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TURNPIKE IN LIPSCHITZ-NONLINEAR OPTIMAL CONTROL

CARLOS ESTEVE, BORJAN GESHKOVSKI, DARIO PIGHIN, AND ENRIQUE ZUAZUA

ABSTRACT. We present a new proof of the turnpike property for nonlinear optimal
control problems, when the running target is a steady control-state pair of the under-
lying dynamics. Our strategy combines the construction of suboptimal quasi-turnpike
trajectories via controllability, and a bootstrap argument, and does not rely on an-
alyzing the optimality system or linearization techniques. This in turn allows us to
address several optimal control problems for finite-dimensional, control-affine systems
with globally Lipschitz (possibly nonsmooth) nonlinearities, without any smallness
conditions on the initial data or the running target. These results are motivated by
the large-layer regime of residual neural networks, commonly used in deep learning
applications. We show that our methodology is applicable to controlled PDEs as well,
such as the semilinear wave and heat equation with a globally Lipschitz nonlinearity,
once again without any smallness assumptions.
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1. INTRODUCTION

The turnpike property reflects the fact that, for suitable optimal control problems set
in a sufficiently large time horizon, any optimal solution thereof remains, during most
of the time, close to the optimal solution of a corresponding “static” optimal control
problem. This optimal static solution is referred to as the turnpike — the name stems
from the idea that a turnpike is the fastest route between two points which are far
apart, even if it is not the most direct route. In many cases, the turnpike property
is described by an exponential estimate — for instance, the optimal trajectory yp(t) is
O (e_“t + e_“(T_t))fclose to the optimal static solution g, for ¢t € [0,7] and for some
w>0.
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The prevalent (but not exclusive) argument for proving exponential turnpike results
relies on a thorough analysis of the optimality system provided by the Pontryagin Max-
imum Principle. In the context of linear quadratic optimal control problems, under
appropriate controllability or stabilizability conditions, turnpike is established via prop-
erties of the optimality system characterizing the optimal controls and states through
the coupling with the adjoint system, see Porretta & Zuazua [31].

In the case of nonlinear dynamics, this argument thus requires nonlinearities which
are continuously differentiable. A linearization argument is used — the linear study and
a fixed point argument provide nonlinear results under smallness assumptions on the
initial data and the target, see Zuazua et al. [32, 36]. The smallness conditions on
the initial data can be removed in some specific cases (see e.g. Pighin [29]), but to the
best of our knowledge, the assumptions on the running target have not been as of yet
(albeit, they may be removed under restrictive assumptions, such as strict dissipativity,
uniqueness of minimizers and C2-regular nonlinearities — see [34]). This is due to the
lack of tools for showing that the linearized optimality system corresponds to a linear-
quadratic control problem satisfying the turnpike property, when the running target of
the original nonlinear control problem is large.

There has been an ever-increasing need however, brought by applications in deep
learning via residual neural networks (ResNets) (see [10, 11, 18|), of turnpike results
for nonlinear optimal control problems without smallness conditions on the data or
the running target, and for systems with globally Lipschitz-continuous but possibly
nonsmooth nonlinearities.

In deep learning, one wishes to find a map which interpolates a dataset {;, gjl}fil
where ; € R% and ; € R% and gives accurate predictions on unknown points & € R% .
Such a task may be accomplished by minimizing

S P 717 d ! 24 1
/O;H xi(t) - 7 t+/0 u()]? dt, (1.1)

where u := [w,b]" and P : R% — R% is an affine surjective map, subject to
%x;(t) = o(w(t)x;(t) + b(t)) in (0,7) L
x;(0) = @, (1.2)

with w € L2(0,T;R%*%) and b € L?(0,T;R%) designating the controls, whereas
o € Lip(R) with ¢(0) = 0 is a scalar nonlinear function, defined componentwise in
(1.2). The most frequently used nonlinearities in practical applications are rectifiers:
o(z) = max{ax,z} for a € [0,1), and sigmoids: o(x) = tanh(x). The order of the
nonlinearity ¢ and the affine map within may be permuted to obtain a driftless control-
affine system

x;(0) = Zs. (13)

{Xi(t):w(t)a(xi(t))+b(t) in (0,7)

Combinations and variants of (1.2) and (1.3) may also be used, see e.g. [23]. Optimizing
u over IN > 1 different initial data establishes robustness, so that the neural networks
(1.2) and (1.3) may correctly perform future predictions on unknown points.

In Figure 1, we see stabilization for the trajectories to some points X; € P~1({#;}),
which are uncontrolled steady states of (1.2) and (1.3). This motivates the choice of
running target as a steady control-state pair we consider in this work ((1.4)), which



TURNPIKE IN LIPSCHITZ-NONLINEAR OPTIMAL CONTROL 3

would then entail bounds for (1.1) (see [11]). The practical interest of the turnpike
and stabilization analysis when 7" > 1 presented herein is its link to the large-layer
regime and approximation capacity (dual to [7]) of ResNets, which are the forward
Euler discretizations of (1.2) and (1.3) (see [10]). This regime is the common setting
for many deep learning applications [22]. We refer the reader to [11] for further details.
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FIGURE 1. A binary classification task in deep learning. One aims to
separate the data points {Z;}; in R? (top left) with respect to their color
by using the controlled flow of (1.2) — (1.3) at time 7" = 15, here done by
minimizing (1.1) (7 = 1 for red/blue). We visualize the evolution of
the trajectories of (1.3) (top right) and their output (bottom left). We
see a stabilization property for the projections, but also the trajectories
to some points X; € P* ({gj}}) (bottom right). Displayed below is the
inferred classifier on [—2,2]2, generalizing the shape of the dataset.
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Our contributions. To answer this need, and motivated by problems as those above,
in this work we provide a different perspective on the turnpike property in the context
of nonlinear dynamics, and we bring forth the following contributions.
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1. In Section 2, we consider optimal control problems consisting of minimizing

T T
Jr(u) = $(y(T)) + / ly(t) — 712 dt + / Ju(t) — @ dt (1.4)

subject to ¥ = f(y,u), where f is of control-affine form. Under the assumption
that the running target (u,y) is a steady control-state pair, namely f(7,u) = 0,
and that the system is controllable with an estimate on the cost (see Assump-
tion 1), in Theorem 2.1 we prove the exponential turnpike property described
above. The main novelty lies in the fact that the nonlinearity f is only assumed
to be globally Lipschitz continuous, and the result comes without any smallness
conditions on the initial data or the specific running target. In this case, exist-
ing results such as those presented in Trélat & Zuazua [36, 34] do not apply,
as they either require smallness assumptions or uniqueness of minimizers, and
C?-nonlinearities.

Moreover, whenever the functional to be minimized does not contain a final-
time cost (such as ¢(y(T")) in Jr above), we can prove (see Corollary 2.1 below)
that the exponential arc near the final time ¢ = T disappears, thus entailing an
exponential stabilization property for the optimal state to the running target.

2. In Section 3, the finite-dimensional results are extended to analogue optimal
control problems for underlying PDE dynamics. This is illustrated in Theo-
rem 3.1, Corollary 3.1 and Theorem 3.2 in the context of the semilinear wave
and heat equation with globally Lipschitz—only nonlinearity, once again under
the assumption that the running target is a steady control-state pair. We make
no smallness assumptions neither on it, nor on the initial data, thus covering
some cases where results from [15, 29, 32, 42] are not applicable.

Notation. We denote by || - || the standard euclidean norm, and N := {1,2,...}. We
denote by Lip(R) (resp. Lipj,.(R)) the set of functions f : R — R which are globally
(resp. locally) Lipschitz continuous.

2. FINITE-DIMENSIONAL SYSTEMS

2.1. Setup. Let d > 1 and m > 1. We will consider differential control systems where
the state y(t) lives in R? and the control input w(t) in R™. Given T > 0, we focus on
control-affine systems, namely canonical nonlinear systems

¥ =fly,u) in (0,7) (2.1)

with a nonlinearity f of the form
Fluu) = foly) +>_uifi(w) for (y,u) € RY x R™, (22)
j=1

where the vector fields fy, ..., f, € Lip(R% RY) are only assumed to be globally Lips-
chitz continuous. This formulation includes (1.3) — see Remark 3 for possible extensions
to (1.2).

For any given initial datum y° € R? and control input u € L'(0, T; R™), system (2.1),
with f as in (2.2), admits a unique solution y € C°([0, T]; R?) with y(0) = y°. This can
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be shown by means of a fixed point theorem and the Gronwall inequality applied to the
integral formulation

y(t) =y + /0 F(y(s),u(s))ds.

Given 3° € RY we will investigate the behavior when T > 1 of global minimizers
ur € L?(0,T;R™) to nonnegative functionals of the form

T

T
hmo:¢@@»+A mw—yW¢+AW@Wa, (2.3)

and of the corresponding solutions yr to (2.1) with yr(0) = 3°. Here, ¢ € C°(R%R,)
is a given final cost, while 7 € R? is a given running target which we select as an
uncontrolled steady state of the nonlinear dynamics, namely

fo(@) = 0. (2.4)

We provide further comments on the specific choice of the running target just below, in
Remark 1. Due to the coercivity of Jr and the explicit form of f in (2.2), the existence
of a minimizer of Jp follows from the direct method in the calculus of variations.

Due to the presence of the state tracking term in the definition of Jr, which regulates
the state over the entire time interval [0, 7], the well-known turnpike property is expected
to hold: over long time horizons, the optimal control-state pair (ur, yr) should be "near"
the optimal steady control-state pair (us,ys), namely a solution to the problem

inf [y —gl* + [|ull” subject to f(y,u) = 0. (2.5)
u m

Now note that, due to the assumption (2.4) on the running target 7, and the form of
the nonlinearity f in (2.2), it can be seen that (us,ys) = (0,7) designates the unique
optimal stationary solution, namely the unique solution to (2.5).

Remark 1 (Controlled steady states). The choice of the running target y in (2.4) is
tailored to our proof strategy and the choice of the functional Jp in (2.3). The key
feature our methodology requires is that the Lagrangian £(u,y) = ||y —9||*> + |ju — u|?
equals zero when evaluated at the optimal steady state. In fact, we could more generally
consider the functional

T

T
hﬂo:¢@@»+éwww—mwa+4\mw—uwﬁ

where (U,7) € R™ x R? 4s chosen so that f(7,1) = 0 (with f as in (2.2)), as discussed
in the introduction. The results presented below could then readily be adapted to this
case (by additionally changing (2.9) and Assumption 1 to an L?-bound of up — ). We
have taken w = 0 for presentational simplicity.

In the context of nonlinear optimal control, such turnpike results have been shown
by Trélat & Zuazua in [36] (see also [34]) for C?-regular nonlinearities f. This order of
regularity is required due to the proof strategy, which relies on linearizing the optimality
system given by the Pontryagin Maximum Principle. As a consequence, the results in
[36] are also local, in the sense that smallness conditions are assumed on the initial data
and target in view of applying a fixed point argument. In this work, we take a further
step and obtain global results for globally Lipschitz nonlinearities.
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2.2. Main results. The notion of controllability plays a key role in the context of
turnpike. Hence, before proceeding, we state the following assumption.

Assumption 1 (Controllability & cost estimate). We will assume that (2.1) is con-
trollable in some time Ty > 0, meaning that there exists some time Ty > 0 such that
for any 3°,y* € R?, there exists a control u € L?(0,Ty; R™) such that the corresponding
solution y € C°([0, To); RY) to (2.1) with y(0) = y° satisfies y(Tp) = y'.

We will moreover assume that there exists an r > 0 and a constant C(Tp) > 0 such
that

inf el man < C) [4° — 7). (2.6)
such that
y(0)=y°,y(To)=y
and
inf Jull 20, 1pmmy < C(To) |ly" =7, (2.7)
such that

y(0)=y,y(To)=y"

hold for any y°,y" € {a: eER?: |z —7| < T}, where § € R? is fized as in (2.4).

We discuss the feasibility of this assumption later on, in Remark 4. Note that this is
not a smallness assumption — it merely stipulates that, inside some ball centered at 7,
the cost of controlling from and to § can be estimated by means of the distance to 3.

We may now state our first main result.

Theorem 2.1 (Turnpike). Assume that fo, ..., fi € Lip(R% R%) in (2.2), and assume
that (2.1) is controllable in some time Ty > 0 in the sense of Assumption 1. Let y° € R?
be given, and let 7 € R? be as in (2.4). Then there exists a time T* > 0 and constants
C1,Co, 1 > 0 such that for any T > T*, any global minimizer ur € L*(0,T;R™) to Jr
defined in (2.3) and corresponding optimal state yr solution to (2.1) with yr(0) = 3°
satisfy

lyr(t) = 9l < Cy (7 + e7#T0) (2.8)
for allt € [0,T], and
[urllL20,rmm) < Co. (2.9)

We sketch the idea of the proof (which may be found in Section 5.2) in Section 2.2.1
below. The rate u > 0 appearing in (2.8) depends on the datum 3° due to the mul-
tiplicative form of the control, but is uniform with respect to y° when the control is
additive, namely, when f1, ..., f;, are nonzero constants. This is due to the form of
the constant provided by Gronwall arguments (e.g. in Lemma 4.1 and Lemma 5.2).

Remark 2 (On (2.9)). An ezponential estimate for the optimal control ur is a hallmark
of turnpike results obtained by analyzing the optimality system. Therein, the optimal
control can be characterized explicitly via the adjoint state, which, much like the optimal
state, fulfills an exponential estimate. Since in this work we do not use the optimality
system, we do not have as much information on up(t) as we have on yr(t) —y. The
latter quantity, in addition to being penalized by Jr, may be further estimated by using
the system dynamics. In the context of driftless systems, we show that ur(t) too is
in O (ef"t + eiN(T*t)) in Corollary 2.2, by using the homogeneity of the system with
respect to the control.
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Before proceeding with further remarks, let us state a couple of important corollaries
of Theorem 2.1.

Firstly, when one considers an optimal control problem for J; without a final cost for
the endpoint y(7), namely taking ¢ = 0 in (2.3), Theorem 2.1 can in fact be improved
to an exponential stabilization estimate to the running target y.

Corollary 2.1 (Stabilization). Suppose that ¢ =0 in Jp defined in (2.3). Under the
assumptions of Theorem 2.1, there exists a time T* > 0, and constants C1,Co,pu > 0
such that for any T > T*, any global minimizer up € L*(0,T;R™) to Jr defined in
(2.3) and corresponding optimal state yr solution to (2.1) with yr(0) = y° satisfy (2.9)
as well as

lyr(t) =gl < Cre™* (2.10)
for allt € [0,T].

We refer to Section 5.3 for a proof. In fact, Corollary 2.1 may be proven independently
of Theorem 2.1 by a simple adaptation of the proof strategy. This is illustrated in the
proof of Theorem 3.2 in the context of the semilinear heat equation.

On another hand, when the underlying dynamics (2.1) are of driftless control affine
form (namely, fo = 0 in (2.2)), we can obtain an exponential decay for the optimal
controls as well. Note that in this case, any 7 € R is an admissible running target for
Jr, since f(7,0) = 0 for any 7 € R%.

Corollary 2.2 (Control decay). Suppose that fo =0 in (2.2). Under the assumptions
of Theorem 2.1, there exists a time T* > 0, and constants C, i > 0 such that for any T >
T*, any global minimizer up € L*(0,T;R™) to Jr defined in (2.3) and corresponding
optimal state yr solution to (2.1) with yr(0) = y° satisfy (2.8) as well as

Jur(t)]] < € (et +e7T0) (2.11)

for a.e. t €[0,T].
If moreover, ¢ =0 in Jp defined in (2.3), in addition to (2.10), there exist constants
Ch, p1 > 0 independent of T such that

Jur(t)|| < Cre ! (2.12)
holds for a.e. t € [0,T].

Corollary 2.1 and Corollary 2.2 are in particular applicable for the continuous time
analog (1.3) of ResNets (see Remark 3 for (1.2)).

The proof of Corollary 2.2 (see Section 5.4) will follow by firstly using a specific
suboptimal control (constructed using the time-scaling specific to driftless systems) to
estimate Jp(ur) and obtain

t+h t+h
/ Jur(s)|? ds < / lyr(s) — 1% ds
t t

for A small enough, an estimate which, coupled with the turnpike estimates of Theo-
rem 2.1 — Corollary 2.1 and the Lebesgue differentiation theorem, will suffice to conclude.

The proof of Theorem 2.1 may be found in Section 5.2. It roughly follows the following
scheme (see also Figure 2 just below).
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2.2.1. Sketch of the proof of Theorem 2.1. For simplicity, suppose that T" > 27T*.

1). By controllability, we first construct a suboptimal quasi-turnpike control u!
which is such that the associated state y' satisfies y'(Tp) = ¥, and u'(t) = 0
for t € [Ty, T]. Thus y'(t) =y for t € [Ty, T]. Due to the form of J7 in (2.3), this
would imply that Jp(u') is independent of 7', and by using Jr(ur) < Jr(ul),
would also entail a uniform bound of Jr(ur) with respect to 7. A Gronwall
argument ensures that, moreover,

lyr = 9l L2(0,mmey + llyr () =7l < Co for all ¢ € [0, 7] (2.13)

for some Cjy > 0 independent of T'. (2.13) alone is enough to obtain the desired
exponential estimates for ¢ € [0,7*] U [T — T, T], an interval whose length is
independent of T'. More details can be found in Lemma 5.1.

2). Since T* < %, by a simple contradiction argument (see Lemma 5.3), there exist
71 €10, 7*) and 72 € (T — T*,T] such that

_ lyr =Yl r20,mme) 213) Cy

lyr(7i) =yl < < :

VT VT*

3). On [r1, 2], the optimal control uy will minimize a functional without the final

cost ¢(yr(T)) but with a terminal constraint on the state yp. By controllability,

using a second suboptimal quasi-turnpike control u? satisfying estimates as

those in Assumption 1, and using Jr(ur) < Jr(u?) along with a Gronwall
argument, one shows an estimate of the form

(2.14)

lyr(®) =31l < 1 (lyr(m) =3+ |yr(r2) — 7] (2.15)
¢ 207 (2.16)

T VT
for all ¢ € [y, 7], thus also for ¢t € [T*,T — T*| C [r1,72] where C; > 0 is
independent of T'. Assumption 1 is used precisely in this step, and is essential in
obtaining an estimate of the mould of (2.15). For more details, see Lemma 5.2.

4). A bootstrap argument (Section 5.2): estimate (2.16) can be iterated by shrinking
the time interval to obtain an estimate of the form

2\ N
lyr(t) — 7| < (3%) for [nT*,T — nT* (2.17)

for "suitable" n > 1. Then taking 7* > 4C{ and a suitable choice of n in (2.17)
will yield the exponential estimate for ¢t € [T*, T — T"].

2.3. Comments on the main results. Several pertinent remarks are in order.

Remark 3 (On the nonlinearity). With little modifications, Theorem 2.1 and Corol-
lary 2.1 also apply to system (2.1) with nonlinearities f of the form

Fly,u) =D filuy) for (y,u) € R x R™ (2.18)
j=1

where the vector fields f1, ..., fm € Lip(R% R?) are additionally assumed to be positively
homogeneous of degree 1, and an H'-penalization instead of only L? of the control ap-
pears in the definition of Jp, in order to assert sufficient compactness for proving the
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quasi-turnpike bootstrap quasi-turnpike

} t 1 —> ¢

T T-T" T

FIGURE 2. A sketch of the scheme. We use a quasi-turnpike control to
bound Jr(ur) uniformly in 7', which entails the exponential estimates
on [0,7*] U [T — T*,T]. We then perform a bootstrap by iteratively
shrinking symmetric intervals within [7%,7 — T*] in view of obtaining
an estimate of the mould of (2.17).

existence of minimizers. Such nonlinearities are motivated by (1.2). Due to the homo-
geneity of the vector fields in (2.18), the corresponding optimal steady states coincide
with those of the driftless case, namely (us,ys) = (0,7) for any § € R,

Remark 4 (On Assumption 1). Both parts of Assumption 1 are needed in our strategy.

e In the driftless case (fo = 0 in (2.2)), the Chow-Rashevskii theorem (see |6,
Chapter 3, Section 3.3]), characterized by iterated Lie brackets, is a neces-
sary and sufficient condition for the global exact controllability of systems with
smooth vector fields. But general necessary and sufficient conditions which en-
sure the exact controllability of control-affine systems are not known to our
knowledge — see [6, Chapter 3|. This is mainly due to the drift term fo, which
affects the geometry of the problem and may pose obstructions to the control-
lability in arbitrary time — see 2| for a survey on these issues. We do insist
however, that we merely require controllability in a possibly large time Ty, and
not necessarily in any arbitrarily small time.

e The assumptions (2.6) — (2.7) are more commonly encountered in the linear
systems setting, and thus also for nonlinear systems obtained by perturbation
arguments. In such contexts, it is well-known (see e.g. |41, Remark 2.2|) that
the minimal L?-norm control u satisfies

lull 2o mpmmy < C(To) (|6°]] + o))

for some C(Ty) > 0. This makes Assumption 1 entirely plausible in the settings
mentioned above. Indeed, we consider z := y—7, then either 2° =0 (ify° =7)
or 21 =0 (if y' =7). The control u steering y from y° to y' in time T would
then be the same as the one steering z from either 0 to y* — % or from y° — 75
to 0 wn time T, and the above estimate would yield the desired assumption.

To complete this discussion, we refer to [11, Theorem 5.2|, where in the
context of driftless systems motivated by neural networks (see the Introduction),
we prove a local controllability result along with estimates (2.6) — (2.7). The
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main caveat when comparing to the setting we consider here is that in neural
networks, the control is typically a matriz of dimension d x d (eventhough we
find a single control for N > 1 initial data), allowing us to access the entire
state, whereas here it is a vector in R™, possibly with m < d. Nonetheless,
driftless systems motivated by neural networks remain a case where our results

apply.

3. INFINITE-DIMENSIONAL SYSTEMS

We illustrate the flexibility of the finite-dimensional arguments and adapt them to
the semilinear wave and heat equation. As a matter of fact, the only difference between
the finite and infinite dimensional setting is in the proof of uniform control and state
bounds by means of quasi-turnpike strategies. The specific proof of turnpike is identical
in both cases. We distinguish the case of the wave and heat equation because of the
validity of the PDE analog of Assumption 1, as made more precise below.

3.1. Semilinear wave equation. Let 7' > 0 and let 2 C R? be a bounded and (at
least C?) regular domain. We will be interested in control systems of the form

OFy—Ay+fly)=ul, in (0,T)x9Q
y=0 on (0,T) x 90 (3.1)
(Y, 0y)|i=0 =y" in Q.

Here f € Lip(R), w C Q is open (with geometric assumptions given in (3.4)), whereas
yY = (y?, yg) is a given initial datum. It is well-known, by fixed-point arguments, that
for any initial data y° = (y{,43) € H}(Q) x L*(Q) and for any u € L*((0,T) x w),
there exists a unique finite-energy solution y € C°([0, T]; HZ(Q)) N CL([0,T]; L*(Q)) to
(3.1).

As in the finite-dimensional case, we will address the behavior when T' > 1 of global
minimizers ur € L2((0,T) x w) to nonnegative functionals of the form

T T T
() = D)+ [ 106 =gy @t + [ 10Oy o+ [ e
(3.2)
and of the corresponding solution yr to (3.1). Here ¢ € C°(L?(Q);R) is a given final
cost, while ¥ € H}(Q) is a running target which we select as an uncontrolled steady
state of (3.1), namely we assume that 7 is some solution! to

{—Ay+f(y) =0 in Q

y =0 on 0N). (33)

We henceforth moreover assume that f, {2 are such that a solution to (3.3) exists. This
can be ensured in a variety of different cases, including, for instance (see [5, 25| for
further results):

IThere is no need for the solution of (3.3) to be unique.
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e If £(0)
pe(1,%2) (p € (1,00) for d =1,2), v < A;(Q) and 6 > 2 such that

0, then clearly 3 = 0 is one solution. But if moreover there exist

U

|f(s)] < C(1+|s|P) for all s € R

—/Sf(g) ¢ < g 52 for |s| small
0
0<—0 /O FOdC < s /0 f(OdC for |s| large,

then a nontrivial solution 7 € HE(Q), ¥ # 0 also exists. We refer to [5, Theorem
2.5.6]. This fact is a consequence of the mountain pass theorem. Here \;(12)
denotes the first eigenvalue of the Dirichlet Laplacian —A.

e When d =1 and Q = (—R, R), then both necessary and sufficient conditions
on f can be provided ensuring the existence of nontrivial solutions — see [5,
Theorem 1.2.3].

The case of a controlled steady state (namely adding ul, in (3.3)) may also be
considered, under the condition that the functional Jp is modified appropriately as
discussed in Remark 1. The existence of minimizers to Jp again follows by the direct
method in the calculus of variations.

We note that, since 7 is fixed as above, the pair (us, ys) = (0,7) is the unique solution
to the steady-state optimal control problem

—Ay+ f(y) =ul, in Q
y =0 on 0.

This is because the functional in the expression above attains its minimum, equal to 0,
precisely at (0,7), a pair which satisfies the constraint provided by the elliptic equation.

i 712 2 s
" eHng(w) ly — yHHé(Q) + ullz2y  subject to {

Before proceeding, we need to define the appropriate geometric setup for ensuring
the exact controllability of (3.1) when d > 2. For any fixed z, € R?\ Q, we define

Io:={z€d: (r—2o)- v(z)>0}

where v(z) denotes the outward unit normal at x € 9. The set I'; coincides with the
subset of the boundary arising usually in the context of the multiplier method [24]. We
will suppose that for some § > 0,

w = 05(Ts) NQ, (3.4)

where O5(Ts) := {z € R? : [z — 2| <6 for some 2’ € ['x}. It is known that, under
these geometric assumptions on w, and since f € Lip(R), there exists some time Ty, =
Tinin(©2,w) > 0 such that the wave equation (3.1) is exactly controllable in any time
To > Thin, see [12, 39] and also [9, Section 7.2] (see also the introduction of [19] for an
ample survey of controllability results for semilinear wave equations). These results are
extensions of the one-dimensional results in [40].

We may now state our main result in the context of the wave equation.

Theorem 3.1 (Turnpike). Suppose that f € Lip(R) and Q@ C R? are such that (3.3) ad-
mits at least one solution, and lety € HY () be any such solution. Let ¢ € C°(L*(Q);R4),
and suppose that w is as in (3.4). For any y° € H}(Q) x L?(QQ), there exists a time
T* > Tin(w, Q) and constants C1,Co > 0 and p > 0, such that for any T > T*, any
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global minimizer ur € L?((0,T) x w) to Jr defined in (3.2) and corresponding optimal
state yr solution to (3.1) satisfy

lyr () = Tl + 19r(®) | 2y < C (7 + e7T-0)

for allt € [0,T], and
lurll L2 (0,1 xw) < Co-
Moreover, ji > 0 is independent of y°.

The proof of turnpike (see Section 6) is identical to the finite-dimensional case. Some
technical adaptations are however needed for obtaining the quasi-turnpike bounds,
wherein one uses the Duhamel formula for mild solutions in view of applying an in-
tegral Gronwall argument, in the spirit of the ODE setting.

Remark 5 (On the choice of Jr). We note that in existing turnpike results for the
wave equation, e.g. |17, 35, 42|, a slightly weaker functional is sometimes considered.
For instance, in [42] for the linear wave equation, only the L*(0,T; HE(Q))-norm of
y — 7 is penalized, and not the L?((0,T) x Q)-norm of Oy, yet turnpike is shown to
hold for the full state (y,0y). This is justified by the equipartition of energy property,
which states that, along a given time interval [0,T)], the energy concentrated on the y
component in HY(Q) and on the dyy component in L%(Q) is comparably the same up
to a compact remainder term. We choose to work with a functional penalizing the full
state of the system due to the specificity of our proof strategy.

Similarly to the finite-dimensional case, when ¢ = 0 in (3.2), Theorem 3.1 entails an
exponential stabilization property for the optimal states, namely

Corollary 3.1 (Stabilization). Suppose that ¢ = 0 in Jp defined in (3.2). Under
the assumptions of Theorem 3.1, there exists a time T* > Tyin(w, ) and constants
C1,Co,pn > 0 such that for any T > T*, any global minimizer ur € L*((0,T) x w) to
Jr defined in (3.2) and corresponding optimal state yp solution to (3.1) satisfy

lyr () = Yl g o) + 10eyr (8 2y < Cre M
for allt € [0,T] and

lurllL2(0,1)xw) < Co-

Moreover, > 0 is independent of y°.

3.2. Semilinear heat equation. To complete our presentation, we will also discuss
control systems of the form
oy —Ay+ f(y) =ul, in (0,7)xQ
y=0 on (0,7) x 09 (3.5)
y|t=0 = yO in Q)
were f € Lip(R), w C Q is any open, non-empty subset, whereas yY is a given initial
datum. It is well-known that for any given T > 0, y° € L?(Q2) and u € L?((0,T) x w),
there exists a unique globally-defined solution y € C°([0,T]; L*(Q)) N L?(0, T; H}(2))
to (3.5).
We will again study global minimizers uz € L2((0,7T) x w) to nonnegative functionals
of the form

T T
h@%ZA\MU—Mﬁm&+AHMW§@&, (3.6)
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and the corresponding solution y7 to (3.5) in the regime 7' > 1. Once again, 5 € L?(Q)
is a running target which we select as an uncontrolled steady state, namely a solution to
(3.3). The existence of minimizers to Jr defined in (3.6) follows by the direct method
in the calculus of variations.

Theorem 3.2 (Stabilization).  Suppose that f € Lip(R) and Q C R? are such that
(3.3) admits at least one solution, and let j € HZ(Q) be any such solution. For any
Y0 € L2(Q), there exists T* > 0 and constants C1, Ca, ju > 0 such that for any T > T*,
any global minimizer ur € L*((0,T) x w) of Jr defined in (3.6) and corresponding
optimal state yr solution to (3.5) satisfy

lyr(t) =l r2(q) < Cre™
for allt € [0,T], and
lur|l L2 (0,1 xw) < Co-
Moreover, ju > 0 is independent of y°.

We refer to Section 7 for the proof.

We consider the heat equation in addition to the wave equation because of the validity
of the PDE analog of Assumption 1. The heat equation is exactly controllable to
controlled trajectories, namely solutions y to (3.5) for given controls u. Instead of an
estimate such as (2.7), one has |[u —ul| 2o 7)xwy < C(T0) Hyo - @\(O)HLQ(Q) (see e.g.

[30, Lemma 8.3] and the references therein) for minimal L?-norm controls u steering y
to ¥ in time Tp. Such an estimate does not suffice for applying our methodology, as we
clearly need to estimate the minimal L?-norm control by means of the distance of the
initial data to the target. Nonetheless, we illustrate that the stabilization result can be
shown independently of the turnpike result. Indeed, the proof closely follows that of
Theorem 2.1, with the exception that we only need to perform the bootstrap forward
in time, whence we do not require that the system is controllable to anything else but
a steady state. We refer to Section 7 for more details.

The semilinear heat equation is a commonly used benchmark for nonlinear turnpike
results, thus this example serves to compare with existing results, such as those in [29].

Remark 6 (On the nonlinearity). The assumption that f is globally Lipschitz in (3.1)
and (3.5) could perhaps be relaxed to a locally Lipschitz f (for which blow-up is avoided
and controllability is ensured — for instance, f(y) = y3), under the condition that one
can show a uniform L ((0,T) x Q)—estimate of yr with respect to T > 0. Arguments
of this sort in the context of turnpike can be found in |29] under smallness assump-
tions on the target. We refer to the end of Section 8.1 for a discussion of a (possibly
technical) impediment encountered in applying our methodology to the cubic heat equa-
tion. In addition to the controllability properties it entails for (3.1) — (3.5) as blow-up is
avoided,we use the Lipschitz character of f in the estimates in Lemma 6.1, Lemma 6.2
and Lemma 7.1.

4. PRELIMINARY RESULTS

We begin by presenting a couple of simple but important lemmas, containing bounds
of the quantity ||y(t) —g|| for both the nonlinear ODE and PDE setting, solely by means
of [|y° — 7|l and the tracking terms appearing in the functional Jr. These bounds would
thus imply that bounding the functional Jr uniformly in T" would entail a bound for
the desired quantity ||y(t) — 7.
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Let us begin with the ODE estimate.

Lemma 4.1. Let T > 0 be given, and let 7 € R? be as in (2.4). For any data u €
L0, T;R™) and 3° € R?, let y € CO([0, T];RY) be the solution to (2.1) with y(0) = 3°.
Then there exist constants C1 = C1(f,7) > 0 and Co = Ca(f) independent of T such
that

ly(®) = 7l < € (ls° = ll + lullz2o ) + Iy = Tz rime
holds for all t € [0,T], where
C = Cl exp (C2HUHLQ(O’T;R’H’L)) .

As insinuated by the form of the constant in the estimate, the proof follows a Gronwall
argument. However, as this constant depends on T only through the L?-norm of the
control u, we present the proof for the sake of clarity.

Proof of Lemma 4.1. Let us first suppose that ¢ € [0,1]. By integrating the equation
satisfied by y, and using the fact that fo,..., f,, € Lip(R%;R?) and t < 1, as well as
Cauchy-Schwarz, it may be seen that

ly(®) =7l < Co ([|y° =7 + llullL20,rmm))
for some Cy = Co(f) > 0.

Now suppose that ¢ € (1,7]. We begin by showing that for any such ¢, there exists
at* € (t — 1,t] such that

ly() — 9l < lly = ¥llz20,7:r9)- (4.1)
To this end, we argue by contradiction. Suppose that

ly(®) =5l > lly = ¥llL20,7.r9)
for all t* € (t — 1,t]. Then

T t
Iy~ = [ 190 =32t [ ) =512 dr >y = 51 e
t_

which contradicts the hypothesis. Thus (4.1) holds.
Consequently, we know that there exists t* € (¢ — 1,¢] such that (4.1) holds. By
integrating the equation satisfied by y in [t*,t], namely writing

t

y<t>—y=y<t*>—y+/t

*

fow) +> uifi(y) | dr
j=1
t t m
— () g+ / (oly) — fo(@)) dr + / S us (i) - @) dr
t* i

t m
+ [ > uhtn)

we see that, by using the Lipschitz character of fy,..., fi, and Cauchy-Schwarz for the
sums,

Iy —7l < Iyt —7l+Co(f) /

t*

t

(1+ lu()) ly(r) =gl dr+C1 (£,7) / Ju(r)l|dr.
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Now applying a combination of Cauchy-Schwarz, the fact that ¢t —¢* < 1, (4.1), and the
Gronwall inequality to the inequality just above, we obtain

t
ly(t) =gl < Coexp Cs(f)\/1+ ; lu(r)|? dr (”y_@HLQ(O,T;Rd)"_”uHL2(0,T;Rm)>7

for some Co(f,7) > 0 and Cs(f) > 0, from which, using /22 + y?2 < x+y for z,y > 0,
the desired statement readily follows. O

Remark 7. Let us make two brief observations.

e We note that in the case where the running target is (u,y) with f(y,u) = 0 and
u # 0, and thus we minimize Jp defined in (1.4), we argue as above to obtain
a bound of the form

Iy =31l < C (I1s° = 7l + Il = Tl o) + Iy — Tl 2o

with C' ~ exp (flu — EHL2(07T;Rm)). Obtaining a dependence of the constant C
with respect to ||u =l p2(o,r;rm) Tather than just ||ull 2, rmy is important, as
by using the functional and optimality arguments, we will be able to obtain a
uniform bound with respect to T of the former, which does not necessarily entail
a bound on the latter. The argument for deducing such a bound is identical to
the proof of Lemma 4.1 — assume that m = 1 for notational simplicity, and
observe that, since fo(y) +ufi(y) =0,
t

o) -7 =3t -7 + [ (o) = @) ds+ [ =) (o) — ) ds

*

t ¢
—u) fi(y)d [0 — f1(m)) ds.
+ [ n@as+ [ ane - @) as
One may then proceed as before.

o [t may readily be seen that if the control is of additive rather than multiplicative
form, i.e. if f1,..., fin are nonzero constants, then the constant appearing in
the estimate provided by Lemma 4.1 will not depend on the time horizon T.

We state and prove an analogous result for the semilinear heat equation (3.5). The
proof is almost identical to the ODE case, but we sketch it for the sake of clarity.

Lemma 4.2. Let T > 0 be given, and let y be as in (3.3). For any u € L*((0,T) x w)
and y° € L3(Q), let y € C°([0,T]; L*(Q)) N L%(0,T; H} () be the unique weak solution
to (3.5). Then there exists a constant C' = C(f) > 0 independent of T such that

ly() = ¥llr2@ < C <Hy0 =Tl 2y Illz20,7) 0wy + 1y = §||L2((0,T)xﬂ)>
holds for all t € [0,T].

Proof of Lemma 4.2. The proof closely follows that of Lemma 4.1. We first note that
by uniqueness, y — 7 can be shown (see [1]) to coincide with the unique mild solution to

Oz —Az+ f(z+7y)— f() =ul, in (0,7)xQ
z2=0 on (0,7) x 09
zlimo =1y" =7 in €
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which is given by the Duhamel /variation by constants formula:
¢ ¢
y(0) =7 =B )+ [ B Lds— [N p() - f@) s, (42)
0 0

where { etA} 1~ denotes the heat semigroup on L?(€2) generated by the Dirichlet Lapla-
cian —A : H3(Q) N H}(Q) — L%*(Q). Of course, (4.2) is interpreted as an identity in
L?(Q)). We may thus proceed and use (4.2) throughout.

First suppose that 0 < ¢ < 1. Using the well-known property Hem” < e Mt <
of the heat semigroup (where A\1(€2) > 0 denotes the first eigenvalue of the Dirichlet
Laplacian), and the Lipschitz character of f, we find using (4.2) that

Iy(®) ~ Tz < [l (5° 7)o / et
b [ e >—f<y>>\L2(m
< 18° =l oy + /0 Je(3)ll 20y s

t
Gy /O () — Bl 2 ds,

where Cy = Co(f) > 0 is the Lipschitz constant of f. As ¢ < 1, we may use Cauchy-
Schwarz and Gronwall to conclude.

ds
L2 (w)

Now suppose that ¢ € (1,7]. Arguing as in the proof of Lemma 4.1, we know that
there exists a t* € (¢t — 1,¢] such that

ly(®) = llz2@ <y = Tllr2o,mx0) (4.3)
holds. By writing the Duhamel formula for y — 7 in [¢t*, t], namely writing

y(t) =7 = e (y(t") —7) + / =%y (s) ds — / IR (f(y) — £(7)) ds

t* *

we see just as before that

t t
1y(@) = Fllr2i@) < lly(@) = Tllz2() +/0 [u(s)ll 2wy ds + Co /t 1y(t) = 7l 12(0) ds

where Cy = Cy(f) > 0 is the Lipschitz constant of f. Using the fact that t* —¢ <1 and
(4.3), we may, as before, apply Cauchy-Schwarz and Grénwall to conclude. O

We finally show the analog estimate for the semilinear wave equation, which is, after
defining the proper functional setup, identical to the proof of Lemma 4.2.

Lemma 4.3. Let T > 0 be given, and lety be as in (3.3). For any u € L*((0,T) x w)
and y° = (y{,45) € Hy(Q) x L*(Q), let y € C°([0,T]; Hy () N C([0,T]; L*(Q)) be
the unique weak solution to (3.1). Then there exists a constant C = C(f,Q) > 0

independent of T such that

ly(t) = llg1 ) + 19y()] L2

<C <||y(f - ?\\Hé(g) +[|98]] 2y + ull 20,y %) + 1y = Fll a3 0.1y w2 + HatyHL2((O,T)><Q)>
holds for all t € [0,T1].
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Proof of Lemma 4.3. Once (3.1) is written as a first order evolution equation in an
appropriate Hilbert space X, the proof is identical to that of Lemma 4.2. Define the
energy space X := H{(Q) x L*(Q), and consider the closed, densely-defined operator

A= [OA I(ﬂ . D(4)=D(A) x HY(®),
where D(A) = H?(2) N HY(2). The operator A is skew-adjoint and thus generates

a strongly continuous semigroup {etA} s I X by virtue of the Stone-Lumer-Phillips
theorem (see e.g. [37, Theorem 3.8.6]). We now denote

woa) =]

Analog arguments to those in Lemma 4.2 lead us to deduce that

—-y =¢ -y te(t_s) 0 s
Y=y =0 =g [

for t > 0 is the unique mild solution to the equation satisfied by the perturbation
y —¥. Of course, (4.4) is interpreted as an identity in X. By virtue of the conservative
character of the semigroup, namely HetAgHX = |lg||x for all £ > 0 and g € X, we see
that one may apply precisely the same arguments as in the proof of Lemma 4.2, this
time to the integral formulation (4.4) in X (with an intermediate application of the
Poincaré inequality after using the Lipschitz character of f) to conclude. g

5. PROOF OF THEOREM 2.1

In this section, we present the proof of Theorem 2.1, Corollary 2.1 and Corollary 2.2.
The proof of Theorem 2.1 requires a couple of preliminary results. In particular, we will,
by means of a quasi-turnpike control strategy, provide bounds — uniform with respect
to the time horizon T—- of the tracking terms appearing in the definition (2.3) of the
functional Jp for the optimal control-state pairs (ur, yr).

5.1. Quasi-turnpike lemmas. Both of the following results are heavily based on the
specific choice of target 7 as a steady state of the nonlinear system with 0 control, and
on the (locally) Lipschitz character of the nonlinear terms.

We begin with the following lemma.

Lemma 5.1. Let y° € R? be given, and assume that system (2.1) is controllable in
some time Ty > 0. Let T > 0 be fized, and let up € L*(0,T;R™) be a global minimizer
to Jr defined in (2.3), with yr denoting the associated solution to (2.1) with yr(0) = y°.
Then, there exists a constant C = C(f, #,To,7,y°) > 0 independent of T > 0 such
that
lurll L2, rmmy + Y7 = Yl 20,70y + lyr(8) =7l < C (5.1)
holds for all t € [0,T].

Proof of Lemma 5.1. We begin by considering the case T' > Ty. Using the controllability
assumption, we know that there exists a control uf € L?(0,Tp;R™) such that the
corresponding solution y' to

it =f (yhuf) in (0,T5)
y'(0) =y’
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1 l »
0 )
T, T

FiGURE 3. Proof of Lemma 5.1. The first two terms appearing in
(5.1) also appear in the functional Jr(ur). We thus construct an ad-
missible quasi-turnpike control u®"* (red), for which the correspond-
ing state y*™* (blue) coincides with y over (7p,7"). In this way, as
Jr(ur) < Jp(u*™), and Jr(u®™) is independent of T', we can conclude.
The estimate of the third term then follows from Lemma 4.1.

satisfies yT(Ty) = 7. Now set

u (1) ;

- ul(t)  in (0,Tp)
o in (Ty,T)

and let y** be the corresponding solution to (2.1) with ™(0) = y°. Clearly y***(t) =y
for t € [Tp, T]. Hence, using ¢ > 0 and Jr(ur) < Jr(u*"™), we see that

2 J+]

2
2 2 — i
lyr = 7122 0 7y + 0z 320.r0m) < 6@) + |87~ 7] S

+
L2(0,Tp;RY)

As the right hand side in the above inequality is clearly independent of T, we conclude
the proof by applying Lemma 4.1 after noting the uniform boundedness of [[ur || 729, 7;rm)
with respect to T' > 0.

Now suppose that T' < Tg. In this case, we use ¢ > 0 and the optimality inequality
Jr(ur) < Jr(ur,+1) with the effect of obtaining

2 2
lyr = Yllz200, 7R T Tl 200 7Rm)

12 2
< ¢ (W1 (1) + lyr+1 — Vllz207ray + lum+1 200, mmm)
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Now the trajectory yz,+1 € C°([0, Tp + 1]; R?) is uniformly bounded with respect to T
by virtue of the case presented just above. Whence, using the continuity of ¢, as well
as T < Ty, we may conclude that

—n2 2
lyr = 720,10y + lurllz20rRm) < C

for some C > 0 independent of 7. We may use Lemma 4.1 to conclude. O

We will now focus on an auxiliary control problem with fixred endpoints. Namely,
given y™,y™? € R and 0 < 7y < 75 < T, this problem consists in minimizing the
nonnegative functional

T2

L%dw:/ﬂMﬂﬂNM+/|MW%t (5.2)

1 T1

over all u € U,q, where y € CO([r1, 72]; R?) denotes the unique solution to

{Z) = f(y,u) in (71,72)

y(r) =y™

where
Una = {u € L*(11,7; R™): y(12) = y™ }.

The following lemma is of key importance in what follows. It ensures that the optimal
controls (for J;, 7,) and trajectories are in fact bounded by means of the distance of the
starting point y™ and endpoint y™ from the running target y. This estimate will be
the cornerstone of the bootstrap argument performed in the proof of Theorem 2.1.

Lemma 5.2. Let 7 € R? be as in (2.4), and assume that system (2.1) is controllable
in some time Ty > 0 in the sense of Assumption 1. Let r > 0 be the radius provided by
Assumption 1, and let y™,y™ € R? be such that

ly™ =gl <r

fori=1,2. Let 0 <1 <719 <T be fixed such that 7o — 11 > 214, and let up € Uyq be
a global minimizer to Jr, r, defined in (5.2), with yr denoting the associated solution to
(5.3) with yp(ms) = y™.

Then, there exists a constant C = C(f, Ty, y,r) > 0 independent of T, 11,72 > 0 such
that

2 —12 —112 —112 —112
3 ey + 197 = T ety + e (®) = 1 < € (o™ = 7P + g™ - 1)

holds for all t € [11,72]. Moreover, the map r — C(f,To,y,r) is non-decreasing as a
function from Ry to Ry.

The key idea of the proof of Lemma 5.2 lies in the construction of an auxiliary
suboptimal quasi-turnpike control (steering the corresponding trajectory from y™ to
y™ in time 79 — 71, whilst remaining at 7 over an interval of length 75 — 7 — 270; see
the figure just below) in view of estimating each individual addend of J;, -, (ur), which
is the minimal value of the functional J:, ,. This construction will yield the desired
result.

Proof of Lemma 5.2. Using the controllability assumption, we know the following.
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\

1
u(7) 1+ To T2 — Tj

444444344..444444

FIGURE 4. Proof of Lemma 5.2. The first two terms appearing in the
estimate implied by Lemma 5.2 also appear in the functional J-, -, (ur).
We thus construct an admissible quasi-turnpike control u®"* (red), for
which the corresponding state y*"* (blue) coincides with ¥ over (7 +
To, 72 — Tp). In this way, as Jr r,(ur) < Jr 7 (W), and Jr, 7 (u?™)
is independent of T', 71,79, we can conclude. The estimate of the third
term then follows from Lemma 4.1.

\
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e There exists a control uf € L?(11, 71 + Tp; R™) satisfying

< C(To) lly™ =9l (5:4)

]

2
L2(7y,m1+To;R™)
for some C(Tp) > 0, and which is such that the corresponding solution y! to

y’T:f(yT,uT> n (Tl,Tl—i-To)

(5.5)
yl(m) =y
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satisfies yf (11 +Ty) = 7. By integrating (5.5), and using the Lipschitz character
of fo,..., fm, Gronwall’s inequality, Cauchy-Schwarz and (5.4), we see that
< Co (71 + o] 1) exp (Co o
Hy H 0 (Hy I+ L2(71,m14To;R™) - FPAT

<Oy

L2 71,71+T0,Rm)>
(™1 + g™ =5l + 1) exp (Crly™ ~ 711

< 01(| ™| +r+1) exp (Clr)

< Co(IIgll+7+1) exp (Cor) (5.6)

for some Cy = Co(f, To) >0, C] = Cl(f, To) >0, Cy = Cg(f, To) > 0, and
for every t € (11,71 + Tp). Then, by integrating (5.5) once again, and using
fo(y) = 0, Cauchy-Schwarz and (5.6), we moreover see that

t m t
[o'® -] <t~ v+ [ S"[ulo)] |60 as+ y)|| as
7'1]':1 T1
<1 o1+ S
ly™ =7l + Cs ||u L2y 4 TosE™) yl[ds  (5.7)

for some Cs(f,To,r,y) > 0, with C(f) > 0 being the Lipschitz constant of
the vector fields f;. Finally, applying Gronwall’s inequality to (5.7) and using
(5.4), we deduce that

lvi0-3| < caexp (T Iy™ -3 (5.8)

for some Cy(f,To,y,r) > 0 independent of T, 7,79 > 0, and for every ¢t €
(11,71 + Tp). Note that in view of (5.6), both C3 and C4 are non-decreasing
with respect to the parameter r» > 0.

e There exists a control vt € L?(r, 7y 4+ Tp; R™) satisfying

1,
and which is such that the corresponding solution 3 to

p=f (yi,ui> in (71,71 + 7o)

< C(To) Iy — ™I, (5.9)

L2(71,m+To;R™)

(5.10)
yH () =7
satisfies y¥(11 + Tp) = y™. By integrating (5.10), and using the Lipschitz
character of fo,..., fm, Gronwall’s inequality, Cauchy-Schwarz and (5.9), we
see that

o] < (1o +

< Cs

—|-1> exp <C’5H i‘ )
L2 7'1,7'1+T0,Rm) L2 T1,T1+T0,Rm)

911+ 17 = 5™ + 1) exp (Cs Iy - 511

(
< 06( 7|+ + 1) exp (cﬁr) (5.11)
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for some C5(f) > 0 and Cg(f,Tp) > 0, and for every ¢ € (11,71 +1p). Then, by
integrating (5.10) once again, and using fo(y) = 0, Cauchy-Schwarz and (5.11),
we moreover see that

Hyi(t) —?H < /ti ‘uﬁ(s)‘ Hfj(yi)H ds + K
n i

t
C
L2 T1,7'1+T0,Rm) * (f) /7-1

for some C7(f,Ty,r,y) > 0, with C(f) > 0 being the Lipschitz constant of
the vector fields f;. Finally, applying Gronwall’s inequality to (5.12) and using
(5.9), we deduce that

|0 -3| < Csexp(C(HT) Iy™ ~ 7 (5.13)

for some Cs(f,Tp,y,r) > 0 independent of T, 7,72 > 0, and for every ¢ €
(11,71 + Tp). Note that in view of (5.6), both C7 and Cs are non-decreasing
with respect to the parameter r > 0.

) - f@)H ds

< Gy o]

yH(s) —@H ds (5.12)

Now set
ul(t) in (71,7 + To)

uaux(t) =<0 n (7’1 =+ T(), To — T())

ui (t—(TQ—Tl—T())) n (TQ—T(),TQ),

and let y*"™* be the corresponding solution to (5.3). By construction, we have
v () =y (t) in 7, 71+ To],

and thus

y*(t) = in 11 + To, 72 — 1), (5.14)
whereas we also have y*"™*(12) = y™, whence u*™* € Uyg.

at

We now evaluate J., -, ua ) Wthh by virtue of a simple change of variable as
well as (5.14), (5.4), (5.8), (5.9) and (5.13), leads us to

==y

e w
L2(r1,m+To;R™) L2(71,m+To;R™)

T1+To T1+To 2
e[ e e [T v o e
T1 T1

< Co(Ig =™+ 5 - v™II”) (5.15)

where Cy = Cy(f,y,To,7) > 0 is independent of T, 71,75 > 0, and is non-decreasing
with respect to r. Hence up € Uy,q is uniformly bounded with respect to T, 7,172 > 0,
as in view of (5.15) we have

12 2
HyT - yHLQ(Tl,TQ;]Rd) + ||uTHL2(7'177'2;]Rm) é JTl,TQ (UT) S JTI:T2 (uaux)
< Co(llg =y I+ I - y™I” )

An application of Lemma 4.1 combined with the uniform boundedness of ||ur||r2(7, 7,:rm)
with respect to T, 72, 71 > 0 suffices to conclude.

Before proceeding with the proof of Theorem 2.1, we will need the following key
lemma.
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Lemma 5.3. Let X be a Banach space, T > 0 and f € C°([0,T); X). For any T < %,
there exist t1 € [0,7) and to € (T — 7,T] such that

1 £l 22 0,7:3)

()]l < NG

fori=1,2.

Proof of Lemma 5.3. Denote

120
n(r) = =t

\/F
We argue by contradiction. Assume that either
If()|lx > n(r) for all t € [0, 7)
or
IfO)|lx > n(T) forallt € (T —7,T].

hold. Then we have

T T T
/nﬂm&wz/uﬂm&&+/’uﬂmiw>mwﬁ
0 0 T—1
Hence
T
wrP <3 [ IR at = o

which yields a contradiction. This concludes the proof. O

5.2. Proof of Theorem 2.1. We are now in a position to prove our first main result.

Proof of Theorem 2.1. We begin by noting that (2.9) follows immediately from Lemma 5.1.
We thus concentrate on proving (2.8) — we split the proof in two parts.

Before proceeding, let us first note that by Lemma 5.1, there exists a constant
C1(f,To,,y°) > 0 such that whenever T > 27y,

lyr(t) — 7]l < C: for all ¢ € [0,7]. (5.16)

Let r > 0 be the radius provided by Assumption 1. By Lemma 5.2, we know that
there exists a constant Co(f,Tp,y,r) > 0 such that for any 71,7 € [0,7] such that
T2 — T1 > 2T() and

lyr(m) =yl <r
for i = 1,2, the estimate

lyr(® =71 < Co(llyr(r) =7l + lyr(n) = 7l) ~ forall te[m,m]

holds. Now let
2 4c2C3

4
7> 1605 +TT+T+TO (5.17)

and let
T > 27 + 2T0

be fixed. The choice of the "buffer" time 7 will become clear in what follows (in fact,
it will also be seen that T™ := # in the statement of the theorem).
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Part 1: We note that for ¢t € [O,T + To] and t € [T — (T + T()),T], the desired
estimate (2.8) can be obtained without too much difficulty, as the length of both time
intervals is independent of T'. Indeed, by (5.16), for any p > 0 we have

lyr(t) =yl < Cy=Crett e
for t € [O,T+T0], and
lyr(t) — | < Cy = CretT=H e=n(T=1)
< Oy et(T+T0) (e—m Jre—u(T—t)) (5.19)

fort € [T — (r+1Tp),T).
Thus, it only remains to be seen what happens when ¢t € [T +To, T —(T+ TO)]. We
will address this case by means of a bootstrap argument in Part 2 just below.

Part 2: We now aim to show (2.8) for ¢t € [+ Ty, T — (7 4+ Tp)]. To this end, we
proceed in three steps.

Step 1). Preparation. Since 7 < %, by Lemma 5.3 and Lemma 5.1, there exist a

couple of time instances 71 € [0,7) and 72 € (T'— 7, T] such that

lyr — Yl £2(0,75m4) < C1

D =7l < —. 5.20
HyT(T) y” = \/,7_ = \/,7_ ( )
Note that, by virtue of the choice of 7 in (5.17), we have that % < r and thus

lyr(m) =yl <r (5.21)

also holds. We shall now restrict our analysis onto |71, 73], and extrapolate onto
the subset [7’, T— 7']. First note that UT|[71772] is a global minimizer? of Jri
defined in (5.2) with fixed endpoints y™ = yr(71) and y™ = yr(m2), and thus
clearly yr|(;, -, solves (5.3). As

T2 — T1 ZT—QTZ 2T0,
in view of (5.21), we may use Lemma 5.2 with the effect of deducing that
lyr® =71 < C(llyr(n) =3l + lyr(r2) - 71)) (5.22)

holds for all t € [r1, 72]. Setting

K:=max< 1 ﬁ
L 702 )

and applying (5.20) to inequality (5.22), we deduce that

Mﬂw—yH5m§§ (5.23)

holds for all t € [r, m]. As 71 < 7 and T'— 7 < 79, estimate (5.23) clearly
holds for all ¢ € [7‘, T— T].

2This can be shown by contradiction.
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Step 2). Bootstrap. Inequality (5.23) motivates performing a bootstrap — we will show
that for any n € N satisfying

one has

_ 402\"

lyr(@) -9l <5 | —F= for t € [n7, T — nr]. (5.24)
The choice of n is done as to guarantee that T'—2n71 > 27Tj in view of a repeated
application of Lemma 5.2. Note that (5.22), combined with the choice of 7 in
(5.17), also implies that

lyr(t) =yl <r (5.25)

forall t € [7,T — 7].

To prove (5.24), we proceed by induction. The case n = 1 clearly holds by
(5.23). Thus, assume that (5.24) holds — we aim to show that (5.24) holds at
step n + 1. To this end, let

1 /T
n+1§<—TO>.
T\ 2

This clearly implies that

T —2nt

<— (5.26)

-
As in Step 1, since T' — 2n7 > 2Ty, it can be seen that ur|p, 7—_pns is a global
minimizer of J,,; 7_n, defined in (5.2). Taking these facts into account, and
noting that (5.25) holds®, we can apply Lemma 5.3 on [n7, T —n7] (note (5.26)),
and Lemma 5.2 with 74 = n7 and 79 = T — n7, to deduce that there exist a
couple of times ¢ € [n7,(n+1)7) and t3 € (T — (n+ 1)7, T — n7| such that

< HyT - yHL2(?’LT,T7’rLT;Rd)

lyr(ti) =9l < r

C
< = (lyr(or) = g1l + lyr(T = nr) 5]
We now use the induction hypothesis (5.24) to obtain

205 (402\"
lyr(ts) — 7l < k22 (2) (5.27)

Now since

tg—tlzT—Q(n—l—l)TZZTo,

3Note that nt > 7 and T —n7 < T — 7, so (5.25) also holds for ¢t € [nT, T — n7], hence Lemma 5.2
is applicable.
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Step 3).

and since ur|, 4, is a global minimizer of Ji, 4, defined in (5.2), combining
Lemma 5.2% and (5.27) we are led to deduce that

lyr®) =3l < Co(llyr(tr) =l + lyr(t2) 3l
k402 (402\"
55()

for t € [t1,te]. Since t; < (n+1)7 and T — (n+1)7 < t2, estimate (5.28) clearly
also holds for ¢ € [(n+1)7,T — (n+ 1)7]. Identity (5.24) is thus proven.

Conclusion. We now look to use (5.24) as to conclude the proof. Suppose
that t € [7+ Ty, T — (7 + Tp)]. We set

S ()

where |z] denotes the integer part of z € R. Clearly n(t) > 1 and
n(t)r <t <T —n(t)T.

Moreover, since z +—> # is non-decreasing,

T T2 To) — 2T
n(t)giz— (T+ 0) 0
2(r+Ty) 27 2(r+Tp)
T T-2T),
< - - =Y
- 27 T

1 /T
=—==-Ty ).
7'<2 0)

We may then apply (5.24) to obtain

Kk [4C2 n®)

-9l =5 {(—F%=) - 5.29
ol < (*%) (5.20)
As T > 16027 we sce that f < 1. Moreover, since either n(t) > L—TJ:TOJ -1

or n(t) > [TT_GEOJ — 1 holds, we may rewrite (5.29) to obtain

_ K VT
—all < e (—nt01os ()
KT 403 4C2

<3102 —— =t 22—t | | . (5.30
Sqacz \"P|\ T T\ T TP 680

Whence, (2.8) holds for all ¢ € [7 + T, T — (7 + Tp)], with

K NT
2 402

C.
log <4CQ>

T+ Tp

C =
and

W= (5.31)

4May be applied once again since (5.25) holds for t =t; > 7 and t =t2 < T — 7.
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By virtue of (5.18), (5.19) and (5.30), we deduce that (2.8) holds for all ¢ € [0, 7], with
T =1+ 1Tp,
kT
C := max {Cl, 5 46’22}
and p as in (5.31). This concludes the proof. O
5.3. Proof of Corollary 2.1. Let us now provide a proof to Corollary 2.1.

Proof of Corollary 2.1. By Theorem 2.1, with ¢ = 0, there exist constants C; > 0 and
1 > 0 such that

lyr(®) =gl < Cy (et + e T)
holds for all ¢ € [0,T]. We now distinguish two cases.
o Ift e [0, %], we also have

lyr(t) — || < C4 (ewlt n eful(m)) < 2C)e M3, (5.32)

The desired estimates thus holds in this case.

e We now consider the case t € [%, T ] First set

T
ur(t) for te [0, 2]

u?™(t) = T
0 for t € [Q’T] .

The state y2", solution to (2.1) with y2*(0) = y° associated to u** is precisely

T
yr(t) for t e [O, 2]

T T
yr <2) for te [2,T} .

Using the inequality Jr (ur) < Jr (u®™X) along with (5.32) gives

! 2 g 2 T T 2
[ v as [ o avs [ <2>_y

dt
T
< /T ACT exp(—mT) dt

Y () =

2 2 2
2

< 2C7T exp(—mT)

< Cyexp <_”1Z> , (5.33)

for some C5 > 0 independent of T" > 0.
Now by Lemma 4.1, for any ¢ € [%,T] ,

_ Ty _ _
HyT(t) - Z/H < 03 yr 5 -yl + HUT||L2(%7T;RM> + ||yT - yHLQ(%’T;Rd)

for some C3 > 0 of the form

C3 ~ exp (HUTHL?(%,T;R’”)) '
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In view of (2.9), HUT||L2(I r.gm) 18 bounded uniformly with respect to T,
27 k)

and thus C'5 > 0 is independent of 7. Combining the above estimate with
(5.33) leads us to

T t
lyr(t) =7l < Caexp (—u14> < Cyexp (—u14> : (5.34)

for some C; > 0 independent of T' > 0 and for all ¢ € [%, T }

Combining (5.32) and (5.34), we see that for C5 := max{2C1,C4} and p := &', the
stabilization estimate

lyr (t) = 7l < Cse™,
for all ¢t € [0,T]. This concludes the proof. O
5.4. Proof of Corollary 2.2. We finish this section with the proof of Corollary 2.2,

which stipulates an exponential decay of optimal controls in the context of driftless
control-affine systems, namely (2.1) with a nonlinearity of the form

fw) =S uwfiy)  for (yu) € RIxR™ (5.35)
j=1
We recall that, here, fi,..., f, € Lip(R%RY).

We begin with the following simple result.

Lemma 5.4. Let Ty > 0, y° € R? and ur, € L2(0, Ty; R™) be given, and let yr, €
CO([0, Tp]; RY) be the unique solution to

{yTo = f(miuTo) n (07 TO)

1 (0) = 1 (5.36)

with f as in (5.35). Let T > 0, and define

up(t) := %UTO <t€9) for t€0,T7,
and
To
yr(t) == yr, (tT) for te€[0,T).

Then yr € C°([0,T);RY) is the unique solution to (2.1) with y7(0) = y° associated to
ur.

This sort of time-scaling in the context of driftless control affine systems is commonly
used in control theoretical contexts — a canonical example is the proof of the Chow-
Rashevskii controllability theorem, see |6, Chapter 3, Section 3.3]. We provide the short
proof for completeness.
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Proof of Lemma 5.4. Using the fact that yr, is the solution to (7.8) and the change of
variable 7 = sTlO, we see that

yr(t) =y, <t§9> ="+ /(:TTO fyry(s), ur,(s)) ds

=y’ +/Ot?f <yT0 (T?) Ut <T€9>> dr
="+ /Otf(yT(T),uT(T)) dr.

It follows that y7 solves (2.1) with y7(0) = 3°, and we conclude by uniqueness. O

Proof of Corollary 2.2. As t + |lur(t)||? is in L(0,T), by the Lebesgue differentiation
theorem, we have

5 1 t+h )
lur @) = lim - / Jur(s)|? ds

for almost every t € (0,7). Hence, we will aim at estimating the integral on the right
hand side by constructing an appropriate auxiliary suboptimal auxiliary control, and
conclude by passing to the limit as h \, 07. We will split the proof in two parts, namely
separate the proof of (2.11) (i.e. ¢ # 0) and (2.12) (i.e. ¢ = 0); they mainly differ in
the construction of the suboptimal auxiliary control required very last estimate (5.45)
before concluding.

Part 1: Proof of (2.11). Fixt € [0,T) and 0 < h < 1 so that t +2h2 +2h € [0, 7).
Let us set

(ur(s) for s € 0,¢]
1 —1
Jur (t—{— 5 5 ) for s € (t,t+2h2]
ut™(s) ==
2 2 2
h; ur <<h; >5— h; (t+2h2)+t+h2) for t € (t+ 2h2,t + 2h2 + 2A]
up(s) for s € (t+ 2h? + 2h,T] .

The specific choice of u?"* will become clear in what follows — the factor A in the third
line will be essential in the subsequent estimates. By Lemma 5.4, the state y*"*, solution
to (2.1) associated to u®™ is precisely

(yr(s) for s € 0,t]

—t
yT(t+82 > for se(t,t+2h2]

yaux(s) —

2 2
yr(s) for t e (t+2h°+2h,T].

Note in particular that y**™*(T") = yp(T), whence ¢(y**™*(T")) = ¢(yr(T)). Our goal is
then to rewrite the simple inequality Jr(ur) < Jr(u®) as to estimate the infinitesimal
average of ||ur(t)||? taken about t by the infinitesimal average of |yr(t) — || taken
about ¢, for which we have an exponential estimate by Theorem 2.1.

We proceed as follows.

h+2 h+2
yT<< ks >s— ks (t+2h2)+t+h2) for ¢ € (t+2h% ¢+ 2h% + 2]
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e On one hand, using the change of variable 7 :=¢ + %t we see that

t+2h? t+2h% |11 s —t\|?
/t [u™(s)||* ds:/t FUT <t+ 5 > ds
1 t+h? )
- /t lur (7| dr. (5.37)

On another hand, via 7 := (%) 5 — %(t + 2h?%) 4+t + h? we see that

t+2h2+2h
/ [(s) 2 ds
t

+2h2
t+2h°+2h ||}, 4 9 B9 B9 2
:/ + uT(< + )s—+(t+2h2)+t+h2> ds
on? 2 2 2
h+2 t+h2+2h
= lur (7)|1? dr. (5.38)
t+h2
Combining (5.37) and (5.38) and since 0 < h < 1, it follows that
T ) t ) t+2h2 )
/ﬁ [u(s) |2 ds = jg = (s)| ds-+(/f Ju(s) 2 ds
t+2h24+2h T
+/ HWWﬂF®+/ ()2 ds
t+2h2 t+2h2+2h
t ) 1 t+h? )
= [ur@)Pds+ 5 [ fur ) ar
0 2 [y
h+2 T+h%24+2h T
— Jur @2 dr+ [ ur@lPar
T 5 1 t+h 5
< [ur@IF ds— g [ ur () as
0 2 J;
h t+h2+2h )
+ 2/ |lug (7)||* dr. (5.39)
t+h?

e We now focus on rewriting the state tracking term. On one hand, by means of
T =1+ 5 we see that

t+2h2 ) t+2h2 st
[ e -t as= [ (1455 )
t t

t+h2 )
=2/’ lyr () — 7] dr. (5.40)
t

2
ds




TURNPIKE IN LIPSCHITZ-NONLINEAR OPTIMAL CONTROL 31

On another hand, via 7 == (%52) s — 22(¢ 4+ 2h%) + ¢ + h? we see that

t+2h24+2h )
/ g™ (s) — I ds
t

+-2h?
2

t+2h2+2h ) )
:/ yT(<+)s—+(t+2h2)+t+h2>—y ds
t+2h2 2 2
9 t+h%42h )
“hE2 e lyr () —3l|” dr. (5.41)
_l’_

Combining (5.40) and (5.41) and since 0 < h < 1, we obtain

T ) t ) t+2h2 )
/0 ly™(s) — g2 ds = /0 ™ (s) — 1I? ds + / Iy (s) — g ds
T

t+2h24+2h ) )
4 / ly™™(s) — 712 ds + / [y (s) — I ds
t+2h2 t+2h2+2h

t ) t+h2 )
- / lyr(s) — g2 ds +2 / lyr () — 71 dr
t

9 t+h24+2h2 ) T )
P / lyr (7) — 911 dr + / lyr () — 71 dr
h+2 Jipe t+2h2+2h
T 9 t+h )
< / lyr (s) — 712 ds + / lyr (s) — 1% ds. (5.42)
0 t

We may now proceed with the main argument. Using the optimality of ur, and
applying (5.39) and (5.42), we see that

T T
Jr (ur) < Jr (u™™) = ¢ (y™(T)) +/0 ly™(s) = glI* ds+/0 [l ()| ds

T

t+h
= $(yr(T)) + /O lr(s) —II° + / lyr (s) — 712 ds

T 9 1 t+h 9
[ @ ds =5 [ ur ()] ds
0 t

h t+h2+2h )
vy /t+h2 ur(s)|2 ds. (5.43)

From (5.43), one clearly sees that

1 [itth ) t+h ) B [tThP+2h )
o[ M@ [l -gitas el [ fure)lPas a0
t t t+h?
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We combine estimate (5.44) with (2.8) to deduce that

1 [tth ) 1 [tth ) t+h2+2h )
i[NP ass g [ e gl s [ fur())P as
t t t+h?2

t+h

IN

. 2 t+h2+2h )
e Hs 4 e H ’5)) ds —|—/ |lur(s)||*ds
t+h?2

2 t+h242h
e M+ e_M(T_t_h)> ds + / |ur(s)||*ds
t

+h?

IA
=Q =Q

A
/H-h (
t
t+h242h

2
=0 (et g ety / lur(s)|2ds  (5.45)
t+h2

for some C' > 0 independent of T'. Thus, by using the Lebesgue differentiation theorem
and the Lebesgue dominated convergence theorem (applied to the integrable function
S+ ||UT(5)|’21(t+h2,t+h2+2h)(s)) in (5.45), we deduce that

t+h 1/2
lur(t)]| = lim <111/ uz(s)]? ds> gc(ewtﬂ—u(m))’
t

ANO+

as desired.

Part 2: Proof of (2.12). This part is somewhat simpler due to the fact that ¢ = 0.
Hence the suboptimal control has a much simpler structure as we do not require a
factor of h to deal with a remainder term as in (5.43). From there on, the arguments
are identical to those above.

Fix any t € [0,T) and 0 < h < 1, so that t 4+ 2h € [0, 7] and set

ur(s) for s €0,t]
1 -1

u?(s) := QuT <t 42 5 > for s € (t,t+ 2h]
ur(s — h) for s € (t+ 2h,T].

By Lemma 5.4, the state y*"*, solution to (2.1) associated to u*"* is precisely

yr(s) for s€[0,t]
-1
Yy (s) =S yr <t + S2> for s e (t,t + 2h]

yr(s —h) for t e (t+2h,T].
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Arguing by means of simple changes of variable just as we did for obtaining (5.39) and
(5.42), and using the suboptimality of u*"*, we can readily see that

T T
I (ur) < T ) = [ @ as+ [ e <71 ds
T—h 5 1 t+h 5
— [P as=5 [ fur (s)1F as
0 t
T—h 9 t+h 9
[ e =gl [ e ) =9l as
t
T 5 1 t+h 9
< [lur@F s [ ur ) as
0 t

T ) t+h )
[ =gl [ o -vltas G
t
From (5.46), one clearly sees that
1 t+h 9 t+h 9
3] M@ as< [ () -3l ds (5.4

We combine estimate (5.47) with (2.12) to deduce that

1 t+h 9 1 t+h 5
[ e ass g [ e~ gl ds
t t

= Ce 21, (5.48)
Thus by the Lebesgue differentiation theorem, using (5.48) we deduce that

1 [tt+h ) /2 .
_ 1 - —p
Jur(2)] = Jim, <h/t luz(s)] ds> < Cett

as desired. This concludes the proof. O

6. PROOF OF THEOREM 3.1

In this section, we provide details of the proof of Theorem 3.1. The proof of Corol-
lary 3.1 follows by repeating the proof of Corollary 2.1 in the appropriate functional
setting, so we omit it.

Proof of Theorem 3.1. Once (3.1) is written as a first order evolution equation set in
X = HL(Q) x L?(2) (see the proof of Lemma 4.3 for this setup), the only noticeable
difference in the proof of Theorem 3.1 with respect to the proof of Theorem 2.1 are
the specific quasi-turnpike lemmas one applies in the preparation (Lemma 6.1 in Part
1 & Step 1 of Part 2) and bootstrap (Lemma 6.2 in Step 2). So one simply repeats the
proof of Theorem 2.1 whilst applying Lemma 6.1, Lemma 6.2 and Lemma 5.3 with X
as above. Whence, the proof follows from these two lemmas, stated and proven just
below. O



34 CARLOS ESTEVE, BORJAN GESHKOVSKI, DARIO PIGHIN, AND ENRIQUE ZUAZUA

Lemma 6.1. Let y° = (49,99) € H(Q) x L3(Q) be given. Let T > 0 be fized, and let
ur € L2((0,T) x w) be a global minimizer to Jr defined in (3.2), with yr denoting the
associated solution to (3.1). Then, there exists a constant C = C(f, ¢,w, 2, 75,y°) > 0
independent of T > 0 such that

Jr(ur) + lyr () = Gl o) + 18z (@)l72) < C
holds for all t € [0,T].

Proof of Lemma 6.1. The proof follows the lines of that of Lemma 5.1, simply adapted
to the PDE setting. Fix Ty > Tiin where Thin = Tmin(w,Q) > 0 is the minimal
controllability time for the semilinear wave equation.

We begin by considering the case T' > Tj. By controllability, we know that exists
some control u' € L%((0,Tp) x w) such that the corresponding solution y' to

Oyt —AyT+ fyh) =ul,  in (0,Tp) x Q
y =0 on (0,7p) x 00
(", 0y")i=0 =" in Q.
satisfies 4T (Ty) = 7 and 9yyT(Ty) = 0 a.e. in Q. Now set
W) {mm in (0,79)
0 in (7o, T)
and let y*™* be the corresponding solution to (3.1). Clearly
Yy () =7 and Oy (t) =0 for t € [Tp, T] a.e. in Q.

Combining this fact with Jr(ur) < Jr(u®™), we see that

2 2

|

]

Jr(ur) < ¢(y) + HyT - @‘ + H@y

2
L2(0,To; HL(Q)) L2((0,T)x %) + L2((0,Tp) xw)

As the right hand side in the above inequality is clearly independent of T, we conclude
by applying Lemma 4.3.

Now suppose that 7' < Ty. We use the optimality inequality Jr(ur) < Jr(ur,+1) to
obtain

Jr(ur) < ¢ (yry1 (1)) + Nlyreer = Tl 20,010
+ HatyTo+1H%2(0,T;L2(Q)) + HUT0+1||%2((0,T)XLU)-

By the previous case addressed just above, the trajectory yr, 1 € C°([0,Tp+1]; L?(£2))
is bounded uniformly with respect to T'. Hence, using the fact that ¢ € CO(L%(Q);R,)
and T < Ty, we deduce that

Jr(ur) <C (6.1)
for some C' > 0 independent of 7. Combining (6.1) with Lemma 4.3 allows us to
conclude. O

We note that since f € Lip(R), following the spirit of our finite-dimensional argu-
ments, since (3.1) is a Lipschitz perturbation of an exactly controllable linear system,
the following claim holds.
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Claim 6.1 (Cost estimate). Let Ty > Tinin, where Tnin = Tmin (2, w) > 0 is the minimal
controllability time for (3.1). There exists r > 0 and C' = C(Tp,w, f) > 0 such that

. 2 0 —2 0112
inf lullz2(0,m)xwy <C (Hyl - yHH&(Q) + Hy2HL2(Q)> ,
such that
(4,0ty)|t=0=Yy"
an
(yvaty”t:To:(gvo)
and - , e oo .
in 1l Z2 om0y < C (01 = Fllan o) + 192l 120 ) -
such that
(4,0¢y)|t=0=(7,0)

and
(4,009)le=Ty ="

hold for any y° = (y?,yg) and y* (yl,y2 such that

vyl e {[Z;] € Hy(Q) x L*( H[ ] - H HHg(Q)xm(Q) - T}’

where y solves (3.1) and j € HE(Q) is fived as in (3.3).

As in the finite-dimensional case, the second quasi-turnpike result is one for an
auxiliary control problem with fixed endpoints. For 0 < 71 < 79 < T and given
y,y™ € H}(Q) x L?(€), this auxiliary problem consists in minimizing the nonnega-
tive functional

2
Tnn(w) = [ 10) = Ty e+ [
1 1

over all u € Uy,q, where y € CO([r1, m2]; HE(Q)) NCY([r1,72]; L*(Q)) denotes the unique
solution to

T2 T2

10(8) 220 + / Ju()l220 dt - (6:2)

T1

afy —Ay+ f(y) =ul, in (11,72) X Q
y=0 on (719,72) X 00 (6.3)
Y, 0y)|t=r, =y in Q.
and where
Uad = {u € L*((11,72) X ) (Y, Oy)li=r, =¥}
We recall that f € Lip(R).

We now state and prove the wave equation analog of Lemma 5.2, which we recall, is
the cornerstone of the bootstrap argument in our turnpike proof.

Lemma 6.2. Let Ty > 0 and r > 0 be provided by Claim 6.1, and let y™,y™ be such

that
r () mos o 2]l

fori=1,2. Let T >0 and 0 <711 <7190 <T be fixed such that T — 11 > 21y, and let
ur € U,a be a global minimizer to J, ;, defined in (6.2), with yr denoting the associated
solution to (6.3). Then, there exists a constant C = C(f, Ty, Q,w) > 0 independent of
T, 7,170 >0 such that

T ma (ur) + lyr () = Tl a0y + 107 (@)]172(0

< C (In7 = Tz + 193 3200y + 1972 = T2y + 13713200y )
holds for all t € [T1,T2].
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Proof of Lemma 6.2. The proof follows the lines of that of Lemma 5.2, with some slight
technical differences. We provide details for the sake of completeness. For notational
purposes, it will be significantly simpler to operate in the canonical first order system
framework presented in the proof of Lemma 4.3. For the same reason, we will also drop
the subscripts of T

We set X := H}(Q) x L?(€), and we denote

2] vl

We also recall the definition of the skew-adjoint operator

A= [OA I(ﬂ , D(A) = D(A) x HL(Q),

where D(A) = H2(Q) N H}(Q). Then the desired estimate simply writes as

Irima(W) + Iy (®) =71 < € (Iy™ =515 + Iy - 71%)

for all t € [r,2]. We proceed similarly as in the proof of Lemma 5.2. Using Claim 6.1,
we know the following.

e There exists a control ul € L2((r1, 71 + Tp) x w) satisfying

o < Colly™ - ¥l - (6.4)

2
L2((11,m1+T0) xw)

for some Cy = Cy(Tp,w, f) > 0, and such that the corresponding solution

T
t=|Y to
Y [@y*]

oy’ — Ay + [f(;)f)] = [uTOLJ in (r1,71 + 7o)

T1

Viier, =y

satisfies yf(r1 + Tp) = ¥ in X. By writing the Duhamel formula for y' — 7y,
and using the conservative character of {etA} >0 1 X, Cauchy-Schwarz, the
Lipschitz character of f and the Poincaré inequality, we see that

R R P N T

+/t {(f(yT)O—f(y))]Hx @

<ly™ =¥y + Vo fu]

ds

;
e(t—s)A

LZ((Tl,Tl—‘rTo)Xw)

+ O, Q) /t y'(s) -~ as (6.5)

T1

with C(f, ) > 0 depending solely on the Poincaré constant and the Lipschitz
constant of f. Applying Gronwall’s inequality to (6.5) and using (6.4), we
deduce that

[y’ -5|, <crexw @ 9m) Iy - ¥l (6.6)
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holds for some Ci(f,Tp,w) > 0 independent of T, 71,70 > 0, and for every
t e (T1,7'1 —|—T()).

e There exists a control ut € L2((r1, 71 + Tp) x w) satisfying
2
|

<Olly-y7%, 6.7
Lt To) ) = olly =y I% (6.7)

i
and which is such that the corresponding solution y* = { 8yyi]
t

0 0 .
iyt — Ayt + [f(yi)] = [uilw } in (71,71 + 7o)
yi|t=7'1 =Yy

satisfies y* (11 + Tp) = y™ in X. Arguing just as above, we see that

o -l = [ | L, 2+ Ll [ sl @
< VI ]

t
+O(Ff.Q i
ey F D) / o

with C(f, ) > 0 depending solely on the Poincaré constant and the Lipschitz
constant of f. Applying Gronwall’s inequality to (6.8) and using (6.7), we
deduce that

[v' 0 -7, < Coexp(C(£.OT) Iy™ - FlIx (6.9)

holds for some Cy(f,Tp,w) > 0 independent of T, 71,70 > 0, and for every
t e (7’1,7’1 —|—T0).

—ﬂhd& (6.8)

Now set
uT(t) in (11,71 + To)

u?™(t) =<0 in (71 + 1o, 72 — To)
ui (t—(TQ—Tl—TO)) in (TQ—T(),TQ),

aux
and let y*"™* = [ y ] be the corresponding solution to (6.3). By construction, we

atyaux
have
y* () =y (1) in [r, 71+ To),
and thus
yaux(t) =y n [7’1 + Ty, 70 — To], (610)
whereas we also have y*"™*(19) = y™2, whence u®"* € Uyq.

We now evaluate Jr, -, at «®*, which by virtue of a simple change of variable as

u
well as (6.10), (6.4), (6.6), (6.7) and (6.9), leads us to

JT1,7'2 (uaux) = HUT‘

+ ]
L2((T1,7'1+T())><UJ) LQ((Tl,Tl-i-To)XUJ)
T1+To : 2 T1+7T0 ; 2
+/ t—ﬂ &+/ ‘ t—ﬂ‘&
: y') -3, : Y-y,

< (v -yl + Iy =y 1% ) (6.11)
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where Cs(f, Ty, 2, w) > 0 is independent of T', 71, 72 > 0. By virtue of the optimality of
u and (6.11), we have

_ 2 — 2
Trirs (W) < Ty (@) < G (17 =y B + 157 -y 1% ).

An application of Lemma 4.3 suffices to conclude. O

7. PROOF OF THEOREM 3.2

For the semilinear heat equation, we can adapt the proof strategy of Theorem 2.1 to
directly prove the stabilization result stipulated by Theorem 3.2. We provide details of
the proof, as it is not an immediate application of that of Theorem 2.1.

We recall that since f € Lip(R), as presented in [30, Lemma 8.3] (and the references
therein), given any T > 0, y° € L?(Q2) and 5 € H} () solution to (3.3), there exists a
control u € L?((0,T) x w) such that the unique solution y to (3.5) satisfies y(T) = 7,
and

HUHLZ(Q) < C(vav f) HyO - yHLQ(Q) (7-1)

for some C(T,w, f) > 0 (the dependence on f is through the Lipschitz constant which is
an upper bound for the potential appearing in the associated linear problem). Indeed,
we may consider z := y — ¥, and the control u steering z to 0 in time 7" is the same as
that steering y to ¥ in time 7. But then, |ul/z2q) < C(T,w, f)[|2(0)(|12(q) from the
linear system and a fixed-point argument.

Suppose y™ € L?(Q) is given. Let T > 0 and 0 < 71 < T be fixed. Consider

T T
Tnirla) = [ (o) = gl dt+ [ @) e, dt (7.2)

1 T1
where y solves
oy —Ay+ f(y) =ul, in (r,T)xQ
y=20 on (m,T) x 00 (7.3)
Yl=r, = y™ in Q.

We will only need the following lemma, which is similar to Lemma 6.2. In fact, the
blueprint of the proof below is contained therein.

Lemma 7.1. Suppose y™ € L*(Q) is given. Let T > 0 and 71 be given such that
T > 1. Let up € L*((11,T) x w) be any global minimizer to Jy, r defined in (7.2),
with yr denoting the corresponding solution to (7.3). Then, there exists a constant
C =C(f,g,w) > 0 independent of T,71 > 0 and y™ such that

Tnirur) + lyr(®) — 912y < CIy™ — T2y
holds for all t € [11,T].

Proof of Lemma 7.1. Fix an arbitrary Ty > 0.

Let us first suppose that T' > 7 + Tp. By controllability to the steady state 7 (see
the discussion around (7.1)), we know that exists a control u! € L?((y, 7 + Tp) X w)
satisfying

]

L2((1,m1+T0) Xw) <G HyTl B g”LQ(Q) (7'4)
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for some C; = C1(Tp,w, f) > 0 and such that the corresponding solution y' to
o' — Ay + fN =uf1, i (m,m+TH) xQ
y =0 on (71,11 +Tp) x 002
yT|t:0 =y’ in Q.
satisfies T (71 + Tp) = 7 a.e. in Q. Arguing as in the proof of Lemma 4.2, we see that

[ =7 0 < 7 = T2y + Vo |u]

+C(f)/t

T1

L2((7'1 \T1 —‘,—To) ><w)

(7.5)

HORE

for t € (m,m1 + Tp), with C(f) > 0 being the Lipschitz constant of f. Applying
Gronwall’s inequality to (7.5) and using (7.4), we deduce that

[v' ) =7, < Coep €T Iy ~ T2 (7.6)

for some Co(f,Tph,w) > 0 independent of T', 71,79 > 0, and for every ¢ € (11,7 + Tp).
Now set

L2(Q

(1) = uT(t) in (11,71 + To)
- lo in (11 + Ty, T)
and let y*™* be the corresponding solution to (3.5). Clearly y*"(t) =y for t € [11 +
To,T], a.e. in Q. Hence, using J;, 7(ur) < Jr, 7(u*™), (7.6) and (7.4), we see that

L 2
Jﬁ,T(UT) < Hy - y’

+ o]
)

L2((7'1,7'1+T0)><Q L2((7'1,7'1+T0)><w)

< Gy Iy — Flagq
for some C5(f,To,w) > 0 independent of 7,73 > 0. Applying Lemma 4.2 suffices to
conclude.

Now suppose that 71 < T < Ty + 71. We may then use the optimality inequality
Jrr(ur) < Jr r(ury+r ), and since by the previous step, we know that
2
Jr 0 (uryrn) < oo (Ungen) < Cs |y — y”L2(Q)
where C3 = C5(f, Tp,w) > 0 is independent of T, 71 > 0, we deduce
12
Tnr(ur) < Clly™ — Tl (7.7)
We may conclude by combining (7.7) with Lemma 4.2. O

Proof of Theorem 3.2. The proof is of the same spirit as that of Theorem 2.1, the only
difference being the fact that we only need to bootstrap "forward" in time due to the lack
of final cost, which renders the proof significantly less technical. The control estimate
follows from Lemma 7.1. We thus concentrate solely on estimating the state.
Fix
> Cf
where C1 = C1(f,y,w) > 01is the (square root of the) constant appearing in Lemma 7.1,
and let Ty > 7 be arbitrary and fixed®. Similarly to the proof of Theorem 2.1, we will

5Note that this choice is independent of the one done in the proof of Lemma 7.1.



40 CARLOS ESTEVE, BORJAN GESHKOVSKI, DARIO PIGHIN, AND ENRIQUE ZUAZUA

have T* := 7 + 1} in the statement. Let
T>71+ To

be fixed.

First note that for ¢ € [0,7 + Tp], just as in Part 1 of the proof of Theorem 2.1, the
desired estimate can easily be obtained for such ¢ since the length of the time interval
is independent of T'. Hence, we will solely concentrate on the case t € [t + Ty, T]. To
this end, we will mimic the steps done in the proof of Theorem 2.1.

Step 1). Preparation. Since 27 < 7+ Ty < T and thus 7 < %, by Lemma 5.3 there
exists a 71 € [0,7) such that

_ lyr = ¥l L2(0,1)x 02 Ch _
lur () = Bl 20y < O < L =By (79)
Now the control UT|[71,T} minimizes J-, 7 with initial data y™ = yp(m) for
(7.3), to which clearly the solution is y7|(;, 7. So by Lemma 7.1 and (7.8),
_ _ C? _
lyr(t) = ¥llz2@ < Cillyr(n) =Yl < 71; |4° - 9/l 220y (7.9)
holds for all t € [y, T]. Since 71 < 7, (7.9) also holds for all t € [r,T].
Step 2). Bootstrap. We bootstrap (7.9) and prove that for any n € N satisfying
T
n < —,
27
the estimate
CE\" 1o
lor®) =7y < () 1 =l (7.10)

holds for all ¢ € [n7,T]. We proceed by induction. The case n = 1 holds by
(7.9). Thus assume that (7.10) holds at some stage n € N and suppose that

+1< r
n —.
- 27
This clearly implies that
T—-2
< nT (7.11)

Now the control ur|y,, 7] is a global minimizer of Jy,,; 7. We can thus apply
Lemma 7.1 with 71 = n7, and Lemma 5.3 (note (7.11)) on [n7,T — n7], to
deduce that there exists t; € [n7, (n + 1)7) such that

_ HyT - y”[ﬁ nt,T)xQ C _
lyr(t) = Flli2(0) < TR <l (nr) — Tl
So now we apply the induction hypothesis (7.10) to deduce
_ Ci1 (CE\" _
HyT(tl) - y”LQ(Q) < F (\/1}) HyO - yHLQ(Q) . (7'12)

Since ur|y, 1) is a global minimizer of J;, 7, we can apply Lemma 7.1 and use
(7.12) to deduce that

<G (4

lyr(t) = ¥llz2@ < Cillyr(t) —9llz2) < 7F ﬁ) Hyo—@HLz(Q) (7.13)
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holds for all ¢ € [t;,T]. Clearly, as t; < (n+ 1)7, (7.13) also holds for all
t € [(n+1)7,T]. This concludes the induction proof, and so (7.10) does indeed
hold.

Conclusion. We now use (7.10) to conclude the proof. Suppose t € [7+Tp, T
is arbitrary and fixed. Set n(t) := { a J Clearly n(t) > 1, t > n(t)T and

T+T1)
n(t) < Z due to the choice of Ty. We may then apply (7.10) to find that

i\
o) =7z < (2 15?3l (7.14)

t
T+To

Now since 7 > C{ and n(t) > — 1, we can see from (7.14) that

_ T _
lyr(t) — Z/HL2(Q) < exp (—n(t) log (\C/;>) Hyo - yHL2(Q)
1

\/;
V7 oz () .
=z e ! 5" =7l 20y

The desired estimate thus holds for all t € [7 + Tp, T, with

and

C:= 2 ly° = ?JHL2(Q) :

This concludes the proof. O

8. CONCLUDING REMARKS AND OUTLOOK

We have presented a new methodology for proving the turnpike property for nonlinear
optimal control problems set in large time horizons, under the assumption that the
running target is a steady control-state pair, and that the system is controllable with a
local estimate on the cost. These assumptions allow us to bypass necessary optimality
conditions and a study of the adjoint system, and rather relies on calculus of variations—
based arguments.

More precisely, we have concluded that

(1)

(2).

The exponential turnpike property holds for optimal state trajectories of op-
timal control problems for nonlinear finite and infinite-dimensional dynamics,
whenever the cost functional is coercive with respect to the distance of the
state to the target steady state. The nonlinearity may be assumed to be only
globally Lipschitz continuous (and thus possibly nonsmooth). The result holds
without any smallness assumptions on the initial data.

The last exponential arc (near ¢ = T') can be removed whenever the optimal
control problem is considered without a final time cost, and thus entails an
exponential stabilization estimate for the optimal state trajectory.
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8.1. Outlook. Let us conclude with a list of select problems related to our study.

e Necessity of assuming that 7y is a steady state. The assumption that

the running target 7 in (2.3) is a steady state of the dynamics allows us to
easily obtain quasi-turnpike strategies allowing us to obtain the key estimates
in Lemma 5.1 and Lemma 5.2 (resp. Lemma 6.1, Lemma 6.2, Lemma 7.1 in the
PDE setting). The case of controlled steady states 7 associated to a presecribed
control uw can readily be addressed by penalizing u — w over [0,7] instead of
solely u as noted in Remark 1. But we were unable to see if this is a necessary
assumption in the nonlinear context in the absence of smallness conditions on
the target, and whether the controlled steady state case can be covered by
solely penalizing u. These questions merit in-depth investigation.

e Weakening Assumption 1. An important hypothesis we made throughout is

Assumption 1, which required that, at least for data y°, 4" in the vicinity of the
free steady state 7, the minimal L?-norm control steering the system from y° to
y may be estimated by Hyo — y{ , and similarly for that from 7 to y!. This is a
hallmark of linear control systems, which is also expected for nonlinear systems
for which controllability results are obtained by linearization or perturbation
methods and a fixed-point argument. But in the general context of control-
affine systems, such an assumption may appear restrictive, eventhough it is
local. It is thus of interest to see how the results and methodology can be
pertained whilst weakening Assumption 1.

In fact, more generally, it would be of interest to investigate whether the
methodology presented herein can still be applied by only assuming approxi-
mate controllability with an adequate estimate on the control cost.

e Turnpike with state or control constraints. A problem which has not been

extensively covered in the literature is the turnpike property with positivity (or
box) constraints on either the state or the control. Slightly weaker integral
turnpike results under such constraints have been obtained in [27] by means of
quantitative inequalities. Such a study would complement the already existent
nonlinear controllability under constraints theory — a topic covered in several
recent works, see e.g. |21, 28, 30, 33| and the references therein.

e More general control systems. We have considered homogeneous Dirichlet

boundary conditions in (3.1) and (3.5) merely to avoid additional technical de-
tails. The proofs of Theorem 3.1 (resp. Theorem 3.2) only require that the un-
derlying dynamics are exactly controllable (resp. controllable to a steady state),
thus, the same results hold with Neumann boundary conditions or boundary
controls. Similarly, variable coefficients and lower order terms may be con-
sidered, as long as these coefficients are time-independent, as we are using a
Duhamel formula along with a semigroup representation of the solution.

In fact, we have chosen the wave and heat equation for the sake of presen-
tation, but the respective results could possibly be extended to a more general
scenario of exactly controllable semilinear systems with similar assumptions,
e.g. dispersive equations (Schrodinger, Korteweg-de Vries), coupled systems,
and so on. The necessity of a Duhamel formula may however be an impediment
to the extension of our results to the context of quasilinear systems such as the
porous medium equation (see [13] and the references therein).
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e Bilinear control systems. It would also be of interest to establish the turn-
pike property for bilinear control systems. This would be the somewhat true
analog of the control-affine systems presented herein, and under suitable as-
sumptions on the nonlinearity, one could expect that our methodology applies
to such cases as well. We have not addressed such systems for the simplicity of
presentation and due to the controllability assumptions we make, as the con-
trollability theory for bilinear problems is not complete (albeit, see [3, 4, 8, 26|
for recent developments). Notwithstanding, our results should be applicable to
a system of the form (see [3])

Oy — 97y = u(t) f(y) in (0,7) x (0, )
9ry(t,0) = 0py(t, 1) =0 in (0,T)
Yli—o =1° in (0,m)
where u is a scalar control and f is an appropriate nonlinearity (see [3] for suffi-

cient conditions for ensuring controllability, and globally Lipschitz for applying
our methodology).

More general nonlinearities. Finally, it would be of interest to investi-
gate problems where our methodology does not immediately apply, such as the
paradigmatic example of the cubic heat equation. This problem consists in
seeing whether one may prove Theorem 3.2 (with the estimate on up changed
by an estimate of up — @) for minimizers up of

T T
Irta) = [ ot =g e+ [ pu—alae

where yr is the unique solution to

Oy —Ay+y® =ul, in (0,T)xQ

y=0 on (0,7) x 09 (8.1)

y’t:() = yo in Q7
and y € H}(Q) is a controlled steady state associated to some u € L?(w) (the
case u = 0 is somewhat trivial due to the inherent stabilization to y = 0). Let
us elaborate on a possible technical impediment in the direct application of our
strategy. Clearly, for Theorem 3.2 to hold in this case, it would suffice to prove
Lemma 7.1 for f(s) = s® (while replacing the estimate of ur by an estimate of
ur—1). To this end, first of all, for any u € L?((0,T) xw), using the variational

formulation and standard arguments including Cauchy-Schwarz, Young with €
and Poincaré inequalities, one can find

d
a4 / (o) dr <e / lu(t,2)|? dz
dt Jo w

for a.e. t € [0, 7], where € > %Q), whereas y solves (8.1), and thus

1yl cogo,m;z2 ) < C1(2) (HUHL2((O,T)><QJ) + HZ/OHLz(Q)> : (8.2)

Following the proof of Lemma 4.2 for f(s) = s and using (8.2), we may find

ly(t) =Vl 2y < C (Hyo =Tl 20y + 1w =@l 2oy <) + 19— ?”m((o,T)xQ)) ;



44 CARLOS ESTEVE, BORJAN GESHKOVSKI, DARIO PIGHIN, AND ENRIQUE ZUAZUA

where now
C ~ exp (|lull 2((0,1)xw)) -

It is precisely at this point where the issue appears, since simply by using the
form of the functional, we are not in a position to prove that |lu|lz2(07)xw)
is uniformly bounded with respect to 7', but rather only |lu — @l z2((0,7)xw)-
Should this be possible, then one can expect our methodology to apply to the
cubic heat equation as well, but as things stand, turnpike without smallness
conditions in this case remains open.

Further examples worth analyzing include the heat equation with a con-
vective nonlinearity f(y, Vy), even in one space dimension (e.g. the Burgers
equation); along these lines we refer to [38] for a local turnpike result for the
2d Navier-Stokes system. Similar questions can be asked for the semilinear
wave equation, where the nonlinearity is sometimes only assumed to be super-
linear (see 20| for a subcritical optimal control study) — our methodology a
priori applies if the nonlinearity is either truncated by some cut-off, or if one
manages to prove uniform estimates of [|y7 ||z ((0,7)x0) With respect to T'. Fur-
ther nonlinear problems which could be investigated include hyperbolic systems
(see [16] for a related study) or free boundary problems (see [14] for a control
perspective).
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