma 4.23. For all ¢ € [1,b) N [1,a/(3r + 1)] we have
(VL) < o0 (4.47)

for each N € N and

2q/(q+2)
-1 1, -1 ~ad
A}E}}m C(YNv"q) N = (mq "8 - Cq,q) :

Proof. For each N € N, the estimates (4.22)) and (4.23]) on the total number of evalua-

tions of W employed in the respective adaptive tamed Milstein scheme yield

(4.48)

ky—1 (k) v (kn) 2q/(q+2)
o  Yior(t
(Vi) <kn+N- E[k > (t ik f(kN)) ] (4.49)
NS 1T kN - | Yy o (8 )y 02
and
kn—1 kn) < (kn) 2q/(g+2)
ty N Y (ty
c(YiL ) > N- E[k > ol N (km) ] (4.50)
N 5 1+T/k:N Vi (ty )| 02

Comblmng Assumptlon and Proposition E shows (4.47)).
By using , , Lemma, and the first limit in @D, we then con-
clude (4.43). O
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4.7.2 Asymptotic Lower Bounds

First, we prove an asymptotic lower bound for the Nth minimal errors in the classes of
adaptive approximations.

Lemma 4.24. For all ¢ € [1,b) N [1,a/(3r + 1)] it holds that

lim inf N'/2 - inf {e,4(X) | X € X¥!(Ly(0,T]; RY) } > €3, (4.51)

N—oo

Proof. Fix N € N and Xy € Xa4(L,([0,T];R%)) for the moment. Let Dy denote the
entire data used by the approximation Xy in the sense of Section define ¥y to
be the set of observation sites of the driving Brownian motion employed in X N, and
put vy = #W¥y. Because of the first limit in , we may actually assume that
{tgkN), .. ,tngN)} C Uy. Hence, each fka’T(tékN)), ¢ € {0,...,kx}, is measurable with
respect to the o-algebra generated by Dy .

Let the process Z, : [0,T] x RY — R? be defined by

g - (vo-i,]é : U(]l)) (tékN)’ ?kN,T (tgkN)))

1
ZkN,i(t) = Z T kn) tken) (t> P Z ~ k 2
= (tg Mty A 2 Wty 14T ky - |Yk?N,7"(té N))| T

Ok Lk
(1 (1) - B (1) | Dy])

for all i € {1,...,d} and for all ¢t € [0, T].
Due to the inverse triangle inequality and Proposition it holds that

eq.q(Xn) = HHX - XNHLq([OaTDHLq(Q)

> HH}A}N,T - ZkN - XNHL‘?([O’T])HL(](Q) (4'52)
- HHZkNHLq([UvT])HLq(Q) ek

As a next step, we show that the norm of Zj, as above is asymptotically negligible.
Combining the triangle inequality, the contraction property of conditional expectations,

the triangle inequality again, the independence of I j(fsz )(t) and F (tEkN )), the growth
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condition (4.28)), Lemma and Proposition yields

m ; k i k
> Z Vo, 'G(Jl))(é N)’YkNﬂ“(té N))) . (I(,U?N)( ) — E[I(lf kN) (t)| D ])
2 5 U+ T hy - Vi () IR 1.2 N

Ji1,g2=1 N kn,r\lp

m 5 k <7 k
< Hl 3 (Vo - o) (6™, Vi (6™)) 7R ()
T2 1 T Ry Vi () e
m ; k i k
1 (Voij, 'U(Jl))(té N)7YkN,r(t§ N))) (LkN)
+|[E 9 Z > (kn)y |27 'Ijhjz ()| D
joet LET/RN - Vi o (8)]

Lq($2)

Lq(€)

Lq(2)

m ; k <7 k
Z (Vaij, .O-(Jl))(té N)aYkN,r(té N))) ,I(E:I?N)(t)‘
< L5 1+ T/k‘]v . |YkN, t(kN))‘ZT‘ J1,42 Lo(®)
m L gla) v k)
<3 (Vo - o) (1" k )(tz ) 14 1)
Ji,j2=1 1+ T/kN |Y/€N T tf Y )| Lq(2)
_ i (Voij, o (Jl))( YkN r( H H ekN) ‘
Ji,j2=1 1+T/kn - |Yk’N r tZkN)) e )
S v CON -1
<c- 1+ ([Yiy, t ) -k
jl,jZFl ( H o Q(TH)(Q)) N
<c-kyt

for all i € {1,...,d}, for all £ € {0,...,ky — 1}, and for all t € (¢t{™), /)], Conse-
quently, we obtain by Fubini’s theorem that

H||ZkN||Lq OT])HL ()

d kn—1 E-FJY) s (Vo-i,jQ 'O'(jl))(tékN)7?kN,T(tgkN)))
(= [ = . -

i=1 (=0 "l J1,j2=1 1 +T/kN ’ |YkN»7"(tékN))’ (453)
a 1/q

dt)
Lqe(Q2)

Next, we show that the distance between f/k:N,r — Zi, and X N as in (4.52) is greater

or equal than the respective distance between Y, , — Z, and E[ffkmr | Dy]. Note that,

due to the measurability property of }N/kN,r(tékN )) mentioned before, we have

(I @) — B[ ()| D))

J1,J2 J1,92

§c-k;,1.

Yiwiri() = Ziyi(t) — E[Yiy 0i(t) | D]

m (k) 7 (k)

0-17 t Yk ,r(t )

_y % wrlte ™ )QT - (Wi(t) — E[W; (1) | Dx])
j=t 1+ T/kn - {YkN,r(tg )|

(4.54)
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for all i € {1,...,d}, for all £ € {0,...,kxy — 1}, and for all t € (tgkN),tﬁq)]. Similarly
to the derivations of the Lemmas 1 and 2 in Yaroslavtseva (2017), one shows that for
PP~ _almost all (z,y) € R x U, eny(R™)™ it holds that

which along with (4.54) yields

PYenr—Zky —EVky DN DN=(2y) _ p—Yiy.r+Zky +EYky o[ DN]| Dn=(2,y)

We thus conclude that (fka r = gy — E[f/kN +| Dn], Dn) and
(— YkN r T Ly + E[YkN +| Dn], Dy) are identically distributed. Since, additionally,
both Xy and E[YkN | D N] are measurable functions of Dy, we consequently find that

YkN,r Zky — Xy and QE[YkN +| Dn]— YkN r+ Ly — Xy are also identically distributed.
Therefore we obtain

HHYkN:T — Zky — XNHLq([O,T])HLq(Q)

1 —~ ~
= 5 : (HHYkN,T - ZkN - XNHLq([O,TDHLq(Q)

1 = 2EVay o | DN] + Viewr — Ziy + X )

1 —~ ~

> 3 HHYkN,r —Ziy — XN
— 2E[}7kN,r | DN] + ?kN,T - ZkN + XNHLq([O,T])HL (Q)
q
= [[I¥isr = Zi ~ El¥iyr | Dn] ”ano,TDHLq(m'
Now let
Aoy = #(¥n N (1, ) té’fﬁ))) +1
for each £ € {0,...,ky —1}. Conditioned on Dy, the observation sites ¥ are fixed and

for every j € {1,...,m} the Gaussian process (W;(t) — E[W;(t) | Dn]):cjo,r) consists of
vy independent Brownian bridges between the discretization points. Hence, we obtain
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with Fubini’s theorem for conditional expectations and Lemma [A.4(ii)

E[[[Vieyr = Zin — E[Vir | DML, 027 [P

01 (0, Viy o (1))

kEn—1 d BN l

- > /é;?

(=0 i=1 =S 1+ T/kyN - |YkNr tgkN |2T
q
(W)~ E[Wy(0) | D] mﬂw
K ol el 130
/=0 1+ T/kN . |YkN,T(t§kN)>’2T q,2
tm) q
./t(kN) E{’Wl(ﬂ *E[Wl(mDN]’ ‘DN] dt
¢
ky—1 (kn) 3 (kn) q
o(t s Yo r(t _
> Z ( {4 i]\ﬁ ( é(kN))) - mg . gg . (T/kN)(q+2)/2 . dﬂz]/\?
14+T/ky - |Yl~cN,r(t4 )|

EZO q72

almost surely where m, and g, are as defined in (4.2) and (4.3)), respectively. Next,
observe that applying the inequality

kny—1
= E{ > d&,w] <N
=0
and two times the Holder inequality gives

‘ o (18, Vi (88°)))
1+ T/kn - [Yio o (807

. 2/(a+2)
. d—‘?/21> . N9/ (a+2)

(5"

kN
(=0
(sz_:l (t(k?N) ? (ték]\r))) q o2 2/(g+2)
> E ‘ “dy . D
/=0 1+ T/]‘JN ’YkN r t(kN))‘ q,2 o

ky) < k 2/(q+2)
O-(tg N)’YkNW(tg N))) ? .d*(I/2 (E d Q/Q+2
N (% N tkx (E[deky])
L T/hn - [Yay o (8 )] a2

> kil E ‘ O-(tycN)? ?kN,r (tékN))) 24/(Q+2)]
T D U Tk Vi ()P
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By combining (4.52)), (4.53)), (4.55), (4.56)), and (4.57)), we arrive at

N'/2. eq,q(XN)

kn—1 (k) <7 (kn)
T oty s Yo r(t

2¢/(q+2)7\ (412)/24
D (4.58)

kN £=0 1 + T/k]\/' ’YkN r t(kN))} q,2
~1
—c- N2 kyn -
Finally, we obtain (4.51)) from (4.58]) by employing Lemma and the second limit
in (4.9). O

Next, we prove an asymptotic lower bound for the Nth minimal errors in the classes
of equidistant approximations.

Lemma 4.25. For all ¢ € [1,b) N [1,a/(3r + 1)] it holds that

lim inf N'/2 . 1nf{eqq X) ‘ Xe X?\?(Lq([(),T];Rd))} > C% (4.59)

N—ro00
Proof. Fix N e Nand Xy € X3 (Lg([0,T]; RY)) for the moment, and consider the data

= €W, Wiy,
Let the process Zy : [0,T] x RY — RY be defined by

1 UL (VUi,jQ . U(jl))(téN), Y/N,r(téN)))

Zn(t Z]ltw)tuw ()5 >

7£+1 J1.ja=1 ]_+T/N |}7Nr téN))|2r
(I @ - B[ @) | Dy))

J1,J2 J1,J2

for all ¢ € {1,...,d} and for all t € [0,T].
Similarly to the estimates (4.52)), (4.53)), (4.55)), and (4.56) in the proof of Lemma[d.24]
one successively shows that

aq(Xn) 2 ||V = 2 = XN”quo,T])HLq(m - HHZNHL«;([QT])HL«;(Q) —e N7 (a60)
that

[1230z, g0y, gy S € N7 (4.61)

that
HHYN,T - ZN - XNHLq([OvT])HLq(Q) Z HHYN,T - ZN - E[YN,T ’ DN} HLq([OvT})HLq(Q), (462)
and that
E[”?N’“ = Zn ~E[¥n: | DV}, o2y O]
( ) YNr(té ))) q (4.63)

m . gd - (T/N)at2)/2
1+T/N |Y (N))|2’r‘ 02 q q
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holds almost surely.
By combining (4.60)), (4.61), (4.62), and (4.63)), we arrive at

N2 €q,q (XN)

- k k 1/q
y e (5 T N—-1 (té N) YkN r(t( N))) q N (4.64)
= Mg 8q- ' N'Z (k) |27 ¢ :
=0 1L+ T/kn - (Vi o (t) [ g2
Finally, we obtain (4.59)) from (4.64) by employing Lemma O

4.7.3 Asymptotic Upper Bounds

First, we prove an asymptotic upper bound for the errors of the adaptive tamed Milstein
schemes.

Lemma 4.26. For all ¢ € [1,b) N [1,a/(3r 4+ 1)] it holds that

. %y )
lim sup ( (YN . q)> (YN rq) < C’qf}]. (4.65)

N—oo

Proof. We prove (4.65)) by showing

. qa/(q+2)
limsup( (Yqu)) CNT2 < HH|0(,X())’ 2‘ (4.66)
N—oo M L20/ (42 (OTDN L, ) 00y ()
and
) N 2/(q+2)
1i N2, yad Yy <m o .gq, - 5 X (- o
N €q.q(Yiirg) < Mg g HH|O( Ola Laa/at2) (OTDN L, 4oy () o

First, note that (4.66|) is an immediate consequence of (4.48)).
Now fix N € N for the moment. Let the process Z,, : [0,7] x R — R? be defined
by

kv —1 m . Gy (1kN) 37 (kn)
1 (VUZ T )(té 7YkN T(té )) (L,kN)
D it § ]1<k)<k)t)'*- > : a R ()
N N) BNy 2 PRt} 14T /ky - |YkN,T(tékN))|2 J1,92

for all ¢ € {1,...,d} and for all t € [0, T].
Due to the triangle inequality and Proposition it holds that

6q,q(Yqu HHX quHLq ([o, T])H
< HHY/’“N’T ~ Zky ~ N“IHLq ([o, T])H Le(Q) (4.68)
1 Zex o, g+ "

Lq()
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As a next step, we show that the norm of Zj, as above is asymptotically negligi-

ble. Combining the triangle inequality, the independence of I ](f fN )( t) and F (tEkN )), the

growth condition , Lemma u and Proposition [A.§ m yields

i (vo'ijz ) (jl))( (kN) }7 ( (kN))) -[(.Z’I?N)(t)
J1,J2=1 1+T/kn - ’YkN r t(kN))‘ e Lq(2)
S5 [[ (T N T 0 s
et 1+ Tk - [Yiey o t(kN )| @
i (Vaij, - o) (™) Vi - (60)) H _ ‘I(Z,EN)(t)"
a1 T ey Vi ) e T L@
<o Y (14 [Fanr 8 1 . )) gt
Jj1.j2=1 Latr)
<c- k&l

for all i € {1,...,d}, for all £ € {0,...,ky — 1}, and for all t € (¢/™,¢*¥)]. Similarly
to the derivation of (4.53]), we thus obtain

H”Z’fN”Lq([o,TDHLq(m Serky (4.69)

Next, we show that the norm of Y N —ZLkn —?ﬁ?r’ g asin 4.68)) determines the asymp-
totic constant eventually. Note that for all : € {1,...,d}, for all £ € {0,...,knx — 1},

and for all t € [t{™) #*Y))

- m (t(kN) Yk tkN )
Yiewri(t) = Zi i(8) = Y i(8) = L sl :
N,T, Nt N,r,q,i ]2211+T/kN ’YkNrt(kN ‘QT

where W24 is defined as in lb Put Dy, = (&, W(t; (e )) ,W(tgij ))) Conditioned
on Dy, , the observation sites are fixed and for every j € {1,...,m} the Gaussian
process (W;(t) — WN ])te[O 7] consists of I/NT ., independent Brownian bridges between
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the discretization points. Hence, we obtain with Lemma i)

E{Hffk‘z\r,r - NT‘(IHLq ([0,T1) ‘DkN:|

kn 1 d ET{) o () Vi ()Y

;:O Zl () UZI 1+ T/ky - |V t/“”) >

_ q
(W) - W) ‘D,W] a0

B sz—:l (t&w) Yien t(’fN ) _ q /:ffij\f) E“Wl(t) - Wﬁ(}l q } "

=0 |1+ T/ky - |YkNT £y ty N
_kN—l (tékN) YkNr t(kN ) e . T/ky a/2
= 2 . [T ()" g, mﬂ“(mﬂ) 'k

almost surely where m, and g, are as defined in (4.2)) and (4.3)), respectively. For each

e {0,...,ky — 1}, we furthermore have
(t(kN) ?kN (t (k’N))) 2q/(q+2)

1+T/kn - |YkN T t(kN))}

ne+1>N-T/ky- ‘

q,2

q T/k' q/2
q,2 <77K+ 1>

2q/(q+2)

due to the construction of 7y and consequently

k e k
‘ ot Vi (8°)))
1+ T/kn - Vi, (8

N (4.71)
(18, Vi (88)))

1+ Tk - [V o (85>

S N—Q/2 . ‘

q,2

By combining (4.68)), (4.69), (4.70), and (4.71)), we arrive at

N2 6q,q(YN r q)

T kn—1

=0

(tgkzv) YkN r(t(kN)))
k 2r
L+ T/ky - Vi o (t§™))]

2q/(q+2)7\ /4
D (4.72)

q,2

—1
+c'N1/2‘kN.

Finally, we obtain (4.67]) from (4.72)) by employing Lemma and the second limit

in . O

Next, we prove an asymptotic upper bound for the errors of the equidistant tamed
Milstein schemes.

Lemma 4.27. For all ¢ € [1,b) N [1,a/(3r 4+ 1)] it holds that

limsup N2 . ¢, , (}7]33) <GPl (4.73)

N—oo
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Proof. Fix N € N for the moment and put Dy := (&, W (¢ gN)), e W(t%v)))
Let the process Zy : [0,T] x R? — R? be defined by

1 s Voi -J(jl)) (N) ?Nr t(N)
ZNZ Z 1 t(N) t(N) 2 . Z ( 5J2 ( ( ))

J1,J2=1 1+ T/N |YN7‘ t(N))’

(N)
(6,N) t—1, (6,N) (V)
(Ijmz (t) — (N 1y, (te+1))

l+1

for all ¢ € {1,...,d} and for all t € [0,T].
Due to the triangle inequality and Proposition it holds that

eaa(P) = 1% = T2y omy o

< 7 = 2 - f/13?7“||Lq<[0,T])HLQ(Q) (4.74)
+ H”ZNHLq([O,T])HLq(Q) +e N7L

As a next step, we show that the norm of Zy as above is asymptotically negligi-

ble. Combining the triangle inequality (applied twice), the independence of I ](f ;Z)( t)

and F (téN)) as well as the independence of I; (&N) (tgﬂ) and F (té )), the growth condi-

1 ]2
tion , Lemma and Proposition |A.§| yields

Z (Vi .U(Jl))(t§ ),YN,r(té ))) ] <I(Z,N)( ) — ﬂ 1t N)(téﬂ)>
= N\ (27 J1,J2 N N J1.02
pet L T/N - [V, ()] i =t Fal®)

+1
¢ 3 |Ton oG I )))-<I(€,N)() -t e YD)
TSl 1+ TN Y)Y g2 (Yo Ut

0+1 Le()
< 3 [T oONED )
j1,j2=1 L+ T/N - |V (t) e Ly(Q)
. i (Voij, - o) (t, (V) YN)r(t(N))) . (f\,)_ téijv) - ](fg)(té ))
ji.ga=1 1+ T/N - [Vt toy1 — 7 Ly(Q)
- i (Voij, 'U(jl))@N)’?N,r(téN))) H H 1M H
Pt 1—|—T/N |YN7T(t§N))|2T J1,J2
e Mf’éi’( o)
1.Ja=1 1+T/N - [Yn,. ()] L@ leri — b ’ La(@)
m ~ r+1
<ec. jl,jzzzl (1+ || ¥ (8™ qu)(m) N

§C-N_1
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for alli € {1,...,d}, for all £ € {0,...,N — 1}, and for all t € (téN),téi\_[)]. Similarly to

the derivation of (4.53)), we thus obtain
-1
H HZNHLq([OvTDHLq(Q) Se N (4.75)

Next, we show that the norm of ?N,r —ZN— ?ﬁqr as in (4.74) determines the asymp-
totic constant eventually. Similarly to the estimate (4.70]), one shows that
v {req (|4
B[V = 25 = V3L, oy | O]

_ N o N
_N y J@ )’YNﬂ’(té ))) ! q.qq. (T/N)a+2)/2 (4.76)
= = | ™ gg (T/N)

=0 '1+T/N - [Yn,(t; )|

q
q,2

holds almost surely.
By combining (4.74)), (4.75), and (4.76)), we arrive at

N'/2. €q,q (}A/]sfqr)

T X2 oV, Y, (M)

SmgT1/2<E[ —
q q N Z 1+T/N|YN’T(t§N))|2T

(=0
Finally, we obtain (4.73]) from (4.77) by employing Lemma m O

1/a 4.77
! ) —i—c-N*l/Q. ( )

q,2
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Final Remarks and Outlook

In this chapter, we outline some limitations of this thesis and thereby provide ideas on
future research directions. Moreover, we state two conjectures that are situated in the
field of tamed schemes.

First, recall that in the construction of strong approximations, the partial information
we use about the driving Brownian motion is given by evaluating W at finitely many
time points. In the literature, various other types of such partial information are studied.
We mention, for instance, evaluations of partial paths of W (e.g., (W(t))te((;ﬂ for some
d € (0,7)), evaluations of linear continuous functionals of W (e.g., fOT W (t)dt), or
evaluations of iterated Itd integrals (e.g., fOT Wi (t) dWa(t)). Clearly, the definition of
strong approximations and the error analyses change according to which type of partial
information about W is presumed.

Next, note that we assumed the commutativity condition in our main results on the
pathwise L, error. When this condition is not satisfied, the analysis becomes significantly
more cumbersome, resulting in modified asymptotic constants and, partly, even different
convergence rates for specific approximations. We refer the reader to Section II1.3 in
Miiller-Gronbach (20020) for a detailed discussion on the particular error ez o in such a
situation.

In this thesis, we focused on strongly asymptotically optimal approximations in the
classes of adaptive and of equidistant approximations, i.e., the classes (X3}(9))nen and
(XY (9))nen for S = C([0,T];RY) and S = L,([0,T]; RY) with p € [1,00). As already
mentioned at the end of Section one might also consider other classes, such as the
classes (XY (S))nveny and (X% (5))nven defined therein. In the classical framework of
SDEs with globally Lipschitz continuous coefficients, Miiller-Gronbach| (2002a) obtained
the exact asymptotics for the Nth minimal errors in the classes (X32(C([0, 1];RY))) yen,
and |Miller-Gronbach| (20028 obtained the exact asymptotics for the Nth minimal errors
in both the classes (X53}(Lq([0, 1]; R?))) nen and (X5 (Lq([0, 1];RY))) ven. It remains an
open problem to analyze these particular classes for SDEs with super-linearly growing
coefficients and to close the gap regarding the classes (X% (C([0,1];R?)))ven. From
our results, nonetheless, we can immediately deduce asymptotic lower and upper error
bounds for which the corresponding convergence rates match and the corresponding
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asymptotic constants are bounded. More precisely, we can directly infer, for instance,

Cye < liminf (N/ log(N))"/? - inf { .00 (X) | X ex5(C(0, TIRY) |
’ —00
< limsup (N/ log(N))l/2

" €q,00 (Xze\?) < 03,%0
N—o0

in the setting of Theorem [3.13]

Finally, we conclude this chapter by presenting two conjectures that arose during the
work on the tamed Euler and the tamed Milstein schemes.

First, we have noticed that for our results on strong asymptotic optimality to hold
true, the concrete form of such a tamed scheme seems to be irrelevant as long as it satisfies
certain properties. We exemplarily discuss the tamed Euler scheme. The essential parts
needed in the proof of the Theorems [3.13 and [3.14] are the following: first, the recursive
structure , second, the strong convergence given by Proposition and third, the
moment bounds given by Proposition We conjecture that for an abstract scheme
satisfying the properties above, strong asymptotic optimality does indeed hold true. In
this case, the Euler scheme and the tamed Euler scheme are nice examples that fit in
such a setting. We intend to further elaborate on this approach in an upcoming paper.

Second, note that we measure the pathwise error of an approximation globally in
time throughout this thesis. Another error criterion commonly studied in the literature
is the L, error at the final time point, i.e., the error given by

eq(f() = HX(T) - X(T)HLQ(Q)

for an approximation X and ¢ € [1,00). On the one hand, Miiller-Gronbach, (2002b)
showed that suitable variants of the Wagner—Platen scheme are strongly asymptotically
optimal in the case of SDEs whose coefficients, among other assumptions, are required
to be globally Lipschitz continuous. On the other hand, for SDEs with super-linearly
growing coefficients, [Sabanis & Zhang| (2018)) proposed a tamed Wagner—Platen scheme
which, as the continuous-time Wagner—Platen scheme, converges strongly to the solution
with order (at least) 3/2. The question arises, if combining these two ideas leads to
strongly asymptotically approximations with regard to the error e, for SDEs with super-
linearly growing coefficients. This approach appears very promising and may constitute
the object of future studies.
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On some Properties of Specific
Stochastic Processes

In this chapter, we provide useful properties of various stochastic processes occurring
throughout these notes.

In Section we give several results on Brownian bridges that will be used in the
respective proofs sections of the Chapters[3land[d In Section[A.2] we prove boundedness
for specific moments of the supremum of the solution of the SDE . In Section we
consider the continuous-time tamed Euler schemes introduced in Section 3.3l For these
processes, moment bounds and strong convergence of order (at least) 1/2 are shown.
In Section we consider the continuous-time tamed Milstein schemes introduced in
Section For these processes, moment bounds and strong convergence of order (at
least) 1 are shown.

Throughout this chapter, except for Section we require the setting given in
Section L3l

A.1 Brownian Bridges

In this section, let By, Ba,... be a sequence of independent Brownian bridges on [0, 1]
defined on a common probability space (2, F,P).

In the first part of this section, we gather auxiliary results that are employed in the
proofs given in Chapter |3} Right before, we introduce some notation that will be used
for this purpose. For all ¢ € [1,00), for all N € N, and for all aq,...,ay € [0,00) we
put

q
Go(-501,...,an): [0,00) —[0,1], u»—)P({ max (ap- sup |By(t >u}>,
JCion,an) s [0,00) = [0,1] o, (o sup [Be(t))

and

q
Mylaq,..., « ::E{ max (ayp- sup |By(t }60,00.
o(on..an) =E| max (ar- sup By()])"| € 0.00)
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Moreover, we abbreviate

Gy(-sN) :=Gy(-51,...,1), My(N) := M,(1,...,1)

Lemma A.1. Let N € N and let ay,...,an € [0,00). Then for all q € [1,00) it holds

that
q 1 N 9 q/2
E[ max (g - sup |By(t) } > < Oég) - My(N).
Le{l,...N} ( te[0,1] | |) N ; /
Proof. This lemma is an easy generalization of Lemma 1 in Miiller-Gronbach! (2002a])
regarding non-negative instead of strictly positive scalars. The extension to the general
case using the special case is straight-forward and therefore omitted. O

Lemma A.2. Let o € [0,00) and for each N € N let a1 n,...,ann € [0,00) such that

lim max o,y =
N—ooie{l,...,N}
and
Ve € (0,00) : %ninfzv*l.#{i €{l,...,N}|ainy >a—e} >0.
—00

Then the following hold true:

(i) For each q € [1,00) there exists a constant Cy € (0,00) such that

Sup/ gq(u' (10g(N))(’/2;a1,N,-..,aN,N) du < C4. (A.1)
NeNJO

(ii) For all q € [1,00) it holds that

o0

i 22y Gq (U (log(N) " an, .. »QN,N> du = 0. (A.2)

(iii) For all q € [1,00) it holds that

lim (log(N)) "% (Mylarn,...,any))/ =212 q, (A.3)

N—o0

Proof. This lemma is a generalization of Lemma 2 and Corollary 2 in Miiller-Gronbach
(2002a) regarding non-negative instead of strictly positive scalars.

Let 6 € (0,00) be fixed for the moment, and put & := a+ 0 > 0 as well as
aN =o;n+0 > 0forall N € Nand i € {1,...,N}. In the given setting, we
then have

I ~
Ngnooie{r?fi(N} N =«
and
Ve € (0,00): liminf N™'-#{ie {1,...,N}|a;ny >a—¢e} >0.
N—o00
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Now let g € [1,00). Then Lemma 2 in Miiller-Gronbach (2002a) yields the existence of
a constant Cy € (0,00) such that

sup [ G, (- (10g(V) 51 G ) du < € (A1)
NeNJO
and -
. ) q/2 ~ ~ _
A}gréo a2y G, (u (log(N))" % a1n, - ,aN7N> du =0, (A.5)

and Corollary 2 in the same reference gives

lim (log(N)) % (My(@w,...,ann) Y7 =272 &, (A.6)

N—oo

Observe that the monotonicity property
Gy (u . (log(N))q/Q; QLN - aN,N) du <G, (u . (log(N))q/2; Q1N --- ,&MN) du

holds true for each N € N. From this, we can immediately conclude (A.1)) from (A.4) as
well as

/( 2/9)a/2 Yq (“  (log(N)) "5 a1, . 704N,N) du

- q/2, ~ ~
= /(a2/2)f1/2 gq(u (log(N)) ’al,N7--~704N,N) du

= /(~2/2)q/2 gq <u . (log(N))q/Q; &LN, e ,&N,N) du

(a2/2)9/2 v i )
+/(oc2/2)q/2 gq(u-(og( )) 7CV1,N,...,04N7N) U

< / Gy (- (10g(N) " .. i ) du+ (67/2)72 — (a2 /2)0/
(32/2)0/7

for all N € N. Utilizing (A.5)) hence gives

ad — ol

. ° 2
0< hmsup/( gq(u. (log(N))q/ ;aLN,...,OéN,N) du < Wv

N—oo J(a2/2)/2

which proves (A.2)) by letting § tend to 0. At last, we aim to show (A.3)). It is easy to
see that the monotonicity property

(My(arn, .- an )7 < (My(@y, .. anw)

holds true for each N € N, which along with (A.6]) immediately yields

lim sup (log(N))_l/2 - (Mg(oan, - - ,aN,N))l/q

N—oo

S li]IVn sup (log(N))_l/2 . (Mq(&l,]\/, . ’&N’N))l/q (A7>
—00

—9271/2. 4.
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Next, the inverse triangle inequality gives that the monotonicity property

1 - - 1 1
(Mglarn, . an )9 > (Mg(@n, . ana) = (My(s,...,5) "
holds true for each N € N, which along with two times (A.6) immediately yields

lgriiglof (log(N))_l/2 - (Mylarn, ..., OéN,N))l/q
> l}ﬁigof (log(N))fl/2 - (Mglan,- -, &N,N))l/q
— lim sup (log(N))_l/2 - (My(9,. ., 5))1/q (A-8)

N—oo

—9o /2.5 _9-1/2.5§

271/2 . o,

We finally obtain (A.3)) from combining (A.7) and (A.8) and letting ¢ tend to 0. O
Lemma A.3. Let g€ [1,00), let N €N, let 0 =:tg <t; <...<tn:=T, let fij0 €R
forall (i,7,0) € {1,...,d} x{1,...,m}x{0,...,N—1}, and for each (¢,7) € {0,...,N—

1} x{1,...,m} let Bj, be a Brownian bridge on [t;,tei1] such that By, ..., BN—1,m are
independent. Then for all B € [0,00) with

m 1/2
B> max max <(té+1 —te) - Zﬂzﬂ) ’

ie{1,...,d} £€{0,...,N—1} =

and for all z € [0,00) it holds that

q
E| max Bije- Bt <z+d- / Gqy(u; B,...,8) du.
7’6{17 7d} ZG{O: 7N 1} tE[t@,t[+ﬂ Z b ] q \W—’)
N times
Proof. See Lemma 3 in |Miuller-Gronbach| (2002a). O

In a second step, we provide results on integrated moments of Brownian bridges,
which are used in the proofs of Chapter 4] To this end, recall the definitions (4.2) and

(4.3) of m, and g, respectively.

Lemma A.4. (i) LetT € (0,00), let a,b € [0,T] with a < b, and let B be a Brownian
bridge on [a,b]. Then for all q¢ € [1,00) it holds that

b
/ E[|B(1)|"] dt = mg - g3 - (b — a) D72,
(ii) Let T' € (0,00), let a,b € [0,T] with a < b, let N € N, leta =119 <71 < -+ <

v =: b, and for each € € {0,...,N — 1} let By be a Brownian bridge on [14, To11].
Then for all q € [1,00) it holds that

NZL ey
3 / E[[Be(t)|"] dt > m - g2 (b— a)(2/2. N79/2.
¢=0 7¢

Proof. This lemma is an easy generalization of the equations (20) and (21) in Chapter I1I
of Miller-Gronbach/ (20028). O
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A.2 The Solution Process

In the following, we consider the supremum of the solution of the SDE and prove
finiteness of specific moments of this random variable under quite weak assumptions.

We thereby use ¢ to denote unspecified positive constants that may vary at every
occurrence and that may only depend on T, d, m, and the parameters and constants
from the assumptions used in the subsequent proposition.

Proposition A.5. Let the Assumptions |(1,)], [(locL)|, [(K,), and |(pG2)| be satisfied for
some a € [2,00) and r € [1,00) with a > 2r. Then it holds that

|a—2'r+2 < .

E{ sup |X(t)
t€[0,T]

Proof. Put @ :=a — 2r + 2 € [2,a]. For each n € N, observe that the mapping
i Q= [0,7], weTAmf{te0,7]|n<|XEw)},
is a stopping time that satisfies

sup |X(t A7,)| < max {n,[¢|} (A.9)
te[0,7

almost surely.

Fix n € N for the moment and note that the Assumption implies that is
also satisfied. Employing It6’s formula, the Cauchy—Schwarz inequality, and yields
that almost surely we have

(1+Ix@P)™

= (1+ 15}2)6/2 + 2 /Ot 2 (1+ |X(s)|2)(a_2)/2 X ()T - (s, X(5))

r@-2-(1+ X6 X @7 ol X (9)

) e x(9)

+a-/ ( +\X(s)|2) TR X ()T (s, X (s)) dW(s)

‘ 2

2
‘ds

+<1—|—|X s)|

<(1+1P)" e /Ot (14]x() )™ as
va [ 1xEP) T X (s X () aws)

for all ¢ € [0,7]. Assumption ((I,), Fubini’s theorem, and the moments estimate (3.2)
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consequently give

IE{ sup (1+ |X(t/\7'n)|2>a/2]
t€[0,7

_ 2\ (@-2)/2
<c+a-E| sup / Lis<ry - (14 [ X (s AT)| ) (A.10)
t€[0,7]

X(sATR) " - o(sATh, X (5 ATy)) dW(s)] .
Next, observe that the Burkholder-Davis—Gundy inequality and the Cauchy—Schwarz
inequality imply

[ sup / Tis<rny 1—|—‘X 5/\7’n)|2)(672)/2
t€[0,7)

“X(sAT) " o (8A Ty X(sATh)) dW(s)}

. (A.11)

< @-E{(/{)Tﬂ{sgn} 1+ X Am)P)”
1/2
: ’U(S/\Tn,X(S/\Tn))‘Q ds) ]

Moreover, Assumption and the inequality /z-y < x/(2p) + yp/2 for all
x,y € [0,00) and p € (0,00) yield

E[(/OT Lozm - (1 +[X (s A Tn)|2)a_1 o (s AT, X (s Aa))| d5)1/2]

<ec- EK sup (1 + | X (A Tn)|2)a/2
t€[0,T]

r 2\a/2-1 2r 12
./0 ]l{SSTn}.(1+|X(5/\Tn)|> ~(1—|—|X(s/\7’n)| ) ds) ]

SC-E[( sup (14X (e Am)[2)"? (A.12)
t€[0,T)]

/3 1/2
/]1{5<T : —|—|X(s/\7’n)|2>/ d8> ]

. [sup (1+|X tAT)] )a/ﬂ
2 ﬁ a te[0,T] "

a/2
+02-\/32.a/2.E{/ ]1{S<Tn}.(1+|X(sATn)y2) / ds]
, s
Note that

EUOT]l{SSTn}. (1+|X(s/\7-n)|2)a/2 ds} SEUOT (1+ yX(s)|2)a/2 ds] <c (A.13)
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holds, again, due to Fubini’s theorem and (3.2)). Combining the inequalities (A.10]),
(&TT), (19), and (A13) shows

IE[ sup (1 + |X(t/\7‘n)]2)a/2} < 1 IE[ sup (1 + |X(t/\7‘n)|2)a/2} +c.
t€[0,T] 2 t€[0,T]

To subtract the first summand of the right hand side from the left hand side, we need to
ensure that these quantities are actually not infinite. For this purpose, we employ the

inequality (A.9) and Assumption |(I,)[to conclude that

ELGS[%%} (1 + |X(t/\7’n)|2)a/2} < E{(l + max {n, |£]}2>a/2] < 00.

Hence, we obtain

IE{ sup |X(t A Tn)ﬂ < E{ sup (1 + [ X (A Tn)‘2>a/2:| <ec. (A.14)
t€[0,7) t€[0,7]

Using Fatou’s lemma, we derive from (A.14]) that

E[ sup |X(t)]a] :IE[ lim sup |X(t/\Tn)|a] < liminfE[ sup ]X(t/\Tn)|a] <cg,
te[0,7] =0 te0,T] n—oo te[0,7)

which finishes the proof of this proposition. O

A.3 The Continuous-time Tamed Euler Schemes

As before, we use ¢ to denote unspecified positive constants that may vary at every
occurrence and that may only depend on T, d, m, and the parameters and constants
from the assumptions used in the respective propositions.

First, we show finiteness of specific moments of the continuous-time tamed Euler
schemes.

Proposition A.6. Let the Assumptions|(1,)] |(locL)| |((Kq), and|(pG, )| be satisfied for
some a € [2,00) and r € [0,00) with a > r+ 2. Then it holds that

sup]E[ sup |)Z'N7T(t)|ar] < 00. (A.15)
NeN te[0,T

Proof. First of all, note that in the given setting the growth condition also
holds true. Our main idea of proof is to show (A.15)) by means of Gronwall’s lemma.

N As a first step, observe that for each N € N the continuous-time tamed Euler scheme
XN, satisfies

E| sup |[Xn,(0)]"] < oo (A.16)
te[0,T
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due to the taming of the drift and the diffusion coefficent in its construction, see Remark 3
in Sabanis| (2016). Note, however, that one can not guarantee at the moment that this
bound holds uniformly in V.

Next, one establishes the moment bound

sup sup E[’XN,r(t)ﬂ <ec. (A.17)
NeNte[0,T)

This is shown in a completely analogous manner to Lemma 2 in |Sabanis (2016|), and we
therefore omit a proof.

We now turn to estimates which allow to apply Gronwall’s lemma in a final step.
Put @ :=a —1r € [2,a] as well as ty := |[tN/T|-T/N for t € [0,7] and N € N. Fix
N € N. First, applying It6’s formula to the It6 process yields that almost surely
we have

(14 %)

= (1+1¢H)™?

a [ =
+§./0 2 (1+ | Xy ()

o (@=2)/2 - T M(§N7§N,T’(§N))
| ) Xwr(s) L+ (T/N)Y2 - | Xy, (sy)]”

|2)(a74)/2

XN (S)T' U(§N7XN,T(~§N))
i 1+ (T/N)V2 - | Xy p(sn)|
2
ds

+(@=2)- (1+ | Xw(s)

U<§Na XN,?"@N))
1+ (T/N)Y2 - | Xy (sy)]
T J(§N’XN,T(§N))
L+ (T/N)Y2 - | Xy (sy)]”

(14 T ()

@-2)/2 -

Nr(9) dW (s)

+a./0t (1+|Xna())

for all t € [0,T]. Note that the Assumption |[(K,)| implies that [(Kgz)| is also satisfied.
By employing the Cauchy—Schwarz inequality and |(Kgz)l we obtain that almost surely it
holds

(1 + ])N(N,r(t)‘zf/z
By

t N (a-2)/2
+a./ (1+Zn(5))
0

- (Xnr(8) = Xnr(sn))

(a—2)/2 -
(14 [ X (sn)[?) ds

T M(§N,XN,T(§N))
1+ (T/N)V2 - | Xy, (sn)|"
@2/ . XN,T(S)T : O—(§N7 XN’TEQN)) T
1+ (T/N)V2 - | XN, (sy)]

dW (s)

v /Ot (1+Znr(5))
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for all ¢ € [0,T]. Now fix t € [0,T]. It follows from the considerations above that

~ a/2
IE{ sup (1+|XN7T(’U,)|2) / }
u€(0,t]

<E[(1+[¢*)™?] +c- E[/Ot (1+ \)Z'N,T(s)yz)(m)/2 1+ yX‘NJ(sN)P)} ds

t ~ a—2)/2
+a-E[/ (1+\XN77«(5)|2)( /
0

~ - Sn, Xnr(s (A.18)
| Fwate)  Rigpon) - e ]
1+ (T/N)Y2 - [ Xng(sn)]
u ~ a—2)/2
—l—a-E[ sup / (1+;XN,T($)|2)( )/
u€0,¢] /0
~ XN,
'XN,T(S)T' O'(§Na N, £§N)) _ dW(S):|
1+ (T/N)Y2 - | X (sn)]
By Young’s inequality, we obtain
¢ S (@-2)/2 ~
Bl [ (14 R ) (1 R en)?) as
(A.19)

t - a/2
S/ E{ sup (1+ |XN,r(u)|2> /} ds.
0 u€l0,s]

Moreover, the Cauchy—Schwarz inequality, the triangle inequality, Assumption |(pG/. ;)
Young’s inequality, and (A.17]) prove

EUOt (1 + |)~(N,T(s)|2)(a_2)/2

|Rwae) — Riglon)) - Knrlsn))

L+ (T/N)Y2 - | X (s)|

s} (A.20)

<c- sup E
u€[0,7T]

<ec.

(14 K wf?) "]

Next, one utilizes the Burkholder-Davis—Gundy inequality and the Cauchy—Schwarz
inequality to show

u ~ a-2)/2
E{ sup / (1+ ‘XNW(S)’Q)( /
u€el0,t] /0

. U(§N7)?N,T<§N))
L+ (T/N)Y2- [ X, (sn)|

‘ _ a—1 o(s ,X r(sn)
< @E[(/o (1+ |XN,r(5)|2> "1 4 (Tﬁj\%l/?]\-[|)?zif\,[r281v)|r

Zr(s)T - AW (s)| (A21)

2 1/2
ds) ]
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The growth condition the inequality /z-y < x/(2p) + yp/2 for all
x,y € [0,00) and p € (0,00), Young’s inequality, and (A.17) furthermore give
¢ N a1 X (s 2 1/2
2 O\SN> AN S
E (/ (1+|XN,T(S)1 ) ’ (N1 : r(w)) - ds)
0 L+ (T/N)Y2 - [ XNy (sy)]

cr ([ (4 1R (1 ) ds)”j

a/2

IN

IN

cE[( sup (1—1— ]X'Nr(u)|2)

u€[0,t]

t - (@2)/2 - (r+2)/2  \1/2
./0(1+|XN,T(S)\2) (14 X)) ds> 1 (A.22)

IN

1 - 9 a/Z}
— . E 1 XN
srvms Bl (14 Xneaf)

+c- sup IE[(1+|)?N7T(U)‘2)G/2}

u€[0,T]

1 . 2a/2:|
<—-E 1+ XNy +c.
S Sl 0 e

Combining (A.16]), Assumption |(I,), (A.18]), (A.19), (A.20)), (A.21), and (A.22) yields

N a/2 ¢ - a/2
E{ sup (1 + ]XNVT(U)IQ) } <c+c / E[ sup (1 + ‘XNm(u)!Q) ] ds.
uel0,f] 0 Lueo,g

Applying Gronwall’s lemma finally finishes the proof of this proposition. O

The next proposition states that the continuous-time tamed Euler schemes converge
strongly with order (at least) 1/2.

Proposition A.7. Let the Assumptions|(1,)], (H)], [(Kq)}, (M), and|(pLt)| be satisfied for
some a,b € [2,00) and r € [0,00) with a > 4r+2. Then for all ¢ € [1,min{b,a/(2r+1)})
there exists C' € (0,00) such that for all N € N it holds that

<C.-NY2

11X - X cqovT])HLq(m =

Proof. Essentially, the proof of Theorem 3 in Sabanis (2016) carries over here and is
therefore omitted. 0
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A.4 The Continuous-time Tamed Milstein Schemes

As before, we use ¢ to denote unspecified positive constants that may vary at every
occurrence and that may only depend on T, d, m, and the parameters and constants
from the assumptions used in the respective propositions.

First, we show finiteness of specific moments of the continuous-time tamed Milstein
schemes.

Proposition A.8. Let the Assumptions|(I,)} [(Ko) [(My)}, [(PL, ) (pL(VT‘iQ) Sl [(BYeH)
and be satisfied for some a,b € [2,00) and r € [1,00). Then it holds that

sup sup E[|}7N?T(t)|a} < 00.
NeNte[0,T]

Proof. Observe that, in this setting, the Assumptions |(locL)| [((LLG*)L [(pGyY*)} [(pL#))
(prfH)L |(LLG") (PGY3)h |(pL7‘nr 2)|7 and |(pGE’r+2) 2)| introduced in the Sections and
4.1 are also satisfied; see Remark Moreover, there exists C' € (0,00) such that for
alli € {1,...,d}, for all j1,j2 € {1,...,m}, for all t € [0,T], and for all z € R? it holds
that

(Vo - o) (t2)| < O (1+ |2])"

Lemma 3.3 in [Kumar & Sabanis (2019) proves Proposition in the case that the
SDE is autonomous and T' = 1. The key ingredients for the proof of the referenced
lemma are exactly the conditions given above. With some minor, obvious modifications,
one proves the desired result in the non-autonomous case in an analogous manner to the
autonomous case with general T € (0,00). Therefore, the proof is omitted. O

The next proposition states that the continuous-time tamed Milstein schemes con-
verge strongly with order (at least) 1.

Proposition A.9. Let the Assumptions |(I,)}, [(Ko)l (M)}, [(PL, ) (pL(VT‘iQ) Sl |[(BYeH)
and be satisfied for some a € [2,00), b € (2,00), and r € [1,00) with a > 12r 4 4.
Then for all g € [1,b) N[1,a/(3r + 1)] there exists C € (0,00) such that for all N € N it
holds that

% -1
sup HX(t) ~ Y, (t)H <C-N°L
te[0,T] L9

Proof. With some minor, obvious modifications towards the non-autonomous case, the

proof of Theorem 2.1 in Kumar & Sabanis| (2019) carries over here and is therefore
omitted. O
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Auxiliary Results

In this chapter, we provide two results from calculus, which are used at several places
in the proofs given in the Sections [3.6 and

First, we present a lemma containing a simple subsequence argument that is employed
in the proofs of the asymptotic lower bounds in Chapter

Lemma B.1. Let (an)nen be a sequence of real numbers and let C € R. Then the
following are equivalent:

(i) It holds that liminfy_,oc ay > C.

(ii) For every subsequence (an, )xen of (an)nen there exists a subsequence (aN,m)neN
of (an,)ren such that liminf, . an, > C.

Proof. First, assume that liminfy_,ocany > C. Let (an,)seny be a subsequence of
(an)nen. For all k € N, we have

inf {ay, | m > N} > inf {ay, | m > K},
which immediately yields
ligr_l}ioréfaNﬂ > hﬁH_l}%)Iéfa,{ > C.
Now assume that « := liminfy_,.c ay < C. Then for each x € N it holds that
inf {a,, |m >k} <a<(a+C)/2.

Thus, for every x € N there exists N, € N, N,, > &, such that ay, < (a+C)/2. Consider
the resulting subsequence (an, )ren of (an)nen. Let (an,, )nen be any subsequence of
(an, )ken. For all n € N, we have

inf {an,,, |m>n} <an,, <(a+0C)/2
and consequently obtain

liminfay,, < (a+C)/2<C.
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Next, we state a monotonicity property for power means, which is used in the proof
of Lemma [£.27]

Lemma B.2. Let N € N and let x1,...,xn € R. Then for all a, B € (0,00) with a < 3

it holds that
1 N 1/« 1 N 1/8
(N : Zlﬂ%“) < (N > !we!5> :

/=1 /=1

Proof. Without loss of generality, we may assume that the numbers x1,...,xy are
pairwise distinct. Consider a random variable X that is uniformly distributed on
{z1,...,zn}. Then we have

(4 Soier) = el < (o) < (& Sl

/8



111

List of Figures

|3.1 Monte Carlo approximations of the asymptotic constants C’Sio and C5% |
for the SDE (3.21))] . . . . . . . . . . ... 34
|3.2 Monte Carlo approximations of the errors egyoo(X]igl) and eg (X %}1,2)
versus [V and Monte Carlo approximations of the average number of eval-
nations ¢(X3J, ,) for the SDE (321)]. . . . ... ....... ... . ... 36
|4.1 Monte Carlo approximations of the asymptotic constants C’S% and C’;g |
for the SDE (4.27). . . . . . . . . . . . . . . .. .. .. .. ... ... . 76
|4.2 Monte Carlo approximations of the errors ez o(Yy') and 6272(Y1%fi2’2) versus

N and Monte Carlo approximations of the average number ot evaluations

c(Y3,,) for the SDE @27){. . . .. ... ............. .. ... 77




112 List of Figures




113

Bibliography

Beyn, W.-J., Isaak, E. & Kruse, R. (2016), ‘Stochastic C-stability and B-consistency of
explicit and implicit Euler-type schemes’, J. Sci. Comput. 67(3), 955-987.

Beyn, W.-J., Isaak, E. & Kruse, R. (2017), ‘Stochastic C-stability and B-consistency of
explicit and implicit Milstein-type schemes’, J. Sci. Comput. 70(3), 1042-1077.

Cambanis, S. & Hu, Y. (1996), ‘Exact convergence rate of the Euler-Maruyama scheme,
with application to sampling design’, Stochastics Stochastics Rep. 59(3-4), 211-240.

Fang, W. & Giles, M. B. (2018), Adaptive Euler—-Maruyama method for SDEs with
non-globally Lipschitz drift, in A. B. Owen & P. W. Glynn, eds, ‘Monte Carlo and
Quasi-Monte Carlo Methods’, Springer International Publishing, Cham, pp. 217-234.

Faure, O. (1992), Simulation du mouvement brownien et des diffusions, These de doc-
torat, Ecole Nationale des Ponts et Chaussées.

Gan, S. & Wang, X. (2013), ‘The tamed Milstein method for commutative stochastic
differential equations with non-globally Lipschitz continuous coefficients’, J. Differ.
Equ. Appl. 19(3), 466-490.

Guo, Q., Liu, W., Mao, X. & Yue, R. (2018), ‘The truncated Milstein method for
stochastic differential equations with commutative noise’, J. Comput. Appl. Math.
338, 298-310.

Hatzesberger, S. (2014), On the divergence of the Euler and the Milstein scheme for sto-
chastic differential equations with superlinearly growing coefficients, Master’s thesis,
Universitat Passau.

Hefter, M. & Herzwurm, A. (2017), ‘Optimal strong approximation of the one-
dimensional squared Bessel process’, Commun. Math. Sci. 15(8), 2121-2141.

Hefter, M., Herzwurm, A. & Miiller-Gronbach, T. (2019), ‘Lower error bounds for strong
approximation of scalar SDEs with non-Lipschitzian coefficients’, Ann. Appl. Probab.
29(1), 178-216.

Higham, D., Mao, X. & Stuart, A. (2002), ‘Strong convergence of Euler type methods
for nonlinear stochastic differential equations’, SIAM J. Numer. Anal. 40, 1041-1063.



114 Bibliography

Hofmann, N., Miiller-Gronbach, T. & Ritter, K. (2000a), ‘Optimal approximation
of stochastic differential equations by adaptive step-size control’, Math. Comp.
69(231), 1017-1034.

Hofmann, N., Miller-Gronbach, T. & Ritter, K. (2000b), ‘Step size control for the uni-
form approximation of systems of stochastic differential equations with additive noise’,
Ann. Appl. Probab. 10(2), 616-633.

Hofmann, N., Miiller-Gronbach, T. & Ritter, K. (2001), ‘The optimal discretization of
stochastic differential equations’, J. Complexity 17(1), 117-153.

Hutzenthaler, M., Jentzen, A. & Kloeden, P. E. (2011), ‘Strong and weak divergence
in finite time of Euler’s method for stochastic differential equations with non-globally
Lipschitz continuous coefficients’, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci.
467(2130), 1563-1576.

Hutzenthaler, M., Jentzen, A. & Kloeden, P. E. (2012), ‘Strong convergence of an explicit
numerical method for SDEs with nonglobally Lipschitz continuous coefficients’, Ann.
Appl. Probab. 22(4), 1611-1641.

Hutzenthaler, M., Jentzen, A. & Kloeden, P. E. (2013), ‘Divergence of the multilevel
Monte Carlo Euler method for nonlinear stochastic differential equations’, Ann. Appl.
Probab. 23(5), 1913-1966.

Johnson, B. M. & Killeen, T. (1983), ‘An explicit formula for the c.d.f. of the L; norm
of the Brownian bridge’, Ann. Probab. 11(3), 807-808.

Karatzas, I. & Shreve, S. E. (1998), Brownian Motion and Stochastic Calculus, 2nd edn,
Springer New York.

Kelly, C. & Lord, G. J. (2018a), ‘Adaptive Euler methods for stochastic systems with
non-globally Lipschitz coefficients’, arXiw:1805.11137 .

Kelly, C. & Lord, G. J. (2018b), ‘Adaptive time-stepping strategies for nonlinear sto-
chastic systems’, IMA J. Numer. Anal. 38(3), 1523-1549.

Kloeden, P. E. & Platen, E. (1992), Numerical Solution of Stochastic Differential Equa-
tions, Springer-Verlag, Berlin.

Kumar, C. & Sabanis, S. (2019), ‘On Milstein approximations with varying coefficients:
the case of super-linear diffusion coefficients’, BIT Numer. Math. 59, 929-968.

Lee, D. (1986), ‘Approximation of linear operators on a wiener space’, Rocky Mountain
J. Math. 16(4), 641-660.

Leobacher, G. & Szolgyenyi, M. (2018), ‘Convergence of the Euler-Maruyama method for
multidimensional SDEs with discontinuous drift and degenerate diffusion coefficient’,
Numer. Math. 138(1), 219-239.



Bibliography 115

Mao, X. (2007), Stochastic Differential Equations and Applications, 2nd edn, Horwood
Publishing Limited, Chichester.

Mao, X. (2015), ‘The truncated Euler-Maruyama method for stochastic differential equa-
tions’, J. Comput. Appl. Math. 290(C), 370-384.

Maruyama, G. (1955), ‘Continuous Markov processes and stochastic equations’, Rend.
Circ. Mat. Palermo. (2) 4, 48-90.

Milstein, G. N. (1995), Numerical Integration of Stochastic Differential Equations,
Springer Netherlands.

Miiller-Gronbach, T. (2002a), ‘The optimal uniform approximation of systems of sto-
chastic differential equations’, Ann. Appl. Probab. 12(2), 664-690.

Miiller-Gronbach, T. (2002b), Strong approximation of systems of stochastic differential
equations, Habilitation thesis, TU Darmstadt.

Miiller-Gronbach, T. & Yaroslavtseva, L. (2020), ‘On the performance of the Euler—
Maruyama scheme for SDEs with discontinuous drift coefficient’, Ann. Inst. H.
Poincaré Probab. Statist. 56(2), 1162-1178.

Ngo, H.-L. & Taguchi, D. (2017), ‘Strong convergence for the Euler—Maruyama approx-
imation of stochastic differential equations with discontinuous coefficients’, Statist.
Probab. Lett. 125(C), 55-63.

Sabanis, S. (2016), ‘Euler approximations with varying coefficients: The case of super-
linearly growing diffusion coefficients’, Ann. Appl. Probab. 26(4), 2083-2105.

Sabanis, S. & Zhang, Y. (2018), ‘On explicit order 1.5 approximations with varying
coefficients: the case of super-linear diffusion coefficients’, J. Complexity 50, 84-115.

Shepp, L. A. (1982), ‘On the integral of the absolute value of the pinned Wiener process’,
Ann. Probab. 10(1), 234-239.

Tolmatz, L. (2002), ‘On the distribution of the square integral of the Brownian bridge’,
Ann. Probab. 30(1), 253-269.

Tretyakov, M. V. & Zhang, Z. (2013), ‘A fundamental mean-square convergence theorem
for SDEs with locally Lipschitz coefficients and its applications’, SIAM J. Numer.
Anal. 51(6), 3135-3162.

Yaroslavtseva, L. (2017), ‘On non-polynomial lower error bounds for adaptive strong
approximation of SDEs’, J. Complexity 42, 1-18.



116 Bibliography




	Front Page
	Contents
	Introduction
	Problem Description and Main Results
	Notations
	Setting

	Strong Approximations of Stochastic Differential Equations and Strong Asymptotic Optimality
	Strong Approximations
	The Classes of Adaptive and of Equidistant Approximations
	Strong Asymptotic Optimality

	Strongly Asymptotically Optimal Approximations with respect to the Supremum Error
	Assumptions
	Literature Review
	The Equidistant and the Adaptive Tamed Euler Schemes
	The Continuous-time Tamed Euler Schemes
	The Equidistant Tamed Euler Schemes
	The Adaptive Tamed Euler Schemes

	Main Results
	Numerical Experiment
	Proofs
	Preliminaries
	Asymptotic Lower Bounds
	Asymptotic Upper Bounds


	Strongly Asymptotically Optimal Approximations with respect to the Lp Error
	Assumptions
	Literature Review
	The Equidistant and the Adaptive Tamed Milstein Schemes
	The Continuous-time Tamed Milstein Schemes
	The Equidistant Tamed Milstein Schemes
	The Adaptive Tamed Milstein Schemes

	Main Results
	Problems and Solution Approaches in the Case p =q
	Numerical Experiment
	Proofs
	Preliminaries
	Asymptotic Lower Bounds
	Asymptotic Upper Bounds


	Final Remarks and Outlook
	On some Properties of Specific Stochastic Processes
	Brownian Bridges
	The Solution Process
	The Continuous-time Tamed Euler Schemes
	The Continuous-time Tamed Milstein Schemes

	Auxiliary Results
	List of Figures
	Bibliography

