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Abstract. This paper presents a model for the mixture of gases on
networks in the stationary case. The model is based on an equation
of state for the mixture, the stationary isothermal Euler equations and
coupling conditions for the flow and mixture. The equation of state or
pressure law is based on the change of the speed of sound in a mixture of
gases. We use this model to solve stationary gas flow problems to global
optimality on large networks and present computational results.
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1 Introduction

As part of the shift towards climate neutrality, natural gas suppliers are blending
hydrogen into gas networks, which introduces new challenges for gas transport
modeling and optimization. Here we present a model of gas networks including
mixing in the stationary case. Moreover, we present computational results show-
ing that large-scale networks can be solved to global optimality in reasonable
time. In the following, we assume familiarity with the basic notions of stationary
gas transport, see [6] for an introduction and discussion of related aspects.

Of course, the mixing of gases has been investigated in the literature. For
instance, a general framework for the continuum thermodynamics of multiple
component mixtures is provided in [2]; see also [8]. A model also using the
speed of sound can be found in [5]. In contrast to us they do not compute the
exact speed of sound of the mixture, which leads to a simpler model. A different
approach to ours can be found in [3], which is based on a linear approximation
of the compressibility factor. In contrast to the literature, our model is based on
a very accurate approximation of the speed of sound that depends on the molar
mass of the mixture. This leads to a general pressure law for mixtures and thus
complements [2] and [8]. Further, to the best of our knowledge we are the first
to consider mixtures in a global optimization approach for stationary gas flow.

We use the following assumptions: The temperature T is constant (isother-
mal) and the compressibility factor z is constant. Further, we assume perfect
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mizing of the gases, which means that mixing only happens at nodes/junctions
in the network and the gas leaving the nodes/junctions is perfectly homogeneous.

2 Preliminaries

Recall the time-dependent Euler equations, which are used to model gas flow of
a single gas in a single pipe, see, e.g., [6]:

Oep+ 0z (pv) =0,

E

Bi(pv) + 9 (p(p) + pv*) = —Apuvv| — gvp sin(e), ®
together with the equation of state p(p) = p Rs T z. Here p denotes the density, p
the pressure, v the velocity, g the gravitational constant, T' the temperature, R
the specific gas constant, z is the compressibility factor capturing the difference
to an ideal gas, a the slope of the pipe, A = %, where ) is a pipe dependent
friction coefficient, and D the pipe diameter. This system of equations applies
to every pipe in the network in which gas flows.

Motivated by investigations of long term behavior, we will later concentrate
on the stationary (time independent) case. Then the partial time derivatives
in (E) vanish. Moreover, in the stationary case, the system (E) admits an approx-
imation that leads to an algebraic equation, the so-called WEYMOUTH equation,
see Section 4. However, the pressure law which we will develop can also be used
in the instationary case.

One important entity is the speed of sound ¢ which is defined for constant
entropy via

6227)=R5TZ=B. (1)

dp p
The second equation follows from the sate equation and the last equation follows
from the real gas equation pV =n RT z (see, e.g., [6]) and the definition of the
density p =n M/V, with V being the volume, R the universal gas constant, M
the molar mass of the gas and n the number of moles of the gas in the volume.

3 Speed of sound in a mixture of gases
For each gas, the state equation ¢? = % (see (1)) links the pressure, the density
and the speed of sound. Under the assumption of a constant compressibilty
factor z and constant temperature 7T, ¢ is constant. Thus, in the isothermal
case, the speed of sound c¢ can be seen as the main property of the gas, since it
is a fixed constant for each gas and lets us convert from pressure to density and
vice versa. Thus, our model rests on computing the speed of sound in a mixture.
The speed of sound of a gas mixture is described in [7] and [10]. They use
the more general NEWTON-LAPLACE equation ¢? = X2 = % for the speed of
sound of an ideal gas, where the adiabatic index v and molar mass M of the mix-
ture are averaged with weights given by molar percentages of each constituent.
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In their experiments they find that this equation is very accurate. Note that in
the isentropic case, we have v = 1 and thus the NEWTON-LAPLACE equation is
equivalent to (1).

In the case of mixing, only two different gases, we use p as the molar fraction
of constituent 1. Then the speed of sound depends on the mixture as follows:

RT
elw) = \/MM1 + (1 — )My’ )

where M; denotes the molar mass for gas i € {1,2}. Having obtained the speed
of sound in the mixture, conversion of pressure and density works as follows:

(p, 1) pv=nkT> N RT z pv=nM(u) RT z
p(k) p(p)V M(p)’

where in the first equality the NEWTON-LAPLACE equation, in second equality
the real gas equation and in the third the definition of density are used. Note
that in the case of mixtures, the total pressure p = p(p, 1) is now also a function
of the mixing ratio pu.

If both constituents move with the same velocity v, then the molar fraction p
satisfies the transport equation Oy + v Oppp = 0.

() =~

(©)

4 A single pipe model for the mixture

Having obtained a pressure law (C) for the mixture, we can state our model.
Since we view the mixture as a single gas, we obtain the following stationary
model for the mixed gas from (E) and the transport equation by setting time
derivatives to 0:

9u(pv) =0, vIu=0, 0, (pv*+plp,p)) =—Aplv|v—gpsin(a), (3)
plp, i) = c(u)* p. (4)

In this model, p denotes the total density of the mixture, which in terms of
partial densities is p = p1 + p2, with p1, p2 being the two partial densities of
the constituents in the mixture. In the stationary case, the flow in each pipe
is constant which is by the first equation of (3). Note that in areas where v
is nonzero the mixing ratio p is constant, because of the second equation. The
space derivative in the last equation can be simplified since p + pv? ~ p, which
follows from (C) and v?/c(u)? = 0. Given this simplification, it can be solved
analytically, for details see, e.g., [6]. Reformulating with ¢ = A pv yields in the
case of a =0

2 2 _ c(p)?

where p;,, Pout denote the pressure at the beginning and end of the pipe, respec-
tively, L denotes the length of the pipe, D its diameter and A its cross-sectional
area. Equation (WM) is a WEYMOUTH-type equation for the mixture, where the
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left hand side can be interpreted as a potential difference. As mentioned in the
beginning, our main focus is to understand the steady state behavior of large
gas networks with mixtures. In networks the gases mix at nodes, and by our
assumption of perfect mixing the gas leaving the node is perfectly homogeneous.
This implies that at each node the mixing ratio has to be calculated, for which
we describe a method in the following.

The network is modeled as a directed graph G = (V, A). On each arc, the
gas flow is modeled with (WM), which implies that the variables we use are the
mass flow ¢ and the pressures p. This poses the following challenge: In order to
use (C) and (WM), the molar fraction has to be known, yet the model uses mass
flow as variables. To overcome this, we additionally introduce variables p™2% for
the mass percentage of each gas in the mixture. Given these variables, we are
able to convert from mass percentage to molar percentage p. We refer to this as
a two-step method for the calculation of the mixing ratio. For flow ¢, we define
the set of arcs with inflow and outflow, respectively, for a node v € V:

I(v)={a= (u,v) | ¢ >0} U{a = (v,w) | ¢, <0} Yv eV,
O(w)={a=(u,v) | ¢ <0} U{a= (v,w) | go >0} Yo e V.
In combination with (WM) and flow conservation constraints, this yields the

following overall model with decision variables qq, ftq, £, ¢(j1q)? for all a € A
and Ty, M(U)7 nl(v)a TL2<1))Z

P =Py = Aela)? da l4al Va=(uv) €A, (5)
Z Ga — Z qa = b'u V'U (S ‘/7 (6)
a€dt(v) a€d— (v)
RTz
2
c(pa)” = Va = (u,v) € A, 7
(ha) fra My + (1 — pa) Mo () ()
ZE )Mglass |Qa|
acl(v
W) = ——=—— Yv eV, 8
p (v) SR (8)
acl(v)
w) = — wev,  (9)
n1(v) + na2(v)
o = V), RS = e () VaeOW), veV, (10)
7 Iumass(v) _ 1— ‘umass(v)
mo) = 2 mao) = wev, (1)
where p'*° denotes the mass percentage of the first gas in the mixture on

arc/pipe a. Note that the dependence of I(v) and O(v) on ¢ is non-smooth and
thus implemented with binary decision variables for the flow direction. The pipe
constants in (5) are all combined into A = A L/(A% D). The friction coefficient
and the compressibility factor are approximated with the expected average flow
and pressure thorough the pipe, respectively. When considering a real world
scenario, a natural objective is to maximize the sum of the pressures at the
exits.
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5 Computational results

In this section we briefly present computational results for solving the station-
ary gas transport problem to global optimality with mixing. We compare the
performance of a development version the mixed-integer nonlinear programming
solver SCIP 9.1.1 [1] on the same instances with and without mixing. Further,
we briefly discuss different implementation methods and their impact on perfor-
mance. We use instances based on the GASLIB [9,4]. For each entry node, we
specify the volume and molar mass of the inflowing gas. The instances GASLIB24
and GAsLIB40 are not challenging. Thus, for our small computational study, we
focus on the lager GAsSLiB134, GAsLiB135, GAsSLIB582 and one self created
instance CYCLESUB. For the GASLIB582 mixing instances, the inflow at the
entries is the same, but we varied where the hydrogen mixture is supplied. Cy-
CLESUB consists of a cycle and an attached tree and is build such that there are
multiple mixing points.

5.1 Implementation differences

We examined the performance of multiple implementations, but only report on
two variants which turned out to be superior.

o Variant 1, Hybrid: This variant uses variables for the mixing ratio on the arcs
and the nodes and is a direct implementation of (5)—(6). The mixing ratio of
the node is then linked to the arc mixing ratio in the following exemplary way
for a = (u,v): 27 (u(u) — pa) = 0, 25 (1(v) = pa) = 0, where z} is an arc
specific binary variable which is equal to 1 if the flow direction coincides with
the arc orientation and zero otherwise. The converse holds for z,. The mass
percentage is handled analogously. Then the WEYMOUTH Mixing Equation (5)
is implemented with the arc mixing ratio.

o Variant 2, Node: In this variant there are only variables for the node mixing
ratio. This leads to a different implementation of (5), since one cannot access the
arc mixing ratio anymore. The coefficient in (5) which depends on the mixing
ratio is then A, (25 c(pu)? + 24 c(pv)?) = Aa.

The WEYMOUTH Mixing Equation (5) is then implemented as p? — p? =
A4 Ga|qal- In both variants, the binary variables 2z} and 2z, were used for the
implementation of the calculation for the mass percentage mixing ratio, with the
only difference being that in the node model the node mixing ratio is used.

5.2 Results

Our results can be found in Table 1 and were obtained single-threaded on a
Linux cluster with Intel Xeon E5-1620 CPUs running at 3.5 Ghz and 32 GB
memory. Here, TL refers to reaching the time limit of 8 hours.

Conclusion: As expected, the time needed to solve a gas-flow problem involving
mixing is larger than without. Even though a solution can be found, in most
cases it was not possible for SCIP to prove optimality within the time limit.
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Table 1. Computational results (Hybrid | Node model)

GasLiIB instance time # nodes gap
CYCLESUB 0.5 2611 0.0
CycLESUB Mixing 1029.2 | TL 872863 | 35287443 0.0 | 0.0
GasLiB134 1.0 14 0.0
GasLiB134 Mixing 4.0 3.5 75146 0.0 0.0
GasLiB135 TL 836084 4.0
GasLiB135 Mixing TL | TL 143375 | 117531 400 | 9.6
GasLiB582 61.2 2611 0.0
GasLiB582 Mixing 1 TL | TL 79237 | 80704 0.2 | 0.5
GasLiB582 Mixing 2 TL | TL 79454 | 80443 0.2 | 0.5

Interestingly neither variant clearly outperforms the other. One can see the

tendency towards the hybrid variant: It yields a smaller gap in both mixing
scenarios of GASLIB582 and does not run into the time limit on CYCLESUB
Mixing. On GAsLIB135 Mixing, however, only the node variant is able to find a
feasible solution, but this instance is hard even without mixing and thus needs
to be investigated further.
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