IEEE TRANSACTIONS ON INFORMATION THEORY

High-Resolution Scalar Quantization
with Rény1 Entropy Constraint

Wolfgang Kreitmeier and Tamds Linder, Senior Member, IEEE

Abstract—We consider optimal scalar quantization with rth
power distortion and constrained Rényi entropy of order «. For
sources with absolutely continuous distributions the high rate
asymptotics of the quantizer distortion has long been known for
a = 0 (fixed-rate quantization) and o = 1 (entropy-constrained
quantization). These results have recently been extended to
quantization with Rényi entropy constraint of order o > r + 1.
Here we consider the more challenging case « € [—o00,0) U (0,1)
and for a large class of absolutely continuous source distributions
we determine the sharp asymptotics of the optimal quantization
distortion. The achievability proof is based on finding (asymp-
totically) optimal quantizers via the companding approach, and
is thus constructive.

Index Terms—Companding, high-resolution asymptotics, opti-
mal quantization, Rényi entropy.

I. INTRODUCTION

ITH the exception of a few very special source distri-
butions the exact analysis of the performance of opti-
mal quantizers is a notoriously hard problem. The asymptotic
theory of quantization facilitates such analyses by assuming
that the quantizer operates at asymptotically high rates. The
seminal work by Zador [31] determined the asymptotic behav-
ior of the minimum quantizer distortion under a constraint on
either the log-cardinality of the quantizer codebook (fixed-rate
quantization) or the Shannon entropy of the quantizer output
(entropy-constrained quantization). (See the article by Gray
and Neuhoff [12] for a historical overview and related results.)
Zador’s results were later clarified and generalized by Bucklew
and Wise [5] and Graf and Luschgy [9] for the fixed-rate case,
and by Gray et al. [11] for the entropy-constrained case.
Recently, approaches that incorporate both the fixed and
entropy-constrained cases have been suggested. In [10] a La-
grangian formulation is developed which puts a simultaneous
constraints on entropy and codebook size, including fixed-
rate and entropy-constrained quantization as special cases.
Another approach that has been suggested in [10] and further
developed in [18], [19] uses the Rényi entropy of order o of
the quantizer output as (generalized) rate. One obtains fixed-
rate quantization for « = 0, while a = 1 yields the usual
(Shannon) entropy-constrained quantization approach.
The choice of Rényi entropy as the quantizer’s rate can
be motivated from a purely mathematical viewpoint. In the
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axiomatic approach to defining entropy, Rényi’s entropy is a
canonical extension of Shannon-entropy, satisfying fewer of
the entropy axioms [26], [1]. From a more practical point of
view, the use of Rényi entropy as quantizer rate is supported by
Campbell’s work [6], who considered variable-length lossless
codes with exponentially weighted average codeword length
and showed that Rényi’s entropy plays an analogous role to
Shannon entropy in this more general setting. Further results
on lossless coding for Rényi entropy were obtained in [24].
Jelinek [16] showed that Rényi’s entropy (of an appropriate
order o € (0, 1)) of a variable-length lossless code determines
the encoding rate for a given reliability (exponential decrease
of probability) of buffer overflow when the codewords are
transmitted over a noiseless channel at a fixed per symbol
rate. At least in such situations, measuring the quantizer’s rate
by Rényi’s entropy is operationally justified. An overview of
related results can be found in [2]. The diverse uses of Rényi’s
entropy (and differential entropy) in emerging fields such as
quantum information theory (e.g. [15]), statistical learning
(e.g. [17]), bioinformatics (e.g. [21]), etc., may also provide
future motivation for this rate concept.

The only available general result on quantization with
Rényi entropy constraint appears to be [18] where the sharp
asymptotic behavior of the rth power distortion of optimal
d-dimensional vector quantizers has been derived for a €
[1 + r/d,o0]. The proof shows that for these « values the
optimal quantization error is asymptotically determined by
the distortion of a ball with appropriate radius around the
most likely values of the source distribution. Thus it suffices
to evaluate the rth moment of this ball (see [18, Theorem
4.3]), which remarkably simplifies the derivation and makes
the case @« > 1+ r/d quite unique. In the classical (o« = 0
and a = 1) settings, the contributions of the codecells of an
optimal quantizer to the overall distortion are asymptotically
of the same order. Bounds on the optimal performance in
[18] suggest a similar situation for v < 1 4 r/d, making the
problem more challenging than the case o > 1+ r/d.

In this paper, at the price of restricting the treatment to
the scalar (d = 1) case, we are able to determine the
asymptotics of the optimal quantization error under a Rényi
entropy constraint of order & € [—00,0) U (0,1) for a fairly
large class of source densities. The achievability part of the
proof (providing a sharp upper bound on the asymptotic
performance) is constructive via companding quantization. In
particular, we determine the optimal point density function
for each o € [—00,1 + r) and provide rigorous performance
guarantees for the associated companding quantizers (for
a = 0 and o = 1, these results have of course been known).
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Matching lower bounds are provided for « € [—o00,0)U(0, 1),
which leaves only the case o € (1,1+7) open. We note that in
proving the matching lower bounds, one cannot simply apply
the techniques established for & = 0 or a« = 1. In our case
the distortion and Rényi entropy of a quantizer must be si-
multaneously controlled, a difficulty not encountered in fixed-
rate quantization. Similarly, the Lagrangian formulation that
facilitated the corrected proof of Zador’s entropy-constrained
quantization result in [11] cannot be used since it relies on the
special functional form of the Shannon entropy. On the other
hand, using the monotonicity in « of the optimal quantization
error, one can show that our results imply the well-known
asymptotics for o« € {0, 1}, at least for the special class of
scalar distributions we consider.

The paper is organized as follows. In Section II we introduce
the quantization problem under a Rényi entropy constraint
and review some definitions and notation. In Section III, after
summarizing some related work, we state our main result. The
next three sections are devoted to developing the machinery
needed in the proof. Section IV presents results on the asymp-
totic distortion and Rényi entropy of companding quantizers,
which, with the proper choice of the compressor function in
a Bennett-like integral, will turn out to be (asymptotically)
optimal. In Section V technical results needed mostly for
establishing lower bounds are developed. Section VI presents
upper and lower bounds on the optimal quantization error for
mixture distributions. Section VII contains the proof of the
main results. Section VIII contains concluding remarks and
a discussion on extending the results to vector quantization.
All the longer, technical proofs of the auxiliary results are
relegated to the appendices.

II. PRELIMINARIES AND NOTATION

We begin with the definition of Rényi entropy of order a.

Definition 2.1: Let N := {1,2,...}. Let a € [—00, 0]
and p = (p1,p2,...) € [0,1]" be a probability vector, i.e.,
> oo, pi = 1. The Rényi entropy of order «, H*(p) € [0, 0],
is defined as (see [26], [1, Definition 5.2.35] and [14, p. 1])

1E(,10g<2 p?>7 a e R\ {1}

2:p; >0

H%(p) = *;pilogm, a=1
—log (max{p; : i € N}), a =00
—log (inf{p; : i € N, p; > 0}), a=—o0.

We use the conventions 0 - log0 := 0 and 0° := 0. All
logarithms are to the base e.
Remark 2.2: (a) With these conventions we obtain

H'O(p) = log (card{i € N: p; > 0}),

where card denotes cardinality. Using I’Hospital’s rule it is
easy to see, that the case a = 1 follows from the case o # 1
by taking the limit o — 1 (see, e.g., [1, Remark 5.2.34]).
Moreover, one has

lim H(p) = H*(p),

a—00

lim H%(p) =

a—r—00

H™>(p). (1)

(b) We note that the usual definition of Rényi entropy is
restricted to nonnegative values of the order o. However, it
will turn out that the case o < 0 can be handled without too
much additional technical difficulties, and we believe that this
generalization may turn out to have useful implications.

Now let d € N and X be an R?-valued random variable
with distribution p. Let I C Nand S = {S; : ¢ € I} be a
countable and Borel measurable partition of R¢. Moreover let
C = {c; : i € I} be a countable set of distinct points in R%.
Then (S,C) defines a quantizer q : R — C such that

q(z) = ¢ if and only if x € S;.

We call C the codebook and the c¢; the codepoints. Each S; €
S is called codecell. Clearly, C = q(R?) (the range of q).
Moreover,

S={¢"'(2) : z € q(R")}

where ¢7(z) = {z € R? : g(z) = 2}. Let Q  denote
the set of all quantizers on R?, ie., the set of all Borel-
measurable mappings ¢ : R? — R? with a countable number
of codepoints g(R?). The discrete random variable ¢(X) is a
quantized version of the random variable X whose distribution
is denoted by 10 ¢~!. In measure-theoretical terms the image
measure 4 o ¢~ has a countable support and defines an
approximation of y, the so-called quantization of u by ¢q. With
any enumeration {iq,iz,...} of I we define

H(q) = H*(1(Si,), 1(Si,), - - .) (2)

as the Rényi entropy of order a of g with respect to .
We intend to quantify the error in approximating the original
distribution ;& with its quantized version p o ¢~ '. To this
end let | - || be any norm on R and p : [0,00) — [0, 00)
a strictly increasing function. For ¢ € Q4 we measure the
approximation error between X and ¢(X), resp. p and pog™ 1,

also called the quantizer distortion, as

D,.(q) = Ep(|X — q(X))) = /p(llx —q(@)]]) du(z).
For any R > 0 we define
Dy (R) =inf{D,(q) : ¢ € Qua, H;(q) <R},  (3)

the optimal quantization distortion of x4 under Rényi a-entropy
bound R. We note that Di}(R) is a nonincreasing function of
« (see Lemma 2.3).

We call a quantizer g optimal for p under the entropy
constraint R if D, (q) = Dj;(R) and H(¢q) < R. In the rest
of this paper we focus on the one-dimensional case (scalar
quantizers, d = 1) and the so-called rth power distortion
measure p(x) = ", where » > 1. Thus the distortion of
quantizer ¢ € Q; is given by

D, (q) = EIX — o(X)|" = / & — g(a)|" dpu(z).

For simplicity we write Q1 = Q. Also, let Q¢ C Q denote
the set of all scalar quantizers with finitely many codecells,
each of which is an interval, and such that every codepoint lies
in the closure of the corresponding codecell. The following
lemma (proved in A) presents two key properties of optimal
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quantization under Rényi entropy constraint.
Lemma 2.3: For all R > 0 and «, 8 € [—00, 00| with 5 <
«, we have
B «
Di;(R) > Dyj(R). 4)

Assume that F|X|" < oo and p is nonatomic. Then for all
R >0 and « € [—00,0], we have

Dy(R) =inf{D.(q) : ¢ € Q°, Hy(q) <R}  (5)
while for all a € (0, o0},
DY(R) =inf{D,(q) : ¢ € Q°, H(q) = R}.  (6)

The second statement of the lemma says that under the
given conditions the optimum quantizer performance can be
approached arbitrarily closely by quantizers in Q€. For this
reason, in the rest of the paper all quantizers will be assumed
to belong to Q¢; in particular, we only consider quantizers with
finitely many interval cells. According to (6), when « € (0, <]
it suffices to consider only those quantizers in Q° whose
entropy attains R.

From [18, Thm. 5.2] it is known that for « € [0,1] the
product eT'RDﬁ(R) remains bounded and is bounded away
from zero as R — oo. This motivates the following notion
of quantizer optimality that will play an important role in our
work.

Definition 2.4: Let (¢n)neny C Q be a sequence of quan-
tizers such that Hg(gn) — oo as n — oo. If DY (R) — ¢
as R — oo for some ¢ € (0,00) and

lim e D, (q,) = ¢, (7

n—oo

then we call (g,)nen an asymptotically optimal sequence of
quantizers for p.

We denote by A the one-dimensional Lebesgue measure. For
a measurable real function f on R and measurable nonempty
set A C R, essinfy f =sup{b: A\{z € A: f(z) < b}) =
0} denotes that the essential infimum of f on A. Similarly,
esssup, f = inf{b : A{z € A : f(z) > b}) = 0} is the
essential supremum of f on A. We let supp(u) denote the
support of x4 defined by

supp(p) = {z: pu((x —e,x +¢€)) > 0 for all e > 0}.

Note that supp(yu) is the smallest closed set whose comple-
ment has 4 measure zero. We will often deal with the situation
where supp(u) is contained in a bounded interval I. In such
cases, we usually leave a quantizer ¢ € Q undefined outside
I, as we may since pu(R\ I) = 0.

Let Z denote the set of all integers and assume A > 0.
The infinite-level uniform quantizer §a on R has codecells
{(iA, (i + 1)A] : i € Z} and corresponding codepoints that
are the midpoints of the associated cells, so that ga(z) =
(i +1/2)A if and only if z € (iA, (i + 1)A].

III. MAIN RESULTS

First we summarize the known results regarding the sharp
high-rate asymptotics of the distortion of optimal scalar quan-
tizers. In order to unify the treatment, we reformulate the
classical (resolution and entropy) rate constraints in terms of

the Rényi entropy with appropriate order. For » > 0 we let
1
(14r)2r
Theorem 3.1 ([31], [5], [9], [11], [18]): Let » > 1 and
W = g + ps be the Lebesgue decomposition of distribution
w1 of the scalar random variable X with respect to the one-
dimensional Lebesgue measure A\, where 1, denotes the abso-

lutely continuous part and ps the singular part of ;. Assume
that p,(R) > 0 and let f = % be the density of 1.

(i) If @ =0 and E|X|"*° < oo for some § > 0, then

147
lim e"®DY(R) = C(r) ( / fl/(1+r>dA> . ®

C(r)=

R—o0

() If « = 1, pus(R) =0, fflogfd)\ exists and is finite,
and H}(4a) < oo for some A > 0, then

lim e"®DL(R) = C(r)e/ [loafdr, 9)

R—o0
(i) If a € [1 47,00, us(R) = 0, E|X|"+® < oo for some
0 > 0, and esssupy f < oo, then
lim e TAED(R) = C(r) (esssuprf) ",
R—o0
where f(a) = (a—1)/aif a € [1+7,00) and f(a) =1
if a = 0.

Note that f is a probability density function if and only if
ws(R) = 0. Part (i) of the theorem is originally due to Zador
[31] who considered the multidimensional case; corrected and
generalized proofs were given by Bucklew and Wise [5] and
Graf and Luschgy [9]. Part (ii) is also due to Zador [31] with
corrections and generalizations by Gray et al. [11]. Part (iii) is
due to Kreitmeier [18] who also gave upper and lower bounds
for the case a € (1,1 + ).

Definition 3.2: A one-dimensional probability density func-
tion f is called weakly unimodal if f is continuous on its
support and there exists an lo > 0 such that {z : f(z) >} is
a compact interval for every [ € (0,1lp).

Remark 3.3: Note if f is weakly unimodal density, then it
is bounded and its support is a (possibly unbounded) interval.
Clearly, all continuous unimodal densities are weakly uni-
modal. Thus the class of weakly unimodal densities includes
most parametric source density classes commonly used in
modeling information sources such as exponential, Laplacian,
Gaussian, and generalized Gaussian densities.

For a € (—oo, 7+ 1) \ {1} we define

_l—a+r

l—a+ar
) g =

l—a+r
The following is the main result of the paper.

Theorem 3.4: Let r > 1 and assume that the distribution
w of X is absolutely continuous with respect to A having
density f. Assume that esssupp f < oo and let M =
(inf(supp(p))),sup(supp(g))). In either of the following
cases:

(i) a € (0,1), E|X|"*° < oo for some § > 0, and f is
weakly unimodal,
(i) a € (—00,0), essinfy; f > 0 and f is continuous on M,

ay = (10)

l1—«
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we have

(1)

R—o0

az
lim ¢"RD%(R) = C(r) ( /M o d/\) .
If essinfy; f > 0 and f is continuous on M, then

lim ¢"*D;*(R) = C(r) (

R—o0

frr d)\) . (12
M

The proof of the theorem is given in Section VII. Upper
bounds will be established using a companding approach,
while matching lower bounds are developed by considering
increasingly more general classes of source densities.

Remark 3.5: (a) Note that if we formally substitute o« = 0
in (11), it reduces to (8). Moreover, it is easy to show that
(11) reduces to (9) if « — 1. Due to monotonicity of the
quantization error (Lemma 2.3) and by the upper bound for
the quantization error for o € [—o0, 1+7) (Corollary 4.11) one
can rigorously show that the known asymptotics for « € {0, 1}
also follow from Theorem 3.4, at least in the scalar case and
under our restrictions on the source density.
(b) The results of the theorem can be expressed in terms of
the Rényi differential entropy h®(p) = 2 log([ f*d\) of
order o # 1. It is easy to check that (11) can be rewritten as

lim e”’RDl‘f(R) = C(r)emh™ ), (13)
R—o0
Setting a; = limg__ oo ﬂjﬁﬁf = 1—17r for « = —o0,

we also obtain (12) from the above expression. Also, for
a = 0 we have a1 = ﬁ, and (13) reduces to (8); while for
a =1, we have a; = 1, and we formally get back (9) since
limg, 51 b (1) = h'(u) = — [ flog f dX (cf. Section IV-B).
Thus (13) expresses the old and the new asymptotic results in
a unified form.

(c) Since essinfy; f > 0 the right hand side of (12) is finite.
For the same reason, the right hand side of (11) is finite for
all @ < 0. For « € [0,1) the right hand side of (11) can be
shown to be finite by an application of Holder’s inequality as
in [9, Remark 6.3 (a)].

(d) The weak unimodality and continuity conditions on f
are the results of our approximation techniques in proving
lower bounds and are probably not necessary. In fact, with a a
little tweaking of the companding approach in the next section
one can show that the right hand sides of (11) and (12) still
upper bound the asymptotic performance if these conditions
are dropped.

(e) Note that condition (ii) implies (i). Also, the right hand side
of (11) converges to the right hand side of (12) as o — —o0.
(f) The condition r > 1 is needed in the proof of the lower
bounds on Djj(R) where [19, Thm. 3.1] is invoked (see
Proposition 7.2). The upper bounds only need » > 1 (see
Section 1V).

IV. DISTORTION AND RENYI ENTROPY ASYMPTOTICS OF
COMPANDING QUANTIZERS

A. Companding quantizers

Let N > 2 and Qn € Q denote the N-level uniform scalar
quantizer with step size 1/N for sources supported in the unit

interval [0, 1] defined by Qn(x) = 1/2N if x € [0,1/N] and

i—1 1 . i—1 1
for 4 = 2,...,N, The compressor G derived from a

probability density g on the real line is the function

G = [ " o) dA().

15)

Thus the increasing function G : R — [0, 1] is the cumula-
tive distribution function associated with the density g. The
generalized inverse G of G is defined by

Gly) =sup{z: G(z) <y} = max{z : G(z) <y}

for y € (0,1). Note that if g is positive almost everywhere
with respect to A (a.e. for short), then G is strictly increasing
and G is its (ordinary) inverse.

In this paper we will work only with compressor densities g
having compact support, i.e., if v denotes the measure induced
by ¢, then supp(v) is bounded. Thus we can extend the
definition of G onto [0, 1] by letting

G(0) := min{supp(r)} and G(1) := max{supp(v)}.

The N-level companding quantizer (), y associated with g is

defined on [G(0),G(1)] by
Qq.n(7) = G(QN(G(2))).

Note that the codecells of (g N are N intervals
Il,Na .. -7IN,N with II,N = [G(O),G(l/N)] and

Ly = (G((i —1)/N),G(i/N)], i=2,...,N.
The corresponding quantization points are é((2z —

1)/2N),i=1,...,N.

Remark 4.1: (a) The function g is often called the point
density for Qg n(z) since it has the property that for any
a < b,

lim %card(Qg,N((a,b)))z / o(z) dA(z).

N—o0

(b) If Py is an arbitrary IN-level quantizer on R having convex
(interval) codecells, then it can be implemented as a compand-
ing quantizer. In particular, there exists a positive point density
g such that Py (z) = Q4 n(z) for all (except perhaps a finite
number of) x € R (any z such that Py(x) # Qg n(z) is a
cell boundary for both quantizers).

The following result represents the error asymptotics of the
compander if the number of output levels increases without
bound. The result originates with Bennett [3] for r = 2 and
has appeared in the literature in several different forms (but
most often without precise conditions and a rigorous proof);
see [12] for a historical overview. The proof is given in A and
follows the development in [22] which gives a rigorous proof
for the limit (16) under different conditions that include the
continuity of g and certain tail conditions, but allow f and g
to have unbounded support.

Proposition 4.2: Let X be a random variable with distribu-
tion p which is absolutely continuous with respect to A and let
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f denote its density. Let G be a compressor with point density

g. Assume that the support of p is included in a compact

interval I such that essinf; g > 0 and g(z) = 0 a.e. on R\ I.
Then for » > 1,

: f

Jim NTD,(Qq ) = O) /1 Lo as

Remark 4.3: Since essinfrg > 0 we know that p is

absolutely continuous with respect to g\ and [, gir dX\ < oo.

B. Rényi entropy asymptotics of companding quantizers

In order to be able to construct asymptotically optimal
companding quantizers (cf. (7)), in addition to the asymptotic
distortion, we also have to control the quantizer’s entropy,
at least for high rates. In this section we derive a result
(Proposition 4.8) which asymptotically describes the Rényi
entropy of the compander as a function of the number of
quantization points. Let 14 denote the indicator function of
ACR

Definition 4.4: Let p  be  absolutely  continuous
with respect to A with density f and define
M = (inf(supp(u)), sup(supp())). Let o € [—oc,oc]
and assume that

(i) Lgupp(u)f® is integrable if o € R\ {1},
(ii) essinfp; f > 0 if @ = —o0,
(iii) flog f is integrable if o = 1,
(iv) esssupp f < oo if o = +00.
Then the Rényi differential entropy of order v of p is defined
by

e log(fsupp(u) fedr), aeR\{1}

B () = — [ flog fdA, a=1
s — log(esssupg f), =00
—log(essinf s f), o = —00.

Remark 4.5: Just as in the case of Rényi entropy (see Re-
mark 2.2) the mapping [—o0, 00] 3 a — h®(u) is continuous
for the differential entropy.

Recall that ga denotes the infinite-level uniform quantizer
with step-size A > 0. Recall M from Definition 4.4 and let
AA, M) = {a € a(R) : g (a) € M} and

D

a€A(A,M)

aa,m() = a- 1@;1((1)(')-

The following result is due to Rényi [27] and Csiszar [8]
for v € (0,00). The proof for « € [—o0, 0] is given in A.

Lemma 4.6: Let p be absolutely continuous with respect to
A having density f. Let a € [—00,00) and assume that the
Rényi differential entropy of order v of y exists and is finite.
Assume that H(ga) < oo for some A > 0. If o € (—00, 00),
then

AILHO (HS(QA) + 10g(A)) — ha(/i)
Moreover,
iigo (HM—OO(@A,M) + log(A)) — h™(u).

Next we define the Rényi relative entropy between two
probability measures for the case where both have densities.

Definition 4.7: Let p and v be probability measures which
are absolutely continuous with respect to A. Denote by f and g
the densities of p and v. Moreover, assume that 4 is absolutely
continuous with respect to v and, therefore, we assume w.l.o.g.
that {g = 0} C {f = 0}. Setting

E={f>0} and M = (inf(supp()), sup(supp(p)))

the Rényi relative entropy of order o between the distributions
w and v is defined as

aillog<fEfag1_ad/\>, aeR\ {1}

Da(ully) = { i /108 5 42, a=1
log(esssupg %), o =00
log(essinf py g), a=—00

A7)
(For D_(u||v) to be well defined, we need the condition
essinfy; f > 0.)

The following result determines the asymptotics of the
Rényi entropy of a companding quantizer.

Proposition 4.8: Let a € [—00,00). Suppose p and v are
as in Definition 4.7 and D, (u||v) < co. Then

lim
N—oo

(#12(Qu) = tou N ) = =Dl

Remark 4.9: (a) For the sake of distortion analysis we

previously specified that g has bounded support, but in this
proposition the only condition on f and g is the finiteness of
D (pa|lv).
(b) In a sense, the proposition generalizes Lemma 4.6. Indeed,
if the support of y is included in a compact interval I and g is
the uniform density on I, then Qg4 n is the uniform quantizer
of step-size Ay = A(I)/N over I, and the proposition reduces
to Lemma 4.6 (for the sequence of step-sizes A ).

Proof: Recall the definition of the compressor G from (15).
We proceed in two steps.

1. We show that h®(pu o G=1) = —D,(ul|v) for every a €
[—00, 00).

Let a € (—o0,00)\{1} and let fg be the density of oG !
(see Lemma A.1 in A). Definition 4.4 and Lemma A.1 imply
h*(uoG™)

= ! log/(fc)a dA

l-«a
= o log [(GWNE W) AW
1 A o A 1—a A
= es( [, HGW G G m aw)
1 a — N _
= oo [ @)@ @) ) = ~Dalulv)

where in the penultimate equality we used again the chain
rule for the Lebesgue integral (see [30, Corollary 4]), which
is applicable due to the monotonicity of G and the integrability
of fg'=< (which follows from the finiteness of D, (i||v)).
Note that the above chain of equalities implies that (fg)* is
integrable. One can deduce the assertion of step 1 for a €



IEEE TRANSACTIONS ON INFORMATION THEORY

{—00, 1} in a very similar manner.

2. Now we prove the assertion of the proposition. Since G is
increasing and continuous, G is strictly increasing on (0, 1).
Recall the definition of @y in (14) and note that Qn = Gi/n
on (0,1). Then

i (Qgn) = Hpjog-1(Qn) (18)

for all @ € [—o0,00). Since p o G71((0,1)) = 1, we
obtain H ,_1(Qn) = HJ ;-1(d1/n). In view of (18) we
deduce H}(Qg,n) = H},5-1(d1/n). From step 1 and by the
assumption we know that h%(y o G™1) is finite. Since qi/N
has no more than N cells with nonzero poG —1 _measure, the
entropy H ;YOG—I(Ql /N) is also always finite. Lemma 4.6 and

step 1 imply
1\}1_1}1100 (Hﬁ‘(Qg’N) —log N)

= i (g ) ~ o)

h¥(po G™1) = =Da(ullv).

O

Remark 4.10: Although we do not need this fact in the

sequel it is worth noting that Lemma 4.6 and Proposition 4.8

are also valid for o« = oo. For example, by an application of
Lebesgue’s density theorem one can show that

- sup{u(ds'(a) 0 € da(R)}

gl—m A

= esssupg f,

which yields the assertion of Lemma 4.6 for o« = co. General-
izing the proof of Proposition 4.8 to av = oc is straightforward.

C. Optimal point densities

Combining the previous results we can find a companding
quantizer which provides an (asymptotic) upper bound for the
optimal quantization error. Later on we will show that this
quantizer is an asymptotically optimal one. Recall definition
(10) of a1 and as.

Corollary 4.11: Let r > 1 and o € [—00,1 + 7). Assume
that p is supported on a compact interval / and has density
f such that essinf; f > 0. Moreover, assume that f®' is
integrable if « € (1,1 +r) and flog f is integrable if o = 1.
Let

(f; fYe2dN) " fe, ace (—oo, 14 7) \ {1}

F=<C\1) 1y, a=1
fs a = —00.
19)
Then,
Jim QD (Q e )
Cr)(f; f@dN), o€ (=00, 1+7)\ {1}
= {C(r)e S floafdr o —1 (20)
C(r) [, f1TdA, a = —o0.
Proof: 1t is not hard to show using Holder’s inequality

that f?11; is integrable for every o € (—oo, 1+ 7) \ {1} (cf.

[9, Remark 6.3 (a)]). Moreover f!~" is integrable. Clearly,
f1/221; is integrable for every o € (=00, 14 r). These facts
imply that f* is well defined (note that essinf; f* > 0),
J f/(f*)"dX\ < oo, and the integrals on the right hand side
of (20) are finite. It is also easy to check that D, (|| f* ) is
finite. Thus we can apply Propositions 4.8 and 4.2. We obtain

lim ™ @ N D (Qfe )

N—oo
— 3 —rDa(pllf*X) pnyr .
m e N'Dyu(Qf-.N)
—rDa N ¢ )/ N
e r .
r (f*)"
Now (19) and (17) yield the assertion. U

Remark 4.12: For @ € [—o00,1 + r) the point density
g = f* in the corollary minimizes the asymptotic perfor-
mance ]\}iirlmeng(ngN)DH(Qg,N). For « = 0 and a = 1
this optimal choice of g has long been known. In the case
a € (—oo,1+7r)\ {1}, by Propositions 4.2 and 4.8 the above
limit is proportional to

fegt > dx o fg~"dA
I I

and Hoélder’s inequality (for @ < 1) or the reverse Holder
inequality (for o € (1,1 + 7)) can be used to show that this
functional is minimized by g = f*. The resulting minimum
is ([, f* d\)™. The case a = —oo follows by letting o —
—00.

V. SOME IMPORTANT PROPERTIES OF OPTIMAL SCALAR
QUANTIZATION

Define

s(f) = esssupgypp(p) f-

For the case o = 0 the following result is originally due to
Pierce ([25], [9, Lemma 6.6]). In our proof, given in A, we use
a refined version provided by Luschgy and Pages [23, Lemma
1].

Proposition 5.1: (i) If R > 1 and [ |2|""# du(z) < oo for
some [ > 0, then there exists a constant Cy > 0 (which
depends only on r and [3) such that

i(f) = ess infsupp(u) s

" ‘ r/(r+8)
D) < Co ([ 1o dut) )

for every a € [0, o0].

(ii) Suppose supp(u) is a compact interval and p absolutely
continuous with respect to A with density f. Assume that
i(f) > 0. Then for all & < 0

< 2
—al)

As an immediate consequence we obtain the following.

Corollary 5.2: Under either condition (i) or (ii) of Propo-
sition 5.1 we have limpg_,o, Djj(R) = 0.

Let diam(A) = sup{|z—y| : #,y € A} denote the diameter
of an arbitrary non-empty set A C R. The next result shows
that the measure of the codecells of optimal quantizers tends to
zero for absolutely continuous distributions. The proof, given

¢"RD%(R) @1
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in A, adopts some techniques of Gray et al. [11, Proof of
Lemma 11].

Lemma 5.3: Let n be absolutely continuous with respect to
A having density f. Assume further either of the following
conditions
(i) a€[0,00] and [ |z|"*# du(z) < oo for some B > 0,
(ii) o < 0 and supp(u) is a compact interval and 0 < i(f) <

s(f) < 0.

Then for every € > 0 there exists an Ry > 0 with the property
that for every R > Ry there is a § > 0 such that

max{u(qg '(a)):a € q(R)} < e (22)

for every ¢ € Q with H}(q) < R and |D,(q) — Dy}(R)| < 4.
If, additionally, in case (i) the support of p consists of m > 1
compact intervals Iy, ..., I, and i(f) > 0, then in both cases
(i) and (ii) we have
max{diam(¢~'(a) N ;) : a € ¢(R),i € {1,...,m}}
< e-i(f)7t (@23)
where m =1 and I; = [ for case (ii).

Let i be absolutely continuous with respect to A and denote
the density of y with f. Let

() (o) o0 e

For any ¢ € Q let
Ny ={a € q(R): u(g~"(a)) > 0}.

In the case o < 0 we need to control in our proofs the
cardinality of the codebook of any quantizer whose entropy
is less than or equal to the rate constraint R. To this end, for
R > 0, we define

Hr={qe Q":

In addition, we will have to control the difference between
the rate constraint and the entropy of the quantizer. Thus, for
a € (—o00,0), arbitrary constant x > 0, and R > 1og(21_:’1),
we define

Kr = Kgr(k)

Hj(q) <R, Celt < card(N,) < et}

1

« 1 11—«
_ L R-HZ(0) < .
{QEHR e ‘ —<1_(21—a_1)5—1e—R> }

The next lemma is proved in A.

Lemma 5.4: Let u be absolutely continuous with respect to
A having density f. Assume that supp(u) is a compact interval
and 0 < i(f) < s(f) < co. For every a € [—00,0] and R > 0
we have

D(R) = inf{D,(q) : q € Hr}. (25)
If o« € (—00,0) and R > log(¥), then
Di(R) = inf{D,(q) : ¢ € Kr(C)}. (26)

We let U(I) denote the uniform distribution on a bounded
interval I C R with positive length. Let m > 2 and let
I,...,I,, be a partition of I into m intervals of equal length
diam(I)/m. Let s1,...,8y, € (0,1)™ with > 1" s, = 1

and assume the source distribution is of the form pu =
St siU(I;). Of special interest in our proofs are the code-
cells which are straddling the intervals I;,. Hence we define
for any quantizer ¢ € Q the sets
m
A(g) = [J{a € qR) : Mg (@) \ I;) = 0}

i=1

27)

and
S(q) = q(R) \ A(q).

In the proof of our main result we have to ensure that the
contribution of the straddling cells to the overall entropy of
the quantizer can be (asymptotically) neglected. For a« < 0
this is the case if it suffices to consider only quantizers with
the property that the length of each straddling cell is at least
as large as a certain (fixed) constant times the length of the
smallest non-straddling cell. Exactly this is ensured by the
following lemma which sharpens Lemma 5.4. The proof is
given in A. Recall the definition (24) of the constant C' and
let 1 € (0,C). For R > log(Z—=1) let

Gr = Gr(k)
= {q € Kr(r):2inf{diam(¢ " (a) N I):a € S(q)}
> inf{diam(q~'(a)) : a € A(q)}}.

(28)

Lemma 5.5: Assume that =Y., s;U(I;) is a piecewise
uniform distribution as specified above. Let » > 1 and x €
(0,C). Then for every @ € (—00,0) there is an Ry(x) > 0
such that for every R > Ro(k),

Dg(R) = inf{Dyu(q) : ¢ € Gr(r)}.

A bijective mapping 7" : R — R is called a similarity
transformation if there exists ¢ € (0, c0), the scaling number,
such that |T'z — Ty| = c|z — y| for every =,y € R. The last
result of this section describes how the optimal quantization
error scales under a similarity transformation. For o = 0 the
reader is also referred to [9, Lemma 3.2]. Let us denote by

Ca(R) = {q € Q°: Dulq) = DE(R)}

the set of all optimal quantizers in Q¢ for p under Rényi
entropy constraint R of order o.

Lemma 5.6: Let o € [—oo,00] and T : R — R be a
similarity transformation with scaling number ¢ > 0. Then
for any R > 0 we have

Dior-1(R) = "Dy (R).
Moreover,
Coop-1(R)={ToqoT " : g€ C(R)}.

Proof: The lemma follows because for any ¢ € Q we have
g:=TogoT '€ Q, HE poi(q) = Hi(q), and Dyyor-1(q) =
"D, (q) (also, ¢ € Q° iff g € Q°). See also [19, Lemma 2.4]
where o > 0 and r > 1 are considered, but the same proof

clearly works for all & < 0 and r > 0. ]

VI. INEQUALITIES FOR MIXTURE DISTRIBUTIONS

In this section we provide upper and lower bounds for
the optimal quantization error of mixture distributions in
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terms of the optimal quantizer performance for the component
distributions. Proofs are given in A.

Definition 6.1: Let m > 2 and Aq,..., A,, be measurable
sets which are pairwise disjoint. The distribution p is called
m—divisible with respect to (A, ..., An) if u(A;) > 0 for
alli=1,...,mand p(U2;4;) =1

For any measurable A C R with u(A) > 0 we let p(-|A4)
denote the conditional probability of ;. with respect to A, i.e.,
w(B|A) = (BN A)/u(A) for all measurable B C R. If 4 is
m—divisible, then we write p; = u(-|A4;).

Proposition 6.2: Let R > 0, a € [0,00) \ {1}, and m > 2.
Assume that p is m—divisible with partition (Ay,..., An).
Moreover assume, that [ |z|"du;(z) < oo for every i =
1,...,m. Let Ry,..., Ry € [0,00). Letting s; = pu(4;), we

have
m
S
i=1

if either one of the following inequalities holds:

log (Z s?e(lo‘)Ri>

log (Zsa (1-a) )

Recall the definition (10) of a; and as. Let m > 2

IN

(1-a)Rifae0,1), (29)

v

(1-a)Rif a € (1,00). (30)

and s1,...,8, € (0,1)™ with >i" s; = 1. For every
te{l,...,m}and a € 0,7+ 1)\ {1} let
_a
m 11—«
ti=s/ [ s 31)
j=1
Lemma 6.3: Let m > 2. Let p be non-atomic

and m—divisible with respect to (Ajy,...,A4,,). Assume
Jlz|"dui(z) < oo forall i =1,...,m. Let ig € {1,...,m}
with p(4;,) = s = max{u(4;):i=1,...,m}Ifa € [0,1),
then

lim inf eTRDO‘ (R) > ™2 lim inf eTRDa (R)

R—o00 R—o0

Let s; = pu(A;) and assume « € [0,7 4+ 1) \ {1}. Then we
have

(32)

lim sup eTRDa
R—o0

) < Z s;t; " limsup eTRDa ((R).

i—1 R—o0

(33)

VII. PROOF OF MAIN RESULT

Recall that U(I) denotes the uniform distribution on a
bounded interval I with positive length. First we show that
the optimal quantizer performance for U(I) is the same for
all negative .

Lemma 7.1: Let
a < 0, we have

D)) (R) = DY (R)-

Proof: Note that by Lemma 5.6 it suffices to consider the
case [a,b] = [0,1]. Since D, ;) (1) is nonincreasing in o

—o0 < a < b < oo. For every R > 0 and

by Lemma 2.3 it suffices to prove the assertion for o = —oo0.
Let R > 0 and assume ¢ € Q satisfies H,*°(¢q) < R. Setting

Ny ={a € q(R) : u(g~'(a)) > 0}
this condition is equivalent to

p=min{u(q '(a)):a € N,} > exp(—R). (34)

Let |z] denote the largest integer less than or equal to = € R.
Using 1 > card(N,) - p we get

card(N,) < |exp(R)],

which is equivalent to Hﬁ(q) < R. From, e.g., [9, Example
5.5] we know that only the quantizer g € Q which partitions
the unit interval into |exp(R)] intervals of equal length with
their midpoints as quantization points, attains the optimal
error, i.e., Dyoa)(9) = DOU([O,I])(R)' But this quantizer
satisfies conditions (34) and (35) simultaneously. Hence,
Dy 0.1 (9) = Da(o[% 1])(R) which yields the assertion. [

Next we determine the exact behavior of Dy, 47)(R) for
large R. For a = 1 the following result is from [13]. For the
case o = 0 the reader is referred, for example, to [9, Example
5.5].

Proposition 7.2: Let r > 1 and R > 0. Let
b < oco. Then the following hold:

(35)

—o0 < a <

(1) If « € [0, + 1), an optimal quantizer always exists for
U(la, b)), i.e., we can find a ¢ € Q with Hyj(, ;y(q) < R
and Dy ((ab])(9) = D ((a,p1) (1)-

(ii) Suppose o € [0,7 + 1) and let n € N be such that R €
(log(n),log(n + 1)]. Then the restriction to [a, b] of the
quantizer ¢ in (i) has (n + 1) interval cells, n of which
are of equal lengths and one having length less than or
equal to that of the others. If @ > 0, then ¢ meets the
entropy constraint with equality, i.e., H{}([a’b])(q) =R.

(iii) For all o € [—o0,r + 1), we have

Jim " Dg 0.17) (R) = C(r). (36)

Proof: Assertions (i) and (ii) follow directly from [19, Thm.
3.1] by noting that in view of Lemma 5.6 it suffices to consider
the case [a,b] = [0, 1]

To prove (iii) first we note that by Lemma 7.1, the limit
(36) holds for all a € [—00,0) since it holds for a = 0. Thus
we need only concentrate on the case @ € (0,7 + 1) \ {1}.
Applying [19, Thm. 3.1] we obtain

Di(jo,17)(log(n)) = C(r)n™"
for every n € N. Now let R > 0 and ngp € N, such that
log(nr) < R <log(ng +1). We get

ngC(r)(ng +1)7" = ngDp o) (log(ng + 1))

"D 017 (R)

(nR + 1)7‘1)%([071]) (log nR)

(ng+1)"C(r)ng".

Letting R — oo yields (36) for a € (0,7 + 1) \ {1}. O
Proof of Theorem 3.4: We divide the proof into four main

steps. In step 1 we begin by proving a (sharp) asymptotic lower

IN A
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bound on the optimal quantization error for any distribution
with a density that is piecewise constant on a finite number of
intervals of equal lengths. In step 2 we generalize the lower
bound of step 1 to any density whose support is a compact
interval on which it is bounded away from zero. Together
with a matching upper bound based on the companding result
Corollary 4.11 this will finish the proof for & € (—00,0). In
step 3 we show that the lower bound holds for all distributions
subject to our restrictions and apply again the companding
upper bound to finish the proof for a € (0, 1). Step 4 treats
the remaining o« = —oo case and thus completes the proof.

Throughout we assume w.l.o.g. that R > R(C/2) where
is C defined in (24) and Ry (C/2) is from Lemma 5.5.
Step 1.

Let M be a compact interval of positive length and let m >
2 and a € (—o0,1) \ {0}. Assume that p = > 1" | s;U(A;),
where the A; are disjoint intervals of equal length [ = I(4;) =
A(M)/m that form a partition of M. We assume s; > 0 for
all i=1,...,m. Thus >." | s; =1 and

du - 1
f = 7d)\ = izgl Szl 1Ai‘
1

For a € (—o0,1) \ {0} define ¢; = sil/a2 (27:1 s?l)_m,
i=1,...,m as in (31). Let
R > max{0, max{—log(t;) :i=1,...

ym}}

and define
R, =R+ lOg(ti) > 0.
From Proposition 7.2 we deduce
erRDlO}([O,l]) (Rl) = (eR—Ri)T 6TRiDlD}([0,1]) (Rz)
— t;"C(r) as R — oo.

A simple calculation shows

o d/\) / sl 4, | dX
(. >
= ((d-a)az (Z S;_n)
=1

m \ az
r (Z s;“)
i=1

m

= 1" st

i=1

(37)

Now, according to Lemma 5.3 there exist functions ¢
(0,00) — (0,00) and ¢ : (0,00) — (0,00) such that for
every R > 0 and quantizer ¢ € Q with H7(¢) < R and
|D5(R) — Dyu(q)| < 5(R) we have

max{u(q~'(a)) - a € q(R)} < &(R)
where £(R) — 0 as R — oo. Moreover,

max{diam(4; N¢~*(a)) : a € ¢(R),i € {1,...,m}}
l-e(R)
min{s; :i=1,...,m}

(38)

. (39)

Now, again, let R > Ry and v > 0. According to Lemma 2.3
let g € Q be a quantizer whose codecells with positive

p—mass are intervals, satisfying Hjj(qr) < R and
|D2(R) — Dy(gr)| < min(ye™"™,8(R)).  (40)

Hence, qp satisfies also the relations (38) and (39). In view
of Lemma 5.5 let us assume w.l.o.g. that g € Gg if a < 0.
Now let ¢ € {1,...,m} and

Ii(ar) = {a € qr(R) : Mag' (a) \ 4;) = 0}

U .

a€l;(qr)

and

A

i,qr —

With
Ji(ar) = {a € ar(R) \ Li(qr) : n(A; N ag' () > 0}
we obtain from (39) that
Rlim sup{diam(4; N gz (a)) : a € Ji(qr)} = 0.
—00

Every point of J;(ggr) is a codepoints of a codecell which is
straddling the boundary of A; and is not u — a.s. contained
in A;. Hence {A; Nqp'(a) : a € Ji(qr)} consists of at most
two intervals and we get

lim diam(A;4,) = diam(4;) = 1.

R—o0

(41)

We compute

D,(qr) = zm;sill/Ai |z — qr(x)|" d\()
2 isﬂ”/‘ |z — qr(2)|" dA\(x). (42)
Let - -
Rigr Hia, ,,,)(ar)
= e[ Y (WA R @)

a€li(qr)

o (log(Si) ~ log ()\(Al)>)

> g (a)”

a€li(qr)

+

log 43)

l—«

where U(A; ;) (g5 " (a)) is the measure of the cell ¢;' (a) un-
der the uniform distribution on A; ... Then using Lemma 5.6
and (42) we obtain

Du(QR)

z Z SililD(C}(Ai,qR)(Ri,QR) diam(AiﬂIR)
i=1
m

> sl T D po.17) (Rigr) diam(A; ) 7. (44)
=1

ydR*
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Now pick a sequence (L,,) of non-negative real numbers, such
that L,, — oo,

et D% (Ly) — lim inf "D (R), (45)
and
eR'i*an
— — v; € [0,00], i1=1,....m (46)
e n

as n — o0o. Because we want to determine a lower bound for
the optimal quantization error, using Proposition 7.2 (i) we
can assume w.l.o.g. that gz, is R; 4, —optimal for U(4; 4, ),
i.e., that Dg(Ai,an (Rigy,) = DU(Aq‘,,an)(an)' By Propo-
sition 7.2 (ii) the quantizer qr,, divides A gy, into (k+1)-
intervals with R; ,, € (log(k),log(k + 1)] where at least &
intervals are of equal length.

We next prove that R; ;, — 0o as n — o0o. Assume to the
contrary that (R; 4, )nen is bounded. Then k = k(R;,, )
will also be bounded. Thus let kg € N such that &k €
{1,...,ko} for every n € N. Together with (41) we deduce

liminf D, (qz,)

> liminf/ |z —qr, (z)|" dp(zx)

iar,,
L diam(A; g )
5 TR

> liminf —Fk - 2/ " d\(x)

n—oo [ 0
> C(r)sl"

i i tked{l k

- min W 6{,...7 0}

> 0.

But this contradicts (cf. Corollary 5.2)

limsup Dy, (qr,,) < limsup(Dj;(Ly) + e "Lny = 0.
n—oo n—oo

Thus we obtain that R; ,, — oo as n — oo for all i €

{1,...,m}. Proposition 7.2 yields for i = 1,...,m,

hm e"'Ri,an D%([O,l])(quLW) == C(T). (47)

n—oo

Because v > 0 was arbitrary we obtain
: : rR na T rL, na
1gglollf "Dy (R) = nlgr;o e" Dy (Ly)

— ; rLn
= Jlm e Dy(qr,)

> lim b7 z; sil ' Dy 017y (Rigy, ) diam(A; g, )7
i=
= C(r) Z siv; 1"
i=1
where the first equality holds by (45), the second by (40), the
inequality follows from (44), and the third equality follows
from (41), (46), and (47). In the last expression, 1/v; = 0 if
v; = 0o. The case v; = 0 cannot occur because otherwise the
right hand side of (48) is not finite, which would contradict
the assertion of Proposition 5.1. Recall that {4; N ¢z'(a) :
a € J;(gqr)} contains at most two intervals for every ¢ and
n € N. Now assume that « € (0, 1). In this case, since by (6)

(48)

we can assume w.l.o.g. that H(qz, ) = Ly, we obtain

1 < 61(Lnspyqr,)
L,(1—a)

(&)

Dt Paei(a, ) plag, (a))e

Z?; Zaeli(an) M(QE,} (a))®

S Y aeri(an,) 1ar, (@)®
Yacar, AU, 1y, ML, ()

S Yaeri(an,) 1ar, (@)°
L sy, e @)
- Yt et (ar,) Hlar, (a))°

From (43) and lim,, , R4, = 0o we deduce

lim Yy > plap ()t = oo

i=lacli(qr,)

Thus we get

lim 601(Ln, p,qr, ) = 1. (49)

n—oo

Using Lemma A.2 in A we recognize that the limit relation
(49) also holds for o < 0. Consequently, we deduce together
with (41) and (43) for every « € (—o0,1) \ {0} that

m m
E s?vil_a = E s¢ lim eFiar, —Ln)(1-0)
1=

i=1

- m[> S weor ()

i=1acl;(qr,,)

-eL"(lo‘)] =1.

Moreover we obtain from (49) and (43) that v; < oo for
every i = 1,...,m. Since > .-, s?uilfa = 1, we can apply

Lemma A.3, (48), and (37) to obtain for o € (—o0,1) \ {0}
that

lim inf eTRDg (R) >

R—o00

C(r) i sit; 1"
i=1

c(r) ( /M fo d)\) -

Step 2.

Now let us assume that the support of p is a compact
interval M C R and that f is continuous on M. Again, let
a € (—oo,1) \ {0}. Let i(f) = min{f(z) : € M} resp.
s(f) = max{f(x) : ® € M}. Clearly, s(f) < oco. Let us
assume that

i(f) > 0.

Let | = A(M). For k € N partition M into intervals {A; : i =
1,...,k} of common length A(A4;) =1/k Set

(50)
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and
_ dﬂk M

The continuity of f implies that fk converges pointwise to f
as k — oo. In view of (50) and due to

i(f) = min{f(z):2 € M} <min{fx(z) : 2z € M}
< max{fi(z) :x € M} <max{f(z): 2z € M}
= s(f) <o

for every k € N, dominated convergence implies

lim

i /f,‘c“d)\:/ FordA. (51)
k—o0 M M

Moreover step 1 yields

liminf e D% (R) > C(r) < / o d>\> | . (52
M

R—o0

Now let R > max(1, Ro). Let § > 0 and ¢r be a quantizer
with |[D%(R) — Dy (qr)] < de ™" and HY(qr) < R. In
addition, we assume w.l.0.g. (cf. Lemma 5.4, resp. Lemma 2.3)
that gr € Kg(C) if @« < 0 and R is large enough, and

Hi(qr) = Rif a > 0. Fori=1,...,k let
0 < c¢ip=min{f(z): 2 € A;}
< tip=max{f(z):z € A} <o
and

O<ck:min{

.
kz:lkz}
tik

For every a € gr(R) we have

crpin(qn' (a)) < plgg'(a)) < ¢t un(gg' (a).

and because f is uniformly continuous, in view of (50), we
have

lim ¢, = 1. (53)

k—o0

We obtain from the definitions of H(qr) and cj that

. o a-T
mm(ck s Cp, > <

where v, — 1 as k — oo. Again from the uniform continuity
of f we deduce

eHS(QR)*HSk (gr)

max(c,f“,c;:a‘l> —: o (54)

IN

lim [[f — fklloc =0 (55)
k—o0
with

1 = frlloo = max{[f(z) —

In view of Proposition 5.1 there exists an mg > 0, such that
forall R >1

fr(x)] 2z € M}

D (R) < mge™"". (56)
By the choice of gr we have
e DY (R) > "D, (qr) — 0. (57)

Thus (56) yields

|D,.(qr) — Dy, (qr)|
< /\x—qR V(@) — ful@)] dA(z)
< ||f—fk||oom /M & — gr(@)]" f(z) d\(z)
< ||fffk||m%<Da<R>+6e*’“R>
m0+5 —rR
<= Al
Hence, (57) gives
e""DY(R)
> erR(Duk(QR) - |DM<QR) DMk(QR)D -0
> D, (gr) — |f - fk||oom.0(+)5 5
= ¢ (BHu () rHy, (ar) p ur (4R)
m0+5

e TR~ H"(qR)HIH“(qR) Hy, (qr)))

M
M D, (HS (qr))

m0—|—5
—If = fulleo 7

Due to the choice of gp there exists a function g : (0, 00) —

(0,00) with eff=fi(47) < ¢(R) and g(R) — 1 as R — oo.

Equation (54) implies

‘Hﬁk(q}%) - Rl < ‘ [Lk( R) -
< |log(vk)| + [log(g(R))l.

Clearly, inequality (59) yields limp—oc HJ, (gr) = oo. Ap-
plying relations (59) and (52) to (58) we deduce

> 6_7'\10g(’uk)‘0(r) (/ f;?l d)\)
M

m0—|—(5

By letting k¥ — oo and noting that § > 0 is arbltrary we obtain
from (51), (53) and (55) that

liminf e"*D%(R) > C(r) ( / o dA) :
R M

v

(58)

Hi(qr)| + [H (qr) — R
(59)

lim inf e’RD”‘(R)

R—o0

(60)

— o0

Next we show a matching upper bound for a € (—o0,0).
The assumptions on f allow us to use Corollary 4.11 showing
the existence of a sequence of companding quantizers (gn) =
(Qf+ ) such that

az
rHIaN) D, (gn) < O(r) (/ fo dA) . (6]
M
Let Ry = H;}(qn) and note that Proposition 4.8 implies
lim (RN — RNfl) =0.
N—o00

lim e
N—o00

lim Ry = oo,
N—o00

Let R > 0 be arbitrary and let n = max{N : Ry < R}.
Then R, < R < R,4+1 and since Dﬁ‘(R) is a nonincreasing

(62)
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function of R
eRDE(R) < TPt D(R,) < € st =R)er R D, (),

This, (61), and (62) yield

lim sup eTRDS(R) < C(r) (/ fo d)\) .
M

R—o0

Together with (60 ) this completes the proof for the case o €
(—00,0).
Step 3.

Now let i be arbitrary, but satisfying all assumptions of the
theorem. Let o € (0,1). For k,l € N let

I = (7007 71?); I = [71?’ k]mfil([l/l’”)v I3 = (k‘,OO)

and
1y :R\(Il UIQUIS).

Because f is bounded and weakly unimodal we can pick kg €
N such that p(Iz) > 0, f=1([1/1,1]) = f~1([1/1,00)), 1/l <
lp (see Definition 3.2), and

w(lz) = max{p(l;) : 1 € {1,2,3,4}}

for every k > ko and | > ko. Note that I is a compact
interval. Now let min(k,l) > ko. Let us first assume that
w(I;) > 0 for every i = 1,2, 3,4. Consider the decomposition
=20 (L) u(-|I;). Lemma 6.3 yields
lim inf " D
R
l—a+tar

> p(ly) 1-e

lim inf D% 1,y (R).
By construction, i(u(l2) 1 f1z,) > 0, s(u(l2)~1f1,) < oo,
and u(I2) "1 f1y, is supported by a compact interval. Thus we
can apply the results of step 2. Together with the definition of
a1 and as we deduce from (60) and (63) that

lim inf eTRDz‘(R)

R—o0

(63)

l—atar

> ) e ([ ()" dx)ag

l—atar

>t o) ([ g an)

- C(r) (/I fo d>\>a2.

Due to a; > 0 and by monotone convergence we obtain

(64)

lim lim forda = /f“1 dA. (65)
k—o00 l—00 Is
Thus we get from (64) that
asz
lim inf " D% (R) > C(r) ( / o d)\) . (66)
R—o0

The case min{u(ly), p#(I3), 1(14)} = 0 can be treated simi-
larly.

To show the matching upper bound, note that since 1/1 <
f < 1 on Iy, we can directly apply Corollary 4.11 to
po = u(-|Iy) and its density fo := p(lz)~'f17, to show
the existence of a sequence of companding quantizers (qn) =

(Qgz.n) such that
HS 2
Jim_ " @)D, (gn) < C(r) < / fo d>\> :

Thus by the same argument as in the previous step

: rR pa
limsup e"" Dy (R)

R—o0

< o ([ a)

= O(r)p(ly) ™o ( /1 2 f“ld)\>

Again from Lemma 6.3 we obtain for « € (0,1) the upper
bound

lim sup eTRDﬁ (R)

R—o0

< ctutmy - ( |

2

(67)

for d)\)

+3 max, p(L)t; " 1i}rzn:,;10p eTRD:f(,lll) (R).
Using Proposition 5.1 we get a K > 0 independent of k,!
such that
lim sup e’”RDZ‘(,ui) (R) < Kp(I;)~"/(r+9),
R—o0

for i € {1,3,4}. Letting [, k tend to infinity we obtain by the
definition of ¢; that lim; p_,c t5 " = 1, resp. limy yo0 t
0, ¢+ =1,3,4. Using (65) and (67) we get

lim sup eTRD;f(R) <C(r) (/ f‘“dA) -

R—o0

9

which, together with the lower bound (66) completes the proof
for the case a € (0, 1).
Step 4.

Let « = —oo0 and § € (—0,0). Fix a; = a1(8) and
as = az(3). From Lemma 2.3 we deduce
lim eTRDﬁ(R)

R— o0

GPdN| .
et </Supp(u) / >

Since the integral on the right hand side converges to
J 7" dX as B — —oo, we obtain

liminfe™ D, *(R) >
R—o0

R—o00

lim inf eTRD;OO(R) > C(T)/ frrdA.
supp(p)

The proof is finished by noting that Corollary 4.11 and an
argument identical to the one used in step 2 provide a matching
upper bound. ]

VIII. CONCLUDING REMARKS

We have determined the sharp distortion asymptotics for
optimal scalar quantization with Rényi entropy constraint for
values a € [—00,0)U(0, 1) of the order parameter. Our results,
together with the classical @ = 0 and o = 1 cases, and the
recent result [18] for a € [r + 1,00], leave only open the
case o € (1,1 + r) for which non-matching upper and lower
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bounds are known to date (cf. [18]). We note that the upper
bound provided by optimal companding in Corollary 4.11 also
holds for a € (1,1+7). Based on this, we conjecture that our
main result is also valid for this remaining range of the «
parameter.

Apart from the question of high-rate asymptotics, it remains
open if optimal quantizers exist for all « € [—00,1 + r]. The
non-existence of optimal quantizers in case of o > 1 + r has
already been shown in [19]. Looking at our main result, it is
obvious that the integrals on the right hand sides of (11) and
(12) are not finite in general if p has unbounded support. It
needs further research to determine the exact high-rate error
asymptotics for certain classes of source distributions with
unbounded support and o < 0. Of special interest is the
question whether companding quantizers with point density
f* are still asymptotically optimal for source densities with
unbounded support. The definition of f* needs the integrability
of f1/2 in order to guarantee a finite number of quantization
points for the (asymptotically optimal) companding quantizer.
Nevertheless, the right hand side of (11) is defined only when
f is integrable. It remains an open problem if (11) still holds
for some o € (—o0,1+7)\{1} and distributions where f! is
integrable but f1/% is not. Such an example, if it exists, would
show that the companding approach is not always applicable
to generate asymptotically optimal quantizers, but the known
asymptotics (11) are still in force. Another interesting open
question is whether the non-integrability of f1/%2 always
implies the non-existence of optimal quantizers with a finite
codebook.

A careful reading of the proofs shows that many arguments
can be straightforwardly generalized to the d-dimensional case
and rth power distortion based on some norm on R¢. For
a € [—00,1) and under appropriate conditions we conjecture
that

limsup e D% (R) = C(r,d) ( / fo d)\d) -

R—o0
where \¢ is the d-dimensional Lebesgue measure,
T T
l-—a+aj l—a+3

al:l—a+§’ 11—«

as =
and C(r,d) is a positive constant that depends only on r, d,
and the underlying norm.

However, some important steps in our proofs are definitely
restricted to the scalar case, e.g., equation (23) in Lemma
5.3, which yields (41). One of the key problems concerns the
first step of the proof of Theorem 3.4. In higher dimensions
one has to control the contribution to distortion and entropy
of cells straddling the common boundary of at least two
touching cubes in the support of p. The “firewall” construction
used in case of @ = 0 (see [9, p.87]) does not seem to
work in the general case. For v # 0 it seems to be very
hard to control the entropy of the quantizer when adding
or changing codecells and codepoints in a certain region.
In order to progress in this direction, one would certainly
need more refined knowledge about the codecell geometry of
(asymptotically) optimal quantizers. Even in the case o = 0
little is known on this subject (results in [29] highlight

the difficulty of the problem). As already mentioned in the
introduction, the methods used for the case o« = 1 are also
not applicable to the general case because they rely on the
special functional form of the Shannon entropy. It appears
that generalization to higher dimensions would necessitate the
development of isodiametric inequalities for the (bounded)
codecells of asymptotically optimal quantizers.

APPENDIX

Proof of Lemma 2.3: To show (4), let ¢ € Q be such that
Hi(q) < R and assume 3 < «. It is easy to check that
d{yHg( ) < 0 on (—o00,0) U (0,1) U (1,00), and thus the
mapping v +— H)(g) is non-increasing on these intervals.
In view of the continuity of H7(q) at a € {0,1} (see
(Remark 2.2(a)) we deduce that H¢(q) < H/(q). Now the
assertion follows from Definition (3).

Equation (5) of the second statement follows directly from
the more general results Theorem 3.2 and Proposition 4.2 in
[20]. For (6), we refer to [19, Proposition 2.1.(1)]. O

Proof of Proposition 4.2: We proceed in several steps.

1. Since G is increasing, it has a derivative G ae. (by
convention we set ((z) = 0 if G is not differentiable at
). Also, note that G and G are strictly increasing on I, resp.
on [0,1], and G is Lipschitz with constant (essinf; g)~' and
thus absolutely continuous. Since G’(z) = 1/g(G(z)) a.e. on
(0,1), we obtain

[ Lav= [@cwr .

2. Next we prove

(mn(G(2)))" du(z) :/(@’(G(x)))rdu(l’% (68)

where my is the piecewise constant function defined by
my(z) = Nf[(i_l)/N7i/N) G'd\ if z € [(i —1)/N,i/N),
i=1,...,N and my(z) = 0 otherwise.

Lebesgue’s differentiation theorem (see, e.g., [7, Thm.
6.2.3]) implies that my(z) — G”( ) as N — oo ae. on
(0,1). Also, from () = 1/g(G(x)) we deduce

lim
N —o00

mn ()

1
——dMxz):1<i<N
-nyjw iy 9EE) }

< (essinfrg)~*

< max{q N

Thus, the dominated convergence theorem yields (68).

3. Let Q, n be the quantizer with the same codecells as @, x
but with the midpoints of the codecells as quantization points:

Qu (@) = 5(G/N) + G((i —1)/N))
fori=1,..., N. We will show that

lim NT/|x Qo ()" fiv () dA(z

if o € I; v,

/fd)\

N—o00
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where fy is the piecewise constant density defined by
fn(z) = mfwfd,\ ifz € I n,i=1,...,N and
fn(z) = 0 otherwise.

A simple calculation shows

N [l = Quy(@) fv(e) iA(2)

N’“écv)m (6(5)) At
r>N’“i / F(@) (N ma (Gl2)))" dA(a)

= 0 [ my(GE) e aa).

Now the assertion follows from steps 1 and 2.

/fdA

N} and z € I; y we have

4. Next we show that

lim N"D,(Qgn) =

N—oc0

For any i € {1,...,

Nz = Qgn(2)]" < N'(MIin
_ / & d/\>
(i—1) /N i/N)
= mN(G
Therefore

N [l = Q@) f() dX()

N [l = @
/ m (G()"|f() -

< (essinfrg)~ /|f

By Lebesgue’s differentiation theorem we have fy — f ae.,
and now Scheffé’s theorem [4, Thm. 16.11] implies

hm /|f fnldx=0.

o)|" fn () dA(x)
In(@)| dA(z)

)| dA(x).

Hence,
Jim D@40
~ Jim N / & — Qgn (@) fx (@) dA(x),
N—o00

where the right hand side is equal to C(r) [ gir dX from step 3.

5. In view of step 4, to prove relation (16) it suffices to show
that
lim N"D,(Qun) = li_r>nOO N"D,(Qqg,~)-

N—oco

(69)

Applying the mean value theorem of differentiation (if r >
1) or by the triangle inequality (if » = 1), we have for each

iE{l,...,N} andeIiN,
N[z = Qqn ()" = |2 = Qg n(x)["]
< N'Qgn(x) — Qgn (@) |r(A(Lin))" ™ . (70)

Further, note that the definitions of my, Qg n, ng ~ also yield

N'llz = Qg ()" = |z — Qg (2)["|

< PNTML) = rom(G). (71

Let I} v and I? ' denote the partition of I; v into two
intervals of equal length A n)/2. Let j = j(z) € {1,2} be
such that x € IJ’ Letting a = inf(; 5) and b = sup(; n)
we obtain by the absolute continuity of G

) ) (a+b)/2
G(a+1b)/2) = Cla) + / G dA

and
Gla)+GOb) - @72 Gy — Cla)
2 - G(a) + /a T dA.
Thus we get
1Qun(x) — Qun(x)] = |G((a+Db)/2) - (‘L);’G(b)‘
< AT p)IL(z, N))| (72)
where
L(z,N) = L G’d/\_w

A(Iz'j,N) Ig,N b—a

L / A 1 R
= — [ @A / ¢ dn
NI ) J1i AILiN) Jr,

, N. In view of (70) and (72) we deduce
N[z = Qg ()" = |2 — Qg,n (2)]"|

< PNTAI I, N (AT n))

< r-my(G(2))"|L(z, N)|.

1fx€IN,Z—1

Lebesgue’s differentiation theorem yields limy oo L(z, N) =
0 a.e. Hence

Jim Nz = Quu (@) — |~ Qyv(@)
Due to the relations (73), (71) and together with step 2, we
can apply the generalized dominated convergence theorem [28,
Chapter 11.4] to obtain (69). O

Lemma A.1: Let p be a probability distribution which is
absolutely continuous with respect to A and let f denote its
density. Let G be a compressor for p with point density g. If
{g = 0} C {f = 0}, then 1o G~ is absolutely continuous
with respect to A. Also

"|=0 ae. (73)

N 1 A
G'(y) = ————11;>00 (G a.e.on (0,1 74
() g(G(y))l{g 01 (G(y)) 0,1 74
and o G~! has the density
faly) = fGW)E )
= f(CA?(y)) Lig>0} (é( )) a.e.on (0,1). (75)

9(G(y))
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Proof: In order to prove that u o G~! is absolutely
continuous let us make the key observation that, although G
is in general not invertible, we have

G(G(z) =z pae zeR (76)

Indeed, by the definition of G and due to {g =0} C {f =0}
there exists a measurable set Ag C R such that G is
differentiable on Ag, u(Ag) =1, and

G'(x) = g(x) €

Hence G is locally invertible at z € Ag, so G(G(z)) = =
which proves (76). Moreover,

G'(G(z)) = 1/g(x) for every z € Ag

(0, 00) for every = € Ag.

(77
which proves (74).

G is strictly increasing (and thus one-to-one) and maps
(0,1) onto G((0,1)). Thus, together with (76) we obtain for
every Borel measurable B C R that

poGTH(B) = p({z:G(G@) € G(BY)
= wG(B)).

If U([0, 1]) denotes the uniform distribution on [0, 1] we obtain
again from (76) that

U([0,1]) 0 G~ ((—o00,2]) = G(x)

Thus, U([0,1])oG~" = gA. Now let B C (0, 1) be Borel mea-
surable and A(B) = 0. This implies U ([0,1]) o G~ (G(B)) =
0. Because p is absolutely continuous with respect to g\ we
obtain (G(B)) = 0. Hence, (78) implies o G~*(B) = 0
showing that 10 G~1(B) is absolutely continuous with respect
to A. In order to prove (75) let [a,b] C (0,1). In view of (78)
and from the definition of G’ we obtain

(78)

for a.e. x € R.

G(b)
WG b)) = [ fax 19
G(a)
From (77) we deduce
A 1 R
(y) = ml{po}(G(y)) ae. on (0,1).

Because 1o G~ is absolutely continuous with respect to \ its
cumulative distribution function is absolutely continuous and,
therefore, differentiable a.e. Applying the chain rule for the
Lebesgue integral (see [30, Corollary 4]) we obtain

G‘(b)
[ waw = [ rememaw. e

G(a)
Now, (79) and (80) prove the first equation in (75). The second
equality in (75) follows from (74). O

Proof of Lemma 4.6:

1. a € (0,00). For this range of « the result goes back to
Rényi [27, 11§] who stated it with somewhat less generality.
Csiszar [8, Thm. 2] gives a more general form of the result
that implies our statement.

2. a = —o0.
Clearly,
inf{u(gt,(a)):a € R
liminf {u(qA’M( ) aan®)} > essinf p, f. (81)
A—0 A

Now let € > 0 and define N, = {z : f(z) < essinf pyf+e}N
M. Hence, A(N;) > 0. By Lebesgue’s differentiation theorem
we can find an z € N, such that y is differentiable at x with
flx) = 2—‘;(1‘) Moreover a Ag(e) > 0 exists, such that for
every A < Agab € ga r(R) can be found with = € G, (b)
and 7

N(QZ}M(b))

A

Because ¢ is arbitrary we obtain

< essinf p/ f + 2¢.

inf{u(4xy(a) : a € Gan(R)}

lim sup < essinf p; f.
A—0 A
(82)
In view of Definition 4.4 and the definition of H,*°(-), the

combination of (81) and (82) yields the assertion.

3. a € (—00,0]. Here we adapt Rényi’s original proof to our
case. With the convention 0° := 0 and in view of Definition
4.4 resp. Remark 2.2 it suffices to show that

f*d\ = lim A=« / fax| .
/supp(u) A—0 Z @;1(“)

a€da(R)
(83)
For A > 0 and z € R we define
1
91,A(7) = Lgupp(p) Z lizt(a gp)Z/hi1 o dA
aEqA(R) ia (a)
and
g2,a(7)
suPp(u) Z 1”1 ([_1 fdA)
a€gn(R) *IN (a)
Lsupp(u) (@) Z Ly~ (a) A /
acga (R)

Applying Lebesgue’s differentiation theorem we obtain
gi.a — f* and go o — f* ae. as A — 0. Now note that
since a < 0, the function z — x® is convex on (0, c0), so by
Jensen’s inequality

(5fa®) =5 (L)

for all @ € ¢~ '(R), implying gaa(z) < g1.a(x) for all z.
Since go. o > 0 and [ g1 ad) = fsupp(u) fedi € (0,00),
we can apply the generalized dominated convergence theorem
[28, Chapter 11.4] to obtain

ilglo/gl,A d\ = Alglo/gz’A da,

which is equivalent to (83) and, therefore, finishes the proof.
]

Proof of Proposition 5.1:
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(i) Recall that |x| denotes the largest integer less than or
equal to z € R. In view of Lemma 2.3 we have Dj}(R) <
Dg(R). Consequently, we deduce from [23, Lemma 1] the
existence of a constant x > 0 (that depends only on r and ¢)
such that

Dy(R) < Djy(R) < Dj(log([e"]))

ey ([ lapes du<w>)r/(r+é) |

Due to R > 1 we obtain
R T T
R T < —rR € < —rR €
(e e (5 ) <™ (=) -

which yields the assertion with Cyp = " (efl) .

IN

(1) In view of Lemma 2.3 it is enough to prove relation (21)
for « = —oco. Let I = supp(u), R > 0 and gg € Q with
H;*(qr) < R. According to Lemma 2.3 let us assume
w.lo.g. that all codecells of gqr with positive p—mass are
intervals. By subdivision of codecells with p—mass greater
than or equal to 2¢~ % we can assume w.l.o.g. that

e < u(gpt(a)) < 2e7F (84)

for every a € gr(R) with u(gp'(a)) > 0, where the first
inequality holds since H,*°(gr) < R. Moreover, for every
such a we obtain

1(gp' (a))
i(f)
and we can assume w.l.o.g. that a € g5*(a)NI if g5' (a))NI #

() (otherwise the distortion can be decreased by redefining a).
Then we have

diam(gz'(a) N 1) < (85)

D,u(qR)
= Y [, e-df@ae
agqn(®) 75 ()
< [ (ian(gg! @ 0 D) o) dx).
acan(®) 7 0r (@)
In view of (84) and (85) we get
Du(‘]R)
u(qﬁl(a)))T
< — | flx)dA(z)
a%%m /qR%a) ( i)
1
= — > (ulgg' (@)
1) ocant
1 2"
< = > plag' (@) (27 = =R,
i\, i
which yields (21) by taking the infimum over all g € Q with
H, *(qr) < R. O

Proof of Lemma 5.3: Let € > 0. Choose ¢,t € (0,00), such
that

1—p(Act) < (86)

Do ™

with Ay ={z: f(z) > e} N{z: f(x) <t} N[-—t,1]. Let
&

(I+mr)2r

and use Corollary 5.2 to choose Ry > 0 such that

1

TN

€

5

Now let R > Ry, § = D(R) > 0, and choose ¢ € Q with
HZ(q) < R and |Dy(q) — Djj(R)| < 6. We have

-/ L el s@ o

c/ |z — a|" dA(z). (87)
q_l(“)mAc,t

K

Dyu(a)

(]

Let B(z,l) = [x—1I,x+!] for any [ > 0 and x € R. For every

a € q(R) define
sa = Mgt (a)N Ac)/2. (88)

Since A., is bounded, we have s, € [0,00). Moreover, it is
easy to show that

/ | — a|” d\(x) > / |z — a|” dX(z) (89)
qil(a)nAc,t B(a,sa)

(see, e.g., [9, Lemma 2.8]). Using (88) we compute

/ o — af” dA(z)
B(a,sq)

2Sr+1 s"
= o= 7% \g! Acy). 0
1+7r 1+7r (g7 (@) N Acy) (90)
Combining (89) and (90) with (87) we obtain
C — T
DIL(Q) Z 1+T Z /\(q l(a)ﬁAc,t)Sa
acq(R)
c
= — Mg Ha) N Ae ) (25,)".
(1+r)2r D MaH@) N Aer)(250)
a€q(R)

Using (88) we get

c -1 147
> -
Du(q) = (1 + ’I”)2T Z )‘(q (CL) N Ac,t)
a€q(R)
sup )\(qfl(a) N Ac,t)HT.
agq(R)

> K-

On the other hand the choice of § and the monotonicity of
Dii(-) yields

D,(q) <2D;(R) < 2Dy (Ro)
Thus we deduce

k- sup A(g H(a)NA. )T < 2D} (Ro).
acq(R)

Also, since f is upper bounded by ¢ on A.,
-1
max [ a)N A
ax | (" (a) N Acy)
< t-osup Mg H(a) N Agy)
acq(R)
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1

2D (Rp)\ ™+
¢ <“(0)> < £ o1)
K 2
With (86) and (91) we finally obtain
1
nax, (g~ (a))
< max p(qg Ha) N Aes) +1— pu(Acy)
acq(R)
< g,

which proves (22). Now, additionally, let i(f) > 0. Let a €
q(R) with p(g~*(a)) > 0. By Lemma 2.3 we can assume,

that g~*(a) is an interval. Thus we obtain
Mg~ H(a) N I;) = diam(q~ ' (a) N I;)
for every i € {1,...,m}. Together with I; C supp(u) we
deduce
pla=H(a) = plg™ (@) N I; )
- / 2) dA(x)
l(a)m

> i(f)Mg Ha) N 1)

= i(f)diam(¢ *(a) N I;) (92)
for every i € {1,...,m}. Relation (23) follows now immedi-
ately from (22) and (92). (Il

Proof of Lemma 5.4: Let « € [—00,0]. Then by Lemma 2.3
for any v > 1 there exists a quantizer ¢ with Hl‘j‘(q) < R such
that each cell of ¢ is an interval with positive y—mass (and
thus ¢(R) = N,) and

D,(q) <v-Dy(R). (93)

According to definition (2) we obtain in case of v > —oo that

> g (@) < el TR, (94)
a€q(R)
‘We deduce
1/(1—a)
s (% u(ql(a))(l/u(ql(a)))1“>
a€q(R)
> n (95)

where n is the number of codepoints of ¢ and the second
inequality follows from Jensen’s inequality applied to the
concave function z +— /1~ In case of & = —oo we
obviously have n < co. We get

> g (@) = n min{u(g () : a € g(R)}
a€q(R)
-R

1 =

> ne

Hence, n < e® for every a € [—00, 0]. Let supp(u) = [e, d],
where —o0 < ¢ < d < o0. For every a € ¢(R) let m, denote
the midpoint of ¢~*(a)N[c, d]. As in the proof of Lemma 5.3,

we obtain
Z(/( 2 — al" (&) d\(x)
> 3 / g 7l
= Y A+ diam(g (@) N e, d])
Clearly (? ((HZ)S)),
u(i‘(;()a)) < diam(g~1(a) N e, d]) < u(qiz;ga))

for every a € q(R) with u(q¢~'(a)) > 0. Thus we deduce
from the convexity of z ~— 2"t that
Dy.(q)

> AN A+r)) ()T Y (e @)

aeq(R)

—r— IZ 1/n r+1
= AN A+ s 1717’”-

Combining (93) and Proposition 5.1 (ii) we obtain
’Lf T 1—|—’I” _18 f —7'—1n—r Svie
(N (1 +7)7s() 7

Because v € (1,00) was arbitrary, inequality (96) remains

valid if we set v = 1. Hence we obtain

(5) " () =0

which yields (25).

Now assume « € (—o00,0). We will modify ¢ such that the
new quantizer is in Cg and it still satisfies the rate constraint,
while its distortion does not exceed that of ¢. Let

p =max{u(qg (a)):a € q(R)} >0

and a, € ¢(R) such that u(¢~"(ap)) = p. If H}(q) < R
we can subdivide the cell g7 (a,) into two cells with equal
p—mass, such that the entropy increases by

> ()27 (1 +r)

" —rR (96)

(i Y @)
a€q(R)\{ay}
1 «@ —1 «
+1_alog<2(p/2) + Y e H(a) ) > 0.

a€q(R)\{ap}

If we take the optimal quantization points for the two new
cells, the new quantizer does not increase the quantization
error. As long as the entropy is lower than R we repeat
this procedure. Hence there exists a modified quantizer (also

denoted by ¢) satisfying
e(l—a)R _ e(l—a)H;‘(q) < (21—a _ 1)pa' 97)

Note that (94) and (95) remain valid also for this modified
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quantizer. Consequently,
0 < Ce® < card(q) < e < . (98)

Thus we deduce

(1-a)R

Y

eI HD — N (g (a)”

a€q(R)
card(q) - p* > Cefp?®,

e

v

which implies
pa < CflefRe(lfa)R.

Together with (97) and R > 10g(217g_1) we obtain
(1—-a)R

e
L s =ome

e(l—a)R

e(l-a)R _ (g(1—a)R _ o(1=c)H(a))

6(1704)12

e(l—a)R _ (21—a _ 1)}70‘

e(1704)12
e(l—a)R _ (21—a _ 1)0—16—Re(1—a)R'
In view of (99) and (98) we conclude that ¢ € Kg, which
proves (26). O

<

< 99)

Proof of Lemma 5.5: Recall the definition (24) of constant
C.Fix r € (0,0). Let Ry > 0 such that Cef*—(m—1) > kel
for every R > Ry. According Lemma 5.3, in the definition of
Dg (R) it suffices w.l.o.g. to consider for R > Ry only those
quantizers ¢ € Hp satisfying

sup{diam(q¢~(a) N 1) : a € ¢(R)} < diam(I)/2m. (100)

In view of Lemma 5.4 it suffices to show that for R > Ry
any quantizer ¢ € H g that satisfies (100) can be modified such
that the distortion of the new quantizer ¢ does not exceed that
of ¢ and it satisfies § € Kg(k) and

2inf{diam(g"'(a) N 1) :a € S(§)}
> inf{diam(¢g"*(a)) : a € A(G)}.

According to the upper bound (100) we always have A(q) #
0. If S(q) = 0, then the assertion is obvious. Hence, let
S(q) # (. Let us assume w.l.o.g. that (¢~ 1(b)) > 0 and that
(see Lemma 2.3) ¢~ 1(b) is an interval for every b € ¢(R).
For every a € S(q) let § # N(a) C g(R) \ {a} be the set
of neighbor points, i.e., for every b € N(a) we have either
supq~1(b) = inf ¢~ !(a) or inf g~ (b) = supq~'(a). Due to
(100) we know that N (a)NS(q) = 0. Moreover, N (a) C A(q)
and card(N(a)) = 2. Fix i, € {1,...,m — 1} such that
q Y(a) C I;, UI; 1. Because a € S(q), we have A; =
diam(¢~*(a)N1I;,) > 0 and Ay = diam(q~'(a)N1;,+1) > 0.
Moreover, diam(g~!(a)) = A; + Ay. Let by € N(a) such
that inf(¢~!(a)) = sup(q~1(b1)) and let by € N(a) such that
inf(g=1(b2)) = sup(¢~*(a)). Next we will show that
2

A A
inf(g~(a)) + 71 <a<inf(g Ma)) + Ay + -

To see this, one recognizes that a has to be optimal for
u(-lg=(a)). As a consequence (see, e.g., [9, Lemma 2.6 (a)]),

(101)

a € [inf(¢g7(a)),sup(¢~*(a))]. Moreover, a has to be a
stationary point (see [9, Lemma 2.5]), which yields

/ & — o du(z)
[inf(¢g=1(a)),al

-/ & — o™ dp(z).
[a,sup(g—1(a))]

Now let us assume that the first inequality in (101) does not
hold. Hence,

(102)

a < inf(qg ' (a)) + Ay /2.

Note that sup(Z;,) = infg~*(a) + A; and that sup(l;,) +
Ay = sup(q~(a)). From (102) and Ay > 0 we get

/ & — o du(z)
[inf(¢g=1(a)),a]

> / |z — a|" " du(z). (104)
[a,inf ¢g=1(a)+Aq]

Because the density of pu is constant on
[inf(¢g~'(a)),inf(¢g"'(a)) + A1] we obtain from (104)
that a > inf(¢~1(a)) + A1/2, which contradicts (103). Thus
we have proved the left inequality in (101). Similarly, we
deduce from A; > 0 and (102) the right inequality in (101).

(103)

Recall that y has constant density on ¢~ 1(b;); i = 1,2.
Again by stationarity (102) we obtain

by = inf ¢~ (a) — diam(qg ™" (b1))/2 (105)
and
by = inf ¢ ' (a) + A1 + Ay + diam(q ™ (bs))/2.

Let A = A; + Asy. Next we show that w.l.o.g. we can assume
2A > min(diam(q~'(b1)), diam(qg~*(b2))). Assume to the
contrary that

2A < min(diam(q (1)), diam(q ' (b2))). (106)

Then we have diam(q'(b1)) > 2A > 2A; + As, and
applying (105) we get

A
infg~'(a) — by > infqg (a) + Ay + 72 —inf g *(a)

Hence, (101) implies

inf g~ *(a) — by > a — inf ¢~ *(a). (107)
Similarly we obtain
by —supq *(a) >supq '(a) — a. (108)

In view of (106) and by the definition of ;1 we have

diaz(f) wlg (b)) = diam(qg (b)) - si,
> 2A-s;,
and
dlai(f) wlg (b)) = diam(q (b2)) - 54,41

> 2A- Sig+1-
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Moreover,
diam(I)
m

wlg Ha) =

< 2Amax{s;,,Si,+1}

Aqsi, + Aosi, 11

Thus we obtain

1(q " (a)) <max(u(qg—" (b1)), u(g~ " (b2))) (109)

as long as (106) holds. Thus, in view of (107) and (108), we
can modify ¢ by increasing the codecell ¢~*(a), which yields
a reduction of the quantization error and a non-increasing
entropy of g (due to a < 0, as long as (109) holds, the
entropy is a non-decreasing function of the left endpoint of
the cell ¢~*(a) and a non-increasing function of the right
endpoint of ¢~1(a)). The codecell can be expanded this way
until 2A = min(diam(g~1(by)), diam(¢~1(b2))) holds. Note
that independent of this modification ¢ remains an element of
Hpr. Thus we can assume w.l.o.g. that

2A > min(diam(¢*(by)), diam(g~*(b2))). (110)

If ¢ € Kr(k), then the proof is finished. Hence, let us assume
that ¢ ¢ Kr(x). We will show that ¢ can always be modified
such that the new quantizer belongs to K z(x) and still satisfies
relation (110). We proceed as in the proof of relation (26). Let

W(q) = {a € q(R) : u(qg~"(a)) = max{u(q~ (b)) : b € A(q)}}.

We subdivide one by one the cells ¢~ (a) with a € W(q) and
p = p(g '(a)) as in the proof of (26) in Lemma 5.4. Note,
that the entropy of the quantizer will exceed any given bound
if we repeat the subdivision process enough times. We stop
this process with a quantizer ¢ that satisfies relation (97). Now
recall that Ce® — (m —1) > kel if R > Ry by the definition
at the beginning of the proof. Thus, with p = u(G~*(a)), we
have

R > D > (card(G(R)) — (m — 1))p”
(Ce™ — (m — 1))p* > relp".

(1-a)

AV

Now the inequality e B > meftp® allows us to perform
steps identical to the ones in the chain of inequalities (99) and
we obtain that the quantizer belongs to Kg(x). Obviously,
(110) is still in force for ¢ and the proof is complete. O

Proof of Proposition 6.2: For every i € {1,...,m} choose a
quantizer g; € Q for p; with H, (¢;) < R;. Let

Ji = {a S qi(]R) : u(qi_l(a) n Al) > 0}

Let I; C N be an index set of the same cardinality as .J; and
for every k € I; choose a;r € ¢;(R) such that J; = {a, s :
ke IZ} Let

N =R\ U™, Uker, g; "(air) N A;.

Note that ;4 (N) = 0. Now we define the quantizer ¢ by the
codecells

{N}U{q[l(aiyk)ﬁAi ci=1,....m;k € I;}
and corresponding codepoints

{O}U{ai,k27;:1,...7m;]€€.[i}.

Note that despite our general assumption, the codepoints now
are not necessarily distinct. Recall the convention 0° = 0.
Since u(N) = 0, the definition of H(q) yields

Hi(q) =

1 % o (g,
= 1 5 log (Z s?e(l_a)H“i(Qt)> .

i=1
Since Hp, (¢;) < R;, we obtain in both cases (o« < 1 and
a > 1) that

Hy(q) <

1 m
a (1—a)R;
1_Oélog <;15ie )

Now it is easy to check that H{(q) < R is satisfied if either
(29) or (30) holds. Further we deduce

DHR) < Dula) = [ o= a(o)l" duta)
= Y[ k-l du)
i=1 A
— Y sDua)
i=1
Taking the infimum on the right hand side of above inequality
yields the assertion. ]

Proof of Lemma 6.3: From Definition 6.1 we have s € (0,1).
Let R > 0and 6 > 0. Let ¢ € Q with Hﬁ‘(q) < R and
6 + Dyj(R) > D,(q). We obtain

54 D2(R) > Dy(g) > s / @ — q(@)] s, (@) (11D)

Since o € [0,1), we deduce

R > H(q)
= 1ialog Z (Zsmi(ql(a))>
aEq(R) =1
> 1ialog< > (Suio(ql(a)))a)
a€q(R)
- 1falog(s)+H,i’i0(Q)-

Because ¢ was arbitrary we get from (111) that
« e o
Dy (R) > sDy <R 1 a log(s)) ,

which yields

Ser(ﬁ log(s))er(R—ﬁ log(s))

o o
Dy <R “1—4 log(s))

_ Salazer(Rfﬁlog(s))

e"DY(R) >
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fa log(s)>

Now let o € [0,7 + 1) \ {1} and fix Ry > 0, such that

D3 <R— -

and therefore proves (32).

Ry > max{—log(t;):i=1,...,m}.
For any R > Ry let R; = R+1log(t;) >0,i=1,...,m. We
obtain
Zsa (1—a)R; _ e(l—a)R, (112)

if « € [0, + 1)\ {1}. Indeed, (112) is equivalent to

S st = 1. But this equation is satisfied by the
definition of ;. App]ying Proposition 6.2 we obtain
D3(R) <sDf (Ri)+ Y 8D (Ri).
i=13i%i0
Thus we can compute
eDy(R) < sDy (Ri)+ Y, Do (Ri)

1=13i710
= eT(R*RiO)seTR’ODZ‘ (Rip)

Ly
i=15i#10
= St;)’f‘e'rRiO Dﬁlo (RZQ)

T(R R;) TR,; )
Dy (R;)

m
+ Y st TeDS (Ry). (113)
i=1;iz40

Because all terms in (113) are nonnegative we obtain (33). [

Lemma A.2: Let m € Nand ) " s; =1 with s; > 0 for
every i € {1,...,m}. Let the probability measure ;1 be sup-
ported on a bounded interval I such that p = Y"." | s;U(I;)
where the I; are intervals of equal length A(I)/m that partition
I. Let a € (—00,0) and (R,)nen be an increasing sequence
of positive numbers such that R,, — co as n — oo. Then for
every sequence (¢, )nen of quantizers with ¢,, € G, , relation
(49) holds.

Proof: Recall from (27) and (28) the definition of A(q) and
S(q). For any n € N

(=) H (g2)
1 <
B ZaeA(qn)M(q;l(a))a
_ Zaeatan) Hlan (@) + Yaes(an) 11(g, ()™
Y aca(,) Man ' (a)e
< 14 crd(San) -sup{u(qzlsci))a ta € S(qm)}
ZaeA(qn)N(qn (a))"
o 1y S li(gat (@)™ s a € S(gn)}
< 1+ ( 1) ZaeA(qn) M(in(a))a
_ 1y inf{par (@) s a € S(gn)})
= 1+ 1) > entany 1l (@)° . (114)

20
Now let
ha :min{/\(;;/m NS {1,...,m}} >0
and
ha :max{)\(ls)i/m (i€ {1,...,m}} >0
Since g, € Gg,, we have
1 < 1+ (m—1)(h/2)"
.(min{diam(qgl(a)) ta € Algn) )™
D acA(gn) p(gn(a))®
S 1 + (m — 1)(}11/2}12)&
(win{diam(g; (@) @ € AN |q
Sucate dmma (@)
Fix i = i(n) € {1,...,m} and b € A(q,,) N I; such that
diam(g;, * (b)) = min{diam(q, *(a)) : a € A(gn)}. (116)

From Proposition 7.2 and by [9, Example 5.5] we know that
all codecells g, '(a) with a € A(g,) N I; can be assumed
to have equal length. Because ¢, € Ggr, C Kg, we
obtain lim,, Hﬁ‘(qn) = oco. In view of (116) we thus get

card(A(g,) N 1I;) = oo as n — oco. From (114) and (115) we
deduce
e(lfa)Hs(qn)
1 < -
ZaGA(qn) M(qn 1(a))o¢
< 14 lm= 1)(h1/2hs) (diam(g,, * (b))
= ZaGA(qn)ﬁIi diam(qgl(a))a
(m — 1)(h1/2h2)a
= 1 —1 — o0. (117
* card(A(gn) N I;) as n = co. (117)
Again from ¢, € Gg, C Kg, we have
lim,, oo eA™@E—HE(an)  — 1 which yields together
with (117) the assertion. O

Letm > 2and s1,...,8, € (0,1)™
(v1,...,0m) € (0,00)™ and « € (—

m
E siv; "

i=1

with > s; = 1. For
o0) \ {1} we define

F('Ul,...,’Um):

1

and set t; = sl/az (Zm s‘“)im, i=1,...,

=1 5; m as in (31).
Lemma A.3: If a € (—
vtm)

= inf{F(vl,...,vm) t(v1,...,0m) € (0,00)™;

m
§ Sa 1 a_1 }

00, 1), then
F(ty,...

Proof: Let x; = s§v)~®. We calculate
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and
m -
F(U17 ,'Um) = Zsi(x’bsz )17@
i=1
m l—atar _ _r
= Z‘Si e, Y =G, ).
i=1

Applying [9, Lemma 6.8] we deduce that G attains its min-
imum on (0, 00)™ subject to the constraint Y ;- x; = 1 at

the point (y1, ...

, Ym) With

1
l—atar 1+
(Sla ) -«
7 ai
Si

Yi = 1 = m a1
" <s) DR

Zj:l 7

for every ¢ € {1,...,m}. Hence, F attains its mini-
mum subject to the constraint Y 1", s%vi "% = 1 at the
point (wy,...,wy) with w; = (y;s; %)== for every i €
{1,...,m}. We deduce
l—atar (1—a)?
i—atr —« T—atr
l-a  _ Si i _ S
U}i = T - Zm Sal
s g Tma) e i=1%j
i=1\ %

which yields w; = t;. U
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