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Abstract

We study robust chance-constrained problems with mixed-integer design variables and am-
biguity sets consisting of discrete probability distributions. Allowing general non-convex
constraint functions, we develop a branch-and-cut framework using scenario-based cut-
ting planes to generate lower bounds. The cutting planes are obtained by exploiting the
classical big-M reformulation of the chance-constrained problem in the case of discrete dis-
tributions. Furthermore, we include the calculation of initial feasible solutions based on a
bundle method applied to an approximation of the original problem into the branch-and-
cut procedure. We conclude with a detailed discussion about the practical performance of
the branch-and-cut framework with and without initial feasible solutions. In our exper-
iments we focus on gas transport problems under uncertainty and provide a comparison
of our method with solving the classical reformulation directly for various real-world sized
instances.

1 Introduction

Real-world optimization problems are often affected by uncertain data. Albeit the data
might not be known exactly, partial information can be available and allows to construct
an empirical distribution. Nevertheless, this empirical distribution does not model the
behavior of the uncertain parameters exactly, but is only an approximation to the true
probability distribution. To overcome this issue, distributionally robust optimization pro-
tects solutions against a whole class of probability distributions contained in an ambiguity
set. For a general overview of distributionally robust optimization we refer for example to
[34], [37], [41] and [54].

Uncertainties can influence the objective function as well as the constraints of an opti-
mization problem. Uncertain objectives are often modeled with expectations, whereas
uncertainties in constraints can be given by expectations, various risk measures or chance
constraints. In this work, we focus on the chance-constrained setting. Here, the uncertain
constraint has to be fulfilled with a probability level p that is usually slightly smaller than
one. For an overview of chance constraints with fixed distributions we refer to [47], [53]
and [58] as well as to the recent survey [16] and references therein.

In the following, we concentrate on robust joint chance constraints with uncertain dis-
tributions in an ambiguity set . Additionally, we include integral design variables that
occur in many practical optimization problems. Concretely, we consider a mixed-integer
optimization problem with robust joint chance constraints of the form

min - go(z, y)

s.it. hi(z,y) <0 Viel
Psc(gj(z,y,0) <0VjeJ)>p V(elU (P)
(z,y) € [z,7] x [y,7]
y €L,



where gg : R™ x R™ — R and h; : R™ x R™ — R for all ¢ € Z do not depend on
the uncertain parameters and the uncertain constraint functions are given for all j € J
by g; : R x R"™ x R? — R. Furthermore, the continuous variables z are bounded by
z € R"™ and T € R™ and the integral variables y by y € R™ and 7 € R™. We note
that the joint character of the chance constraint requires that a finite set of constraints
gj(x,y,9) < 0 holds simultaneously with a given probability, whereas the robust part
induces an infinite number of chance constraints.

The two main challenges in the optimization problem (P) are the robust chance constraint
and the presence of mixed-integer design variables. The tractability of the robust chance
constraint mainly depends on the concrete choice of the ambiguity set. One common
approach to construct ambiguity sets are structured-based ones. Here, one protects against
all distributions sharing some structural elements such as certain moments, symmetry or
unimodularity (see e.g. [20], [50], [68] and [74]). Another famous approach are so-called
distance-based ambiguity sets. Based on some reference distribution, one protects against
all distributions that are close to this reference distribution with respect to some metric.
A typical choice of the reference distribution is for example the empirical distribution and
distances between distributions are often measured by ¢-divergences (e.g. [30] and [70]) or
Wasserstein distances (e.g. [14], [26] and [28]). Dealing with continuous distributions often
prohibits an exact evaluation of the probability function, and therefore, many solution
approaches rely on deterministic reformulations for special combinations of ambiguity sets
and constraint functions g; in the chance constraint.

An alternative approach to resolve the challenge of continuous distributions are discrete
approximations. In general, there are two main possibilities, namely scenario approxi-
mations and sample average approximations (SAA). Scenario approximations replace the
chance constraint by a finite number of deterministic constraints g;(x,y,d) < 0 for some
sample points 0 and solve the corresponding deterministic problems (see e.g. [12], [22]
and [46]). The mentioned references show that the probability of violating the original
chance constraint decreases with the number of samples and they provide some perfor-
mance guarantees for different settings. Jeuken and Forbes [27] introduce an active set
method that iteratively adds these deterministic constraints. Concretely, they start by
solving the relaxation, where the chance constraint is completely removed, and check the
feasibility of the returned solution for the original problem. If the chance constraint is vio-
lated, they determine a critical scenario based on the amount of violation of the condition
in the chance constraint and add the corresponding constraint g;(x,y,d) < 0. Then, they
proceed in an iterative manner, until a feasible solution for the original problem is found.

The concept of sample average approximation (SAA) relies on a similar idea, but instead
of introducing a finite number of deterministic constraints with respect to fixed uncer-
tainty realizations, this method builds the empirical mean with respect to a finite sample
and replaces the chance constraint by this finite expectation constraint (see e.g. [45], [49]
and [52]). This method is often used for chance constraints with fixed distributions, but
there also exist applications for the distributionally robust setting. For example, Lei and
Mehrotra [39] study SAA approximations for robust chance constraints with general am-
biguity sets and provide sufficient conditions for the convergence of the discretized model
together with statistical estimates for lower and upper bounds of the optimal objective
function value.

The potential of these discrete approximations and the discrete nature of empirical distri-



butions motivates the development of solution approaches for discrete distributions in the
literature. Following this line of research, we focus on discrete distributions over a finite
and fixed scenario set A = {41,...,0|a|}. Instead of assuming a fixed discrete distribution
we consider the setting of robust chance constraints and protect against an ambiguity set
containing discrete distributions over A.

Many methods for nominal chance constraints with discrete distributions rely on a deter-
ministic mixed-integer non-linear programming (MINLP) reformulation that introduces
additional binary variables together with big-M constraints. This reformulation has been
originally introduced by Ruszczyniski [56], who additionally discusses lifted cover inequal-
ities for knapsack constraints to strengthen the reformulation. Strengthening the refor-
mulation with various cutting planes is an active field of research. For example, Lodi et
al. [42] use Benders’ cutting planes within a branch-and-cut framework and Luedtke [44]
introduces strong cuts combining the original design variables and the additional binary
ones. Tanner and Ntaimo [60] base their approach on cuts induced by irreducible infeasi-
ble subsystems and Cattaruzza et al.[13] introduce a set of primal-dual as well as covering
and multi-disjunctive valid inequalities. Furthermore, inequalities based on mixing sets
for linear constraint functions g; are often discussed in the literature (e.g. [1], [3], [33]
and [72]). To reduce the size of the reformulation [55] adaptively partition and merge the
scenario set in an iterative algorithm to compute upper and lower bounds for the original
problem and Van Dessel and Glineur [62] study preprocessing techniques that focus on
calculations of scenario subsets where the additional binary variables can be fixed to zero
or one and discuss corresponding vertex-based cuts.

In the robust setting, Wasserstein balls with SAA are discussed by Ho-Nguyen et al.
([24] and [25]). Based on the big-M formulation they introduce valid inequalities for the
resulting mixing sets in the linear context. Furthermore, Jiang and Xie [29] combine
variable fixing with optimality cuts to obtain inner and outer approximations for different
Wasserstein metrics. Polyhedral ambiguity sets consisting of discrete distributions are
studied in Pathy and Rahimian [51]. To strengthen the big-M formulation they iteratively
add probability and feasibility cuts to a relaxed version of the formulation. Yanikoglu [69]
proposes an iterative safe approximation algorithm with box and ellipsoidal ambiguity sets
that is based on solving robust optimization problems.

Besides the big-M reformulation there also exist different reformulations to MINLPs with-
out big-M constraints (e.g. [2] and [64]) and various methods that do not depend on
MINLP reformulations. For example, Xie and Ahmed [65] introduce quantile cuts in the
original variable space for convex constraint functions and mixed-integer design variables.
Branda [11] and Laguel et al. [38] deal with penalty problems and Dentcheva et al. ([17]
and [18]) study the concept of p-efficient points. In the robust setting, Bernhard et al.
[9] combine smoothing and penalization techniques to construct an approximation to the
original problem that can be solved with a bundle method. Furthermore, they combine
this approach with a scenario-based postprocessing to guarantee feasible solutions in the
end.

Dealing with discrete distributions drastically facilitates the calculation of probabilities,
but the challenge of integral design variables is still present. Although methods based
on MINLP reformulations for the chance constraints with discrete distributions naturally
contain additional binary variables, the respective solution procedures are often based on
cutting planes that cannot directly be transferred to integral design variables. Neverthe-



less, integral design variables are contained in many practical problems. Most approaches
for the mixed-integer setting concentrate on discrete distributions, but there also exist
approaches for continuous ones (e.g. [15] and [32]). The integrality is often tackled by
branch-and-bound approaches (e.g. [7], [8], [32] and [43]), but there also exist inner ap-
proximation techniques (e.g. [40]) or methods based on robust approximations (e.g. [66]
and [67]). Furthermore, the concept of p-efficient points can also be applied to integral
design variables ([19] and [8]). An overview of combinatorial optimization with chance
constraints is provided by Yao et al. [71]. Besides these approaches for nominal chance
constraints, integral variables are also considered in the robust chance-constrained setting.
For example, Wagner [63] tackles linear chance constraints with moment-based ambiguity
sets and binary design variables via robust approximations and Zhang et al. [73] de-
velop second-order cone reformulations for this setting together with a branch-and-cut
algorithm.

In our work, we consider optimization problems with mixed-integer design variables and
robust chance constraints over general ambiguity sets consisting of discrete distributions.
Furthermore, our approach is not restricted to linear constraint functions g;, but can be
applied to more general settings. Concretely, our method is based on the big-M reformu-
lation of the chance constraint and we introduce an efficient branch-and-cut algorithm for
this setting, where we iteratively branch on the integral design variables if integrality is
violated or add additional cutting planes to strengthen the lower bound. We note that we
do not branch on the additional binary variables from the big-M reformulation in contrast
to many methods presented in the literature. The method relies on iteratively solving a
relaxation of the original problem to construct lower bounds to the optimal objective func-
tion value. To additionally strengthen this relaxation we iteratively add cutting planes
based on cover inequalities for knapsack constraints. In contrast to many cuts in the lit-
erature, our cutting planes do not depend on certain structures with respect to the initial
design variables, but only consider the additional binary variables from the big-M reformu-
lation. Furthermore, they are constructed in a way that allows to only include the binary
variables for a small subset of scenarios, whereas most approaches from the literature have
to include all binary decision variables. This may result in very large-scale problems. We
note that our procedure requires globally optimal solutions of the lower bound problem.
This implies that we need an objective function gg, certain constraint functions h; and
constraint functions g; in the chance constraint that guarantee this tractability. Although
this is a restriction, we are able to treat non-linear and even some non-convex settings
with our method. Additionally, we introduce a preprocessing step generating initial feasi-
ble solutions that is based on the solution approach for only continuous design variables
presented in [9]. Concretely, we solve an approximation problem consisting of smoothing
and penalization techniques with a bundle method and find a feasible solution with a
scenario-based approach. The efficiency of our algorithm is shown with extensive numer-
ical experiments on real-world sized instances for gas transport problems. We note that
our method can also be applied to multiple robust chance constraints by simply treating
them separately to introduce the cutting planes. In detail, our contributions can be stated
as follows.

e We design a branch-and-cut algorithm for robust chance-constrained optimization
problems with discrete distributions and mixed-integer design variables for general
constraint functions in the chance constraint.



o We develop efficient cutting planes based on big-M reformulations and cover inequal-
ities for knapsack constraints that allow to include only a subset of the scenarios into
the lower bound problems.

e We enhance the performance of the branch-and-cut method by introducing an ap-
proach to find initial feasible solutions based on bundle solutions of approximation
problems combined with scenario-based postprocessing (see [9]).

e We construct special network structures for gas transport problems to perform an
extensive numerical comparison of the algorithm with and without initial feasible
solution with solving the big-M reformulation directly. Furthermore, we discuss the
benefits of adding the calculation of an initial feasible solution depending on the
network structure and number of scenarios.

We start by introducing the branch-and-cut algorithm in Section 2. In Section 3, the
calculation of upper bounds is discussed. Finally, Section 4 provides detailed numerical
experiments in the gas context and Section 5 concludes with a short summary and and
outlook to possible extensions.

2 Branch-and-cut algorithm

A common approach to solve mixed-integer non-linear, and possibly non-convex, opti-
mization problems are branch-and-bound algorithms. In general, these methods combine
bounding the optimal value with splitting the feasible set into subdomains. Typically, the
splitting is called ’branching’. To construct lower bounds for the optimal objective func-
tion value, one often uses continuous relaxations, where the integrality conditions on y are
relaxed. If globally optimal solutions to this relaxation are available, branching on the inte-
gral variables y and iteratively solving the respective continuous relaxation suffices to find
an optimal solution in a finite number of steps. In our setting, the continuous relaxation of
the robust chance-constrained problem is mostly not solvable to global optimality in a rea-
sonable time, especially for large scenario sets A and difficult non-convexities in the input
functions. Therefore, we use an alternative lower bound problem relaxing the integrality
conditions and the robust chance constraint. In this setting, branching on integral vari-
ables can in general not guarantee finite termination of the branch-and-bound procedure.
Therefore, we iteratively strengthen the lower bound problem by adding scenario-based
cutting planes.

Before explaining the branch-and-cut procedure, we transform the joint chance constraint
to a single one by replacing the joint condition g;(z,y,d) < 0 for all j € J by the equivalent
condition

d) = ; 9) <0.
g(x,y,9) %gg](x,y, ) <

As mentioned before, our lower bound problem relaxes the integrality on y and the robust
chance constraint. Consequently, its basic form is given by

min - go(, y)
st. hi(z,y) <0 Viel (Pret)

(2,9) € (2] * [4,7)-



Obviously, the lower bound obtained by solving this problem is typically very weak since it
completely ignores the robust chance constraint. Therefore, we strengthen the lower bound
problem by adding cutting planes based on the discrete structure of the distributions con-
tained in the ambiguity set. We utilize the finiteness of the support set A = {41, ..., d) A|}
and reformulate the robust chance constraint

Psec(gj(z,9,0) S0VjeT)=p VCeU (1)

as a finite sum over indicator functions given by

A
D X (—oo0)(9(x, 4, 8)) = p V¢ EU,
=1

where ¢ € RI2! represents the vector of probabilities for all realizations in A. Therefore,
the ambiguity set U of discrete distributions can be expressed by these vectors (. We note
that all feasible vectors ¢ have to be contained in the probability simplex. The indicator
function y 4 is defined by x4(w) =1 if w € A and x4(w) = 0 otherwise for an arbitrary
set A.

Furthermore, the robust part of (1) can be equivalently replaced by a minimum constraint
resulting in the single constraint

|A
ICIgZEIl;QX(—OO,O] (g(fv,y, 5z)) > p.

A classic way to equivalently reformulate the indicator functions are big-M formulations
that introduce additional binary variables z [56]. The resulting formulation of the robust
chance constraint is given by

1Al

min iz >
min El Gizi > p

gz, y,6) < M- (1—z) Vi=1,...,]A
z € {0,1}A1,

where M > 0 is a constant ensuring that the respective inequality is always valid for
z; = 0. We note that the choice of such a constant M is always possible if g is bounded
on the feasible set. Since the feasible set is bounded, continuity of g; for all j € J suffices
in our case, and therefore, we assume this in the following.

Using the binary variables z we generate cutting planes that cut off possible z-vectors,
but do not cut off feasible solutions (x,y) for the original problem (P). Concretely, we
associate with each vector (z,y) the binary z-vector defined by

]-a g(xayaéz) SO
z; =
’ 0, otherwise.

We call this binary vector the corresponding z-vector to (z,y).

The idea for the first cutting plane consists of bounding the number of components in z
that can be equal to zero taking the worst-case distribution in the ambiguity set U/ into



account. Concretely, this number can be computed by solving the optimization problem

1A
m:= max Y. w;
woi=1
&l (Peut)
st. max > Gw; <1—p
el =1
w € {0,1}141,

Here, the optimal value m gives the maximal number of components of z that can have
simultaneously the value zero. We note that this problem still contains a robust constraint
over the ambiguity set U/, but is linear in the optimization variables w. Finally, we can

add the cutting plane
|A]

Soz>|Al-m (2)
i=1

to the lower bound problem (P,¢;). In the following, we call this cut m-cutting plane. We
note that (P2,) is a binary, linear robust optimization problem that can be reformulated
to a classical binary problem for a large class of ambiguity sets (see e.g. [6]). The m-
cutting plane enforces to add |A| additional binary variables, which is impractical for
large scenario sets. Therefore, instead of adding this cut directly, we define a restricted
version that allows to include only a subset of scenarios into the lower bound problem.
Concretely, for an arbitrary subset A.,; C A of the original scenario set the following

restricted cutting plane is valid for the original problem.

Theorem 1. For every corresponding z-vector to a vector (x,y) that is feasible for the
original problem (P) and for every subset Ay € A the cutting plane

Z Z 2 |Acut| —m (3)

1€Acut

1s valid.

Proof. First, we note that the validity of the cutting plane is guaranteed if (2) is valid

since
A Ay

Sooa=Yz— > zm=Y zi—|Al+ Al > |[Acut| —m
=1 =1

iEAcut iGA\Acut
directly follows from (2).

So, it suffices to show the validity of (2). Let (x,y) be an arbitrary feasible vector for (P)
with corresponding binary vector z and assume for a contradiction that (2) is not valid
for this z-vector, this means

1A 1A 1A

m=Y w <|Al=>"z=> (1-2z),
i=1 i=1

i=1

where w* is the optimal solution to (P[}). Since w* is optimal for this problem and the
vector (1 — z) has a larger objective function value with respect to (Plhy), this directly
implies that (1 — 2) is infeasible for (P},).



Together with classical calculation rules for the maximum operator we obtain

A
l1-p< %16%3(;(1 —2) G
A A
< max ; G+ max ; —2Gi
A
=1- 21.161251 ; 2 G
<1l-p,

where the last line follows from the feasibility of (z,y) and the definition of z. Conse-
quently, we have a contradiction to our assumption, and therefore, the cutting plane is
valid. 0

The reduced m-cutting plane (3) allows to strengthen the lower bound problem without
including information for all scenarios. Nevertheless, it becomes only meaningful if we
include more than m scenarios in A.,; and is more effective if many scenarios are included.

To obtain strong cuts even for small sets A.;; we additionally add cutting planes based
on cover inequalities for knapsack constraints (see e.g. [5]). Cover inequalities for chance-
constrained problems in the nominal and linear setting are for example also used in [33].
Here, the author uses the cover inequality to strengthen valid inequalities for mixing
sets resulting from the linear problem structure. In the robust setting Wang et al. [64]
use cover inequalities for bilinear knapsack constraints with respect to the binary design
variables instead of the additional ones caused by the big-M reformulation that we use in
our setting. We note that their inequalities are only possible due to the linear structure
of the constraints g;, which we do not assume here.

For a fixed distribution the constraint Elﬁ‘l Ciz; > p exactly models a knapsack constraint
with respect to the binary variables 1 — z;. The general idea of cover inequalities is to
prevent that all items within the cover are packed into the knapsack, if impossible due to
the knapsack capacity. In our case, this is equivalent to enforcing at least one entry in z
corresponding to a scenario in the cover to take the value one.

To construct the cover in practice, we choose an arbitrary vector (z,y) and sort the indices
such that the corresponding g-values are decreasing. Our experience is that the inequality
is more efficient if the order of the scenarios does not heavily change for different vectors
(x,y). Indeed, vectors (z,y) with the same order of scenarios induce the same inequalities,
and therefore, the number of added inequalities is small if there is only a small number
of possible orders for different vectors (z,y). For the obtained order we finally calculate
a distribution ¢* in the ambiguity set U that puts large weight on the first scenarios.
Using this distribution (* we determine the smallest index j such that choosing the z-
components of all ordered scenarios up to j to be zero would violate the robust chance
constraint. With this construction, we obtain a minimal cover, which means that removing
one of its elements it is not a cover any more. The corresponding cover inequality is then
given by

J
Z Zik 2 1, (4)
k=1
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Algorithm 1 cut — iter(z,y)

(i1,...,9a|) < (elements in A with decreasing g-values)

* A
¢* € argmax ey Yoy (1A = k) - G,
j + smallest number such that >>;_; s >1—=p
return ((i1,...,%a),J)

where j and the ordered tuple (71,...,i|a|) of the scenarios are determined by the sub-
routine cut — iter(z,y). We note that this algorithm is a heuristic method that is not
guaranteed to separate a violated cutting plane whenever it exists.

We note that the validity of these cutting planes follows immediately from the validity of
classical cover inequalities, but for the sake of completeness, we add the formal proof here.

Theorem 2. For every corresponding z-vector to a vector (x,y) that is feasible for (P)
the cover inequality (4) is valid.

Proof. The validity of classical cover inequalities for a fixed distribution implies that the
cut is valid for all vectors (z,y) that are feasible with respect to the distribution ¢*. Since
the feasible set of (P) is a subset of these vectors, the claim directly follows. O

Using this second type of cutting planes, we now define the set Acy = {i1,...,7;} and
add the inequalities (3) and (4) to the lower bound problem for an arbitrary vector (x,y).
We note that the quality of the cutting planes heavily depends on the chosen vector (z,y).
Nevertheless, we typically have no information in the beginning about good choices, and
therefore, we have to use an arbitrary one.

During the branch-and-cut method we obtain additional knowledge by solving the lower
bound problems. We use that knowledge to iteratively strengthen the lower bound prob-
lem by adding additional cutting planes based on the actual solution of the lower bound
problem, whenever it is not feasible for the robust chance constraint. Concretely, we dis-
tinguish between two possible types of cuts that are added. The first ones are the cover
inequalities of type (4) built with the lower bound problem solution (z,y). The alternative
simply cuts away the actual lower bound solution (x,y) by enforcing at least one of the
z-entries to be one that is actually zero. Concretely, for the cutting plane for the set
Ai(z,y):={ie{l,...,|Al}: g(x,y,0;) > 0} is given by

€A (z,y)

We note that we only add one of the two additional cutting planes, namely the one where
the number of included scenarios is smaller. We have already shown that cover inequalities
of type (4) are valid for the original problem. So, it remains to show the validity for the
alternative.

Theorem 3. For every corresponding z-vector to a vector (x,y) that is feasible for (P)
the cutting plane (5) generated for some vector (Toiq, Yord) that is infeasible for the robust
chance constraint is valid.



Proof. Since the generating vector (x4, Yorq) is infeasible for the robust chance constraint,
there exists a distribution ¢* with

|A]
> GX (= 00,01 (9(Totds Yotds i) < p-
i=1

Therefore, we obtain

A

3 G=1- > G =12 ¢ X(=00,0(9(Tolds Yotd» 0i)) > 1 = p.
i=1

1€A L (To1dYold) 1€EA\AL (Zo1d,Yold)

Therefore, A (o4, Yorqg) is a cover and the validity follows like for the cover inequality
(4). O

Adding iteratively one of these two cuts to the lower bound problem (P,), we find a
feasible solution to the NLP-relaxation (Pyrp) of the original problem after a finite number
of iterations or the lower bound problem is infeasible. We note that the NLP-relaxation
consists of the original problem (P) by only relaxing the integrality of y.

Theorem 4. After the addition of at most 213! cutting planes of the type (4) or (5),
choosing the one that includes less scenarios, the solution of the lower bound problem
is either feasible for the original robust chance constraint or the lower bound problem is
infeasible.

Proof. If the lower bound problem is infeasible after the addition of less than 214! additional
cutting planes or returns a solution that fulfills the robust chance constraint, the statement
is shown. Therefore, we consider the case of n = 22 added cuts. We show that every
cutting plane of type (4) and (5) cuts off the corresponding z-vector to the vector (x,y)
that generates the cutting plane. Since there only exist 214! different z-vectors and the
cuts are added iteratively, the lower bound problem with 22! added cutting planes is
infeasible and the statement is shown.

So, we have to show that the corresponding z-vectors are cut off, i.e., the z-vector does
not satisfy the cutting planes. We commence with cutting planes of type (5). Let Z be the
corresponding binary vector to (z,y) that generates the cut. Since (5) enforces at least
one element in z to be equal to one that equals zero in Z, Z is obviously cut off.

It remains to consider cutting planes of type (4). We note that we only add them if the
value j returned by cut —iter(x,y) is smaller than |Ay (x,y)|. Owing to the sorting of the
scenarios in cut — iter(x,y) this directly implies g(x,y, d;) > 0 for all scenarios included in
the respective cover, and therefore, the actual vector Z has only zero-entries for scenarios
in the cover. This directly implies that the cover inequality cuts off Z. O

This procedure of choosing the one of the two types of cutting planes that needs less
scenarios guarantees to separate a violated cutting plane whenever it exists in contrast
to using only cover inequalities. We note that an infeasible lower bound problem directly
implies infeasibility of the original chance-constrained problem (P) since all added cutting
planes are valid. Although the number of necessary cutting planes can be exponential in
the number of scenarios, there exist special cases of g-functions, where the number can
drastically be reduced.
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Theorem 5. Let g be a function such that sorting the indices with respect to decreasing
g-values leads to the same order (i1, ...,ia|) for all possible input vectors (x,y) and let j
be the corresponding output of cut — iter(x,y) for an arbitrary vector (x,y). Then, there
are at most j cuts added to the lower bound problem until it is either infeasible or returns
a feasible solution for the robust chance constraint.

Proof. Let (x,y) be the first vector, where an additional cutting plane is added to the
lower bound problem and denote by z its corresponding binary vector. We note that due
to the ordering of the scenarios, there exists an | € {1,...,|A|} with z;, =0 for all s <
and z;, = 1 for the remaining scenarios. We distinguish between the two possible cases
of added cuts, namely (4) and (5). First, assume that we add a cutting plane of type
(5). This implies that the number of O-entries in z is smaller than j. Furthermore, the
addition of (5) enforces that there exists k& < [ such that Z;, = 1 for the corresponding
binary vector Z of the solution (Z,7) in the next iteration. Owing to the order of the
scenarios, this implies that Z;, = 1 for all s > k, and therefore, the number of 1-entries
in the binary vector increases by at least one. Furthermore, this implies that the number
of O-entries decreases, and so, cuts of type (4) are never added to the problem. Since
every addition of a cutting plane of type (5) decreases the number of O-elements in the
corresponding z-vector by at least one and the initial number was smaller than j, we can
add at most j — 1 cuts to the lower bound problem before all z-entries are fixed to one.
Then, we either obtain a feasible solution for the robust chance constraint or the lower
bound problem becomes infeasible.

It remains to consider the case, when a cutting plane of type (4) is added first. In this
case, the added cut enforces in the next iteration at least one entry of the z-vector for the
scenarios in {i1,...,4;} to be 1 and owing to the construction of the order, this implies
that we have less than j elements of the new z-vector that are equal to 0. Therefore, the
next added cut will be of type (5) and we can argue as in the first case that we can add
at most j cuts to the lower bound problems. O

The theorem shows that special structures of the input data ensure that only a small
number of additional cutting planes is necessary for the lower bound problems. While the
function g does in general not fulfill the assumptions in the theorem, it is applicable in
important settings, for example for sum-separable functions with respect to (z,y) and 9.

Using the finite termination of iteratively solving the expanded lower bound problem, we
define a branch-and-cut algorithm as described in Algorithm 2.

As is typically done in branch-and-cut approaches, it keeps a list L of open subproblems
and stops, when this list is empty. Iteratively, subproblems are removed from the list and
solved by different considerations. It is checked first whether the subproblem is infeasible
(line 8) or whether it can be pruned because its lower bound problem has an objective
that is at least as large as the best known feasible solution ub (line 13). Otherwise, if the
solution of the lower bound problem is feasible for the original problem, a better feasible
solution has been found and is stored (line 16). If on the other hand the lower bound
solution is infeasible for the robust chance constraint, then cutting plane separation is
done in lines 20 to 26. Otherwise, a branching step is performed (line 28).

One crucial question when performing this branch-and-cut algorithm in practice is the
choice of the branching variables. In our experiments we simply choose the first entry in y
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Algorithm 2 Branch-and-Cut

1: Initialize the list of subproblems L < {(z,7,y,7)}, upper bound ub < oo, actual set
of indices for cuts Ay + 0, initial vector (z,y)

2: m < optimal solution to (P%},)

3: ((71,---,9)a)), J) ¢ cut —iter(x,y)

4: Acut<—{i1,~--,ij}

5. while L # () do

6: Choose (24, %a,Y,,¥a) € L and remove it from L

7: Solve lower bound problem (P,.;) with actual set of cuts and bounds

8: if Lower bound problem infeasible then

9: Prune node and go back to line 5

10: end if

11: (1, y;1) < optimal solution of lower bound problem with optimal value g;

12: if g; > ub then

13: Prune node and go back to line 5

14: end if

15: if (x;,y;) feasible for (Pyrp) and y; € Z™ then

16: ub g, *F 1, y* <y

17: Go back to line 5

18: end if

19: if (x;,y;) infeasible for (Pyrp) then

20: if (5) contains less scenarios than (4) then

21: Add (5) to lower bound problem

22: else

23: Add (4) to lower bound problem

24: end if

25: Add additional scenarios for new cutting plane to Ayt

26: Add subproblem with actual bounds to L

27: else

28: Choose i € {1,...,ny} with (y;); ¢ Z and add two subproblems with new
bounds y; < [(y)i] and y; > [(y1)i] to L

29: end if

30: end while
31: return (z*, y*) if assigned, infeasible otherwise
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that is not integral and branch on it. Furthermore, we always choose the first subproblem
in the list L and add the two new subproblems created by the branching step at the
beginning of L starting with the problem with the new upper bound. Additionally, it is
often benefical to be able to generate more than one cutting plane in the separation step.
While advanced algorithm engineering for cutting plane separation is beyond the scope of
this work, we note that this is implicitly already done in the algorithm. Indeed, when a
cutting plane is computed, we add the actual problem again to the beginning of L. This
ensures that this problem is again chosen in the next iteration and we add cutting planes
until no violated cutting plane of type (4) and (5) can be added or the node is pruned
before we perform a branching step. Obviously, the performance of the branch-and-cut
method could be improved by including more advanced algorithms in the future.

Before discussing the introduction of additional upper bounds we show the correctness and
finiteness of the method. Although the method is a classical branch-and-cut procedure we
show these properties formally for the sake of completeness.

Theorem 6. The Branch-and-Cut method described in Algorithm 2 terminates after a
finite number of iterations and either states correctly that the original problem (P) is
infeasible or returns a globally optimal solution to the problem.

Proof. Finite termination is equivalent to showing that only finitely many subproblems
are added to L. Because subproblems are only added if branching is performed or if
an additional cutting plane is introduced, it suffices to show the finiteness of these two
procedures. Since the domain [y,7] of the integral variables y is bounded, we can only
perform a finite number of branching steps. Owing to Theorem 4 the lower bound problem
with fixed bounds for z and y is either infeasible or returns a feasible solution for the robust
chance constraint after at most 212l added cuts. So, after at most 212 added cutting planes,
we either perform a branching step or the node is pruned. In total, this shows the finite

termination of the algorithm.

It remains to discuss the correctness of the returned result. First, we assume that the
algorithm returns a solution (z*,y*).The feasibility follows directly from the definition of
(*,y*) in line 16.

We note that the algorithm terminates if the list L is empty. To show the optimality, we
have to ensure that no leaf of the branch-and-bound tree can produce a better solution
than (z*,y*). We note that leaves occur whenever no branching is performed and no
cutting plane is added, so if a node is pruned or a new solution is accepted in line 16.
Since (z*,y*) is the best found feasible solution, leaves from line 17 can not have better
objective function values. So, it remains to discuss the pruned nodes. The pruning in
line 9 happens if the lower bound problem for the actual bounds on x and y is infeasible.
Since the feasible set of the lower bound problem contains the feasible set of the original
one restricted to these bounds, the original one is also infeasible, and so the pruning is
correct. The remaining pruning step in line 13 happens if g; > ub. Since ub is an upper
bound to the original problem and g; gives a lower bound for the actual bounds, pruning
is also correct in this case. In total, there does not exist a leaf with a better objective
function value, which implies the optimality of (z*,y*).

If the algorithm returns that the problem is infeasible, the list L is empty, but the algorithm
has not found a feasible solution. This implies that all leaves are again pruned correctly
and since ub = oo, they are all pruned in line 9. So, the lower bound problems for all
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leaves are infeasible, which directly implies the infeasibility of the original problem. ]

Consequently, Algorithm 2 is well suited to solve the original robust mixed-integer chance-
constrained optimization problem (P). Nevertheless, its performance heavily depends on
the effectiveness of the cutting planes added to the lower bound problem and the numbers
of scenarios that have to be included. We will see in our numerical experiments in the
gas context in Section 4 that the efficiency of the cutting planes heavily depends on the
network structure. To improve the performance of the branch-and-cut algorithm we next
introduce upper bounds.

3 A scenario-based bundle method for computing upper
bounds

To improve the performance of the branch-and-cut procedure we describe a scenario-based
method to calculate efficient upper bounds that reduce the number of necessary branching
steps and additional cutting planes due to an increased number of pruned subproblems.
The main idea relies on solving iteratively scenario-based problems that replace the original
chance constraint by enforcing the non-negativity of g for a subset S of possible scenarios in
A. We note that the same idea to solve robust chance-constrained problems with discrete
distributions has been applied in [9] for purely continuous variables. The only difference to
this approach consists in the existence of integral variables in the scenario-based problems.
Concretely, the scenario-based problem for a subset of scenarios S is given by

min - go(z,y)
st. hi(z,y) <0 Viel
g(z, y,(s,) <0 VieS (Ps(S5))
(z,y) € [2,7] x [y,7]
y € L.

We note that this scenario-based problem is now a classical mixed-integer non-linear prob-
lem that can become very large depending on the size of S. Therefore, our goal is to solve
this problem with only a small number of important scenarios included in S. Like in [9]
we determine these important scenarios with the help of a bundle method. Concretely,
we use the classical unconstrained bundle method by Noll [48] to solve an approximation
of the original problem (P) using smoothing and penalization techniques. For a more
detailed explanation of the approximation problem and the bundle method we refer to [9].
Whereas their setting restricts to continuous design variables, we have to deal with the
integral variables y. Since the bundle method can only handle continuous input variables,
we relax the integrality on y in addition to the smoothing and penalty approximation for
the approximation problem. Then, we have exactly the setting in [9] and can use their
approach to calculate a stationary point of the approximation problem. The choice of the
scenarios that we include into § slightly differs from the procedure in [9], and therefore,
we explain it in detail.

Concretely, we start with |S| = 1 and iteratively add always one new scenario until we
find a feasible solution for the original problem (P) or the scenario-based problem becomes
infeasible. The order of the scenario inclusion is determined with the help of the g-values
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Algorithm 3 order — bundle(z,y)

A {ie{l. Al g0 <0h Ay {1 |AJ\A
if (x,y) feasible for (Pyrp) then

(i1,...,9a]) < (elements in A_ with decreasing g-values, elements in A, with
increasing g-values)
else

(i1,...,4)a|) < (element in A with smallest g-value, elements in A_ with decreasing
g-values, remaining elements in A} with increasing g-values)
end if
return (i1, ...,

similar to the choice of the covers for the cover inequalities. The detailed procedure is
given in order — bundle(z,y) based on the bundle solution (x,y).

We note that we distinguish between feasible and infeasible bundle solutions for the NLP-
relaxation of the original problem. The general idea for this order is that the scenarios
whose g-values are close to zero are the crucial ones. If the bundle solution is feasible, we
therefore start by including the scenarios, where the condition in the chance constraint is
fulfilled, but the g-value is close to zero. The reason behind this procedure is that for these
scenarios small changes in the variables might cause a change of the corresponding entry
in the z-vector. If the bundle solution is infeasible for the NLP-relaxation, we additionally
have to include at least one scenario with positive g-value for the bundle solution and we
choose the one with the value closest to zero here.

Furthermore, the scenario-based problem for a new set S only has to be solved if the
additional scenario has a positive g-value for the solution in the last iteration. Otherwise,
we would obtain the same solution again. It can happen that iteratively adding scenarios
to S leads to an infeasible scenario-based problem although the original chance-constrained
version was feasible. In this case, we switch to the basic branch-and-cut method from the
last section and proceed without upper bounds. For our numerical examples, we never
faced this issue and found an upper bound for all instances. We note that finding an upper
bound is guaranteed if there exists a feasible vector (z,y) that fulfills g(z,y, ;) < 0 for all
scenarios ¢; since this ensures that all scenario-based problems are feasible. We note that
we compute this upper bound for the original problem once before the branch-and-cut
method starts and actualize the upper bound ub in the branch-and-cut algorithm.

Additionally, we use the bundle solution to strengthen the lower bound problem in the
branch-and-cut procedure. Concretely, we add the cover inequality of type (4) also for
the bundle solution before solving the first lower bound problem. Obviously, the quality
of the upper bound heavily influences the possible reduction of the branching steps and
additional cutting planes. We will see this fact in our numerical experiments in the next
section.

4 Numerical results for gas transport problems

A setting, where robust chance constraints with mixed-integer design variables naturally
occur, are Nomination Validation problems for gas networks. Although our algorithm
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is applicable to very general classes of robust chance-constrained problems with mixed
integer decision variables, we focus in our numerical experiments on the gas setting. For
a general overview of mathematical modeling of gas networks we refer to Koch et al. [31].
A stationary gas network can be modeled as a directed graph G = (V, E) with nodes
in V and edges in E. Our goal is to minimize the costs for modifying active elements,
like compressors or control valves, in the network while ensuring that all demands and
additional physical requirements are fulfilled. We consider a mixed-integer control of the
active elements, where the continuous part is denoted by x and y is a binary vector
indicating if an active element is used or not. A similar model for robust Nomination
Validation problems without chance constraints is described in [36]. The network’s physics
is determined by gas flow on pipes and pressure values at nodes. To obtain a feasible gas
flow, flow conservation with respect to a given balanced demand vector d has to be fulfilled.
Furthermore, the squared pressures are given by non-linear pressure loss equations that
depend on pressure loss coefficients ¢, > 0 for each edge a € E. We note that we use
a linear compressor model. To obtain physical feasibility, the squared pressures have to
stay in given bounds w and 7. For a more detailed overview of Nomination Validation
problems we refer to [4] and [23]. These two papers present an equivalent reformulation
of the nominal problem by eliminating all pressure and flow variables that is proven to be
correct in [59] if every cycle contains at least one pipe with strictly positive pressure loss
coefficient. The main idea of the reformulation consists in fixing the pressure at a chosen
root node r. Then, there exist unique functions 7, for every node except r describing the
squared pressures that only depend on the mixed-integer control (z,y), the demands d
and the pressure loss coefficients ¢.

Naturally, the gas demand is subject to uncertainty. Since past information is often
available for this quantity, we model the uncertainty with robust chance constraints over
an ambiguity set U of discrete distributions. Concretely, the resulting robust chance-
constrained Nomination Validation problem with mixed-integer control and linear costs ¢
is given by
. n

min CiTiYi

Xy l; i i Y

st. Pgoc(mo(z,y,d, @) € [m,, 7] Vo e V\{r}) >0.9 Vel

(z,y) € [z, 7] x {0,1}",

where n is the number of active elements in the network. A similar model for robust chance-
constrained Nomination Validation problems is considered in [9] for purely continuous
control variables.

4.1 Numerical results for GasLib instances

We start our numerical experiments by applying the branch-and-cut method without upper
bounds to slightly modified instances from a library of realistic gas instances [57], namely
GasLib 11, 24, 40 and 134. We will see that the cutting planes are very efficient for these
network structures which implies that an additional computation of upper bounds is not
necessary in these settings. Some general information with respect to the size of these
instances can be found in Table 1.

To construct the scenario set A for the demands we use the nominal values n, provided
in the GasLib instances and perturb them by a certain percentage in both directions.
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number number number dimension

mnstance nodes edges  active elements uncertainty costs
11 11 11 2 6 [1,10]
24 24 25 4 8 [—1,1,1,1]
40 40 45 6 32 1,1,1,1,1,1]
134 134 133 2 48 [—1,1]

Table 1: Information for GasLib instances

For GasLib 11, 24 and 40 we use 5% of perturbation and for GasLib 134 we use 4% to
obtain feasible problem instances. To construct the finite sample of balanced demands,
we sample uniformly at random the demand for all vertices ¢ € {1,...,|V| — 1} in the
resulting interval and check, whether the corresponding value for the last vertex to obtain
a balanced demand lies in the respective interval. If a balanced demand is possible, we
accept the sample and add it to A, otherwise we sample again.

For the ambiguity set U of discrete distributions we consider confidence intervals with a
confidence level of 5% calculated with the formula in [21] intersected with the probability
simplex. The bounds for the continuous control variables are chosen to be [—2500, —100]
for control valves and [100, 2500] for compressors. We start the algorithm with the vector
(z,y) = (z,0). For the big-M reformulation of the chance constraint we choose M = 1000
for all instances. In total, we consider different sets A for every instance with numbers of
scenarios in {10, 50, 100, 500, 1000}.

Since we deal with discrete distributions and polyhedral ambiguity sets, the robust chance-
constrained problem can be directly reformulated as a standard mixed-integer optimization
problem using techniques from robust optimization ([6]). In the following, we compare our
approach with directly solving this classical robust reformulation. For ease of notation, we
denote the reformulation by REF and our branch-and-cut method without upper bounds
by BC. We note that there exist many approaches in the literature that develop algorithms
to improve the direct reformulation with big-M constraints (see related literature in the
introduction). Nevertheless, most of these approaches rely on decomposition techniques
that require the inclusion of all scenarios into the subproblems. Therefore, their running
time also drastically increases for increasing scenario sets. Although these approaches
might perform better than solving the big-M reformulation directly, they are typically not
designed for robust chance constraints, and so, we do not compare to other approaches
except the direct robust reformulation.

First, we compare the running times of REF and BC. We note that we stop both algorithms
after at most 3600 seconds. Both methods are implemented in Python 3.11.13 and the
occurring optimization problems are solved with Gurobi 12.0.1. All computations are
executed on a machine with an Intel Core i7-1355U CPU with 12 threads and 16 gigabyte
RAM. We note that the robust problems to construct the m-cutting planes are directly
solved with Gurobi using the reformulation to a classical mixed-integer problem [6]. The
concrete results for the running times can be found in Figure 1.

The results show that our method BC is always faster than solving the direct reformula-
tion. Furthermore, the difference becomes, as expected, larger for increasing scenario sets.
Whereas the running time for REF drastically increases, and for GasLib 40 an optimal
solution cannot be computed in the given time limit for 500 and 1000 scenarios, BC always
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Figure 1: Running times for branch-and-cut algorithm (BC) and robust reformulation
(REF).

scenarios 10 50 100 500 1000
additional cutting planes 1 4 4 6 3
branching steps 2 2 2 2 0

Table 2: Number of branching steps and additional cutting planes in branch-and-cut
algorithm BC for GasLib 134.

finds a globally optimal solution within the time limit and the maximal needed time is
about 75 seconds for all four instances. We note that the maximal time for the two small
instances is about 13 seconds. In total, we conclude that our method outperforms the ro-
bust reformulation drastically for these instances. Although methods from the literature
could be used to improve the performance of REF, they mostly still suffer from increasing
scenario sets, whereas the running time of BC only increases slightly when the number of
scenarios increases.

The small running times of BC suggest that the cutting planes are very efficient. Con-
cretely, the solution to the first lower bound problem is already feasible for the continuous
relaxation of the original problem for GasLib 11, 24 and 40 due to the efficient cover
inequalities. This means that no additional cutting planes are added. Furthermore, BC
only requires at most one branching step. Therefore, the additional calculation of upper
bounds is not meaningful for these instances since the number of branching steps and
cutting planes cannot be reduced. Contrarily, the number of additional cutting planes
and branching steps for GasLib 134 is slightly larger. For the concrete values we refer to
Table 2.
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Figure 2: Gas instance with 5 parallel compressors (Gas 5). Solid lines for pipes, dashed
lines for compressors.

We observe that we add between one and six additional cutting planes. The number of
branching steps is between 0 and 2, and therefore, still very small. Although the cuts
seem to be less efficient for this instance, BC still performs better than the direct robust
reformulation and the number of cutting planes and branching steps is still tractable.
Furthermore, we note that the m-cuts are redundant for all instances except GasLib 134
since the number of added scenarios stays mostly below the calculated value for m. For
GasLib 134 the right-hand side of the m-cut goes up to 10, and therefore, the cutting
planes might strengthen the lower bound problem.

Studying the results for the different instances, we conclude that the efficiency of the
cutting planes depends on the concrete network structure. Bad performance can often
be observed if there is a large number of exit nodes with similar nominal demands. In
these cases, the number of possible orders of the g-values increases. This observation is
supported by Theorem 5 that gives an upper bound to the number of additional cutting
planes for sum-separable constraint functions. For the gas transport problems, it has been
shown in [4] that the functions g; are separable if no active element is contained in a cycle,
but building g as the maximum over g; does not necessarily keep the separability of the
functions. Nevertheless, this result supports the numerical observations that the cutting
planes are very efficient for many instances.

As mentioned before, the results for GasLib 134 suggest that the efficiency of the cutting
planes decreases if there is a large number of exit nodes with similar nominal demands.
To highlight this effect, we construct a small artificial gas instance with 5 exit nodes
with the same nominal demand. The construction of this instance is motivated by the
example provided in Section 5 in [61]. We extend their example to a network containing
active elements. Concretely, we simply add an additional set of 5 parallel compressors
that regulate the pressures at the exit nodes. The concrete instance is given in Figure 2
and we call that instance Gas 5.

The cost for each compressor is given by one and the root node of the tree is the unique
entry point with a nominal demand of —200. All intermediate points have zero demand
and the leaves have all a nominal demand of 40. To construct the scenario set A we perturb
the nominal demands by 25% in both directions and build the sample as described for the
GasLib instances. Furthermore, we choose the same bounds for the control variables and
the same constant M. Since the constructed instance is very small, the direct robust
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scenarios 10 50 100 500 1000
additional cutting planes 5 15 28 11 14
branching steps 5 b 5 ) )

Table 3: Number of branching steps and additional cutting planes in branch-and-cut
algorithm BC for Gas 5.

scenarios 10 50 100 500 1000
algorithm BC-U BC BC-U BC BC-U BC BC-U BC BC-U BC
add. cuts 4 5 15 15 26 28 9 11 12 14

branching steps 5 5 5 5 5 5 0 5) ) 5

Table 4: Number of branching steps and additional cutting planes (add. cuts) in branch-
and-cut algorithm BC-U with upper bounds and BC without for Gas 5.

reformulation needs less than 10 seconds to solve the problem even for 1000 scenarios.
Therefore, a direct comparison to our method with respect to computation times is not
meaningful here. Instead we concentrate on the number of additional cutting planes and
branching steps. The results are shown in Table 3.

We observe that the number of necessary cutting planes is quite large for this small
instance, namely up to 28. Furthermore, we have to branch on each of the 5 compressors.
We conclude, that this network structure reduces the efficiency of our cutting planes.
Furthermore, the right-hand side of the m-cutting planes goes up to 39, which means that
they presumably improve the performance of the lower bound problems.

Since the cutting planes become less efficient for this network structure, the scenario-
based procedure to compute upper bounds can reduce the number of iterations in the
branch-and-cut method. Therefore, we combine the branch-and-cut procedure with the
upper bound and denote this algorithm by BC-U. For performing the bundle method to
construct the upper bounds we need additional parameters that are given in Tables 7 and
8 in the Appendix.

We note that for the gas transport problems the binary variables y only appear as bilinear
product z; - y; with the continuous control in the problem, and therefore, we can here
replace this product by simply introducing a new continuous variable and adapting the
respective bounds to perform the bundle method. To obtain a valid input for the original
problem out of the bundle solution, we try to set y binary here, if possible. Otherwise,
we choose x on its respective bound and y to fulfill the product condition. Furthermore,
the bundle method requires a starting point. In our experiments, we solve here the initial
lower bound problem and choose the respective solution as starting point.

The computations are executed on the same machine as described in Section 4.1 and
the branch-and-cut frameworks are again implemented in Python, whereas the bundle
method to calculate the upper bounds is implemented in Matlab R2024b together with
Gurobi 11.0.1 and combined with the Python code using the Matlab engine in Python.
Table 4 shows the numbers of branching steps of the branch-and-cut method with and
without upper bounds.

In total, the table shows that the calculation of the upper bound indeed slightly reduces
the number of cutting planes in most cases. For 50 scenarios there is no reduction, but for

20



the other scenario sets we have up to 2 cutting planes less. Furthermore, the number of
branching steps is reduced to zero for 500 scenarios. We note that this happens because
the upper bound is already the optimal solution to the original problem and the branch-
and-cut method only serves as an optimality certificate in this case. Although the number
of iterations in the branch-and-cut algorithm can be reduced by including upper bounds,
we do not see this reduction in the running times for this small instance since the compu-
tation of the upper bound needs approximately the same time in BC-U as the additional
iterations in BC. Nevertheless, we conclude that our procedure to compute upper bounds
indeed reduces the number of added cutting planes and sometimes also of branching steps.
Therefore, we expect a reduction of the computation time if the lower bound problems
become more difficult to solve than in this small instance.

4.2 Construction of adapted GasLib instances

Using the auspicious results for Gas 5 that including the calculation of upper bounds
can reduce the number of added cutting planes and branching steps, we now aim at
constructing new gas instances. These instances should include the structure of parallel
active elements with similar demands in Gas 5 together with a larger and more complicated
network structure. The general idea of our new gas instances is to combine the already
existing ones in the GasLib library ([57]) with the structure of parallel active elements
used in Gas 5. Therefore, we consider again the four instances GasLib 11, 24, 40 and 134
from the library and adapt them by adding the structure of Gas 5 without the root node
to the sink of the original instance with the largest nominal demand. Then, we equally
distribute the nominal demand of the original sink to the five leaves of the added graph
and set the demand of the original sink to zero. As possible set for the scenarios in A we
allow like in Section 4.1 5% perturbations for GasLib 11, 24 and 40 and 4% for GasLib 134.
In contrast to Gas 5 the added active elements are control valves and not compressors.
Therefore, the bounds for the continuous variables are given by [—2500, —100] for all five
additional control valves and the linear cost for the control valve a is given by —z, - y,.
The pressure loss coeflicients for the pipes are chosen to be the pressure loss coefficients
provided in the original instance GasLib 11. We note that we model the arc connecting
the old and the new graph as short pipe, which implies that its pressure loss coefficient is
zero. To construct bounds for the pressures we choose for GasLib 11, 24 and 40 the lower
bound of all added nodes except the first one to be 900 and the upper bound to be 1500.
For the first node we have lower bound 1600 and upper bound 4900. To obtain feasible
solutions for GasLib134 we have to choose slightly different pressure bounds, namely the
lower bound 700 and the upper bound 1200 for all new nodes except the first one and lower
bound 1300 together with upper bound 4900 for the first added node. We note that we
call the resulting instances GasLib 11-ad, GasLib 24-ad, GasLib 40-ad and GasLib 134-ad
in the following.

The concrete choice of the parameters is not essential here and we do not claim that
our constructions lead to realistic gas networks, but we only construct the instances in a
way to ensure the existence of feasible solutions to the original robust chance-constrained
problem and to necessitate the usage of the additional control valves to complicate the
problems compared to the setting in Section 4.1.
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scenarios 10 50 100 500 1000
algorithm BC-U BC BC-U BC BC-U BC BC-U BC BC-U BC
add. cuts 0 1 2 3 1 2 2 3 3 4
branching steps 0 6 6 6 1 6 1 6 6 6

(a) GasLib 11-ad

scenarios 10 50 100 500 1000
algorithm BC-U BC BC-U BC BC-U BC BC-U BC BC-U BC
add. cuts 0 1 0 0 1 2 1 2 1 2

branching steps 6 6 0 ) 6 6 0 6 0 2
(b) GasLib 24-ad

scenarios 10 50 100 500 1000
algorithm BC-U BC BC-U BC BC-U BC BC-U BC BC-U BC
add. cuts 0 1 2 3 1 2 2 3 2 5

branching steps 0 6 0 8 0 6 0 6 7 8
(c) GasLib 40-ad

scenarios 10 50 100 500 1000
algorithm BC-U BC BC-U BC BC-U BC BC-U BC BC-U BC
add. cuts 0 1 4 5 4 5 8 9 7 7

branching steps 7 7 1 0 0 0 2 2 7 7
(d) GasLib 134-ad

Table 5: Number of branching steps and additional cutting planes (add. cuts) in branch-
and-cut algorithm BC-U with upper bounds and BC without for adapted GasLib instances.

4.3 Numerical results for adapted GasLib instances

We compare the performance of the branch-and-cut method BC-U with upper bounds with
the direct robust reformulation REF and the branch-and-cut method BC without upper
bounds for the four adapted GasLib instances described in the last subsection. Again, we
stop all three algorithms after at most 3600 seconds.

Before comparing the three algorithms with respect to running times, we first study the
number of added cutting planes and branching steps for the two branch-and-cut variants.
The concrete results are shown in Table 5.

The table shows that the inclusion of upper bounds mainly reduces the number of added
cutting planes by 1. In two cases, there is no improvement and we have one instances
with an improvement of 3. Furthermore, we observe that the number of additional cutting
planes is still quite small for both variants. It ranges from 0 to 9 for BC and from 0 to
8 for BC-U. Studying the number of branching steps, we observe that BC-U reduces the
number to zero or one, whenever the upper bound solution is already globally optimal.
If it is suboptimal, the number of branching steps mostly stays the same, but there also
exists one case where BC-U needs one step less than BC and one case where BC needs one
step less than BC-U. Furthermore, the m-cutting planes become more important for these
adapted instances since their right-hand side values are mostly larger than one, especially
for large scenario sets.

Although the number of branching steps and additional cutting planes can often be re-
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|A]  serious it. trial it. prob. bundle time bundle (in s) subproblems |S]
10 83 108 0.92 8.9 3 3
50 18 60 0.90 6.9 2 2
100 33 o7 0.90 8.1 2 2
500 34 o8 0.91 21.5 3 3
1000 28 40 0.91 26.7 2 2
(a) GasLib 11-ad
|A|  serious it. trial it. prob. bundle time bundle (in s) subproblems |S|
10 46 o7 1 5.2 1 1
50 1 3 0.92 1.6 1 1
100 6 15 0.94 3.4 3 3
500 7 21 0.90 12.0 2 2
1000 6 21 0.91 19.9 3 6
(b) GasLib 24-ad
|A|  serious it. trial it. prob. bundle time bundle (in s) subproblems |S]
10 10 30 0.90 3.6 2 2
50 13 37 0.91 6.9 2 2
100 16 27 0.91 7.6 3 3
500 31 62 0.91 55.2 2 2
1000 31 60 0.91 102.6 2 2

(c) GasLib 40-ad
|A|  serious it. trial it. prob. bundle time bundle (ins) subproblems |S]

10 45 74 0.89 5.7 3 3
50 58 81 0.91 6.4 2 2
100 38 50 0.91 4.4 4 5
500 16 31 0.91 8.6 4 11
1000 34 61 0.90 25.5 4 7

(d) GasLib 134-ad

Table 6: Number of serious and trial iterations, probabilities and running time for bundle
method in upper bound computation together with number of scenario-based subproblems
and number of included scenarios.

duced, this does not necessarily result in smaller running times for BC-U compared to
BC, since the time for computing the upper bound additionally has to be considered.
The computation time for the upper bounds mainly consists of three parts, namely the
coupling of Python and Matlab, the bundle method to solve the approximation problem
and the subsequent scenario-based procedure. We note that the coupling needs between
4 and 6 seconds and does not depend on the concrete problem instance. With respect
to the bundle method we observe running times between 1 and 100 seconds depending
on the number of scenarios, the concrete instance and the number of necessary trial and
serious iterations in the bundle method. Concrete results for the bundle method and the
subsequent scenario-based procedure can be found in Table 6.

We observe that the number of necessary bundle iterations differs quite much and causes
different running times for the bundle method. Nevertheless, the largest time is about
100 seconds. The probability level of the bundle solution is mostly close to 0.9, but there
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Figure 3: Running times for branch-and-cut algorithm BC-U with upper bounds and
BC without, robust reformulation (REF) and upper bounds (UB).

exist a few instances, where the bundle solution gives a notably larger probability and
for GasLib 134-ad with 10 scenarios the bundle solution is slightly infeasible. Studying
the scenario-based procedure we observe that we solve between 1 and 4 scenario-based
problems and the number of included scenarios lies between 1 and 11. In total, we conclude
that the procedure of calculating upper bounds needs some time, but the effort stays
tractable and could maybe even be reduced by choosing more appropriate parameters for
the bundle method. Furthermore, the quality of the upper bound with respect to the
objective function value is quite good. The upper bounds are indeed globally optimal
in 55% of our tests. In the suboptimal cases, the optimality gap is for all except one
instance smaller than 1% and in the remaining case we have 1.1% gap. Therefore, only
calculating the upper bound already gives a good solution that suffices for many practical
applications.

Using this observation, we do not only compare the running times of the three mentioned
algorithms in Figure 3, but also add the time for only computing the upper bound. We
denote the latter by UB.

The figure shows that the direct reformulation fails to compute globally optimal solu-
tions for large scenario sets for GasLib 11-ad and GasLib 40-ad within the allowed time.
Contrarily, BC-U finds a globally optimal solution for all instances and BC only fails for
GasLib 40-ad with 500 scenarios. Furthermore, the direct reformulation is outperformed
by BC and BC-U for large scenario sets except for the instance GasLib 134-ad, where the
reformulation is faster than BC-U but slower than BC. We note that this results from
the special structure of this instance, not containing any cycles, which heavily facilitates
the problem for the reformulation and the lower bound problems. This also results in a
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better performance of BC compared to BC-U for this instance. A similar effect can be
observed for the two small instances. Here, BC again outperforms BC-U since computing
the upper bound needs more time than the additional branching steps and cuts that are
necessary in BC for these small instances. In contrast, BC-U performs better than BC
for GasLib 40-ad, where the lower bound problems are more difficult to solve due to the
existence of active elements on cycles. Studying the running time of only computing the
upper bound, we observe that it is always faster for large scenario sets and even sometimes
outperforms BC for small ones.

In total, we conclude that BC-U and BC are valid options to solve robust joint chance-
constrained Nomination Validation problems with mixed-integer control variables. The
decision, which variant should be preferred depends on the structure of the network. As
we have seen in Section 4.1, for the instances, that are directly chosen from the GasLib
library, the number of total branching steps is at least 1 and there are no additional cutting
planes except for GasLib 134. Therefore, the additional calculation of the upper bound
cannot reduce the number of branching steps, which implies that BC is always faster than
BC-U for these instances. Nevertheless, there exist network structures, where the number
of branching steps and additional cutting planes is larger, and in these cases the inclusion
of an upper bound in BC-U mostly reduces the number of iterations in the branch-and-cut
procedure. With respect to running times, one has to balance the decrease of branching
steps and additional cutting planes and the additional effort for calculating the upper
bounds. In general, we have seen that BC-U should be preferred, if solving the lower
bound problems is difficult, for example for increasing scenario sets and for GasLib 40-ad,
where we have an active element on a cycle. Contrarily, the additional effort of the bundle
method typically increases the total running time for small scenario sets or easy network
structures. Therefore, we should prefer BC here. If slight suboptimality is acceptable,
only calculating the upper bounds also gives a good solution and is mostly faster than
the two branch-and-cut algorithms. Nevertheless, global optimality can of course not be
guaranteed with this approach although it is often reached.

5 Conclusion

In this paper, we introduce a branch-and-cut algorithm that is applicable to the large
class of mixed-integer robust joint chance-constrained optimization problems with dis-
crete distributions, whose main idea is based on efficient scenario-based cutting planes
to strengthen the lower bound problems. We show that all introduced cutting planes
are valid and the branch-and-cut method terminates finitely. Furthermore, we introduce
upper bounds based on bundle solutions of an approximation problem that is based on
smoothing and penalization together with some scenario-based procedure. Our numerical
experiments show that the additional computation of upper bounds often reduces the num-
ber of branching steps and additional cutting planes and should be preferred if solving the
lower bound problems is difficult. Although we only test the algorithm on gas transport
problems, it is natural to assume that the cuts remain efficient for problems with similar
structures, especially in the network context. Furthermore, the method can be enhanced
by including additional cutting planes or preprocessing methods (see e.g. [62]) from the
literature. Additionally, the scenario-based procedure for calculating upper bounds could
be replaced by the iterative method of adding and removing scenarios in [27] and different
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branching rules could be applied. We conclude that various adaptations of the proposed
methods could be worth considering, but nevertheless it is already a valid possibility to
solve robust chance-constrained problems with mixed-integer design variables.
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Appendix

We specify the parameters for the bundle methods that are used for the numerical ex-
periments. We distinguish between parameters that are chosen independently from the
instance and those which differ between the instances. The first ones are presented in
Table 7 and the others in Table 8. For the approximation problem we need furthermore
the penalty parameters .. = 10° and \;, = 103 for the chance constraint and the inequal-
ity constraints, respectively. Furthermore, we choose the slightly perturbed smoothing
function

1
b) = —0.51 - (tanh(fBy — artanh(1/0.51 - 1)) —1) —a- (y — ——

s(y. B,a,b) (tanh(8y — artanh(1/ N=D-a (v om)
instead of the exact one described in [9] with smoothing parameter § = 10 and steepening
parameters a = 1072 and b = 5. A similar smoothing function is also used in [10] for
robust chance constraints with continuous distributions. For a detailed explanation of the
internal parameters for the bundle method we refer to [9] and [35].

Maxy MALger T r % o v tol c
50 100 10 09 01 09 01 1073 5-1073

Table 7: Parameters for bundle method.

instance Gas 5 GasLib 11-ad GasLib 24-ad  GasLib 40-ad GasLib 134-ad
T0 0.1 0.5 10 10 5

Table 8: Parameters for bundle method.
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