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Abstract A dynamic joint probabilistic constraint is an inequality of the type

P(gi(x1,x2(ξ1),x3(ξ1,ξ2) . . . ,xT (ξ1, . . . ,ξT−1),ξ1, . . . ,ξT )≤ 0 (i = 1, . . . ,m))≥ p, (1)

where (ξ1, . . . ,ξT−1) is a finite stochastic process, (x1, . . . ,xT ) is an adapted process of decision policies de-
pending on previously observed outcomes of the random process, P is a probability measure and p ∈ [0,1] is a
probability level. Strong and weak semicontinuity results are provided for the general case depending on whether
policies are supposed in Lp or W 1,p spaces.

Keywords dynamic joint probabilistic constraint · weak semicontinuity · Sobolev spaces · non-convexity.

1 Introduction

Probabilistic ( or chance) constraints have turned out to be an important tool for modeling optimization problems
with uncertain data (see, e.g., [15]). More precisely optimization with probability constraints takes the form:

max
x

f (x)

s.t. P(h(x,ξ )≥ 0) ≥ p
(2)

where x ∈ Rn is a decision vector, ξ : Ω → Rm is an m-dimensional random vector defined on some probability
space (Ω ,A ,P), h : Rn×Rm → Rs is a vector-valued mapping and p ∈ [0,1] is some probability level chosen
exogenously. Accordingly, a decision vector x is feasible if h(x,ξ )≥ 0 is satisfied at least with probability p.

In the setting presented above, the decision is determined once an forever, making (2) a static optimization
model. However, many real-world problems have parameters in the objective function and in the constraints,
which may change over time, and we are interested in taking into account these changes in the optimization
process. That is, we would like to take a dynamic decision, i.e., a process that evolves in time for which an
increasing amount of information is collected, due to the successive realization of a family of random variables.

We focus on the type of optimization problems with dynamic objective function and dynamic probability
constraints. The general form of this problem is as follows:
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max
x

J(x )

s.t. P(h(x ,ξ )≥ 0) ≥ p,
(3)

where ξ := (ξ1, . . . ,ξT ) is an T -dimensional discrete time stochastic process on a probability space (Ω ,A ,P).
We denote Si := Supp(ξ1, . . . ,ξi). Moreover,

x := (x1,x2(ξ1),x3(ξ1,ξ2), . . . ,xT (ξ1, . . . ,ξT−1))

is an adapted process of decision policies depending on previously observed outcomes of the random process.
We observe that x1 ∈ R and each component xi : Si−1→ R, i = 2, . . . ,T is an R-valued function. Our objective
function is a linear map J(x ) : X →R, where X is a Banach space. Lastly, h : RT ×RT →Rs is our constrained
map.
Other investigations have tackled dynamic stochastic optimization problems through multi-stage stochastic pro-
gramming, where decisions are also taken prior to the realization of the random variables, then recourse or cor-
rective measures are taken to compensate for possible violation of constraints. For instance, a power generating
company may optimize production and recourse for buying energy on the liberalized market when faced with
unforeseen increase of electrical load. In contrast, a dynamic joint probabilistic constraint model can be applied
when monetary compensations for violations of random realizations do not exist. For example, an isolated power
generating company, so-called mini-grid utility, which are popular systems to electrify developing countries [3],
cannot buy or sell extra energy when confronted with unexpected increase/decrease of demand.

Other authors solve stochastic optimization problems making use of stochastic optimal control with an as-
sumption of independent components and imposing simplifications of a discrete distribution (scenario) see,
e.g., [7]. For a detailed account of the theory of stochastic optimal control, we refer the reader to the classi-
cal monographs [10, 16]. Additionally, it is also worth mentioning that the authors in [9] examine the structural
properties of joint probabilistic constraints in infinite-dimensional Banach spaces, but only for the static case.

To our knowledge, dynamic joint probabilistic constraints have been first investigated in [1], where the deci-
sion policies x (ξ ) are approximated by a piecewise constant function, and it turns out that the optimal policies
of a reservoir problem are not linear. Also, in [14], in order to transform the dynamic joint probabilistic con-
straint optimization problem into a numerically tractable problem in finite dimensions, the decision policies are
parametrized to linear decision rules for the underlying Gaussian or truncated Gaussian distributions. In this way,
the approximating problems are analytically computed.

2 Motivating example: hydro-power operation model

To illustrate applications for problem (3), we present a decision management optimization problem on a single
water reservoir for hydroelectricity generation. The problem of the operator is to decide on an optimal release
policy of water, considering technical, economical and environmental aspects. By ξ := (ξ1, . . . ,ξT ), we denote a
discrete scalar random vector indicating the stochastic water inflow to the reservoirs at time periods 1,2, . . . ,T .
The role of the dams is to allow storage and transfer of electricity for future periods. The key economic question
in hydropower production is how much water should I release today, or store to use for next period. The operation
of hydropower is thus a dynamic one. Taking into account the information, due to the successive realization of
random inflows, we denote our release policy as

x := (x1,x2(ξ1),x3(ξ1,ξ2), . . . ,xT (ξ1, . . . ,ξT−1)).

On the technical side, assuming no waste of water in the production of electricity, the reservoir dynamics is given
by

lt = lt−1 +ξt − xt(ξ1, . . . ,ξt−1)
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where lt is the active reservoir storage at the end of period t, and we take t = 0,1, . . .T . This continuity equation
implies that

l1 =l0 +ξ1− x1

l2 =l1 +ξ2− x2(ξ1)

=l0 +ξ1 +ξ2− x1− x2(ξ1)

...

lt =l0 +
T

∑
i=1

ξi−
T

∑
i=1

xi(ξ1, . . . ,ξi−1) (4)

Changing water levels may create problems for the fauna and agriculture. The reservoir has also to operate
in order to mitigate environmental hazards. Thus, given an initial water level l0 in the active reservoir, we require
that during all periods of time, the water level remains between an upper value l∗ (flood reserve) and some lower
value l∗ (dead storage). That is,

l∗ ≤ lt ≤ l∗.

Substituting from (4),

l∗ ≤ l0 +
T

∑
i=1

ξi−
T

∑
i=1

xi(ξ1, . . . ,ξi−1)≤ l∗. (5)

We do not allow for negative releases, that is xt(ξ1, . . . ,ξt−1) ≥ 0 for all periods t = 1, . . . ,T. We assume
that there is a one-to-one correspondence between water released in m3 and electricity produced measured in
MWh. Moreover, as for hydropower, water is the only variable cost, there are zero operating costs. That means
that the total social welfare is simplified to the total area under the inverse consumer demand function pk(xk) for
k = 1,2, ..N. We also assume that the inverse demand for both periods is right-continuous and non-increasing. It is
worth mentioning that it is satisfied provided that pk is differentiable and p′k(u)< 0 for all u ∈X . Our objective
function is given by

J[x1,x2, ...,xN ] :=
N

∑
i=1

E
[∫ xi(ξi−1)

0
pi(z)dz

]
(6)

This relation is important, since it is a standard objective function in economics (see [11]). Since the realization
of future observation ξi(ω) is unknown, when taking the release decision, we maximize over the expectation of
social benefit in N-periods, and our constraint system (5) is required to hold at least with some high probability
ρ ∈ [0,1].

Our model is now represented by

max
x∈X

J[x1, ...,xT ]

s.t. P(l∗ ≤ lt (x1, ...,xt(ξ1, ...,ξt−1),ξ1, ...,ξt)≤ l∗, ∀t = 1, ...,T )≥ p

x1,x2(ξ1), . . . ,xT (ξ1, ...,ξT−1)≥ 0 P-almost surely,

(7)

where X is some Banach space of all x = (x1, ...,xT ), our decision policies, and J : X → R a convenient
objective function. For a review on different optimization models to manage hydro-reservoir see [12].

3 Structural Properties of Dynamical Probabilistic Constraints

In this section, we compare and contrast some topological properties of the dynamic joint probabilistic constraints
in two different convenient spaces of functions.
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3.1 Space of policy X and X 1

We introduce the function spaces X and X 1 that will be suitable for the subsequent developments in this paper.
The function spaces to be discussed include Lebesgue and Sobolev spaces, associated with a closed bounded
domain I ⊂ R.

Consider ξi : Ω → R random variables for i = 1, ...,T . We assume that ξ[i] = (ξ1, ...,ξi) has density with
respect to the Lebesgue measure, denoted by gξ[i]

. We denote by S[i] the support of the random vectors ξ[i], that

is to say, S[i] = {x ∈ Ri : gξ[i]
(x)> 0}. The function spaces to work with are

X = R×Lp(S1)×·· ·×Lp(ST−1)

and
X 1 = R×W p,1(S1)×·· ·×W p,1(ST−1).

Remark 3.1. We note that if S[i] is closed then X and X 1 are Banach spaces.

3.2 Continuity of ϕ

We provide general criteria for the continuity of the dynamic probabilistic constraint

ϕ(x1, ...,xn) = P(h(x1,x2(ξ1), ....,xn(ξ[n−1]),ξ[n])≤ 0), (8)

in the space X and X 1, where h : RN ×RN → R is a given function. It is straightforward to show that if h is
measurable, then (8) is well-defined.

Let us try to use the previous generalization of Prekopa’s theorem (see, e.g., [9, Proposition 4]) for the
dynamic chance constraint setting (8). For this reason, we take the simple dynamic chance constraint given by
P(x (ξ )≤ 1), with ξ a 1-dimensional random vector. Taking into account [9, Proposition 4]), in order to deal with
this probability function, we can naturally try to define the function h : L2[a,b]×R→R, h(x ,z) = x (z). However,
this function is not well-defined, since the function x is defined only almost everywhere in an equivalent class.
Secondly, we would have to prove that h(x ,z) = x (z) is quasiconcave in L2[a,b]×R. Lastly, even if h is linear
(or quasiconcave) we will give an example in Lemma 3.1 where M(p) is not a convex set. Nevertheless, we can
provide different criteria for continuity of ϕ in the spaces X and X 1.

Proposition 3.1. Consider ϕ defined in (8) and assume that h is lower-semicontinous. Consider a sequence
(x1,n,x2,n, ...,xT,n) in X (respectively in X 1), which converges almost everywhere to (x1,x2, ...,xT ). Then

limsup
n→∞

ϕ(x1,n, ...,xT,n)≤ ϕ(x1, ...,xT ). (9)

Moreover, if h is continuous and for all x ∈ Rn the set {z ∈ RN : h(x,z) = 0} has measure zero, then

lim
n→∞

ϕ(x1,n, ...,xT,n) = ϕ(x1, ...,xT ). (10)

Proof. Consider the sets

An :={ω ∈Ω : h(x1,n,x2,n(ξ[1](ω)), ...,xT,n(ξ[T ](ω)))≤ 0},
A :={ω ∈Ω : h(x1,x2(ξ[1](ω)), ...,xT (ξ[T ](ω)))≤ 0},

together with the functions fn := 1An and f := 1A. Then, by Fatou’s Lemma (see, e.g., [4]),

E(liminf1An) ≤ liminfE(1An) = liminfP(An)
= liminfϕ(x1,n,x2,n, ...,xT,n)≤ limsupϕ(x1,n,x2,n, ...,xT,n)
= limsupP(An) = limsupE(1An)
≤ E(limsup1An).

(11)



Dynamic probabilistic constraints under continuous random distributions 5

Now, let us show that limsup1An ≤ 1A. Indeed, pick ω /∈ A (otherwise the inequality holds trivially), which
means h(x1,x2(ξ[1](ω)), ...,xT (ξ[T ](ω)))> 0, thus by the convergence almost everywhere we have that for large
enough n the following inequality is satisfied:

h(x1,n,x2,n(ξ[1](ω)), ...,xT,n(ξ[T ](ω)))> 0,

which implies that limsup1An(ω) = 0, and by (11) we have that

ϕ(x1,n,x2,n, ...,xT,n)≥ limsupϕ(x1,x2, ...,xT ).

Finally, by similar arguments (now using the continuity of g) we have that 1A′ ≤ liminf1An , where

A′ :={ω ∈Ω : h(x1,x2(ξ[1](ω)), ...,xT (ξ[T ](ω)))> 0},

and 1A = 1A′ a.s., which by (11) implies the result.

The last results allows us to ensure some continuity properties of the probability function with respect to the
norm and the weak-topology on X and X 1, respectively. More precisely, we have the following result.

Theorem 3.1. Consider ϕ defined in (8) and assume that h is lower-semicontinous. Then ϕ is upper-semicontinuous
on X with respect to the norm topology (sequentially weakly upper-semicontinuous on X 1). Moreover, if h is
continuous and for all x ∈ Rn the set {z ∈ RN : h(x,z) = 0} has measure zero, then ϕ is continuous on X with
respect to the norm topology (sequentially weakly continuous on X 1).

Proof. Consider a sequence xn→ x ∈X . Then, by passing to a subsequence, we may assume that xn→ x almost
everywhere, thus by Proposition 3.1 we have the upper semicontinuity and the continuity under the assumptions
of the theorem.

Similarly, consider a sequence xn, which converges in the weak topology to x ∈X 1. Thus, by [6, Thm. 3.17],
we may assume, by passing to a subsequence, that xn ⇀ x almost everywhere, which, using again Proposition
3.1 , ensures the upper semicontinuity and the continuity under the above hypotheses.

3.3 Closedness of the Feasible Set

We now investigate whether the feasible sets

M(p) :={x ∈X : P(hi(x1, ...,xt(z1, ...,zi−1),z1, ...,zi)≤ 0 ∀i = 1, ...,T )≥ p} (12)

M1(p) :={x ∈X 1 : P(hi(x1, ...,xt(z1, ...,zi−1),z1, ...,zi)≤ 0 ∀i = 1, ...,T )≥ p} (13)

are closed. Using the continuity properties of the dynamical probability function defined in (8) we can establish
closedness of the feasible sets in X and in X 1 defined above with respect to the norm topology on X and even
with respect to the weak-topology in X 1. Formally, we have the following results.

Theorem 3.2. Consider the probability function ϕ defined in (8). Then, for every p ∈ [0,1], the set M(p) defined
in (12) is strongly closed on X , and the set M1(p) := {x ∈X 1 : ϕ1(x ) ≥ p} defined in (13) is sequentially
weakly closed on X 1.

Proof. It is easy to see that M(p) := {x ∈ X : ϕ(x ) ≥ p} and M1(p) := {x ∈ X 1 : ϕ(x ) ≥ p}. Then the
closedness of these sets follows directly from the upper-semicontinuity of the probability function (8) established
in Theorem 3.1.



6 T. González Grandón et al.

3.4 Non-convexity of the Feasible set

A third question of importance for optimization is whether the feasible set M(p) is convex. Before answering
this question, we provide an auxiliary lemma.

Lemma 3.1. Let a,b ∈ R with a < b. If X = Lp([a,b]), then M(p) is not sequentially weakly closed.

Proof. Suppose by contradiction that M(p) is weakly closed. Let X = Lp[a,b], ξ ∼ µ , and h(x ,x (ξ ),ξ ) =
x (ξ )− 1

2 , then

M(p) = {x ∈ Lp[a,b] : P
(

x (ξ )− 1
2
≤ 0
)
≥ p}.

Consider the sequence of functions

xn(z) =

{
sin( 2nπz

1−p )+1, if z ∈ [0,1− p]
1
2 , if z ∈ (1− p,1].

We observe that xn ∈M(p+δ ), since

P
(

xn(ξ )≤
1
2

)
=P
(

ξ ∈ [0,1− p] : sin(
2nπz
1− p

)≤−1
2

)
+P

(
ξ ∈ (1− p,1] :

1
2
≤ 1

2

)
=δ0(1− p)+ p = δ + p.

Moreover, the sequence of functions xn converges weakly to

x =

{
1 if z ∈ [0,1− p]
1
2 if z ∈ (1− p,1].

However, x /∈M(p+δ ), since

P
(

x (ξ )≤ 1
2

)
=P
(

ξ ∈ [0,1− p] : 1≤ 1
2

)
+P

(
ξ ∈ (1− p,1] :

1
2
≤ 1

2

)
=0(1− p)+ p = p.

Lemma 3.2. M(p) is a non-convex set.

Proof. Suppose by contradiction that M(p) is a convex set. We know by Theorem 3.2 that M(p) is strongly
closed, so by [6, Theorem 3.7] it is weakly closed, which is a contradiction of Lemma 3.1.

4 Two-Stage Dynamic Probabilistic Constraints in X

In this section, we are interested in the properties of two-stage dynamic probabilistic constraints in the X space.
We focus on the following three versions of the separated two-stage dynamic constraint:

ϕ1(x1,x2) = P
(

a+ x1 ≤ ξ1 ≤ b+ x1,
c+ x2(ξ1)≤ ξ2 ≤ d + x2(ξ1)

)
, (14)

or

ϕ2(x1,x2) = P
(

a+ x1 ≤ ξ1 ≤ b+ x1,
c+ x1 + x2(ξ1)≤ ξ2 ≤ d + x1 + x2(ξ1)

)
, (15)

or

ϕ3(x1,x2) = P
(

a+ x1 ≤ ξ1 ≤ b+ x1,
c+ x1 + x2(ξ1)−ξ1 ≤ ξ2 ≤ d + x1 + x2(ξ1)−ξ1

)
, (16)

where a,b,c,d are constant in the real extended line [−∞,∞] with a < b and c < d.
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Firstly, we want to investigate Lipschitz continuity and differentiability of the above particular probability
functions when ξ has density gξ . In order to examine the structural properties of the three probability functions
(14)-(16), we consider the following auxiliary function Ψ : R×R×L2(S[1])→ R given by

Ψ(x,y,x ) =
b+x∫

a+x

( y+x (r)+d∫
y+x (r)+c

gξ (r,s)ds

)
dr. (17)

Here, it is important to observe that
ϕ1(x1,x2) =Ψ(x1,0,x2),

ϕ2(x1,x2) =Ψ(x1,x1,x2).

Moreover, changing the random vector ξ = (ξ1,ξ2) by ξ̃ = (ξ1,ξ1 + ξ2) we can recover (16) using the results
formulated for the function ϕ2.

Remark 4.1. One might wish to simplify (17) and omit (15) by noticing that ϕ1(x1,x1+x2)=ϕ2(x1,x2). However,
the domain of ϕ1 is given by R×L2(S1), so for the simple case of a Gaussian random variable, we have that the
argument x1(·)+ x2(·) /∈ L2(R), since x1(·) as a constant function is not integrable.

Next, we list the following properties for the probability density function; some of them will be used as
assumptions to determine Lipschitz continuity and others to verify differentiability of (17).

Definition 4.1. Let gξ : R2→ R be a probability density function, we say that

P(i) gξ is bounded if there exists M ≥ 0 such that gξ (r,s)≤M for all r,s ∈ R.
P(ii) gξ is Lipschitz continuous with respect to s uniformly in r if there exists C ≥ 0 such that:

|gξ (r,s)−gξ (r, t)| ≤C|s− t|, ∀r,s, t ∈ R

P(iii) the marginal density of the first component of gξ is bounded if there exist C ≥ 0 such that
∞∫
−∞

gξ (r,s)ds≤C

for all r ∈ R.
P(iv) gξ has uniform integrable first moment provided that

sup
s∈R

gξ (·,s) ∈ L1(R) (18)

P(v) gξ has uniform quadratic first moment provided that

sup
s∈R

g2
ξ
(·,s) ∈ L2(R) (19)

P(vi) gξ is directionally Lipschitz at r̄ ∈R uniformly with respect to s provided that there exist `∈ L1(R) and ε > 0
satisfying ∣∣gξ (r,s)−gξ (r̄,s)| ≤ `(s)|r− r̄

∣∣ s.t. ∀r ∈ [r̄− ε, r̄+ ε] (20)

Let us prove that a non-degenerate Gaussian random vector satisfies our assumptions.

Lemma 4.1. Consider ξ ∼N2(µ,Σ). Then its probability density satisfies Properties P(i)-P(v). Moreover, Prop-
erty P(vi) is satisfied at every r̄ in R.

Proof. Consider constants C1,C2 > 0 such that for every z ∈ R2,

−1
2

z>Σ
−1z≤−C2‖z‖2, (21)

‖Σ−1z‖ ≤ ‖z‖C1. (22)
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Choose C = 1
2π
√
|Σ |

. We have that

gξ (r,s) =C exp

(
− 1

2
(r−µ1,s−µ2)Σ

−1
(

r−µ1
s−µ2

))
(recall (21))≤C exp(−C2(r−µ1)

2−C2(s−µ2)
2)

≤Ch1(r)h2(s) (23)

≤C (24)

where h1(r) := exp(−C2(r−µ1)
2)≤ 1 and h2(s) := exp(−C2(s−µ2)

2)≤ 1. Thus, P(i) is satisfied. In addition,
it also follows by (23) that ∫

∞

−∞

gξ (r,s)ds≤
∫

∞

−∞

Ch2(s)ds =
C
√

π

C2
for all r ∈ R,

so P(iii) is also satisfied. Moreover, since gξ is bounded and by (23) we have that for every x2 ∈ L2(R),

gξ (r,x2(r))≤ sup
s∈R

g(r,s)≤Ch1(r).

Due to
∞∫
−∞

C ·h1(r)dr < ∞ and
∞∫
−∞

C2 ·h2
1(r)dr < ∞, P(iv) and P(v) hold true. Now, let us compute the gradient of

gξ , which is given by
∇gξ (r,z) =−gξ (r,s)

(
r−µ1,s−µ2

)
Σ
−1

(since Σ−1 is a symmetric matrix). We claim that there exists some constant C̃ such that

‖∇gξ (r,s)‖ ≤ C̃h1/2
1 (r)h1/2

2 (s) ∀r,s ∈ R (25)

Indeed, by (22) and (23), it holds that

‖∇gξ (r,s)‖ ≤ ‖gξ (r,s)‖ · ‖(r,s)− (µ1,µ2)‖ · ‖Σ−1‖ (26)

≤C ·C1h1(r)h2(s)‖(r,s)− (µ1,µ2)‖ (27)

=C ·C1
√

h1(r)h2(s)h1(r)h2(s)‖(r,s)− (µ1,µ2)‖ (28)

Now let us notice that the function

γ(r,s) := h1/2
1 (r)h1/2

2 (s)‖(r,s)− (µ1,µ2)‖

attains its maximum, consequently, let us denote C̃ :=C ·C1 ·(max(r,s)∈R2 γ(r,s)), using this constant we have that
(25) holds. Hence, ∇gξ is bounded. So, by the Mean Value Theorem, we obtain that for any r ∈ R (recall (25))
there exists some r̃ ∈ [r̄,r] such that

|gξ (r,s)−gξ (r̄,s)| ≤ ‖∇gξ (r̃,s)‖ · |r− r̄| ≤ C̃h1/2
2 (s)|r− r̄|, (29)

which implies that P(vi) holds. Moreover, since h1/2
2 (s)≤ 1, it follows by (29) that P(ii) also holds.

Observation 4.1. It is worth mentioning that if a random vector ξ = (ξ1,ξ2) satisfies one of the properties P(i)-
P(v), then ξ̃ = (ξ1,ξ1 + ξ2) satisfies the same property. Moreover, it is well-known that if ξ ∼N ((µ1,µ2),Σ),
then

ξ̃ ∼N ((µ1,µ1 +µ2),

(
1 1
0 1

)
Σ

(
1 0
1 1

)
).

Let ξ = (ξ1,ξ2) be a random vector with density gξ . Then, the random vector ξ̃ := (ξ1,ξ1 + ξ2) has density
g

ξ̃
(r,s) := gξ (r,r + s). Moreover, if ξ satisfies one of the properties P(i)-P(v), then ξ̃ also satisfies the same

property.

Additionally, we prove that a uniform random vector satisfies some of our assumptions.
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Lemma 4.2. Let A := [a,b]× [c,d]⊂R2 and consider ξ ∼U (A). Then its probability density satisfies Properties
P(i), P(iii), P(iv) and P(v).

Proof. Let c := area(A), then we have that

gξ (r,s) =
1
c

1{(r,s)∈A} ≤ 1 for all r,s ∈ R,

so it satisfies P(i). It directly follows that
∫

∞

−∞
gξ (r,s)ds =

∫
A

1
c ds = 1 for all r ∈ R, so P(iii) holds. Lastly, since

gξ is bounded, we can deduce that for every x2 ∈ L2(R)∫
∞

−∞

gξ (r,x2(r))dr ≤
∫

∞

−∞

sup
s∈R

g(r,s)dr ≤
∫

A
dr = c <+∞,

such that P(iv) is satisfied. Likewise,
∫

∞

−∞
sups∈R g2

ξ
(r,s)dr ≤ c2 <+∞, so P(v) also holds true.

4.1 Lipschitz-Continuity of Ψ

We start this subsection, showing that a broad class of density distribution, which includes the non-degenerate
Gaussian distributions and the uniform distribution, satisfies that the probability function (17) is Lipschitz con-
tinuous.

Lemma 4.3. Let ξ := (ξ1,ξ2) be a random vector with density gξ . Consider x1,x2,y1,y2 ∈R and x1,x2 ∈ L2(Si).
Then the following holds true:

1. If ξ satisfies P(iii), we have that

|Ψ(x1,y1,x1)−Ψ(x2,y1,x1)| ≤M1|x1− x2|, (30)

where M1 := 2sup
r∈R

∞∫
−∞

g(s,r)ds.

2. If ξ satisfies P(iv), we have that

|Ψ(x1,y1,x1)−Ψ(x1,y2,x1)| ≤M2|y1− y2|, (31)

where M2 := 2
∞∫
−∞

sup
s∈R

g(s,r)dr.

3. If ξ satisfies P(v), we have

|Ψ(x1,y1,x1)−Ψ(x1,y1,x2)| ≤M3‖x1− x2‖,

where M3 := 2

( ∞∫
−∞

sup
s∈R

g2(s,r)dr

)1/2

.

Proof. Suppose w.l.o.g. that x1 ≤ x2 and y1 ≤ y2. Then

|Ψ(x1,y1,x1)−Ψ(x2,y1,x1)|=
∣∣∣∣∫ b+x1

a+x1

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x2

a+x2

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr

∣∣∣∣
≤

∣∣∣∣∣
∫ b+x1

a+x1

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x1

a+x2

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr

∣∣∣∣∣
+

∣∣∣∣∣
∫ b+x1

a+x2

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x2

a+x2

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr

∣∣∣∣∣
≤

∣∣∣∣∣
∫ a+x2

a+x1

∫ +∞

−∞

gξ (r,s)dsdr

∣∣∣∣∣+
∫ b+x2

b+x1

∫ +∞

−∞

gξ (r,s)dsdr

∣∣∣∣∣
≤2

(
sup
r∈R

∫ +∞

−∞

gξ (r,s)ds

)
|x1− x2|

= M1|x1− x2|.
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|Ψ(x1,y1,x1)−Ψ(x1,y2,x1)|=
∣∣∣∣∫ b+x1

a+x1

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x1

a+x1

∫ d+y2+x1(r)

c+y2+x1(r)
gξ (r,s)dsdr

∣∣∣∣
≤

∣∣∣∣∣
∫ b+x1

a+x1

(∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)ds−

∫ d+y1+x1(r)

c+y2+x1(r)
gξ (r,s)ds

)
dr

∣∣∣∣∣
+

∣∣∣∣∣
∫ b+x1

a+x1

(∫ d+y1+x1(r)

c+y2+x1(r)
gξ (r,s)ds−

∫ d+y2+x1(r)

c+y2+x1(r)
gξ (r,s)ds

)
dr

∣∣∣∣∣
≤

∣∣∣∣∣
∫ b+x1

a+x1

∫ c+y2+x1(r)

c+y1+x1(r)
gξ (r,s)ds

∣∣∣∣∣+
∣∣∣∣∣
∫ b+x1

a+x1

∫ d+y2+x1(r)

d+y1+x1(r)
gξ (r,s)ds

∣∣∣∣∣
≤2

(∫ +∞

−∞

sup
s∈R

gξ (r,s)dr

)
|y1− y2|

=M2|y1− y2|.

|Ψ(x1,y1,x1)−Ψ(x1,y1,x2)|=
∣∣∣∣∫ b+x1

a+x1

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x1

a+x1

∫ d+y1+x2(r)

c+y1+x2(r)
gξ (r,s)dsdr

∣∣∣∣
≤
∣∣∣∣∫ b+x1

a+x1

∫ d+y1+x1(r)

c+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x1

a+x1

∫ d+y1+x1(r)

c+y1+x2(r)
gξ (r,s)dsdr

∣∣∣∣
+

∣∣∣∣∫ b+x1

a+x1

∫ c+y1+x2(r)

d+y1+x1(r)
gξ (r,s)dsdr−

∫ b+x1

a+x1

∫ c+y1+x2(r)

d+y1+x1(r)
gξ (r,s)dsdr

∣∣∣∣
≤
∫ b+x1

a+x1

∣∣∣∣∣
∫ c+y1+x2(r)

c+y1+x1(r)
gξ (r,s)ds

∣∣∣∣∣dr+
∫ b+x1

a+x1

∣∣∣∣∣
∫ d+y1+x1(r)

d+y1+x2(r)
gξ (r,s)ds

∣∣∣∣∣dr

≤
∫ b+x1

a+x1

sup
s∈R

gξ (r,s)|x1(r)− x2(r)|dr

+
∫ b+x1

a+x1

sup
s∈R

gξ (r,s)|x1(r)− x2(r)|dr

≤
∫ +∞

−∞

sup
s∈R

gξ (r,s)|x1(r)− x2(r)|dr

+
∫ +∞

−∞

sup
s∈R

gξ (r,s)|x1(r)− x2(r)|dr

(by Cauchy-Schwartz inequality) ≤2

(∫ +∞

−∞

sup
s∈R

g2
ξ
(r,s)

)1/2

‖x1− x2‖

=M3‖x1− x2‖.

Theorem 4.1. [Lipschitz-Continuity of Ψ] Suppose ξ has probability density gξ . If gξ satisfies properties P(iii)
and P(v), we have that the probability function ϕ1 defined in (14) is Lipschitz continuous. In addition, if gξ

satisfies property P(iv), the probability function ϕ2 defined in (15) is Lipschitz continuous.

Proof. Follows directly from Lemma 4.3 and the corresponding calculations under the given assumptions.

In particular, the above result allows us to write the following statement for a non-degenerate Gaussian vector.

Corollary 4.1. Assume that ξ is a non-degenerate Gaussian vector. Then the probability functions defined in
(14), (15) and (16) are Lipschitz continuous.

Likewise, Theorem 4.1 and Lemma 4.2 allow us to write the following statement for a uniform vector.

Corollary 4.2. Assume that ξ is a uniform random vector with compact support [a,b]× [c,d] ⊂ R2. Then the
probability functions defined in (14), (15) are Lipschitz continuous.
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4.2 Differentiability of Ψ

In our models (14), (15) and (16) we ask: when are they differentiable? The following example shows that this
property cannot be ensured at every pair of points (x1,x2).

Example 4.1. Suppose that ξ = (ξ1,ξ2) ∼N2(0,I). Moreover, let the probability function ϕ : R×L2[−1,−1]
be given by

ϕ(x,x ) = P(a≤ ξ1 ≤ x, a≤ ξ2 ≤ x (ξ1))

and define x : [−1,1]→ R by

x (r) =

{
−1 if r ∈ [−1,0),
1 if r ∈ [0,1].

Then we have that

ϕ(x,x ) =


∫ 0

−1

∫ x (r)

−1
gξ (r,s)dsdr+

∫ x

0

∫ x (r)

−1
gξ (r,s)dsdr =

∫ x

0

∫ 1

−1
gξ (r,s)dsdr if x ∈ (0,−1]∫ x

−1

∫ x (r)

−1
gξ (r,s)dsdr = 0 if x ∈ [−1,0]

Finally, computing its directional derivatives with respect to x1 at α , we get that

Fig. 1 Illustration of non-differentiable ϕ(·,x ) with x discontinuos in 0.

ϕ
+(x,x ) = lim

y→0+

ϕ(y,x )−ϕ(0,x )
y

=
∫ 1

−1
gξ (0,s)ds

ϕ
+(x,x ) = lim

y→0−

ϕ(y,x )−ϕ(0,x )
y

= 0.

Thus, ϕ(·,x ) is not differentiable at x = 0.

The above example motivates us to study differentiablity at point (x,x ) at which x is continuous. Actually,
we will see that under this assumption (among others), the partial derivative exists. Before presenting our main
results, which are presented in Theorem 4.2 and Corollary 4.3, we need to establish auxiliary lemmas about the
partial differentiability with respect to each variable.

The next lemma is just a technical result.

Lemma 4.4. Let gξ :R2→R be a probability density function that satisfies property P(vi) at every r̄ ∈R. Assume
that x : R→ R is a continuous function. Then the function

α(r) :=
∫ d+y+x (r)

c+y+x (r)
gξ (r,s)ds (32)

is continuous.
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Proof. Let {rn}n∈N be a sequence of real numbers such that rn converges to r̄ with |rn− r̄| ≤ 1. Then it holds true
that

lim
n→∞

α(rn) = lim
n→∞

∫ d+y+x (rn)

c+y+x (rn)
gξ (rn,s)ds

= lim
n→∞

∫
∞

−∞

gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s)ds

There are three cases. If s ∈ (c+ y+ x (r̄),d + y+ x (r̄)) then by continuity of x2 in r̄ we have that s ∈ (c+ y+
x (rn),d + y+ x (rn)) for large enough n, so by continuity of g at r̄,

lim
n→∞

gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s) = gξ (r̄,s)1[c+y+x (r),d+y+x (r)](s).

If s /∈ [c+y+x (r̄),d+y+x (r̄)], the result follows analogously. Lastly, if s = c+y+x (r̄), or s = d+y+x (r̄)
we cannot assure that s = x2(rn) for large enough n. However λ ({s ∈ R : s = x2(r̄)}) = 0. Therefore, it holds true
that

lim
n→∞

gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s) = gξ (r̄,s)1[c+y+x (r̄),d+y+x (r̄)](s) a.e. (33)

Moreover, by (20) it follows that (recall |rn− r̄| ≤ 1)∣∣gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s)−gξ (r̄,s)1[c+y+x (r̄),d+y+x (r̄)](s)
∣∣≤|g(rn,s)−g(r̄,s)|
≤`(s)|rn− r̄| ≤ `(s).

So, we further conclude

gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s)≤ `(s)+g(r̄,s).

We finally note that `(·) + g(r̄, ·) ∈ L1(R) and using (33) we can apply Lebesgue’s Dominated Convergence
Theorem so that gξ (r̄,s)1(−∞,x (r̄)](s) is integrable and

lim
n→∞

∫
∞

−∞

gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s)ds =
∫

∞

−∞

lim
n→∞

gξ (rn,s)1[c+y+x (rn),d+y+x (rn)](s)ds

=
∫

∞

−∞

gξ (r̄,s)1[c+y+x (r̄),d+y+x (r̄)](s)ds

=α(r̄)

holds.

In the next lemma, we present the partial differentiability of Ψ with respect to the first decision variable.

Lemma 4.5. Under the assumptions of Lemma 4.4, we have that Ψ is partially differentiable with respect to x
and

∂Ψ(x,y,x )
∂x

=
∫ d+y+x (x)

c+y+x (x)
gξ (x,s)ds. (34)

Proof. First we notice that

Ψ(x,y,x ) =
b+x∫

a+x

α(r)dr, (35)

where α is defined in (32). Now, by Lemma 4.4 we know that α is continuous, thus by the fundamental theorem
of calculus (see, e.g., [8, Theorem 6.3.3] or [2]) we get that (34) holds.

We continue with the gradient of our probability function with respect to x .
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Lemma 4.6. Assume that ξ satisfies properties P(i), P(ii) and P(v). Then the function defined in (17) is partially
differentiable with respect to x at every (x,x ) ∈ R×L2(S[1]) and its partial gradient is given by

∇xΨ(x,y,x ) = gξ (·,d + y+ x (·))1[a+x,b+x](·)−gξ (·,c+ y+ x (·))1[a+x,b+x](·), (36)

with the convention gξ (·,−∞) = 0 = gξ (·,+∞), if one of the extreme point c or d is equal to −∞ or +∞, respec-
tively.

Proof. By applying a convenient substitution, w.l.o.g. we may assume that x = y = 0. Moreover, from the fact
that

∫ b

a

d+x (r)∫
c+x (r)

gξ (r,s)drds =
∫ b

a

d+x (r)∫
−∞

gξ (r,s)drds−
∫ b

a

c+x (r)∫
−∞

gξ (r,s)drds

and the symmetry of the involved functions, we only need to compute the partial derivative of

ϕ̃(x ) =
∫ b

a

d+x (r)∫
−∞

gξ (r,s)drds.

Let h be an arbitrary function in L2(S[1]) and let

A(h) :=
∫ b

a
g(r,d + x (r))h(r)dr.

We note that A(h) is a linear function on h, and by property P(v) it follows that(∫ +∞

−∞

g2
ξ
(r,d + x (r))

)1/2

< ∞.

Thus,

|A(h)| ≤
∞∫
−∞

|gξ (r,x (r))||h(r)|dr

≤

 ∞∫
−∞

gξ (r,d + x (r))2dr

1/2 ∞∫
−∞

h(r)2dr

1/2

(by Cauchy-Schwarz’s inequality).

Let us denote by

κ := lim
||h||2→0

1
||h||2

|ϕ̃(x )− ϕ̃(x )−A(h)| .

We will show that this limit exists and is equal to zero. Indeed,

κ = lim
||h||2→0

1
||h||2

∣∣∣∣ϕ̃(x +h)− ϕ̃(x )−
∫ b

a
g(r,d + x (r)) ·h(r)dr

∣∣∣∣
lim
||h||2→0

1
||h||2

∣∣∣∣∣
∫ b

a

∫ d+x (r)+h(r)

−∞

gξ (r,s)dsdr−
∫ b

a

∫ d+x (r)

−∞

gξ (r,s)dsdr

−
∫ b

a
gξ (r,d + x (r)) ·h(r)dr

∣∣∣∣∣
= lim
||h||2→0

1
||h||2

∣∣∣∣∫ b

a

∫ d+x (r)+h(r)

d+x (r)
gξ (r,s)dsdr−

∫ b

a
gξ (r,d + x (r)) ·h(r)dr

∣∣∣∣ .
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Moreover, for every r ∈ R we have

gξ (r,d + x (r))h(r) =
∫ d+x2(r)+h(r)

d+x (r)
g(r,d + x (r))ds,

consequently

κ = lim
||h||2→0

1
||h||2

∣∣∣∣∫ b

a

∫ x (r)+h(r)

x (r)
(gξ (r,s)−g(r,d + x (r))dsdr

∣∣∣∣ .
Moreover, by property P(ii) we have that (for some constant C > 0)

|gξ (r,s)−gξ (r,d + x (r))| ≤C|s− (d + x (r))| ≤C|h(r)|

for all r ∈ R and s ∈ [d + x (r),d + x (r)+h(r)].
Hence,

κ ≤ lim
||h||2→0

1
||h||2

∣∣∣∣∫ b

a
C|h(r)| · |h(r)|dr

∣∣∣∣
≤ lim
||h||2→0

1
||h||2

·C · ||h||22 = 0

Therefore, we conclude that ϕ̃ is Fréchet differentiable with respect to x and consequently we have the desired
result.

Proposition 4.1. Under the assumption of Lemma 4.6, the partial derivative of the function (17) with respect to
x is continuous on R×R×L2(S[1]).

Proof. By Lemma 4.6 we have that

∇xΨ(x,y,x ) = gξ (·,d + y+ x (·))1[a+x,b+x](·)−gξ (·,c+ y+ x (·))1[a+x,b+x](·).

Now, consider a sequence
R×R×L2(R) 3 (xn,ynxn)→ x = (x,y,x ).

Then by passing to a subsequence, we may assume that xn→ x almost everywhere, hence by the continuity
of gξ with respect to the second variable (recall property P(ii)), we have that for almost all u ∈ R,

∇xΨ(xn,yn,xn)(u)→ ∇xΨ(x,y,x )(u).

Now, we notice that for all r ∈ R,

|∇xΨ(xn,yn,xn)(r)| ≤ 2sup
s∈R

gξ (r,s) := ν(r),

and by property P(v), ν belongs to L2(R).
Therefore, by Lebesgue’s dominated convergence theorem we have our desired conclusion.

Now, using the above lemmas, let us write a general statement for the partial differentiability of probability
functions (14), (15) and (16).

Theorem 4.2. Consider a random vector ξ satisfying properties P(i) to P(vi). Then the probability functions (14)
and (15) are continuously partially differentiable with respect to x at any (x,x ) ∈R×L2(S[i]), and the following
formulae hold:

∇x ϕ1(x,x ) = gξ (·,d + x (·))1[a+x,b+x]−gξ (·,c+ x (·))1[a+x,b+x](·),
∇x ϕ2(x,x ) = gξ (·,d + x+ x (·))1[a+x,b+x]−gξ (·,c+ x+ x (·))1[a+x,b+x](·),
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respectively, with the convention that gξ (r,s) = 0 if s,r do not belong to R. In addition, if x is continuous, then the
probability functions (14) and (15) are also partially differentiable with respect to x, and their partial derivatives
are given by

∂ϕ1(x,x )
∂x

=
∫ d+x (x)

c+x (x)
gξ (x,s),

∂ϕ2(x,x )
∂x

=
∫ d+x+x (x)

c+x+x (x)
gξ (x,s)

respectively.

Proof. The first part corresponds to an application of Lemma 4.6 and Proposition 4.1, and the second part corre-
sponds to an application of Lemma 4.5.

Next, we write explicit formulae for the case of a non-degenerate Gaussian random vector.

Corollary 4.3. Assume that ξ ∼ (µ,Σ) is a non-degenerate Gaussian random vector. Then the probability func-
tions (14) and (15) are (continuously) partially differentiable with respect to x at any (x,x ) ∈R×L2(R), and the
following formulae hold:

∇x ϕ1(x,x )(u) =
1

2π
√
|Σ |

exp

(
− 1

2

(
u−µ1,d + x (u)−µ2

)
Σ
−1

( u−µ1
d + x (u)−µ2

))
1[a+x,b+x](u)

− 1
2π
√
|Σ |

exp

(
− 1

2

(
u−µ1,c+ x (u)−µ2

)
Σ
−1
( u−µ1

c+ x (u)−µ2

))
1[a+x,b+x](u)

∇x ϕ2(x,x )(u) =
1

2π
√
|Σ |

exp

(
− 1

2

(
u−µ1,d + x+ x (u)−µ2

)
Σ
−1

( u−µ1
d + x+ x (u)−µ2

))
1[a+x,b+x](u)

− 1
2π
√
|Σ |

exp

(
− 1

2

(
u−µ1,c+ x+ x (u)−µ2

)
Σ
−1
( u−µ1

c+ x+ x (u)−µ2

))
1[a+x,b+x](u).

In addition, if x is continuous, then the probability functions (14) and (15) are also partially differentiable
with respect to x, and their partial derivatives are given by

∂ϕ1(x,x )
∂x

=
1

2π
√
|Σ |

∫ d+x (x)

c+x (x)
exp

(
− 1

2

(
x−µ1,s−µ2

)
Σ
−1
( x−µ1

s−µ2

))
ds

∂ϕ2(x,x )
∂x

=
1

2π
√
|Σ |

∫ d+x+x (x)

c+x+x (x)
exp

(
− 1

2

(
x−µ1,s−µ2

)
Σ
−1
( x−µ1

s−µ2

))
ds

Proof. The formulae for ϕ1 and ϕ2 follow directly from Theorem 4.2.
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An important special case of the linear separated model (14) arises when we have the one-sided probability
function

ϕ̂1(x,x ) := P(ξ1 ≤ x,ξ2 ≤ x (ξ1)) (37)

with a = c = −∞ and b = d = 0. Lastly, for the Gaussian case, we present an explicit formula for the partial
derivative of (37).

Corollary 4.4. Assume that ξ ∼N (µ,Σ) is a non-degenerate Gaussian random vector with

Σ =

[
σ2

1 ρσ1σ2
ρσ1σ2 σ2

2

]
.

Then the one-sided probability function ϕ1 from (14) with a = c =−∞ and b = d = 0, denoted by ϕ̂1, is partially
differentiable with respect to x at any (x,x ) ∈ R×L2(R), and the following formula holds:

∇x ϕ̂1(x,x )(r) =
1

2π
√
|Σ |

exp

(
− 1

2

(
r−µ1,x (r)−µ2

)
Σ
−1
( r−µ1

x (r)−µ2

))
1(−∞,x](r). (38)

In addition, if x is continuous, then the probability function (17) is also partially differentiable with respect to x,
and its partial derivative is given by

∂ ϕ̂1

∂x
(x,x ) = gξ1

(x)Gξ2|ξ1=x(x (x)) (39)

where

Gξ2|ξ1=x(x (x)) = Φ

 x (x)−µ2− ρσ2(x−µ1)
σ1√

σ2
2 (1−ρ2)


with Φ(t) = 1√

2π

∫ t
−∞

e−
z2
2 dz.

Proof.

∂ ϕ̂1(x,x )
∂x

=
1

2π
√
|Σ |

∫ x (x)

−∞

exp

(
− 1

2

(
x−µ1,s−µ2

)
Σ
−1
( x−µ1

s−µ2

))
ds

=gξ1
(x)

1
2π
√
|Σ |

∫ x (x)

−∞

exp

(
− 1

2

(
x−µ1,s−µ2

)
Σ−1

( x−µ1
s−µ2

))
gξ1

(x)
ds

=gξ1
(x)
∫ x (x)

−∞

gξ (x,s)ds
gξ1

(x)

=gξ1
(x)Φ

 x (x)−µ2− ρσ2(x−µ1)
σ1√

σ2
2 (1−ρ2)

 .

The last step follows from the standardization of the conditional probability distribution of a non-degenerate
normal distribution, ξ2

∣∣ξ1 ∼N
(

µ2 +
ρσ2(x−µ1)

σ1
,(1−ρ2)σ2

2

)
(see, e.g., Theorem 7.3 [13]).
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5 Model with bounded variation in X 1

Consider the following optimization model, where we add an additional constraint to our Optimization model
(7). Now we consider a constraint of the variation of the control x under change of the random vector ξ . The
reason is again twofold. From the mathematical point of view, we can transform our optimization problem into a
minimum norm control problem in a Sobolev space. From the applied point of view, average annual changes in
the electricity generation of hydro power plants are not so vulnerable to climate changes.

max
x∈X 1

J[x ]

s.t. x ∈M(p),

x ≥ 0, P-a.s.

x ∈V (b)

(Pb)

where V (b) is the set of all x ∈X 1 such that
N

∑
i=1

∑
|α|≤1

(
E
[
Mi(ξ[i−1],D

α xi(ξ[i−1]))
])
≤ b.

5.1 Existence of Solution

5.1.1 Properties of Objective Function

Proposition 5.1. The function J defined in (6) is concave, continuous over X , and satisfies that

lim
‖x ‖→∞

J(x ) =−∞. (40)

Proof. First we notice that J can be rewritten as

J[x ] =
N

∑
i=1

(
E
[∫ xi(ξ[i−1])

0
ρi(z)−ρi(0)dz

])
+

N

∑
i=1

(
E
[∫ xi(ξ[i−1])

0
ρi(0)dz

])
=−

N

∑
i=1

E
[

x p
i, j(ξ[i−1])

]
+

N

∑
i=1

ρi(0)E
[
xi(ξ[i−1])

]

=−
N

∑
i=1

∫
S[i]

x p
i (x)gx[i](x)dx

+
N

∑
i=1

∫
S[i]

xi, j(x)ρi(0)gx[i](x)dx

 . (41)

Let us denote by J1
i [x ] :=

∫
S[i]

xi(x)ρi(0)gx[i](x)dx and J2
i [x ] :=

∫
S[i]

x p
i (x))gx[i](x)dx. Then, J1

i is linear and

continuous functions. Moreover, J2
i, j is convex and

I[i] ·
∫

S[i]

x p
i (x)dx≤ J2

i, j[x ]≤ S[i] ·
∫

S[i]

x p
i (x)dx. (42)

Then, it implies that J2
i, j is continuous (see e.g. [5, Proposition 4.1.4]). The last shows that J is concave continuous

over X . Now using (41) and (42) we have that

J[x ]≤
N

∑
i=1

−I[i] ·
∫

S[i]

x p
i (x)dx+ρ(0) ·

( ∫
S[i]

x p
i (x))dx

)1/p)( ∫
S[i]

gξ[i]
(z)dz

)1/q


=

N

∑
i=1

[
‖xi‖(−I[i]‖xi‖p−1 +Ci)

]
,

where Ci := ρ(0) ·
( ∫

S[i]

gq
ξ[i]
(z)dz

)1/q
, then taking ‖x ‖→+∞ we get (40).
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5.2 Solution on X 1

Let us recall that the set V (b) is the set of all x ∈X 1 such that

N

∑
i=1

∑
|α|≤1

E
[
‖Dα xi(ξ[i−1])‖p]≤ b.

Lemma 5.1. Consider the function f : X 1→ R∪{+∞} defined by

f (x ) =
{
−J[x ] if x ∈V (b)
+∞ if x /∈V (b)

(43)

Then, f is convex, lower semi-continuous and satisfies that

lim
‖x ‖→+∞

f (x ) = +∞ (44)

Proof. Using Proposition 5.1 and the fact that V (b) is closed we can see that f is convex and lsc over X 1.
Consider a sequence xn ∈X 1 such that ‖xn‖X 1 →+∞, then for large enough n

N

∑
i=1

∑
|α|≤1

E
[
‖Dα xi,n(ξ[i−1])‖p]≤ b,

(otherwise f (xn) = ∞ for an infinite number of n, and (44) holds trivially). The last implies that necessarily
‖xn‖→+∞, and by Theorem 5.1 we have that (44) holds.

Lemma 5.2. The sets V (b) and {x ∈X 1 : x ≥ 0, a.s.} are weakly-closed.

Proof. These sets are convex and closed with respect to the norm. Then, using the fact that X 1 is a reflexive
Banach space and [6, Theorem 3.7] we have that these sets are weakly-closed.

Theorem 5.1. Let b≥ 0. If the problem (Pb) is feasible, then it admits a solution.

Proof. Let us notice that we can write the problem (Pb) as a minimization problem of the following form

min
C

f , (45)

where f is defined in (43) and C is the set of all x ∈X 1 such that x ≥ 0 a.s. and x ∈M(p). Now consider a
minimizing sequence xn of the problem (45). Since the problem is feasible we can assume that xn ∈V (b)∩C, and
by (44) we have that (xn) must be bounded. Then, by reflexivity of the space X 1 we may assume that xn converge
weakly to x . Then by Lemma 5.2 x ≥ 0 a.s. and x ∈V (b). Moreover, by Proposition 3.1 we have that x ∈M(p).
Finally, by Lemma 5.1 we have that minC f ≤ f (x )≤ liminf f (xn) = minC f , concluding the proof.
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books]. Birkhäuser/Springer, New York, second edition, 2013.
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