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Abstract

In optimal control loops delays can occur, for example through transmission via digital communication
channels. Such delays influence the state that is generated by the implemented control. We study the effect
of a delay in the implementation of L2-norm minimal Neumann boundary controls for the wave equation.
The optimal controls are computed as solutions of problems of exact optimal control, that is if they are
implemented without delay, they steer the system to a position of rest in a given finite time 7T'.

We show that arbitrarily small delays § > 0 can have a destabilizing effect in the sense that we can find
initial states such that if the optimal control u is implemented in the form y.(¢,1) = u(t — ¢) for t > §, the
energy of the system state at the terminal time 7T is almost twice as big as the initial energy.

We also show that for more regular initial states, the effect of a delay in the implementation of the
optimal control is bounded above in the sense that for initial positions with derivatives of BV -regularity and
initial velocities with BV -regularity, the terminal energy is bounded above by the delay ¢ multiplied with a
factor that depends on the BV-norm of the initial data.

We show that for more general hyperbolic optimal exact control problems the situation is similar. For
systems that have arbitrarily large eigenvalues, we can find terminal times 7" and arbitrarily small time
delays ¢, such that at the time T + ¢, in the optimal control loop with delay the norm of the state is twice
as large as the corresponding norm for the initial state. Moreover, if the initial state satisfies an additional
regularity condition, there is an upper bound for the effect of time delay of the order of the delay with a
constant that depends on the initial state only.

Keywords: pde constrained optimization, optimal control, delay, wave equation, boundary control, energy,
BV-regularity, hyperbolic system.

1 Introduction

The sensitivity of optimal control problems to time delay is important for the application of optimal controls,
since in the implementation of the controls, a delay can occur. Such a delay can be caused by the transmission
of information or by computing times that are necessary in order to determine the optimal control. There are
some studies where the delay is given by a number that appears in the definition of the optimization problem
and is known a priori, for example [5] and [11] where systems with retarded ode dynamics are considered. The

sensitivity of the optimal value as a parameter of the delay for a problem with retarded ode dynamics is studied
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in [24] and a limit model is introduced. The optimal control of a delay pde is studied in chapter 10 of [4] using
the method of direct transcription (see also the references therein). A sensitivity analysis for optimal control
problems for parabolic-hyperbolic systems in which time delays appear both in the state equations and in the
Neumann boundary conditions is given in [9].

In this paper, we take a different point of view and study the effect of a delay that occurs as a perturbation
in the implementation of an optimal control and is not known a priori. The optimal control is obtained as the
solution of an optimal control problem where the delay does not appear. We analyze the effect of a delay in
the implementation of this optimal control in the sense that the optimal control information is inserted into the
system with a certain delay.

In the first part of the paper we consider a system that is governed by the 1-d wave equation. We study
the problem of L?-norm minimal exact Neumann boundary control to a position of rest in a given finite time.
In this optimal control problem, the desired terminal state is prescribed exactly which is possible on account
of the exact controllability of the system (for exact controllability results based upon trigonometric moment
problems, see for example [20]). The resulting optimal control is implemented with a delay § > 0. To make this
possible, on the first part [0, d] of the time-interval the control is switched off.

It is easy to see that for a fixed initial state, the error in the terminal state tends to zero as the delay goes
to zero. However we show that for arbitrarily small delays there exists initial states such that if the optimal
control is implemented with such a delay, the corresponding terminal energy is larger than the initial energy.
It is well-known that also for the corresponding system with Neumann feedback boundary action, arbitrarily
small delays have disastrous effects and cause instability, see for example [7], [23]. In [7], Theorem (iii) it is
stated that for £ > 0 and time delays § > 0, for the closed loop system

(%(07)'%:%(07 )) = (yO, yl) in Hl(oa 1) X LQ(O’ 1)

L0)=0, t>0

(FL)(k,50,51:0) Y 0 0 1) = 0, 1 € (0. 8% (b 1) = k(b — 5, 1), 56 (1)
Yt = Yao 101 (0, 00) X (0,1)

there is a dense open set D in (0,00) such that for every § in D the system admits exponentially unstable
solutions. Recently there have also been some results of a different type about certain delays that do not
destabilize this system. For example in [16] it has been shown that for k in a certain subinterval of (0,2/3) and
d switching between 4 and 8, the system is exponentially stable (see also [29]). Sufficient conditions for stability
for a linear combination of controls with and without delay are given in [25], [10], [27], [26]. The effects of time
delay in the implementation of optimal exact Dirichlet controls for the vibrating string are considered in [17],
see also [18].

In this paper we show that for more regular initial states that satisfy an additional regularity condition, a
delay in the implementation of the optimal control does not have such a destabilizing effect. We show that for
initial positions with derivatives of bounded variation and initial velocities with bounded variation, there is an
upper bound for the terminal energy in terms of the BV-norms of the initial state and the delay.

In the second part of the paper we show that for more general hyperbolic optimal exact control problems,
the situation is similar. We show that if the system has an unbounded sequence of eigenvalues, there exist
arbitrarily small time delays, such that for suitably chosen initial states, the effect of time—delay is large in the
sense that at the time that is given by the sum of the prescribed terminal time and the delay, a certain norm
of the state has doubled compared with the same norm for the initial state. Moreover, we show that if the
initial state satisfies an additional regularity condition, there is an upper bound for the effect of time delay of
the order of the delay. Our regularity assumption essentially requires that the coefficients in the eigenfunction
expansions of the initial data are contained in a certain weighted I'-space.
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This paper has the following structure. In Section 2 we define the optimal control problem for the vibrating
string. In Section 2.1 we define the system with time delay. In Section 2.2 we give an example for the destabilizing
effect of time delay. In Section 2.3 we present a bound for the quotient of the terminal and the initial energy
E(T)/E(0) under a BV regularity assumption for the initial states. To prove the statements, we analyze the
initial-boundary value problem for the vibrating string in Section 2.4. In Section 2.5, we present the optimal
control for the vibrating string. Section 2.6 contains the proofs of our results on the effect of time-delay in
the implementation of the optimal control for the vibrating string. Section 3 contains the statement of a more
general hyperbolic optimal exact control problem. The corresponding results on the effect of time-delay in the
general case are given in Section 3.1.

2 The optimal control problem for the vibrating string

Let a terminal time T > 2 and an initial state (yo,%1) with yo € H'(0,1), yo(0) = 0 and y; € L%(0, 1) be given.
For a given initial state and terminal time the optimal control

U/(', Ta Yo, yl) € L2(O? T)
is defined as the solution of the problem of optimal exact control
minimize, e 20,1 ||“||2L2(0,T) subject to
(y(ov ')7yt(0a )) = (yOa yl) in H1(07 1) X LQ(Oa 1)
(EC)(yanhT) y(70> :Oa ym(vl) =wu in L2(07T) (2)

Yee (6, ) = Yoo (t,2), (E,2) € (0,T) x (0,1)

(y(Tv ')7 yt(Tv )) =0 in Hl(ov 1) X L2(07 1)
The objective in problem (EC) is to steer the system to a position of rest with minimal control cost that is

given by the L2-norm of the control function.

2.1 Definition of the system with time-delay for the vibrating string

In this section, we determine the effect of time delay 6 > 0, if for ¢ > 4, the optimal boundary control
u(-,T,yo,y1) is implemented in the from

yl’(tvl) :U(t—(S,T, y07y1)' (3)

For t € (0,0), we prescribe the boundary condition

Y (t,1) = 0. (4)
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Then the corresponding state is generated as the solution of the initial boundary value problem

(4(0,-),4:(0,-)) = (yo, y1) in H'(0,1) x L*(0,1)
y('v O) =0 in L2(07T)
(IBVP)(y0,y1,7,0) { ¥a(,1) = 0in L*(0,9) (5)

y:c(': 1) = U( - 5a Ta y07y1) in LZ((S’ T)

Y (t, ) = Yo (t, ), (L,2) € (0,T) % (0,1).

(IBVP)(yo,y1,T,d) determines the state that is generated by an optimal control loop where the delay § occurs
in the implementation of the optimal control. Define the energy at the time t for the state y as

1
B = [t + e, do (6)
0
In order to analyze the effect of the time delay in the implementation of the optimal control, for initial states
with non-zero energy we look at the quotient of the initial energy and the terminal energy, that is
) 7
E(0) (7)

2.2  An example for the destabilizing effect of time delay

Let § € (0,1/2) be given. As an example for the destabilizing effect of time delay in the implementation of the
optimal control, we consider the initial state that is given by the initial position

yo(z) = 2?5 sin (%x) (8)

and the initial velocity y;(z) = 0. Then we have 3(0) = 0 and yo € H*(0,1). The energy of the initial state is

1 1
1 1)
E(0) :/0 (y6)? () dx = /0 cos? (2%96) dr = 3 [1 +— sin (g)] . 9)
Proposition 1 Let§ € (0,1/2), y1 = 0 and yo as in (8) be given. Lety denote the solution of IBVP)(yo, y1, T, )
forT =2K (K € {1,2,3,...} ). Then for the corresponding energies we have the inequality
B(T) 945
E0) ~ 1+ 216 sin(F)

(10)
The proof of Proposition 1 is given in Section 2.6. It requires several intermediate results that are given starting

from Section 2.4.

Remark 1 Consider the state of the system (IBVP)(yo, y1, T, d) that is generated by the optimal control that
is implemented with a delay § > 0. Proposition 1 states that for arbitrarily small time delays 6 > 0, we can find
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Figure 1: Implementation without delay

initial states (yo,v1) with y1 = 0 and yo € H(0,1), such that at the time T = 2K for all K € {1,2,3,...} the
energy E(T) is greater than the energy of the initial state. More precisely, inequality (10) implies that for

1
o€ <O, 4+1/7T),

we have E(T) > E(0), that is the energy is increased by the control. Moreover, for all factors A € (1, 2), if

0 > 0 is sufficiently small we get
E(T) > X E(0).

Figure 1 and Figure 2 illustrate the destabilizing effect of the time delay in the optimal control loop. Figure 1
shows for § = 1/4 and T' = 4 the state that is generated by the optimal control u(-, T, yo, y1) that is implemented
without delay and steers the system to a position of rest at T' = 4. Figure 2 shows the state that is generated
by the same control that is implemented with delay § = 1/4 as in (3), (4).

2.3 A bound for E(T)/E(0) for more regular initial states

For initial states (yo,y1) that satisfy more than the minimal regularity assumptions from Section 2, the corre-
sponding terminal energies are robust against time-delay in the implementation of the optimal controls. More
precisely for initial states that satisfy the additional assumption that the initial velocity and the derivative of
the initial position are given by functions of bounded variation, that is

yé), Y1 € BV(07 1)7 (11)

we give an upper bound for the terminal energy by the time delay multiplied with a quadratic term that
depends on the initial state. The additional regularity requirements for the initial state that ensure robustness
of the optimal controls against certain perturbations by time delay are related to the approach in [13], where
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Figure 2: Implementation with delay § = i

a regularization term is added in the objective function in order to make the optimal controls robust against
perturbations of the domain of the type that occurs in the process of discretization. In [14], the L?-norm of
the derivative of the control u is used as regularization term in the objective function. Note that in [14] and
13], we have considered Dirichlet boundary control without delay whereas in this paper, we consider Neumann
boundary control with time delay. For a function y € BV (0, 1), define

D(y) = 1 — h) — dz.

(y) = lim o ly(z +h) —y(o)| de

Then Theorem 13.48 from [21] states that D(y) < co. Note that BV (0, 1) is embedded in L>°(0, 1) as stated in
[1], Corollary 3.49.

Theorem 1 Let yo € H'(0,1) with yo(0) = 0 and yy € BV (0,1) and y; € BV(0,1) be given. Let a terminal
time T = 2K with K € {1,2,3,...} be given.
Then for the optimal control u(-,T,yo,y1) € L?(0,T) that solves (EC)(yo,y1,T). we have

u(, T, y0,91) € BV(0,T).

If the optimal control is implemented with time-delay § € (0,1) as in (3), (4), the energy at time T of the
generated state that solves (IBVP)(yo, y1, T,0) satisfies the inequality

1
E(T) = / (0(T, 2))? + (e(T, 2))? d

2
<84 [2 (ly1ll o= 0,1) + 16l L=(0,1)) "+ (IWoll Lo 0,1y Do) + 11l Le=(0,1) D(yl))} . (12)

The proof of Theorem 1 is given in Section 2.6. As intermediate steps it requires results about the well-
posedness and the solution of the optimal control problem, that are given in the next sections.
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Remark 2 For the example considered in Section 2.2, that is yo as defined in (8), we have

’ ™
< —.
D) < o

Thus with y1 = 0 inequality (12) from Theorem 1 yields the upper bound
E(T) <160+ 4.

On the other hand inequality (10) from Proposition 1 and (9) provide the lower bound

1-26 o . ym
E(T)ZW |:1+7T S1n (5>:|

The fact that for initial data with the BV -regularity (11) the optimal controls are in BV (0,7T) implies the
following exact controllability result for the wave equation in the BV -framework.

Corollary 1 Let T > 2 be a real number (not necessarily of the form T = 2K ).
For a given initial state (yo,y1) with yo € H*(0,1), yo(0) = 0, yy € BV (0,1) and y; € BV (0,1) there exists
a control function u € BV (0,T) that steers the system
((0,),4:(0,-)) = (yo, y1) in H'(0,1) x L*(0,1),
y(t, 0) =0for t € (0,7),
yo(t, 1) =u(t) for ¢t € (0,T),
Ytt = Yz I (OvT) X (Oa 1)

to the position of rest at time T, that is y(T,x) = 0, y+(T,x) =0 for z € (0, L).

(13)

The proof of Corollary 1 is given in Section 2.6.

2.4 The initial-boundary value problem for the vibrating string

In order to determine the optimal controls, we first look at the solution of the initial-boundary value problem
that appears in the optimal control problem (EC)(yo,y1,T).

Let yo € H'(0,1) with yo(0) = 0 and y; € L?*(0,1) be given. Let a control time 7' > 2 be given. Let a
control u € L%(0,T) be given. We consider the initial boundary value problem

y(0,2) = yo(x), y:(0,2) = y1(x), = € (0,1),
y(t,0) =0, y.(¢t,1) = u(t), t € (0,T), (14)

Y (b, ) = yue (¢, ), (L,2) € (0,T) x (0,1).
We are looking for a solution of our initial boundary value problem of the form
y(t,x) =alx+1t) + Bz — 1),

where the functions « and 8 are determined from the initial data and the boundary data. For t € (0,1) the
initial conditions imply the equations

) = 5 (wi+ [ (o)) +o (19

s) = 3 (w0 - [ wioras) -y (16
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with a real constant C.
The boundary condition y(¢,0) = 0 implies that for ¢ > 0 we have
0 = «a(t) + B(—t), thus for all s < 0 we have

B(s) = —a(—s)
For the partial derivatives of y we get
Yo (t, o(t+x)+ B (x—t),
v (t, ) ot+z)—pB(x—1t)

Thus the boundary condition at z = 1 yields
Yo(t, 1) =’ (1 + 1)+ 5'(1 —t) = u(t).

For o, this yields the equation
o (1+1t)=u(t)— /(1 —1).

By integration from 0 to t we get

a(l+t)—a(l)=6(1-1) —8(1) +/0 u(s) ds.

Thus we have

alt+1)=p6(1-1) +/O u(s)ds + [a(1) — B(1)].

Note that by (15) and (16) we have

a(l)—ﬂ(l):/o yl(S)dS+2CO.

With the choice

1 1
Co = _5/ y1(s)ds
0

we get a(1) — (1) =0 and )
alt+1)=p(1-1) +/O u(s) ds.

(18)
(19)

(20)

With the values of a for t € (0,1) from (15), equation (17) yields 3|(_1,0y. For ¢ € (0,1), we have the values
of 3 for from (16). With the known values of 3|(_; 1), equation (20) determines the values of o on the interval

(1,3).
By (20) and(17) we get for t > 1

alt+1)=—a(t—1)+ /0 u(s) ds

or equivalently for t > 0
t+1
alt+2) = —a(t) +/ u(s) ds.
0

(21)
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Equation (21) allows to determine a recursively: Starting with o/ 3), using the values of u(t) we get o5
Then in turn (21) yields o 7) etc.

Now we express the construction completely in terms of o only without using 8. For this purpose, we extend
the domain of « to include also (—1,0). We define af_yg) by the equation a(t) = —3(—t) for t € (-1,0),
with the values of 3| 1) defined by (16) Note that this definition of af(_; o) is compatible with (17). Then for

€ (-1, 0), equation (20) yields a(t + 2) t)+ ft—H ) ds and as above for larger values of ¢ « is defined
recursively by (21).
In the following Lemma, we summarize our construction of a.

Lemma 1 Let yo € H'(0,1) with yo(0) = 0 and y; € L?*(0,1) be given. Let

Co = —%/0 y1(s) ds. (22)

Define a € L?*(—1,1) as
alt) = ;<—y0(—t)+/0 yl(s)ds) +Cyfor te (—1,0), (23)
alt) = ;<y0(t)+ /O i (s) ds) +Cp for ¢ € [0,1). (24)

Let a natural number K € {1,2,3,..}, T = 2K and a control u € L*(0,T) be given.
For a natural number k € {1,2,3,...} and t € (—=1,1) with t <T + 1 — 2k define the values of o recursively
by the equation

t4+2k—1
alt +2k) = —a(t+2(k—1)) + /0 u(s) ds. (25)

Then o is well-defined on the interval (—=1,T + 1) and « € H'(—1,T +1).

Proof: From the construction it is clear that afg_q 1) € H'(k,k +1) for all k € {0,1,2,3,...}. To show that
a € HY(=1,T + 1), it suffices to show that « is continuous. Since a(0+) = a(0—) = Cp, « is continuous at
t = 0. Due to the definition of a by (23), (24) this implies that « is continuous on (—1,1).

At t = 1, due to the definition of the constant Cy in (22) we have a(1+) = a(1—) = 1yo(1). Thus « is
continuous at ¢ = 1. This yields the continuity of @ on (-1, 3).

We proceed by induction. Let k € {1,2,3,...}. Suppose that « is continuous on the interval (—1,1 + 2k).
Then

a((—1+42k)—) = a((—1+ 2k)+).

By (25), we have

a((l1+2k)—) = —a((l+2(k—-1)—-)+ u(s) ds

o\
£

2k

= —o((-142k)— +/ u(s) ds
0

2%k

= —o((-1+2k)+)+ u(s)ds

N

al(=1+2(k+1))+)
= o(1+2k)+).
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Due to the definition of a by (23), (24) this implies that « is continuous on (—1,1 + 2(k + 1)) as long as
k41 < K. Thus we have proved Lemma 1. [

Now we can use the function a as defined in Lemma 1 to obtain a representation of the initial boundary
value problem (14).

Theorem 2 Letyg € H'(0,1) with yo(0) = 0 and y; € L*(0,1) be given. Let a natural number K € {1,2,3,...},
T = 2K and a control u € L?(0,T) be given.
Let o be as defined in Lemma 1. Then the solution of the initial boundary value problem (14) is given by

y(t,z) =alt + ) —alt —z), (t,z) € (0,T) x (0,1). (26)

For xz € (0,1), the position at the time T is given by

y(T,2) = a(T+z)—a(T -2 (27)
K 1+x

= D) = 30 [ - k) s, (28)
k=1 I-z

For the corresponding partial space derivative, we get

K-1

vo(T, 2) = (=1)%yg(2) = D (=D Fuk + (1 +2)) + u(2k + (1 - 2))]. (29)
=0

=

For xz € (0,1), the velocity at the time T is given by

K—
ye(T, @) = (=1)%yi(x) = Y (~DF w2k + (1 +2)) — u(2k + (1 - 2))]. (30)
k=0

[

Proof: The construction of o implies that y as defined in (26) is a solution of the initial boundary value
problem (14). For ¢t = 2ky with k¢ € {1,2,3, ..., K} due to (25) we have

y(2ko, ) = a(2ko+x) — a2k — )
2ko—1+x
= a2k — 1) + 2) — a(2(ko — 1) — )] +/Zk s
2(ko—1)+1+z
= —y(2(ko —1),2) +/ u(s) ds.
2(ko—1)+1—a

Thus for kg > 2 we get
2(ko—2)+1+a
y@%—mmszW—m@+/ u(s) ds
2(ko—2)+1—x
and

2(ko—2)+1+a 2(ko—1)+1+a
y(2ko, ) = y(2(ko — 2),2) —/ u(s) ds +/ u(s) ds.
2(ko—2)+1—= 2(ko—1)+1—=



Time Delay in Optimal Control Loops 11

For T'= 2K this yields by induction

2(K—k)+1+z

K
WK@==FW%@—ZFN/ u(s) ds

1 2(K—k)+1—=z

and (28) follows. Equation (29) follows by taking the derivative with respect to z and an index transformation
in the sum. Using a similar proof by induction we get (30). O

2.5 The optimal control for the vibrating string

In this section we present an explicit representation of the solution of problem (EC) that is, we give the optimal
control map that maps the initial state and the terminal time T' to the optimal control. For general control
times T' > 2 and general LP-norms of the control with p > 2 in the objective function, this result is proved in
[12] using the method of moments.

Theorem 3 Let T > 2 be given. Define k = max{n € N:2n < T} and A =T —2k. Fort € [0,2), define the

function
an={ 1T Ry 1)

Then the optimal control ug = u(-, T, yo,y1) that solves problem (EC) is 4—periodic, with

w3 (1=t — (1 —1)], te(0,1),
UO(t) = (32)
sam ot =D +mE— 1], te(1,2).

Forle{0,1,....k} and t € (0,2) with t + 2l <T we have
uo(t 4 21) = (=1) ug(t). (33)

Proof. For the convenience of the reader, for the case that T' = 2K where K is a natural number, we give a
proof here that is based upon our representation (26) of the solution of the initial boundary value problem (14)
of d’Alembert type. Based upon the traveling waves representation of the solution at time 7" given in Theorem
2, it is easy to see that the control ug is admissible in the sense that y(T,-) = 0 and y:(T,-) = 0. For example,
due to (28) for the position at time T we have for « € (0,1) almost everywhere

K 14z
y(T,z) = (—l)Kyo(x)—Z(—l)k/ uo(2(K — k) +s)ds

k=1 1-z
K 14z

— (D) = SO D [ ) ds
k=1 l—=

14+x
= D@ = (DK [ (s
— ()fule) - (0K [

= 0.
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For the velocity at time 7', due to (33), (30) yields for z € (0,1) almost everywhere
K

(T, ) = (=1)"yi(2) = Y (=1 (=) [uo(1 + 2) — uo(1 - 2)]

k=1
(D" [y1(2) = K (uo(1 + ) —uo(L — ))]

= 0 [t - ()]
— 0.

Thus the control uy defined in Theorem 3 is admissible for (EC). It only remains to show that it is optimal,
that is L2-norm minimal in the set of admissible controls. This can be done using Lemma 2.7 from [15], for the
case p = 2. For the convenience of the reader we present this lemma here:
Lemma 2 Let p > 2, a natural number d and a real number g be given. Consider the optimization problem

d d

. ; P 1V =
H(p,d.g): min »Eo‘fjl st. Y (=1)fi =9
iz

(foseeerfa =0

The unique solution of H(p,d, g) has the components f; = (—1)7g/(d+1) and the optimal value is |g|P /(d+1)P~*
For a control u € L?(0,2K), t € (0,2) and k € {1,2, ..., K} we introduce the notation

up(t) = u(2(K — k) +t).

For x € (0,1) almost everywhere Lemma 2.7 from [15] gives the solutions of the two optimization problems

min % Zszl [ur(l+ ) + ug(l — x)]z
subject to Zle(*l)k [ur(1 4 z) + up(1 — z)] = (=1)Xyj(x)

and
min 2 S8 ug(1+2) — up(1 — )]
subject to Zszl(—l)k [ug(1+ ) —ur(l —2)] = (=1) Ky (2).
The definition (32), (33) of the control function wg implies that in fact ug solves both optimization problems.

This implies that for 2 € (0,1) almost everywhere, ug also solves the optimization problem where we add the
two objective functions and impose both constraints of the two optimization problem above, that is

min 3 S0 [ur(1+ @) + up(1 — 2)]° + [up (1 + 2) — up(1 — 2))?
subject to 37y (—1)F [u(1 4 @) + k(1 — z)] = (=1)"yj(x)
and 3, (= DR [ug(1+ 2) = up(1 = 2)] = (1)K (2).

By the montonicity of integration, this implies that ug also solves the optimization problem where we integrate
the above objective functions over all z € (0, 1) and prescribe the constraints for « € (0,1) almost everywhere,
that is

1 K
uGLIgl(iOr,IQK) z Ofkgl up(1+ 2) + up(1 = 2))° + [ur(1 + 2) — up(1 — 2)]° da

subject to Z?Zl(—l)k [ug(1+2) +up(l—2)] = (—I)Ky{)(z) (34)
and Y, (—1)F [ur(1+ 2) —ur(1 — 2)] = (=1) Xy ()

with the constraints for z € (0, 1) almost everywhere.
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For the objective function we have

1 /! K ) ) B 2K )
§/0 S fun(1 4+ 2) + up(1 — 2))? + [ug(1 + ) — u(1 — ) dx—/o w(t)? dt.

k=1
Due to (29) and (30) the end conditions
y(T,z) =0, y(T,z) =0, x € (0,1)

are equivalent to the equality constraints in the optimization problem (34). This yields the optimality of ug.
Thus Theorem 3 is proved. [J

Remark 3 For T = 2K, the optimal value of problem (EC) is given by
g 2 1 ' 2 2
| i = 5 [ R+ be)as

2.6 The effect of time-delay in the implementation of the optimal control for the
vibrating string
In this section we want to analyse the effect of a time-delay § > 0 in the implementation of the optimal control
u(-, T, yo,y1) in the sense of (3), (4). For this purpose, we determine the generated state at time T'= 2K, that
is y:(2K) using the representation of the terminal state from Theorem 2 and the representation of the optimal
control ug from Theorem 3.
Let a delay ¢ € (0, 1) be given. We compute the velocity (7, -) that is generated by an optimal control that
is implemented with time delay § € (0,1) as in (3), (4). For this purpose, the optimal control ug is extended to
negative arguments by letting ug(s) =0 for s < 0. For z € (0,1) and ¢ € (0, min{z, 1 — x}) we have

K
(T, ) = (=) yi(2) = Y (~1)" [uo2(K — k) + (1 + 2 =) —uo(2(K — k) +1 -z —9)]. (35)
k=1

Due to (33) this yields

K
w(Ta) = (1)) = S (1 (~1)FF [uo(1 42— 8) — uo(1 — 2 — )]

=1

k
= (=D)%yi(x) = (D" K [uo(1 + = 8) —uo(l —z - 4)].

The definition (32) of ug implies

(@ — 8) — yy(@ + 8)] + === 11 (& — 6) + i (z + ).

ug(l+ 2 —0) —up(l —x —0) 5K

T 2K

This yields for 2 almost everywhere in (4, 1 — 9)

(T, @) = (=1) %y (2) — (*UK% [(yo(x = 6) = yo(x +6)) + (12(x — 6) + v1(z +9))]
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= (0 (o) = 5l = )+ alo+9)] — (<D § bhto~ ) = (o + )], (36)
Now we come to the space-derivative y, (T, ). For x € (0,1) and § € (0, min{z, 1 — z}) we have
K
yo (T, 2) = (—=1)%yp(2) = D (=1 [uo(2(K — k) + (1 + @ = 8)) + ug(2(K — k) + 1 -z —8)].  (37)
k=1

This yields for 2 almost everywhere in (4, 1 — 4)

belT, 2) = (“1)yh(a) — ()L [wh(x — 0) + vyl + ) + ((z — 8) — ya(z +9))]

= (1 [sh(o) = 5 bl = )+ shlo + 9)] — (<D 5 bnGe =) = (o + 9], (39)

In order to compute a lower bound for the corresponding energy at time T, we consider

5 1-06
Ey(T,9) :/5 Yo (T, 2)* 4y (T, 2) dz. (39)

From (36) and (38) we get the equation

1-06

E\(T,5) = /{% [yé(xé)yé(eré)][yl(x);(yl(x5)+y1(l’+5))ﬂz

o
b [t e o1 [she) - Sk o)+ s+ op)]| e

Due to the continuity in the mean, this implies for each fixed initial state (yo,y1)

Jim Ey(T,6) =0.

Proof of Proposition 1: The definition (39) implies the inequality

Thus we can compute a lower bound for the terminal energy E(T) for the initial state that is given in Section
2.2, with y; = 0 and yo as defined in (8). The definition (8) of yy implies

Yo(z +0) = —yp(x —9)
and
yo(z +6) = cos (7r (2% + 25—5)) = cos (7T 55 + %) = —sin (77%) .
This yields the equations
3 Wo(x = 0) — yo(z +0)] = —yp(a +9)
and )
vo(@) = 5 (Wo(w = 0) + 9o + 9))| = yo(x) = cos (m35) .
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Thus we get
1-6
E\(T, ) = / sin? (1&) + cos® (7%) dv =1—25 = $[2 — 44].
s

Due to (9) this implies the inequality (10). O
Proof of Theorem 1:
The optimal control ug = u(-, T, yo,y1) that solves (EC)(yo,y1,T) is given in (32) in Theorem 3. Due to
our regularity assumptions y(, y1 € BV(0,1), (32) implies ug € BV (0,T). The definitions (6) and (39) imply
1

N 6
B(T) = BT+ [ (TP + (@) ot [ fpa(@) + (7,2

Due to (38) and (36), Young’s inequality implies

1-06

o (& — 8) — yb(a + 0))° + [y1(z — &) — g (a + )]

El (Ta 6) S

S—

+ 2|uha) = 30b(e— ) sl +0)| +2 |mio) - a0 +mla+0)|

Using the inequality

1-5
| e +8) = (@) dz < 5D()
0
for y € BV(0,1) from Theorem 13.48 in [21] we get

Ey(T,6) < 8 6l 20,1y Do) + lyllLec o,y D(y1)] 0. (40)
We extend ug to the whole real line by letting ug(s) = 0 for s < 0 and for s > T'. By (32) we have

1
luoll <o) < 7 [yl zoe 0.1y + w1l zos0,1)] -
By (35) we get the inequality

19e(Ts ML 0,1) < 2 llyallze 0,1y + 196l £ 0,1)-
By (37) we get the inequality

9 (T, ) Lo 0,1) < 1wl (o,1) + 2 196l e 0,1)-

Thus we obtain
1

)
2
/ Y2 (T, 2)) + [y (T, 2))? dz +/ . =T, 2)]* + [ (T, 2)] dz <16 6 [[[all < 0,1) + 196l (0.1)]
0 1—
Together with (40) this yields (12). O
Proof of Corollary 1: We define the control

_ u(tv 27 Yo, yl) for te <072)»
u(t) = { 0 for te(2,7).

According to Theorem 1, due to the regularity of the initial state we have u(t, 2, yo, y1) € BV (0,2). This implies
u € BV (0,T). Moreover, since y(2,z) =0, y(2,z) = 0 for « € (0, L) due to the definition of u the state remains
at rest for ¢ > 2, that is y(¢t,2) =0 for t > 2, z € (0, L). In particular, this implies y(T,z) = 0, y:(T,z) = 0 for
2 € (0,L). Thus Lemma 1 is proved. [
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3 The optimal control problem: The general case

In this section we consider a more general optimal control problem for a hyperbolic system.

Let © C R™ be bounded and connected with boundary I'. Assume that the boundary T is of class C2.
We consider Dirichlet or Neumann boundary action. In order to describe the boundary action, we introduce a
linear operator B that is well-defined for the boundary traces of the states. Then we can write the boundary
conditions in the form

By(t,z) = u(t,z) on I'p

where I'g C I is the part of the boundary where the control acts. On the remaining part of the boundary we
prescribe homogeneous Dirichlet boundary conditions

y(t,z)=0for z €T, x € 'p.

In the Dirichlet case we have
By(t,z) = y(t,z) on T'p.

In the Neumann case we have
By(t,z) =9, y(t,z) on g,

where 0, denotes the normal derivative.
Let A be a linear operator that is defined for the elements of H?(£2) such that for all k& € {1,2,3,...} there
exist real eigenvalues
>k (41)

and eigenfunctions ¢ € H?(Q) such that
A = p o, Bor(t,z) =0o0n I'p, pp(t,z) =0on MNIp. (42)

Let X be a Banach space that contains the initial states of our system. Assume that for all k € {1,2,3,...} we

have
Pk
(% )ex
Let a time 7™ > 0 be given.

We assume that the control to state map is continuous in the sense that there exists a constant M; > 0 such
that for all § € (0,7*], u € L*((0, 6); L*(T")) the solution y of the initial boundary value problem

(wie))=(0)ex

L(u, 9) By(t,z) = u(t,z) on I'p, y(t,r) =0o0n I'\I'p.

(43)

Yy + Ay =0o0n (0,0) x Q
is well-defined and we have the inequality

(e

2

1)
ng/ /|u\2drdt. (44)
X 0 r
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Assume that the system is ezactly controllable to zero in the time T > 0 in the sense that for all (yo,y1) € X
there exists a boundary control u € L?((0, T*); L?(T")) such that the solution y of the initial boundary value

problem
( y(O,-)>:<yo)
(0, +) n
* . (45)
By(t,z) = u(t,x) for t € (0, T*), z € 'p, y(t,z) =0for t € (0, T*), z € T\I'p

Yy + Ay =0on (0,7%) x Q

( yljg :3 ) - ( 0 ) € X (46)

Let a terminal time 7" > T™ be given
For a given initial state (yo,y1) € X, consider the optimal boundary control problem

J(uy) = [3 [ |ul?dT dt

satisfies the end condition

min
weL2((0, T); L2(I))
subject to
y(?7)): Yo in Q
y¢(0,-) =y1 in Q
P(yo.y1.T){ yu+Ay=0in (0,T) x Q (47)
By(t,z) = u(t,x) for t€(0,T), v € 'p,
y(t,z) =0for t € (0,T), z € '\I'p
y(T,-)=0 in
y(T,-)=0in Q.

Let v(yo,y1,T) denote the optimal value of P(yo,y1,7T).
Let @ € L?(0,T; L*(T)) denote the solution of P(yo,y1,T) with the corresponding state .

Example 1 As an example for the linear operator A consider A = —/A with homogenous Neumann boundary
conditions. The corresponding optimal control problem is considered in [22].

Then (41) and (42) hold. In fact there is an orthonormal basis of L*(Q) that consists of Neumann eigenfunc-
tions @y, € H?(Q) with Neumann eigenvalues fix, that do not have an accumulation point and become arbitrarily
large for sufficiently large k. Moreover, for Ug =T, (44) holds for the space

X = HY2(Q) x (HY*(Q)).

For the wave equation, the exact controllability property in time T* is equivalent to the Geometric Control
Condition, which asserts that all the rays of geometric optics in Q) enter the boundary I' within the time interval
(0, 7] see [2].

Example 2 Consider the 1-dimensional case with Neumann boundary control at * = 1 and homogeneous
Dirichlet boundary conditions at x = 0. So let n =1 and Q = (0,1), T'p = {1}, A = —y,, with homogeneous
Dirichlet boundary conditions at x = 0 and Neumann boundary conditions at x = 1.

Then as in Example 1, (41) and (42) hold. Moreover, (44) holds for the space

X = HY(Q) x L*(Q).


https://www.researchgate.net/publication/242655875_Exact_Controllability_Stabilization_and_Perturbations_for_Distributed_Systems?el=1_x_8&enrichId=rgreq-8aeb9f9064824769b8f2d2d03f0ad161-XXX&enrichSource=Y292ZXJQYWdlOzI4MDMwMzAzMDtBUzoyNTQyODMxNjU3Mjg3NjhAMTQzNzYzNzIzOTgxMg==

Time Delay in Optimal Control Loops 18

Example 3 Consider again the 1-dimensional case with Dirichlet boundary control at x = 1 and homogeneous
Dirichlet boundary conditions at = 0. So letn =1 and Q = (0,1), T'p = {1}, A = —y,, with homogeneous
Dirichlet boundary conditions at x =0 and x = 1. Then (41) and (42) hold. Moreover, (44) holds for the space

X =L*Q) x (HY(Q)).

Example 4 As in 10.9 in [28], consider A = —A with homogenous Dirichlet boundary conditions.
With Theorem 10.9.3 from [28] we get (44) for the space

X =L%(Q) x (HY(Q))".

3.1 The effect of time-delay in the general case

In this section, we study the effect of a time delay § > 0, if for t € (§, T + ), the optimal boundary control @

is implemented in the from
By(t,z) =u(t — 0, z) for z €T'p. (48)

For t € (0,0), we prescribe the boundary condition
By(t,z) =0on I'pg. (49)

The corresponding state is defined on the time interval (0,7 + 0) as the solution of the initial boundary value
problem

(y(07 ')1yt(07 )) = (yOa yl) €X
By(t,z) =0 for t € (0,9), z €T'p,
I(yo,y1,0) s By(t,z)=u(t -6, z) for t € (4, T+96), x €lp, (50)

y(t,z) =0 for t€ (0, T+9), x € \I'p

yuw + Ay =0on (0,7 +9) x Q.

Problem I(yg,y1,d) determines the state that is generated by an optimal control loop with the initial state
(Y0, y1) where the delay § occurs in the implementation of the optimal control. In order to analyze the effect
of the time delay in the implementation of the optimal control, we compare the X-norm of the initial state and
the X-norm of the terminal state.

The following Lemma on the behavior of the optimal value as a function of T" shows that for certain initial
states it decreases at least with a rate that depends on T/T™*.

Lemma 3 Ifn € {1,2,3,...} is such that
n(T"+27) <T,
for all k € {1,2,3,...} we have

’U(Soku 07 T) S /U(Spkv 07 T*) (51)

3=
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Proof of Lemma 3: Let u* denote the solution of P (¢, 0, T*). Using u* we construct a control u that is
feasible for P(pg, 0, T). For t € (0, T*) we define

ult, ) = %u*(t, ).

Then for the generated state we have

(2E0) = (12 (e

Now we switch off the control and choose a number ¢; € [0, 27] such that with the control u|ip« 746,y =0 we

(2580)-0-2) ()

This is possible, since with zero control our solution is periodic with period 2= < 27 due to (41). For

N
te (T*+61,2T* 4 61) we define

u(t, ) = %u*(t — (T +61), -).

Then for the generated state we have

(variad)=0-3) (Caimermaae)

Now we switch off the control again and choose a number d; € [0, 2] such that with w|or«is,, 27+ 46,+6,) = 0

we get
ye(2T* + 01 + 92, *) n 0
By continuing the construction with suitably chosen numbers d; after n steps we obtain the state
(oS ) ()
w(n T° + 35 6, 0) 0)
On the time interval that remains from [0, 7] we switch off the control again, that is we define u = 0. Thus we
have constructed a control u that is admissible for P(pg, 0, T'). With the notation do = 0 for the optimal value

we get the inequality
T
/ / |u|? dT dt
o Jr

n—1 3:0 §;+(i4+1) T*
= > / / lu|? dT dt
i 8T r

’U(Solﬁ 0, T)

IN

=0
n—1 1 T*

= 27/ /\u*|2dth
i—o " Jo r

= ! 0, T*

- n 'U((Pk, ) )

and inequality (51) follows. OJ
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3.2 An example for the destabilizing effect of time delay in the general case

In this section we give an example for the destabilizing effect of time delay in the implementation of the optimal
control. In our analysis, we consider initial state of the form

(m)=(%) 52

where the initial position is given by an eigenfunction and the initial velocity is zero. For such initial states
with a natural number k that is chosen sufficiently large, we have the following Lemma.

Proposition 2 Let T > T* be given. Let k € {1,2,3,...} be such that

§=——€(0,T).

NS
Let (yo, y1) be as in (52). Let y denote the solution of I(yo,y1,9). Then we have the equation
|G s )l -2 | Cmatm e e )
ye(T 49, -) Vi sin(y/ox (T +6)) ¢
If
% €{1,2,3,.} (54)

this yields

ot 53l =2 Cota )l &

Moreover, if n € {1,2,3,...} is such that

n(T*+2m)<T (56)
we get the inequality
(T, ) — cos(y/i T) () )H _ VL :
G =2 I matin et )], - v e
If in addition, we have
% €{1,2,3,..} (58)

this yields

M
— /= u(en, 0, 7). (59)

ye (T, ) x (0, -) x
If in addition, there exists a constant My > 0 such that for all (yo,y1) € X we have

2
()l
Y1 x

U(y07 Y1, T*) < M2

this implies
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Remark 4 Inequality (60) means that for T* the optimal control map that maps (yo,y1) to the optimal control
is bounded.

Remark 5 Our example shows that there are arbitrarily small time delays 0 > 0, and initial states (yo,y1) such
that for terminal times T > T in the set
{4, 26, 39, ...}

at the time T + 6, the norm || - || x of the state is twice the norm || - ||x of the initial state.
Moreover, if T is sufficiently large, at the time T the norm || -||x of the state is almost twice the norm || || x
of the initial state.

Remark 6 Consider the application of Proposition 2 in the situation of Example 1. In this case we have

| msmtmnae I,

) 1/2
(leos(V/7 ) @k @) ps/2y + /AR ST T) 91 0) 01720 )
) 1/2
= (co(VERT) k) 212y + e s (VR T) [0 (0) Erpssmqeyy ) -

Proof of Proposition 2: For t € (0,4) we have

y(t, ) = cos(V/uk t) pi(2).

This implies
y(0, ) = cos(y/uk 0) pr(x) = cos(m) r(x) = —pr(x).

For the corresponding velocity we get

Y (0, @) = =/, sin(y/px 0) i () =

y(0, )\ _ . _{ wo _ of wo
(yt(&.))—zl—‘rZQWlth zl—(y1>,22— 2<y1)'

We define f7 as the solution of the initial boundary value problem

(253)==

Thus we have

By(t+6,x2) =a(t,z) on I'p, y(t,z) =0on I'\Ip. (62)
yue + Ay =0on (6,7 +0) x Q.
Then we have
fi(T+6,)=0, 0:f1(T+6, ) =0. (63)

Now we want to derive an estimate for f1(7T, -) and 9, f1(T, -). By (44) and reversal of the time (that is starting
at T + ¢ and going backwards in time to T') we get

H( aj‘igi ig )

2

T
ng/ /|a|2dI‘dt. (64)
X T—-6 JT
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If (56) holds, inequality (51) implies

T 1
/ / @2 dr dt < Lo(or, 0, T).
0 r n

( atfigi :g ) . ﬁm- (65)

Now we look at the solution f; of the initial boundary value problem
=z
( e (9, +) ?

By(t,z) =0on TI'p, y(t,z) =0on I'\I'p.

Thus we get

(66)

Yy + Ay =0on (6,7 + ) x Q

For t € [0, T + ¢] we get
fa(t, ) = =2 cos(y/pr t) i ().
For ¢t € [0, T + 0] we have
y(t, ) = f(t,) + fa(t, ).

(e is )l = [Cafizrad)),
(5 i) .

With (63) we get

Thus we have shown (53). If (56) holds, we get

Gl = 102 -10an& ),

—2 cos(\/x T) pi(x My Volor, 0, T%)
2 ‘(2,/ sin(y/px T) or (x >H n vlew, 0, T7).
Thus we have shown (57). If (58) holds, this yields
Pr(x) M
- 0, T*
(757 )] 0
y(0

M,y
- ’ (o, 0, T*).
(ol )], - e
. If (60) holds, this yields
( o () )H
0 b's

(7)), -
£ M%)Hw ).

Y

VS
S <
—HHS
N———
S

(AV4

Thus we have shown (59

(59)
I,

Y
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Thus we have shown (61) and Proposition 2 is proved. O

3.3 An upper bound for the destabilizing effect of time delay in the general case

In this section we consider the question: What is the worst effect that a delay § in the optimal control loop can
have? So we are looking for an upper bound for the X-norm of the state at time 7T in terms of the X-norm of
the initial state. To achieve this goal, we have to assume that the initial states satisfies an additional regularity
assumption.

Theorem 4 Assume that there exists a complete sequence of eigenfunctions (¢ )i with eigenvalues Ay, > 0 that
is orthonormal in L?(Q) such that (yo, y1) € X can be represented as

()= (Eta0),
Y1 > ket O, k()
Assume that the initial state satisfies the additional reqularity condition

:i {1+; \/ﬁ] [\/ﬁlai\ﬂo‘}«'} [H( i )Hx

) NE

Let 6 € (0, min{1 T, 1}) be given.
Let y denote the solution of I(yo, y1,0). Then we have the inequality

y(T+6a ) <
0 Hp. 68
H( yt(T+6a ) X - k ( )
Moreover
T, - _
H( y(T ) )H < OHy+ VM [alt )z r-s.m), 22r) (69)
yt( s ) X

Remark 7 Theorem 4 shows that if for a given real number v > 0 the feasible initial states are contained in

so={(1n) = (FEdaf) ) ex:

( 950 >H } =T
k X
the effect of the time delay is uniformly bounded since

y(T + 0, -
(e s3], < o )

Proof of Theorem 4: Since in the first part [0, §] of the time interval the control is switched off (that is, it is
zero), for t € (0, 9] we have

$oe ] v | (5],

k=1

Z{akcos\ﬁt +ak\/751n\rt or(z

k=1
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For the corresponding velocity we get

:i[ \/>aksm\/>t +akcos\/>t}cpk

k=1

< y(57)>22’1+2’2WIth le(yo),
: Y1

@_< I o [eos(VAk8) 1] + o Jic sin(vk o)
Soreq [—al VAR sin(vAR 6) + o [cos(v/Ag 8) — 1]

We define f; as the solution of the initial boundary value problem

(25))==

By(t,z) =u(t -9, x) for t€ (6, T+9), z€l'p, y(t,z) =0for t € (5, T+9), z € \I'p

Thus we have

<
&
—
o
~

or () ) .
or(z)

Yy + Ay =0on (0,7 +4) x Q.

Then we have
fl(T+5a ) = 07 atfl(T+67 ) =

By (44) and reversal of the time this yields

H( o, fy )H < v Mylju(t, )2 ((r—s, ), L2(r))-

Now we look at the solution fs of the initial boundary value problem

(M@u>‘@
By(t,x) =0 for t€ (6, T+9), v €lp, ylt,z)=0for t € (6, T+9), x € \I'p

Yy + Ay =0on (6,74 9) x Q

Thus for t € [§, T + ] we get

o0

falt, x) = {ak [cos \Fé ]

k=1

+Oék \/7s1n \Fé } cos( \/7 —0))pr(x)

+i[ VA sin(v/Ar 6) +ak[cos\ﬁéflﬂ\/1>\i

O fa(t, x) \FZ {ak [cos (VA 6) — ] + of rsm (VA 0) } sin(v/ Ak (t — 6))gr(z)

sin(v/ A (t = ) @r(x).

24

(74)
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+i[ ksm \/»5 +Ozk [COS \/»5 —1HCOS \/E(t—é))gpk(ac).

k=1

Since

‘cos(mé) - 1‘ < Ak252,

o)l = 1056+ ICastes I,

{Hf } [V Ak lof] + o} ‘<@8>Hx

+ i{aﬂ/ﬁﬂ [Aulafl + Vo] H(‘PS)HX
[1+; \/ﬁ] (VA laf] + [ ] ‘( K )Hx

4 5%{1%\/&} Ve lof] + VAo | H(@g)Hx

sin(v/ 3 6)| < v/ 6

we get

IN

[M]8

IA
(o9
NE

For t € (6, T + §) we have
y(t, ) = fit, ) + fa(t, ).

I(adizsa))] 1otz s )],
< O0Hj.

With (72) we get
Yt (T + 57 ) X
So we have shown (70). Moreover with (73) we get

|G = 1Caki )1 Cake ),

< VMlla(t, ) 2 r—s 1), L2(r)) + 0 H.

Thus we have shown (69) and Theorem 4 is proved. O

IA

A

4 Conclusions

We have shown that similar as in a feedback stabilization loop, also in an optimal control loop, time-delay in
the implementation of the optimal control can have a destabilizing effect. For all sufficiently small delays § > 0
in the optimal control loop we have presented initial states such that the terminal energy is almost twice as big
as the initial energy. Moreover, we have shown that this phenomenon can only occur if initial states that are
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dominated by arbitrarily high frequencies are feasible. If the initial state satisfies certain regularity conditions
in addition to the conditions that are necessary to guarantee the existence of the optimal control, an upper
bound for the effect of the time-delay on the terminal energy can be given. We have given a regularity condition
for the initial states that requires its bounded variation and guarantees that the corresponding optimal controls
are robust against a perturbation by time-delay in their implementation. Our results are an argument to use
controls where the BV -norm is as small as possible in order to make the controls more robust against time
delay. If derivatives of the control function exist, this can be achieved by making the norm of the derivatives
small. A method to obtain smooth controls for smooth initial data, inspired by HUM, is given in [8]. In the
future, we plan to extend our analysis to the case of nonconstant delays (see [3]).

For the minimal control time T' = 2, the optimal control u(-, T, yo, y1) that is implemented without delay
generates exactly the same state as the closed loop system (FL)(1, yo, y1, 0) that is defined in the introduction.
This is a consequence of the facts that for k = 1, the system is finite-time stable (see [19]) and that for the
minimal control time, the exact control is uniquely determined. However, it is not clear wether a delay in
the implementation of the optimal control as in (IBVP)(yq, y1, T,0) corresponds to the closed loop system
(FL)(1, yo, y1, 6). This interesting question remains for future research.
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