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Abstract Gas networks are of growing importance for the economy and offer in-
teresting mathematical problems at the same time. The classical linear network flow
allows for approximate models that more and more have come to their limits. This has
raised interest in nonlinear but, for simplicity, still steady-state models. The present
paper aims at mobilizing techniques from symbolic computation and reparametriza-
tion of multivariate integrals to enable validation of stochastic nominations following
Gaussian distributions in passive gas networks with more than one cycle.
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1 Introduction

The present paper brings together topics from three disciplines of (applied) mathe-
matics, namely from network flow, from statistics, and from symbolic computation.
Network flow delivers the problem which is gas transportation in pipeline systems un-
der uncertain exit loads. This leads to a nonlinear model which is no longer amenable
to classic (linear) network flow in the spirit of operations research, [4]. In the level of
comprehension, mathematical models of gas flow range from transient formulations
based on partial differential equations for physical conservation laws (mass, momen-
tum, energy) down to the steady-state models used in the present paper.

The problem being random, answering the question whether “often enough” the “sta-
tistical experiment” has an agreeable outcome, i.e., the correct quantities of natural
gas are delivered to the correct exits of the network, becomes central. Clearly, behind
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“often enough” there is a probability whose computation involves the set of all exit
loads leading to an affirmative outcome of the “experiment”.

For discriminating membership from non-membership in the set of parameters, Grob-
ner bases methods for parametric ideals turn out to be very useful. Finally, if exit loads
follow Gaussian distributions, computing the multivariate integrals for the probabil-
ities we are interested in, reparametrization techniques, more specifically, spherical-
radial decomposition, will be applied.

The gas industry has undergone substantial changes within the last two decades. Pre-
viously, gas companies have been gas traders as well as network operators. But after
deregulation, companies either trade gas or operate the network and do not share their
knowledge.

Gas transport customers first have to book with a transmission system operator (TSO)
rights to inject or withdraw gas up to a certain amount at corresponding nodes of the
network. Then, one day before the booked gas transport is planned to take place, the
transport customers have to nominate to what extend and where they plan to exer-
cise their rights. This means that the TSO has to ensure that all theoretically possible
nominations within the bookings are valid, i.e., physically and technically feasible.
Otherwise penalty fees have to be paid to the customers whose contracts could not be
fulfilled. This explains the pivotal role of nomination validation. Still more, the short-
termed fixation of nominations makes them unknown, or to be understood uncertain.
Here, as with the classical source of uncertainty which is weather, the uncertainty
can be assumed of stochastic nature with plenty of information about the probability
distributions available.

The present paper extends existing knowledge in the following respects. Calculating
the probability of feasibility of exit load vectors in passive steady-state gas networks
is enabled for more general network topologies, more specifically, for grids with up
to three pairwise non-disjoint fundamental cycles, thus extending [10] where grids
with at most one cycle could be treated.

Furthermore, the seemingly incremental increase from one to three cycles was not
possible by stretching the approach from [10] but required completely new ideas that
finally led to mobilizing techniques from symbolic computation, as available within
computer algebra systems such as SINGULAR [7], for suitable (parametric) systems
of polynomial equations.

The paper is organized as follows: In Section 2 prerequisites on steady-state mod-
eling of gas transport, reparametrization of integrals resulting in the course of prob-
ability calculation, and Grobner bases methods for polynomial equation solving are
compiled, together with short literature reviews. Section 3 deals with calculating the
probability of the set of feasible exit nominations by combining Quasi-Monte-Carlo
sampling and spherical-radial decomposition with Grobner bases techniques. Sec-
tion 4 is devoted to explicit description of feasibility sets for steady-state gas networks
with at most two cycles sharing an arc.

From the perspective of mathematical optimization, the present paper brings together,
three of its branches: polynomial, parametric, and stochastic optimization. It is well-
known that the latter two, parametric and stochastic optimization, often mutually in-
spiring, have contributed essentially to structural foundation and algorithmic treat-
ment of mathematical programs under stochastic uncertainty.



Probability of Feasible Loads in Passive Gas Networks with up to Three Cycles 3

Jitka Dupacovd, to whom this article is dedicated, is among the seminal contributors
emphasizing the role of parameter dependence, when detecting structures [20] or
studying stability [8] in stochastic programming.

2 Prerequisites
2.1 The Model of Natural Gas Networks and Feasibility of Exit Loads

We model a gas network as a graph G = (V1 A) with [VT| =n+1 and |[A| = m. The
set of the nodes V™ is the union of the three disjoint sets V.. of the entry nodes where
gas is injected into the network, V_ of the exit nodes where gas is withdrawn from the
network and Vjy of nodes that are neither entries nor exits, referred to as innodes. We
assume that the gas networks under consideration have a single entry, i.e., V. = {uo}.
Let ¢ € R™ denote the flows along the arcs of G, p* € R"*! the pressure at the
nodes in V*t, ¢"™F ¢ R"! the balanced load, i.e., 17¢"™ = 0, meaning that
the same amount of gas is withdrawn from the network that is injected into it, and
& = diag (¢, ..., 0q,) € R™ a matrix whose non-zero entries ¢, are constants
depending on the temperature and the Reynolds number of the gas as well as on the
length, diameter and roughness of the pipe a;. Let &/ be the node-arc-incidence-
matrix of G. It is obvious that the matrix 2/ has rank n. Therefore we can delete the
first row, corresponding to the node ug, from .27 and the first component from g"°™",
yielding </ and ¢"°™, where u is the only entry node of the network. Accordingly
we denote V := VT \ {up}.

We also use the symbols +, —, 0 as indices for vectors in RV"I to extract the com-
ponents indexed by elemtents in V,, V_, Vj, respectively. For instance, we have
q™™ = (¢;°™),ev_- The load gg°™ at the innodes Vj is zero. With lower and upper
pressure bounds p*, pT for the nodes we can introduce the set M of feasible load
vectors

Moo= {qn0m+ | 17g™™+ =0 and 3(q, p*) with p* € p".7t],

fulfilling Kirchhoff’s first and second laws}.

For a vector a € R” we define |ala := (|ai|ay,...,|an|a,)". In our notation, Kirch-
hoff’s first and second laws (see [13]) read

dq=q"" and (") (p*)* = —Plglq. (1)

Indeed, the first system of linear equations says that for each node arriving and depart-
ing flow must sum up to the load of the node. The second is a system of multivariate
polynomials of degree 2. It models the fact that pressure drop along each (fundamen-
tal, see below) cycle of the network sums up to zero. The following theorem in [10]
gives a characterization of the set of feasible load vectors.
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Theorem 1 Let o7 = (g, <) be a partition into basis and non-basis submatrices
of <. Let ®p, Py and qp, qn be according partitions of ® and q. Define

g RVIXBM SRV g (u,v) = (%Bfl)T(PB ’%Bfl(u—;aﬂvv)‘ (g ' (u—atyv)).

Then M consists of all "™ with 17 g"°™+ = 0 for which there is a 7 such that

oy 8(q"",2) = Py 2z )

Jmin [(py)* +8:(¢"",2)] = max [(pu)”+8i(q""2)] 3)
(Pu)® < min [(7)* +8i (4", 2)] 4)

(Pug)* > max [(pu)*+8i(q""2)] (5)

Recall that, o7 being a basis-submatrix of 7, there exists a spanning tree .7 of
G rooted at the entry node uy whose arcs correspond to the columns of 7. The
fundamental cycles of G then result by adding one-after-the-other of the arcs from G
which are not in .7.

The impact of Theorem 1 on practical computation, for instance when calculating
the probability of M by sampling, critically depends on the system of polynomial
equations (2). In [10] calculation of the probability of M has been carried out for
connected networks G with at most one fundamental cycle. If there is no cycle, (2) is
vacuous, hence M already given by (3)-(5) which are explicit in g"°™. With one cy-
cle, (2) is a classical quadratic equation in one indeterminate for which the solution
formula with ¢"°™ left in as a parameter describes the explicit dependence on ¢"°™.
In [10] explicit representations of M were obtained in the two cases mentioned. Rep-
resentations like these find growing interest in the research community, see [2] for a
recent account. A topic that drives the development is the (approximative) calculation
of values and (sub)gradients of functionals given by probabilities of solution sets to
nonlinear inequalities.

Literature: Topics of capacity management in gas networks, with at most one cycle,
and their mathematical treatment are addressed in [10, 14,17, 18].

2.2 Random Exit Loads

Exit loads tend to be uncertain which is partly due to the short-termed announce-
ment of nominations by the customer, but mainly caused by weather conditions. Data
collection is an established custom in the energy sector. Therefore it is reasonable
to assume that probability distributions of exit loads are available, for instance, by
estimates based on the mentioned data collection.

With random exit load vectors ¢"°™ we define the following feasibility set M in the
[V_| - space

M = {quom c R|V,\ | (7]1an0m,qnom) c M} (6)
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nom

We identify ¢"°™ with some random vector & (@) on a probability space (2, A, P).
Notice that only “truly random” components enter here which usually drastically
reduces the dimension the random variable lives in. Indeed, in our tests (based on
real-life networks met in Germany) we have seen such reductions. Recall that exactly
one node serves as entry. The reason is that the injections at the entry nodes do not
underly any specific distribution. Furthermore, randomness is associated with exit
nodes only. Then the probability of exit load vectors to be feasible is given by

Ploe Q| (w) e M}. @)

Calculating probabilities, let alone in higher dimension, usually is a formidable task.
One of the subareas that has attracted specific attention is the calculation of proba-
bilities for probabilistic random sets arising as solution sets of parameter-dependent
nonlinear inequalities, see for instance [2]. Note, however, that neither M nor M fall
into the class.

Supported by utilities’ experience, see Chapter 13 in [20], we assume that & follows
a multivariate Gaussian distribution with mean vector ¢t and positive definite covari-
ance matrix X, & ~ 4 (u,X). We appeal to a reparametrization principle occurring
with the names of spherical-radial transformation [9] or spherical-radial decompo-
sition [2, 10] in the research literature. The following statement of spherical-radial
decomposition provides the formulation we will make use of later on. References are
scattered over the literature, for an overview consult Chapter 4 in [9].

Theorem 2 (Spherical-radial decomposition) Let & ~ .4 (0,R) be some n-dimen-
sional standard Gaussian distribution with zero mean and positive definite correla-
tion matrix R. Then, for any Borel measurable subset % C R" it holds that

PE )= [ mlr=0]rive Adun(), ®

where $"~! is the (n — 1)-dimensional sphere in R", Uy is the uniform distribution
on §" 1, Wy denotes the x-distribution with n degrees of freedom and L is such that
R=LL" (e.g., Cholesky decomposition).

With §* := D~'(§ —u) ~ A (0,R), D := diag (VZii),_, ,» R==D7'ED"" and

P(&c#)=P (& € D" '(%— p)), Theorem 2 is adaptable to general Gaussian dis-
tributions & ~ 4 (u,X) and in [10] the following algorithm is suggested.

Algorithm 1 Let & ~ .4 (u,X) and L such that LLT = X.

Step 1 Sample d points {vy,...,v,} uniformly distributed on the sphere glv-1-1,
Step 2 Compute the one-dimensional sets M; := {r > 0 | rLv;+pu € M} for i =
1,....d.

d
Step3 SetP(E e M) ~d ™' Y uy (M;).
i=1
(@ 5@
ibi
pute 1, (M) =X1_, (Fx (by)) —Fy (a?)) where F}, is the distribution function of
Hy-

Since M; = =1 [a } are finite unions of disjoint intervals in IR", we can com-
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For further details we refer to the original paper [10] and the references therein. The
critical step of this algorithm is step 2. In [10] an explicit representation of the set M
was computed for a tree network and a network with one cycle. This approach relies
on the solution formula for univariate quadratic equations known from highschool.

Literature: There is a strong interest in computing probabilities of sets which are
given by nonlinear random inequalities and involve decision variables, see [1, 2].
Reparametrization of multivariate integrals is the backbone of practical applications
under Gaussian laws, [9].

2.3 Crash Course on Grobner Bases for Equation Solving

Given a system of polynomial equations f (x) =0,...,f;(x) = 0, x € R? and the
ideal .# generated by f1,..., f;, Grobner basis theory leads to assigning an alternate
generating set G = {gy,..., 8} to .Z, the reduced Grobner basis, so that, in

g1(x)=0,....8(x)=0 ©))

the set of zeros remains unchanged but, under suitable assumptions, the equations
are in triangular form, at best perfectly triangular with t+ = d, allowing for back-
substitution, starting with a univariate g, (x;) = 0 and finally arriving at the univariate
g1 (x1,%2,...,%;) =0, with %, ..., %; denoting solution points to the equations in the
course of the (backward) iteration. As a powerful detail one obtains that the solution
setto f1 (x) =0,...,f (x) =0, x € RY is empty if and only if 1 € G, i.e., the reduced
Grobner basis contains, in fact coincides with, the constant polynomial with value 1.
In an extended setting equations and ideals are parametric

Si (X,p) =0,...,fs (xap) =0, (X,p) € Rd+q7

giving rise to a comprehensive Grobner system & = {(A},Gy),...,(Am,Gn)}

Here (A1,G1),...,(An,Gy) are the branches of ¢. The sets Ay, ...,A,, form a par-
tition of the parameter space R? into so called algebraically constructible sets. In
the present paper, these are solution sets to finite systems of polynomial equations
and their complements. The sets Gy, ..., G, are reduced Grobner bases, whose repre-
sentations are valid for the parameters in the corresponding set from Ay, ... ,A,,. For
both Grobner bases and comprehensive Grobner systems there are algorithms of the
so called critical pair completion type. Core iterations concern generalized division
with remainder of pairwise polynomial combinations, which is carried out until all
relevant remainders are zero. For comprehensive Grobner systems there is a branch-
ing scheme in the parameter space on top of the divisions. The division requires the
terms (monomials) in the considered polynomial ring to come in ordered fashion, for
instance by imposing the lexicographic order on the exponent vectors of the monomi-
als, which is a “suitable assumption” mentioned above to have (9) in triangular form.

Literature: There is a rich literature on Grobner bases at an introductory level of
which [3,5,6,19] are recommended textbooks and lecture notes, [7,12] serve well for
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reading about and computing comprehensive Grobner systems (and Grobner bases).
The first application of Grobner basis methods in optimization dates back to [11]
where the Karush-Kuhn-Tucker conditions were approached with elimination tech-
niques from computer algebra.

3 Calculating Probabilities of Feasibility Sets

Theorem 1 gives the directions for how to proceed when characterizing feasibility
of exit load vectors which is just validity of nominations. Relations (2) and (3) are
the most demanding in this respect. The difficulty with (2) results from its implicit
nature, with the number of equations and variables equal to the number of mutually
interdependent fundamental cycles. With (3) a challenge evolves in the number of
conditions that have to be checked pairwise which, as it is known from other pro-
cedures such as Fourier-Motzkin elimination, may produce enormous redundancies.
Somewhat tricky for both, formulas (2) and (3), are the absolute values, posing the
question on how to avoid complete enumeration.

Let us adopt the setting of Section 2.2 and calculate by spherical-radial decomposi-
tion the probability P{® € Q | & (w) € M} of the set M of valid random nomina-
tions under a multivariate Gaussian distribution. Recall from Algorithm 1 the one-
dimensional sets

M;:={r>0|rLvi+u €M}

and their role in representing the probability in question:

P(E EM):/S W {r > 0| rlv+ € MYydpn (v).

V_|-1
In [10] this probability has been computed for networks with at most one cycle. Then
the counterpart to (2) consists of just one equation, which can be handled by the
solution formula for quadratic equations from highschool mathematics. In this way,
an explicit inequality description for the feasibility set M could be derived.

With at least two interconnected cycles, the approach has to be redesigned from
scratch. Facing two or more multivariate quadratic polynomial equations in (2) an
explicit representation of the solutions depending on the parameters leads into unex-
plored “territory”. In the present paper we propose to resort to Grobner basis methods
from symbolic computation as sketched in Subsection 2.3.

In doing so, it seems intuitive to stick as close as possible to the problem type at hand.
Of course, problem dimension is an issue in this respect, main factors are: variables
(IN] = number of fundamental cycles), number of nodes (|V| = n), and number of
exits nodes (|V_| = dimension of ¢g"°™). Regarding parameter space, Algorithm 1 then
offers the advantage to reduce working in full dimension to searching along rays, i.e.,
check whether M; = {r > 0| rLv; + L € M} is empty or provide the set in terms of
the boundary points of its components.

To this end, one has to find the points where the ray rLv; + t leaves or enters the set
M. Now M; consists of all r € R>( for which there exist a z such that

Ay g (rLvi+,z) = ylz|z (10)
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v

(Pu;)* +8 (rLvi+1,2) > (pu)* + g (rLvi+1,2) Vjk=1,...,n  (11)
(Puo)® < (Pu;)*+g (rLvi+p,2) Vji=1,....n  (12)
(Pup)’ = (puy)* + & (rlvi+,2) Vj=1,...,n.  (13)

Altogether, an entry or exit point of the ray then must fulfill system (10), one of the
n(n—1)+ 2n inequalities in (11) - (13) with equality and the remaining inequalities
as given. Hence, n(n—1) + 2n systems to find candidates *Lv; + u for the entry
and exit points of the ray are solved, before it is checked whether the candidates
fulfill (11) - (13), r* > 0, and r*Lv; + it > 0. Hence, there are three critical aspects
when checking feasibility in (10) - (13): (i) solution of (10), (ii) resolution of absolute
values, (iii) identification of redundant inequalities. Before discussing the solution of
(10) we address efforts to cut down the number of resolutions, identify redundance,
and introduce the full algorithm, so that the procedure for solving (10) finally enters
as a “plugin”.

Lemma 1 (Fixing Flow Directions) If G is a connected graph, 7 a spanning tree
of G rooted in some fixed node uy, and q a flow on G fulfilling (1) with ug as the only
entry node. Then the following holds

1. Flow along arcs that do not belong to a fundamental cycle is directed away from
the entry node uy.

2. Let G result from G by deletion of all arcs not belonging to a fundamental cycle.
Let € (G') denote the set of connected components of G'.
Then every C € € (G') has exactly one entry node il (relatively to the subgraph
C), and all arcs in C incident to ily must be directed away from ii.

3. If there is an arc a with non-zero flow whose head node is no exit and has degree
equal to 2, then the flow along the incident arc must be directed in the same
direction.

Proof To show 1., let there exist an arc a = (u,v) not belonging to any fundamental
cycle and directed towards u, i.e., with positive flow directed to ug. Since a is not
in a fundamental cycle, it must be in .7. Removing the arc a from .7 creates two
connected components, the subtree .7’ of .7 rooted in v and the subtree .7 formed
by the arcs in .7\ J'\ {a}. Now a is directed away from .7”'. Since there is non-zero
flow on a, there must be non-zero flow in .7’ that must have arrived from 7" via
a non-7 -arc a'. There is a unique path 7”7 in .7’ connecting uo with the end node
of @’ in . Furthermore there is a unique path 7’ in 7" connecting the end node
of @ in " with u. Finally, there is a unique path 7 in .7’ from the head v of a to
uo. Altogether, this yields the cycle ug, ©”, d’, @', a, &, up, and this cycle contains a,
which is a contradiction.

To establish 2., assume that C has no entry node at all. Then C has to contain the tail
node of a deleted arc a since G is connected. But this contradicts the fact in 1. that a
is directed away from the single entry node ug of G. Thus C contains an entry node.
Let there exist C containing two entry nodes u and v.

Case I: C is the component containing ug of G: Then, w.l.o.g., u = up and v is an
entry relatively for C and not for G. Moreover, v must be the head of a deleted arc a
and it is directed towards ug. By 1., however, just the opposite has to hold.
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Case 2: C does not contain ug: Then u and v are heads of deleted arcs a and b,
respectively. Since G is connected there exists a path 7 connecting up and u. This
path has to contain a because a is not contained in a cycle. Furthermore, there exits a
path 7’ connecting u( and v that contains b. Finally, there is a path 7" in C connecting
u and v. This leads to the cycle ug, 7, &, @', ug containing the arcs a and b. But this
contradicts the fact, that a and b are not contained in a cycle by definition. Hence,
C has a unique entry node #. It remains to show that nodes incident to i@y must be
directed away from . Since all arcs in C are contained in cycles, there have to be
at least two arcs that are incident to the entry node #y. Assume, one of these arcs,
a = (u,ilp) (with positive flow), is directed towards . Since there is no entry in C
but iy, flow potentially arriving via the incoming arc must stem from iy and has left
via an outgoing arc. Moreover, there must exist a directed path in C, a directed cycle,
with positive flow; contradiction, since G is acyclic. Assertion 3. is easily seen. O

Lemma 2 (Redundant Pressure Bounds) Assume there is a directed path from
node u to node v with positive flow in path direction. If p, > p, then the upper pres-
sure bound of p, at v is redundant, and all inequalities among (3) - (5) containing p,
can be ignored. Analogously, if p, > py then the lower pressure bound of p, at u is
redundant, and all inequalities with p, can be ignored. B

Proof The occurrence of pressure loss yields p, > p,. Together with p, > p, this
implies p, > p, > p, > p,. Hence, if the upper bound on p,, is valid, i.e., p, > p, so
is the upper bound on p,, implying the asserted redundance. Let p, at v be redundant.

Recall that, by definition of g, p?> =1 pﬁo —g(b,z). Then we have for arbitrary u

Pa+8u(q"™,2) < P+ 8u(q"™,2) = iy = P +80(4"™,2) < Py +80(4"™",2)

where the rightmost inequality holds by the redundance of p, at v. In conclusion,all
inequalities in (3) containing p, can be ignored.
For the remaining cases, analogous arguments apply. a

For convenience we introduce the following notations: The set of all technically pos-
sible resolutions (arc orientations) of the absolute values is denoted by § C {—1,1}".
For a given arc a the entry s, equals +1 if the flow along a is in arc direction and —1,
otherwise. P, s € S, denotes the set of all non-redundant inequalities belonging to
the same resolution vector s € S. The members of P are encoded via the polynomials
that result when arranging the inequalities as an expression that has to be greater than
or equal to zero.

Table 1 reports some first experiences with applying the lemmata. The leftmost col-
umn displayes sizes of the network (|[N| = number of interconnected fundamental
cycles, m = |A|, n = |V]). The rest of the table is split into two parts corresponding
to the cardinalities of the sets § and U,csP; before and after applying reductions via
the lemmata. The rightmost column reports the numbers of remaining pressure bound
inequalities and their distribution over the different orientations. For instance, the last
column entry says that, of the 32 resolutions/orientations in total, 17 come with one
pressure bound remaining, 7 with two, 5 with three, 2 with four and 1 with six.
Before presenting the main algorithm a detail regarding the evaluation of the indi-
vidual samples has to be settled. In the course of the algorithm for each sampled ray
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Original After reduction
Network S| |UsesPs| N |UsesPs|
INl=0,m=3,n=3 8 8x 12 1 1x9
INjJ=1,m=6,n=5 64 64 % 30 2 2x9
INl=2,m=9,n=7 512 512x56 8 6x12,2x11
IN|=3,m=7,n=4 128 128x20 32 16x1,6x2,4%x3,4x4,2x6
IN|=4,m=8,n=4 256 256x20 32 17x1,7x2,5x3,2x4,1x6

Table 1 Reductions in (11) - (13) due to Lemmata 1 and 2. The table indicates that it may be rewarding to
spend effort in preprocessing to tighten the inequalities.

{rLv;+ | r > 0}, the intersection points with the boundary of the feasibility set are
computed. Depending on whether p is feasible or not, the first intersection point of
the ray with the boundary is an exit or an entry. Therefore it is important to know in
advance whether U is feasible or not, i.e., to check solvability of the system

(ﬁu,-)2+gj > (Buk)ergk(IJ,Z) Vik=1,...,n (14)
(Pug)” < (Puy)* +gj(M,2) Vi=1,....n

> (pu)?+gi(1,2) Vi=1,....n
Algorithm 2 (Main Algorithm)

Input: graph G, mean u, L with LLT = X, d = numbers of samples
Output: probability of feasibility

probability := 0

S := set of possible absolute-value resolutions/orientations (Lemma 1)
mu_in_M (check (14))
FOR s € S DO

P, := set of polynomials in (z,r) resulting from pressure bounds (Lemma 2)
{vi,...,vq} 1= set of samples
FOR v € {vy,...,vs} DO

IF mu_in_M = TRUE DO

M= [0
ELSE DO
Mlist . — (l
Lo
FOR s € § DO

FOR p(z,r) € P, DO
B L o o o o
solutions := set of solutions of the system consisting of
AT () dydiag(sp) (o (rLv+ p — yz))” = Py diag(sy)2>
and p(z,r) =0
B T s T o o o
FOR (z,r) € solutions DO
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IF diag(sp) (7 ' (rLv+ 1 — yz)) > 0 AND
diag(sy)z > 0DO
FOR p € P, DO
IF p(z,r) > 0 AND r ¢ M, DO
add r to M)t
probability + = p, (M)

probability = probability / d
RETURN probability

The representation of the sets M, as finite unions of disjoint intervals can be ex-
tracted from the list M!St generated in Algorithm 2. If the elements of the list are
sorted by increasing value and MY = [my,...,m,] then ¢ has to be even and we have

2
My = UL, [majr,m).
In the course of the above algorithm the polynomial system

o (dB_l)T(DB diag(sp) (m/B_l(erJru — Jaﬁvz))2 — Py diag(sy)z> =0
p(zr) =0, (15)

marked by the two including lines of crosses in Algorithm 2, has to be solved fre-
quently, depending on the numbers of resolutions of absolute values and of nonre-
dundant inequalities that remain after application of the Lemmata 1 and 2.

Here, any solver for nonlinear equations, either numerical or symbolic, would do. The
symbolic approach offers the crucial advantage that, once a reduced Grobner basis of
the ideal generated by the rows of (15) has been computed, emptiness of the solution
set of (15) follows on the spot, if 1 belongs to this basis, see Subsection 2.3.

Algorithm 3 (Procedure for solving the polynomial system (15))

Step 1 Denote %, (z,r) =0, e = 1,...,|N| + 1 the rows of (15). Equip the ring of
polynomials Q [Z“""Z\N|7r] with the lexicographic term order, and form
the ideal ' = (F) (z,r),...,F|n| (2,7)).

Step 2 Compute the reduced Grobner basis G of . with respect to the lexicographic
term order.

Step 3 The reduced Grobner basis G is in triangular form. If the “last” polynomial in
G is univariate, then one-variable techniques can be beneficial. After Step 3
one either finds a solution or has proven that the solution set is empty.

We conclude the present section with reporting some experience in applying the pro-
posed algorithm to calculate probabilities of feasibility sets. Gas networks of differ-
ent sophistication, featuring up to three mutually interconnected cycles, as depicted
in Figure 1, were considered.

For each of the four networks, reported in Table 2, ten test runs with sample size
1000 have been executed. Notice that quite a number of polynomial systems (15)
then had to be solved. For the test instance with three cycles depicted in Figure 1 and
referred to in the penultimate row of Table 1 these are, for every sampled direction,
68 systems of type (15) with |[N| 4 1 = 4 variables, hence 68.000 systems per test
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run and 680.000 for the ten tests in total. Table 2 summarizes the results and shows
the growing computational efforts as the number of mutually non-disjoint cycles is
growing.

Tree 1 Cycle 2 Cycles 3 Cycles
Nodes 4 6 4 5
Pipes 3 6 5 7
Cycles 0 1 2 3
Exits 2 2 2 2
Mean Probability 0.76067 0.25930 0.94153 0.83425
Variance 1.92716e-4  1.31456e-4  7.16680e-6  3.26806e-5
Standard Deviation 0.01388 0.01147 0.00268 0.00572
Mean Time 17.2 min 50.45 min 41.50 min 9.5h

Table 2 Summary of dimensions, test outcomes, and computation times for gas networks with growing
number of mutually interconnected cycles

As typical outcome, depicted in Figure 1 and quantified in Table 2, we observe that
trustable values with small variances for the probability of feasibility sets are obtained
well before the 1000 samples had been executed.

All computations have been performed by Python (see [16]) implementations on a
Windows system equipped with Intel(R) Core(TM) i7 CPU @ 2.60GHz.

Exit 1
1.00 -
095 ar
090 Entry 1 Innode 1 as Innode 2
- q
0.85
as
0.80
200 400 600 800 1000
—>

Exit 2

Fig. 1 Moving average of computed probability with respect to number of samples for the test network
with three cycles on the right. The graph ends before 1000 samples, since for a small number of directions
vi, always less than 5%, the Grobner basis was found but calculating the intersections with the feasibility
set failed.

4 Polynomial Equations and Representation of the Feasibility Set

In the previous section we have shown that application of the classical Grobner Basis
to solving specific polynomial equations, occurring with stochastic graph problemes, is
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by no means hopeless and extends the number of practical cases covered from graphs
with one cycle to those with three. Gas networks for long-distance transportation
often meet the restriction of having at most three cycles while the former state-of-
the-art for grids with one cycle was insufficient.

In what follows we address the more complex problem of representing the feasi-
bility set globally by polynomial inequalities with Euclidean parameters. Although
only one non-disjoint cycle is added, models and final outcomes of the analysis be-
come remarkably voluminous, yet tedious in some sense. Nevertheless we present an
example in full detail to elucidate a procedure that in principle would work in any
dimension.

Getting back to the system of polynomial equations (2) we recall its importance for
checking feasibility of nominations via Theorem 1, we have

A (") By |y (4™ — vaw)| (5 (4" — vaw)) — Prlaw|an = 0.
(16)
The variables are collected in the vector gy, the number of equations is [N/, i.e., the
cardinality of the set of non-tree arcs in the network.
From the viewpoint of nonlinear analysis the mapping from RN to RIM in (16)
is differentiable with Lipschitzian gradient and has further favourable monotonicity
and coercivity properties. When outweighing pros and cons, symbolic computation
with exact arithmetics, clearly, requires bigger efforts than working numerically, with
descent methods, for instance. The symbolic approach, still has two notable advan-
tages: the simple check for existence of solutions by looking whether 1 belongs to
the reduced Grobner basis or not. The second advantage is in the possibilities for
computing explicit dependencies of optimal values and optimal solutions, which we
elaborate from now on. The following algorithm provides the roadmap for how to
proceed:

Algorithm 4 (Representation of M)
Input:

— Graph G = (V1 A,) with A, denoting the set of arcs, for the moment neglecting
their orientation; entry node ug;

— List of node-arc-incidence-matrices, with fixed separation of basis and non-basis
columns, and varying < = (g, %y )«, K = 1,..., £, representing arc orientations
after elimination of absolute values;

— Pipe constants matrix ¢ and pressure intervals [p*,p"]

Output:

Explicit solution z = z (g
representation of M

hom) of equation (2) in Theorem 1 leading to an inequality

FOR «x€{l,....0} DO

Step 1 Denote .Zf (¢"™,z) =0, e = 1,...,|N| the rows of (16), with z standing for
gy and <7 replaced by ¢

Equip the ring of parametric polynomials Q |g}°™,... ,qr‘?‘m, 2,45 N|] with
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an admissible block term order on the monomials in ¢"®™ and z, such that
qnom <z

Form the ideal % = <ﬁl" (@"™,2),-- Ty (anm,z)>.

Step 2 Compute the minimal comprehensive Grobner system of .7 with respect to

the lexicographic admissible block term order.

CGSx = {(Bix:Gix) - (By(e)r i) } »

with branches (Bj,Gjx), of parameter sets B, and Grobner bases Gy, for
j=1,...,J(x).

Step 3 Single out the irrelevant branches among the (Bix,Gix) -, (By(x)xs Gr(x)x)
Step 4 Find the parametric roots of the equations induced by the members of the

Grobner bases belonging to the relevant branches, i.e., those not singled out
in Step 3.

Collect the parametric roots from the individual orientations k¥ = 1,...,/ to finally
arrive at the parametric solution z (¢"™) to (2).

Remarks:

1.

(Absolute Values and Arc Directions) It is assumed to bring as input a list of feasi-
ble orientations, encoded via the node-arc-incidence-matrices 7. for
k € {1,...,£}. Only with absolute values removed, the polynomial equations be-
come accessible to computer algebra system.

. (Term Orders) To ensure that the term order is block admissible the symbols

q1°m, ... ,qﬁ?lm must be placed in front of the zj,...,z)y) in the “alphabet”.

. (Comprehensive Grobner System) Computation of the comprehensive Grobner

system in Step 2 is accomplished with the library grobcov_lib of SINGULAR [7].
For the algorithmics underlying grobcov lib, see [12].

. (Irrelevant Branches) The B j,-subsets together are forming partitions of the pa-

rameter space. Every individual Bj, is given by a solution set of polynomial
equations and polynomial non-identities. These sets can be empty or contain 1
as generator of .7, hence both are irrelevant.

. (Elimination) In an extreme situation, the outcome of the elimination may look

as follows:

~K nom _ ~K nom _ 2K ( _nom _
«%M (q 7Z\N\) =0, «g(pv\q) (q 7Z\N\) _Z|N|717"'ay1 (CI 7Z|N\) =11
a7
Here, after a solution to the ultimate univariate equation in zy,

P (" 2m) =0

has been found, solutions for the remaining z-components result immediately, just
by inserting z)y| as follows

Pl (@) =gwer o FEE@ ) =2 (8)

This phenomenon is known as an outcome of what is called the Shape Lemma
see [19], Chapter 2, Proposition 2.3. We do not go deeper into this topic in the
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present paper, however will come back later this chapter when reporting relevant
computational experience.

6. (Parametric Root Finding) Elimination provides a univariate polynomial
52\‘ N (¢"°™,z)y) with parameter ¢"°™ and variable z|y|. Finding the zeros includ-
ing their explicit dependence on the parameter is supported by symbolic solvers,

for instance, the solve function of MuPAD in Matlab [15].

We illustrate determination of the feasibilty set M at an example of a network of two

cycles with a common arc, see Figure 2 for definition of the instance and notation.
The representation of M according to Theorem 1 reads

$o2lzifzr =" Por|gi™" +@3°" + 43" — 2 [(¢17" + 57" + 457" —21)
+012|0"" + 457" — 21— 2| (™" + 43" — 2 — )

oi3l2la= 012163 + 450" — 2 — 2 (3" + 30" — 21— 22)
+ 623195 — 22| (45°" — 22)
P12 pAonld +a3™" —a -2l + a3 — 2 —22)
71> p3t+on| + 5" —a -l (B + " -z —22)
+ 023 3" — 22| (65°" — 22)
P2>  pr—on2l™ + a3 — a1 — 2l (@™ + 43" — 2 —22)
P2=  p3tdaslgs™ — 22l (g™ —22)
3= pr—onlg + 43" —a -2l (@™ + 3™ — a1 — )
— 023 |5°™ — 22| (65°™ — 22)
M=1{ g™ e R2, |3z P32 §2*¢23\q§°mfzz|(q§°mfzz)
- Po < Pitoor g™ + 437" + 457" — 2 (417" + 437" + 457" — 1)

0 < P2+ o1 lg™ + @™ a3 — [ (@™ + @™ a3 —z1)
+ 012" + 5" — 21 — [ (B G — a1 —22)
Po < Patdor g™ + 4" + 37" —a | (" + ™ + 5 —z1)
+ 12 |2 + 5" — 21 — 2| (" + 437" — 21 —22)
+ 23 [45°™ — 22| (43" — 22)

Po=  prt+dor |+ + 5" —a [ (" + " + 57" —21)
Po= p2too g™+ + a3 —a (a1 + g™ + 37" —21)
+ 012 12°" + 5" — 2 — 2| (7" + 437" — 21 —22)
o> p2+¢or|gi”™ + 5" + 5" — [ (1" + " + 57" — 1)
+ 01212 + 5" — 21— 2| (" + g3 21 —22)

+ 023195 — 2] (¢5°" — 22)

The network G has four nodes, of which ug is an entry node and the remaining nodes
are exit nodes. For the spanning tree 7 = {(uo,u), (u1,u2), (u2,u3)} we obtain the
fundamental cycles by adding the arcs (ug,u»), (u1,u3). As a consequence now there
are two fundamental cycles with common arc (u1,u).

Just to simplify notation and shorten formulas by mildening the length of coefficients
arising in front of the monomials, we assume that the matrix & of the pipe constants
is the identity. For real-life data of @ consult Appendix B.

Then system (16) specifies as follows, where for the unknown flows g, 13 along
the non-tree arcs we have introduced the notations zj, z2:

erlan = 1™+ g™ g3 — 21| (g™ + g3+ — )



16 C. Gotzes, S. Nitsche, R. Schultz

nom

up q1
>
Y
AN
401 M q1i3 (=22)
AN
\\ %4— —
uo NN}
HDITI9 qlz - nom
90 AN q3
Y
N
AN —
g (=z1) . 923 -
Y
N
- nom
uy @

Fig. 2 Network G with Two Cycles

+1"" + 53" — 21 — 2| (" + 5" — 21 — 20) (19)
nom nom nom

|z2|z2 = 15" + 5" — 21 — 22| (" + ¢53°" —z1 — 22)
+1g5™" — 22| (5™ — 22) - (20)

Given the above specifications of entry and exit nodes and taking into account that,
due to the pressure drop, directed cycles with non-zero flow are impossible, the fol-
lowing observation singles out the remaining orientations. Arc orientation and resolu-
tion of the absolut value correspond to each other. The members of the sums in (19),
(20) symbolize non-uniformly directed arcs in cycles. It is convenient (and arithmeti-
cally in accordance with the set-up of the node-arc-incidence-matrix) to associate
positive flow on an arc with positivity of the argument the absolute value has to be
taken of.

Observation 1 Assume q}°™,q5°™,q53°™ > 0 and the node specifications from above.
Then the undirected graph G in Figure 2 allows for at most the orientations depicted
in Figure 3.

Proof First we have z;1 > 0 and go1 = ¢7°™ + g3°™ 4+ ¢5°™ — 21 > 0, because node ug
is the only entry node of the network and the gas flow cannot cycle.

Let 75 <0. Then g3 = g5°™ — 22 > 0, since, otherwise, u3 would be an exit node with
indegree zero. Now g2 = ¢5°™ + ¢5°™ — z1 — 22 < 0, since directed cycles are not
permitted. This verifies feasibility of Orientation I from Figure 3(a).

Let zp > 0 and g1, < 0. To avoid a directed cycle there must hold g3 > 0, verifying
the possibility of Orientation II from Figure 3(b).

Let 70 > 0 and q12 > 0. Then neither ¢g>3 > 0 nor g3 < 0 disqualifies from further
consideration, leading to the orientations in Figures 3(c) and 3(d). This completes the
case distinction and the proof.

Each of the orientations identified in Observation 1 leads to a system of parametric
polynomials with variables z;, z> and real-valued parameters g{°", g53°™, ¢5°™. The
consistency of flow direction and positivity of the argument of the absolute value
imply inequalities marking polyhedral validity regions for the polynomial equations,

see Figure 4.
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LLLP

(a) Orientation 1 (b) Orientation 2 (c) Orientation 3 (d) Orientation 4

Fig. 3 Possible orientations for the graph in Figure 2, corresponding to node-arc-incidence-matrices .27 =
(7, 9N )k, K=1,...,4, representing arc orientations after elimination of absolute values.

Orientation I:
0= (g™ +g8™ + 5" )’ ~ (@™ + g~ —22)"
0= — (&A™ + g3 — 21 — 22)* + (5™ — ) + 22.
Validity Region I:
2120, 2<0, 1"+ G+ >z, GG <zt (N>
Orientation II:

0= (gi™ +g3™ +g1™ —21) = (™ + 5™ — 21 —22) =3
0= — (5™ +¢2™ — 21 — 22)* + (&A™ — 22)* — 22.
Validity Region II:
2120, 220, ¢+ + " > 21, N+ <zt 22, 3" >
Orientation III:
0 = (@™ + g3+ g™ =)+ (@ + g5 — 21— 22)” — F
0= (5™ + g™ — 21 — 22)* + (¢3°™ — 22)* — 3.
Validity Region III:
G20, 220, T 2o, AT >, ¢ >0

Orientation IV:

2 2

0= (g™ + B + g™ — 21 + (g™ + 4" — 21 — ) —
0= (" +g5" — 21 —) - (g5 — )} -2

Validity Region I'V:
2120, 220, ¢+ + 53" > 21, ¢+ >z 422, 3" <2

These systems of parametric, piece-wise quadratic polynomial equations form the
departure point for eliminating the variables z; and z, from the representation of M
in Theorem 1.
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qllmm - 4’ qgom - 57 qgmm =7

Orientation I
0 = 423 — 18423 + 77623 — 1948z, — 18847
0 =32z; 4223 — 1425 — 207

22

av) Orientation II
0= 211673 — 1948z, — 18847
(1 an 0 =32z — 14z, —207
qlilOm + qgom + qgom
(0,0) qunom qulom + qgom () 21 Orientation III

0 = 211623 — 30620z + 81505
0=32z; — 14z, — 207

Orientation IV
0 = 473 47223 — 204023 + 11492z, — 43935
0 =32z — 223 + 14z, — 305

Fig. 4 Illustration of validity regions and polynomial systems for orientations I to IV, for a fixed parameter
vector ¢g"o™

Fix the parameters ¢{°™, g5°", g5°™. For each of the above four systems of equations

consider the ideal generated by the defining polynomials. The set of common zeros
of these polynomials, also called the affine variety, does not change when passing
to another generating set of the ideal, for instance, the reduced Grobner basis, see
Subsection 2.3.

Let the parameters g]°", ¢5°™, g3°™ vary. Intuitively, this makes the (reduced) Grob-
ner basis dependent on the parameters. Mathematically rigorous investigation now
leads to comprehensive Grobner systems (CGS). A CGS delivers a finite partition of
the parameter space with a parametric reduced Grobner basis for every element of
the partition (branch), see [12] and Appendix 2.3 for details.

Computing (w.r.t. lexicographic order), for the four orientations, branches with para-
metric Grobner bases leads to the following comprehensive Grobner systems. While
a detailed discussion will be given for Orientation I, presentation of the remaining
results is confined to the relevant branches of the Grobner system, with the results for
the other branches shifted to Appendix A.

Orientation I
Branch 1:IF q‘f"m + qgmn + qgom £0

0= 4Z24—|—

(_Squlom _ ngom _ léqgom) Z23 +



Probability of Feasible Loads in Passive Gas Networks with up to Three Cycles 19

(_8(qr110m) Sql’l()m nom+8qnom nom +16( nom) )Z22+

(4(qli10m) _|_4( nom)Z nom+16( 1’101’1])2 nom 4qnom( I'lOl’l’l) +8qn0m nomqgom

+86]]f0m (qgom)Z _4(qgom)3 _8 (qgom)Z nom Sqnom( nom)2 _8 (qgom)3> I+

(™) = 2(g1"3™)* =4 (5" 3" 5 — 8 (413"
_Sq?omqnom (qgom) Sqnom( nom) + (qgom) +4( nom)3 nom +4( nom r310m)2

O — (2q1’10m + 2q1’10m + qu’lom) Z] + 2222 _ zqgomzz _ (ql‘l ) 2qn0m nom qufomqgom

—(g5™)? — 248

nom IIOIII

Branch 2: IF qulom + qrzlom + qr310m -0

0 = 225> — 2¢2°Mz, + (g2o™)?
0= 211 +4ZIZZ+( 4qnom 4qnom) ( 4qnom 2qnom)22+2( nom)2
Jr4_qnom nom 4 (qgom)

Since we are dealing with loads, ¢7°™,¢3°",¢5°™ > 0 holds. Thus the condition
q1°" + q3°™ + g5°™ = 0 for the second branch is only fulfilled with g{°™ = g;°™ =
g3°™ = 0. Obviously, this case is irrelevant, because this would mean that there is
no gas flow in the network. These irrelevant cases of the remaining orientations are
listed in Appendix A.

Moreover, notice that for Branch 1 above the Shape Lemma, see (17), works while it
does not for Branch 2.

Orientation II
BI'anCh 1 IF( nom) +2q?0m om+3qnom nom_,’_< nom) +3q30m nom +2( nom)
0

2

#

0= (4(q[l1om) Jr8qn0m nom+16qnom nom+4( nom) Jrl6qnom n0m+16( nom) )122
_|_(4(q1110m) _|_4( nom)2 norn_|_16( nom)2 nom 4qnom( nom) _|_8qnom nomqr;om
+8qnom (qglom) 4(qgom)3 _S(qgom)Z nom Sqnom( nom)2 _S(qgom)3) 7
(g™ -2 (g 4 (g g 8 (g
_Squlornqnom (qr310m) Sqnom( nom)3+(qgom) _|_4( nom)3 nom_|_4( nom nom)2

0= (2qnom+2qnom+2qnom)zl_2q3 mZz—(q1 ) zqnom nom anom nom

nom)Z _ 9 ghom jnom

—(q2 %"

Orientation III

Branch 1 IF (qnorn) +2q1110m nom_|_3qn0m nom_|_(qn0m) +3q30m IlOIl’l_|_2( HOH’I)2

"



20 C. Gotzes, S. Nitsche, R. Schultz

0

0 — (4(qnom) +8qn0m nom+16qn0m n0m+4( HOIH) +16qnom n0m+16( [10[)’1) )ZZZ
_|_ ((4 (qnom) _|_4( nom)Z nom 4qnom ( nom) 24qn0m nomqr310m
_24qn0m ( nom) 4 (qgom) 24( nom)2 nom 40qn0m ( nom) 24( nom) ) z2
+ (qulom) 2 (q[llomqgom> 4 (qIIIOIn)Z qgom nom + 8qn0m nom (ql:’il()m)
_|_8qnom (qgom) _|_ (qlz'l()m) _|_4 (qgom)3 qgom + 12( nom nom) + 16qnom( nom)3
+8( nom)

0 _ (zqnom + zqnom + zqnom) anom (ql]iom) 2q[10IIl nom 2qnom nom
_ (qrzlorn) qu’lom nom

Orientation IV
Branch 1:IF qu‘om + qgom + qgom £0

0 = 42" + (81 + 8g3™) 22" + (—841°"g3"™ — 164" g1 8 (¢3™")?
24 gpom gnom S(qgom)2> L+ (4( nom) 4( nom)Z oM 1 8(g nom)anom
—4ghom (g1om)2 4 gghom gnom g™+ 164%™ (¢ nom)2 4(g2°™) 4 1641°™ (¢ nom)2
+8(q5™) ) 2+ (g1™) = 2(g1gE™)” — 4 (1) g3 — 4 (g3

3 3 3
_8qr110mqnom (qgom) Sqnom ( I'lOl’l’l) + (qnom) _|_ 4( nom) nom Sqnom ( nom)

4
—4(45"™)
O _ (zqnom + zqnom + zqnom) Zl _ 2 ( ) + 2qnom (q[llom) zqnom nom anom nom
2
_ (qlzl()l'[l) zanm nom 2 (qgom) .

Using the solve function of MuPAD in Matlab [15], one can find polynomials
(F(g"™™) o1 (q™™) € R g™, g3 g5

namely the roots of the comprehensive Grobner systems, such that

(_fl (qnom) 7ei (qnom)) lf qn0m7 qIZIOm’qISIOmL](} ( HOIII) (qnom)
z2=(z1,22) = fulfill the conditions for resolution of the
absolute values and for the branches of the CGS

Setting for zo = e; (¢"™)

¢; (¢"™) := Root; Of (413 + (—8¢1°™ — 8¢y — l6q[31°m)z% + (78 (q[llom)2
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_Sqnom n0m+8qnom nom+]6( nom) )Z%‘f‘(‘l’( nom) +4( nom)quom
2 2

+16( nom) qgom 4qnom (qnom) Jr8qn0mqgoqu§0mJrgqnom( nom)

_4( nom) 8(q1210m)2 nom 8qnom( nom) 8<qgom) )Z2_|_(qnom)4

2 2

—2(q1"g8™)? — 4 (q1°™)? g3 g5 — 8 (41" )

_Squlomqnom (qgom) Sqnom( nom) +(q1210m) +4( nom)3 qgom

4 (gom §°m)2) fori=1...,4,

1
2((qumm) +2q1110m nom+4qn0m n0m+( nom) +4qn0m n0m+4( nom)z)

((_1)i2\/qgom (qTom +q30m +qgom)3

nom) P

ei(q

\/( nom) + 3qnom nom __ (qgom) qgom nom ( nom) 2
2 2 2
+qnom (qgom) (qulom) IlOIIl 2qnom ( nom) 4 (qulom) qlél()m
_|_2qn0m( [101’1’1) +2( nom)quom (qulom) _|_ (qgom) +2( 1'101’1’1)
—2g}OmgROm oMy  for i = 5.6,
1
2 ( (quyom) +2q|11om nom +4qn0mqnom+ (qgom) +4qnomqgom+4(qgom )2>

((_l)iz\/qglom (qulom +q1%0m _|_q510m)3

nom) .

ei(q

\/ (qulom) qulomq3om + (qgom) + 3qgom nom 4 (qnom)2
_|_q[110m (qgom) (q[ilom)z nom _|_ 6q1101'[l ( I'lOIl’l) _|_ loqnom ( 1’101’1’1)2
2 3
+6 ( nom) qr310m (qulom) + ( 1’101’1‘1) + 6 ( 1’101‘[1) + 6qnom nomqgom>
fori="17,8,
ei (qnom) — ROOt, 8 Of (4Z2+(8qn0m+8qn0m)zg+( Sqnom 1’101‘[1_ 16qn0mqgom

8 (g8°) — 24g87 g™ — 8 (g3™)?) B+ (4(45°™) + 4 (41 B
+8 ( nom)2 nom 4qnom ( nom) + Sqnom nom nom + 16qnom ( nom)2
_4( nom) + l6qnom( IlOl'l’l) + 8( nom) ) ko) + ( nom) z(qulomqnom)Z

_4 (qnom)2 qgomqgom 4 (qulomqrglom) Sqnom nom (qgom)Z
_Sqnom (qgom) + (qgom) _|_4( nom)3 nom Sqnom ( nom)3 _4 (qglom)ét)

fori=9,...,12

1’101’1’1)

and for z; = fi (g

1

L (homy . __
f’ (q ) 2 (qulom + qrzwm + qgom)

(—26,’ (qnom)Z + quomei (qnom) + (qulom)z
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fi(d™™) =

fi(d™™) =

+2qnom nom + qu’lom nom + (qgom>2 + 2q30mqgom)

fori=1,....4
1

)

2 (q[llom +qr210m + nom)

2ql'310m e (qnom) + ( nom) + zanm nom

F2GI G (@) + 243G fori=5,....8,

1

2 (q[llom + qrzlom + qnom

7 (2er(am? =24 () +

_|_2qn0m n0m+2qnom 1’101’Il_|_( nom) +2qnom nom_|_2( nom) )

fori=9,...,12.

In the formulas above, the index i marks the individual roots for the univariate equa-
tions with varying parameters. Indeed, the number of roots (counting multiplicities)
for Orientations I and IV is four, while it is two for II and III. Notice that we
have quadratic equations here.
‘We obtain for z varying in the four validity regions belonging to the four orientations:

z2=(z1,22) =

(fi(g"™)ei(q™™))

(fi(g"™),ei(g"™))

(fi(g"™)ei(q"™™))

(fi(g"™),ei(g"™))

if £i(g™™) >0 A e; (g™™) <0
NG+ BT+ > fi()

AN gy +q3" < fi(q"™) +ei(g"™)
AGE™ > fi(g™™), i=1,...,4
(Validity Region I)

if £; (g"™) >0 A ¢; (¢™™) >0
A"+ @™+ 5" = fi (™)

/\ qI210m +q§10m S ﬁ (qnom) +el (anm)
ANgP™ > fi(@™™), i=5,6
(Validity Region II)

i £ (¢™™) > 0 A e (¢7™) >0

A GO + g5 4+ g5°™ > fi(g"™)

/\ qgom +q§l0m Z ﬁ (qnom) +e1 (qnom)
A g™ > fi(g™™), i=7,8
(Validity Region III)

if f;(¢"™™) >0 A ei(g"™) >0

/\ qulOm +qgom +qn0m > ﬁ (qnom)
A"+ g5 > fi(q™™m) +ei(¢"™)
A g™ < fi(g™™), i=09,...,12
(Validity Region 1V)

Let us conclude this section with reminding that in parametric optimization it is con-
sidered a formidable task to compute nonlinear objects, for instance optimal or fea-
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sible solutions, whose dependence on a parameter vector can be made globally ex-
plicit by closed-form expressions. On the other hand, it has to be stated that the exact
arithmetics executed in the course of symbolic computation comes at a price. The
numerators and denominators of the rational numbers occurring as coefficients can
accumulate to tremendous sizes. Keeping these numbers small is a topic on its own,
see [19] and the discussion at page 15 therein.

Appendix

A Comprehensive Grobner Systems of the Example in Chapter 4

Orientation II
Branch 2: IF ¢ 4 ¢1°m 4 2¢8°M = 0 AND ¢2°™ £ 0

O — 2( nnm) Z2+ (qgom)quom +2qn0m (qnom)Z
0 = g5z +453"
Branch 3: IF ¢5°™ =0 AND ¢{°" +¢}°™ # 0
0=1
0 = zf +22122 — 26821 +25 — 24822 + (43°")

Branch 4: IF ¢]°™ + ¢5°™ + ¢5°™ = 0 AND ¢}°™¢5°™ + ¢5°™g5°™ +2 (q‘%“’m)z #0

0= 241 — (¢i™)?)
0= Zl+21122+( anom zqnom)zl+2272qnom272+( nom) +2q1210mqgom

Orientation III
Branch 2: IF ¢}°" +¢5°™ +245°™ = 0 AND ¢5°™ #0

0= 2( nom) (qgom)Z nom zqnom( nom)272(qgom)3

nom nom

0 =453 m+%
Branch 3: IF ¢3°" =0 AND ¢{°" +-¢5°™ # 0
0=1
0 = 2 +22120 — 24521 + 2% — 245" 22 + (¢3°™)?
Branch 4: IF qlil()m +qn0m +qn0m 0 AND qnomqnom +qnomqnom +2( nom)2 7& 0
0 — anﬂl‘ﬂ (qgom)
0= Zl +2z120 + ( 2q“°m 2ql310m)Z1 +Z% _ quomZz + (qgom)Z +2qgomqgom

Orientation IV
Branch 2: IF ¢{°" +¢5°™ +2¢5°" =0

0= 22% 2qnomZ2+(qgom)
0 = 221 +42122 + (—4g5°" —4g5°™) 21 + (—443™™ = 243°™) 22 + 2 (¢3™") + 493" g5 + (g5°)°
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B Data

The data for our test runs is summarized in Tables 3-6. For these tests we assume that the exit loads at the
distinct exit nodes are uncorrelated. Hence, the covariance matrix X is a diagonal matrix whose non-zero
entries are the variances of the exit loads. The variances are listed in Table 6.

Tree 1Cycle 2Cycles 3 Cycles
Entry (60,64] [60,64] [50,60] [50,60]
Exit 1 (59.983,59.999]  [59.983,59.999] [57,60] [57,60]
Exit 2 [59.96,59.988| [59.96,59.988] [57,60] [58,60]
Innode 1 [2,60] [2,60] [2,100 [2,100]
Innode 2 - [2,60] - [2,100
Innode 3 - 2,60] - -
Table 3 Pressure bounds in bar
Tree 1 Cycle 2 Cycles
a;  0.00040186474220432706  0.00040152747327385586  0.00039684532748085016
ay 0.000960001882653765  0.00044231177465580936 0.0003964841777846187
a3 0.0012077854071559843 0.0004786889720373006 0.0003963089545530377
as - 0.001282872627091776  0.00039666293208904174
as - 0.0008191121937057034 0.000396137156818885
ag — 0.00044231177465580936 -
ay - - -
3 Cycles
a;  0.00039684532748085016
a 0.0003964841777846187
a3 0.0003951465886447003
as  0.00039581338551682453
as  0.00039616692041759586
ag 0.0004032274899887967
ay 0.000396137156818885

Table 4 Realistic pipe constants ¢ used throughout the tests, while in the main body of the text the con-

stants were put identically 1.

Tree 1Cycle 2Cycles 3 Cycles
Exit 1 2 37 14 10
Exit 2 52 18 16 60

Table 5 Mean y at exits in 1.000 m>h~!
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Tree 1Cycle 2Cycles 3 Cycles

Exit1  7.6729 7.6729 1 100
Exit2 7.6729 7.6729 100 100

Table 6 Variances at exits
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