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NETWORKS OF PIPELINES FOR GAS WITH NONCONSTANT
COMPRESSIBILITY FACTOR: STATIONARY STATES *

MARTIN GUGATT, RUDIGER SCHULTZ}, AND DAVID WINTERGERST?

Abstract. For the management of gas transportation networks, it is essential to know how the
stationary states of the system are determined by the boundary data. The isothermal Euler equations
are an accurate pde-model for the gas flow through each pipe. A compressibility factor is used to
model the nonlinear relationship between density and pressure that occurs in real gas in contrast to
ideal gas. The gas flow through the nodes is governed by algebraic node conditions that require the
conservation of mass and the continuity of the pressure. We examine networks that are described by
arbitrary finite graphs and show that for suitably chosen boundary data, subsonic stationary states
exist and are uniquely determined by the boundary data. Our construction of the stationary states
is based upon explicit representations of the stationary states on each single pipe that can easily be
evaluated numerically. We also use the monotonicity properties of these states as functions of the
boundary data.

1. Introduction. Pipeline networks for gas transportation are an important
part of the infrastructure. The 1-d isothermal Euler equations are a model for the flow
that is motivated by the principles of continuum mechanics. In [Gugat et al., 2015],
we have analyzed the stationary states for this model on certain pipeline networks for
the case of an ideal gas where the sound speed is constant. In more realistic models
for the gas—so-called real gas—the sound speed is not constant, but depends on the
pressure of the gas. Therefore, a compressibility factor z depending on the pressure
is introduced. For the ideal gas this factor is equal to one. In this paper, we consider
a z-factor that depends in an affine linear way on the pressure. For single pipes, the
corresponding states have also been discussed in [Schmidt et al., 2014], but here we
provide a more explicit representation.

We study the stationary states in networks with real gas. The analysis of the
stationary states is essential for the management of the pipeline systems, since usually
supply and demand remain constant at certain time intervals. Also, the methods
to evaluate gas network capacities presented in [Koch et al., 2015] are based upon
stationary states.
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While in [Gugat et al., 2015], only certain pipeline networks have been considered,
in this paper, we present general results that are valid for networks that are given by
arbitrary finite graphs. The analysis of networked systems of hyperbolic balance laws
has received a lot of attention recently (see [Bressan et al., 2014]).

The optimal control of gas pipeline networks has been considered in several stud-
ies, for example [Colombo et al., 2009] and [Gugat and Herty, 2011]. An essential
effect in the pipeline flow is the pressure loss in the gas along the pipe. This effect is
modeled by a friction term in the pde and is typical for balance laws. In the case of
conservation laws that appear for example in the context of traffic flow models (see
[Garavello, 2009]) such a term does not appear. For the case without friction, the
p-system has been studied in [Colombo and Marcellini, 2010]. In [Reigstad, 2014],
numerical models for isothermal junction flow without friction term are presented.
The flow through the pipe junctions in the network is governed by a system of al-
gebraic node conditions. The conservation of mass yields the Kirchhoff condition.
Moreover, it is assumed that the gas density at the junctions is the same at all
adjacent pipes. The well-posedness of general networked systems of balance laws
systems is studied in [Gugat et al., 2012]. Mixed integer models for the station-
ary case of gas network optimization have been considered in [Martin et al., 2006]
and [Koch et al., 2015]. In [Rios-Mercado et al., 2002] the flow system on networks
was successfully solved independently for a simplified model, the so-called Weymouth
approximation (see Sect. 3.1). The results are however not applicable for our model,
because pressure and flow do not decouple in the way that is used in the proof of the
main result in [Rios-Mercado et al., 2002]. Recent results on solutions of the p-system
are given in [Bressan et al., 2015], where it is pointed out that for general pressure
laws the total variation of the solution can become arbitrarily large. For the pressure
law that we consider in this paper, Bakhvalov’s condition holds which implies that
the p-system for barotropic gas has a global entropy weak solution with uniformly
bounded total variation; see [Bressan et al., 2015] and [Bakhvalov, 1970].

This paper is organized as follows. In Sect. 2 we state the isothermal Euler
equations. In Sect. 3 we consider the stationary states on the pipes of our network.
A comparison with the Weymouth equation that is often used as a simple model for
the stationary states is given in Sect. 3.1. The monotonicity properties of the solution
with respect to the given boundary values in each single pipe allow the construction
of stationary states on networks. The flow through the junctions of the network is
governed by Kirchhoff’s coupling conditions, which yield the conservation of mass and
the continuity of pressure. In Sect. 4 three small graphs are treated: a tree (Sect. 4.1),
a network with two parallel pipes (Sect. 4.2) and a diamond-shaped graph (Sect. 4.3).
These three graphs are examples for the case of a graph with no circles, a graph with
one circle and a graph with two circles. In all three cases, an explicit approach to
construct a solution is given. In Sect. 4.4 the case of an arbitrary finite connected
graph is considered and the existence and uniqueness of a subsonic solution is shown
for appropriately chosen boundary data. Conclusions are given in Sect. 5.

2. The Isothermal Euler Equations. Let a finite graph G = (V, E) of a
pipeline network be given, where V denotes the set of vertices and E denotes the set
of edges. Each edge e € F corresponds to a pipe in the network. Let D¢ > 0 de-
note the corresponding pipe diameter and Af,; (x) > 0 the space-dependent Lipschitz
continuous friction coefficient.

Define 6¢(x) = % Let p° denote the gas density, p® the pressure and ¢° the
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mass flow rate. Let a® € (—0.9, 0) and

(2.1) 2°(p°) =1+ a®p°

the compressibility factor. We use the state equation for real gas
p° = RT“=°(p°)p°,

where T is the temperature and R is the specific gas constant. We study the isother-
mal Euler equations for horizontal pipes

pi +4az =0,
(¢°)? 1 .q°lg°]
e e \7 / — _Zp°
“r <p E R
that govern the flow through a single pipe. In our analysis, the velocity v¢ = Z—: and

the Mach number “C’—: appear, where c¢® > 0 denotes the sound speed in the gas. We
have

2 e
(2.2) (1) _ 9"
c Op®
The case of an ideal gas that is @ = 0, has been considered in [Gugat et al., 2015].
Equation (2.1) is also stated in [Schmidt et al., 2014] as the model of the American
Gas Association (AGA). It is sufficiently accurate within the network operating range
(see [de Almeida et al., 2014]).

We consider the case of subsonic flow where the absolute value of the velocity
of the gas is strictly less than the sound speed in the gas. This is the case that is
relevant for gas transportation networks, because if the velocity of the gas in the
pipelines is too large, vibrations of the pipes can develop and cause noise pollution.
Moreover, excessive piping vibration can damage the system. Therefore, there are
upper bounds for the velocity of the gas in the operation of gas pipelines. A detailed
study of fluid-induced vibration of natural gas pipelines is given in [Zou et al., 2005].

3. The Stationary States in the Pipes. Each edge ¢ € F of the network
graph corresponds to an interval of the length L¢ > 0 with the boundary points z = 0
and x = L°. In this section, we determine the stationary states on these intervals.
The first equation in the isothermal Euler equations implies that for every stationary
state, the flow rate ¢° is constant. The pressure p© satisfies an ordinary differential
equation on [0, L¢]. To derive this equation, we use the state equation for real gas

1 1
eRTe(Oée+e>,
p p

to eliminate p¢ from the second equation in the isothermal Euler equations. Since ¢©
is constant for stationary states, we get the differential equation

2
€ 1 1
(3.1) 1— (q) RT® | p& = —=6°¢°|¢°| <of + ) RT®.
p 2 P

We consider classical stationary states. The velocity is given by

¢ 1
V¢ = % :RTeqe (Oée+e> .
p p
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Define n° as the square of the Mach number

(32) g = () ~ () (1>

Then, (2.2) implies that

(3.3) e _ (RTE e<ae+1>>21l—RTe <q6>2
: n= q e RTe (1 _|_aepe)2 - pe :

For the subsonic states that are relevant in the applications, we have n° < 1. In (3.1),
the factor in front of p¢ is (1 — 1), so it is clear that if n® approaches 1, that is if the
velocity approaches sound speed, a singularity in the derivative occurs.

To prepare the integration, we rewrite (3.1) in the form:

1 , 1 a (¢°)?RT* 1
- V2RTE — _ c — _ZRT6°|°.
o+ (PR — ) e - | =]

With a constant C¢, by integration this yields the equation
1 e e\2 e 1 e, e e\2 e e
—p°+ [ (¢°)°RT* = —=5 | In(|1 + ap|) = (¢°)"RT* In(p®)
a (a®)
1 xT
=C°— iRTeqe|qe|/ 0°(s) ds.
zo

To analyze the solution of (3.1), we need the following lemma, where the strictly
increasing, differentiable and strictly convex auxiliary function £ is introduced that
can easily be evaluated numerically.

LEmMA 3.1. Forp® € (0 L ), define the auxiliary function

7‘0ée|

B 00 = o+ (@R -

ae

(ale)2> In(|1 + ap®)) — (¢°)*RT* In(p°).

Then, F€ is differentiable on (O L ) and

7‘(,!‘3'

(p°)* — (¢°)*RT*
pe(1+ acpe)

(3.5) (F) () =

For subsonic flow (that is n° < 1), we have (p©)? — (¢°)2RT° > 0; hence, F€ is strictly
increasing on (|qe|\/ RTe® i) For the second derivative, we have

7‘th|

(p°)* + (¢°)*RT*(1 + 20°p°)

(35 ) = G R

Thus for subsonic flow, we have
qe)ZRTe(l + aepe)

e\ (e 2(
(F ) (p ) 2 (pe)2(1+aepe)2

> 0;
thus F¢ is strictly convezr on (|qe\\/ RTe, |Tle\) We have

1
(3.7 O0ge F°(p°) =2¢°RT®In ( af + peD .
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With the function F'¢ from Lemma 3.1, we can write the solution of (3.1) as
- (& (& 1 e € € * €
(33 o) = (7 (£ - grreclar] [ ooy as).
xo

The decay of the pressure along the pipe is shown in Fig. 1, while the behavior of the
pressure at the outlet for varied ingoing pressure p§ is illustrated in Fig. 2.

REMARK 1. The inverse function (F¢)~! can be evaluated numerically with New-
ton’s method. For a given z > F(|q°|vV RT*®), we define

©°(y) = F(y) — 2.

Finding a root of ¢° is equivalent to calculating (F)~1(2). Because F¢ is strictly
monotonously increasing on (\qe|\/RTe, ﬁ) the same holds for p°. Additionally, we
have

©°(|¢°|VRTe) <0 and lim F°(y) = oc.

Y. Taer

This implies that we have a unique root y* € (|qe|\/ RTe, ‘a—lpl) For each starting point
Yo € (y*7 ﬁ) , the Newton iteration

)
Pt =0 ) (y)

generates a monotonously decreasing sequence that converges to y*. This follows from
the convexity of F'©, which implies the convexity of ©° on (|q |V RT®

To determine the stationary states on a network, the sensitivities of p (Le) with
respect to p¢(0) and ¢° are important. The following lemma gives explicit represen-
tations of the sensitivities.

LEMMA 3.2. Consider subsonic flow, that is (¢°)>2RT° < (p®)?. For z € [0, L¢],
define

’\al

1 x
B9 et = 7 () - grrle] [ o as).
where F° is defined as in (3.4). Then, we have

(3.10)

apspe(xvqevpg) = >0,

(Fe)' (p§)
(Fe) (p(x, 4%, 1§))
(3.11)

2¢° RT“ p°(=, ¢°, p§) 2°(p°(, ¢°, p§))

(p°(x,q%,p5))? — (¢°)?RT*

x
. z°(po) _ 1 e e
o () — o () — it | (o).

Thus for ¢¢ =0, we have

Ogep®(, q°,pG) =

Ogep®(x,q%,p§) =0
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and for q¢ # 0
Ogep®(x,q%, p5) < 0.

Proof. Equation (3.10) follows from the definition of p¢ and the the formula for
the derivative of the inverse. We have

1 T
(312) P (o, 05)) = F0) — 3RT0"N| [ 0°(s)ds,
xo
With (3.7), partial differentiation with respect to ¢¢ yields
(F) (0 (2, 4%, 15))0qe 0 (2, 4%, P5) + Oge F* (0° (2, ¢°, 15)) =
0, F*(f) - RT“Ia"| [ 0°(5)ds.
Zo

Thus we have

Oge FE(p§) — Oge F<(p° (w, 4%, 0§)) — RT*|¢°] [, 6°(s) ds
Fe' (pe(x, q°,p5)) '

Ogep®(, %, p§) =

This yields (3.11). |
REMARK 2. For practical applications one might be interested in a flow-dependent
friction coefficient 0°(q°) (independent of x). Then the derivative (3.11) becomes

B p (s g p) = 2 AT D" 4%, p) 2 (P°(w, 4%, p)
eE e (p°(2,4%,p5))? — (¢°)*RT*

[ (i) ) — L sign(a®) 0°(a°)e — 4o 0,-0°(a°)]

Most friction laws are decreasing in the flow. For an overview of different friction
laws, see [Ghanbari et al., 2011]. For positive flow, a sufficient condition to ensure
that the pressure at the end of the pipe remains decreasing in the flow can be given by

—040°(q°)1q°| < 26°(¢°).

This means the absolute value of the derivative of 8¢ has to be sufficiently small. An
important property of the pressure function is that it is decreasing in flow direction.
LEMMA 3.3. For subsonic flow p® > |¢°|v/ RT*® and p® < \Tlew we have

(3.13) sign(pg (7, ¢%, pg)) = —sign(q®).

Proof. Consider Eq. (3.1). Because the flow is subsonic, the sign of the term
1-— (”"—Z)zRTe is positive, and because p© < ﬁ, the sign of a® + # is also positive.
This shows the claim. |

For the second space derivative, we get the following Lemma.

LEMMA 3.4. For subsonic flow p¢ > |q°|vV RT®, positive compressibility factor

p¢ < ﬁ and under the assumption of a constant friction factor 0¢, we have

(3.14) Poo(®,4%,15) < 0.
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Proof. Tmplicit differentiation of (3.1) with respect to z yields

e\ 2 e\2 e e
q e\, e . 20)RT" . Loe ey el P e

¢ (p©)? (p©)?

After reordering, we get

e\ 2 e\2 e e
q (¢°)°RT (1 . pz>
1—-(=) RT®|pS, = ——5—Dpa | =sign(¢®)0® —2-—= ).
( (pe} )p )z 27 () P

o\ 2
Because the flow is subsonic, we have 1 — (g—) RT*® > 0. The sign of p, is — sign(g®),

which was stated in Lemma 3.3. This concludes the proof. O
Let us assume 6° to be constant and view the solution on the interval [0, L¢]. This
means that the evaluation of the integral term yields

%RTeqe|qe\/ 6°(s)ds = LRT°q°|q°|6°L°.
0

The sensitivity regarding the friction coeflicient is of special interest if one assumes
that it is uncertain.

LEMMA 3.5. For subsonic flow (¢°)?RT° < (p©)? and p° < ﬁ, the sensitivity
regarding the roughness can be calculated by

_%RTeqemelLe
(£¢)" (p° (L%, ¢%,p§))

(3.15) 9pep®(L°,q°,py) =
The sign is given by

sign (9pep®(L%, ¢°, p5)) = — sign(q®).

Proof. Differentiation of Eq. (3.12) and keeping in mind that neither F® nor p§
depend on #¢ lead to

Ope F(p®) Ogep® = —3 RTq°|q°|0°L°.

Hence, (3.15) holds. |
It is useful to define a critical length up to which the existence of a solution is
guaranteed. For this, we assume the friction coefficient ¢ to be constant.

COROLLARY 3.6. Let p§ € (|q‘3|\/RTe #> be given. Define

o]

Fe(py) = P (la°|VRT?)
RTe|qe|296

(3.16) Le=2

Then for all 0 < x < L¢ the solution p°(x,q°,p§) exists and is well defined.
Proof. It has to be shown that p®(z, ¢%,p§) € <|q€|\/ RTe, |Tle\) holds. Lemma 3.3
shows that the p° is decreasing in the flow direction. Consequently for positive
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F1G. 1. Pressure drop along the pipe for ¢ = 0.014261, pg = 60 - 10° Pa, ¢¢ = 453.1495kgm 251

flow ¢° > 0 the lower bound |¢¢|v/ RT*® is relevant. Keep in mind that F° is increasing
on the considered interval. This means that p®(z, ¢%, p§) > |¢°|vV RT*® is equivalent to

Fe(pf) — $RT*qlg°|0°x > F* (|a°|VRT?),
and because of ¢¢ > 0, we have

Fe(pg) — F* (lo°| VRT)

T <2
RTeqe|qe|ge

The inequality holds for all 0 < # < L¢ per definition of L¢. Now, we consider ¢¢ < 0.
Due to Lemma 3.3, we only need to show p°(z, ¢%, p§) < ﬁ or equivalently

€ € 1 e € € € M €
Fe(p5) — 5 RT¢"|4°10 x<p/13nq Fe(p).
Ta®T

Since the right hand side is infinity, this inequality holds, which concludes the proof.
0

It is also useful to be able to calculate the flow for given pressure values at both
ends of the pipe. This compensatory flow will be needed in Sect. 4.3.

LEMMA 3.7. Let pg,p1 € (0, \Tle|) be the pressures given at both ends of the pipe
and let the nonzero difference between py and py be small enough in the sense that

V=0 - e (52)

ze . Le .
\/ln (ZTIJ zg?;) — gsign(po —p1) Jy 0¢(s)ds

Then the sign of the flow is determined by

(3.17)  0<|po—p1| <po+p1—2

(3.18) sign(q°(po, p1)) = sign(po — p1)
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Fi1G. 2. Pressure p¢(L¢, ¢, -) at the outflow as a function of different ingoing pressures for
0°¢ = 0.014261, L® = 50 km, ¢° = 453.1495kgm 257!

and the flow can be calculated as
(3.19)

i(pl - pO) - (ai)z In (iig;;)

AT [In (22080 — Lsign(po — 1) Jy 0%(s)ds|

po 2¢(p1)

q°(po,p1) = sign(po — p1)

For the case pg = p1, the stationary flow is zero.

Proof. For simplicity, the arguments of ¢° are suppressed in this proof. Let us for
the moment assume subsonic flow, i.e., |¢°|VRT® < p®. We will show at the end of
the proof that this inequality indeed holds. We start from Eq. (3.12) and retain

1 Le
(3.20) Fé(p1) ~ F(p) = ~3RT0a’] [ 0°(s)d,
0

The monotonicity of F'¢ and fOLE 6¢(s)ds > 0 leads to

sign(q®) = —sign(F“(p1) — F°(po))
= —sign(p1 — po)
= sign(po — p1)-

The definition of F© can be used in (3.20) to obtain

(al)z> (1 + a%py) — (¢°)2 BT In(ps)
1

— o= (PRI = 1 )+ a%po) + (VPRI nGn)

1
—p1 + ((qe)2RT6 —
«

1 L
= —iRTe Sign(qe)(qe)z/ 0°(s)ds,
0
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which is equivalent to
1 ( ) 1 1 14+ apy
— — — n
ot D1 Do (ae)Q 1 + aepo

1 . ‘ D1 1+ ap;
= —ZRT*°sign(q%)(¢° 2/ 0°(s)ds + (¢°)?>RT* [m () —1In ()} )
5 en(q°)(¢°) ; (s) (¢°) P T om0

Because — sign(¢©) = sign (ln (%)) = —sign (ln (iig:g;)) , we get
RT® {ln (p1> —1In (Hm)] _1 sign(pg —pl)RTe/ eﬁe(s)ds #0
Po I+ apo 2 0

and hence (3.19) holds. Now the inequality min{pg,p1} > |¢°|V RT®¢ remains to be
shown. It follows from assumption (3.17). Because

Po +p1 — |po — p1f
2 b

min{p07p1} =

we have

\/ale(pl — Do) — gy In (ig(ﬂ)
min{po, p1} >
ZE . Le
\/ln (ﬂ (pﬂ)) _ %Slgn(po —pl) fO QG(S)dS

po 2¢(p1)

= |¢°|VRT®. d

One can show the intuitive monotonicity properties of ¢°, which are especially
important for solutions on networks that will be considered later.
LEMMA 3.8. Under the assumptions of Lemma 3.7, the derivatives of q° satisfy

apoqe(p07p1) > 07

9p,q°(po,p1) < 0.

Proof. Derivation of Eq. (3.20) with respect to pg leads to

Le
RTe/ 6°(s) ds - sign(q®)q°0pyq° = (F°)'(po)
0

e (F) (o)
RT¢|ge| [ 6<(s) ds

Po

Analogously, derivation with respect to p; yields

RIY / 0°(s) ds - sign(¢°)q°Opr g° = —(F*)'(p1)
0

(F)(p)
RTe|qe| [y 0°(s) ds

8P1qe =
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3.1. Comparison to the Weymouth equation. In this section, we compare
the commonly used Weymouth equation (see [Schroeder Jr et al., 2010]) for the pres-
sure loss with the solutions of Sect. 3. Once again, we assume the friction coefficient 6¢
to be constant in x. The pressure function in the Weymouth equation has the form

(3.21) Poreymontn (247 76) = 1/ (06)2 — 6 ()24,

where the sound speed is given by (c¢)? = RT¢z¢, for a constant compressibility fac-
tor z¢,. We look at two different approaches for choosing the constant compressibility
factor. First, the classical approach with an a priori estimate based on the initial
pressure and, second, the optimal fit based on an exact fit of the ode solutions at

both ends of an edge. Throughout this section, we assume that ¢¢ > 0.

3.1.1. Initial value estimate. A constant approximation for the compressibil-
ity factor can be gained by the evaluation at p§. In this case,
ze, = z(pg) = 1+ apj.
Using the initial guess, one retains z&, = z(p§) = 0.852 in the example presented in

Fig. 3. Since the value of both functions at « = 0 is identical, for « € [0, L] the error
estimate

a (&
(6) - =g (g) Jo

a €
(322)  [P°(2) = Pheymoun ()] < max |22 o

£ef0,2] | Ox
holds. The derivative W(w) is given by

6psvcymouth (w) _ 76 (C€)2q€|qe|
Ox 2 p\e)veymouth (UJ)

and the derivative %L:(f ) is given by

ap°(§)
ox

P& (1 + ap®(§))
pe(8))? = (¢°)*RTe

This can be seen from Eq. (3.1). Further estimation of (3.22) yields

1 epe e| e

€ € ape apsve mou
B2 150 Foymoun (@] < (| @) +| P50 ) o
8176 e 8p\c;ve mou e
< (| B | + | oz ae))

where the negativity of the first derivative (3.13) and the concavity (3.14) were used.
The behavior of the pressure and the error curve is shown in Fig.3. The error plot
also contains the error bound (3.23).

To compare the different models, we also want to make an optimal fit by choosing
z5, such that the pressure values at both ends of the pipe match.

3.1.2. Optimal fit. For a given pipe length L¢ and constant flow ¢°, we use
the optimal 27, in the sense that p§. ., oun (L q°,p§) = p°(Le, q%, p§) and analyze the
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Pressure Solution against Length
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FiG. 3. Pressure solution and error plot for 0¢ = 0.014261, L® = 100km, p§ = 60 - 10°Pa,
q° = 453.1495kgm 251,

error for x € [0, L¢]. We suppress the arguments ¢° and p§ in the pressure function.
With the length L¢ inserted, Eq. (3.21) can be rewritten as

2
. (p8)2 - (psveymouth(Le))
Am = QeLeRTeqe‘qel

For psveymouth(L) = pe(L)7 we retain

o 6= ()

m eeLeRTeqe‘qe| :
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Fi1G. 4. Pressure solution and error plot for 0¢ = 0.014261, L® = 100km, p§

q° = 453.1495 kgm 2571,

This yields

Pleymoutn (%) = | P§ — i((p8)2 - (pE(LE))Z).

13

= 60 - 105Pa,

Both the fitted Weymouth equation and the pressure solution for the nonconstant
compressibility factor are visualized in Fig. 4 as well as the error between both
models. In our example, the optimal value of the compressibility factor is given

by z, = 0.85217.
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4. Stationary States on Networks. In this section, we use the solutions on a
single pipe to construct solutions on networks with appropriate coupling conditions.
The node conditions that determine the flow dynamics are given in [Banda et al., 2006]
for the case that all pipes have the same diameter D¢. Let a finite connected directed
graph G = (V, E) be given. Each edge e € F of the graph corresponds to an interval
[0, L¢]. At the vertices v € V, the flow is governed by the node conditions that require
the conservation of mass and the continuity of the pressure. Let Ey(v) denote the set
of edges that are incident to v € V and x°(v) € {0, L°} the end of the interval [0, L]
corresponding to the edge e that is adjacent to v.

Define
-1 if z¢(v)=0and e Ey(v),
(4.1) ale,v) == 1 if 2°(v) =L°and e € Ey(v),
0 if ed Eo(v).

The incidence matrix A € RIVIXIEl corresponding to G is defined by A;j = a(ej,v;).
Then for all e, f € Ey(v) continuity of the pressure means we have the equation

(4.2) pe(x°(v)) = p’ (a/ (v)).
Moreover, for nodes with no prescribed boundary flow, we have the Kirchhoff condition

(4.3) > ole,v) (D) ¢°(a(v)) = 0.

e€Ey(v)

For simplicity, we assume (D¢)? = (D)2 for all e, f € E. If we define the vector of
outflows in all nodes by b € R!V! such that

beB::{beRM:va:O},

veV

the Kirchhoff conditions with prescribed boundary flows b € B can be written as

Ag=b, qeRPl

REMARK 3. The case of different diameters can be calculated as follows. The
mass flows m® = %(De)Qqe satisfy Am = b for properly chosen outflows b. In each
evaluation of p®, the argument q° can be retained via q° = ﬁmc.

4.1. Stationary states on trees. First, we consider the case of a network
without circles, that is ker(A) = {0|E|} . For given outflows b € B, the linear system
of equations Aq = b has a unique solution.
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FIG. 5. Solution of a tree network with pressure values an the nodes (in 10° Pa) and flow values
at the edges (in kgs~1m~2)

LEMMA 4.1. Let the outflows b € B and a pressure py € (|bvo\\/RTe,i) mn

o]
vo be given, where e € E(vg). Furthermore, let the boundary flow rates b be
small enough that the vector q solving Aq = b has entries such that the functions
p¢(z¢(v),o(e,v)q%, ps) are well-defined, i.e.,

and
€ e e € 1
pe(xf(v), o(e,v)q%, py) < Tor]

for all v incident to e.
Then the boundary data determine a unique subsonic stationary network flow that

satisfies (4.2) and (4.3) and on each edge (3.9).
Proof. As already stated, the flow system Aq = b has a unique solution, which

satisfies (4.3) by definition. The assumptions ensure the existence of classical solutions
of the isothermal Euler equations on each pipe. Thus, for each node v, the pressure
can be calculated by looking at the unique path between vy and v. Starting from vy,
Eq. (3.9) gives the pressure value in the second node v; on the path. This procedure
can be iterated until v is reached. Hereby, we retain a pressure value in each node
and the pair (p, ¢) is the desired solution. 0

An example can be seen in Fig. 5. The radius of each circle scales with the pressure
value in the corresponding node. The thickness of each line scales with the flow value
of the corresponding edge.

4.2. Networks with two parallel pipes. Let us now consider a network with
two parallel pipes (see Fig.6). While in the case of a tree graph, the continuity
of the pressure was not necessary to determine the flow rates, here the situation is
different. The flow system A ¢ = b on its own does not have a unique solution anymore,
but (4.2) helps to eliminate the additional degree of freedom. The edges and nodes are
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enumerated from left to right with the upper middle edge e and the lower middle edge
e3. We assume that all edges point from left to right. A vector spanning the kernel of A
is given by gx = (0,1, —1,0)7. For a given boundary flow b = (by,0,0, —bg)?, by < 0,
a specific solution of the system is defined by qs = (—bg, —bg, 0, —bo)T. Each solution
of Aq = b satisfies

q(A) = ¢s + Mgk, for A € R.

Our goal is to find a A € [bg, 0], such that in node vy the pressure is continuous.
The pressure pg in vy is fixed. We assume our boundary data to be chosen properly
(see assumptions Lemma 4.1) such that the classical solutions of the ode (3.1) with
zero slope exist. The flows to consider are such that ¢¢ € [0, |bg|]. Let us define

P N) = p2 (L2, % (N), poy ),
PPN =P (L2, g% (N), poy);

where p,, = p® (L, —bo,po) is the pressure in node v;. We define the auxiliary
function

HO) = o) - g ().

blue

red

Because the functions p™“ and p are continuous, H is continuous. Furthermore,
red

p*°d monotonously decreases and p®" monotonously increases with respect to .
This follows from Lemma 3.2. Thus, H monotonously decreases. For \ = by, we get

q(bO) = (71)0; 07 7b07 7bO)Ta
pred (bO) = pez (L€27 0, pv1) = DPuvy

and

pblue(bo) = p63 (LES, 7b07p’01)
< p*(L*,0,py,) = Pu, -

Hence, the inequality H(by) > 0 follows. For A = 0, we get ¢(0) = (—bg, —bg, 0, —bp),

P (0) = p* (L, —bo, py,)
< p®(L%,0,p0,) = Do,

and
pPe(0) = p® (L%, 0,p0,) = Do, -

In this case, H(0) < 0 holds. Because H is continuous and monotonously decreases,
Bolzano’s intermediate value theorem implies that there exists a number \* € (bg, 0),
such that H(A*) = 0. This leads to the flow ¢(A*), and the pressure values in the
nodes can be easily constructed.

4.3. Solutions on a diamond graph. Now, we look at a diamond-shaped
graph as it is drawn in Fig. 7. One difficulty is that the flow direction on the middle
edge ey is not known a priori. We have the value py in v; and a flow by < 0 given. The
vector of outflows is b = (bg, 0,0,0,0, —by). We assume that the absolute value of by is
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€2

Fic. 7. A diamond graph; source: green, inner nodes: yellow, sink: red

sufficiently small to guarantee that the ¢° that solve Aq = b and fulfil ¢° € [—|bg|, |bo|]
are small enough in the sense that

(p°(2°(v), 0 (e, v)q%, p5))°
RT® ’

(¢°)* <
and
e e e (<4 1
p (x (U),O’(e,’l})q 7pv) < Ma

for v incident to e. Any flow values not in [—|bg|, |bo|] lead to nonzero circular flows
that would cause—due to the strict monotonicity of p®—a violation of the continuity
of pressure, if the pressure values are successively calculated in the flow direction.

We make the same ansatz as in the case of two parallel pipes. The direction
of the edges are depicted in Fig.7. A specific solution of Ag = b is given by ¢qs =
(—=bo, —bo, 0,0, —bg, 0, —bg)T. Two vectors spanning the kernel of A are

qr, = (0,1,-1,1,0,0,0)" and ¢, = (0,0,0,1,—1,1,0)7.
This means each solution ¢ of the flow system can be parameterized as
q(A1,A2) = qs + A1 gk, + A2 gk,

To eliminate the second parameter Ay, we use Lemma 3.7 to compute the flow
q64 (pvg ()\1)»]7@40\1))7 Where

Pus (A1) = P (L, ¢% (A1, A2), pu, (A1),
Doy ()‘1) = p63 (Lesa q63 ()‘17 )\2)72?1;2 ()\1)))
Do, ()\1) = pel (L€1 ) q‘al ()‘17 )\2)7]90)-
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For i € {1,2,3}, the flows ¢% (A1, A2) do not depend on Ao. This means for given A,
the parameter A5 is determined by

A2(A1) = ¢ (Pus (A1), Doy (A1) — At

Note that p,, (A1) strictly decreases and p,, (A1) strictly increases, which implies
that ¢ (pys (A1), pu, (A1) and Aa(Np) are strictly decreasing. The value of A1 can
be uniquely determined by using the node condition for the pressure in vs. Like in
the case with two parallel pipes, we define

pred ()\1) _

C(LC, A2(A1), Pog (A1)

p*(
Pe(
P (Ar) = po (L, 66(>\1>A2(A1)) Pus(A1))
pee(
pred()\l) blue( )

Because p,, (A1) strictly decreases and Aa(A1) strictly decreases, p™°d(\1) strictly de-
creases. Because p,,(\1) strictly increases and Ao()\;) strictly decreases, p”¢(\;)
strictly increases. This implies that H(A;) is strictly decreasing. We look for a
A1 € [bo, 0] that satisfies H (A1) = 0.

Let us first consider A; = by. Because of the inequality p,,(bo) > Do, (bo), we get
4 (Pus (b0), Pu, (o)) > 0. The relevant flows satisfy

q (b(), )\Q(b )) = —b() — )\Q(bo) < 0,
q (b /\Q(bo)) = Ag(bo) > —byg.

So, we have

P (bo) = p** (L, ¢° (b, A2(bo)), Pus (o))
> p65 (Le5a Oa pv3 (bO))
= Du; (bO) > Do, (bO)

and

P (bo) = p°¢ (L, ¢°° (bo, A2(bo)), Pua (bo))
peﬁ (L667 _bOa Doy (bO)) < Doy (bO)a

which implies H (by) > 0.
Now, the case A\; = 0 is considered. Similar to the first case, p,,(0) < py,(0)
implies that ¢° (py, (bo), Pv, (bo)) < 0. The relevant flows satisfy

q®(0,A2(0)) = —bg — X2(0) > —by,
q°°(0,22(0)) = A2(0) < 0.

This leads to

P (0) = p* (L, 4% (0, A2(0)), pu, (0))
(L, —bo, pus (0)) < puy (0)
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56.26 ‘\\ )

F1G. 8. Pressure value in 10° Pa at each node on a diamond graph; source: green, inner node:
yellow, sink: red

and

p7e(0) = pf (L2, ¢° (0, A2(0)), pu, (0))
> peG (LEG’ 07p'U4 (O)>
= Pu,(0) > puy (0),

implying H(0) < 0. Because H (A1) strictly decreases and is continuous, Bolzano’s
intermediate value theorem leads to the existence of a unique A} € [bg,0] with
H (A7) = 0. The network flow is then determined by g(Af, A2(AT)) and the pressure
values are given by
* * * rec * * * rec * T
p= (p()’pw(Al)vpve,()‘l)?pu()‘l)ap 1()‘1)71967(‘[/677(167( 17)\2()\1))713 i()‘1))) :
As a numerical example, the pressure values in each node are depicted in Fig. 8 and the
flow values on each edge are depicted in Fig. 9. The radius of each node scales with the

corresponding pressure value and the thickness of each edge with the corresponding
flow value.

4.4. Existence and uniqueness on general networks. The discussion in
Sect. 3 provides enough information on the stationary states on the edges to con-
struct stationary states on general graphs that take into account the node condi-
tions (4.2) and (4.3). First, we will look at an important property of the flow system,
for which we need the following definition.

DEFINITION 4.2. Let G = (V,E) be a connected graph and let the connected
subgraphs H = (U, D), I = (W, F) of G be disjoint. Then the set of edges S C E is
called a separator for the subgraphs H and I, if the removal of S from the edges E of
G separates G into the distinct connected parts H and 1.

The Lemma consist of two parts. On the one hand, it is a rigorous formulation of
the conservation of mass on each part of the network. On the other hand, it allows us
to construct admissible flows on subgraphs H = (U, D), I = (W, F) of G, if we already
have a admissible flow on H. We use nodes v and edges e to index to component of
vectors. For b € RIVI, the expression b, refers to the component corresponding to v.
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192.22

276.98

F1G. 9. Flow value in kgm=2s~1 at each edge on a diamond graph; in- and outflows do not

sum to zero, because the pipes have different diameter (s. Sec. 7)

The vector 1 is the vector of only ones in the appropriate space, which will be clear
in the context.

LEMMA 4.3. Let G = (V,E) be a connected graph, H = (U,D),I = (W, F)
disjoint connected subgraphs of G and S a separator for H and I. Every edge e € S
has two incident vertices u, € U and w, € W. We denote the incidence matrix
of G by A e RIVIXIEI where A;; = o(vi,ej) € {—1,0,1} and the linear subspace of
admissible node outflows

B= {beR'V| : 1Tb:0}.

Let b € B and let g € RIF| be a solution of
Ag=hb.

We set a, := b, for all v € U that are not incident to an edge in S and c, := b, for
all v € W, that are not incident to an edge in S. For the other edges e € S, we set

Ay, = by, — Z o(s,ue)q°,

SESNEy(ue)

Cw, = by, — Z o(s,we)q’,

seSNEy(we)

(4.4)

where Eg(ue) (Eo(we)) denotes the set of edges incident to ue (we).
Then these new defined outflow vectors sum to zero, i.e.,

(4.5) > au=> cuw=0.
uel weW
Furthermore, for

7 = (qd)deD’ q" = (qf)fEF
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and with the incidence matriz for the graph (V,D) denoted by A" and for (V,F)
by AT, we have

(46) Ala? = (Ole) - A= <O|0U|> '

Hence, the restrictions ¢° and ¢F are solutions of the flow system on the subgraphs
H and I for the naturally defined outflow vectors a and c.

Proof. We know that £ = DU S U F and the sets D, S, F' are pairwise disjoint.
Without loss of generality, we assume that the edges F are ordered in such a way
that the adjacency matrix A can be written as [A¥ A% AT], where A° is the incidence
matrix of (V,S). Analogously, the vector ¢ can be written as

" =) () ()]

Furthermore, let us also assume that the vertices are in order such that

bT = [(0)" (0")"] , where b = (bu) 0V = (bw>wew'

uelU

Then the linear system of equations can be written as
qD pv
(4.7) [ATASAT] | ¢ | = [ b ] )
qF

The equation

B[]

is equivalent to (4.4). We can write (4.7) as
H_D HF_|a
A%q” + A" = { c } .

Since no edge in D is connected to a node in W and no edge in F' is connected to
a node in U, we have (AHqD)w =0 for all w € W and (AIqF)u =0foralueU.
Thus, (4.6) holds and only (4.5) remains to be shown. First, we use the fact that for
each edge e € S,

Gy, + Cp, = by, + by,

holds. This shows that

(4.8) Zau+20w:va:0.

uelU weWw veV

Let us assume that ) ay, 7 0. Then,

uelU

a ¢ span ({107})" = ker ((4%)")" = im(a"),
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This means the system A?G” = a is not solvable, which is a contradiction to
AP = a. Hereby, we have that Y, ., ay, = 0, and Y- oy by = 0 follows from (4.8).

EXAMPLE 1. In the case of two parallel pipes with all edges pointing from left to
right (see Fig. 6), a solution of Aq = (bo, 0,0, —bo)T is q = (—=bg, —0.5bg, —0.5by, —bo)™ .
Note that this solution does not have to satisfy the pressure continuity condition in
general, but it would, if the two parallel pipes were identical. Let us define the sep-
arator S = {ea,e3} as the set of the two middle edges. The two new subgraphs
H = ({vo,v1},{e1}), I = ({va,vs}, {es}) correspond to the left and right pipe, respec-
tively. The new node outflows as described in (4.4) are defined as

Ay = b’U(] = bOa Cy, = bvz - qez q63 = bo,
Gy, = by, +q° + ¢% = —by, Cys = byy = —bp.
With
-1 0
. |+l r._ 10
A= Fh] A= 0
0 +1

it is easy to see that the solution q satisfies

oy 0

AHger — | Q0 Alges —
q 0 q Co,
0 Cug

Lemma 4.3 yields the following useful implication concerning the monotonicity of the
admissible flows with regard to the node outflows.

COROLLARY 4.4. Let a connected graph G = (V, E) with incidence matriz A
be given. Let t,u and w be three distinct boundary nodes of G. Consider the linear
system Aq = b. For a given b, the vector b has entries equal to b except in the nodes
u and t, where its values are l~)u and l;t = Eu — ZveV\{u,t} by, -

For each b, > by, and a specific solution q¢ of AG = b, there exists a path between
u and w such that for all edges on the path the flows fulfill

o(e ue) §© > o(e,ue) q°,

where u, is the node incident to e that is closer to u.

Proof. Assume the contrary. This means there exists a boundary flow b, > by
and a separator S that separates G into H = (U, D) and I = (W, F') with v € U and
w € W, such that for all e € S the inequality

ole,ue) ¢¢ < ole,ue)q°
holds true, if g is a solution of Ag = b, where b is identical to b except in u and ¢. For
both the system Aq = b and A§ = b, one can apply Lemma 4.3. We denote the set of
all nodes incident to a edge e € S by

T:={veV|o(ev)#0 for one e € S}.
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Without loss of generality, we assume u ¢ T (since u is a boundary node, it is
incident to only one edge—one can divide the edge into two by inserting an artificial
node without changing the flows). Define

bva velU \ T7
Gy = .

bv - ZSGSﬂEo(v) O'(S, U)q ) velUn T‘7
~ Z;v, v E U \ 1’!7
Ay i= < ~ i

by = X eesnmyw) (50)3% veUNT.

There are two cases to consider: First, t ¢ U and second, t € U. In the first case, we
get

0=b, + Z ay

veU\{u}
=b, + Z a, + Z {bv - Zo(s,v)qs}
’Ui[;\lLTv UGUZQLT‘ SESNE(v)
bt Y i Y {av _ZU(S,W}
PEUNT. WEUNTIL seSME(v)

(because by > by, and a(s,v)¢® < o(s,v)q® by assumption, while for the other terms
equality holds per definition)

:Zavzo.

velU

In the second case,

0=b,+ Z ay

veU\{u}
bt Yt 3 fo-Sotr]
veU\T, velunt, sESﬂEo(’U)

vg{u,t} vg{u,t}

<= bt Y at Y [%—Zo(s,v)ds]

veU\{u,t} Egﬁl\?}v Zél{]:ﬂ s€SNEy(v)

(because o(s,v)G° < o(s,v)q® by assumption, while for the other terms equality holds
per definition)

=by+b+Y iy =0.
veU\{u,t}

So in both cases, we get a contradiction. This means the assumption was wrong and
there exists a path between u and w such that the flow values fulfill

ole,ue) G° > o(e,ue) q°

along this path. ]
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F1G. 10. Cutting an inner edge in a graph with one circle results in a tree shaped graph

For the construction, the monotonicity properties of the stationary states on the
edges are essential. If for a fixed value of ¢°, the value of the pressure p° is strictly
increased at one of the ends of the pipe that corresponds to the edge e € E, that is at
0 or L¢, also the pressure at the other end of the pipe (that is L¢ or 0, respectively)
will strictly increase.

If for a fixed pressure value p§ at the end 0 of the pipe that corresponds to the
edge e € E, the flow rate ¢° is increased, then the pressure value p®(L¢, ¢°, p§) at the
other end of the pipe is decreased.

If for a fixed pressure value p$. at the end L of the pipe that corresponds to the
edge e € E, the flow rate ¢° is increased, then the pressure value p©(0, —¢%, p$ ) at the
other end of the pipe is also increased.

The idea of the proof for general networks is to inductively reduce the number
of circles in the graph by cutting one edge in the middle in half. The solution on a
graph with no circles—that is a tree—was already discussed in Lemma 4.1. The idea
is illustrated in Figs. 10 and 11. For a node v we will denote the set of ingoing edges
by

B, (v) = {e € E|a(e,v) =1}
and as in the beginning of Sect. 4 let
Ey(v) :={e€ E|o(e,v) #0}.

The following theorem states that sufficiently small boundary flows determine
unique stationary flow in the network. In particular, the pressure values in the nodes
and the flow values on the edges are uniquely determined. This solution fulfills the
Kirchhoff flow condition and the continuity of pressure, i.e., no matter from which
ingoing edge to a node we calculate the pressure function, we always arrive at the
same value in this node. We also take care of the restricted domain of the pressure
functions p°. If our boundary flows are small enough, the one given boundary pressure
fulfills the subsonic flow condition and the compressibility factor is positive, then—
thanks to the continuity of our pressure functions—these properties are preserved in
all other nodes.
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Fic. 11. Cutting an inner edge in a graph with two circles results in a graph with one circle

THEOREM 4.5. Let a finite connected directed graph G = (V| E) be given. The
directed incidence matric of G is denoted by A with A;j = o(ej,v;) (see (4.1)). Each
edge e € E of the graph corresponds to an interval [0, L¢]. Define the space of admis-
sible outflows

B:{beRM:ZbUO}.

veV

In one boundary node vy, a pressure pg € <|bvo\\/ RTe, |a—1‘) e € Eg(vg) is given.
There is a constant C(pg, G) > 0 that only depends on py and G—including the
properties of each edge—such that for every b € B with sufficiently small norm in the

sense that
[l < C(po, G)
there exists a unique subsonic stationary state (p,q) € RIVI x RIEl that satisfies
Ag=1b
and for v € V, for all e = (u,v) € E1(v), we have

po = p°(x(v),¢%, pu)-

REMARK 4. In this remark, we explain how our proof shows the uniqueness of the
solution. The initial step of the proof by induction starts with a tree. On a tree graph,
for given boundary flows, the linear system for the flow rates has a unique solution,
which means that one can calculate all pressure values starting from the root node.
The induction assumption then requires to have a unique solution on a graph with
dim(ker(A)) < n, if the boundary flows are known. A graph with dim(ker(A4)) =n+1
can, by cutting one edge, be interpreted as a graph with dim(ker(A)) < n with one
unknown flow value A through the cut edge. If one knew the value \ the resulting state
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would be unique due to the induction assumption. This is because after removing all
fundamental circles in the graph by the described technique, the resulting graph is a
tree. However, in order to fulfill the continuity of pressure condition, the parameter X
has to be a root of the auxiliary function H, which is given by the difference of the
pressure values in the artificial boundary nodes that were generated by cutting an edge
in a fundamental circle. We show that this root of H is unique. This means every
flow value in the network is uniquely determined, which allows the calculation of all
pressure values via the functions p® along each edge starting from the node, where
po is prescribed. In this way, our proof shows the uniqueness of stationary states
on networks for given boundary data. The uniqueness is of course only possible by
postulating the continuity of pressure condition.

The choice, which edge to cut, can be seen as choosing a basis for the kernel
of A, because each fundamental circle corresponds to a basis vector of the kernel of A.
If one retains a unique flow vector in one basis, a change of the basis only changes
the representation of q, but not its value. The resulting stationary state is therefore
independent of the choice of which edges to cut.

Proof. [Theorem 4.5] The proof of the theorem is based on mathematical induc-
tion over dim(ker(A)).

Initial step.

We start with the case of a tree that is dim(ker(A4)) = 0. Lemma 4.1 gives the
unique solvability for small flows ¢°. Since Aq = b has a unique solution, we can write
q = AT with the pseudo inverse AT of A. This means ||q]|co < [|AT|co]|b]|c0- Because
each function p® is continuous in ¢¢, we can conclude that there is a C(pg, G) > 0,
such that every ¢¢ satisfies the assumptions of Lemma 4.1 for an outflow vector sat-
isfying ||b]] < C(po, G). Now, we want to show that each pressure in a boundary
node vy # vy decreases as a function of o(e,vy)q®, for e € Fy(vg), if the pressure
in vy is fixed and all flow rates except in the edges incident to vy and vy are fixed as
well. The path P = (VP ET) between vy and vy is the only part of the tree, where
the flow values can change. Every other edge in the graph is part of a subtree with
only one vertex—the root of the subtree—in V. On the subtree, every node outflow
is determined except the one in its root. Hence, the flow system on the subtree has
a unique solution only depending on the fixed boundary flows. Since the flow value
on each edge e ¢ E¥ is determined, we can redefine the node outflows for vertices on
the path to reduce the linear system:

bl =b, — Z ole,v)q®, veVr.
e€Ey(v)\EF

Then, for the subgraph of the path, we retain A”¢” = bF, with

a(ef,vh) 0
olef,v3) oles,vy) 0
AP 0 o(eh,vy)
0
o(em_1,vi-1) olen,vi_y)
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Here, we have used the notation
v =y, vl =g, VP i={of, . 0f), EP ={el, ... el
Using forward substitution, one can see that the diagonal elements of A" fulfill

J
a(ef,vf)qf = be.
i=1
Every flow o (e}, vf)q} linearly increases as a function of o(e, vy)q® = bf’, e € Ey(va).
This means—due to the monotonicity on one pipe—that for an increasing flow
o(e,vp)q®, the pressure values decrease.

On the path P, this can be seen by starting from vy and calculating the pressure
along each edge. On the first edge, the pressure pef (Lei), a(ef,vo)qef,po) decreases
if the flow increases. Now on every further edge, the pressure is a function of the
ingoing pressure—which is decreasing—and the flow—which is increasing—meaning
the pressure is a decreasing function with respect to the flow o(e,vg)q®, e € Eg(va).
For the pressure values in nodes that are not in V¥, the situation is even easier. We
have already stated that each node in V' \ V¥ is part of a subtree with root in V*.
The pressure value in the root decreases as a function of o(e,vy)q%, e € Ey(vg). The
flow values on the edges of the subtree are constant; hence the pressure value in each
node decreases regarding o (e, vy)q¢, e € FEgy(vy).

Induction assumption.

Let dim(ker(A)) < n. Then for each b € B with ||b|| < C(py, G), there exists a unique
solution (p, q) satisfying the Kirchhoff conditions for the flow and the node coupling
conditions for the pressure. Moreover, for each boundary node v # vy the values p,
strictly decrease as a function of b, if the values of all other boundary flow rates—
except in vg—are fixed.

Induction step.

Assume that the dimension of ker(A) is n + 1. We consider the new graph G¢ that is
generated by cutting one of the edges of the given graph G in the middle. By the cut,
we generate a new graph with two additional boundary nodes. To choose the edge
that we cut, we consider a basis of ker(A). We choose an edge e, for which a vector ger
that is contained in the basis has a nonzero entry. Let A¢ denote the incidence matrix
for G¢ = (V¢, E°). The basis vectors of ker(A) with zero entries at the edge e. can
be easily transformed into basis vectors of ker(A€) by setting the components zero
for both new edges. However, for the chosen basis vector gyer, this is not possible.
Moreover, the cut does not generate new circles. Thus, the dimension of ker(A¢) is n
at most. Therefore, we can apply our induction assumption to construct a stationary
flow on G° for the prescribed boundary data. There exists a unique stationary flow
on G° for the prescribed boundary data pg and b° if ||b°]] < C(pg, G¢) for a certain
constant C'(po, G¢) > 0. The values in b° are given by those of b for nodes that were in
the old graph. The outflows in the two new nodes v,.q and vp,e generated by the cut
are by, = A and b,,,,, = —A for A € R. It is clear that ) . b5 = 0 holds. To make
the dependence more apparent, the new outflow vector will be denoted as b§. The
additional constraint b, , = —b,,,. refers to the conservation of mass through the
cut. Due to our induction assumption, for sufficiently small A, there exists a unique
stationary state (p$,q5) satisfying A% = 0§ and the continuity of pressure on G°.
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Let us define
prcd(/\) — per'ed (%Le“, A, pumd)’
pbluC(A) = peblue (%Lec, _Aa publue)7

where e,.q and epye are the new edges with length %Lec generated by the cut, which
are incident to v,cq and vpye, respectively, U eq is adjacent to vieq, and upiye is adjacent
t0 Vplue- We also define the auxiliary function

H(A) = pi(h) = p™e(N).

red blue

The induction assumption states that p'°“ strictly decreases and p°'™"° strictly increases
with respect to A. It follows that H strictly decreases. Now, we show the existence
of a A with H(\) > 0 and a A with H(A) < 0. First, we show that for large A, there
exists a path P = (V¥ E¥) between v,.q and vpj,e, such that the flow is directed
from vpjye t0 veq on the path. For convenience and readability, we drop the index A,
if we refer to components of a vector. We choose

A= > bl
vEV\{Vred,Ublue }
Note that if C(pg, G°) > 0 is chosen sufficiently small, the state (px_,q5 ) stays
subsonic and p, < |Tle\7 e € Ey(v) holds for all v € V. Let us suppose that a path
with the flow directed from vpue t0 veq does not exist. Then there exists a separator
S that splits the graph G¢ into the two disjoint subgraphs G**¢ := (V4 Ed) and
GPlue .— (Vblue,Ebh‘e) with veq € V' vpie € VP such that the flow direction
is directed from V™4 to VPu¢. Each edge e € S has two incident nodes v:* € Vred
and vPlue € VPlue Formally, the flow direction on the separator can be expressed as
o(e,v:*d) g5 < 0foralle € S (keep in mind that for edges directed from v:°? to v2ue,

o(e,vi*Y) = —1 holds). Now, Lemma 4.3 is applicable. We define b:°! := b¢ for all
v € V¢ that are not incident to an edge in S and for all e € S we set

d L ed
byrea 1= bjrea — Z o(s, v g5
sESNEy(vied)

The vector b*°? is the right side of the flow system A™lg;*d = b4 on G**? and more
importantly > _yea by = 0 holds. Let us denote (like in Corollary 4.4)

T:={veV|o(e,v)#0 for one e € S}.
This leads to

0= > byt=x_+ ) b+ > n

peVred vevred\T,  vpevredar,
veyred vyred
red c
> A+ E b, + E by,
vevred\r,  pevrednr,
vetyred vetypred

(because o(e,v:°?)g5_ < 0 and thus b°%, > bE,..)

red
Ve

= 4+ Y K=o,

VEV\{Vred vblue} vEVTI\{v,ca}
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which is a contradiction. Hence, a path with flow direction from v to v**! has to
exist. Because the pressure decreases along the path, if we have only one flow direction,
H()\_) < 0 follows. The argument applies analogously for the direction from v™*¢ to
vP!"e but one has to pay attention to the negative sign in by . = —A. There exists a
flow A, < 0 fulfilling H(\;) > 0. Because H is continuous and decreasing, Bolzano’s
intermediate value theorem implies that there exists a unique number \* € (A, A_)
satisfying H(A\*) = 0. Hence, there exists a unique solution (p5., ¢5.) on the cut graph.
Hereby, a solution on the original graph G can be constructed by setting all pressure
values p,, to their corresponding values p{ and dropping the values in vyeq and vpiye.
The flow values can be retained by setting the ¢¢ = ¢¢ for all edges except e., which
is assigned the value o (€red, Vred )A*. It only remains to be shown that the pressure in
a boundary node v decreases as a function of b,, if the values of all other boundary
flow rates except in another boundary node vy are fixed. Corollary 4.4 states the
existence of a path between v and vy, where the pressure pg is given, with increasing
flow with respect to b,. The pressure on each edge decreases with respect to the flow
and increases with respect to the pressure in the left node. We can write the pressure
in v as a composition of the pressure functions along the path to vg. On the path, the
flow values increase with respect to b,, meaning consecutively—starting from pog—the
node pressures decrease with respect to b,. Hence, the pressure in p, decreases as
a function of b, (it strictly decreases because of the strict decrease one has on the
boundary edge incident to v) and the induction assumption for the graph has been
shown. Note that the path of increasing flows does not have to be independent of
the outflows to ensure the stated monotonicity properties of the pressure. Thus, our
proof by induction is complete. 0

REMARK 5. The proof does not require the explicit representation of the pressure
solution. Indeed, only its monotonicity properties are decisive, which makes the argu-
mentation applicable to similar models such as the Weymouth equation. Furthermore,
if a subset of the edges represents a compressor modeled by a function f€(p.,q) with
the outgoing pressure given by p, = f¢(pu, q),e = (u,v) and this function has the same
monotonicity properties as p°, then a similar proof is applicable and we can show the
existence of a unique solution for gas networks with compressors. The monotonicity
properties for f¢ are reasonable, because a higher ingoing pressure will result in a
higher outgoing pressure and an increased flow will result in a smaller compression

ratio (for details see [Koch et al., 2015, Chapter 2]).

5. Conclusion. We have shown the existence of unique stationary states for
networks for the transportation of real gas for given suitable boundary data. Our
result holds for arbitrary finite graphs. The proof is based on the monotonicity
properties of the solution with respect to the boundary data. In the future, we
plan to extend the analysis to include also control elements (e.g. compressors) in the
graph. Moreover, sometimes the inclusion of thermal effects in the analysis is desir-
able; see [Keenan, 1995].
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7. Appendix. For the convenience of the reader Tables 1-7 below contain the
data used in the numerical examples presented in Figs.8 and 9. The constant a® in
the compressibility factor model is computed via (see e.g., [Schmidt et al., 2014])

af = w —0.533 T .
De pTe
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We have used the formula of Chen (s. [Cerbe, 2008]), which is an explicit estimate for
the Colebrook—White law, to calculate realistic values for 6¢ = % The equations
for the Reynolds number and the friction factor read as follows:
CDC
Re® := g ,
T

ke e 3 11098
L e [ope 50425 (5e) 58506
e 810\ 37065 ~ Rec 210 | 28257 | (Ree)osost | |-

Since for the stationary states ¢¢ is constant along each pipe, this leads to constant
friction factors Af,;, along each pipe. In all examples, the dynamic viscosity is 7, :=
11.9-10~%kgm~' s~ !. Note that our analysis does not directly cover the dependency of
the friction factor on ¢°, but it poses no problems for numerical calculations. For trees,
there is no difference between a flow-dependent and a flow-independent friction law.
Most of the results presented in this article only rely on the monotonicity property
04.p° < 0 (see Remark 2 for a sufficient condition to ensure this property).

Table 1 contains the constants used for the single pipe computations in Figs. 1
and 2. Table 2 contains the globally used constants and Table 3 the constants for
each pipe for the example of a tree networks depicted in Fig. 5. The boundary values
for the tree example are presented in Table 4. The globally used constants for the
diamond graph (see Figs. 8 and 9) are contained in Table 5. The pipe data for this
example is presented in Table 6 and its boundary flow values in Table 7.

TABLE 1
Values for single pipe examples

Symbol Name Value Unit
R Specific gas constant 448.66 Jkg 1 K!
Te Temperature 290 K
Pe Pseudocritical pressure 46.70206 10°Pa
T. Pseudocritical temperature 202.43951 K
af Constant in the state equation -2.46391 10~8Pa!
ke Roughness 0.06 mm
TABLE 2

Global values for the tree network example

Symbol Name Value Unit

R Specific gas constant 447.80152 Jkg 'K~!
T¢ Temperature 273.15 K

Pe Pseudocritical pressure 45.92935 10°Pa

T. Pseudocritical temperature 188.54976 K

€ Constant in the state equation -2.41499 10~8Pa~!
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TABLE 3
Pipe data for the tree network example

Pipe name From To Length L Diameter D¢ Roughness k¢

pipe-1 source innode 15.99078 km  1.000 m 0.05 mm

pipe_2 innode sink_ 1  44.71898km 1.000m 0.05 mm

pipe_3 innode sink 2  7.05313km 1.000 m 0.05 mm

pipe 4 innode sink 3  38.05409km 1.000m 0.05 mm
TABLE 4

Given boundary data for the tree network example

Node name Node outflow b, Pressure pg
source -130.83333kgs~!  13.00000 - 10° Pa,
innode Okgs™! —

sinki, i=1,...,3 43.61111kgs~t -

TABLE 5
Global values for the diamond graph example

Symbol Name Value Unit

R Specific gas constant 460.66628 Jkg 1K1
Te Temperature 288.15 K

Pe Pseudocritical pressure 46.70206 10°Pa

T. Pseudocritical temperature 202.43951 K

af Constant in the state equation -2.51506 10~8Pa!

TABLE 6
Pipe data for the diamond graph example

Pipe name From To Length L° Diameter D¢ Roughness k¢

el U1 vy 39.74748km  1.300m 0.0l mm
€s Vo vy 37.57120km 1.000 m 0.0l mm
es Vg vy 2840076 km 1.300m 0.01 mm
ey U3 vg  26.59033km 1.300m 0.0l mm
es V3 vs  17.97404km 1.000m 0.01 mm
eg o vs  25.14802km  1.000 m 0.01 mm
e7 Vs ve 14.58364km 1.000m 0.0l mm
TABLE 7

Given boundary data for the diamond graph example

Node name Node outflow b, Pressure pg
V1 -453.1495kgs™" 60 - 10° Pa
v;, i=2,...,5 0kgs™! -

Ve 453.1495kgs™!  —




