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Networks & Heterogeneous Media

CONVEXITY AND STARSHAPEDNESS OF FEASIBLE SETS IN
STATIONARY FLOW NETWORKS

Martin Gugat', Riidiger Schultz?, Michael Schuster!

Abstract. In this paper, we deal with a stationary model for flow through a
network. The flows are determined by the values at the boundary nodes of the
network that we call the loads of the network. In the applications , the feasible loads
must satisfy some box constraints. We analyze the structure of the set of feasible
loads. Our analysis is motivated by gas pipeline flows, where the box constraints are

pressure bounds.

We present sufficient conditions to show, that the feasible set is star-shaped with
respect to special points. For stronger conditions, we prove the convexity of the
set of feasible loads. All the results are given for active and passive networks, i.e.

networks with and without inner control.

This analysis is motivated by the aim to use the spheric-radial decomposition for
stochastic boundary data in this model. This paper can be used for simplifying the
algorithmic use of the spheric-radial decomposition.

Key words: Validation of nominations, Stationary states, Isothermal Euler equations, Gas networks, Convexity,

Star-Shapedness, Spheric-radial decomposition

1 Introduction and motivation

In this paper, we analyze the structure of the set of feasible loads in stationary gas
networks. The set of feasible loads in this context is a solution space of a model for gas

transport in pipeline networks. Natural gas as energy source has been popular for decades.

Gas transport through a pipeline network has been a goal of many articles in the last
years. These models are often based on the Euler equations (see [6]) or simplifications like
the isothermal Euler equations (see [3, 4, 10, 11, 12, 13, 14]). An overview about existing
models and the components of a gas network can be found in [7, 17]. In [11] the authors
show the existence of a unique stationary state, while in [12, 15] the model is analyzed
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for real gas. Optimal control problems with gas networks are considered for example in [5]

Also analyzing a model with uncertain boundary conditions is very interesting. This
leads to optimization problems with probabilistic constraints (see [18]). Especially the
model in [10] is quite interesting, because it gives a new access to this topic with respect
to uncertain boundary data. This model has also been studied and extended in [13]. The
aim in these works is stochastic optimization resp. to answer the question, how large is
the probability for a random Gaussian distributed load vector to be feasible. The main
tool in these works to compute this probability is the so-called spheric-radial decomposi-
tion (see Theorem 19 in the appendix), see also [1, 2, 8, 21].

For using optimization techniques, it is always an advantage to know, that the admis-
sible set has a special structure like convexity. For example using the integral in Theorem
19 for a set M, a sampled point v € $"~! and a quadratic matrix L € R™ (which is a
cholesky decomposition of the covariance matrix of the distribution), one has to compute
the one-dimensional set {r > 0 | rLv € M}. This set can be represented as a union of
disjoint intervals, but for big graphs, the number of disjoint intervals can be very large.
So the numerical computation of this union can be very time-demanding. The idea of this
paper is, that knowledge about the structure of set M, which is the set of feasible loads in
our model, allows to reduce the time of computation enormously. E.g. if one know that
M is convex or star-shaped with respect to some point, the sets {r > 0 | rLv € M} are
just convex intervals. That means, the algorithm for computing these unions of disjoint

intervals can stop as soon as it finds one interval.

In a nutshell, we analyze the set of feasible loads in the mathematical model of gas
transport, depending on the topology of the graph and on the pressure bounds at the
nodes. In [20], the authors also analyze the structure of feasible sets in the context of gas
transport, though in a different way. The main difference of their model is, that they use
a mixed-integer flow model for active networks, i.e. networks with compressor stations.
However, our results about convexity and star-shapedness for active networks are not
stated in [20]. We will illustrate the difference of the results in the appropriate sections.
In Section 2, we shortly introduce the mathematical model. In Section 3, we give a result
about convexity of a graph with and without compressor edges and in Section 4 we give
some results about when the set of feasible loads is star-shaped to some point.

2 Mathematical Modeling

We will use the model introduced in [13], which is an extension of the model in [10]. The
difference between these models is, that the model in [10] does not support compressor
stations, which are an important element in gas transport. Compressor stations counter-
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act the pressure drop along the pipes caused by friction. The model in [13] support these

elements.

Consider a connected, directed graph G = (V*,€) which represents a pipeline gas
transport network. We set |[V*| =n+1and || = m > n (m,n € N). In our model, every
node is either a influx node (gas enters the network) or an efflux node (gas leaves the
network). An edge can either be a flux edge, so the pressure decreases along the edge, or
a compressor edge, so the pressure increases along the edge. We define £ as the set of all
flux edges and E¢ as the set of compressor edges. We have £ = ErUE¢ with ErNEq = 0.
We introduce the following notation:

Definition 1. Consider the connected, directed graph G = (V*,E):
(1) h(e) denotes the head node of an edge e and f(e) denotes the feet node of an

edge e for alle € €
(i1)  Ep(v) :={e € &|h(e) =v A f(e) = v} denotes all edges which are connected
to node v € VT
(#11)  The matriz Af; € R™V" Af. = o(v;, e;) with
—1 ife € Ey(v) and f(e) =v
o(v,e) = 1 ifee Ey(v) and h(e) = v
0 ifed Ey(v)

is called the incidence matriz of the graph G.

Throughout this paper, we assume that the graph has only one input node. Also we
determine a numbering for the nodes and edges of the graph. The input node gets the
number 0 and all other nodes are numbered using breadth-first search or depth-first search.
Every edge e € £ gets the number max{h(e), f(e)}. As notation, we state V = V' \{vg}.
Further, we define special structures of the graph (see also Figure 1)

Definition 2. Consider the connected, directed graph G = (V*,E):

(i)  The graph G is called linear, if E(vy) =1 and |E(v)| <2 for allv € VT
(1i)  The graph G is called tree-structured, if there exists no edge e € € with h(e) = vy
and for all nodes v € V* there is at most one edge e € € with h(e) = v.

Note, that every linear graph is also tree-structured. Again, we state A as AT without
the first row, which corresponds to the input node. Then, the incidence matrix A for
tree-structured graphs is quadratic. The following fact is easy to see:

Corollary 3. For a connected, directed, tree-structured graph, the incidence matrixz A is
an upper triangular matriz with 1 at its diagonal. Moreover, if the graph is linear, the

incidence matriz is 1 at its diagonal, —1 at the diagonal above and 0 elsewhere.

Because of the triangular structure of the incidence matrix in tree-structured graphs,

the matrices are invertible. Using the Gaussian elimination, it follows the following fact:
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(a) Linear graph (b) Tree-structured graph (¢) Neither linear mnor tree-
structured graph

Figure 1: Example of differently structured graphs

Corollary 4. The inverse of the incidence matrix A of a connected, directed, tree-
structured graph is also upper triangular with values in {0,1}. Moreover, if the graph
is linear, the inverse incidence matriz is 1 in the upper triangle and 0 elsewhere.

Let b+ € R**! with 1,,.,6% = 0 denote the balanced load vector and assume b; < 0 for
nodes with gas influx and b; > 0 for nodes with gas efflux (i € {0,--- ,n}), where 1,,,; is
the vector of all ones in the dimension n + 1. Let ¢ € R™ denote the flows in the edges
and p™ € R*™! denotes the pressures at the nodes. Again we set b resp. p as b' resp.
pt without the first component, corresponding to the inflow node. For the pressure we
consider the constraints p™ € [p™™n pT™maX] The conservation of mass for the graph is
given by

Atqg=0b" resp. Agq=0. (1)

The pressure drop in the flux edges e € £ is given by the so-called Weymouth equation
(see e.g. [12, 16])

Phe) = Pie) = Peldelde, 2)

and for the compressor edges e € £~ we have

2
ph(e)>
—= | = u,, (3)
(pf(e)

where ¢, and u,. are constants. The compressor stations are the active elements in our
network, that means our network is controlled from the inside by the u.. For a more
detailed model derivation we refer to 7, 13, 19].

Now, we are interested in a solution of this model. The question that we consider is:
For a given load vector b € R, when can we find corresponding vectors of pressure and
flow, so that the box constraints for the pressure, the equation for mass conservation, the
equation for the pressure drop and the equation for the compressor stations are fulfilled?
Therefore we define the set of feasible loads (called feasible set, here M):

17,07 =0 and 3(p*,q) € R"™ x R™: } )

M = bt € Rt .
{ © pt e [ptmn ptmax] and (1), (2), (3) are fulfilled

In general, it is not that easy to see, when this set is nonempty. For a given load vector,

one has to find a pressure and a flow vector to show this set is nonempty. Obviously a
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solution of this model might not be unique, there may exist more solutions. In [10] and [13]
the authors characterize the set of feasible loads for tree-structured graphs (see Theorem
20 and Theorem 21). There, the decision whether a given load vector is feasible or not
only depends on the pressure bounds. So for a given load vector, one has to check if a
number of inequalities depending on the load vector and the pressure bounds are fulfilled.
This is an enormous simplification to deal with the set of feasible loads. We mention
again here, that we distinguish between the load vector b* (full load vector) and b (load
vector without the first component).

3 Convexity of the Feasible Set in Linear Graphs

Here, we will show that in special cases, the feasible set M (defined in (4)) is convex. As
it is mentioned in Chapter 1, the computation of the probability for a random Gaussian
distributed load vector to be feasible by using the spheric-radial decomposition, simplifies
a lot if one knows that the set of feasible loads is convex. Also in this case it is possible to
use other algorithms (see e.g. [9]). We first show a few auxiliary lemmas for the pressure
loss function (defined in (15))

g(b) = (AT) ' D[ATIB|(ATD),

with load vector b, incidence matrix A and diagonal matrix ® with constants ¢; at its
diagonal. The first Lemma is about evaluating g(-) at a convex combination of load

vectors.

Lemma 5. Let M C RY, be the set of feasible loads. For b,3 € M, constants ¢; > 0
(i=1,---,n)and X € (0,1), it holds (for allk=1,--- ,n):

g0+ (1= X)B) = Ngi(b) + (1 = A)?gu(B) + 2(A = N*) Bk (b, B),
with

Sib.5) = S0 (g bj) (g ﬁj) |

=1

Proof. From Corollary 4 we know, that A~! contains only non-negative values. The load
vectors b and [ only corresponds to eflux nodes, so they also contain only non-negative

values and thus the pressure loss function can be written as

gAMb+ (1= N)B) = (A1) TR(AT (A + (1 = N)B))*.



The square has to be understood component-by-component. We have

."1 (bi + (1= N)B,) i
2 =

(A b+ (1= N)p)) = :
Zn: (Ab; + (1 = N)B:)

n 2 n 2 n n
2 bi > B 2 b Y B
=1 =1 =1 =1
=\ +(1=N)?]| +2X(1 = A)
g: bz ;/61 2 bz ;62
We fix a k € {1,--- ,n}. Together with
S
((ayre) =3 =T
K 0 else

we get gg(Ab + (1 —A)B) =

:)\2§:¢i (ﬁjb]) +(1—A)2§:¢i (i@) +2A(1—A)§:¢i (ij@) (i@),

which is equivalent to

by using the definition of the function g (see (15)). We define

k n n
Sk(b,B) = ¢ (Z j) (Z 5;’)
i=1 j=i j=i
and the Lemma is proven. O

We call the term (b, §) rest term of g evaluated at a convex combination. In the

next Lemma, we proof an estimate for this remainder term.

Lemma 6. With the setting of Lemma 5, at least one of the following estimates hold:
(4) Yk(b, B) < gx(b),
(47) k(b B) < gr(B).
Proof. For this proof, we use a classical contradiction argument. We support that
Yk(b, B) > gx(b) and  Xi(b, B) > gk(B),

and thus it holds
25%(b, B) > gr(b) + gr(B). (6)



Since 2ab < a® + b? for real numbers a and b, with this estimate and the definition of

Yk(b, B), it follows

2% (b, B) = Qéﬁbz‘ (ib]) (iﬁj) < é@ (ibj) +é¢i (iﬁj) :

j=i Jj=t
Now the terms on the right are equal to gi(b) resp. gi(5) and thus it follows
2%k(b, B) < gx() + gr(B), (7)
which is a contradiction to (6). Thus Lemma 6 is proven. O
In the last auxiliary lemma, we proof a estimate for a difference of rest terms.

Lemma 7. With the setting of Lemma 5 and numbers k, £ € {1,--- ,n} (with k < (), at

least one of the following estimates hold:

(1) Z(b,B) — (b, 8) > gr(b) — ge(b),
(44) Yr(b, B) — (b, B) = gu(B) — ge(B).

Proof. We use again an contradiction argument to proof this statement. Assume, that

Yk(b, B) — Zu(b, B) < gi(b) — ge(b) and  Xy(b, B) — (b, 8) < gr(B) — 9¢(B),

then it holds

2 (5k(b, B) = 2u(b, 8)) < g(b) = 9¢(b) + 9x(8) — 9e(5)- (8)

For the left term, we have

2 (Si(b, 8) — Slb, 8)) = 2 (Z " (Z bj) (Z @») -y (Z bj) (Z @)) ,
and because k < ¢ we have

For the right term in (8) we have

and again because k < /¢ it follows

k(D) — ge(b) + gx(B) — ge(B) = — ( > o (i%) + Z (zn:ﬂj) ) :

i=k+1



Now, from a binomial formula, we know that —2ab > —(a?® + b*) for real numbers a and
b. This leads to the estimate

2 (Zk(b, B) — Ze(b, ) = g (b) — ge(b) + gu(B) — ge(B),
which is a contradiction to (8). Thus the lemma is proven. O

With these auxiliary lemmas we can formulate the following convexity Theorem. The
result is similar to Lemma 3.8 in [20], but for this result, their model only consider
the conservation of mass (1), not the conservation of momentum (2). For the model
considering both, conservation of mass and momentum, they only state, that the set of

feasible loads in general is non-convex (see Theorem 3.12 in [20]).

Theorem 8. Let pressure bounds p™™™®, pm® € R with p"® > p™* (for all i,j =
0,---,n) be given. Then, for a linear network graph with one single entry and no com-

pressor edges, the set of feasible loads is convex.

Proof. First note, that if the feasible set is empty or contains one element, it is convex.
Otherwise, it contains at least two elements. In particular we will use the representation
of the feasible set M of Theorem 20. The formulation (—17b,b) € R_ x R, is equivalent
to 17+ = 0 for graphs with one single entry. Consider b*, 37 € M. It holds 17b+ = 0,
175+ = 0 and all inequalities in Theorem 20 are fulfilled. We have to show, that for a
A € (0,1), the load vector \b™ + (1 — X\)5T is also in M. First we have

17 (AT + (1= X)8%) =17t + (1 - N178" = 0. (9)

Now we have to show, that the following inequalities (see (16) for convex combinations of
loads) for k,¢=1,--- ,n hold:

0 < (D) = (pg™)* + ge(Ab + (1 — N)B),
0 < (pg™)? — (D™ — gr(Ab + (1 = X)), (10)
0 < (P™)? = (0"™)? + gr(Ab+ (1 = X)) — ge(Ab+ (1 — X))

To show the first inequality in (10) we define ¢; := (p*)? — (pf*)? and ¢ x(b, B) :=
c1k + ge(Ab+ (1 — X)) and we want to show ¢ (b, 5) > 0. With Lemma 5 it follows

bk, B) = crg + Agr(b) + (1= A)?gk(8) +2(A — X*)Zu(b, B).

Because b and 3 are feasible, we can use the first inequality in Theorem 20 to get the
estimate

t1e(b, B) > 200 — A)erp + 20N — M) Sk(b, B)
Now we need an estimate of the form (b, 5) > (—c1 ), but this is not true in general.

Here we use the restriction on the pressure bounds. Because p"®* > p;-“in for all 4,5 =
0,---,n, it follows ¢, > 0 for all k =1,--- ,n. And because X(b, 5) > 0, we have

tl,k(ba 5) Z 07
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which implies the first inequality in (10).
We define ¢y, := (p**)? — (pi)2, to(b, B) := car — ge(Ab+ (1 — X)) and we use again
Lemma 5 and get

ton(b, ) = cop + A gr(D) + (1 = A)?gr(B) + 2(A = X*) T (b, B).
Next because b and [ are feasible, we use the second inequality in Theorem 20 to get the
estimate
tor(b, B) > 20N — AN)eap — 2N — A2)i(b, B).
Now we use the result of Lemma 6 to get either
tg,k(b, 6) Z 2()\ — )\2)02,1: — 2()\ — )\Q)Qk(b),

or tor(b, B) > 20N — N)ean — 2(N — A)gr(B).

Using again the second inequality in Theorem 20, both cases lead to

tar(b, B) > 2(A — A)cak — 2(A — Ao,

which is obviously non-negative and thus, we have shown the second inequality in (10).
We define c3 40 := (pP**)% — (pi)? and t34,4(b, 8) := e300 + (A0 + (1 — X)B) — go(Ab +
(1= X)5). In the case k = ¢ it follows directly ¢35 ¢(b, 8) > 0 (because of ¢35, > 0 due to
assumptions). In the case k # ¢, with Lemma 5 it follows

tane(b, B) = et A (g () = ge(0)) + (1= N)*(g(B) — ge(8)) +2(A=N*) (Zk (b, B) =X (b, B)).-
Again because b and [ are feasible, we use the third inequality in Theorem 20 to get
tare(b, B) = 200 = A)es e +2(A = A)(Zi(b, B) — Ee(b, ).

If ¢ < k, it follows 4(b,8) < (b, 3) and thus every term is positive, which implies
tske(b, ) > 0. If £ > k, we use the statement of Lemma 7. With this, it follows either

tare(b, B) = 2(A =A%) (capr + (g1 (D) — ge(D))) ,
or tape(b, B) > 2N = N?) (ea e + (91(B) — 9e(B))) -

In both cases, we can use the third inequality in Theorem 20. It follows
tape(b, B) > 20N — N?)(capr — Cak),

which is non-negative. Finally we have shown ¢3, > 0, so the load vector (Ab+ (1 —\)0)

is also feasible and thus the set of feasible loads is convex. O

Remark 9. The assumption p;"** > p;nin is not a strong restriction, because otherwise,

the trivial solution is no element of the set of feasible loads.

We illustrate the results of Theorem 8 in the following examples.
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Figure 2: Linear graph of example 1

Example 1: Consider the linear graph shown in Figure 2.

We consider three different pressure bounds to show the results of Theorem 8. In the
first case, we consider (p™™n), = [2,1,1]7 and (p™™), = [2,2,2]7 with the feasible
set M,, in the second case we consider (p™mm), = [2,1,1]7 and (p™™>), = [3,2,2]"
with feasible set M, and in the third case, we consider (p™™n). = [2.5,1.5,1]7 and
(prmax), = [3,2.5,2]7 with feasible set M,. Together with ¢ = ¢ = 1, we get from
Theorem 20 the feasible sets

My = {beRy [t < b+ \3-03 },
b - b G [R>0 9
= by <3
by > —by+1/2.25 — b3
M, = be Ry, | by < —by+V6.75
by < —by+ /8 — 13
The feasible sets are shown in Figure 3.
by by by
3 3 3
2 20707 2
-1 1 2 3 -1 1 2 3 -1 1 2
-1 -1 -1

p+,min = [25 17 1]T7
p+,max = [27 27 Z]T

p+7min = [2? 17 1}T?
ptm=3,2,2"

ptmin =125 1.5 1]7,

b
(&) ptrex =1[3,2.5,2]"

(c)
Figure 3: Feasible sets for different pressure bounds

One can see, that the feasible set of case (a) and (b) are convex and the feasible set

of case (c) is not. This fits to the result of Theorem 8 because in case (a) and (b), the
condition p;"** > p;“min is fulfilled, not in case (c).
Example 2: Consider the linear graph shown in Figure 4.

We consider two different pressure bounds to show the results of Theorem 8. In the first

case, we consider (p™™), = [1,1,1,1]7, (p™™), = [3, 3, 3, 3]7 and in the second case, we

10
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Figure 4: Linear graph of example 2

consider (p™™in), = [2.5,2,1.5,1]%, (p™™max), = [3,2.5,2,1.5]7. With ¢ = ¢ = ¢3 = 1,
Theorem 20 implies

Ma:{ b€|R320 ‘ (b1+b2+b3)2+<b2+b3)2+b§§8 },
(b1 4 bg + b3)? + (by + b3)* + b5 >4
(by + b3)? + b3 > 1.75

M, = bE[R?éO (bl+b2+b3)2§5
(b + b3)* + b3 < 5.25
(b1 4 bg + b3)? + (ba + b3)* + b3 < 8

1 The feasible sets are shown in Figure 5 and Figure 6.
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Figure 5: Set M, for (p™™in), =[1,1,1,1]7 and (pt™max), = [3,3,3,3]T
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Figure 6: Set M, for (p*™i*), = [2.5,2,1.5,1]7 and (p™ ™), = [3,2.5,2,1.5]

In Figure 5 one can see, that the feasible set M, is convex. In the view from above
one can see, that the picture is similar to the picture in the two-dimensional case Figure
3 a). In Figure 6, the feasible set is obviously not convex. This is because the condition
prin < p;™ is not fulfilled for every 7, j = 1,--- ,n. This feasible set is similar to the set
in the two dimensional example in Figure 8 (c).

11
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Before we give a statement about convexity in a graph with compressor edges, we
shortly explain the idea how to treat graphs with compressor edges. The main idea
is to remove the compressor edges from the graph, but still keep the properties of the
compressors. That means we separate a graph with m € N compressor edges to m + 1
subgraphs, which are not connected, but which interact with each other. We numerate
the subgraphs exactly like we numerate the nodes inside a subgraph (with breadth-first
search or depth-first search). This is explained in detail in [13], Section 3. We formulate
a auxiliary lemma for the sum Y. ;(b) (defined in (28)) first. For better readability,
we neglect some indices in the following terms but these indices does not influence the

computation in any way.

Lemma 10. For vectors b, 3 € RY, constants ¢, € R>g (i =1,---,n) and A € (0,1), it
holds (fori=1,--- ,n):

Shei(Ab + (1= N)B) = N8k i (D) + (1 — N)?Zperi(B) + 2(X — N) S (b, B).
The sum - ;(-) is defined in (28) and Xy- ;(b, B) is defined as:

Ses) = (X g LY 8+ X0 03 5)

Note, that for i,7 € {1,--- ,m + 1} the index k* is defined as the largest index of all
subgraphs, the paths from the root to the i-th and to the j-th subgraph pass (see [13] for
details). This index also does not influence our computation, so we do not go into detail
here.

Proof of Lemma 10. Fori € {1,--- ,m+ 1} and b, 5 € M we have
S (bt (1-NB) =Y Hlug()\b F (1= N)B) + g+ (1= N)B).

Then from Lemma 5 it follows

Die s+ (1= )8) = X2 o (W20(b) + (1= 2)?9(8) + 200 3) Y0 303 5)

+ (Rgb)+ (1= X)29(8) +200 - V) Lo b3 8).

which can be written as

S s(Ab -+ (1 — A)) = A2 ((Z ng(b)) + g(b)> F (1= ) ((Z ng(5)> + g(ﬁ))

200 X) (X o, o b2 8) + 038 56).
With the definition of the sum in (28) it follows
e i(Ab + (1= N)B) = X284 5(0) + (1 — A\)?Zpes + 2N — A 4(b, B),

and thus the lemma is proven. O]

12
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We mention again here, that neglecting the indices of the pressure loss functions and
the bounds of the sums does not influence our computations because the indices and
bounds does not change at all during the proof of Lemma 10. For the next convexity

theorem, we need a second auxiliary lemma.

Lemma 11. With the setting of Lemma 10, at least one of the following estimates hold:

i i(0, B) < X i(b),
or Ek*,i(b7 B) S Zk*,z(ﬁ)

Proof. The proof is similar to the proof of Lemma 6. [
With these results, we can formulate a Theorem about convexity in general linear
graphs.
Theorem 12. Consider a linear graph G = (V, &) with compressor edges. Let pressure
bounds p™™®, ptma € R with p** > p (for alli = 0,--- ,n), constants ¢; € R%,
(i=1,---,n) and controls u; (fori=1,--- m) be given. Additionally, let
(Pi™)* = i (Pi25)? (11)

hold forv=2,--- ,m+1. Then the set of feasible loads for a linear graph with compressor

edges is conver.

Proof. The proof is similar to the proof of Theorem 8. First mention, that if the set
of feasible loads is empty or contains only one element, it is convex. Otherwise, let
b*, 8% € M (let M be the set of feasible loads), then b, 3 € R%,. For A € (0, 1), (9) holds.
Also the inequalities (17)-(19) hold for the load vector (Ab+ (1 — \)53) for every subgraph
because of Theorem 8. We have to show, that inequalities (20)-(27) hold for the convex
combination (Ab + (1 — A)f3). For indices i,5 € {1,--- ,m + 1} with ¢ < j, the subgraph
G is on the path from G; to Gj, so the index k* is equal to ¢ and thus the sum Y. ;(-)
is zero for the inequalities (20) - (27), but the sum ¥« ;(-) not. Define

1 1
Cpi.qi - —
b - 5 Iy ;

with I« ; defined in (29). Because k* = ¢, it is II;+; = 1 and with (11), it follows

—— ()% -

(i),

1 max\2 1 2
nax > max > . rriax
Hk‘*,j (pj70 ) - Hk* UJ 1 (p] 1 0) — Hk‘*,] | I U, pk

With the definition of IIj« ; (see 29), we have

1 max max
Hk* (p]() ) (pk‘ 0)

Thus we have cq;; > 0. We define

tai;i(b,B) = caij+ Zpe ;(A0+ (1 = N)P).

13
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Then we can use Lemma 10 to get
t4ij (b, B) = caig + NBpe 5(0) + (1= A)?Dpe 5 (B) + 2(A = Ay (0, B).
Now we use inequality (20) itself for the feasible vectors b and /3 and get the estimate
t4i,j(b, B) = caiy + N (—caig) + (1= N (=eaig) + 200 = X*)Dpe 5, B),
and from this it follows
tai(b, 8) > 20X = A)cay + 2(A = N°)Zge 5 (b, B).
Because ¢4;; > 0 and Xy« ;(b, 3) > 0, it follows ¢4, (b, #) > 0 and thus, inequality (20)

holds for (Ab+ (1 — X)$3). For the next inequality, we define

1 1 min
(pk*,j)27

max\2
Hk*7i( ) Hk*d‘

C5,4,5 = 3,0

and
t5,i,(0, B) = 55 — B j(AD + (1 = \)B).
Because IIy-; = 1 and Il ; > 1, we have c5;; > 0. We use Lemma 10 to get
ts13(b,B) = 505 — (N?Sie 5(B) + (1= A)Sie 5 (B) + 20N = A) Ty (b, B)) -
Then, we use the inequality (21) itself for feasible b and 5 and get
tsi3(0s B) > €505+ N (—C55) + (1= A)*(—c505) — 2(A = A*)Zp (b, B),
from which it follows
t5’i’j<b, 6) 2 2(/\ — /\2)0571'7]' — 2(/\ — )\Q)Ek*d- (b, 6)
Now we use Lemma 11. It follows either
ts5ii(b,B) > 20N — A)esis — 2(A — A?) - (D),
or t57i7j(b, 6) 2 2()\ — )\2)6571',]' — 2()\ — )\2)Ek*7](ﬁ)
In both cases, we can use again inequality (21) to get
t5,i5(b, B) = 2(A = A)esi — 2(A — A5,

which is obviously non-negative. Thus inequality (21) holds for (Ab+ (1 —X)f3). The proof
for the inequalities (22), (24) and (26) works analogously to the proof of (20) and the proof
of (23), (25) and (27) works analogously to the proof of (21). Then every inequality of
Theorem 21 holds for the load vector (Ab+ (1 — \)3) and thus the theorem is proven. [

Remark 13. The extra condition (p**)? > w;_1(p™M)? of Theorem 12 is sufficient for
convexity, but not necessary. The feasible set of a linear graph with compressor edges can

also be convex even if the extra condition is not fulfilled.

The following example illustrates the results.

14
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Figure 7: Linear graph with one compressor edge of example 3

. Example 3 : Consider the minimal graph with a compressor edge shown in Figure 7.
We consider two different controls for pressure bounds (p™™") = [1,1,1,1]7 and
(pTmax) = [3,2,2,1.5]7 to show the results to show the results of Theorem 12. In the first
case, we consider u, = 2 and in the second case, we consider u, = 4. Then from Theorem
21 we get
(by + by + b3)* < 8
M,=< be [R;O b3 <3
(by + by + b3)* +
(by + by +b3)* <
b3 <3
(b1 + by + b3)* 4 103 < 8.75
(b1 + ba + b3)? + 103 > 0.4375

> The feasible sets are shown in Figure 8 and Figure 9.

Mb: bEIR;O

5
zi .
‘ l ) -
3
o5 '
>
057 os
i SN
> —~ s
15 < 2s P
< 2
2 <
> <~
w28 s
< 05
3 J ) o o T ' 2 25 3
w2

Figure 8: Set M, for (pt ™), =[1,1,1,1]7 and (pt ™), = [3,3,3,3]T

| N
P>

Figure 9: Set M, for (p™m™in), = [2.5,2,1.5,1]T and (p™™a), = [3,2.5,2,1.5]7

3 In both cases, one can see that the feasible sets are convex. Even if in case (b) the
+ condition (pf§™)* > ui_1(P"%)? is not fulfilled. But this is stated in Remark 13. The
s condition p;"** > p;-ni“ is also not fulfilled in case (b), this leads to the case, that the vector
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4 Star-Shapedness of the Feasible Set in Tree-structured Graphs

In this section, we will show that for tree-structured graphs, the feasible set is star-shaped
to some special points. Like it is mentioned in Section 1, computing the intervals, in which
a line through a fixed point intersects the set of feasible loads, is much easier if one knows

that the set is star-shaped to this point. First we show the following auxiliary lemma.

Lemma 14. Let G = (V,E) be a tree-structured graph without compressor edges. For
beR" and \ € (0,1), the pressure loss function defined in (15) is:

g(Ab) = Ng(b). (12)
Proof. Consider b € R™ and A € (0,1). We have
g(Ab) = (AT) 1| A7 Ab| (A1 D)
= (A7) OA||ATTDA(A D)
= 2\ (AD)"1o||Atb| (A1)
= Ng(b),
since \ is non-negative. O

Now we formulate a theorem about when the set of feasible loads is star-shaped. This
result is equal to Lemma 4.2 in [20]. However, we state this theorem here because we
prove it differently and we will use the proof for a similar result for active networks later.
As mentioned in Section 1, the main difference between the models is the modeling of the

active elements, the compressor stations.

Theorem 15. Let pressure bounds pt™n, ptmax € R qith pmax > pgni“ (for all i, j =
0,---,n) be given. If the network graph is tree-structured with one input node and does
not contain compressor edges, then the set of feasible loads M is star-shaped with respect
to the point 0 € R™.

Proof. Let M be the set of feasible loads. To show this result, we have to show that for
a feasible load vector b € M C RZ,, the vector Ab is also feasible for A € [0,1]. That
means the vector Ab fulfills the inequalities in Theorem 20 (for b = 0, it is A\b = 0). First
mention, that 0 is feasible. If b = 0, it follows g(b) = 0 and because p"** > p;mn for all
i,j = 0,---,n, it follows p*** — pi** > 0 for all 4,57 = 0,---,n. Thus, all inequalities
in Theorem 20 hold and 0 is feasible. So if the set of feasible loads contains only one
element, the statement of Theorem 15 is obviously true. Else, consider b € M\{0}. For

1 €1,---,n, we define

max min

cri o= (pP)? — (pg™)?,

16



and
tlyi(b) = C1 + gz()\b)

Then with Lemma 14 we have
tl,i(b) = C14 + )\291(17)

Because b is feasible, we can use the first inequality in Theorem 20. 1t follows
t1:(b) > 1, — /\201,1'-

Because ¢;; > 0 (due to p»> > p™™*) and X € [0, 1], it follows #;;(b) > 0 and thus the
first inequality in Theorem 20 holds. Next define

cai = (05™)* — (™),
and t2i(b) == cai — Gi(AD).
Then due to Lemma 1/ we have
t14(b) = c1i — N gi(b).
We use the second inequality of Theorem 20 and get
t14(b) > c1i — Neyy,

and it follows ¢;,(b) > 0. Thus, the second inequality in Theorem 20 holds. Last, we
define

max min

csiy = (D) — (pf™)?,
and  13,;(b) := czi, + gi(Ab) — g;j(Ab).
With Lemma 1/ it follows

t30,5(b) = 345 + N (gi(b) — g;(b)).
We use the third inequality in Theorem 20, we have
t3:;(0) > 3.5 — Nesig,

so it follows 3, ;(b) > 0. Thus all inequalities of Theorem 20 are fulfilled for (Ab) and the
proof is complete. O

With the next example, we illustrate why we need the statement p™max > ptmin,
Example 4: Consider the minimal tree shown in Figure 10.

We consider the two cases (p™™i), = [2,1, 1], (p™™™), = [3,2,2]" with the feasible
set M,y and (p™™m), = [2.5,1.5,1]7, (pt™=), = [3,2.5,2]" with the feasible set M.

17
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q1 0 g2
20 O

Figure 10: Graph of example 2

Then, for ¢1 = ¢o, we get from Theorem 20

b, by < /8
My=4q beRy, |0} <3+0b3 o,
b3 < 34 b?
by > 1.5

by < V6.75
My=< beR%, | b <V8

b2 < 1.75 + b3
b3 < 5.25 + b3

IN

VANRVANRPAN

! The feasible sets are shown in Figure 11.

b1 bl

| 1 2 3 -1 1

+,min T +,min T
pm™ =12, 1L,1]7, ptmin =25 1.5 17,
(b)

a
( ) p+,max — [372’ 2]T p+,max — [3’2572]T

Figure 11: Feasible sets for different pressure bounds

2 One can see, that in case (a), the set of feasible loads is star-shaped to the point 0 € R?,
s in case (b) this is not true. This is because the condition for the pressure bounds does not
+ hold. But the set in case (b) still has the special property that the intersection of every line
s through the root and the feasible set is convex. This property is stated later in Lemma 17.

- Example 5: Consider the minimal tree shown in Figure 12.
We consider the two cases p™® = [1,1,1,1]7, pmax = [3,2,2,2]7 with the feasible set

a a

M, and pin = [2,1,1,1]7, pax = [3,2,2,1.5]7 with the feasible set M;,. From Theorem

18



Figure 12: Graph of example 5

20 it follows

b? <8

(by +b3)? + b3 <8
My=3 beR, | b2 <3+ (by+by)? :
(by+b3)* + b3 <3403
b <3

(by + b3)* 4+ b3 > 1.75
b? <8

(by + b3)* + 103 <8

be Ry, | B2 <3+ (by+ by)?

b3 < 1.25+4 (by + b3)* + b3
(by 4+ b3)* + b3 <343
b2 <3

and M,

1 The feasible sets are shown in Figure 13 and Figure 1.

Figure 13: Set M, for (pt™min), =[1,1,1,1]T and (pt™ax), = [3,2,2,2]T

2 As in Ezample 4, the feasible set in case (a) is star-shaped to the point 0 € R?, the set
s in case (b) is not. But again, the intersection of every line through the root and the set
« of feasible loads is convex (see Lemma 17).

5 Next we show, that the statement of Theorem 15 also holds for tree-structured graphs
s with compressor edges. This result is not stated in [20].

» Theorem 16. Let controlsu; € R (i =1,--- ,m) be given. Let pi*** > p?“in hold for every
o subgraph and let (11) hold, i.c. (P5)* > ui—1(pi3)?. Then the set of feasible loads of a

o tree-structured graph with compressor edges is star-shaped to the point 0 € R™.
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Figure 14: Set M, for (p*™in), =[2,1,1,1]T and (pt™max), = [3,2,2,1.5]7

Proof. Consider b™ € R"™! and A € [0, 1]. We have to show, that the inequalities (17)-(27)
hold for the load vector \b. Theorem 15 we know, that (17)-(19) are fulfilled for every
subgraph. For the sum defined in (28) we know from Lemma 14 (i € {1,--- ,n})

Y i(AD) = NN (D). (13)

The proof follows the structure of the proof of Theorem 15. We set
1 max 2 1 min\ 2
Cqjj = m(pj,o ): — -, (pi,O )7,
t47i,j (b) = C45 + Ek*,]()\b) — Zk*ﬂ'()\b),

and 1 1

e = (pmax)2 min‘ 2
C5,i,j - Hk,‘*,i( %,0 ) Hk*7j (pj70 ) ’

t5,i,j (b) = C5,'L’,j + Ek*,z()\b) — Zk*7j()\b).
Then with (13) we have

ta,ij(b) = caij 4+ N (Epe5(b) — Saei(D)),

and

Because b is feasible, we can use inequality (20) resp. (21) to get the estimates

t4,i,j(b) Z Cij + )\2<—Cij),

and
t5,i,j (b) Z C?,j + >‘2(_C?,j)‘

From Theorem 12 we know that cy;j,cs;; > 0 because of the condition (pfg™)* >

w1 (P*0)%. So both, ty;;(b) and t5,;(b) are non-negative due to our assumptions.
Thus inequality (20) and (21) hold for (Ab). All other inequalities can be shown analo-
gously. That means the feasible set for tree-structured graphs with compressor edges is

star-shaped to the point 0,1 and thus the proof is complete. O

The last statement in this section is motivated by case b) in Example 4 (see Figure
11). Because we want to know, when the intersection of a line and the set of feasible loads

is convex, we formulate the following lemma.

20



Lemma 17. Let M C R™ be the set of feasible loads of a tree-structured graph. Then, for
a point b € R", the set L= {f € M| = Xb (A €0,1])} is convex.

Remark 18. The statement of Lemma 17 is a generalized star-shapedness property with
respect to the point 0 € R™. A set S is star-shaped with respect to a point s if s € S and
if for every direction d € R™, the line from s in direction d has a convez intersection with
the set S. If S is generalized star-shaped to the point s, the same property holds for s ¢ S,
so here the point s need not to be in the set S. For the computation in the spheric-radial

decomposition, this situation is as useful as the classical star-shapedness property.

Proof of Lemma 17. First, if the set L is empty or contains only one element, it is
convex. We only consider the case b € RY,, because otherwise, the set L contains at most
one element (the point € R™). This is, because all load vectors (without the first compo-
nent) are non-negative due to our network graph has only one inflow node. We separate
the proof in two parts. In the first part, we prove Lemma 17 for tree-structured networks
without compressor edges, in the second part we prove it for general tree-structured net-

works.

Part I: Proof for trees without compressor edges: We first prove this lemma
for trees without compressor edges. Consider b € R%, and assume, that the feasible
set contains at least two elements. Consider (51,32 € M with 81 = Ab and By = A\gb
(0 < A1 < Ay <1). Then, the inequalities in Theorem 20 hold for $; and S5. We have to
show, that these inequalities also hold for 5 = Ab for all A € [A{, A\o]. The first inequality
for [y is

(p6™™)* = (0i"™)* < gu(Bv),
which is equal to

(P™)* = (P™)? < ge(Aib).

From Lemma 14, it follows

(P6™)* — (P™)* < Mgi(b),
and this also holds for every A > Ay, especially for A € [A1, A2]. The second inequality for
B is

(P6™)? = (P5™)% = gr(Pa)-
This is equal to

(p5™)* = (5™)* = gr(Aab),

and due to Lemma 14 it follows

(5™)* = (5™)* = A3gn(b)-

This also holds for A < Ay, especially for every A € [A1, A\2]. The third inequality in

Theorem 20 is
(™) — (08)?* < gi(Br) — 9e(Br),

resp. (P2 — (p7™)? < gi(Ba) — ge(Ba).
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The term on the right in both cases has the same sign, because if gx(51) —g¢(81) < 0, then
due to Lemma 14 this is equal to A?(gx(b) — g¢(b)) < 0 and the sign is independent of A;.
Thus this also holds for S = Ab. So if gx(b) — g¢(b) > 0, we follow the argumentation of
the first inequality, we have shown here. And if gx(b) — g¢(b) < 0, we follow the argumen-
tation of the second inequality, we have shown here. Thus, all inequalities in Theorem 20
hold for 5 = Ab for all A € [A1, \2] and the lemma is proven for trees without compressor
stations.

Part II: Proof for general trees: Now we prove this lemma for general trees with
compressor edges. This part of the proof follows the structure of Part I. Consider b € R%,
and (1, B2 € M with f; = A\b and By = A2b (0 < Ay < Ay < 1). We have to show, that
all inequalities in Theorem 21 hold for § = \b with A € [\, As]. The inequalities (17) -
(19) follow directly from the first part of the proof. Consider inequality (20):

1 min\2
m (pi,(] )

I A(ngxf < B (Br) — X i (Br) (k=1,2).
k*.j

We follow the argumentation of the third inequality in Part I of the proof. The term on
the right is either negative or non-negative. If it is non-negative, we follow the argumen-
tation of the first inequality in Part I, if it is negative, we follow the argumentation of
the second inequality in Part I. We can use the same arguments to show the inequalities
(21) - (27) for B = Ab with A € [A1, Ag]. Thus, all inequalities in Theorem 21 are fulfilled
for = Ab with A € [A1, \2] and the set L is convex. So Lemma 17 is proven. O

The statement of Lemma 17 is mentioned and illustrated in Example 4 and Fxample

5. This is listed here, because it also belongs to the problems mentioned in Section 1.

5 Conclusion

In this paper we have shown that the structure of the set of feasible loads in the context
of stationary gas networks mainly depends on the topology of the network graphs. In
the easiest case, if the network graph is linear, convexity of the set of feasible loads can
be shown with very weak assumptions. If the network graph is more complex, but still
does not contain circles, we have shown, that under weak assumptions, the feasible set is
always star-shaped with respect to the point 0 € R". For even weaker assumptions, we
introduced the generalized star-shapedness (see Lemma 17), which is also very useful for

the computation in the spheric-radial decomposition.

In [10], also the case of a network, which is a cycle, is considered. Then, the repre-
sentation of the set of feasible loads shown in Theorem 20 is completed with an equality.
For this framework, one can also show, that the set of feasible loads is star-shaped to the

point 0 € R". Convexity in this case does not hold, not even in the simplest case of a
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network cycle of three nodes (see [10], Section 5).

As mentioned in Section I, knowing the structure of the set of feasible loads helps
to analyze this model for random load vectors as it is done in [10] and [13]. There,
the authors use the spheric-radial decomposition to handle the probabilistic load vectors.
This leads to optimization problems with probabilistic constrains or chance constraints
(see [18]). The main part of using the spheric-radial decomposition (see Theorem 19) is
to compute the integral in (14). If one knows e.g. that the feasible set is convex, this
integral is a lot easier to compute and thus, this simplifies the optimization done in [13].

Conflict of Interests

The authors declare that there is no conflict of interest regarding the publication of this
paper.

Acknowledgements

This work was supported by DFG in the framework of the Collaborative Research Centre
CRC/Transregio 154, Mathematical Modelling, Simulation and Optimization Using the
Example of Gas Networks, project CO3.

References

[1] Ackools, W. van ; ALEKSOVSKA, 1. ; ZUNIGA, M-Munoz: (Sub-)Differentiability of Probabilistic Functions
with Elliptical Distributions. In: Set- Valued and Variational Analysis (2017)

[2] Ackools, W. van ; HENRION, R.: Gradient formulae for nonlinear probabilistic constraints with Gaussian
and Gaussian-like distributions. In: SIAM Journal on Optimization 24 (2014), S. 1864-1889

[3] BanDpA, M. K. ; HERTY, M. ; KLAR, A.: Coupling Conditions for gas networks governed by the isothermal
Euler equations. In: Networks and Heterogeneous Media 1 (2006), S. 295-314

[4] BanDpA, M. K. ; HERTY, M. ; KLAR, A.: Gas flow in Pipeline networks. In: Networks and Heterogeneous
Media 1 (2006), S. 41-56

[5] BERMUDEZ, Alfredo ; GONZALEZ-DiAZ, Julio ; GONZALEZ-DIEGUEZ, Francisco J. ; M. GONZALEZ-RUEDA
Angel ; C6rRDOBA, Marfa P. F.: Simulation and Optimization Models of Steady-state Gas Transmission
Networks. In: Energy Procedia 64 (2015), S. 130 — 139

[6] CoLoMBO, R. M. ; MAURI, C.: Euler system for compressible fluids at a junction. In: Journal of Hyperbolic
Differential Equations 5 (2008), S. 547-568

[7] DOMSCHKE, P. ; HILLER, B. ; LANG, J. ; TISCHENDORF, C.: Modellierung von Gasnetzwerken: Eine Ubersicht
/ Technische Universitdt Darmstadt. Version:2017. http://www3.mathematik.tu-darmstadt.de/fb/mathe/
preprints.html. 2017 (2717). — Forschungsbericht

[8] FARSHBAF-SHAKER, M. H. ; R-HENRION ; HOMBERG, D.: Properties of chance constraints in infinite dimen-
sions with an application to pde constrained optimization. In: Set-Valued and Variational Analysis (2017),
S. 1-21

23


http://www3.mathematik.tu-darmstadt.de/fb/mathe/preprints.html
http://www3.mathematik.tu-darmstadt.de/fb/mathe/preprints.html
http://www3.mathematik.tu-darmstadt.de/fb/mathe/preprints.html

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18

[19]

[20]

21]

6

GENZ, A. ; BRETZ, F.: Lecture Notes in Statistics. Bd. 195: Computation of Multivariate Normal and t
Probabilities. Springer, 2009. — ISBN 978-3-642-01688-2

GoTzEes, C. ; HEITSCH, H. ; HENRION, R. ; SCHULTZ, R.: On the quantification of nomination feasibility in
stationary gas networks with random load. In: Mathematical Methods of Operations Research 84 (2016), S.
427-457

GUGAT, M. ; HANTE, F. M. ; HIRSCH-DICK, M. ; LEUGERING, G.: Stationary States in Gas Networks. In:
Networks and Heterogeneous Media 10 (2015), Nr. 2, S. 295-320

GugaT, M. ; Scuurrz, R. ; WINTERGERST, D.: Networks of Pipelines for Gas with Nonconstant
Compressibility Factor: Stationary States. In: Computational and Applied Mathematics (2016). http:
//dx.doi.org/10.1007/s40314-016-0383-z. — DOI 10.1007/s40314-016-0383—z

GUGAT, M. ; SCHUSTER, M.: Stationary Gas Networks with Compressor Control and Random Loads:
Optimization with Probabilistic Constraints. In: Mathematical Problems in Engineering (Article ID 7984079)
(2018)

GUGAT, M. ; ULBRICH, S.: The isothermal Euler equations for ideal gas with source term: Product solutions,
flow reversal and no blow up. In: Journal of Mathematical Analysis and Applications 454 (2017), S. 439-452

GUGAT, M. ; WINTERGERST, D.: Transient flow in gas networks: Traveling waves. In: International Journal
of Applied Mathematics and Computer Science 28 (2018), S. 341-348

JR., D. W. S.: A Tutorial on Pipe Flow Equations. In: PSIG Annual Meeting, Pipeline Simulation Interest
Group (2010)

Kocn, T. ; HILLER, B. ; PFETSCH, M. E. ; SCHEWE, L.: FEwvaluating Gas Network Capacities. MOS-SIAM,
2015. — ISBN 978-1-611-97368-6

PREKOPA, A.: Stochastic Programming. 1. Springer, 1995. — ISBN 978-0-7923-3482-8

RoOSE, D. ; ScuMiDT, M. ; STEINBACH, M. C. ; WILLERT, B. M.: Computational Optimization of Gas Com-
pressor Stations: MINLP Models versus Continous Reformulations. In: Mathematical Methods of Operations
Research 83 (2016), S. 409-444

SCHEWE, Lars ; SCHMIDT, Martin ; THURAUF, Johannes: Structural Properties of Feasible Bookings in the
European Entry-Ezit Gas Market System. http://wuw.optimization-online.org/DB_HTML/2018/09/6831.
html. Version: 2018

T. GoNzZALEZ GRADON, R. H. H. Heitsch H. H. Heitsch: A joint model of probabilistic/robust constraints
for gas transport management in stationary networks. In: Computational Management Science 14 (2016), S.
427-457

Appendix

Spheric-Radial Decomposition

The aim of the spheric-radial decomposition is to compute the probability of a random vector to be in a known

set.

Theorem 19. (spheric-radial decomposition, see [10], Theorem 2) Let & ~ N(0, R) be the n-dimensional

standard Gaussian distribution with zero mean and positive definite correlation matriz R. Then, for any Borel
measurable subset M C R™ it holds that

P(c € M) = / ik > O Lu € M}dpn (), (14)

gn—1
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where S™! is the (n — 1)-dimensional sphere in R™, p, is the uniform distribution on S™', p, denotes the

x-distribution with n degrees of freedom and L is such that R = LLT (e.g., Cholesky decomposition).

6.1 Characterization of the feasible set
For a tree-structured graph G' = (V1) with no compressor edges, we define a function
R™ — R™
9= -1 -1 -1 (15)
b— (A7) ®|ATb|(ATD)

The matrix ® € R**" is a diagonal matrix with the values ¢; at its diagonal. The components g (b) describe the
pressure loss from the root to node v (k=1,---,n).
The first theorem holds for a tree-structured graph without compressor edges.

Theorem 20. (see [10], Corollary 1) If the network is a tree with a single entry as its root, then the set of

feasible nominations is given by
P < _min (6P + g4(0)]
pe™)* = max [(p")” + gu(b)]

min [(ZP™)? + g0 (b)]

>
=1, ,n

( max

M=< (-17bb) € R_ x RY (16)

_max [(pF™)? + ge(b)] <

’ 3T

The second theorem of characterization is more general, it holds for all tree-structured graphs. The notation

seems to be a bit confusing, but it is explained in detail in [13] above Theorem 5.

Theorem 21. (see [13], Theorem 5) For given pressure bounds p™ ™™ p™= ¢ R™™! gnd controls u; € R
(i=1,--+,ma) the following equivalence holds:

A wvector bT with 17bT = 0 is feasible, i.e. bT € M, if and only if the following inequalities hold: For all
i=1,--- ,m2+ 1 holds (feasibility inside the subgraphs)

(Pi%")* < _min [(pI7)* + g1k (b)) (17)
(Pi5")* = max [(pI")* + g1k (b)) (18)
miny2 7 . max\2 7
,nax [(PIR")? + gik(bi)] < L min [(P)? + gin(bi)] - (19)
Foralli,j=1,--- ,m2+ 1 with i < j holds (feasibility between the subgraphs)
1 min\2 7 1 max2 T
-(pio )" + Vi i(b) < (0 )" + X 5 (b), (20)
Hk*,l Hk*,]
1 max\2 T 1 miny2 I
~(pio )+ Bk i(b) > =——(Pj0")" + Zk=5(b), (21)
Hk*,l Hk*,]
1 min\2 7 < 1 . max\2 7 T
T 0"+ Beei(®) < g min [T+ g5 (00)] + B 0), (22)
! (PI$“)? + S (D) > LEE— [((7%™)% + gj.k ()] + Tk 5(B) (23)
Hk*,i pz,O k*,j = ng*,j k=1, pg,k 95,k\05 k*,j 5
L ax (7™ + gik(bi)] + Sa=a(b) < L(p’-"é””)2 + S 5 (b) (24)
Hk*,i k=1, ,n, 1’ ’ ’ - Hk*yj 7 7 ’
. mazx\2 7 7 1 miny2 7
- k:llnlnnl [(Ihk ) +gi,k(bi)} + X+ i (b) > m(?;‘,o )"+ Sk ,5(0), (25)
min\2 7 7 1 . max\2 7 7
T [(PTR")? + gin(bi) ]| + Sie i (B) < T o oin (P77 + g5k (by)] + Sk 5(B),  (26)
. max\2 7 7 miny2 7 7
o oin, [0 + 000 B0] + Bei®) 2 max | (0507 + 030 B)] + Des B 20)
12 The values ¥+ ; and I« ; are defined as
n*—2 1
Shei(0) =Y P O RO CHNI | (TGS RO ) I SO RN YRR LSO RYR €2
k=1

U (k> i),
=1
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1 and

m
Hk*,i = H u(k*,i),k' (29)

k=1
2 The notation used in Theorem 21 seems to be confusing but it makes sense since one understand where this

3 notation comes from. This is explained in detail in [13], Chapter 4.
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