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1. I ntr o d u cti o n

T h e c u r r e nt p h a s e of r a pi dl y a c c el e r ati n g i m p a ct s of gl o b al w a r mi n g r e v e al s m a n y

i m m e di at e eff e ct s o n di r e ct a n d i n di r e ct t h r e at s t o gl o b al h e alt h a n d cl e a rl y ill u st r at e s

t h e r ol e of h u m a n a cti viti e s ( e. g., [1 ,2 ]). R e c e ntl y, t h e I nt e r n ati o n al P a n el o n Cli m at e

C h a n g e [ 3 ] r e p o rt e d u n p r e c e d e nt e d i n c r e a s e s i n gl o b al s u rf a c e t e m p e r at u r e o v e r t h e l a st

f o u r d e c a d e s si n c e t h e st a rt of g e o- r ef e r e n c e d s y st e m ati c cli m at ol o gi c al r e c o r d s i n 1 8 5 0 —

wit h l a r g e r i n c r e a s e s f o r l a n d- t h a n s e a- s u rf a c e t e m p e r at u r e s. S u b st a nti al i n c r e a s e s i n

m e a n t e m p e r at u r e s a c r o s s t h e w o rl d a n d h et e r o g e n eit y i n t e m p e r at u r e i n c r e a s e s a c r o s s

m o nt h s a r e n ot e d i n V o g el s a n g a n d F r a n s e s [4 ], w h o e m p h a si z e t h at e s p e ci all y wi nt e r s

a r e w a r mi n g i n t h e n o rt h e r n h e mi s p h e r e. Ki n g et al. [1 ] d o c u m e nt s u b st a nti al w a r mi n g

i n t h e C e nt r al E n gl a n d Te m p e r at u r e ( C E T) ti m e s e ri e s f o r 2 0 1 4 b a s e d o n si m ul at e d a n d

o b s e r v e d d at a s et s a n d p r o vi d e e vi d e n c e f o r a h u m a n-i n d u c e d i n c r e a s e i n t h e r el ati v e

f r e q u e n c y of o b s e r vi n g r e c o r d hi g h t e m p e r at u r e s. Ki n g [5 ] e xt e n d s t h ei r p r e vi o u s a n al y si s

b e y o n d t h e u ni v a ri at e a p p r o a c h a n d p r o vi d e s a p r o x y f o r t h e l o c al r e s p o n s e t o gl o b al

w a r mi n g b y m o d eli n g l o c al t e m p e r at u r e a s a n o nli n e a r p a r a m et ri c f u n cti o n of gl o b al

t e m p e r at u r e. Ri v a s a n d G o n z al o [6 ] p r o vi d e a d e fi niti o n of gl o b al w a r mi n g a n d t r e n di n g

ti m e s e ri e s a n d p r e s e nt e vi d e n c e f o r w a r mi n g b a s e d o n t h e C E T a n d gl o b al t e m p e r at u r e

ti m e s e ri e s.

T h e p r o p e rti e s of cli m at ol o gi c ti m e s e ri e s h a v e b e e n f r e q u e ntl y st u di e d i n t h e lit e r at u r e

a n d t h e r el at e d fi n di n g s f u el a n o n g oi n g d e b at e a b o ut t h e a n al y si s a n d att ri b uti o n of

t r e n d s ( s e e, e. g., [7 ,8 ], f o r r e c e nt s u m m a ri e s a n d di s c u s si o n s). W h e n i n v e sti g ati n g t h e

p r o p e rti e s of cli m at ol o gi c ti m e s e ri e s, s e a s o n alit y i s t y pi c all y filt e r e d i n a fi r st st e p, a s it

m a y f r u st r at e di a g n o sti c t e st s a n d c o m pli c at e i nf e r e n c e ( e. g., [ 9 ], i n t h e c o nt e xt of l o n g
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range dependence and structural breaks). After filtering the seasonal annual cycle, Gao and
Franzke [10] test temperature series for the presence of long range dependence. Proietti
and Hillebrand [11] conduct a series of univariate (and multivariate) stationarity (and
cointegration) checks against various alternatives and find evidence of nonstationarity.
Their findings are in line with He et al. [12]. Among others, Fomby and Vogelsang [13],
Barbosa [14], and Franzke [15] discuss previous studies suggesting that temperature series
are mean stationary and exhibit long range dependence. While such dynamics do not
generate trends in the long run (e.g., thousand years or longer), series such as the CET
ranging over a few hundred years may exhibit stochastic trends. Whether such trends
are deterministic or stochastic and due to short run or long run dependence has been
investigated intensively (e.g., [4,11,16]).

Koenker and Schorfheide [17] investigate curvature in temperature trends in greater
detail. They discuss an upward trend in global Hansen-Lebedeff temperatures [18] be-
tween 1880 and 1940 and after 1965, and identify a trend break in a period of decreasing
temperatures between 1940 and 1965. An important challenge in the analysis of hydrologic
and climatologic processes is the delicate interplay of nonlinearities, temporal dependence,
bimodality, and heterogeneity (e.g., [5,17,19–23]). Rial et al. [24] provide potential expla-
nations of the mechanisms underlying the climate system such as the superposition of
shift and trends in long-term and short-term dynamics, ocean atmosphere interactions, and
feedback effects from the carbon-cycle. Koenker and Schorfheide [17] suggest to broaden
the perspective of analysis beyond the common practice of modeling the deviations around
deterministic trends for the conditional mean temperature using ARIMA (autoregressive
integrated moving average) processes. They propose the use of conditional quantiles
as “serial correlation may be due to a variety of mechanisms that could plausibly effect
year-to-year changes” in temperature and climatic conditions in general (e.g., [25]). As
a consequence, in recent contributions to statistical modeling of temperature series, the
method of quantiles introduced by Koenker and Bassett [26] plays a major role to define
and identify anomalies (e.g., [27,28]).

The presence of seasonal trends has been discussed for climatologic time series by
Colman [29], who argues that sea-surface temperature anomalies may drive seasonal trends
in temperature series, which entails important consequences for ecologic policy (e.g., [30]).
Recently, He et al. [12] emphasized that seasonal trends are difficult to model and forecast
due to time-varying patterns in their components. In what follows, we avoid the perils
of applying a particular approach to filter seasonality and use the assumption of cyclosta-
tionarity (e.g., [31]) in a quantile trend regression (QTR) framework. Cyclostationarity is
based on the literature on periodically autocorrelated processes (e.g., [32]) and assumes
that trend patterns vary cyclically over time. As a consequence of this, temperature can be
understood as a stationary process fluctuating around a deterministic trend component.
Thus, by splitting up the original series into S non-seasonal subseries, where S corresponds
to the length of the seasonal cycle, the estimating equations in our QTR framework can then
be decomposed into two parts which are allowed to vary over the temperature distribution:
the conditional temperature quantile estimated by a trend polynomial and a stationary
colored noise process. We provide a detailed derivation and discussion of the assumptions
underlying the QTR model and show the asymptotic normality of the QTR estimator.
Additionally, we analyze temperature time series which are known to be crucial factors in
models explaining morbidity and mortality and which are frequently used as predictors
for other entities in epidemiology, climatology, ecology and economics.

The paper is structured as follows. Section 2 introduces a sketch of a baseline math-
ematical model and from this derives the QTR model, its assumptions, and asymptotic
properties. Section 3 provides an overview of the CET anomaly data, illustrates the rele-
vance of quantile regression for analyzing anomalies, and summarizes and discusses the
modeling results. Section 4 provides concluding remarks.
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2. Methods

Figures 1 and 2 highlight stylized facts of the CET data from January 1850 to December
2020 analyzed in the empirical section of the paper. Figure 1 shows the CET data, Figure 2
illustrates the corresponding annual mean temperatures. A season plot for the CET data
is given in Figure 3, which includes the monthly mean temperature for each month from
1850 until 1900 via the grey horizontal lines. The latter figure illustrates the presence
of heterogeneity in the respective monthly levels of temperature and also in the month-
specific trajectories of temperature. The figures illustrate the generic nonlinearity and
nonstationarity often found in environmental and hydroclimatic processes due to seasonal
cycles or trend patterns. The decomposition of time series into trend and seasonality is the
starting point for our modeling framework. We thereby address the requirements identified
by Proietti and Hillebrand [11] that the temperature exhibits month-specific variation,
dependence and trend patterns, while a global trend affects all months in a potentially
different way. We will address this problem by using an approach similar to the modeling
of periodically correlated sequences (e.g., [32]).
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Figure 1. CET data from 1850 until 2020.
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Figure 2. Annual mean temperature in Central England from 1850 until 2020. Dashed grey line
represents annual mean temperature during years 1850 until 1900.
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Fi g ur e 3. C E T d at a f o r e a c h m o nt h f r o m 1 9 6 1 u ntil 2 0 2 0. F r o m l eft t o ri g ht, m o nt h s J a n u a r y t o

D e c e m b e r a r e di s pl a y e d o v e r t h e y e a r s. G r e y li n e s i n di c at e m o nt hl y m e a n t e m p e r at u r e f r o m 1 8 5 0

u ntil 1 9 0 0. Diff e r e nt m o nt h s s e p a r at e d b y d a s h e d v e rti c al li n e s.

2. 1. B aseli ne M o del

L et ( Ω , F , P ) b e a c o m pl et e pr o b a bilit y s p a c e a n d, f oll o wi n g K o e n k er a n d S c h orf h ei d e [1 7 ],

c o n si d e r t e m p e r at u r e d at a { Y } t≥ 0 t o b e a n F - m e a s u r a bl e s c al a r r a n d o m s e q u e n c e. F u r-

t h e r a s s u m e t h at t hi s p r o c e s s h a s a si n gl e c y cli c al c o m p o n e nt d u e t o t h e a n n u al s e a s o n

s = 0, . . . , S − 1. T hi s a s s u m pti o n i m pli e s t h at p ot e nti al n o n st ati o n a riti e s at s e a s o n al p o si-

ti o n s (i. e., f o r e a c h of t h e S = 1 2 m o nt h s i n o u r a p pli c ati o n) c a n o nl y b e g e n e r at e d b y t r e n d

c o m p o n e nt s ( s e e [ 1 2 ] f o r a di s c u s si o n i n a ut o r e g r e s si v e m o d el s). O u r a p p r o a c h d e vi at e s

f r o m t h e c o n c e pt of p e ri o di c al c o r r el ati o n i n t h e Hil b e rt s p a c e L 2 ( Ω , F , P ) of r a n d o m

v a ri a bl e s wit h fi nit e s e c o n d m o m e nt, a s w e d o n ot r e q ui r e t h e e xi st e n c e of a n y m o m e nt s of

t h e r a n d o m p r o c e s s e s c o n stit uti n g t h e e sti m ati n g e q u ati o n. H o w e v e r, w e will e x pl oit t h at

t h e q u a ntil e r e g r e s si o n l o s s f u n cti o n ρ τ d e fi n e d b el o w b el o n g s t o t h e cl a s s of a b s ol ut el y

c o nti n u o u s ( o n e v e r y i nt e r v al) f u n cti o n s wit h ri g ht- h a n d- d e ri v ati v e ψ τ , w hi c h i s a f u n cti o n

of b o u n d e d v a ri ati o n ( e. g., [ 3 3 ], S e cti o n 2. 3).

E m pl o yi n g a c o m m o n n ot ati o n f o r s e a s o n al ti m e s e ri e s ( e. g., [ 1 2 ,3 4 ]) w e d e n ot e t h e

ti m e i n d e x t a s t = s + Si w h e r e i = 0, 1, . . . i s a n e w ( a n n u al) ti m e i n d e x a n d c o n si d e r

a r e ali z ati o n { Y t } n
t= 0 wit h s a m pl e si z e n + 1. We a s s u m e t h at t h e d at a a r e g e n e r at e d

a c c o r di n g t o

Y s + Si = h ( x s + Si ,n , β s ) + U s + Si , ( 1)

w h e r e h ( .) i s a n u n k n o w n f u n cti o n c o nti n u o u s i n x s + Si ,n , w hi c h d e p e n d s o n u n k n o w n

b ut fi x e d s e a s o n- s p e ci fi c p a r a m et e r s β s ∈ R L , t h e r o w v e ct o r x t,n c o nt ai n s k n o w n a n d

d et e r mi ni sti c c o v a ri at e s d e p e n di n g o n n , a n d U s + Si i s a n e r r o r p r o c e s s.

We a s s u m e t h at t h e s et of c o nt r ol v a ri a bl e s d o e s n ot v a r y o v e r t h e s e a s o n s. T h e n,

f oll o wi n g Y a n g a n d Ts c h e r ni g [3 4 ], t h e t a s k of v a ri a bl e s el e cti o n a n d p a r a m et e r e sti m ati o n

h a s t o b e c a r ri e d o ut f o r e a c h m o nt h a n d c o r r e s p o n di n g d at a s et

{ x s + Si ,n , Y s + Si }
n / S

i= 0 , s = 0, . . . , S − 1. ( 2)

T h e Wei e r st r a s s a p p r o xi m ati o n t h e o r e m st at e s t h at w e c a n a p p r o xi m at e

h S ( x s + Si , β ) ≈ x s + Si β s .

I n t h e s e mi p a r a m et ri c c o nt e xt of m o d el (1 ), w e a s s u m e a p ol y n o mi al r e g r e s si o n d e si g n

x s + Si ,n = ( 1, x s + Si ,n , x 2
s + Si ,n , . . . , x K

s + Si ,n ) . ( 3)
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T h e b a s eli n e e x a m pl e i n o u r d at a a n al y si s i s t o a s s u m e t h at m o nt h- s p e ci fi c t e m p e r at u r e

s e ri e s a r e g e n e r at e d b y li n e a r d et e r mi ni sti c t r e n d s h ( x s + Si ,n , β s ) = µ s + β s ( s + Si ) / n a n d

a d diti v e, st ati o n a r y a n d w e a kl y d e p e n d e nt e r r o r s U s + Si .

E x a m pl e 1. O ur e m piri c al a n al ysis of t he C E T d at a i n vesti g ates te m per at ure a n o m alies o ver

t he l ast 6 0 ye ars fr o m 1 9 6 1 t o 2 0 2 0. T h us, n = 7 2 0 , S = 1 2 , a n d t he effe cti ve s a m ple si ze is

N = n / S = 6 0 . F or c o n ve nie n ce we c o nsi der t he i n de x i = 1, . . . , N . A si m ple s pe ci al c ase f or a

m o nt h-s pe ci fi c tre n d e q u ati o n is t he li ne ar tre n d e q u ati o n

Y i = x iβ 0 + U i = µ + β · i/ 6 0 + U i, i = 1, . . . , 6 0. ( 4)

U si n g t h e Q T R m o d el, w e will e sti m at e β 0 f o r e a c h m o nt h s , 1 ≤ s ≤ 1 2, a n d v a ri o u s

q u a ntil e s τ , 1 < τ < 1. L e a st s q u a r e s b a s e d di a g n o sti c t e sti n g, e sti m ati o n, a n d i nf e r e n c e

of t e m p e r at u r e t r e n d r e g r e s si o n s ( 4 ) h a v e b e e n di s c u s s e d a m o n g ot h e r s b y F o m b y a n d

V o g el s a n g [ 1 3 ], F ati c hi et al. [1 6 ], B a r b o s a [1 4 ], a n d i n d et ail b y M u d el s e e [2 3 ].

2. 2. Q u a ntile Tre n d Re gressi o n

I n st e a d of a l e a st s q u a r e s b a s e d t r e n d m o d eli n g of t h e m o nt h- s p e ci fi c a n n u al a v e r a g e

i n c r e a s e of t e m p e r at u r e d at a o v e r ti m e, w e e m pl o y q u a ntil e r e g r e s si o n. T h e r e sili e n c e

of q u a ntil e r e g r e s si o n t o e xt r e m e v al u e s i n t h e t e m p e r at u r e di st ri b uti o n all o w s r o b u st

e sti m ati o n of a n n u al m e di a n i n c r e a s e s b ut al s o ot h e r n o n- c e nt r al a s p e ct s of t h e t e m p e r at u r e

p r o c e s s e s. A s a c o n s e q u e n c e, t h e Q T R e sti m at o r i nt r o d u c e d i n t hi s c h a pt e r all o w s t o d r a w

i nf e r e n c e s o n t r e n d p att e r n s a n d t h ei r v a ri ati o n o v e r t h e t e m p e r at u r e di st ri b uti o n. We

d e ri v e t h e a s y m pt oti c n o r m alit y of t h e Q T R e sti m at o r u n d e r p ri miti v e a s s u m pti o n s. O u r

a r g u m e nt ati o n i s si mil a r t o P oll a r d [3 5 ], Fit z e n b e r g e r [3 6 ], a n d K o e n k e r [3 7 ], b ut b uil d s o n

t h e w e a k e r a s s u m pti o n s a n d c o r r e s p o n di n g r e s ult s of O b e r h of e r a n d H a u pt [3 8 ,3 9 ,4 0 ].

2. 2. 1. B a si c St r u ct u r e of a Q u a ntil e R e g r e s si o n M o d el

O u r g o al i s t o st u d y s e a s o n- s p e ci fi c t r e n d p att e r n s a n d i n v e sti g at e t h ei r h et e r o g e n eit y

o v e r t h e t e m p e r at u r e di st ri b uti o n. F o r t hi s p u r p o s e w e f o r m ul at e a Q T R m o d el f o r e a c h

s e a s o n al p o siti o n s . F o r t h e s a k e of si m pli cit y w e will o mit t h e i n d e x s w h e n e v e r t h e c o nt e xt

i s cl e a r. U si n g a n n u al d at a, w e a s s u m e t h at t h e t e m p e r at u r e p r o c e s s e s a r e g e n e r at e d

a c c o r di n g t o t h e Q T R e q u ati o n

Y i = x iβ 0 + U i, i = 1, . . . , N , ( 5)

w h e r e x i := x i N, 1 ≤ i ≤ N , a r e k n o w n d et e r mi ni sti c ( 1 × K + 1 ) d e si g n v e ct o r s, a n d t h e

t r u e p a r a m et e r β 0 i s a n i n n e r p oi nt of a c o m p a ct s u b s et of R K + 1 . T h e u n k n o w n p a r a m et e r

v e ct o r β i s e sti m at e d b y t h e mi ni mi z e r

β̂ N = a r g mi n
β ∈ R K + 1

N

∑
i= 1

ρ τ ( Y i − x iβ ) , ( 6)

w h e r e 0 < τ < 1 a n d t h e c o n diti o n al q u a ntil e Q τ ( Y |x ) = x β 0 i s t h e o pti m al p r e di ct o r of Y

u n d e r q u a ntil e r e g r e s si o n l o s s [ 2 6 ]

ρ τ ( w ) := |τ − ✶ ( w ≤ 0 ) | · |w |, ( 7)

w h e r e ✶ ( .) i s t h e u s u al i n di c at o r f u n cti o n. B y F i( v ) w e d e n ot e t h e di st ri b uti o n of U i, b y

F i,j( v , w ) t h e j oi nt di st ri b uti o n of ( U i, U j) f o r i = j, a n d e m pl o y t h e u s u al n o r m ali z ati o n i n

q u a ntil e r e g r e s si o n:

(A 1 ) F i( 0 ) = P ( U i ≤ 0 ) = τ , 0 < τ < 1 , ∀ i.

St a rti n g f r o m t h e s e c o r e c o m p o n e nt s of a q u a ntil e r e g r e s si o n m o d el, w e m oti v at e

f u rt h e r a s s u m pti o n s r e q ui r e d t o d e ri v e t h e a s y m pt oti c n o r m alit y of t h e Q T R e sti m at o r.
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D u e t o t h e diff e r e nt g r o wt h r at e s of t h e c o m p o n e nt s i n t h e p ol y n o mi al d e si g n ( 3 ), a

n o r m ali z ati o n h a s t o b e a p pli e d ( s e e [ 4 1 ], C h. 7. 2, f o r a d et ail e d di s c u s si o n i n t h e c a s e of

l e a st s q u a r e s r e g r e s si o n). D e fi n e

z i N := x iD
− 1
N , ( 8)

w h e r e D N = di a g ( d 0 N , d 1 N , . . . , d K N ) i s a n o n si n g ul a r ( K + 1 × K + 1 ) di a g o n al m at ri x

wit h p o siti v e el e m e nt s d k N f o r 0 ≤ k ≤ K a n d f o r l a r g e e n o u g h N . T h e n o r m ali z ati o n (8 )

h a s t o e n s u r e t h at t h e el e m e nt s of z i N a r e C e s à r o- s u m m a bl e ( e. g., [ 3 3 ]).

E x a m pl e 2. F or t he c u bic p ol y n o mi al tre n d m o del Y i = µ + β 1 x i + β 2 x 2
i + β 3 x 3

i + U i e m pl o ye d i n

Fr a n z ke [ 2 8 ], d0 N is of or der 1, d1 N is of or der N/ 2 , d2 N is of or der N2 / 3 , a n d d3 N is of or der N3 / 4 .

(A 2 ) T he ( 1 × K + 1 ) ve ct ors x i are deter mi nisti c a n d k n o w n a n d f or s o me re al n u m ber M ,

|| z i N|| ≤ M < ∞ , f or 1 ≤ i ≤ N, a n d all N.

F o r o u r a s y m pt oti c a n al y si s w e r e- w rit e t h e a r g u m e nt of ( 6 ) a c c o r di n g t o (5 ) a s

Y i − x iβ = x iβ 0 − x iβ + U i

= U i − x i( β − β 0 )

= U i −
1

√
N

x iD
− 1
N

√
N D N ( β − β 0 ) ( 9)

= U i −
1

√
N

z i Nγ ( 1 0)

= U i − h i( γ ) , ( 1 1)

wit h l o c al p a r a m et e r s γ :=
√

N D N ( β − β 0 ) a n d h i( γ ) := N − 1 / 2 z i Nγ = x i( β − β 0 ) . F ol-

l o wi n g H u b e r [4 2 ], w e c a n t h e n w rit e t h e Q T R o bj e cti v e f u n cti o n a s

Q N ( γ ) =
N

∑
i= 1

q i N( γ ) , ( 1 2)

wit h s u m m a n d s

q i N( γ ) = ρ τ ( U i − h i( γ ) ) − ρ τ ( U i) =






− ϑ h i if U i > m a x ( 0, h i) ,
U i − ϑ h i if h i < U i ≤ 0,

− U i + ( 1 − ϑ ) h i if 0 < U i ≤ h i,

( 1 − ϑ ) h i if U i ≤ mi n ( 0, h i) .

( 1 3)

T h e n, u n d e r s uit a bl e a s s u m pti o n s ( e. g., [ 3 7 ], C h. 4, f o r t h e a s s u m pti o n of i n d e p e n d e nt

b ut n ot i d e nti c all y di st ri b ut e d r a n d o m v a ri a bl e s) t h e li miti n g di st ri b uti o n of γ̂ N c a n b e

d e ri v e d f r o m t h at of Q N ( γ ) . If γ̂ N i s t h e mi ni m a n d of t h e s c al a r r a n d o m v a ri a bl e Q N ( γ ) ,
t h e n t h e Q T R e sti m at o r β̂ N of β 0 i s gi v e n b y

β̂ N = β 0 +
1

√
N

z i N γ̂ . ( 1 4)

R e m ar k 1. I n le ast s q u ares re gressi o n, as y m pt oti c a n al ysis relies o n t he t wi ce c o nti n u o usl y differ-

e nti a ble l oss f u n cti o n a n d l o c al u nif or m a p pr o xi m ati o n of Q N ( γ ) . As t his a p pr o a c h is n ot fe asi ble

i n q u a ntile re gressi o n, we h a ve t o a p pr o xi m ate Q N ( γ ) b y a s uf fi cie ntl y s m o ot h f u n cti o n Q N ( γ ) .
D ue t o its i n here nt s m o ot hi n g, t he e x pe ct ati o n E [Q N ( γ )] is a s uit a ble c h oi ce, w he ne ver a u nif or m

L L N c a n be est a blis he d s u c h t h at

pli m
N

s u p
γ

1

N
Q N ( γ ) − E

1

N
Q N ( γ ) = 0, ( 1 5)
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f or γ i n a c o m p a ct s u bset of R K + 1 . F urt her el a b or ati o n is be y o n d t he s c o pe of t his p a per (see,

e. g., [ 4 0 ], Le m m a 2 C), b ut we will get b a c k t o (1 5 ) i n Re m ar k 2 bel o w a n d t he n a n al y ze t he

as y m pt oti c be h a vi o ur of E [Q N ( γ )] i n Le m m a 2.

K ni g ht [4 3 ] s u g g e st s a u s ef ul d e c o m p o siti o n of Q N ( γ ) , w hi c h all o w s t o st u d y it s

a s y m pt oti c b e h a vi o r b y e x a mi ni n g t h at of it s p a rti al s u m s s e p a r at el y. K ni g ht’ s i d e ntit y i s

gi v e n b y

Q N ( γ ) = B N ( γ ) + ζ N ( γ ) =
N

∑
i= 1

b i N( γ ) +
N

∑
i= 1

ζ i N( γ ) , ( 1 6)

w h e r e t h e s e c o n d s u m m a n d i n ( 1 6 ) i s d e fi n e d a s

ζ N ( γ ) := −
N

∑
i= 1

h i( γ ) ψ τ ( U i) , ( 1 7)

w h e r e

ψ τ ( w ) := τ − ✶ ( w ≤ 0 ) ( 1 8)

i s t h e ri g ht- h a n d- d e ri v ati v e of (7 ), a n d

ζ i N( γ ) = − h i( γ ) ψ τ ( U i) = −
1

√
N

z i Nγ [τ − ✶ ( U i ≤ 0 )] . ( 1 9)

T h e fi r st s u m m a n d i n ( 1 6 ) i s d e fi n e d a s

b i N( γ ) = |h i − U i|[✶ ( 0 < U i ≤ h i) + ✶ ( h i < U i ≤ 0 ) ]

=






0 if U i > m a x ( 0, h i) ,
U i − h i if h t < U i ≤ 0,

− U i + h i if 0 < U i ≤ h i,

0 if U i ≤ mi n ( 0, h i) .

( 2 0)

T h e d e fi niti o n of s u m m a n d s q i N( γ ) i m pli e s ( e. g., [4 4 ], L e m m a 3. 1)

|q i N( γ ) | ≤ |h i( γ ) |. ( 2 1)

A s a c o n s e q u e n c e, e v e r y m o m e nt of q i N( γ ) e xi st s f o r fi nit e h i( γ ) . T h e n, d u e t o

a s s u m pti o n ( A 1), E [ψ τ ( U i)] = 0, a n d it h ol d s t h at

E [ζ i N( γ )] = 0, ( 2 2)

a n d

E [q i N( γ )] = E [b i N( γ )] =






h i
0 ( h i − v ) fi( v ) d v , if h i > 0,

0, if h i = 0,
0
h i

( v − h i) fi( v ) d v , if h i < 0.

( 2 3)

2. 2. 2. M o d eli n g t h e Q T R D e p e n d e n c e St r u ct u r e

I n t h e c a s e of i n d e p e n d e n c e, t h e p r e vi o u s a r g u m e nt s s uf fi c e t o d e s c ri b e t h e r el e v a nt

p r o p e rti e s of Q N ( γ ) a n d E [Q N ( γ )] . I n t hi s c a s e w e o bt ai n F i,j( 0, 0 ) = F i( 0 ) F j( 0 ) = τ 2 a n d

C o v [ζ i N( γ ) , ζ j N( γ )] = 0 f o r i = j. I n t h e c a s e of d e p e n d e n c e, w e r e q ui r e a s uit a bl e a s s u m p-

ti o n c o n c e r ni n g t h e a s y m pt oti c b e h a vi o r of C o v [ζ i N( γ ) , ζ j N( γ )] . F r o m t h e d e fi niti o n of

ζ i N( γ ) i n (1 9 ) f oll o w s

C o v [ζ i N( γ ) , ζ j N( γ )] = h ih jω ij, ( 2 4)
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w h e r e ω ij c a n b e i nt e r p r et e d a s l o c al m e a s u r e s of d e p e n d e n c e, d e fi n e d a s

ω i,j = τ P ( U i > 0, U j > 0 ) + ( 1 − τ ) P ( U i ≤ 0, U j ≤ 0 )

− τ ( 1 − τ )[ P ( U i > 0, U j ≤ 0 ) + P ( U i ≤ 0, U j > 0 )]

=
F i,j( 0, 0 ) − F i( 0 ) F j( 0 ) f o r i = j,

F i( 0 )[ 1 − F i( 0 )] f o r i = j,
1 ≤ i, j ≤ N . ( 2 5)

D e fi n e t h e ( K + 1 × K + 1 ) m at ri x Ω N wit h g e n e ri c el e m e nt s ( 2 5 ). F u rt h e r d e fi n e t h e

( N × K + 1 ) d e si g n m at ri x X N wit h r o w s d e fi n e d i n ( 3 ) a n d Z N := X N D − 1
N i n a n al o g y

t o (8 ). T h e n

V a r [ζ N ( γ )] =
1

N
γ Z N Ω N Z N γ . ( 2 6)

Gi v e n ( 2 4 ) a n d (2 6 ), w e c a n d e ri v e t h e li miti n g di st ri b uti o n of ζ N ( γ ) b y i nt r o d u ci n g a

s uit a bl e a s s u m pti o n o n t h e li miti n g b e h a vi o r of ω i,j d e fi n e d i n ( 2 5 ).

(A 3 ) Let ω r = s u p i |ω i,i+ r |, r = 1, 2, . . . . T he n, ω r → 0 of si ze − r, w here r > 2 .

A s h a s b e e n p oi nt e d o ut b y O b e r h of e r a n d H a u pt [3 9 ], o nl y t h e p r o p e rti e s of t h e

B e r n o ulli p r o c e s s { ψ τ ( U i) } a n d t h e l o c al b e h a vi o r of t h e di st ri b uti o n f u n cti o n s a n d d e n siti e s

i n t h e n ei g h b o r h o o d of v = 0 a n d ( v , w ) = ( 0, 0 ) , r e s p e cti v el y, a r e e s s e nti al f o r d e p e n d e n c e

i n q u a ntil e r e g r e s si o n. A s s u m pti o n ( A 3) i m pli e s t h at { ψ τ ( U i) } = τ − ✶ ( U i ≤ 0 ) ) i s st r o n g

mi xi n g of si z e − r , w h e r e r > 2. L et σ ( ψ i) d e n ot e t h e si g m a- al g e b r a g e n e r at e d b y ψ i. T h e n,

s u p j | P ( B i ∩ B i+ r ) − P ( B i) P ( B i+ r ) | → 0, a s r a p p r o a c h e s i n fi nit y, w h e r e B i ∈ σ ( ψ i) a n d

B i+ r ∈ σ ( ψ i+ r ) . F o r m at h e m ati c al c o n v e ni e n c e it i s t y pi c all y a s s u m e d t h at t h e e r r o r p r o c e s s

{ U i} i s st r o n g mi xi n g ( e. g., [4 0 ]), a s t h e r e e xi st n u m e r o u s e x a m pl e s i n ti m e s e ri e s a n al y si s

o n mi xi n g p r o c e s s e s a n d a ri c h m at h e m ati c al t h e o r y ( e. g., [ 3 3 ,4 5 – 4 7 ]).

L e m m a 1. U n der ass u m pti o ns ( A 1), ( A 2), a n d ( A 3), ∑ N
i= 1 ζ i N( γ ) c o n ver ges i n distri b uti o n t o

c γ , w here c is n or m all y distri b ute d wit h me a n zer o a n d c o v ari a n ce

li m
N → ∞

1

N
γ Z N Ω N Z N γ .

Pr o of. A s s u m pti o n ( A 3) i m pli e s t h at { U i} i s st r o n g mi xi n g of si z e − r , w h e r e r > 2, wit h

mi xi n g c o ef fi ci e nt ω r . Si n c e { ζ i N( γ ) } i s n e a r- e p o c h d e p e n d e nt (L 1 - a p p r o xi m a bl e) o n

{ ψ τ ( U i) } , w e c a n a p pl y T h e o r e m 1 0. 2 i n P öt s c h e r a n d P r u c h a [4 7 ]. T h e n, t h e a s s e rti o n

f oll o w s f r o m (2 6 ) a n d u p o n a p pli c ati o n of t h e C r a m é r- W ol d d e vi c e [4 8 ].

I n st e a d of r el yi n g o n t h e e xi st e n c e of m o m e nt s a s i n l e a st s q u a r e s r e g r e s si o n, i n

q u a ntil e r e g r e s si o n w e r e q ui r e t h at F i h a s a d e n sit y fi ( wit h r e s p e ct t o L e b e s g u e m e a s u r e),

a n d t h at fi i s i nf o r m ati v e at t h e c o n diti o n al q u a ntil e w e w a nt t o e sti m at e.

(A 4 ) F or s o me f > 0 , t he de nsit y fi( v ) of F i( v ) e xists f or e ver y i a n d |v | ≤ f , is u nif or ml y

c o nti n u o us i n i at v = 0 , a n d s u p 1 ≤ i≤ N fi( 0 ) = o (
√

N ) .

D e fi n e t h e ( N × N ) di a g o n al m at ri x Φ N wit h el e m e nt s ϕ i = fi( 0 ) , 1 ≤ i ≤ N . T h e n,

i n o u r m ai n r e s ult w e s h o w t h at

N − 1 Z N Φ N Z N

− 1
N − 1 Z N Ω N Z N N − 1 Z N Φ N Z N

− 1
( 2 7)

c o n v e r g e s t o t h e a s y m pt oti c c o v a ri a n c e m at ri x of t h e Q T R e sti m at o r a s N → ∞ . E x p r e s-

si o n ( 2 7 ) r e v e al s t h at d e p e n d e n c e a n d h et e r o g e n eit y c a n b e t r e at e d s e p a r at el y i n q u a ntil e

r e g r e s si o n s u n d e r n o n-ii d s etti n g s:

F i,j( 0, 0 ) − τ 2

fi( 0 ) fj( 0 )
( 2 8)
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c o r r e s p o n d s t o c o v a ri a n c e s a n d
τ ( 1 − τ )

f 2
i ( 0 )

( 2 9)

t o v a ri a n c e s. T hi s di s c u s si o n r e v e al s t h e n e e d f o r f u rt h e r a s s u m pti o n s o n t h e d e p e n d e n c e

st r u ct u r e g u a r a nt e ei n g t h e e xi st e n c e of ( 2 7 ) a s N → ∞ .

(A 5 ) F or s o me f > 0 , t he de nsit y fi,j( v , w ) of F i,j( v , w ) e xists f or |v | ≤ f , |w | ≤ f , a n d i = j, is

c o nti n u o us at ( v , w ) = ( 0, 0 ) u nif or ml y i n i a n d j, a n d li mN → ∞ N − 1 ∑ N
| r |= 1 α 0 ( r | u ) = 0 , w here

α 0 ( r | u ) = s u p | fi,i+ r ( 0, 0 ) − fi( 0 ) fi+ r ( 0 ) |, a n d t he s u pre m u m is t a ke n o ver i, i + r ∈ N .

(A 6 ) N − 1 Z N Ω N Z N c o n ver ges f or N → ∞ t o a ( K + 1 × K + 1 ) m atri x Σ .

(A 7 )N − 1 Z N Φ N Z N c o n ver ges f or N → ∞ t o a n o n-si n g ul ar ( K + 1 × K + 1 ) m atri x V .

If t h e e r r o r s a r e i n d e p e n d e nt, fi,j( 0, 0 ) = fi( 0 ) fj( 0 ) a n d t h e s u m i n a s s u m pti o n ( A 5) i s

e q u al t o z e r o f o r all N . T h e n a s s u m pti o n s ( A 4) a n d ( A 5) a r e i m pli e d b y t h e e xi st e n c e of f ( v )
i n t h e n ei g h b o r h o o d of v = 0, a n d t h e c o nti n uit y of f ( v ) at v = 0. A s s u m pti o n ( A 5) c a n

b e i nt e r p r et e d a s a n i n fi nit e si m al w e a k d e p e n d e n c e c o n diti o n si mil a r t o t h e “ d e p e n d e n c e

i n d e x s e q u e n c e" of C a st ell a n a a n d L e a d b ett e r [4 9 ]. A s s u m pti o n s ( A 6) a n d ( A 7) e n s u r e

t h e e xi st e n c e of t h e c o v a ri a n c e m at ri x (2 7 ) i n t h e li mit. W hil e t h e d e p e n d e n c e st r u ct u r e i s

c o nt ai n e d i n a s s u m pti o n ( A 6), t h e h et e r o g e n eit y i s c a pt u r e d b y a s s u m pti o n ( A 7). N ot e t h at

a t o o st r o n g d e p e n d e n c e hi n d e r s c o n v e r g e n c e i n ( A 6). O b vi o u sl y, if t h e li mit of t h e m at ri x

Z N Ω N Z N i s si n g ul a r, t h e n t h e li miti n g di st ri b uti o n of
√

N D N ( β̂ − β 0 ) i s si n g ul a r, t o o.

2. 2. 3. M ai n R e s ult

T h e p r o of of o u r m ai n r e s ult r e st s o n L e m m a 1 a n d t w o a d diti o n al L e m m a s. L e m m a 1

d e ri v e d t h e li miti n g di st ri b uti o n of Q N ( γ ) − E [Q N ( γ )] . L e m m a 2 e st a bli s h e s t h at Q N ( γ ) =
E [Q N ( γ )] = E [B N ( γ )] ( s e e R e m a r k 1) c o n v e r g e s u nif o r ml y f o r γ i n a c o m p a ct s u b s et of

R K + 1 t o γ V γ . L e m m a 3 e st a bli s h e s t h at V a r [B N ( γ )] c o n v e r g e s u nif o r ml y t o 0 f o r γ i n a

c o m p a ct s u b s et of R K + 1 .

R e m ar k 2. I n o ur deri v ati o ns we ass u me h i ≤ f a n d a p pl y ass u m pti o ns ( A 4) a n d ( A 5). He n ce

we i m pli citl y ass u me t he c o nsiste n c y of γ̂ . T he U L L N (1 5 ) re q uire d f or t his c a n be deri ve d fr o m

(i) a we a k L L N f or we a kl y de pe n de nt se q ue n ces usi n g t he L 1 - a p pr o xi m a bilit y of { ζ i N( γ ) } b y

{ ψ τ ( U i) } (see [4 7 ], T he ore m 6. 2, a n d t he pr o of of Le m m a 1) a n d (ii) st o c h asti c e q ui c o nti n uit y of t he

q i N( γ ) (e. g., [3 3 ], Se cti o n 2 1. 3). T he n, we a k c o nsiste n c y of γ̂ i n t he Q T R m o del c a n be est a blis he d

usi n g t he ar g u me nts i n ( O ber h ofer a n d H a u pt [4 0 ], Le m m a 2 C, T he ore m 1) or ( Fit ze n ber ger [3 6 ],

T he ore m 2. 2).

L e m m a 2. U n der ass u m pti o ns ( A 2), ( A 4), a n d ( A 7), E [B N ( γ )] c o n ver ges f or N → ∞ t o

0. 5 γ V γ . T he c o n ver ge n ce is u nif or m f or γ i n a c o m p a ct s u bset of R K + 1 .

Pr o of. F o r h i > 0, f r o m ( 2 0 ) a n d a s s u m pti o n ( A 4) f oll o w s f r o m t h e m e a n v al u e t h e o r e m

1

2
h 2

i i nf
0 ≤ v ≤ h t

fi( v ) ≤ E [b i N( γ )] ≤
1

2
h 2

i s u p
0 ≤ v ≤ h t

fi( v ) .

A p pl y a n a n al o g o u s a r g u m e nt ati o n f o r h i < 0. F r o m a s s u m pti o n ( A 2) f oll o w s

∑ N
i= 1 h 2

i = O ( 1 ) . Fi n all y, d u e t o a s s u m pti o n ( A 4),

li m
N → ∞

E
N

∑
i= 1

b i N( γ ) = li m
N → ∞

1

2

N

∑
i= 1

h 2
i fi( 0 ) =

1

2
γ li m

N → ∞

1

N
Z N Φ N Z N γ ,

a n d t h e a s s e rti o n f oll o w s f r o m a s s u m pti o n ( A 7) ( e. g., [ 3 7 ], T h e o r e m 4. 1).
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L e m m a 3. U n der ass u m pti o ns ( A 2), ( A 4), a n d ( A 5), li m
N → ∞

V ar [B N ( γ )] = 0 . T he c o n ver ge n ce is

u nif or m f or γ i n a c o m p a ct s u bset of R K + 1 .

Pr o of. F o r i = j, h i > 0, a n d h j > 0,

E [b i N( γ ) b j N( γ )] − E [b i N( γ ) b j N( γ )] =

0 ≤ v ≤ h i 0 ≤ w ≤ h j

( h i − v ) ( h j − w )[ fi,j( v , w ) − fi( v ) fj( w )] d v d w

≤
1

4
h 2

i h 2
j s u p

0 ≤ v ≤ h i
0 ≤ w ≤ h j

| fi,j( v , w ) − fi( v ) fj( w ) |.

A n a n al o g o u s a r g u m e nt ati o n a p pli e s f o r h i > 0, h j < 0 a n d all ot h e r c a s e s. T h e n,

N

∑
i,j= 1
i= j

C o v [ (b i N( γ ) , b j N( γ ) )] ≤
1

4

N

∑
i,j= 1
i= j

h 2
i h 2

j s u p
| v | ≤| h i|

| w | ≤| h j|

| fi,j( v , w ) − fi( v ) fj( w ) |. ( 3 0)

T h e e x p r e s si o n o n t h e ri g ht h a n d si d e i s b o u n d e d f r o m a b o v e b y

1

4

1

N

N − 1

∑
| r |= 0

s u p
i,i+ r ∈ N

s u p
| v | ≤| h i|

| w | ≤| h i+ r |

| fi,i+ r ( v , w ) − fi( v ) fi+ r ( w ) |
1

N

N − r

∑
j= 1

( z j Nγ ) 2 ( z j+ r N γ ) 2 .

T h u s, a c c o r di n g t o a s s u m pti o n s ( A 5) a n d ( A 2), t h e l eft h a n d si d e of ( 3 0 ) t e n d s t o z e r o

a s N → ∞ . A n al o g o u sl y, f o r i = j,

N

∑
i= 1

V a r [b i N( γ )] ≤
N

∑
i= 1

1

3
|h i|

3 s u p
| v | ≤| h i|

fi( v ) ≤
1

N

N

∑
i= 1

|z j Nγ |3
1

√
N

s u p
1 ≤ j≤ N

fj( 0 ) .

T h e n, t h e a s s e rti o n f oll o w s f r o m a s s u m pti o n s ( A 2) a n d ( A 4).

T h e or e m 1. U n der ass u m pti o ns ( A 1) –( A 7), t he mi ni mi zi n g v al ue γ̂ N =
√

N D N ( β̂ N − β 0 ) of

Q N ( γ ) c o n ver ges i n distri b uti o n t o a n or m al distri b uti o n wit h me a n zer o a n d c o v ari a n ce m atri x

V − 1 Σ V − 1 .

Pr o of. A c c o r di n g t o L e m m a s 1 – 3 a n d a s s u m pti o n ( A 6), Q N ( γ ) c o n v e r g e s f o r N → ∞ i n

di st ri b uti o n t o

Q ( γ ) =
1

2
γ V γ + c γ , ( 3 1)

wit h mi ni mi zi n g v al u e γ̂ = − V − 1 c . T h e li miti n g v al u e Q ( γ ) c a n b e i nt e r p r et e d a s t h e

li mit of a s e c o n d o r d e r T a yl o r e x p a n si o n of E [Q N ( γ )] . T h e c o n v e r g e n c e i n di st ri b uti o n

of t h e mi ni mi zi n g v al u e γ̂ N t o γ̂ r e q ui r e s t h e c o n v e xit y of Q N ( γ ) [3 5 ] a n d t h e u nif o r m

c o n v e r g e n c e r e s ult s e st a bli s h e d i n o u r L e m m a s f o r γ i n a c o m p a ct s u b s et of R K + 1 .

3. D at a a n d R e s ult s

T hi s s e cti o n p r o vi d e s d e s c ri pti v e s f o r t h e C E T d at a f r o m 1 8 5 0 u ntil 2 0 2 0 u s e d f o r fitti n g

t h e Q T R m o d el s a n d s u m m a ri z e s t h e m o d eli n g r e s ult s. All t e m p e r at u r e s a r e m e a s u r e d i n

C el si u s d e g r e e s ( ◦ C). T h e C E T ti m e s e ri e s i s r e c o r d e d b y a n et w o r k of m o nit o ri n g st ati o n s

( s e e [1 ], Fi g u r e 1 a f o r a vi s u ali z ati o n of t h e l o c ati o n s) a n d d e si g n e d t o r e p r e s e nt t h e cli m at e

of t h e E n gli s h Mi dl a n d s. T h e ti m e s e ri e s d e c o m p o siti o n of t h e C E T ti m e s e ri e s a n d t h e

d e s c ri pti o n of it s k e y c h a r a ct e ri sti c s h a s r e c ei v e d c o n si d e r a bl e att e nti o n i n t h e lit e r at u r e

( s e e, e. g., [1 ,4 ,1 1 ,1 2 ,1 5 ,2 9 ,5 0 ,5 1 ] f o r c o nt ri b uti o n s o v e r t h e p a st t w o d e c a d e s).
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All computations and visualizations were obtained with the statistical software R
version 4.1.1 [52] using the addon packages quantreg [53], forecast [54], ggplot2 [55],
and gridExtra [56]. Data and code (Supplementary Materials) is available from an online
repository [57].

3.1. Descriptives for CET Anomalies

In the following analysis of the CET data, we focus on monthly temperature anomalies
Y∗s (hereafter anomalies). To construct the anomalies, we first compute mean monthly
temperatures for each month over the years 1850 until 1900 Ȳs. This time period is gener-
ally considered to approximate pre-industrial levels and facilitates comparability of our
results for Central England with other regions due to the availability of gridded surface
temperature records (see, e.g., Chapter 3, p. 20 in [3], and the references cited therein). The
anomalies Y∗s are obtained by subtracting Ȳs from the CET data for the years 1961 until
2020 shown in Figure 3. Table 1 displays Ȳs for each month of the years 1850 until 1900
(first row), mean monthly temperatures Ỹs for the years 1961 until 2020 (second row) and
the anomalies Y∗s . Note that all displayed anomalies are positive.

Table 1. Mean monthly temperatures (◦C) for years 1850 until 1900 Ȳs (first row) and years 1961 until
2020 Ỹs (second row). The third row displays corresponding anomalies Y∗s for years 1961 until 2020.

Years Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec.

Ȳs 1850–1900 3.48 4.13 5.11 8.07 10.79 14.28 15.87 15.48 13.20 9.34 5.84 3.99
Ỹs 1961–2020 4.24 4.33 6.21 8.42 11.53 14.42 16.42 16.14 13.88 10.77 6.98 4.81
Y∗s 1961–2020 0.76 0.20 1.09 0.35 0.74 0.15 0.55 0.66 0.69 1.43 1.14 0.82

Figure 4 shows the time series plot of the anomalies for the years 1961 until 2020.
Similar to King et al. [21], we include threshold lines for 0 ◦C (green), 1.5 ◦C (orange), and
2 ◦C (red) in all visualizations of the anomalies (for detailed reasoning and brief summaries,
see [58–60]).
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Figure 4. Anomalies for years 1961 until 2020 (grey line). Horizontal lines indicate anomalies of 0 ◦C
(green), 1.5 ◦C (orange), and 2 ◦C (red).

Figure 5 visualizes the anomalies for the different months (left display) and the
empirical density of the anomalies (right display). Each line in the left display visualizes
one time series of anomalies for a particular month from Figure 4. The anomalies show
an upward trend and most of the anomaly time series are located above the green line
after the year 2000. The empirical density of the anomalies shows a location shift when
comparing the years 1961 until 2020 (green area) to the years 1850 until 1900 (grey area),
with a mean anomaly during the years 1961 until 2020 of 0.71. Note that the empirical
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density that an anomaly exceeds 2 ◦C (marked by the red line) triples for the years 1961
until 2020 compared to the years 1850 until 1900.
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Figure 5. Anomalies for years 1961 until 2020 (left display), where each line represents anomalies for
one month. Right display shows empirical densities of anomalies for years 1850 until 1900 (grey)
and 1961 until 2020 (green). Horizontal lines indicate anomalies of 0 ◦C (green), 1.5 ◦C (orange), and
2 ◦C (red).

To obtain a more complete picture of potential heterogeneities across the different
months, we investigate the months separately. Figure 6 shows boxplots for the anomalies
for each month over the years 1850 until 1900 (grey) and the years 1961 until 2020 (green).
The different boxplots indicate substantial heterogeneities across the months with respect
to the dispersion of the distribution of the anomalies. The dispersion is higher for the
winter months compared to the summer months. Additionally the boxplots illustrate that
location shifts in the anomalies are more pronounced for the autumn and winter months
compared to the other months. Figure 7 shows the empirical densities for the anomalies
from January 1850 until December 1900 (darkgrey) and from January 1961 until December
2020 (green) separately for each month. Starting from December in the top left corner to
November in the bottom right corner, the rows of the figure represent the winter (first),
spring (second), summer (third), and fall (fourth) months. The figure indicates the presence
of a location and scale shift in the conditional distribution of temperature anomalies, which
varies across the different months and is more pronounced in fall and winter.
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Figure 6. Boxplots for anomalies for years 1850 until 1900 (grey) and 1961 until 2020 (green) for each
month. Horizontal lines indicate anomalies of 0 ◦C (green), 1.5 ◦C (orange), and 2 ◦C (red).
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Figure 7. Empirical densities of anomalies plotted for each month from January 1850 until December
1900 (grey) and from January 1961 until December 2020 (green). Vertical lines indicate anomalies of
0 ◦C (green), 1.5 ◦C (orange), and 2 ◦C (red).

3.2. Relevance of Quantile Regression for Analyzing Anomalies

In this subsection, we highlight properties of the anomalies that indicate that quantile
regression analysis is more appropriate in this case compared to least squares analysis.
Figure 8 displays QQ-plots of the sample quantiles of the anomalies (ordinate) for each
month against the theoretical quantiles of the standard normal distribution (abscissa) and
reveals that the empirical anomaly distributions appear “almost normal” only for months
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May and November, while there are a number of deviations from normality in all other
months. In particular, we observe evidence of skewness (left: January, February, June; right:
April, July, August) and outliers (December, January, February, March), which may heavily
influence the accuracy of least squares based statistics. Additional evidence of fat tails
(September, October, December) may trouble the existence of moments.

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
D

ec
 (°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Ja

n 
(°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Fe

b 
(°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
M

ar
 (°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Ap

r (
°C

)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
M

ay
 (°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Ju

n 
(°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Ju

l (
°C

)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Au

g 
(°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
Se

p 
(°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
O

ct
 (°

C
)

−6

−3

0

3

6

−2 −1 0 1 2
Theoretical quant. N(0,1)

Em
p.

 q
ua

n.
 te

m
p.

 a
no

m
al

y 
N

ov
 (°

C
)

Figure 8. Sample quantiles of anomalies for each month from January 1961 until December 2020
(ordinate) and theoretical quantiles of standard normal distribution (abscissa). Dashed grey line
connects points constituted of respective 0.25%- and 0.75%-quantiles.
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Figure 9 displays estimated mean versus median trends of anomalies for each month
starting from December (top left) to November (bottom right). The trend regressions were
fitted by employing a polynomial of degree three in a quantile regression with τ = 0.5
(solid green line) and a least squares regression (dashed green line). The figure highlights
that there are considerable differences between the conditional mean and the conditional
median for all months except December. In particular, skewness and extreme values lead
to a much more wiggly behavior of the mean trend compared to the median trend.
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Figure 9. Estimated trend polynomial of degree three by quantile regression (τ = 0.5; solid green
line) and least squares regression (dashed green line) for anomalies for each month from January 1961
until December 2020 (grey lines).
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3.3. Results of QTR Estimation

In the sense of our mathematical model in Equation (1), we analyze all monthly
CET anomaly time series separately (e.g., [4,34,61]) by fitting a QTR model as defined
in Equation (5) for time series of monthly temperature anomalies Y∗s to capture month-
specific patterns of trend and heterogeneity. Similar to Franzke [15], we use a low-order
polynomial for trend modeling and fix the order of the polynomial regression design given
in Equation (3) to K = 3:

xs+Si,n = (1, xs+Si,n, x2
s+Si,n, x3

s+Si,n).

Figure 10 illustrates the QTR models fitted to the anomalies. Each display represents
the QTR model fit to a particular month from December (top left) to November (bottom
right). In our further analysis of the CET data, we focus on hot and cold extremes. Following
Franzke [28], we define the τ = 0.95 quantile as threshold for hot extremes and the τ = 0.05
quantile as threshold for cold extremes. Visualizations based on the exceedance of such
thresholds can be found, among others, in Mudelsee [62] and Dissanayake et al. [63].
Alternatively, Glick [64] considers the maximum and minimum as thresholds for hot and
cold extremes. The area between the estimated quantile trend curves for hot (τ = 0.95)
and cold (τ = 0.05) extremes is marked in green. The estimates indicate that there are
substantial heterogeneities with respect to two dimensions: Across the quantiles (when
contrasting the lines that bound the green area above and below for each display) and across
the monthly seasonal cycle (when contrasting the green areas over the different displays).
Upward trends in the anomalies are visible for almost all months, as larger fractions of
the areas move above the zero line over time. The divergence between the hot and cold
quantiles is larger for winter months compared to summer months. Overall, our results
are in accordance with earlier literature, which provided evidence for global warming and
trending in temperature time series and noted heterogeneity across the different months
(e.g., [4,6,28]).
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Figure 10. Cont.
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Figure 10. Anomalies for each month from January 1961 until December 2020. Green shaded area
colors region between QTR models for hot (τ = 0.95 quantile) and cold (τ = 0.05 quantile) extremes.
Horizontal lines indicate anomalies of 0 ◦C (green), 1.5 ◦C (orange), and 2 ◦C (red).

4. Concluding Remarks

We propose a model for season-specific trends motivated by cyclostationarity of tem-
perature anomalies. From this we derive a quantile trend regression (QTR) model by
introducing a set of assumptions reflecting that environmental processes such as temper-
ature anomalies are neither homoscedastic nor independent. The key assumption about
the trend is that temperature anomalies can be decomposed into a conditional temperature
anomaly quantile modeled as a polynomial trend and a stationary weakly dependent
remainder process. We provide asymptotic results for the QTR model and apply it to
seasonal temperature anomalies of the Central England temperature (CET).

Our empirical results suggest a location and scale shift in the distribution of CET
anomalies during the years 1961 until 2020 compared to 1850 until 1900 and an increase
of the relative frequency of observing hot extremes (i.e., anomalies, which exceed the 95%
quantile of temperature anomalies during 1850 until 1900). Additionally, our modeling
results indicate the presence of substantial heterogeneities of trend patterns over the
seasonal cycle for the years from 1961 to 2020, where warming is most pronounced for
autumn and winter months. Overall, our findings are in line with earlier work, which
documented upward trends for CET temperatures [1,6,17] and heterogeneity in trend across
winter and summer months Vogelsang and Franses [4].

The QTR approach imposes a weak set of assumptions and is particularly suited for
analyzing trends in temperature anomalies as highlighted by the visualizations provided in
the previous section. First, robust alternatives to least squares based modeling are necessary
due to the presence of outliers (in trend and remainder component), which may impact
the fitted trend regression polynomials substantially. Second, accounting for heterogeneity
across the different months is vital in the analysis of trends in hot and cold extremes.
Finally, on a theoretical level, the non-normal behaviour of the anomaly data suggests
that the assumptions underlying quantile regression are more suitable compared to the
moment-based assumptions of least squares methods.
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There are of course limitations of the proposed QTR modeling of anomalies. Polynomi-
als may tend to overfit in certain areas of the domain spanned by the design vectors. Local
overfitting could be mitigated by imposing suitable restrictions such as shape-constraints
or specifying particular distributions (e.g., [22,65]). This, however, requires a priori infor-
mation on the nature of the restrictions and may seriously flaw the modeling results if the
imposed restrictions are wrong. Future work could investigate suitable restrictions for
temperature time series based on different time horizons and/or regions. Alternatively,
QTR modeling could be extended to other processes which exhibit similar structures to
the temperature process. An example are air pollutant processes, which result from the
complex interplay of natural and anthropogenic influences such as diurnal cycles due to
traffic or cycles according to the annual seasons. This renders the usual filtering procedures
from time series analysis infeasible and QTR could be a valuable modeling approach.

Supplementary Materials: The code to reproduce the results is available online at https://github.
com/markusfritsch/quantWarming.
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