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Abstract Constructing ambiguity sets in distributionally robust optimization is difficult
and currently receives increased attention. In this paper, we focus on mixture models with
finitely many reference distributions. We present two different solution concepts for robust
joint chance-constrained optimization problems with these ambiguity sets and non-convex
constraint functions. Both concepts rely on solving an approximation problem that is
based on well-known smoothing and penalization techniques. On the one side, we consider
a classical bundle method together with an approach for finding good starting points. On
the other side, we integrate the Continuous Stochastic Gradient method, a variant of the
stochastic gradient descent that is able to exploit regularity in the data. On the example
of gas networks we compare the two algorithmic concepts for different topologies and
two types of mixture ambiguity sets with Gaussian reference distributions and polyhedral
and ¢-divergence based feasible sets for the mixing coefficients. The results show that
both solution approaches are well-suited to solve this difficult problem class. Based on the
numerical results we provide some general advices for choosing the more efficient algorithm
depending on the main challenges of the considered optimization problem. We give an
outlook for the applicability of the method in a wider context.

1 Introduction

Many real-world optimization problems contain uncertain data. Although the concrete
value of the data is not known, often there is some partial information, for example from
historical data or from measurements. This information allows the construction of an
empirical distribution and the application of stochastic optimization methods. Neverthe-
less, the estimated empirical distribution is itself subject to uncertainty. To leverage this,
distributionally robust optimization takes the distributional uncertainty into account by
protecting solutions to the optimization problem against all distributions in an ambiguity
set. For a general overview of distributionally robust optimization we refer for example
to the surveys by [41] and [55]. From a practical point of view this provides an increased
robustness against possible realizations of probability distributions. For example, in dis-
tribution networks, where some uncertain demand has to be transported, only calculating
stochastic solutions that protect against some historical empirical distribution might re-
sult in infeasible solutions when concrete demands realize. In practice, these infeasibilities
have to be avoided since they may require cost-intensive flow reroutings. Distributional
robustness provides an increased protection when compared to stochastic solution, while
typically leading to reduced cost, when compared to standard robust solutions.

There are different possibilities to add distributional uncertainty to an optimization prob-
lem. Besides expectations in the objective functions or constraints, chance constraints are
often used. Here, the uncertain constraint has to hold with a specified probability level p
for all distributions in the ambiguity set. Chance constraints for a fixed distribution were
first introduced by Charnes et al. [11] and extended to joint chance constraints, where
multiple conditions have to hold simultaneously with probability p, by Miller and Wagner



[46]. For an overview of chance constraints with fixed distributions we refer for example
to [4], [35], [47], [54], [62] and references therein.

In this work, we focus on robust chance constraints with uncertain distributions in an
ambiguity set Y. Therefore, we do not discuss the case of fixed distributions in more
detail. Formally, we consider problems of the form

min - go(z)
st. Pseg(gj(z,0) <Oforall jeJ)>p vEel
reX

with functions go : R® — R and g; : R" x R? — R for j € J and a finite index set J.
Furthermore, we assume that the set of feasible solutions X is not subject to uncertainty
and is given by

X:={xeR": hi(z) <0forallieZ, hi(x)=0 forall ke K}

for functions h; : R™ — R for all ¢ € ZUK and finite index sets Z and . We note that the
chance constraint can be equivalently rewritten with an integral with respect to a measure
u that corresponds to the probability distribution £. In the following, our ambiguity set
U consists of probability measures and the robust chance constraint reads

[ X1 (@18, g1 )T dd) = p Vel

where the indicator function x 4 is given by ya(xz) =1 for x € A and ya(x) = 0 otherwise.
This paper honors Tamés Terlaky’s outstanding contributions to optimization theory and
computational methods that have profoundly shaped the field.

Literature overview:

In general, even evaluating the integral exactly is not possible for continuous distributions,
whereas for discrete ones, where only finitely many realizations are attained with a pos-
itive probability, the integral reduces to a finite sum. For the discrete setting Yanikoglu
[68] introduces an iterative safe approximation algorithm using robust optimization for
polyhedral and ellipsoidal ambiguity sets. Bernhard et al. [8] propose a scenario-based
bundle method for the approximate solution of robust chance-constrained problems with
discrete distributions. Furthermore, a framework to learn discrete ambiguity sets over
time is introduced in Aigner et al. [2].

For continuous distributions the choice of the ambiguity set heavily influences the com-
plexity of the problem and the conservatism of the solution. For example Guo et al. [23]
study the impact of the ambiguity set on the optimal value and Gupta [24] discusses
near-optimal ambiguity sets with respect to a Bayesian robustness guarantee. But most
of the literature focuses on designing solution approaches for special classes of ambiguity
sets. As in the surveys about distributionally robust optimization by Lin et al. [41] and
Rahimian and Mehrotra [55] we distinguish between structural, distance based and kernel
based ambiguity sets. Furthermore, we discuss mixture ambiguity sets. We focus on liter-
ature about robust chance constraints and refer to the two surveys for the case of robust
expectations.



Structural ambiguity sets contain all distributions sharing structural elements as bounds
on certain moments, symmetry, monotonicity or unimodality. One common type are
ambiguity sets characterized by a fixed mean and covariance matrix (see e.g. [10], [65]
and [71]). Ding et al. [17] extend this type of moment-based ambiguity sets by allowing
the means and covariance matrices to vary in given bounds. Hanasusanto et al. [26] study
ambiguity sets with given means and supports and an upper bound on the dispersion
measure. For ambiguity sets with moment and confidence information Dienstbier et al.
([15] and [16]) study safe approximations for models including (non-convex) univariate
simplex functions and multivariate simplex functions, respectively.

A second way to model ambiguity sets consists of bounding the maximal distance of the
distributions to some reference distribution. Possible distance measures are for example
¢-divergences (e.g. [5], [30], [33] and [69]) or the Wasserstein distance that can be seen
as a transportation cost to transfer one distribution to another [39]. Wasserstein balls are
a widely used technique to model ambiguity sets (e.g. [12], [22], [29], [32] and [63]), but
there also exist approaches for the Sinkhorn distance that is a variant of the Wasserstein
distance with entropic regularization [67] and for the Prohorov metric that can be seen as
the minimal distance ’in probability’ between random variables [18].

Additionally, there are kernel-based approaches [66] and several mixtures of the mentioned
possibilities to construct ambiguity sets. For example Hanasusanto et al. [25] consider
nested moment ambiguity sets and intersections of those with some additional structures
as symmetry or unimodality. Luo et al. [43] study a combination of moment-based and
Wasserstein ambiguity sets.

Another possibility to construct ambiguity sets are mixtures of a set of reference distribu-
tions. Lasserre and Weisser [40] consider general forms of mixture models with infinitely
many reference distributions, for example all Gaussians that have means and standard
deviations in some given compact set. For this setting they provide sequences of inner
approximations that can be represented by polynomial inequalities. The authors do not
focus on presenting practically efficient algorithms for practical problems, but concentrate
on designing a prototype algorithm and postpone scalability issues to future research. Hu
et al. [31] study finite mixture models with Gaussian reference distributions. Furthermore,
they do not consider robust chance constraints, but focus on the nominal setting. Restrict-
ing furthermore to linear constraint functions, they present three different problem settings
and corresponding solution methods. They consider separable, linear constraint functions
and extend gradient results for classical Gaussian distributions to the mixture models.
For non-separable linear constraints with purely continuous or mixed-integer design vari-
ables the authors provide a deterministic reformulation together with a branch-and-bound
algorithm. Their reformulations strongly depend on the special problem structures and
the assumption of Gaussian distributions. Chen et al. [13] also focus on finite Gaussian
mixture models, but extend the setting to the robust case with ambiguity sets. Their
main focus lies on a data-driven construction of the feasible set for the mixing coefficients.
Furthermore, they present some dual reformulations for linear robust chance constraints
together with tight convex approximations of these reformulations under some additional
conditions. Again these reformulations depend on the linear structure and the properties
of Gaussian distributions.

We note that finite mixture models with fixed mixing coefficients are widely used in statis-
tics to model data [45] since they are useful in many practical applications because of



their flexibility. To specify a mixture model a crucial question is the choice of the refer-
ence distributions. If some data is available, they are often determined with the help of
the Expectation-Maximization method [14]. Whereas classical statistical mixture models
work with fixed mixing coefficients, distributionally robust approaches take additionally
the uncertainty in the mixing coefficients into account and allow them to vary in a certain
set. Therefore, a second important question for distributionally robust optimization with
mixture models is the choice of the feasible set for the mixing coefficients. Chen et al.
[13] propose data-driven methods to estimate good regions for these coefficients and Yu
and Basciftci [70] construct the feasible set using different ¢-divergences with respect to a
nominal realization of the mixing coefficients.

Furthermore, mixture models are well suited to estimate uncertain density functions. For
a more detailed introduction about the importance of mixture models we refer to [45].
Another important application of mixture models is machine learning (see e.g. [9]).

Our Contribution:

Although mixture models are important methods for modeling distributions, the research
for robust chance constraints with finite mixture ambiguity sets concentrates only on
solution methods for linear chance constraints so far. In this work, we extend the linear
setting to include constraint functions g; that can be non-linear and even non-convex in
both the decision variables and uncertain parameters. Whereas the solution methods for
the linear setting are mainly based on reformulations relying on linearity assumptions
or Gaussian reference distributions, we develop algorithms for a large class of non-linear
and possibly non-convex constraint functions that do not depend on special structures.
Furthermore, we do not restrict to Gaussian distributions, but we only need a sampling
procedure for each of the finitely many reference distributions p; for I € £. To the best
of our knowledge, this general problem class has not been considered so far and there are
no tractable reformulations available that could be solved quickly. Therefore, we focus on
developing efficient approximation methods. Concretely, we work with ambiguity sets of

the form
U:= {ZQM : CGUQ},
leL

where U contains all possible mixing coefficients ¢, and therefore,

U < {CeRlﬁ\ : gg =1, €[0,1] forallle E}.

We note that we allow arbitrary subsets U of the probability simplex here. We only
need access to a globally optimal solution of the corresponding optimization problem with
a linear objective function and feasible set U;. Practically efficient algorithms for this
problem are often available for convex or polyhedral sets U;. Since we design solution
algorithms that work for very general choices of the reference distributions and feasible
sets for the mixing coefficients, our approaches are applicable to many choices presented
in the literature.

For the finite mixture ambiguity set the original robust chance-constrained problem can



be equivalently written as

min  go(a)
s.t. gﬁ G X oot ((91(2,0), -, g17y(2,0)T) u(dd) >p  YCelUe  (P)
reX.

We note that the set U is finite-dimensional, and therefore, the robust constraint can be
treated with standard methods from robust optimization. Nevertheless, it consists of the
sum of |L£| integrals with respect to the reference distributions ;. In the following, we
pose several regularity assumptions on the problem (P).

Assumption 1. o The functions go, g; forj € J and h; fori € ZUK are continuously
differentiable.

o The feasible set Ue for the mizing coefficients is closed.

e The set X is compact.

We note that U is contained in the probability simplex, and therefore, it is automatically
bounded. Together with Assumption 1 this implies compactness.

In our work, we present two different classes of algorithms to solve robust chance-constrained
optimization problems with mixture ambiguity sets of the form (P). The first class are
bundle methods and the second one are stochastic gradient algorithms. Since both types
rely on gradient or subgradient information of the functions contained in the integral,
we first apply well-known smoothing approximations for the indicator functions to obtain
differentiable expressions. We note that smoothing approximations to chance constraints
are well-studied in the literature for the nominal setting (e.g. [7], [28], [56], [61] or [60]).
Here, we focus on an efficient design of algorithms that make use of these known smooth-
ing approximations. For more details on smoothing approaches, we refer to the literature.
Furthermore, they are also used for the robust setting in Bernhard et al. [8]. In the lat-
ter, the authors however focus on a different problem class where ambiguity sets contain
discrete distributions with a fixed support set. In contrast, here we apply the approxima-
tion to the more general class of mixture ambiguity sets which also leads to a different
algorithmic approach, see further below.

Our bundle-based methods rely on the classical bundle method for non-smooth optimiza-
tion introduced by Noll [48]. Since this method is designed for unconstrained problems, we
penalize all constraints with exact penalty terms in the objective function. We note that
there also exist constrained bundle methods, but since the choice of the penalty parameter
is not difficult in our setting, we restrict to the penalization approach here. Furthermore,
we discretize the continuous distributions with sample average approximation (SAA) that
is a well-known approach for chance constraints with fixed distributions. Our first variant
simply applies the bundle method in Noll [48] to the resulting approximation problem.
Since SAA typically needs many sample points to approximate the original distributions
well, we additionally introduce a second variant with a preprocessing procedure that ap-
plies the bundle method to the approximation problem with way less sample points. The
resulting solution is used as a starting point for the original method to decrease the num-
ber of iterations. Whereas the basic approach has already been used in the literature for
similar problems in Bernhard et al. [8], the preprocessing is novel in this work.



The second type of methods is based on the Continuous Stochastic Gradient method
(CSG) that has been introduced by Pflug et al. [51]. As for the bundle method, the robust
chance constraint has to be penalized to apply the CSG method. Since CSG additionally
requires a continuously differentiable objective function, we use a quadratic penalty term
instead of an exact one. In contrast to the bundle method, SAA is not necessary since
the CSG method can directly handle continuous distributions. Whereas the CSG method
has already been applied to nominal chance-constrained problems in Bernhard et al. [7],
we generalize it here to be applicable for the robust setting. Concretely, we consider two
variants of the CSG method. For the first one, we restrict to a special class of ambiguity
sets that only contain a finite number of worst-case realizations for the mixing coefficients.
Here, the CSG method can be directly applied. Since this assumption is quite strict, we
furthermore introduce a new variant of CSG that adaptively adds worst-case realizations
to the approximation problem. Although we do not prove the convergence of this method
formally, the computational results show that this adapted CSG version quickly converges
in practice.

We note that theoretical results about the convergence of the smoothing and penalty ap-
proximations as well as for the bundle and CSG methods are already extensively discussed
in the literature. As a consequence, we focus here on modeling techniques to efficiently
use the above mentioned algorithms for our problem class and on adaptations that im-
prove their performance for our problem setting. We also present a detailed numerical
comparison of the two methods for real-world gas network optimization problems with
different choices of the feasible set U, for the mixing coefficients. Moreover, we outline the
applicability of our method in other contexts as well. In total, our contributions can be
summarized as follows:

e We design solution approaches for robust chance-constrained optimization problems
with finite mixture ambiguity sets without linearity or convexity assumptions on the
constraint functions and general reference distributions.

o We extend the usage of continuously differentiable smoothing approximations for in-
dicator functions to robust joint chance-constrained optimization with mixture am-
biguity sets. We note that these approximations are standard in chance-constrained
programming, but have to the best of our knowledge not been applied to robust
chance constraints with mixture ambiguity sets yet.

e We introduce an exact penalty term for the smoothed robust chance constraint
and apply a classical bundle method together with SAA to this class of problems.
Additionally, we introduce a new heuristic that starts with smaller sample sizes in
the SAA problem to calculate better starting points.

e We provide two different continuously differentiable penalty approximations to apply
the CSG method. The first one penalizes the sum of the violations for all worst-
cases for the mixing coefficients and is only applicable if the number of worst-cases is
finite and efficiently computable. The second one is an adaptive version of the CSG
method, where at most one new worst-case is iteratively added in each iteration and
the sum of all seen worst-cases is penalized. This approach also works for sets U
with infinitely many worst-cases.

o We present a detailed numerical study for real-world gas network optimization prob-
lems with polyhedral and ¢-divergence based feasible set . The results demonstrate



that both approaches are able to produce nearly feasible solutions for the original
robust chance-constrained problems in a reasonable number of iterations.

o We derive recommendations for choosing the more efficient algorithm depending on
the main challenge of the given problem.

Structure of the paper:

The paper starts by presenting the smoothing approximation in Section 2. Section 3
describes the penalty approximation for the bundle method and Section 4 deals with the
CSG method. The detailed numerical experiments for gas network optimization are finally
presented in Section 5 together with a recommendation which algorithm should be used
in which context. We conclude with an outlook.

2 Smoothing approximation

The robust chance-constrained optimization problem (P) contains three big challenges.
First, the robust protection against all distributions in the ambiguity set leads to an
infinite number of constraints. Second, the integrals with respect to the distributions gy
can in general not be evaluated exactly, and third, the indicator functions in the integral
are in general not continuous. We deal with the third challenge in this section, whereas
the other two are treated differently for the bundle and CSG method, respectively.

Before dealing with the non-smoothness we replace the joint condition g;(z,d) < 0 for all
7 € J by the equivalent single constraint

g(x,0) = Z rnaLX{O,gj(ac,é)}2 <0,
jeT

where the function g is continuously differentiable since g; for j € J are continuously
differentiable. We note that the same reformulation is used in Bernhard et al. [7] for
chance constraints with fixed distributions.

Since our algorithms require gradients or subgradients of the functions in the integral, we
approximate the indicator function in the chance constraint by a continuously differentiable
one. Similar approaches for nominal chance constraints are for example used in [7], [28],
[56], [61] or [60]. For robust chance constraints with discrete distributions a smoothing
approach is applied in Bernhard et al. [8].

We refer to the cited literature for a theoretical analysis of the smoothing approach and
focus here on solving the resulting smoothed problem. Additionally, we restrict to one
concrete smoothing function, namely a scaled and shifted version of the hyperbolic tan-
gent. Concretely, our smoothing function for a smoothing parameter 5 > 0 is given by
5:R xRsg — [0, 1] with

3(y,8) = 051 - (tanh(8y —~) — 1),

where v = artanh(1/0.51 —1). For a convergence analysis of the smoothing approximation
with respect to this smoothing function we refer to Bernhard et al. [7] which discusses



Figure 1: Smoothing function § (black and solid) for § = 20 and perturbed function s
for f =20, a =0.05 and b = 1 (red and dashed).

a general class of smoothing functions containing our special choice 5. We note that the
smoothing function is not symmetric, but ensures §(0, ) = 1 for all § > 0. This property
ensures a good numerical performance in our setting since the reformulated function g is
non-negative and feasible realizations always fulfill g(x,d) = 0. A similar effect is discussed
in Bernhard et al. [7]. We note that restricting to this kind of non-symmetric smoothing
functions is no drawback and theoretically we could also use symmetric ones, but the
numerical performance could be worse.

We note that the gradient of the smoothing function tends to zero for y — £oo. This
implies that the gradient of the smoothed chance constraint tends to zero if the viola-
tion becomes too large, and therefore, algorithms that use gradient information tend to
converge to infeasible points. We overcome this issue with a numerical trick. Instead
of directly using the defined smoothing function we perturb it a bit to ensure non-zero
gradients for all infeasible points. An equivalent formulation that ensures non-zero gradi-
ents is described in Bernhard et al. [7]. Since this exact reformulation needs much more
computation time, we restrict to an inexact setting here, that works well in our numerical
experiments. Concretely, we replace the smoothing function § by the function

1
s ) =) —a- (v - )
where a and b are given positive parameters. The concrete choice of these two parameters
depends on the problem instances as we will see in the numerical experiments in Section 5.
For an illustration of § and s see Figure 1. We note that the convergence analyses in the
literature can in general not be applied to the adapted smoothing function s. Since our
solution methods in the next two sections do not rely on this convergence, but only work
with fixed smoothing parameters 8 that provide a sufficiently good approximation, this is
not an issue here. Finding good approximations is still possible for the adapted version s
as we will see in the numerical results in Section 5. Furthermore, this kind of smoothing
function has already been successfully applied to topology optimization in Pflug et al. [52].

In total, we approximate the original robust joint chance-constrained problem (P) for a
fixed smoothing parameter S > 0 with

min - go(x)
s.t. lg:ﬁgl : fS(g(l',(S),ﬂ) :ul(dé) >p VC € Z/{C (Ps(/B))
reX.

Using this approximation, the problem of non-smooth expressions is solved.



3 Bundle methods integrating sample average approxima-
tion

In general, the smooth approximation problem (Ps(/3)) is nonlinear and contains a robust
constraint with integrals. So, the first two challenges mentioned in Section 2 are still
present, namely an infinite number of constraints and the lack of methods to evaluate the
integrals exactly for general distributions.

One common way to overcome the second issue is to approximate the integrals with sample
average approximation (SAA) (see e.g. [1], [42], [50] and [53]). This means that we draw
a finite sample for each reference distribution u; and approximate the respective integral
with the average over this sample. The more sample points are chosen, the better the
approximation of the integral becomes. The resulting SAA problem is a finite, however
non-linear and possibly non-convex optimization problem with a robust constraint. For a
fixed sample {d¢,..., 8L} of size k for every distribution p;, the smoothed problem (Ps(8))
is approximated by

min go()
st FE G T s@ i)z el (PA4(9))
c J=
reX.

3.1 Bundle method

We note that this discrete approximation becomes usually very large to approximate the
continuous distribution well. Furthermore, the size also increases with an increasing num-
ber of reference distributions ;. Nevertheless, large problem sizes are a well-known draw-

back of SAA methods.

One possibility to solve this robust and non-linear optimization problem are bundle meth-
ods since the robust constraint can be reformulated in a way such that Clarke subgradi-
ents exist. These subgradients are necessary to perform a bundle method. For a general
overview of bundle methods in the convex setting, we refer for example to Hiriart-Urruty
and Lemaréchal [27]. The survey by Mékeld [44] considers convex and non-convex settings.
As stated there, classical bundle methods deal with unconstrained optimization problems.
To use these classical methods also in constrained settings, one often penalizes a violation
of the constraints in the objective function. Recently, there has also been much study about
constrained bundle methods that can directly handle constraints without penalization (see
e.g. [58]). Constrained bundle methods are often preferable since estimating exact penalty
parameters can be difficult. Nevertheless, we focus in our work on the penalty approach
since our numerical studies show that choosing a good penalty parameter is not difficult
for our setting. Concretely, for the tested instances it is enough to choose the penalty
parameter as a suitable power of 10 to obtain a valid penalty approximation.

We thus add an exact penalty approximation to the smoothed and discretized prob-
lem (PS44(B3)). For a fixed smoothing parameter 3 > 0 and fixed penalty parameters



A = (Nin, Aegs Acc) € R the resulting approximation problem reads

min f(z):= go(x) + Ain max max{0, h;(z)} + Aeq max |hy(2)|

, k (Po(8, 7))
+Ace max {0,]) - érelg; % lgg ’ ]gls(g($’6§)7ﬁ)}

We note that, due to the robust nature of the problem, an evaluation of the objective
function f requires the solution of a minimization problem over the feasible set U/. For a
fixed vector z, the corresponding subproblem has a linear objective function. We assume
in the following that the feasible set U is chosen such that the corresponding inner min-
imization problem can be solved efficiently. In the spirit of robust optimization we call
this inner optimization problem adversarial problem.

The chosen exact penalty terms are not necessarily differentiable, but Assumption 1 implies
that the whole objective function of the problem (P,(3, A)) is locally Lipschitz continuous,
and therefore, Clarke subgradients exist.

Our approach relies on the bundle method introduced in Noll [48]. We note that there
also exist extensions that deal with inexact function and subgradient evaluations in Noll
[49] and Kuchlbauer et al. ([37] and [38]), but we restrict to the basic form presented in
[48]. For a more detailed overview of the method we refer to the original paper by Noll
[48]. The general idea of a bundle method is to iteratively approximate a solution of a
non-smooth and possibly non-convex optimization problem by iteratively solving convex
approximations. In our setting, these approximations are built by a linear cutting plane
model that contains subgradient information combined with a quadratic proximity term
that prohibits too big changes compared to the last iteration. Using the solutions of
the cutting plane model, we build a sequence of so-called trial iterates, where the model
quality is improved in every iteration by including a new cutting plane with respect to
the actual trial iterate. If the model approximates the original function well enough,
the actual trial iterate is accepted as a serious iterate, and is therefore a candidate for
a solution of the original problem. If the serious iterate is accepted as solution, the
algorithm terminates. Otherwise, we continue building the cutting plane model. For a
concrete description of the acceptance tests and definition of cutting planes we refer again
to Noll [48]. Noll [48] has shown that every accumulation point of a sequence of serious
iterates is a stationary point of the objective function f if we choose a starting point x;
such that the set {x € R": f(z) < f(x1)} is bounded. So, the bundle method converges
to stationary points of the approximation problem (P,(3,\)). We note that the quality
of this solution with respect to the original problem (P) heavily depends on the choice of
the parameters in the smoothing function, the penalty parameters and the SAA sample.

3.2 Efficient preprocessing

Since the bundle method relies on a discretization of continuous distributions, the problems
are typically very large. Assuming size k for the discretization, in every iteration of
the bundle method k - |£| function values and subgradients have to be evaluated and
k is typically chosen large to obtain a good approximation of the original distribution.
So, we propose an efficient preprocessing that reduces the number of iterations in the
bundle method. This can for example be achieved by choosing good starting points.
Therefore, we perform the bundle method twice with different numbers of sample points.

10



In our experiments we start with samples of size k = 100. Since the sample size is small,
the computation time is also small, but the resulting solutions are often infeasible or
suboptimal, and therefore, we use them as starting points for the bundle method with
sufficiently large sample sizes, in our experiments £ = 10000, to approximate the original
distribution well. Our numerical results show that this adaptive procedure reduces in most
cases the running time of the total algorithm.

4 The Continuous Stochastic Gradient method

The bundle approach discussed in the last section relies on discretizing the smoothed
chance constraint with SAA before solving the smoothed optimization problem (Ps(5)).
For high-dimensional uncertainties we need huge sample sizes for a good discrete approx-
imation of the original continuous distribution. Therefore, we propose a second method
that directly deals with continuous distributions. Concretely, we solve the smoothed prob-
lem (Ps(/3)) with the Continuous Stochastic Gradient method (CSG) introduced in Pflug
et al. [51] and extended by Grieshammer et al. ([20] and [21]).

The general idea of CSG is to iteratively improve the approximation of an integral and
its gradient during the optimization. Similar to classical stochastic gradient algorithms,
CSG only chooses one new sample d, for distribution p; in each iteration and computes
the respective function values and gradients. The approximation of the integral and its
gradient is then obtained as a weighted linear combination of all previously computed
values and gradients. Afterwards, a projected gradient step is performed in the direction
of the gradient approximation. We note that there are several ways, how the integration
weights a can be chosen. For a more detailed overview, we refer to Grieshammer et al.
[20]. In this work, we use the simplest calculation rule, namely the empirical weights,
because they can be calculated efficiently for high-dimensional integrals.

Since the CSG method only evaluates one function value and one gradient in every itera-
tion, it is much faster than using a classical deterministic gradient method together with
SAA. Compared to classical stochastic gradient methods it is applicable to a wider range
of optimization problems, for example nested expectations or compositions of integrals
with non-linear functions [20]. Although the CSG method is able to deal with constraints,
a projection onto the feasible set is necessary. Therefore, the difficult chance constraint
can again not be handled directly as constraint, but is penalized in the objective function
as for the unconstrained bundle method. Since the CSG method needs locally Lipschitz
continuous gradients [20], we cannot use the exact penalty approach from the last section,
but introduce a continuously differentiable one here that is not necessarily exact any more.

We note that the remaining constraints that do not depend on the uncertain parameters
are not penalized. Instead, we assume that projection onto the set X is well-defined and
tractable.

Assumption 2. The projection onto the set X is well-defined and algorithmically tractable.

The requirement of locally Lipschitz continuous gradients prevents to use the worst-case
problem over the ambiguity set from the last section. Instead, we present two possibilities
to construct a continuously differentiable penalty term for the robust chance constraint.
The first one is restricted to a special kind of feasible sets U for the mixing coefficients,

11



whereas the second one relies on an iterative inclusion of worst-cases during the CSG
method.

We note that the CSG method has already been applied to optimization problems with
nominal chance constraints and continuous distributions in Bernhard et al. [7]. Compared
to the nominal setting, we do not have to calculate the integration weights as well as the in-
tegral and gradient approximations once, but separately for each reference distribution pg,
and therefore, the computational effort scales with the number of reference distributions.

To ensure Lipschitz continuous gradients of the objective function, we have to assume some
additional regularity conditions on the original problem (P) and the sampling sequences
extending the requirements in Assumption 1.

Assumption 3. o The sequence of samples {(551},@\1 is independent and identically
distributed with distribution p; for eachl € L.

o The reference distributions p; have bounded support for alll € L.

o The gradients of go and g; for j € J with respect to x are bounded and Lipschitz
continuous on their domain. For the constraint functions g; the Lipschitz condition
is required in both arguments.

This assumption ensures Lipschitz continuous gradients of the objective functions of our
penalty problems. Under this assumption Grieshammer et al. [20] show convergence of
the CSG method to stationary points with probability one if there only exist finitely many
stationary points and constant step sizes whose allowed size decreases with increasing
Lipschitz constants of the gradients.

4.1 CSG for special sets U,

Here, we focus on the special kind of feasible sets U for the mixing coefficients, where the
robust constraint can be equivalently replaced by a finite number of constraints. For ex-
ample, this holds true for polytopes as they can equivalently be described by their finitely
many vertices. There exists for every possible z-vector a vertex of U, where the corre-
sponding value of the constraint is minimal. Therefore, the original robust constraint can
be replaced by introducing one constraint for each of the finitely many vertices. Obviously,
this approach is only tractable if the number of vertices is not too large. We denote this
set of vertices in the following by vert(U).

With this formulation the approximation problem reads

min go(2) + Acc > max {0,p—ZC1-/S(g(x,5),5) m(d5)}2-

¢evert(Ue) lel

We call the algorithm that solves this approximation problem with the CSG method in
the following (CSG-vert). In general, calculating the vertices of a polytope is difficult.
Nevertheless, this set of vertices can be precalculated once, before the iterative algorithm
starts.
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Algorithm 1 Adaptive CSG method (CSG-ad)

Initialize W < ()
while Termination criterion not met do
Calculate CSG approximations jl" of integrals for actual design 2™ and all g,
Calculate worst-case mixing coefficients (" € arg minecyy Diec G jl"
if (" ¢ W then
W+~ Wu{¢"}
end if
Calculate CSG approximations Gl" of the gradient of the integral for all 1,
Perform projected gradient step into direction

Gm = VxQO(x) — 2Ace Z max {Oap - ZCZ : jln} : ZCI : GAln (Pcsgfad(/Ba )\))

cew leL lel

end while

4.2 Adaptive CSG method

Since the formulation in the last section is restricted to very special sets U we introduce
as an alternative a formulation that iteratively adds worst-case mixing coefficients to the
formulation during the optimization procedure. So, it is applicable to the same type of
sets U¢ as the bundle approach, namely all sets, where worst-cases can be computed.

To explain the iterative procedure in detail, we formally introduce the function and gra-
dient approximations constructed by the CSG method. Denoting the integration weights
for the reference distribution s by o, the approximation of the smoothed integral for the
distribution y; in iteration n is given by

It =" ags(g(a®,8)
k=1

and its gradient by
GP = apVas(g(a", ;).
k=1

Then, we calculate in each iteration n for the actual vector 2™ and the actual approxima-
tions jl" of the integrals the vector ¢ € U of mixing coefficients that minimizes ) ;. - J, [k
and add it to the set of already seen worst-cases W. In each iteration of the CSG method
the penalty term penalizes only the constraints for the realizations in WW. The formal
procedure is given in Algorithm 1.

From a robust perspective the adaptive CSG method can be interpreted as an adversarial
approach, where the robust constraint is replaced by a finite selection of constraints whose
number is iteratively increased by calculating worst-case realizations. Typically, for each
set of constraints the respective finite optimization problem is solved before the next
worst-case is added. In our approach we combine the optimization procedure directly
with adding worst-cases. Instead of solving the problem for every constraint selection to
optimality, we only perform one step of the gradient algorithm and add the respective
worst-case directly after this step. We can also interpret the adaptive approach in the
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spirit of a stochastic sampling approach. Whenever we find a new worst-case and add it
to the set W this can be interpreted as a new sample point.

We note that the objective function in the adaptive CSG method changes, whenever a
new worst-case is added to the set W, and therefore, the formal convergence theory of
the CSG method provided in Grieshammer et al. [20] is no longer applicable except the
function does not change any more after a finite number of iterations. For feasible sets
U with a finite number of worst-cases this automatically holds true. Although there does
not exist a formal convergence theory for infinitely many worst-cases yet, the adaptive
CSG method always converges in our numerical tests in Section 5.3.2 independently of the
number of worst-cases in U.

4.3 Stepsize rule

Before discussing numerical results, we introduce an efficient step size strategy for both
types of CSG methods to improve the convergence. Although there are no formal conver-
gence proofs of the CSG method for this step size, it works well for our approximation
problems. In our setting, the size of the gradient heavily depends on the feasibility of
the actual point z. Since the penalty parameter A\.. for the chance constraint is typically
chosen very large, the gradients are huge for infeasible points, which leads to large steps.
This often causes the method to jump wide into the feasible set, while progress within the
feasible set is comparably small since the gradients are small. Therefore, our idea is to
decrease the step size if the gradient step would become too large. Concretely, we define
a scalar t > 0 and choose the variable step size

Fo - e IG7) > 1,

T, otherwise,

Tn =

where G" is the approximated gradient of the penalized objective function of the respective
CSG-version and

Tn 1=

N {m/no--g, n > 3000

To, otherwise

for an initial constant step size 9. We note that this step size for constant 7, has also
been used in [7] for solving nominal chance-constrained problems with the CSG method.

5 Application to gas network optimization

To discuss the performance of the described solution approaches we perform numerical
experiments on real-world gas transport optimization problems (see e.g. [59]). Concretely,
we compare the following four algorithms: the bundle method with the preprocessing for
finding good starting points (B-ad) and without it (B), the CSG method with the penalty
term for the sum of all vertices (CSG-vert) and the CSG method that iteratively includes
worst-cases into the penalty term (CSG-ad). We consider two different types of feasible
sets for the mixing coefficients. The first one consists of the intersection of the probability
simplex with a box, and therefore, the feasible set U, is a polytope, which implies that
all four algorithms can be used. A second example considers a ¢-divergence based set
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as proposed in Yu and Basciftci [70] with the x2-divergence. Here, (CSG-vert) is not
applicable since the number of possible worst-cases is not finite. All computations are
executed on a machine with an Intel Xeon E3-1240 v6 CPU (3.7 gigahertz base frequency),
4 cores and 32 gigabyte RAM. The algorithms are implemented in Matlab R2024b and
the occuring optimization problems are solved with Gurobi 11.0.3.

In order to evaluate the quality of our method, we proceed as follows. For the case of
polyhedral feasible sets U for the mixing coefficients, the robust chance constraint with
SAA approximation can be reformulated as a huge mixed-integer non-linear optimization
problem with big-M conditions (see [6] and [57]). We use this reformulation as a benchmark
to evaluate the quality of our obtained solutions. Nevertheless, the direct reformulations
could only be solved for small sample sizes and small instances.

Before stating the numerical results in Section 5.3, we shortly introduce the robust chance-
constrained gas transport problem in Section 5.1 and the concrete construction of the
mixture ambiguity sets in Section 5.2. Furthermore, we close with a short experiment
demonstrating the benefits of the robust chance constraint compared to the nominal one
in Section 5.4.

5.1 Problem formulation

We do not explain the mathematical modeling of the gas network’s physics in detail, but
refer to Koch et al. [34] for a detailed introduction. We consider a stationary model with
linear compressors that is given by a directed graph G = (V, E') and the optimization task
consists in minimizing the costs ¢!z for modifying the active elements, as compressors
or control valves, in the network. Feasible flows fulfill two main conditions. First, flow
conservation holds at each node for a given balanced demand vector d. Second, a non-
linear pressure loss equation is required that depends on pressure loss coefficients ¢, for
a € E. Owing to physical properties of the network elements the pressures have to lie
in certain bounds 7" and 7. A more detailed overview of the nominal Nomination
Validation problem can be for example found in ABmann et al. [3] and Gotzes et al. [19].
If every cycle in the network contains at least one pipe with strictly positive pressure
loss coefficient, the nominal problem can be reformulated by eliminating all pressure and
flow variables (see [3], [19] and [64]). In this reformulation one chooses a fixed root node
w and fixes its pressure. Then, there exist functions 7, for the pressures at all nodes
except w that only depend on the control variables x, the demands d and the pressure
loss coefficients . For a concrete form of the functions 7, see for example formula (53)
in Kuchlbauer et al. [37].

The pressure bounds in the gas model ensure that the network elements are not dam-
aged. However, small violations can sometimes happen without negative consequences.
Therefore, introducing chance constraints for the pressure bounds seems intuitive if the
demand realizations are not completely known. In this work, we focus on a robust joint
chance constraint with uncertain demands that has to be fulfilled with probability at least
p. Formally, the problem can be written as

min ¢’z
z€[z,T]
s.t. Pge(g(z,d, ) <0)>p for all £ € U,
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Table 1: Information for GasLib instances

. number number number dimension
instance . . costs
nodes edges  active elements uncertainty
11 11 11 2 6 [1,10]
24 24 25 4 8 [—1,1,1,1]
40 40 45 6 32 1,1,1,1,1,1]
134 134 133 2 48 [—1,1]

where z,T are bounds on the control variables and the function ¢ is given by

g(@,dyp) = Y max{0,m(z,d,p) —m T}
veV\{w}

maX{Ov ﬂ_;r]nin - Ty (.Z‘, d, 90)}2

We note that a similar robust chance constraint is used in Bernhard et al. [8] for discrete
ambiguous distributions and in Bernhard et al. [7] a nominal version is discussed.

We perform our numerical experiments on the slightly modified instances GasLib 11,
GasLib 24, GasLib 40 and GasLib 134 from a library of realistic gas instance topologies
and scenarios [59]. Some general information with respect to the size of the instances
is given in Table 1. Furthermore, the table shows the cost vectors for our numerical
experiments. Results for the models and approaches in Bernhard et al. ([7] and [8])
were also evaluated on the GasLib. This is to be expected as the latter is a well-studied
benchmark instance library. However, the setting with mixture ambiguity sets considered
here gives more flexibility to design the distributions, and thus is an extension of the
models studied until now.

5.2 Choice of mixture ambiguity sets

The mixture ambiguity set U/ is determined by two ingredients, namely the reference
distributions j; and the feasible set U for the mixing coefficients. As mentioned before,
we do not focus on finding efficient or realistic ways to choose these two ingredients, but
the goal of our numerical experiments is the comparison of the four different solution
approaches. For the reference distributions we use multivariate Gaussians. Concretely,
we consider three Gaussian reference distributions over the demands at all vertices except
the root node w and choose all variance matrices to be the union matrix. To determine
the means we use the nominal scenarios from the GasLib library for the first distribution
and the worst-case balanced demands in a 5% interval around the nominal scenario for
the remaining two. To obtain balanced demand vectors for the whole network, we simply
choose the demand of the root to balance the total demand. Preliminary computational
experiments have shown that different choices of the means do not affect the general
performance of the algorithms, and therefore, we restrict to this setting here, although our
algorithms can handle a very general class of probability distributions, and can therefore
also be applied to more realistic settings discussed in the literature (see e.g. [13]).

Furthermore, we consider two different types of feasible sets U, for the mixing coefficients.
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First, we use a polyhedral uncertainty set given by
R
ulb={cer: cel¢,q Y a=1}
=1

with upper and lower bounds ¢ and ¢ for the mixing coefficients. Concretely, we choose the
lower bound for the first reference distribution to be 0.5 and the other two lower bounds to
be 0. All upper bounds are given by 1. We note that the number of vertices for this special
set Z/lcl is 3, and therefore, (CSG-vert) that penalizes the sum over all vertices can be applied
with low computational effort. Furthermore, the worst-cases for the bundle methods and
the adaptive CSG method (CSG-ad) can be calculated by a simple analytical formula. We
note that a larger number of reference distributions can increase the number of vertices,
but since mixture distributions used for practical applications are often built with a small
number of distributions, we restrict to the case of three distributions here. Furthermore,
the concrete choice of the lower and upper bounds for the mixing coefficients { does not
heavily increase the number of vertices. Indeed, we tested 100000 different choices and
the number of vertices lay between 3 and 6, whenever the set was not empty.

As a second variant we consider feasible sets for the mixing coefficients based on ¢-
divergences as suggested in Yu and Basciftci [70]. Concretely, we use the y2-distance
and the resulting set

3

AV 3
Z/lg::{CER3: Z(QQQ)SP, ZQ:L CZO}a
=1

=1

where ¢ is a nominal realization of the mixing coefficients that is chosen beforehand and
p is the maximal allowed deviation from the nominal realization. In our experiments we
choose p = 1 and compute the nominal realization of the mixing coefficients iteratively
by starting with the mean of the intervals provided by the bounds ¢ and ¢ in the feasible
set L{Cl and increasing or decreasing the values uniformly by respecting the bounds ¢ and
¢ until the sum equals 1. Concretely, this results for the chosen bounds in the vector

~

¢ = (0.5,0.25,0.25). Obviously, this is an artificial choice and if additional information is
available beforehand, one should use this data to estimate the nominal realization instead.
In contrast to Z/{Cl the number of worst-cases for L{CQ is not finite, and therefore, (CSG-vert)
that penalizes the sum over all vertices is in general not applicable. Furthermore, there
does not exist an easy analytical formula to calculate a worst-case realization of the mixing
coefficients for a given vector z, but the corresponding optimization problem has to be
solved numerically.

5.3 Numerical results

After describing the general framework of our empirical tests, we show detailed results
of the presented algorithms for the two different feasible sets Llcl and L{C2 for the mixing
coefficients. We choose for all tests the probability level p = 0.9. To evaluate the per-
formance of the algorithms we use an additional a posteriori Monte-Carlo approximation
of the smoothed and original chance constraint for the returned solutions with 200000
sample points. Both variants of the CSG method are stopped after 4000 iterations. We
use 10000 SAA-samples for the pure bundle method (B) and a combination of 100 and
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10000 for the preprocessed version (B-ad). Since all methods rely on stochastic sampling,
we perform 50 random runs for each instance to overcome the issue of randomness.

To design suitable parameters for the penalty approximations, we tested different powers
of 10 until the returned penalty terms vanished. Concretely, the penalty parameter A;, for
the inequality constraints in the bundle method is chosen to be 10 and the penalty terms
for the chance constraint in the bundle methods are in the range of 10® to 10* depending on
the size of the problems. The CSG method needs slightly larger penalty parameters in the
range of 10% to 10%. For the smoothing approximation, we use the smoothing parameter
B =100 for all tests. This value has been computed by some computational experiments.
Concretely, one has to ensure that the smoothed and original function values do not
differ too much. For the adapted smoothing function that reduces the issue of vanishing
gradients, we choose constantly b = 5, whereas the parameter a depends on the concrete
instance and lies in the range of 107 to 1072. Again we have performed some preliminary
tests to choose the values such that the methods do not converge to infeasible points due
to vanishing gradients. We note that the results mainly depend on the choice of a and
are not very sensitive with respect to g and b. In preliminary tests for GasLib 11, varying
B between 1 and 1000 and b between 0 and 20 did not significantly change the results
for the bundle and CSG method. Nevertheless, different values for a drastically change
the solution quality. If a is chosen too large, the difference between the smoothed and
original function values becomes very large. If a is chosen too small, the issue of vanishing
gradients remains present and the methods converge to infeasible points. Good results
were obtained for values between 1075 to 10~4. For our experiments we simply choose /3,
a and b within the range, where the algorithms work well, but different choices would also
be possible.

It remains to discuss the choice of the non-constant step size for the CSG method. Here,
we choose the initial one 75 between 0.01 and 0.02. It is important that this size is large
enough to provide efficient descent in the feasible region. The scalar ¢ for shrinking the
step size on the infeasible set is chosen between 10 and 103, depending on the size of the
penalty terms that occur during the computations. We note that ¢ should be chosen to
avoid too much descent in the infeasible region, where the penalty term is positive. For
concrete choices of all parameters for the bundle and CSG methods, respectively, we refer
to the Appendix.

5.3.1 Results for polyhedral set Z/{C1

We start the analysis with the polyhedral set L{Cl for the mixing coefficients. For this
setting all four algorithms can be applied.

Performance of CSG methods

First, we study the performance of both CSG variants by looking at the original and
penalized objective function values over the iterations. Since we perform 50 random runs
for each instance we focus on the median and the 25% and 75% quantiles. The results for
the original objective function are shown in Figure 2.

First, we notice that (CSG-vert) that penalizes the sum over all vertices and the adaptive
version (CSG-ad) perform very similar and the fluctuations after iteration 3000 are very
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Figure 2: Objective function values over iterations for the median (black line) for CSG
methods ((CSG-vert) with penalty term for sum of all vertices and adaptive CSG method
(CSG-ad)) and polyhedral set Z/{Cl, shaded areas for quantiles Pp 250.75
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small for all instances. We do not show the penalized objective function in detail since
the large penalty parameters lead to huge function values at infeasible points. To obtain
a better feeling for the quantiles we restrict the y-axis in Figure 3 and show again the
original objective function values.

We see that the general behavior and the quantiles are very similar for both CSG-versions.
With respect to the behavior the figure shows that there are very small fluctuations after
less than 100 iterations for GasLib 24, whereas the other instances need between 2000
and 3000 iterations before the fluctuations are small. Furthermore, the quantiles for the
two small instances GasLib 11 and 24 are very small, whereas they are larger for the two
remaining instances. We note that even though the quantiles are larger for GasLib 40 and
134 the maximal deviation, given by the fraction of the maximal difference between the
objective function values over all runs and the median of the objective function value, is
for all instances in the range of 0.001 to 0.04, which means that the variance over the runs
is small. This implies that 4000 iterations are enough for the CSG method.

Next, we analyze the quality of the solutions returned by both types of CSG methods with
respect to the original problem (P). Therefore, we study the impacts of the penalty and
smoothing approximations. For the penalty approximation we consider the violation of
the smoothed constraint that the CSG method reports for its final solution. The quality
of the smoothing approximation is evaluated by comparing the a posteriori Monte-Carlo-
approximations of the probabilities for the smoothed and original constraints, respectively.
Furthermore, this additional Monte-Carlo-approximation for the original constraint allows
an analysis of the feasibility for the original robust chance-constrained problem.

We note that the maximal difference between the a posteriori Monte-Carlo-approximation
of the probabilities for the smoothed and original chance constraint over all instances is
0.01 for both CSG-variants. This means that the effect of the smoothing approximation
can be neglected. Therefore, we omit to show the Monte-Carlo-approximations for the
smoothed constraint and provide for the remaining two quantities the minimal, maximal,
median and quantile values in Table 2.

We note that the first two lines show for every instance the constraint violation, whereas
the last two lines give the value of the original chance constraint, where the desired level is
given by 0.9.The table shows that the penalty approximation works well since the maximal
violation over all instances for both algorithms is 3% and the maximal violation in the
median is 0.1%. Comparing the two CSG-versions there is no significant difference. With
respect to the feasibility for the original problem (P) we see that the median probability
is always exactly the desired value 0.9, but there also exist runs with larger probabilities
and runs, where the solution is slightly infeasible. The largest violation is 2% and for all
instances except GasLib 40 the maximal values are 0.92, whereas for GasLib 40 there also
exist runs with a probability of 0.95. Summarizing the insights, both CSG approaches
work well to find nearly feasible solutions to the original problems in a reasonable num-
ber of iterations. Nevertheless, slight violations of the original chance constraint occur in
some runs and there are several possibilities to reduce these violations if strict feasibility
is required. On the one hand, one can improve the smoothing or penalty approximation
by increasing the smoothing or penalty parameters, respectively. Here, it can happen that
the CSG method needs more time or converges to infeasible stationary points if they are
chosen too large. Studying the results in the table, we note that the desired probability
level is always reached in the median and there only exist a few runs violating the bound.
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Figure 3: Objective function values over iterations for the median (black line) for CSG
methods ((CSG-vert) with penalty term for sum of all vertices and adaptive CSG method
(CSG-ad)) and polyhedral set Z/{Cl, shaded areas for quantiles Pp 250.75

21



Table 2: CSG violation of smoothed chance constraint (CSG-Viol) and a posteriori
Monte-Carlo-approximation of original chance constraint (original) for 50 random runs for

the two CSG versions ((CSG-vert) with penalty term for sum of all vertices and adaptive
CSG method (CSG-ad)) for the polyhedral set U<1

instance CSG | max 75% median 25% min
) vert | 0.01 0.004 6-100% 0 0

" CSG-Viol | 4 1 0.000 0.003 3-107% 0 0
s | VeIt | 092 0.9 0.9 0.9 0.89

& ad | 092 09 0.9 0.9 0.89

~ | vert | 0.005 0.001 0 0 0

o CSG-Viol | 1 1 0.006 0.002 0 0 0
il | Vet | 092 091 0.9 0.9 0.89

& ad | 092 0.1 0.9 0.9 0.89

~ | vert | 0.01 0.001 0 0 0

0 CSG-Viol | v | 001 0.001 0 0 0
sl | Vert | 095 091 0.9  0.89 0.89

& ad | 093 091 0.9 0.9 0.89

" | vert | 0.03 0.004 0 0 0

. CSG-Viol |0 | 002 0004 0001 0 0
il | Vet | 092 091 0.9 0.9 0.88

& ad | 092 0.1 0.9 0.9 0.88

Violations can thus also be reduced by performing more iterations in the CSG method,
which improves the approximation of the probability distributions. Obviously, this adap-
tation increases the running time. We note that the calculation of integration weights
needs more time for increasing numbers of included sample points. This means that the
effort grows stronger than linear. Another possibility to avoid violations of the original
chance constraint is to solve the original problem with a slightly larger probability level p.
This approach is for example used in Bernhard et al. [7] for nominal chance constraints.
Obviously, increasing p too much leads in general to more conservative solutions with
worse objective function values. So, one has to balance between feasibility and optimality
when increasing p.

Performance of bundle methods

Next, we discuss the performance of the two versions of the bundle method to solve
the approximation problem (P,(3,))). Therefore, we study the norm of the aggregate
subgradient that is defined by the product of the proximity control with the difference of
the last two serious iterates. Kuchlbauer et al. ([36] and [37]) have shown that a small norm
of this quantity ensures that the distance between 0 and the subdifferential of the objective
function is small, and therefore, we use this norm as a criterion for the performance
of the bundle method. We note that the maximal norm for both methods is 0.001 for
all instances. This implies that both types of bundle methods indeed terminate with
approximately stationary points of the approximation problem (P,(3,A)). Furthermore,
we study the numbers of serious and trial iterations. Concrete results for both types of
bundle methods, namely the pure one (B) and the one with preprocessing (B-ad), with
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Table 3: Numbers of serious and trial iterations for bundle method with preprocessing
(B-ad) and without (B) for 50 random runs for the polyhedral set 4}

instance | algorithm serious trial

max med min | max med min

1 B 29 14 11 49 29 19

B-ad 28 7 3 39 16 8

94 B 13 13 11 26 22 20
B-ad 3 3 2 18 15 10

40 B 101 18 13 | 111 34 25

B-ad 101 3 2 111 16 9

134 B 64 235 14 94 455 27
B-ad 81 12 5 95 255 11

respect to the minimal and maximal values and the medians are presented in Table 3.

We see that the number of serious and trial iterations heavily relies on the chosen GasLib
instance. Whereas GasLib 11 and 24 can always be solved with a small number of total
iterations, the runs for GasLib 40 and 134 vary much in the number of iterations and for
GasLib 40 both methods even stop in some runs with the maximal number of allowed
serious iterations. Nevertheless, also in these runs the aggregate subgradient implies that
the solution is close to a stationary point. Furthermore, the maximal number of serious
iterations is only reached in a small number of runs (5 for (B-ad) and 2 for (B)), and
therefore, we can still conclude that both types of bundle methods are able to solve the
approximation problems in a reasonable number of iterations.

As expected, (B-ad), that uses the preprocessing, needs typically less iterations, although
there also exist runs for (B-ad) that need more iterations than some runs for the pure
bundle method (B). But the median number of iterations is always smaller for (B-ad).
Furthermore, we note that the preprocessing is more efficient for GasLib 11 and 24 than
for the two larger instances, which is intuitive since good sampling in higher dimensional
spaces needs more sample points, and therefore, the preprocessing is more efficient in
smaller dimensions.

Comparing the optimal objective functions values of different random runs, we observe
that the maximal deviation, given by the maximal difference over all runs divided by
the median, is 0.01 for all four instances. Therefore, the sample size 10000 for the SAA
approximation is large enough to have small fluctuations between different random runs.

With respect to the quality of the approximation problem we analyze as for the CSG
methods the returned violation by the bundle versions and the values of the smoothed and
original chance constraint given by the additional a posteriori Monte-Carlo-approximation
with 200000 sample points. Again, the maximal difference between the Monte-Carlo-
approximations of the probabilities for the smoothed and original chance constraint is very
small, namely 0.007, which implies that the smoothing approximation also works well for
the bundle methods. Therefore, we again omit the results for the smoothed version and
show the remaining ones in Table 4.

Again, the first two lines show for every instance the constraint violation and the last two
lines give the value of the original chance constraint with desired probability level 0.9.
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Table 4: Bundle violation of smoothed chance constraint (B-Viol) and a posteriori Monte-
Carlo-approximation of original chance constraint (original) for 50 random runs for the
bundle methods (B-ad) with preprocessing and (B) without and the polyhedral set L{Cl

instance algorithm | max 75%  median  25% min
B Viol B 0.002 6-10° 4-10% 3.-1007 10710
1 B-ad 0.002 1074 107° 107 8-107°
original B 0.91 0.9 0.9 0.9 0.9
B-ad 0.91 0.9 0.9 0.9 0.9
. B 0.004 5-100* 3-10° 2-10% 4.1077
B-Viol —4 -5 —6 -8
04 B-ad 0.008 3-10 8-10 6-10 10
original B 0.91 0.9 0.9 0.9 0.9
B-ad 0.91 0.9 0.9 0.9 0.9
B.Viol B 0.04  0.001 5-100* 2-107* 2.10°°
10 B-ad 0.01 0.003 7-100* 5-107° 2.10°1
original B 0.94 0.9 0.9 0.9 0.9
B-ad 0.91 0.9 0.9 0.9 0.9
B.Viol B 5.100% 7.107% 2.1007 1078 4.10710
134 B-ad 2.107% 7.107% 2.100" 1078 2.107U
original B 0.91 0.9 0.9 0.9 0.9
B-ad 0.91 0.9 0.9 0.9 0.9

As for the CSG methods the penalty approximation works quite well and the maximal
violation is given by 4% and 0.07% in the median, which is comparable to the performance
of the CSG methods. Furthermore, the solutions of the pure bundle method (B) and the
adapted version (B-ad) have nearly the same Monte-Carlo-approximations for the original
chance constraints that lie in the range of 0.9 to 0.94 and all medians meet again the
desired level of 0.9. For all instances except GasLib 40, where the values go up to 0.94 for
the pure method (B), the maximal values are given by 0.91, which implies that the 10000
sample points seem to be enough to approximate the distribution well in our instances.
Compared to the CSG methods we have less fluctuations in the probability levels and all
runs produce feasible solutions. Similar to the CSG methods possible violations could
be reduced by improving the smoothing or penalty approximations. If there had been
big differences between single runs, one could have increased the size of the SAA sample.
Furthermore, solving the original problem with a slightly higher probability level would
also be possible for the bundle methods.

Comparison of CSG and bundle methods

It remains to discuss the running times of the different algorithms. We note that this
comparison is not completely accurate since we manually stop the CSG method after 4000
iterations although the results have shown that we could often terminate much earlier.
Furthermore, the running time of the bundle method heavily depends on the number
of iterations that is quite different for different runs and can also be heavily influenced
by the parameter choices in the bundle method. Additionally, the running time of the
bundle method depends on the number of chosen SAA-samples. In our experiments we
use k£ = 10000 since preliminary experiments have shown that this number gives good
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Table 5: Running times of the four algorithms for 50 random runs and for the polyhedral
set U}
¢

instance | algorithm | max 75% median 25% min
CSG-vert | 181 176 176 175 175

1 CSG-ad 181 177 177 177 176
B 1329 908 810 700 527

B-ad 1052 541 456 359 255

CSG-vert | 165 162 162 162 161

94 CSG-ad 168 163 163 163 162
B 1022 891 850 811 776

B-ad 712 666 595 921 398

CSG-vert | 187 183 181 180 178

A0 CSG-ad 188 183 182 181 177
B 8027 2812 2580 2256 1881

B-ad 8238 1547 1291 1116 818

CSG-vert | 155 151 150 150 149

134 CSG-ad 151 149 148 148 146
B 607 400 324 253 183

B-ad 529 215 172 128 64

results with respect to feasibility, but depending on the required accuracy, k could also be
decreased to reduce the running times. Nevertheless, we compare the running times for
our chosen settings in Table 5 to indicate some trends.

Comparing the two versions of the CSG method, we see that the results are very similar
and lie for all instances in the range of 140 — 190 seconds for the 4000 iterations. This
results from the fact that the running time of the CSG methods for these test instances
is dominated by the computation of the empirical integration weights that is nearly inde-
pendent from the concrete instance and the CSG version. For the bundle methods we see
much more difference between the instances and also between the two bundle methods.
As expected and already seen by the comparison of the number of necessary iterations,
the adapted version (B-ad) with the preprocessing is in most cases faster than the pure
one (B). Furthermore, we see that instance 40 needs way more solution time than all
other instances. This can be explained by the existence of a compressor on a cycle which
complicates the computation of the function values. We note that we do not see this effect
for the CSG methods since the number of necessary function evaluations with CSG is way
less than for the bundle methods. Comparing the CSG methods with the preprocessed
bundle version (B-ad) we see that CSG outperforms the bundle method for all instances
except GasLib 134, where there exist bundle runs that are faster than the CSG methods
and the medians are quite similar. The biggest difference can be observed for GasLib 40.

In total, we conclude that the running time of the CSG method does not heavily depend
on the instance, whereas the instance is very important for the performance of the bundle
approaches. On the one hand this difference is caused by the fixed number of iterations
for the CSG methods, whereas the bundle iterations depend on the concrete instance, but
on the other hand the complexity of the function evaluations is more important for the
bundle methods than for CSG. Both types of bundle methods have to evaluate in each
iteration £ = 10000 function values and gradients. Although the preprocessed version
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(B-ad) often reduces the number of necessary iterations, and therefore, the number of
evaluations, it remains still quite large. In comparison, the CSG method only needs one
function and gradient evaluation in each iteration and the typical number of iterations is
less than 10000, in our case 4000. So, the total number of evaluations is even less than the
number of evaluations in one iteration of the bundle method. This explains why the CSG
method performs better if the function evaluations are expensive and in these cases the
CSG versions should be preferred as we have seen for GasLib 40. For the other instances
the observed differences are not large enough to give a clear advice, but the CSG method
seems to guarantee less variation in the times.

Although our algorithms work well for this problem class, they are not guaranteed to con-
verge to globally optimal solutions, but to stationary points of the approximation problem.
We note that exactly verifying global optimality is not possible, since there are no global
solution algorithms available that can go to reasonable sizes. Nevertheless, using the SAA
approximation, we reformulate the problem for polyhedral sets U for the mixing coeffi-
cients as a large mixed-integer non-linear optimization problem with big-M conditions and
additional binary variables (see e.g. [6] and [57]). Solving this equivalent reformulation
of the SAA problem yields a globally optimal solution. However, the sample size has to
be chosen quite small to allow standard optimization solvers to find an optimal solution
within a reasonable time. We solved the problems with Gurobi in Python for the smallest
GasLib instance, namely GaLib 11 with 500 scenarios. Performing 10 random runs, we
observe that 500 scenarios already provide a good approximation to the original distri-
bution for this small instance since the fluctuations between the different runs are very
small and the resulting a posteriori Monte-Carlo approximations of the chance constraint
are between 0.9 and 0.91. Furthermore, the obtained globally optimal solutions for these
discretized problems are in the same range as the ones obtained with our solution algo-
rithms. Therefore, we conclude that our methods in practice converge to globally optimal
solutions for GasLib 11. We note that these results also suggest that the 10000 samples
that we use for the SAA methods in the bundle approaches might be too large for this
small instance and we could reduce the running times by choosing less sample points.
Nevertheless, more sample points provide higher guarantees to obtain feasible solutions
in the end. For the three larger instances we did not perform a comparison to the direct
reformulation since the problems become too large.

Summarizing the results for the polyhedral ambiguity set Z/IgL we see that all four algorithms
are able to produce nearly feasible solutions and with adaptations of different parameters
possible violations could even be reduced if necessary. Furthermore, the comparison with
the direct reformulations supports that they are even close to globally optimal ones. The
two CSG approaches work quite similar and are mostly faster than the bundle versions. In
the median, the CSG approaches are at least 20 seconds faster than the faster one of the
two bundle approaches. For the difficult instance GasLib 40 the reduction is even more
than 1000 seconds in the median. Nevertheless, both bundle versions produce feasible
solutions in all random runs and for all instances. In contrast, the CSG solutions are
only feasible in 14% to 52% of the runs depending on the instance. Therefore, the bundle
approach should be preferred if exact feasibility is essential although the running time
might be higher. Furthermore, the results show that the preprocessed bundle algorithm
(B-ad) often reduces the number of iterations, and therefore, also the running times, which
implies that it should be preferred over the pure bundle method (B). Concretely, adding
the preprocessing to the bundle method reduces the running time by at least 150 seconds

26



in the median and for GasLib 40 even for more than 1200 seconds.

5.3.2 Results for distance-based set L{CQ

As a second example we consider the y?-distance based feasible sets Z/{g for the mixing
coefficients. As mentioned before, (CSG-vert), that penalizes the sum over all vertices, is
not applicable in this setting since the number of worst-cases is not finite. Furthermore,
the worst-case for a fixed solution can no longer be determined by an analytical formula,
but the adversarial problem has to be solved in each iteration of the respective algorithm.

Performance of adaptive CSG method

Again, we start by analyzing the performance of the CSG method with the help of the
objective function values over the iterations in the left column of Figure 4 and the graphs
for the restricted y-axis in the right column.

As for L{Cl there are not much fluctuations in the last iterations and the quantiles are smaller
for the two smaller instances. Nevertheless, the variance over the runs is again acceptable
since the maximal deviation lies for all instances between 0.0009 and 0.03, which is in the
same range as for L{é. With respect to the performance we note that the method needs
more iterations compared to the first ambiguity set until the solutions become stable.
Mostly, this only happens after more than 3000 iterations, where the additional reduction
of the step size is applied. We suppose that the difficulty for the CSG method lies in the
choice of the penalty term and the iterative inclusion of worst-cases. Whereas for the first
ambiguity set at most 3 worst-cases are added, the number of added worst-cases in this
setting is between 3000 and 4000, and therefore, the objective function changes very often,
which complicates the convergence for the CSG method. Nevertheless, we see that the
fluctuations are small in the end although it needs more iterations than for the ambiguity
set with finitely many worst-cases. In total, the results show that 4000 iterations are still
enough to obtain convergence.

Regarding the solution quality with respect to the original problem (P), we study again
the impact of the two approximations. Since the maximal difference between the a posteri-
ori Monte-Carlo-approximations of the smoothed and original chance constraint is 0.007,
we conclude again that the smoothing approximation works well and its effect can be
neglected. For the performance of the penalty approximation and the probability model
constructed by the CSG method we show the returned violations of the smoothed con-
straint by the CSG method and the Monte-Carlo-approximations of the original chance
constraint in Table 6.

We see that although the returned violation of the smoothed constraint is always 0 in the
median the maximal value goes up to 24, which denotes a large violation of the smoothed
constraint compared to the set Mé, where the maximal violation is 0.03. This results from
the additive character of the penalty term in (Pesg—qq(5, A)). We remember that the adap-
tive CSG method (CSG-ad) penalizes the sum of all violations for all found worst-cases
during the algorithm, and therefore, the total violation presented in the table is the sum
of at least 3000 individual violations at the worst-cases, whereas the penalty term for Z/{C1
contains at most 3 summands. Studying the maximal violation for one of the worst-cases
we obtain 0.02, which is again comparable to the first setting with the polyhedral set
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Figure 4: Objective function values over iterations for the median (black line) for the
adaptive CSG method (CSG-ad) and distance-based set Ug, shaded areas for quantiles
Fo.250.75

Table 6: CSG violation of smoothed chance constraint (CSG-Viol) and a posteriori
Monte-Carlo-approximation of original chance constraint (original) for 50 random runs
for the adaptive CSG method (CSG-ad) and the distance-based set Z/lg

instance max 75% median 25% min

1 CSG-Viol | 2.5 0 0 0 0
original | 0.94 0.92 0.91 0.91 0.9

94 CSG-Viol | 22 0 0 0 0
original | 0.92 0.92 0.91 0.9 0.89

m CSG-Viol | 19.1 0 0 0 0
original | 0.94 0.91 0.9 0.9 0.89

134 CSG-Viol | 23.6 0 0 0 0
original | 0.94 0.91 0.91 0.9 0.88
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Table 7: Numbers of serious and trial iterations for bundle method with preprocessing
(B-ad) and without (B) for 50 random runs for the distance-based set Z/Ig

instance | algorithm serious trial
max med min | max med min
1 B 26 15 11 43 31 24
B-ad 38 6 3 45 17 7
94 B 13 12 11 29 22 20
B-ad 4 2 2 22 17 10
40 B 101 235 16 | 124 50 36
B-ad 101 4.5 2 111 18 8
134 B 101 20 12 | 133 49 25
B-ad 95 125 3 116 305 14

Z/{Cl. Furthermore, for each instance there are at most 10 out of the 50 runs, where a
positive violation is returned. So, in average, we can conclude that the penalty approxi-
mation also works well for Z/Ig although there exist runs, where a large total violation is
returned. With respect to the feasibility for the original chance constraint, we note that
the returned violation does not result in completely infeasible solutions, but the values
lie between 0.88 and 0.94, which is comparable to the first setting with Z/lé. Nevertheless,
the median probability is for most instances 0.91, and therefore, the solutions are often
slightly suboptimal with respect to the objective function value. In total, we conclude
that (CSG-ad) is able to compute nearly feasible, but often slightly suboptimal points for
the robust chance-constrained problem for mixture ambiguity sets with divergence-based
sets U, although the set of possible worst-cases is not finite. Compared to the polyhedral
setting with finitely many vertices the general performance is somewhat worse. Neverthe-
less, possible violations can again be reduced by adapting various parameters as explained
in Section 5.3.1.

Performance of bundle methods

We proceed by discussing the performance of the two bundle versions and start again by
analyzing the norm of the aggregate subgradient. The largest value is given by 0.16 for the
version with preprocessing (B-ad) and GasLib 134, which means that the adaptive bundle
method does sometimes not terminate with a point close to a stationary one for this large
instance. Nevertheless, the values for all other instances are maximal 0.001. Since the
maximal value in the median for both algorithms and all instances is 10~5, both methods
perform in the median well with respect to converging to stationary points. Therefore, we
conclude that in most runs the bundle method is able to solve the corresponding approx-
imation problem. Furthermore, we discuss the numbers of serious and trial iterations in
Table 7.

We obtain the same observations as for the set Ug, namely that the preprocessing per-
formed in (B-ad) typically reduces the number of iterations and that the total number
heavily depends on the instance. For the two large instances the algorithms again stop
sometimes with the maximal allowed number of serious iterations (2 times for both ver-
sion for GasLib 40, 1 time for (B) in GasLib 134). Summarizing the results, we conclude
that both bundle methods are able to compute approximately stationary points of the
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Table 8: Bundle violation of smoothed chance constraint (B-Viol) and a posteriori Monte-
Carlo-approximation of original chance constraint (original) for 50 random runs for the
bundle methods (B-ad) with preprocessing and (B) without and the distance-based set UCQ

instance alg max 75%  median  25% min
B Viol B 0.001 3-100%* 4-10° 10% 2.107°
1 B-ad | 0.002 2-100* 107® 5-1007 6-107°
original B 0.91 0.9 0.9 0.9 0.9
B-ad | 0.91 0.9 0.9 0.9 0.9
B Viol B 0.003 3-100* 2.-10° 7-10% 5.107"
04 B-ad | 0.003 3-107%* 5.10° 4.10°6 7.10710
original B 0.91 0.9 0.9 0.9 0.89
B-ad | 0.91 0.9 0.9 0.9 0.9
B.viol | B 001 0001 6-100* 10°* 3.1077
0 B-ad | 0.02 0.003 5-100* 9-107° 2.1077
original B 0.91 0.9 0.9 0.9 0.9
B-ad | 0.92 0.9 0.9 0.9 0.89
B Vil B [7-100% 2-10° 10°° 1077 1077
134 B-ad |4-107* 3-107° 107 1077 1077
original B 0.91 0.9 0.9 0.9 0.9
B-ad | 0.91 0.9 0.9 0.9 0.9

approximation problem in nearly all runs.

Studying again the maximal deviations with respect to different runs, we observe at most
0.02 for all instances, and therefore, the sample size 10000 although suffices for this setting.

The results of the returned violation for the smoothed constraints and the a posteriori
Monte-Carlo-approximations of the original one are analyzed in Table 8. The maximal
returned violation is given by 2%, which is even better than for the polyhedral setting. The
Monte-Carlo-approximations of the original chance constraint lie all in the range of 0.89
to 0.92. Compared to the results for Z/{C1 the bundle methods sometimes produce slightly
infeasible results for divergence-based sets, but the difference between the minimal and
maximal probabilities is smaller. As explained in Section 5.3.1 violations can be reduced by
adapting the parameters. With respect to the CSG method the bundle methods produce
again less fluctuations in the probabilities. The smoothing approximation can again be
neglected since the maximal difference between the smoothed and original constraint is
0.004.

Comparison of adaptive CSG and bundle methods

Now, it remains to discuss the running times of the algorithms. As in the polyhedral
setting the comparison is not completely accurate and we focus on finding trends in the
results. The detailed running times can be found in Table 9.

Compared to the polyhedral setting, we see that the running times for the CSG-method
are about four times larger. Furthermore, there is more variation and the times lie in
the range from 700 to 1100. This drastic increase and the increased variation result from
the solution of the adversarial problems. As mentioned earlier, the polyhedral setting
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Table 9: Total running times for the three algorithms for 50 random runs for the distance-
based set Z/{C2

instance | algorithm | max 75% median 25% min
CSG-ad | 1060 800 764 750 713
11 B 1164 981 856 772 666

B-ad 1215 554 485 389 240
CSG-ad | 1068 828 774 767 756
24 B 1121 933 840 806 756

B-ad 848 729 681 936 393
CSG-ad 990 853 821 814 803
40 B 9325 4228 3897 3399 2738

B-ad 8287 2528 1476 957 692
CSG-ad 911 776 755 751 726
134 B 636 455 385 314 179
B-ad 510 283 231 177 128

provides an analytical formula to calculate worst-cases, whereas the divergence-based sets
enforce the solution of an optimization problem in each run of the CSG method. This
means that in our tests 4000 adversarial problems have to be solved and we note that
the running time for solving the adversarial problems needs between 45% and 65% of
the total running time. For the bundle methods, the running times do not significantly
change compared to Z/IS since the adversarial problem only has to be solved once in each
iteration, and therefore at most 133 times. This implies that the time for solving the
adversarial problems is negligible compared to the k-times larger number of function and
gradient evaluations. Comparing the CSG and the bundle methods we see that (B-ad)
with the preprocessing drastically outperforms the CSG method for GasLib 134, where
the calculation of the function values and gradients is very easy, and (B-ad) also performs
slightly better for GasLib 11 and 24. Only for GasLib 40, where the function and gradient
evaluations need much time, CSG is still faster, but the difference is smaller compared to
the polyhedral setting. Obviously, one could also adapt the CSG method to not solve the
adversarial problem in every iteration, and therefore, to reduce the computational effort,
but we focus on the basic version here.

In total, the results for UCQ show that the running times of the CSG method become
significantly larger than for the polyhedral setting. Concretely, they increase about 600
seconds for all instances. In contrast, the times for the bundle methods are nearly equal
for both versions of U;. Furthermore, the bundle methods have again less variation in the
probabilities than CSG and the preprocessing for the bundle methods is efficient. With
respect to the CSG method we conclude that it is able to find nearly feasible solutions
although there exist infinitely many worst-cases, but the variation in the probabilities is
slightly larger than for the polyhedral setting Llé. Nevertheless, constraint violations of
the CSG solutions happen in less runs than for the polyhedral setting. Concretely, we
have small violations in 2% to 42% of the cases, whereas the number of infeasible runs is
up to 52% for the polyhedral setting.

Summarizing the numerical experiments for the two different types of ambiguity sets we
see that all presented methods are able to produce nearly feasible solutions that are close
to the boundary of the feasible set. Typically, the bundle methods have less variations in
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the probability level and produce in nearly all runs feasible solutions, whereas the CSG
methods produce slightly infeasible ones more often. This means that the bundle methods
should be preferred if the probability bound is very relevant to hold. If both CSG methods
are applicable, there is no significant difference between them. The accuracy of the two
bundle versions is also very similar, but the preprocessed version (B-ad) often reduces the
number of iterations, and therefore, the running times. In total, our results suggest to
prefer CSG methods if the function and gradient evaluations are expensive, whereas the
bundle methods should be preferred for difficult adversarial problems.

5.4 Benefits of robust over nominal chance constraint

We shortly discuss the benefit of protecting against mixture ambiguity sets instead of only
dealing with a nominal chance constraint. We perform 50 random runs of the CSG method
for all four GasLib instances fixing the mixing coefficients ¢ to ¢ = (0.5,0.25,0.25), which
exactly equals the nominal realization f used to construct the divergence-based sets L{?.
Then, we compare the median objective function value with the ones obtained for the
robust setting for both types of feasible sets U/ for the mixing coefficients. The costs of
the nominal solutions are 0.2% and 2% smaller than the ones for the robust solutions with
polyhedral sets U,. For the distance-based sets we obtain a decrease between 0.3% and 5%.
To test the robustness of the nominal solutions, we perform an a posteriori Monte-Carlo
sampling of the mixing coefficients with 200000 samples and observe that the nominal
solution is feasible for about 93% to 94% of the distributions in the ambiguity set for both
types of U. So, the nominal solution is infeasible for the robust chance constraint and
robustness with respect to the ambiguity set requires solving the robust problem.

6 Conclusion

In this paper, we present different solution methods for robust joint chance-constrained
optimization problems with mixture ambiguity sets that are based on solving a smoothed
and penalized version of the original problem. One type uses the CSG method and the
other type works with bundle methods. Besides the two basic versions we introduce algo-
rithmic improvements that increase the applicability for the CSG version and reduce the
number of necessary iterations in the bundle method. The presented methods can handle
very general types of mixture ambiguity sets that include efficient choices from the litera-
ture. In our numerical experiments for gas networks we use polyhedral and ¢-divergence
based sets for the mixing coefficients together with Gaussian mixture distributions. We
see that the two improvements are indeed beneficial in practice. Furthermore, the bundle
approach should be preferred if feasibility is important or the solution of the adversarial
problems is difficult, whereas the CSG method should be preferred when function and gra-
dient evaluations are time-consuming. In total, we conclude that both types of methods
are able to produce nearly feasible solutions for this difficult problem class in a reason-
able number of iterations and depending on the concrete use case one method should be
preferred over the other. Future research may extend the ideas to different ambiguity sets
with continuous distributions.

In addition, energy networks are only one prominent application domain, and many other
areas are possible as well. Robust protection, also against additional uncertainty with
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respect to empirical distributions, is also essential in other domains, such as materials
science, particularly in particle design. In such challenging applications, particle mixtures
must be reliably separated from each other to meet quality requirements such as a cer-
tain purity, even under uncertainties, say, in residence time distributions or particle size
distributions. This leads to the formulation of robust constraints (or also robust chance
constraints). In particle separation, these constraints typically involve indicator functions,
which are inherently non-convex but can be smoothed. In Dienstbier et al. [16] a safe
approximation based on reformulations has been proposed to address the general case
and has been shown to work well for particle separation. However, the decomposition-
based approach presented in our work may serve as a promising alternative, as it avoids
reformulation and directly tackles the problem through tailored decomposition techniques.
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Appendix

We specify the parameters for the CSG and bundle methods that are used for the numerical
experiments. For the CSG method they can be found in Table 10. For the bundle methods
we distinguish between parameters that are chosen independently from the instance and
those which differ between the instances. The first ones are presented in Table 11 and the
others in Table 12. For a detailed explanation of the internal parameters for the bundle
method we refer to Bernhard et al. [8] and Kuchlbauer et al. [37].

Table 10: Parameters for CSG methods

instance | U t 0 15} a b Aee
1 1110 002 100 10°% 5 5-10°
2 |10 0.02 100 107* 5 5-10°

04 1 [10° 0.01 100 1072 5 10°

2 1102 0.01 100 1072 5 10*

" 1 [10° 0.01 100 10=®> 5 10°

2 1102 0.01 100 1075 5 10°

134 1 [10° 0.01 100 10=®> 5 109

2 1102 0.01 100 107° 5 10°

Table 11: Parameters for bundle methods
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Table 12: Parameters for bundle methods

instance | Uc c I} a b A Ain
1 1] 01 100 107% 5 10% 103

2| 01 100 107* 5 10® 10°

04 1 [107% 100 1072 5 10% 103

2 |107® 100 1072 5 10% 10°

10 1 /1073 100 10° 5 10* 10°

2 11072 100 107 5 10° 10°

134 1] 01 100 10° 5 10* 103

2 | 01 100 107® 5 10* 103
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